COEXISTENCE OF PARTIALLY DISORDERED/ORDERED

PHASES IN AN EXTENDED POTTS MODEL

M. Biskup^{†♮}, L. Chayes^‡ and R. Kotecký^{♭†}

Abstract. We consider a generalization of the standard Potts model in which there are q = r+s states with an interaction that distinguishes the two subspecies. We develop a graphical representation (of the FK-type) for the system and show that this representation may be incorporated directly into reflection positivity arguments. Using the combinations of these techniques, we establish detailed properties of the phase diagram including the existence of sharp triple points. Whenever relevant, the phases are characterized by the percolation properties of the underlying representation.

†Department of Theoretical Physics, Charles University, Prague. ♮Mathematisch Instituut, Katholieke Universiteit Nijmegen. ‡Department of Mathematics, UCLA, Los Angeles. ♭Center for Theoretical Study, Charles University, Prague. 1991 Mathematics Subject Classification. 82B26, 60K35, 82B43. Key words and phrases. Reflection positivity, graphical representation, Potts model.

Typeset by AMS-TEX

1. Introduction

In this paper we consider a variant of the Potts model. As usual, the spins σ can take on one of q values in a set Q, but here the set Q splits into disjoint subsets R and S containing, respectively, r and s elements, i.e., Q = R ∪ S, q = r + s. The Hamiltonian is given by the expression:

H(σ) = −J ∑ ⟨x,y⟩ δ_{σx σy} − κ ∑ ⟨x,y⟩ (δ^R_{σx} δ^R_{σy} + δ^S_{σx} δ^S_{σy} ) − h ∑ x (δ^S_{σx} − δ^R_{σx} ), (1.1)

with κ, J > 0, h ∈ R, and the symbol ⟨x, y⟩ denoting a nearest-neighbor pair on Z^d. Here δ_{σσ}′ = 1 if σ = σ^′ and zero otherwise, δ^R_σ is the indicator of the event σ ∈ R (and similarly for δ^S_σ ), implying that δ^R_σ δ^R_σ′ + δ^S_σ δ^S_σ′ vanishes unless σ and σ^′ belong to the same family. Notice that the second term causes a repulsion for the neighboring pairs ⟨x, y⟩ with σ_x ∈ S and σ_y ∈ R. The magnetic field h acts on the entire set R or S; hence as h → ∞(−∞) we recover the usual s (r) state Potts model. Throughout, it will be assumed that r ≫ s ≫ 1.

It is plausible to expect that the Potts part of the interaction will govern the symmetry breaking within the families R and S. Thence, for β large and h increasing, the system will undergo a first-order transition between a regime dominated by the R set with r ordered states and a regime dominated by the S set with s ordered states. On the other hand, for h large and positive, the system will undergo an order-disorder transition reminiscent of the s-state Potts model as β varies, and similarly an r-state Potts transition for h large negative. Thus, as h increases, a turnover from R-dominated disordered state to S-dominated disordered state can be expected at higher temperatures, with a complete symmetry maintained within each group (R or S) in both states. This latter change may or may not be signaled by a phase transition, however, certainly not for β ≪ 1. For r and s large, we prove that such a transition indeed occurs at intermediate temperatures.

In the symmetric case, i.e., for r = s, both of these ‘R → S’ transitions occur at h = 0, which pretty much completes the picture. An interesting feature of the asymmetric case is that it makes conceivable, for r > s, a direct transition from R-disordered to S-ordered phase. Indeed, for r ≫ s, we establish this fact along with the existence of two (sharp) triple points suggested by the presence of such a phase boundary; i.e., essentially the entire phase diagram depicted in Figure 1 is established. As the insert shows, in the symmetric case, these triple points degenerate to a single ‘quadruple’ point with 4 coexisting phases representing altogether q + 2 different equilibrium states. In fact, a generalization of the symmetric case has already been discussed in [LMR], for Q decomposing into q_1 different families with each containing q_2 elements (i.e., q = q_1q_2), but that only for h = 0. Different aspects (e.g., quasilocality) of the latter—so called ‘fuzzy Potts’—model have been addressed in [MVdV].

O_S

O_R

D_S

D_R

(T^⊗, h^⊗)

(T^⊙, h^⊙)

T h ?

Fig. 1. Phase diagram for the model (1.1). Here J, κ > 0 are fixed, r ≫ s ≫ 1, and T is the temperature. The dashed line indicates the percolation thresholds of the ‘weak’ bonds and the dotted line marks the area where Gibbs uniqueness follows from the high-temperature expansion. Insert shows the symmetric case r = s ≫ 1. The question mark prompts that the suggested behavior at the endpoint of the transition line is hypothetical.

In order to facilitate our analysis, we have developed a graphical representation that is a natural generalization of the random cluster model for the Potts system. Thus there are ‘strong’ and ‘weak’ bonds of both the R and S type. For example, a weak R-bond insists that both end-points are in the R-set while a strong R-bond induces a matching pair of spin states of R-type. This graphical representation enjoys an FKG monotonicity that is useful for various portions of our analysis. In particular, all of the phases can be described in terms of the percolation of the corresponding bonds. However, one can only go so far with graphical representations; estimates for the probabilities of contours are also needed. In this regard, reflection positivity (RP) methods combined with the chessboard estimate provide a rather effective service.

Somewhat to our surprise, we find that the graphical representations can be incorporated directly into the RP machinery. (A priori, one might imagine having to use RP on the spin system and processing this into a statement about the graphical representation.) This appears to be a promising technique—especially useful in higher dimensions—that is apparently generalizable. Thus, all in all, a rather seamless derivation is permitted. Unfortunately, there are certain limitations to this combination of RP and graphical representations. In particular, we can prove RP only for values of the parameters in the graphical representation that correspond to genuine spin-systems, i.e., integer values of r and s. In fact, this may represent a genuine ‘limitation’: It was recently shown by one of us [B] that the usual random cluster model with non-integer q is not RP in the desired sense. Here is our main result:

Main Theorem. Consider the system as described by the Hamiltonian (1.1) with κ, J > 0. Then for r, s and r/s large enough, there is a β̄ < ∞ and an ϵ small such that (I) there are four closed and connected regions O_R, O_S , D_R, and D_S covering the set J = {(β, h); β ≥ β̄, h ∈ [−∞, ∞]}, where the following translation-invariant states exist (i) r ‘ordered’ states ⟨ · ⟩^j_{OR} , j = 1, . . . , r, in O_R, (ii) s ‘ordered’ states ⟨ · ⟩^k_{OS} , k = r + 1, . . . , r + s, in O_S , (iii) a single ‘disordered’ state ⟨ · ⟩_{DS} in D_S , (iv) a single ‘disordered’ state ⟨ · ⟩_{DR} in D_R.

These states are characterized by the relations ⟨δ_{σx j} δ_{σx σy} ⟩^j_{OR} ≥ 1 − ϵ, ⟨δ^S_{σx} δ^S_{σy} (1 − δ_{σx σy} )⟩_{DS} ≥ 1 − ϵ, ⟨δ_{σx k} δ_{σx σy} ⟩^k_{OS} ≥ 1 − ϵ, ⟨δ^R_{σx} δ^R_{σy} (1 − δ_{σx σy} )⟩_{DR} ≥ 1 − ϵ, valid for any pair x, y of neighbouring sites, any 1 ≤ j ≤ r and any r + 1 ≤ k ≤ r + s.

(II) The intersections (O_R ∪ O_S ) ∩ (D_R ∪ D_S ) = C_{OD} and (O_R ∪ D_R) ∩ (O_S ∪ D_R) = C_{RS} constitute two continuous non-selfintersecting curves C_{OD} C_{RS} , where the order/disorder and the R/S states coexist, respectively. The curve C_{OD} admits a parametrization by βh, whereas C_{RS} is parametrizable by β. On the complement of these curves, the inequalities ⟨ δ_{σx σy} δ^R_{σy} ⟩ ≥ 1 − ϵ, ⟨ δ^S_{σx} δ^S_{σy} (1 − δ_{σx σy} ) ⟩ ≥ 1 − ϵ, ⟨ δ_{σx σy} δ^S_{σy} ⟩ ≥ 1 − ϵ, ⟨ δ^R_{σx} δ^R_{σy} (1 − δ_{σx σy} ) ⟩ ≥ 1 − ϵ, hold for every translation-invariant Gibbs state in the respective region and any pair x and y of nearest-neighbor sites.

(III) There are exactly two triple points, where O_S + O_R + D_R and O_S + D_S + D_R meet, respectively. These triple points are connected by a single line of coexistence between s-order and r-disorder.

(IV) In the high-temperature region (i.e., for βκ, βJ ≪ 1) the conditions of complete analyticity are met. In particular, the set of all Gibbs measures is a singleton in this region.

(V) The phases O_S and O_R can alternatively be characterized by spontaneous magnetization and/or percolation. In D_S and D_R, there is percolation of the corresponding disordered bonds.

The organization of the remainder of this paper is as follows. In Section 2 we introduce the graphical representation, establish some of its useful properties, and relate the percolation characterization of the respective phases to the non-vanishing of an order parameter. Section 3 is devoted to the proof of the Main Theorem. In this section, Lemma III.3 is of special interest for the asymetric case, because it directly rules out quadruple coexistence (whenever r ≫ s). For reader’s convenience, the computations based on chessboard estimates are performed here only in the two-dimensional case. We relegate the full (and somewhat clumsy) arguments to the Appendix.

2. The graphical representation

In this section we develop a graphical representation of the model and establish its various useful properties. To simplify our derivations, we will restrict ourselves to free (or periodic) boundary conditions in these preliminary discussions and defer the detailed analysis of boundary-condition issues to a later subsection.

Let us start with the identity e^{βJδσσ′ +βκ(δSσ δSσ′ +δRσ δRσ′ )} =1 + (e^{βκ} − 1)(δ^S_σ δ^S_σ′ + δ^R_σ δ^R_σ′ ) + e^{βκ}(e^{βJ} − 1)(δ^S_{σσ}′ + δ^R_{σσ}′ ), (2.1) where δ^R_{σσ}′ (δ^S_{σσ}′ ) indicates that both spins coincide and belong to R (S). The five terms on the r.h.s. give rise to five different species of bonds—vacant, s-disorded, r-disorded, s-ordered, and r-ordered, with the prefactors representing the a priori weights of the corresponding bonds. For notational simplicity, we will introduce a paralel notation in terms of colors: the five types of bonds above are called vacant, light-blue, light-red, dark-blue, and dark-red, in the order of their appearance.

We may label the five species by α ∈ I = {v, s^d, r^d, s^o, r^o} and define w(α) to be the corresponding coefficient in the identity (2.1). Thus, w(v) = 1, w(r^d) = w(s^d) = e^{βκ} − 1, and w(r^o) = w(s^o) = e^{βκ}(e^{βJ} − 1). Let Λ denote a graph with sites S_Λ and bonds B_Λ . Let Ω_Λ = I^{BΛ} denote the set of bond configurations in Λ. As will become clear, not all Ω_Λ will be used; configurations in which blue and red bonds share an endpoint need not be considered. With the above notations, e^{−βHΛ} may be written as e^{−βHΛ (σ)} = ∑ ω∈Ω_Λ D(ω) ∏ b∈B_Λ w(ω_b)χ_b(ω, σ) ∏ x∈S_Λ e^{βh(δSσ}x^{−δRσ}x^), (2.2)

where χ_b(ω, σ) is one of the functions 1, δ^S_{σx} δ^S_{σy} , δ^R_{σx} δ^R_{σy} , δ^S_{σx σy} , δ^R_{σx σy} , according to the label ω_b of the bond b = ⟨x, y⟩, and D(ω) is the indicator that ω fulfils the aforementioned restriction.

For each such ω, we must now perform the trace (sum over spin configurations) to arrive at the weights, W^{(β,h)}_{s,r;Λ} (ω), for the graphical representation. The result is not particularly difficult; but only after the introduction of some additional notation. For each ω, let Λ_R(ω) denote the red portion of the graph: those bonds that are R-ordered or R-disordered, and all sites that are endpoints of such bonds. Let N_R(ω) denote the number of R-sites in Λ_R(ω). Some of the bonds in Λ_R(ω) are R-ordered bonds. These divide Λ_R(ω) into ‘R-connected’ components; let C_R(ω) denote the number of such components. Similar notation applies to the blue portion of the configuration. Finally, let N_∅(ω) ≡ |S_Λ| − [N_R(ω) + N_S (ω)] denote the number of sites that do not fall into either category.

It is not hard to see that W^{(β,h)}_{s,r;Λ} (ω) = [ ∏ b∈B_Λ w(ω_b) ] (se^{βh} + re^{−βh})^{N∅(ω)}e^{βhNS (ω)}e^{−βhNR(ω)}s^{CS (ω)}r^{CR(ω)}. (2.3)

Indeed, each unmatched site just contributes the factor se^{βh} + re^{−βh}, each S-site a factor e^{βh}, and similarly for the R-sites. Finally, the ordered bonds dictate which fraction of the s^{NS} (or r^{NR} ) spin states are actually allowed on each connected component, resulting thus in the factors s^{CS (ω)} (and r^{CR (ω)}).

FKG monotonicity.

From the perspective of ‘S above R’ (or blue above red), there is a natural ordering for the bond variables s^o ≻ s^d ≻ v ≻ r^d ≻ r^o, which induces a partial ordering on the configurations. We show that the graphical representation is monotone with respect to this ordering.

Proposition II.1. Let ν( · ) = ν^{(β,h)}_{s,r;Λ} ( · ) denote the random cluster measure on a finite graph Λ, defined according to the weights (2.3). Then ν is strong FKG w.r.t. the ordering s^o ≻ s^d ≻ v ≻ r^d ≻ r^o.

Proof. We must verify the FKG lattice condition. To facilitate matters, let us exchange ‘components for loops’. Indeed, if B_R(ω) is the number of dark-red bonds and ℓ_R(ω) is the number of independent loops formed by them, we may write

C_R(ω) = ℓ_R(ω) − B_R(ω) + N_R(ω). (2.4)

Thus, the weights may be written as W^{(β,h)}_{s,r;Λ} (ω) = [ ∏ b∈B_Λ w^′(ω_b) ] (se^{βh} + re^{−βh})^{| SΛ|}

× [ seβh se^{βh} + re^{−βh} ]_{NS (ω)}[ re−βh se^{βh} + re^{−βh} ]_{NR(ω)} s^{ℓS (ω)} r^{ℓR(ω)}. (2.5)

Here w^′(ω_b) are changed a priori factors whose value will not play any role in the following.

As is well known, the verification of the FKG lattice condition may be done inductively by comparing configurations that disagree on at most two places. Thus, let b_1, b_2 ∈ B_Λ , let θ denote a bond configuration in B_Λ \ {b_1, b_2} and let η_1, η_2, ζ_1, and ζ_2 denote bond variables on b_1 and b_2 with η_1 ≻ ζ_1 and η_2 ≻ ζ_2. We use (θ, η_1, η_2) to denote the configuration equal to η_1 (η_2) on b_1 (b_2) and θ elsewhere on B_Λ , and similarly for (θ, ζ_1, ζ_2) etc. We must show

W^{(β,h)}_{s,r;Λ} (θ, η_1, η_2)W^{(β,h)}_{s,r;Λ} (θ, ζ_1, ζ_2) ≥ W^{(β,h)}_{s,r;Λ} (θ, ζ_1, η_2)W^{(β,h)}_{s,r;Λ} (θ, η_1, ζ_2) (2.6)

It is clear that the a priori factors (i.e., the bond weights w^′) cancel exactly. Further, it is observed that D(ω_1), D(ω_2) = 1 imply D(ω_1 ∨ ω_2), D(ω_1 ∧ ω_2) = 1, where ω_1 ∨ ω_2 denotes the maximum and ω_1 ∧ ω_2 the minimum of the two configurations. Thus, we may omit any discussing of constraints.

We now claim that N_S (θ, η_1, η_2)+N_S (θ, ζ_1, ζ_2) ≤ N_S (θ, ζ_1, η_2)+N_S (θ, η_1, ζ_2). Let S(ω) ⊂ S_Λ denote the set of sites that touch at least one blue bond (i.e., the site set of Λ_S(ω)). It is not hard to see that S(θ, η_1, η_2) = S(θ, ζ_1, η_2)∪S(θ, η_1, ζ_2). Indeed, S(θ, η_1, η_2) ⊃ S(θ, ζ_1, η_2) (because the former contains more S-bonds), and similarly with S(θ, η_1, ζ_2). So S(θ, η_1, η_2) contains the union of both. Now suppose that x ∈ S(θ, η_1, η_2). If this is caused by an S-bond in θ, then x ∈ S(θ, ζ_1, η_2) and x ∈ S(θ, η_1, ζ_2). If not, then x is either the endpoint of one (or both) of η_1 or η_2—say η_1, in which case x belongs to S(θ, η_1, ζ_2)—or the end-point of ξ_1 or ξ_2, and then it also pertains to both sets. On the other hand, we only claim that S(θ, ζ_1, ζ_2) ⊂ S(θ, ζ_1, η_2) ∩ S(θ, η_1, ζ_2) (with the inclusion sometimes being strict). This is clear since S(θ, ζ_1, ζ_2) ⊂ S(θ, ζ_1, η_2) and S(θ, ζ_1, ζ_2) ⊂ S(θ, η_1, ζ_2). Hence we have

N_S(θ, η_1, η_2) + N_S(θ, ζ_1, ζ_2) = | S(θ,η_1, η_2) | + | S(θ, ζ_1, ζ_2) | ≤ | |S(θ, ζ_1, η_2) ∪ S(θ, η_1, ζ_2) | | + | |S(θ, ζ_1, η_2) ∩ S(θ, η_1, ζ_2) | | = | S(θ, ζ_1, η_2) | + | S(θ, η_1, ζ_2) | = N_S (θ, ζ_1, η_2) + N_S (θ, η_1, ζ_2),

(2.7)

with the third line by inclusion-exclusion.

Thus we are down to showing the necessary inequalities among the loop counting functions. However, most of these are actually equalities; the only exception is when η_1, η_2, ζ_1, and ζ_2 are all bonds of the same family in which case the desired inequality reduces to the usual argument for the random cluster model. □

As an immediate consequence we obtain a domination comparison:

Corollary. If h^{(1)} > h^{(2)}, then ν^{(β,h(1))} s,r;Λ ( · ) ≥ FKG ν^{(β,h(2))} s,r;Λ ( · ).

Proof. It suffices to show that W^{(β,h(1))}_{s,r;Λ} (ω)/W^{(β,h(2))}_{s,r;Λ} (ω) is an increasing function (assuming that both quantities are nonzero). Using formula (2.5) and defining e^{−αS (h)} ≡ se^{βh} se^{βh} + re^{−βh} and e^{−αR (h)} ≡ re^{−βh} se^{βh} + re^{−βh} , (2.8) we have W^{(β,h(1))} s,r;Λ (ω) W^{(β,h(2))} s,r;Λ (ω) = Φ_Λ ( h^{(1)}, h^{(2)} ) [ e^{−αR (h(1))} e^{−αR (h(2))} ]_{NR (ω)} [ e^{−αS (h(1))} e^{−αS (h(2))} ]_{NS (ω)} , (2.9)

where Φ_Λ ( h^{(1)}, h^{(2)} ) is a number independent of ω (note that the modified weights w^′ are independent of the external field). It is thus sufficient to establish that e^{−αR (h)} is monotone decreasing and e^{−αS (h)} is monotone increasing as functions of h. This is easily checked. □

Remark. It is noted that the measures are perfectly well defined for non-integer r and s and that the above monotonicities hold for all r and s with r, s ≥ 1. However, in this paper, we will need to make explicit use of the underlying spin-system; hence, we will not discuss these more general cases. Finally, we remark that all of the results of this subsection hold for an arbitrary (finite) graph with arbitrary fields h_i and arbitrary (non-negative) couplings J_{x,y} and κ_{x,y} . In particular, FKG dominations are established under the condition that h^{(1)}_x ≥ h^{(2)}_x for all x.

Reflection positivity.

We begin with some preliminary notations. Let T_L denote a d-dimensional (lattice) torus, assumed for convenience to have an even number L of sites in all directions, and let P denote the intersection of T_L with a hyperplane orthogonal to one of the coordinate directions. (Thus P consists of two disconnected ‘planes of sites’.) The set P divides T_L into left (T^L_L ) and right (T^R_L ) halves—both halves defined to include P .

Let ω ∈ Ω_{ΛL} denote bond configurations (such as the ones described above) on T_L and let F_L (F_R) be the set of functions of bond configurations restricted to T^L_L (T^R_L ). Finally, let ϑ_P be the reflection operator that maps bond configuration on the left to configurations on the right and vice versa (i.e., ω_L ↔ ϑ_P ω_L). For f ∈ F_R, define ϑ_P f ∈ F_L by [ϑ_P f](ω_R) = f(ϑ_P ω_L). Let P( · ) denote a probability measure on bond configurations and E the expectation with respect to this measure. Then P is said to be reflection positive if for every g, f ∈ F_R one has E (f ϑ_P g) = E (g ϑ_Pf) (2.10) and E (f ϑ_Pf) ≥ 0. (2.11)

Proposition II.2. Let T denote the d-dimensional torus and let ν( · ) ≡ ν^{(β,h)}_{s,r;T} ( · ) denote the random cluster measures as defined by the weights (2.3). Then ν is reflection positive with respect to reflections through all planes P containing sites.

Proof. The proof follows from the reflection positivity of a certain joint measure on bond-site configurations—the Edwards-Sokal measure—that contains the random cluster measure and the Gibbs measure of the considered spin system as marginals. This measure is essentially defined by the r.h.s. of (2.2). Namely, let us write W^{(β,h)}_{ES,s,r;T} (ω, σ) = [ D(ω) ∏ b∈B_T χ_b(ω, σ) ] ∏ b∈B_T w(ω_b) ∏ x∈S_T e^{βh(δSσ}x^{−δRσ}x^) ≡ D(ω, σ) ∏ b∈B_T w(ω_b) ∏ x∈S_T e^{βh(δSσ}x^{−δRσ}x^). (2.12)

The weights W^{β,h}_{ES,s,r;T} define the Edwards-Sokal measure ν^{(β,h)}_{ES,s,r;T} abbreviated hereafter as ν_{ES}. In the above language, equations (2.2) and (2.3) read e^{−βHT (σ)} = ∑ ω W^{(β,h)}_{ES,s,r;T} (ω, σ), (2.13a) and W^{(β,h)}_{ES,s,r;T} (ω) = ∑ σ W^{(β,h)}_{ES,s,r;T} (ω, σ), (2.13b) which verifies the preceding claim concerning the marginals. Our proof amounts to showing that the full ES-measure is reflection positive; here, of course, with respect to reflection operators acting on the larger space of bond-spin configurations and functions thereof. (Notwithstanding, we will make no notational distinctions.) Thus, let f denote a function that is determined by the bond-spin configurations on the ‘right’ and consider E_{ES} (fϑ_P f), where E_{ES} ( · ) denotes expectation with respect to the measure ν_{ES}. Let (ω_P , σ_P ) denote a bond-spin configuration in the plane P ; that is to say a spin value on each x ∈ P and a bond value on each ⟨x, y⟩ with x, y ∈ P . We may write

E_{ES} (fϑ_P f) = ∑ (ω_P ,σ_P )

ν_{ES}(ω_P , σ_P ) E_{ES} (fϑ_P f| ω_P , σ_P ). (2.14)

The conclusion now follows from the observation that the restrictions of the conditional measures ν_{ES}( · | ω_P , σ_P ) to the left and right half of the torus are independent and identical under reflections. Indeed, the ‘identical under reflections’ property is an obvious consequence of the underlying symmetry of the model. Independence is established as follows:

Let us write (ω, σ) = (ω_P , σ_P ; ω_R, σ_R; ω_L, σ_L) corresponding to the configurations in P , R, and L, respectively. Let D_P (ω_P , σ_P ) denote the analogue of the function D(ω, σ), defined in (2.14), that here checks the consistency of the configuration only in P . Further, let D_R ( ω_R, σ_R| ω_P , σ_P ) be the function that indicates consistency only for the right half of the configuration given (ω_P , σ_P ) and similarly for D_L ( ω_L, σ_L| ω_P , σ_P ) . It is not hard to check that D ( ω, σ ) = D_P ( ω_P , σ_P ) D_R ( ω_R, σ_R| ω_P , σ_P ) D_L ( ω_L, σ_L| ω_P , σ_P ) (2.15) for every (ω, σ). By checking the terms in (2.6), we easily see that the weights factorize, which is equivalent to independence. Thus we have

E_{ES} (f ϑ_Pf) = ∑ (ω_P ,σ_P )

ν_{ES}(ω_P , σ_P ) [ E_{ES} (f | ω_P , σ_P )

]_2 (2.16)

which is manifestly non-negative. Similarly one establishes

E_{ES} (f ϑ_P g) = E_{ES} (g ϑ_Pf) (2.17)

and the proof is complete. □

The use of RP for establishing the existence of discontinuous transitions is based on two standard Lemmas [FL,KS]. Here ‘behavioral pattern’ refers to a particular set of configurations (typically on a box). Let T_L denote a torus of size L and let ⟨ · ⟩_L ≡ ⟨ · ⟩^{(β,h)}_{s,r;TL} be a state on the configurations in B_{TL} .

Lemma II.3. Let {c_ℓ} be a collection (possibly overlapping) cubes of size one, and consider a behavioral pattern b_ℓ associated with each cube c_ℓ. Let χ_{bℓ} (c_ℓ) indicate the occurence of b_ℓ on c_ℓ. If ⟨ · ⟩_L is reflection positive and L is even, then ⟨∏ ℓ χ_{bℓ} (c_ℓ) ⟩ L ≤ ∏ ℓ (⟨ χ_{bℓ} (T_L) ⟩ L ) 1_{|Ld|} . where χ_{bℓ} (T_L) enforces the pattern b_ℓ to all even translates of c_ℓ and its mirror image to all odd translates of c_ℓ.

Lemma II.4. Let a and b denote two distinct patterns on a cube c ∈ T_L. Let H be a Hamiltonian that depends on the parameter α that varies in the range [α_a, α_b], and let ⟨ · ⟩_{L,α} denote the Gibbs state on T_L induced by the Hamiltonian H at the parameter value α. Let A ∈ (^1_2 , 1] and B ∈ [0,^1_4 ] be such that B ≤

[_1 2 − √_1 2 −^A_2

]_2 , and let ϵ_a, ϵ_b ∈ (0,^1_2 ). Suppose that for all α ∈ [α_a, α_b], all c, c̃ ∈ T_L, and all L large enough

(0) χ_a(c)χ_b(c) = 0, (i) ⟨χ_a(c) + χ_b(c)⟩_{L,α} ≥ A, (ii) ⟨χ_a(c)χ_b(c̃)⟩_{L,α} ≤ B, and (iiia) ⟨χ_a(c)⟩_{L,αa} > 1 − ϵ_a (iiib) ⟨χ_b(c)⟩_{L,αb} > 1 − ϵ_b. Then there is an α_c ∈ [α_a, α_b] and two distinct translation invariant Gibbs states ⟨ · ⟩^a_{αc} and ⟨ · ⟩^b_{αc} such that ⟨χ_a(c)⟩^a_{αc} ≥ 1 − ϵ̄ and ⟨χ_b(c)⟩^b_{αc} ≥ 1 − ϵ̄, where ϵ̄ = ϵ̄(A, B) is such that ϵ̄ → 0 as A → 1 and B → 0.

Boundary conditions.

As already stated, graphical representation (2.3) will be our major tool of study of the Gibbs phases associated with the Hamiltonian (1.1). However, we first have to take properly into account the effect of boundary conditions. In particular, we have to clarify to what extent one can generalize the FKG domination arguments from the previous subsections. There are two ways that a random-cluster measure can be associated with a boundary condition. These lead eventually to two classes of random cluster measures: S-measures and G-measures, with the former defined by prescribing a spin boundary condition, whereas the latter is defined by prescribing a graphical boundary condition.

Given a finite set Λ ⊂ Z^d, let ∂Λ be its boundary, i.e., the set of sites in Z^d whose distance from Λ equals one. To implement the first possibility, we take a spin configuration σ̃ and define the Edwards-Sokal measure on σ’s in Λ ∪ ∂Λ and ω’s on the bonds thereof, however, with the spins at ∂Λ fixed to σ̃. Let ν_{Λ,σ̃} denote the ω-marginal of this measure. Of particular interest are the limits of these measures as Λ ↗ Z^d: we denote by S the set of all possible accumulation points, closed under convex combinations and closed in the weak topology on probability measures. We call these S-measures (they were called equilibrium random cluster measures in [ACCN]).

Our major object of interest is the original spin system (1.1). Even though all properties of the graphical marginals are derived starting from the spin system, not all information is retained by the marginals. This may actually cast doubts whether the representation (i.e., the S-measures) is still capable of capturing the important features of the spin system, e.g., the non-uniqueness of Gibbs states. This is (partially) answered in the following.

Lemma II.5. The existence of two distinct S-measures μ_1 and μ_2 implies the existence of two distinct Gibbs measures ν_1 and ν_2 for the Hamiltonian (1.1). Moreover, if μ_1 and μ_2 can be obtained for (expanding) sequences {Λ^{(1)}_n }, {Λ^{(2)}_n }, and boundary conditions σ_1, σ_2, respectively, then ν_1 and ν_2 can be generated by ({Λ^{(1)}n }, σ_1) and ({Λ^{(2)}n }, σ_2), respectively, as (possibly subsequential) limits of finite-volume states.

Proof. See Appendix.

Let S^⋆ be the translation invariant measures in S. Note that any accumulation point μ of the torus states is an S^⋆-measure. Namely, if we go to a subsequence for which also the distribution functions for the spins at the exterior boundary of any finite volume converge, we see that the expectation of any cylinder function of bonds in the set A can be written as the combination of (S-class) states in any Λ encompassing A, where the spin boundary condition is now a subject of average. Moreover, the expectaion is independent of Λ and thus only the tail of the boundary condition matters, but in that case the average runs over infinite-volume S-class measures, so μ is indeed an S-measure. The translation invariance of μ is trivial.

To implement the other possibility, i.e., to define boundary conditions directly in the graphical representation, one may explicitly consider a ‘graphical’ boundary configuration ω̃, modify appropriately the weights in (2.3) for clusters that stick out of the finite volume so that a consistent family of measures is recovered, and then study the DLR measures associated therewith. While the techniques based on the DLR condition are well developed in the spin language (see, e.g., [Ge]), for the random-cluster measures the theory is still rather ‘weak in the knees’, mainly for the lack of quasilocality (see [vEFS] Section 4.5.3 for a concrete problem of the latter kind, whose solution was given in [Gr] and [PVdV]). Therefore, we refrain from discussing it in its full generality.^1 On the other hand, we would like to have some way of incorporating explicit ‘graphical’ boundary conditions into our considerations, because only then the full power of FKG-ordering can be employed. To this end, we will consider a restricted class of boundary conditions.

Let ∂B (Λ) to denote the (exterior) bond-boundary of Λ, i.e., the set of bonds with one end in ∂Λ and the other in Λ. A boundary condition (i.e., a ‘graphical’ configuration on ∂B (Λ)) for the random cluster problem is said to be of the G-class^2 if

∂Λ is divided into disjoint components C^B_1 , . . . , C^B_k ; C^R_1 , . . . , C^R_ℓ and C^f_1 , . . . , C^f_t . Each of the components C^R_1 , . . . , C^R_ℓ act as a single site but always in a red state and similarly C^B_1 , . . . , C^B_k act as single blue sites and, finally, the components C^f_1 , . . . , C^f_t act as ‘free’ sites with some a priori weights for red or blue.

Given a boundary condition from G-class, the weight (2.3) is modified to the effect that C_S (ω) and C_R(ω) are now counting the connected components including the boundary components. The infinite-volume states generated by a G-boundary condition from thus modified finitevolume measures will be denoted (with a slight abuse of notation) also by G.

It is clear from the definition of the G measures that they can all be generated by convex combinations of measures with a spin boundary condition. Hence, G ⊂ S. On the other hand, whereas constant red (blue) boundary condition gives rise to red- (blue-)wired Gstates ν^{(β,h)}_{Λ,red-w} (ν^{(β,h)}_{Λ,blue-w}) (the ‘wiring’ refers to connecting all boundary sites by bonds of the respective dark color to an auxiliary site), other spin boundary conditions do not necessarily yield a measure in the G-class. Indeed, if in the spin system one sets half of the boundary spins to one of the red-type spin-states and the other half to another type of red-state, the resulting random cluster measure is the red-wired measure conditioned on having no dark-red connection between the two halves. The conditioning here is crucial and one cannot specify this measure using only G-boundary conditions.

1See [Gr] and [BC] for statements employing the DLR structure of the random cluster measures. An alternative is to rely on DLR structure of Edwards-Sokal states—this is the approach used in [BBCK].

2A related notion in [BC] is the wiring diagram.

The fact that G does not embody all Gibbs measures of interest is an unpleasant problem for techniques based on graphical representations. These difficulties (which have been encountered in other systems, c.f. [C]) can, to some extent, be circumvented but only after a certain amount of work. For our purposes, the key practical implication here is the lack of FKG (or at least of its proof) outside the G-class. (In the G-class, wherein each of the boundary conditions can be simulated on an extended graph, FKG follows from the observation that the FKG lattice condition is in power even after conditioning on a set of bonds taking a definite value.)

We close this section with the statement of two lemmas that concern ordering and uniqueness of the S-measures. In addition to the æsthetic appeal, the following will be crucial in our subsequent analysis of the phase diagram. Both proofs are, for brevity of exposition, relegated to the Appendix. Note that the limits

ν^{(β,h)}_{blue-w} = lim_{Λ↗Zd} ν^{(β,h)}_{Λ,blue-w} and ν^{(β,h)}_{red-w} = lim_{Λ↗Zd} ν^{(β,h)}_{Λ,red-w} (2.18)

exist by FKG and are measures both of G and S^⋆-class.

Lemma II.6. Consider the system defined by the Hamiltonian (1.1) with β fixed and h varying in (−∞, +∞). Then for Lebesgue-a.e. h, both the sets of G-measures and S^⋆-measures are singletons (and then necessarily G = S^⋆).

Lemma II.7. Let ν^{(β,h)} be either a G-measure or a S^⋆-measure. Then

ν^{(β,h)}_{blue-w}( · ) ≥_{FKG} ν^{(β,h)}( · ) ≥_{FKG} ν^{(β,h)}_{red-w}( · ),

Moreover, for h^{(1)} > h^{(2)}, any S^⋆-measure at h^{(1)} FKG dominates every S^⋆-measure at h^{(2)}, and similarly for G.

Percolation and magnetization.

The phases that we will study are all characterized by ‘percolation’ of one sort or another. A priori, there are five distinct situations: Percolation of dark-blue bonds, percolation of blue bonds without percolation of dark-blue bonds, similarly for the reds, and no percolation at all. However, some caution is needed: the partially ordered phases (here defined by the intermediate sort of percolations) certainly do not represent genuine thermodynamic phases, except perhaps when they coexist. For this reason, it is mainly the dark-bond percolation that plays the role of an order parameter.

Given β and h, let Π^B_∞(β, h) (Π^R_∞(β, h)) be the probabilities that dark-blue (dark-red) bonds percolate under the measures ν^{(β,h)}_{blue-w} (ν^{(β,h)}_{red-w}, respectively). It is an easy corollary to Lemma II.7 that Π^B_∞ is actually the maximal probability at which dark-blue bonds can percolate under any G ∪ S^⋆-measure, and similarly for Π^R_∞. As is standard, Π^B_∞ and Π^R_∞ are easily related to the spin order parameters, namely, to the blue and red magnetization. Here the red magnetization is defined by adding a symmetry breaking term of the type −h^R ∑ x[δ_{σxj} − (1/r)δ^R_{σx} ] (with j ∈ R) to the Hamiltonian and calculating the derivative of the free energy evaluated at h^R = 0^+. Similarly for the blue magnetization.

Proposition II.8. Consider the system on Z^d described by the Hamiltonian (1.1) and let M^R(β, h) and M^B(β, h) denote the red and blue spontaneous magnetizations. Then M^R(β, h) = r − 1 r Π^R_∞(β, h) and M^B(β, h) = s − 1 s Π^B_∞(β, h). Proof. As follows from convexity of the free energy in the parameter h^R, the red magnetization can alternatively be defined by optimizing δ_{σ0j} −(1/r)δ^R_{σ0} over all possible translation-invariant Gibbs states (for an argument proving an analogous assertion see the proof of Lemma II.7 in the Appendix). Given β and h, all Gibbs states are parametrized by the spin boundary conditions. Fixing the boundary condition to σ̃, it is straightforward to establish that the expected value of δ_{σ0j} − (1/r)δ^R_{σ0} under the Potts measure exactly equals (1 −^1_r )-times the probability under the corresponding graphical marginal that x is connected by a path of dark-red bonds to an j component of σ̃ , i.e., ⟨ δ_{σ0 r1} − (1/r)δ^R_{σ0} ⟩_{σ̃} Λ = ( 1 − 1 r ) ν^{(β,h)}_{σ̃,Λ} ( { 0 −→ dark-red

∂Λ_j (σ̃)} ) . (2.19)

Here ∂Λ_j(σ̃) = {y ∈ ∂Λ: σ̃_y = j}, ⟨ · ⟩^{σ̃}_Λ is the spin state in Λ with boundary condition σ̃ and ν^{(β,h)}_{σ̃,Λ} is the corresponding S-measure.

The r.h.s. of (2.19) is dominated by the expectation of the local event that there is a darkred path running from 0 outside a fixed volume Δ ⊂ Λ. By taking expectation of both sides w.r.t. a translation invariant spin Gibbs measure and by taking the limit Λ ↗ Z^d (possibly along a subsequence), we recover an S^⋆-measure on the r.h.s. which is FKG dominated by the red-wired measure from Lemma II.7. Since { 0 −→_{dark-red} Δ^c} is an increasing event, the limit Δ ↗ Z^d then shows that ⟨ δ_{σ0r1} − (1/r)δ^R_{σ0} ⟩ ≤ ( 1 − 1 r ) Π^R_∞(β, h), (2.20)

for any translation invariant spin Gibbs state ⟨ · ⟩. However, this inequality is clearly saturated for the state ⟨ · ⟩^j generated by a constant configuration σ̃ ≡ j, which is translation invariant. Hence, M^R(β, h) =^{r−1}_r Π^R_∞(β, h) as we were to prove. The case of blue magnetization is completely analogous. □

3. The Proof of the Main Theorem

Preliminaries.

The proof of the Main Theorem hinges on RP techniques as applied to graphical representations. In order to apply Lemma II.3 and II.4, we first need some definitions.

We will consider various behavioral patterns which are either good or bad. The good behavioral patterns will be denoted by O_R, O_S , D_R, D_S ; these are defined by the property that every bond in a unit cube is of the corresponding type: r–ordered, s–ordered, r–disordered and s–disordered, respectively. Any other configuration on a cube is deemed to be bad. We recall that two bonds of differing color cannot share a vertex and hence the presence of two colors on a cube necessitates the intervention of a vacant bond. As a consequence, badness can occur for only one of two reasons, the occurrence of a vacant bond or a pair of adjacent bonds, one ordered, the other disordered, that are both of the same color. (In the latter case, we call such pairs mismatched.)

The good patterns are expected to dominate typical configurations in the low and intermediate temperature regimes. However, as required by Lemma II.4(ii), simultaneous occurrence of different good patterns should be (sufficiently) improbable. The proof of the latter invokes the observation that a ‘barrier’ of bad cubes necessarily separates any pair of different good cubes. Let us aggregate bad cubes that are joined through at least one edge into connected components that are called, traditionally, contours. Item (ii) of Lemma II.4 then boils down to showing that the probability that a contour ‘encircles’ the origin is small. It is this step where the chessboard estimates (Lemma II.3) provide an effective service. In particular, all we need to show is that the estimate on the probability of the various contour elements is small—the rest is easily reduced to a counting argument which is identical to the one for the Ising contours.

As seen on the right hand side of the display in Lemma II.3, the relevant objects are the partition functions constrained so that the stated pattern repeats periodically. Of fundamental importance in the present analysis are the partition functions associated with the (purported) favored patterns. These will be denoted by Z_{OR} , Z_{OS} , Z_{DR} , and Z_{DS} , respectively (the dependence on the scale of the torus will always be understood from the context and will be supressed notationally). These objects are readily computed:

Z_{OR} = [e^{−βh}e^{dβκ}(e^{βJ} − 1)^d]^{Ld} r (3.1i)

Z_{OS} = [e^{βh}e^{dβκ}(e^{βJ} − 1)^d]^{Ld} s (3.1ii)

Z_{DR} = [re^{−βh}(e^{βκ} − 1)^d]^{Ld} (3.1iii) and Z_{DS} = [se^{βh}(e^{βκ} − 1)^d]^{Ld} . (3.1iv)

Of further interest, there is the ‘vacant’ partition function given by

Z_v = [re^{−βh} + se^{βh}]^{Ld} . (3.1v)

The subject of our next lemma is that for all β sufficiently large (and for r and s large) the probability of any bad cube is small. Even though the general proof is not too involved, we relegate it to the Appendix. Here we provide the proof for d = 2 that is particularly simple due to the employment of the diagonal torus (the SST) which reduces the problem to estimating a single-bond events.

Lemma III.1. Let δ > 0. Then there exist r̄ = r̄(d, δ), s̄ = s̄(d, δ), and β̄ = β̄(κ, d, δ) so that for any κ > 0, r ≥ r̄, s ≥ s̄, and β ≥ β̄ such that the probability of a bad cube is less than δ. Namely, lim_{L→∞}⟨χ_{OR} + χ_{OS} + χ_{DR} + χ_{DS} ⟩_L > 1 − δ.

Proof (d = 2). By the discussion in the second paragraph of the present section, it is only necessary to show that the probability of a vacant bond or a mismatched pair is small. Let us start with a vacant bond. We use standard reflection positivity arguments for the case of two-dimensional diagonal torus (see [S] for a full discussion or [CM_I] Lemma 4.3 for a proof along these lines complete with pictures). Let ⟨i, j⟩ denote any bond in T_L (the diagonal torus of size L). Reflecting the bond n + 1 times where 2^n = L^2 we obtain the estimate for the vacant bond: ⟨ D(ω_{⟨i,j⟩} = v) ⟩ L ≤ ( Z_v Z ) 1_{2L2} = (se^{βh} + re^{−βh})^{12} Z^12L^2

. (3.2)

An estimate for Z is provided by the r and/or s disordered partition functions, Z ≥ Z_{DR} + Z_{DS} . Since [(se^h + re^{−h})^{L2} ]/[(se^h)^{L2} + (re^{−h})^{L2} ] ≤ 2^{L2} , we have ⟨ D(ω_{⟨i,j⟩} = v) ⟩ L ≤ √ 2 e^{βκ} − 1 . (3.3)

Next we consider the mismatched pairs. Focusing attention, say, on the s–type, let ⟨i, j⟩ and ⟨i, j^′⟩ denote an adjacent pair of bonds. We will consider the event {ω_{⟨i,j⟩} = s^d, ω_{⟨i,j}′_⟩ = s^o}. If we agree to use only Z_{DS} and Z_{OS} in the lower bound of the partition function, a moments thought shows that the calculation is identical to the s–state Potts model. Thus we get lim_{L→∞} ⟨ D(ω_{⟨i,j⟩} = s^d, ω_{⟨i,j}′_⟩ = s^o) ⟩ L ≤ s^{− 14} . (3.4)

The argument is similar for the r-mismatched pairs. □

A second ingredient needed to set Lemma II.4 in motion is the bound (ii).

Lemma III.2. There exists a function ϵ(d, δ), such that ϵ(d, δ) → 0 as δ → 0, and a constant δ̄(d) such that for any two distinct patterns P_1, P_2 ∈ {O_R, O_S , D_R, D_S } one has ⟨ χ_{P1} (c)χ_{P2} (c̃) ⟩ L ≤ ϵ(d, δ) whenever 0 < δ < δ̄, κ > 0, r ≥ r̄, s ≥ s̄, and β ≥ β̄ (with r̄, s̄, and β̄ as in Lemma III.1).

Proof. As already noted before, by going along any connected path from c to c̃, one eventually bumps into a bad cube. Hence, on torus of size L, if the two patterns are to occur simultaneously, the cubes c and c̃ have to be separated by a contour consisting of bad cubes (that either surrounds one of the cubes or winds around the torus). The probability of such a contour is directly estimated by chessboard estimates: for a contour composed of |γ| bad cubes we get the bound δ^{|γ|}.

To get an explicit expression of the function ϵ(d, δ), it is actually convenient to consider just the surface of the above union of bad cubes, which is an Ising contour attached to the faces of the bad cubes in γ. Since there are at most 2d plaquettes per each cube in γ, each plaquette carries at most the weight δ^{12d} . By employing the recent Lebowitz-Mazel [LM] estimate on the number of Ising contours (which is asymptotically optimal as d → ∞), we arrive at the expression ϵ(d, δ) = ( 2 + o(C(d)δ^{12d} ) ) δ^{2d} + ( 1 + o(C(d)δ^{12d} ) ) 1 2 d(d − 1)L^dδ^{Ld−1} . (3.5)

Here C(d) = exp ( O(^{log d}_d ) ) is the connectivity constant for the Ising contours.

Indeed, by Corollary 1.2 of [LM], the contribution to ⟨χ_{P1} (c)χ_{P2} (c̃)⟩_L corresponding to a contour surrounding either c or c̃ is dominated by the lowest-order term, provided C(d)δ^{12d} ≪ 1. Hence, one gets 2δ^{2d}, where the ‘2’ accounts for the uncertainty whether the contour runs around c or c̃. The case of a contour wrapped around the torus is fairly analogous; one only needs to observe that the Lebowitz-Mazel counting argument requires the contours neither to be closed nor to be encircling a given point—it is only required that the contour contains a given plaquette. Hence, also in this case the lowest-order term dominates, yielding^1_2 d(d − 1)L^dδ^{Ld−1} , where the prefactor counts the possible positions of the plaquette. □

Proof of (I) and (II).

We will start by setting the parameters. It will be assumed that κ and J are fixed and strictly positive, whereas r and s are to be adjusted such that the technical ingredients (i.e., Lemmas III.1 and III.2) are in power. The quantity δ will be our generic ‘small parameter’, i.e., a number chosen small enough so that Lemma II.4 yields, in conjuction with Lemmas III.1 and III.2, the needed bound. In particular, δ ≪ C(d)^{−2d} must to be assumed.

For a fixed δ, let the numbers r ≥ s be such that r ≥ r̄(d, δ) and s ≥ s̄(d, δ), respectively, and the assumptions

(1) β̄(κ, d, δ) ≪^1_{Jd} log s (2) ϵ̄(1 − δ, 3δ^{2d}) max{1,^κ_J } ≪ 1 hold (with β̄(κ, d, δ) from Lemma III.1 and ϵ̄(1 − δ, 3δ^{2d}) from Lemma II.4).

Remark. Since we are clearly about to use Lemma II.4 in the context of graphical representations, the reader may have doubts whether this result is really applicable, when the Gibbsianness (i.e., the property defined by stipulating the DLR condition) of the limiting states is questionable. But this is only due to the wording of the statement of Lemma II.4—as the proof shows, actually the existence of two distinct limiting states is established, obtained by conditioning from torus states. In particular, the states emerging from Lemma II.4 are of the S^⋆-class, because they are limits of the torus states conditioned on densities of the respective patterns having large enough value. Since any finite volume can be omitted while evaluating the latter densities, the same argument we used to prove that torus states are S^⋆-class applies also to these conditional measures.

The proof now comes in two stages.

(1) R–S transition. Let χ_R = χ_{DR} + χ_{OR} be the indicator for a red cube and similarly for χ_S . Since β ≥ β̄, we have by Lemma III.1 that ⟨χ_R + χ_S ⟩^{β,h}_L is close to one for any h. Clearly, as h → ∞, the mean value ⟨χ_R⟩^{β,h}_L is supressed and as h → −∞, the mean value ⟨χ_S ⟩^{β,h}_L vanishes—both of these uniformly in L. The conditions of Lemma II.4 are met; for each β ≥ β̄, there is an h_β with |h_β | < ∞ at which R and S–type phases coexist: there exist two S^⋆-states ⟨ · ⟩^{β,hβ}_R and ⟨ · ⟩^{β,hβ}_S satisfying ⟨χ_R⟩^{β,hβ}_R ≥ 1 − ϵ^′ (3.6r) and ⟨χ_S ⟩^{β,hβ}_S ≥ 1 − ϵ^′. (3.6s) with ϵ^′ = ϵ̄(1 − δ, 3δ^{2d}).

Although the conditions of Lemma II.4 do not rule out the existence, for a given β, of several such points (i.e., ‘reentrance’), the FKG monotonicity (as proved in Lemma II.7) resoundingly does. Indeed, any S^⋆-state at parameters (β, h) with h > h_β will FKG dominate the state ⟨ · ⟩^{β,hβ}_S and similarly for h < h_β .

We now claim that the function h_β is continuous. Indeed let β_∗ > β̄ and consider a sequence {β_k} with β_k → β_∗. Crude estimates show that the |h_{βk} | are uniformly bounded so let −∞ < h_∗ < ∞ denote an accumulation point of {h_{βk} }. Now at the points (β_k, h_{βk} ), we have the S-state where the inequality (3.6s) holds. It follows by a compactness argument that there exists a S^⋆-state at (β_∗, h_∗), where the same inequality holds. Thus h_∗ ≥ h_{β∗} . Using the same argument with the r’s, we conclude that h_∗ ≤ h_{β∗} and continuity is established. The curve given by the function h_β will constitute our C_{RS} .

(2) Order-disorder transition. The situation with the order-disorder transition is similar; the disadvantage is that we do not have an FKG monotonicity as the temperature varies. This is remedied by convexity arguments, based on the fact that β couples almost directly to the relevant observables.

It will be useful to consider the events b_O and b_D that a given bond is ordered/disordered respectively: b_O = b_{OS} ∪ b_{OR} and similarly for b_D. As above, we may also define the indicators χ_O and χ_D for events on cubes. However we claim that for β ≥ β̄ the quantities ⟨χ_O⟩^{β,h}_L and ⟨χ_{bO} ⟩^{β,h}_L are essentially interchangable. Indeed, first ⟨χ_O⟩^{β,h}_L ≤ ⟨χ_{bO} ⟩^{β,h}_L . On the other hand, writing ⟨χ_O⟩^{β,h}_L = ⟨χ_{bO} ⟩^{β,h}_L ⟨ χ_O| b_O⟩^{β,h}_L and using FKG and Lemma III.2 we get ⟨χ_O⟩^{β,h}_L ≥ ⟨χ_{bO} ⟩^{β,h}_L (1 − δ). For this portion of the proof, we will keep h̃ = βh fixed and allow β to vary in [β̄, ∞). It follows by inspection of (3.1i–v) that, provided the assumption (1) above holds, the variables χ_{bO} and χ_{bD} satisfy the conditions of Lemma II.4 and thus there is a β_{h̃} at which two S^⋆-states ⟨ · ⟩^{βh̃,h̃/βh̃} D and ⟨ · ⟩^{βh̃,h̃/βh̃}_O coexist satisfying ⟨χ_{bO} ⟩^{βh̃,h̃/βh̃}_O ≥ 1 − ϵ^′ and ⟨χ_{bD} ⟩^{βh̃,h̃/βh̃}_D ≥ 1 − ϵ^′.

Consider the ‘bond densities’ ρ_O(β, h) and ρ_D(β, h) representing the thermodynamic density of bonds of the two types. These objects are well defined in most states—certainly in translation invariant states where they equal to the expectations of b_O and b_D—but their value may depend on the state. To account notationally for such a case, we will indicate different states by a superscript, e.g., ρ^∗_O(β, h). However, the densities for different states are not completely uncorrelated: an examination of the weights in (2.1) shows that the quantity Q(β, h) = ( κ + J e^{βJ} e^{βJ} − 1 ) ρ_O(β, h) + κ e^{βκ} e^{βκ} − 1 ρ_D(β, h) ≡ A_O(β)ρ_O(β, h) + A_D(β)ρ_D (3.7)

has the property that if β_1 > β_2, then for any translation-invariant states ∗ and #,

Q^∗(β_1, h̃/β_1) ≥ Q^#(β_2, h̃/β_2). (3.8)

This follows because Q represents the derivative of the free energy with respect to β with h̃ = βh held fixed. Note that ∗, # ∈ S is not required.

In what follows, the treatment is slightly simplified by assuming that κ ≤ J; we will proceed under this assumption and, at the end, discuss briefly the complementary case. Let β > β_{h̃} with h̃ = βh and let ∗ denote the translation-invariant state at (β, h) designed to minimize ρ_O. Then A_O(β)ρ^∗_O(β) + A_D(β)ρ^∗_D(β) ≥ Q^O(β_{h̃}) ≥ A_O(β_{h̃})(1 − ϵ^′) (3.9) where the suppressed h’s in all arguments are evaluated at h = h̃/β_{h̃}. Since both A_O and A_D decrease with β we may replace on the left side β by β_{h̃}:

[A_O(β_{h̃}) − A_D(β_{h̃})]ρ^∗_O(β) + A_D(β_{h̃}) ≥ A_O(β_{h̃})(1 − ϵ^′), (3.10)

where we have further used that ρ^∗_O(β) + ρ^∗_D(β) ≤ 1. If J ≥ κ then all the quantities (e^{βJ} − 1)^{−1}, (e^{βκ} − 1)^{−1} are uniformly small by the condition that all inverse temperatures are larger than β̄. Since A_O(β) − A_D(β) = J(1 − e^{−βJ} )^{−1} − κ(e^{βκ} − 1)^{−1} ≈ J, we arrive at ρ^∗_O(β) ≥ 1 − ϵ with ϵ ≈ ϵ^′[J + κ]/J.

The argument for β < β_{h̃} is similar but requires the additional ingredient that for β > β̄, vacant bonds are rare in any S^⋆-state. (Of course we already know this for the limit of any torus state.) We will be content to prove this statement away from the coexistence line C_{RS} . Consider the point (β, h̃/β) with β < h̃/h_β (i.e., ‘above’ C_{RS} ). Now, at the point (β, h_β ) the S–state has a blue bond density in excess of 1 − ϵ^′. Since the (blue–disordered∪blue– disordered)–bond event is clearly increasing, this probability is larger in any S^⋆-state at (β, h̃/β), by the assumption upon β. Thus the vacant bond density is less than ϵ^′. A similar argument using in turn red-bond density shows that vacant bonds are uniformly rare in all S^⋆-states at (β, h̃/β) with β > h̃/h_β (i.e., ‘below’ C_{RS} ).

Now consider β < β_{h̃} and assume that (β, h̃/β) /∈ C_{RS} . Let # denote the state at (β, h̃/β) designed to maximize ρ_O within the S^⋆-class. We have

ϵ^′A_O(β_{h̃}) + A_D(β_{h̃}) ≥ Q^D(β_{h̃}) ≥ A_O(β)ρ^#_O(β) + A_D(β)ρ^#_D(β) = ( A_O(β) − A_D(β) ) ρ^#_O(β) + ( ρ^#_O(β) + ρ^#_D(β) ) A_D(β) (3.11)

where we have again supressed the h dependence in our arguments. Using the fact that the density of vacants is always less than ϵ^′, we have ρ^#_O(β) + ρ^#_D(β) ≥ 1 − ϵ^′ and thus ϵ^′ ( A_O(β_{h̃}) + A_D(β) ) + A_D(β_{h̃}) − A_D(β) ≥ ( A_O(β) − A_D(β) ) ρ^#_O(β). (3.12)

Notice that A_D(β_{h̃}) − A_D(β) is negative (and anyway small). We obtain ρ^#_O(β) ≤ ϵ, with ϵ ≈ ϵ^′(J + 2κ)/J. If κ/J > 1 the argument is pretty much the same only we cannot immediately discard terms like e^{−βJ} on the grounds that β > β̄. Two ingredients are required: First, the δ parameter must be made small enough (i.e., s must be large enough) so that when the ϵ^′ term emerges from the Lemma II.4, the quantity ϵ^′κ/J is still small. Second, the value of β̄ must be trimmed so that it can be stipulated that for β > β̄ the quantity (e^{βJ} − 1) is not small, say larger than unity. Under these conditions, the proof follows mutatis mutandis.

The proof of the continuity of β_{h̃} is the same as for h_β ; thus we have our curve C_{OD}. These two curves define our four regions: O_S , O_R, D_R and D_S . In the interior of these regions, the characterizations corresponding to the bounds in (II) of the Main Theorem are clearly satisfied. Namely, if β < β_{h̃} and h > h_β , then just about all of the bonds are disordered and blue in any S^⋆-state. This means that in all translation invariant Gibbs spin states, each of them being paired with a translation-invariant S-state in an Edwards-Sokal measure, satisfy ⟨δ_{σx σy} δ^S_{σx} ⟩ ≥ 1 − ϵ. The proof of the other inequalities is similar. The existence of r and s separate magnetized states in their respective ordered regions is obvious: All of these emerge from the torus states. (These will be discussed further below in the Proof of (IV) and (V).). □

Proof of (III).

On the basis of crude estimates, both functions h̃ → β_{h̃} and β → h_β are bounded away from the boundary of J , hence, it is clear that they must coincide at least at one point. When r = s, both C_{OD} and C_{RS} enjoy the flip symmetry h → −h, which entails that C_{RS} lies on h = 0 and is intersected by C_{OD} at exactly one (quadruple-coexistence) point—this establishes the phase diagram in the symmetric case. Insofar we have yet not made use of the condition r/s ≫ 1. It is this condition that forces non-trivial coincidence of the curves, and, consequently, the two triple points. The existence of triple points is a consequence of the following claim.

Lemma III.3. Suppose that r ≫ s and consider the quantities ⟨χ_{OR} ⟩_L, ⟨χ_{OS} ⟩_L, ⟨χ_{DR} ⟩_L and ⟨χ_{DS} ⟩_L. Then for all β and h, at least one of these objects is small. In particular, let Θ_L denote the chessboard estimate for min{⟨χ_{OS} ⟩_L, . . . , ⟨χ_{DS} ⟩_L}:

Θ_L = [ min{Z_{OR} , Z_{OS} , Z_{DR} , Z_{DS} } Z_{OR} + Z_{OS} + Z_{DR} + Z_{DS} ] 1_{Ld} . Then there is L_0 = L_0(r/s) such that

Θ_L ≤ 2 √ s r for all L ≥ L_0.

Proof. We first invite the reader to reexamine the weights for Z_{OS} , . . . , Z_{DS} in (3.1). If h ≤ 0, then Z_{DS} /Z_{DR} ≤ (s/r)^{Ld} and we are done. If h > 0, we may have se^{βh} ≥ re^{−βh}. But then Z_{OR} /Z_{OS} = r(e^{−2βh})^{Ld} /s ≤ (s/r)^{Ld−1} and we are again done, provided L is large enough. Thus suppose re^{−βh} > se^{βh}. We have Θ^{Ld}_L ≤ [Z_{OR} Z_{DS} ]^{12} Z_{OS} + Z_{DR} = r^{12} ([ABs]^{12} )^{Ld} s[Ae^{βh}]^{Ld} + [Bre^{−βh}]^{Ld} = ( s r ) 1_{2 (L}d_{−1)} r^1_2 ([ABr]^1_2 )L^d

s^12 [Ae^{βh}]^{Ld} + s^{− 1}2 [Bre^{−βh}]^{Ld}

, (3.13) where we have abbreviated A = [e^{βκ}(e^{βJ} − 1)]^d and B = [e^{βκ} − 1]^d. By noting that the ratio of the partition sums at the extreme right is less than a half, the proof is over once L is large enough. □

For the duration of this portion of the proof, it is more convenient to use the parametrization by β and h̃, where h̃ = βh. The argument comes again in two steps.

(1) Lower triple point. In the region β ≫ 1 the curve C_{RS} separates O_R from O_S phases and in the region h̃ ≪ −1, the curve C_{OD} separates O_R from D_R. Let us follow the curves from these extreme ranges of parameters until they first touch. This point will be denoted by ⊙ ≡ (β^⊙, h̃^⊙). At ⊙, we have coexistence of O_R, O_S and D_R phases. Note, as is thus clear by Lemma III.3, that in a neighborhood of ⊙, the chessboard estimate for ⟨χ_{DS} ⟩_L is small. (In fact, chessboard estimates are continuous in all parameters. The existence of nearby regions of states of the other types forces the small one to be D_S by Lemma III.3) We will successively establish three claims:

(A) The ‘unused’ portions of C_{RS} and C_{OD} lie in the quadrant Q = {h̃ > h̃^⊙, β < β^⊙}. (B) In this quadrant, in a neighborhood of ⊙, the two curves coincide. (C) The point ⊙ is the unique triple point where O_R, O_S and D_R coexist.

Let us start on (A). Consider the line segment {h̃ = h̃^⊙, β̄ ≤ β < β^⊙}. This is a line where only disordered states can exist because one exists at ⊙ and hence for all higher temperatures with the same value of h^⊙. Similarly, consider the line segment {β = β^⊙, h̃ > h̃^⊙}. Here only O_S states can exist by FKG-domination from the previous subsection (note that h > h^⊙/β^⊙ on this segment). Consequently, the unused parts of both C_{OD} and C_{RS} must avoid these segments. Since C_{OD} is parametrizable by h̃ and C_{RS} by β, these parts have to lie inside the quadrant defined by these segments.

We now claim that in this quadrant, in a neighborhood of ⊙, the curve C_{OD} cannot rise above C_{RS} . Indeed, let Q^+ = { (β, h̃) ∈ Q: h̃ > βh_β } . (3.14)

By definition, everything in Q^+ is S-type. If C_{OD} has a point inside Q^+ then in a neighborhood of this point, there is a region of (exclusive) D_S states. Here we have invoked the continuity of h̃ → β_{h̃}, i.e., the function that determines C_{OD}, and the fact that Q+ is an open set. However, if we are sufficiently close to ⊙, continuity of the chessboard estimate forbids at least the torus state from being a D_S state. By exactly the same argument as the rareness of vacant bonds in any S^⋆-state was established in the paragraph right after (3.9), this implies that the probability of D_S patterns is uniformly low near ⊙ in Q^+. Hence, C_{OD} stays below C_{RS} in the vicinity of ⊙ in Q.

Finally we will show that in Q, the curve C_{OD} is never below C_{RS} . This will finish off (B) and prove (C) as well; however this time the result is global. Indeed, setting

Q^− = { (β, h̃) ∈ Q: h̃ < βh_β } , (3.15)

let us suppose there is a point of C_{OD} in Q^−. It follows that there is a whole open region of O_R–states in Q. By FKG, this implies that all S^⋆-states below this region are O_R and hence ordered. On the other hand, the lower boundary of the quadrant has already been determined to consist exclusively of disordered S^⋆-states. Thus the two curves coincide for a while and, when they eventually split, they must do so in such a way that C_{OD} does not dip below C_{RS} ever more. In other words, the O_R states are gone for good.

(2) Upper triple point. The argument for the other triple point is similar but hindered by the absence of FKG–monotonicity. As the previous discussion was to rule out the ‘bubbles’ below C_{RS} , now the key point will be to deal with the ‘bubbles’ that can appear above C_{RS} .

Following the curves from the high-temperature/high-field side, let ⊗ = (β^⊗, h̃^⊗) denote the first point that these curves coincide. The quadrant below and to the left of this point will be denoted by K, i.e., K = {(β, h̃): β > β^⊗, h̃ < h̃^⊗}. Again, ‘beyond’ the point ⊗, both curves are locked into the quadrant. Indeed, {β > β^⊗, h̃ = h̃^⊗} is a line that consists exclusively of ordered states and {β = β^⊗, h̃ < h̃^⊗} is a line that consists exclusively of R–states. (As a matter of fact, D_R–states.) We already know that C_{OD} lies above or on C_{RS} all the way down to ⊙. We must rule out the possibility that it lies strictly above. Explicitly, we will rule out the existence of D_S –states in K. To that end, we note that K can be reparametrized as K = { (β, h̃): β = β^⊗ + α, h = h̃^⊗ − αΔ, 0 < α ≤ ∞, Δ > 0 } . (3.16)

The argument we will use is similar to the one in (3.7–11), which is just the case Δ = 0.

Let η_R denote the density of R-sites. As differentiating of the free energy with respect to α (with Δ fixed) reveals, in any translation-invariant state at (β, h̃) = ( β^⊗ + α, h̃^⊗ − αΔ ) , the quantity A_O(β)ρ_O + A_D(β)ρ_D + 2Δη_R must be larger than its value in any translationinvariant state at (β^⊗, h̃^⊗). Let Δ, α be fixed and let ⋆ denote any such state. By comparison to the O_S -state at ⊗ we have

A_O(β)ρ^⋆_O + A_D(β)ρ^⋆_D + 2Δη^⋆_R ≥ A_O(β^⊗)(1 − ϵ^′) (3.17i)

and similarly, by comparison with the D_R state at ⊗,

A_O(β)ρ^⋆_O + A_D(β)ρ^⋆_D + 2Δη^⋆_R ≥ A_D(β^⊗)(1 − ϵ^′) + 2Δ(1 − ϵ^′) (3.17ii)

This easily finishes the proof. Namely, let 2Δ ≤ A_O(β^⊗) − A_D(β^⊗). Then by the same arguments as in (3.8–9) we get [ A_O(β^⊗) − A_D(β^⊗) ] (ρ^⋆_O + η^⋆_R) + A_D(β^⊗) ≥ A_O(β^⊗)(1 − ϵ^′). (3.18i)

However, this entails that the bigger of the quantities ρ^⋆_O, η^⋆_R is close to a half, which rules out that ⋆ is any D_S state. If 2Δ > A_O(β^⊗) − A_D(β^⊗), then (assuming without loss of generality η^⋆_R ≤ 1 − ϵ^′) we are led to [ A_O(β^⊗) − A_D(β^⊗) ] ρ^⋆_O + ϵ^′A_D(β^⊗) ≥ [ A_O(β^⊗) − A_D(β^⊗) ] (1 − ϵ^′ − η^⋆_R), (3.18ii)

which again cannot be satisfied if both ρ^⋆_O and η^⋆_R are small.

Since Δ was arbitrary, there is no alternative to the scenario that the curves coincide down to ⊙, where the ‘new’ O_R states enter the play. But this proves that there are just two triple points and that they are indeed connected by a single line of O_S + D_R coexistence. □

Proof of (IV) and (V).

Item (IV) is a standard high temperature result that is particularly easy to justify in the graphical representation. Consider any infinite-volume spin Gibbs measure ν and its (arbitrary) Edwards-Sokal coupling ν^{ES}. Then we claim that under the ω marginal of ν^{ES} (and β small), most of the configuration is actually in the vacant state. Namely, if two neighboring sites are of the same spin-type but not the same spin-state, then the only other possibility is a disordered bond-state, whose relative weigth is then 1 − e^{−βκ}. Similarly, if two neighboring sites are in the same state, the relative weight of an ordered bond is 1 − e^{−βJ} and of a disordered bond is e^{−βJ} (1 − e^{−βκ}).

Let us call non-vacant bonds ‘open’ and the vacant ones ‘closed’. Since the bond states are independent under the measure ν^{ES}( · | σ), the ‘open/closed’ marginal of ν^{ES}( · | σ) is FKGdominated by the ordinary bond percolation on Z^d with parameter p = 1 − e^{−β(J+κ)}, where J, κ > 0 is used to bound the other possibilities. Let now p < p_c(d), where p_c(d) marks the onset of bond percolation on Z^d. Then a classical result [MMS][AB] yields that the size of the maximal cluster intersecting a fixed finite volume Λ has an exponentially small tail, with a Λ-independent rate (if we are content to restrict p and, consequently, β only to small values, then this follows already from a Peierls argument). The FKG domination says the same applies to the graphical marginal of ν^{ES}( · | σ) for ν-a.s. σ.

It is not difficult to observe that this actually implies the exponential decay of all truncated correlations with a uniform decay rate, because disconnected regions act independently of each other. Namely, let (A_i)^N_{i=1} be disjoint finite sets of sites, ψ_i be cylindric function in A_i, let χ = χ(A_1, . . . , A_N ) indicate that all A_i’s are connected and let ℓ(A_1, . . . , A_N ) denote the minimal number of bonds needed for this connection. Let ⟨ · ⟩_Λ be any state in Λ ⊃ ∪_iA_i with some fixed boundary condition. Then the logarithmic generating function

H_Λ(z_1, . . . , z_N ) = log [ ⟨ e^{∑Ni=1 ziψi} ⟩ Λ ⟨ e^{∑N}i=1^{ziψi} |{χ = 0} ⟩ Λ ] (3.19)

of the functions f_i (note that the denominator plays no role for truncated correlators involving all functions f_i) exists for any z_i ∈ C such that |z_i| is small enough, and it satisfies the inequality | |H_Λ(z_1, . . . , z_N ) | | ≤ C (_N∏ i=1 e^{2|zi| ‖ψi‖} ) e^{−δℓ(A1 ,...,AN )}, (3.20) as is verified by splitting the numerator in (3.18) depending whether χ = 0 or 1 and then using that log(1 − x) ≤ x^{−1}_0 log(1 − x_0)x for 0 ≤ x ≤ x_0 < 1 and that ⟨χ⟩_Λ ≤ O(1)e^{−δℓ(A1,...,AN )}, where δ is the rate of the connectivity function in the percolation model above. Note that C is finite and independent of Λ whenever max_i{|z_i| ‖ψ_i‖} is small enough. The multidimensional Cauchy theorem then implies that condition IIc stating that the truncated correlator | ⟨ψ^{k1}_1 ; . . . ; ψ^{kN}_N ⟩_Λ | ≤ k_1! . . . k_N ! ~C^{k1 +···+kN} e^{−δℓ(A1 ,...,AN )}, (3.20) and consequently all the other conditions in [DS] (or, alternatively, the condition in [vdBM]) for complete analyticity are satisfied.

In order to prove item (V), note that in the interior of O_R, O_S , D_R and D_S there is percolation of the appropriate type. Indeed, in any S^⋆-state, we know that the probability of the dominant type of bond is close to one in any S^⋆-state and on the torus, we know that the probability of contours is rare. Thence the event that two bonds at the opposite ends of the torus are connected by a path of relevant bonds is close to one uniformly in the size of the torus. Thus, in any torus state, percolation of the appropriate bond-type is inevitable.

We will finish by showing that, for the interior points, in every S^⋆-state there is no percolation of any of the sub-dominant types. First note that, throughout the interior of the regions, one can produce S^⋆-states where no other than the relevant bonds percolate. Namely, in the torus states, the probability that the non-appropriate bonds form a contour running around the torus tends to 0 in the thermodynamic limit, hence, conditioning on the complement event yields an S^⋆-state in this limit, assigning a uniformly positive probability to the event that any two sites are connected by the relevant bonds. With this in the hand, percolation of non-relevant bonds can be immediately ruled out inside the O-regions, using FKG domination from Lemma II.7, because ‘non-appropriate percolation’ is a monotone event in this case. In the D-regions, one first rules on the percolation of O-bonds of the respective color (again by FKG) and then the percolation of the bonds of the complementary color. □

4. Appendix

Proof of Lemma II.5.

The measures μ_1 and μ_2 are distinct, hence they are distinguished by the expectation of a local function g. Since both have been obtained essentially as limits of finite-volume states, it is enough to show that the expectation of the bond configuration function g under the corresponding Edwards-Sokal measure can be expressed as an expectation, under the same measure, of a local function f depending only on spin configuration σ. The compactness of the space of all measures (in the weak-^∗ topology) then proves the existence of the two desired distinct spin-states in the respective sets of cluster points.

The function g can be rewritten as g( · ) = ∑ ω g(ω)δ_{{ω}}( · ). Thus, relying also on the inclusion-exclusion principle, without loss of generality it suffices to construct the function f only for g that indicates a fixed configuration ω̄ on a finite set of bonds Σ, with no vacant bonds. Then, Σ decomposes into the disjoint union of the sets Σ_{OR} , Σ_{DR} , Σ_{OS} , and Σ_{DS} of those bonds where ω̄ is dark-red, light-red, dark-blue, and light-blue, respectively. Now, the corresponding f_{ω̄} will be the product f_{ω̄}(σ) = ∏ b=⟨x,y⟩∈Σ fω̄b (σx, σy), where

f_{ω̄b} (σ_x, σ_y) =

e^{βJ} −1 e^{βJ} δ S σ_x σ_y b = ⟨x, y⟩ ∈ ΣOS e^{βJ} −1 e^{βJ} δ R σ_x σ_y b = ⟨x, y⟩ ∈ ΣOR e^{βκ}−1 e^{βκ} ( 1 −^{eβJ −1}_{eβJ} δ^S_{σx σy} ) δ^S_{σx} δ^S_{σy} b = ⟨x, y⟩ ∈ Σ_{DR} e^{βκ}−1 e^{βκ} ( 1 −^{eβJ −1}_{eβJ} δ^R_{σx σy} ) δ^R_{σx} δ^R_{σy} b = ⟨x, y⟩ ∈ Σ_{DS} (A.1)

Observe that for every b ∈ Σ we have (note that ω̄_b ≠ v)

f_{ω̄b} (σ_x, σ_y) ∑ ω_b w(ω_b)χ_b(ω_b, σ_x, σ_y) = w(ω̄_b)χ_b(ω̄_b, σ_x, σ_y) (A.2)

(see (2.2) to recall the meaning of w’s and χ’s), where in the arguments of χ we have retained only the relevant terms. By noting that the external-field terms have not been tampered with at all during this operation we can easily convince ourselves that ∑ ω,σ f_{ω̄}(σ)W^{β,h}_{ES,s,r;Λ}(ω, σ) = ∑ ω,σ δ_{ω̄}(ω)W^{β,h}_{ES,s,r;Λ}(ω, σ), (A.3)

where W^{β,h}_{ES,s,r;Λ} is the corresponding Edwards-Sokal weight in Λ (see (2.14)), with the dependence on the boundary condition σ̃ being only implicit. Namely, fix a configuration σ and carry out the summation over ω_Σ on the l.h.s. Then (A.2) asserts that this is replacable by putting the indicator δ_{{ω̄}}, independently of σ to have been chosen. The equality then follows by summing over the rest of the variables. □

Proof of Lemmas II.6 and II.7.

We first prove Lemma II.6 for any G-measure. The claim for S^⋆-measures will be then an easy corollary of the FKG domination in Lemma II.7. At several points in the forthcoming derivation, we will have occasion to use the Strassen theorem [S]—or more precisely the corollary to Strassen’s theorem. This result may be stated as follows:

Theorem A.1. Let X_1, . . . X_N denote a collection of real–valued random variables (for simplicity each assumed to take on only a finite number of values) and let μ_1 and μ_2 denote measures on the configurations of these variables. Suppose that a priori μ_1 ≥_{FKG} μ_2. Then if for each i, the distributions of X_i are identical it follows that μ_1 = μ_2.

Proof. See, e.g. [L] page 75.

Given a spin configuration σ, let ξ denote its red/blue marginal, i.e., ξ_x = R if σ_x ∈ R and ξ_x = B if σ_x ∈ B. We start with a somewhat weaker version of Lemma II.6.

Lemma A.2. Let μ̃^{(β,h),∗}_{r,s,Λ} ( · ) denote the ξ-marginal of the Edwards-Sokal measure with a G boundary condition. Then for Lebesgue-a.e. h, there is a unique infinite-volume measure for this marginal.

Proof. We first claim that μ̃^{(β,h),∗}_{s,r;Λ} ( · ) is FKG w.r.t. the order R ≺ B. Indeed, first let us observe that cylinder functions of these site variables may be evaluated via conditional expectations given a bond configuration ω. In particular, each site that is the endpoint of a blue bond is blue, similarly for the reds, and vacant sites are independently red or blue with probability re^{−βh}/(se^{βh} + re^{−βh}) and se^{βh}/(se^{βh} + re^{−βh}), respectively. Thus, if A is an increasing event determined by the site variables we may write μ̃^{(β,h),∗} s,r;Λ (A) = ∑ ω ν^{(β,h)}_{s,r;Λ} (ω)A(ω). (A.4)

Here A(ω) = E_{ES} (I_A| ω), with I_A being the indicator function, and ν^{(β,h)}_{s,r;Λ} is the randomcluster measure in Λ (with the boundary-condition dependence being only implicit).

It is not hard to see that A(ω) is an increasing function. Furthermore, if A and B are both increasing events, it is easy to see that

E_{ES} (I_AI_B| ω) ≥ E_{ES} (I_A| ω)E_{ES} (I_B| ω) ≡ A(ω)B(ω). (A.5)

Indeed the only randomness in the above conditional expectations come from the ‘vacant’ sites which are independently assigned their colours; thus we use the FKG property for Bernoulli measures. Hence we have μ̃^{(β,h),∗} s,r;Λ ( A ∩ B) ≥ ∑ ω ν^{(β,h)}_{s,r;Λ} (ω)A(ω)B(ω) ≥ μ̃^{(β,h),∗}_{s,r;Λ} (A)μ̃^{(β,h),∗}_{s,r;Λ} (B) (A.6) where the last step follows from the FKG property of ν^{(β,h)}_{s,r;Λ} ( · ) and the identity in (A.6). It is also evident that the G-type boundary conditions, the measure μ̃^{(β,h),∗}_{s,r;Λ} ( · ) enjoy the same FKG hierarchy as the corresponding ν^{(β,h)}_{s,r;Λ} ( · ), e.g., the blue-wired is highest, red-wired is lowest, etc.

We now claim that for a.e. h, there is a single limiting μ̃ measure in the G-class. Indeed, the free energy has a.e. a continuous derivative w.r.t. h and at the points of continuity, the fraction of blue sites (which is coupled to h in the Hamiltonian) exists and is independent of the state. Moreover, in both the red-wired and blue-wired states (which are both translation invariant) this fraction is exactly the probability of a blue at any fixed site. Hence, by the corollary to Strassen’s theorem, these are the same state. Since all G-states lie in between these extremes, there is just one such state. □

Corollary. Let μ̃^{(β,h),†}_{s,r;Λ} ( · ) denote the marginal of the random cluster measure that counts only whether each bond is red, blue or vacant. Then for Lebesgue-a.e. h, the limiting red- and blue-wired measures coincide.

Proof. Let x and y denote a neighboring pair of sites. Since by Lemma A.2 the limiting ξ-marginals μ̃^{(β,h),∗}_{r,s,blue-w}( · ) and μ̃^{(β,h),∗}_{r,s,red-w}( · ) agree, it follows that the probability that both x and y are blue is the same in both systems. Let us denote this probability by g^b_{x,y} and further let b_B and b_R denote the probabilities that the bond ⟨x, y⟩ is blue in the blue-wired and red-wired measures, and similarly v_B and v_R for the probabilities that the bonds is vacant. Finally, let λ^b_{v,B} denote the conditional probability, in the limiting blue-wired measure that both endpoints of the bond ⟨x, y⟩ are blue given that this bond is vacant. Let λ^b_{v,R} be the similar quantity for the red-wired boundary condition.

Since the underlying random cluster measures are strong FKG, it is observed that λ^b_{v,B} ≥ λ^b_{v,R} (A.7) It is also observed that λ^b_{v,R} < 1. Clearly

b_B + v_B λ^b_{v,B} = g^b_{x,y}b_R + v_Rλ^b_{v,R}, (A.8)

i.e.,

0 = (b_B − b_R)(1 − λ^b_{v,R}) + v_B (λ^b_{v,B} − λ^b_{v,R}) + ([b_B + v_B ] − [b_R + v_R])λ^b_{v,R}. (A.9)

But a priori each term on the right hand side is non-negative so it follows that all three are zero. In particular, b_B = b_R (implying that the blue-bond densities are equal) and thus also v_B = v_R. Using the corollary to Strassen’s theorem, the desired conclusion is obtained. □

Proof of Lemma II.6—G-measures. Let x and y denote a neighboring pair of sites and let α^B_{x,y} denote the conditional probability in the blue-wired measure that the sites x and y are connected in the complement of the bond ⟨x, y⟩ given that both the sites x and y are blue. Let α^R_{x,y} denote the corresponding probability in the red-wired measure. Now given that x and y are both blue, the only possibilities for the bond ⟨x, y⟩ is vacant, light blue or dark blue.

When these sites are externally connected by dark-blue bonds, the ratio of these probabilities is 1 : e^{βκ} − 1 : e^{βκ}(e^{βJ} − 1). For notational clarity, let us temporarily denote these quantities by 1 : C : D. On the other hand, if the two sites are disconnected, the ratios read 1 : C : s^{−1}D. Now in the red- and blue-wired states, we have determined that the probability of a blue bond is the same and the probability a neighboring pair of blue sites is the same. The ratio of these probabilities is equal which gives us α^B_{x,y} C + D 1 + C + D

+ (1 − α^B_{x,y}) C + s^{−1}D 1 + C + s^{−1}D = α^R_{x,y} C + D 1 + C + D

+ (1 − α^R_{x,y}) C + s^{−1}D 1 + C + s^{−1}D

(A.10)

The above is only possible if α^B_{x,y} = α^R_{x,y} and from this it follows that the dark-blue bond density is the same in both measures. Thence, all bond densities are the same and, again using the corollary to the Strassen theorem the measures coincide □

As a simple Corollary, we obtain a domination bound for the extreme G-measures:

Corollary. For any h^{(1)} > h^{(2)}, ν^{(β,h(1))} red-w ( · ) ≥ FKG ν^{(β,h(2))} blue-w ( · ).

Proof. Let g be a monotone increasing cylinder function. Let

h̄ = inf{ h: ν^{(β,h)}_{blue-w}(g) > ν^{(β,h(1))}_{red-w} (g)} (A.11)

and suppose h̄ < h^{(1)}. Since both h → ν^{(β,h)}_{blue-w} and h → ν^{(β,h)}_{red-w} are increasing, this makes inevitable that ν^{(β,h)}_{blue-w}(g) > ν^{(β,h)}_{red-w}(g) for all h ∈ (h̄, h^{(1)}). However, this is in contradiction with ν^{(β,h)}_{blue-w} = ν^{(β,h)}_{red-w} for Lebesgue almost all h, hence h̄ ≥ h^{(1)} (in fact, the equality holds). Since g was arbitrary, the proof is over. □

Proof of Lemma II.7. Let β, h be fixed and let us suppress them from the notation. For G-measures the claim is a trivial corollary of Proposition II.1 and Corollary above, thus we shall concentrate on S^⋆-masures. We shall show that ν_{Λ,blue-w}(g) ≥ ν(g) for any increasing cylinder function g and any S^⋆-measure ν.

Let thus g be a cylinder function with support on finite set A of bonds. Consider its ‘spread’ over Λ, i.e., g_Λ = ∑ x: τ^x(A)⊂B_Λ g ∘ τ x, with τ^x denoting the ‘shift by x’. Let now ⟨ · ⟩^α_{Λ,σ̃} denote the ω-marginal of the Edwards-Sokal measure with the weight (2.12) (considering the volume Λ with the boundary condition σ̃ instead of the torus T ) modified by the factor e^{αgΛ (ω)}. The respective normalizing constant Z^α_{Λ,σ̃} of this measure is then also α–dependent and is logarithmically convex in α. Observing that F (α) = lim_{Λ↑Z}d^1_{|Λ|} log Z^α_{Λ,σ̃} does not depend on the boundary condition and that it is a convex function in α, we can employ the standard convexity argument to infer that ⟨ g_Λ |Λ| ⟩_0

Λ,σ̃_1

− ϵ_Λ ≤ dF dα^+ | |_{α1} ≤ dF dα^− | |_{α2} ≤ ⟨ g_Λ |Λ| ⟩_α Λ,σ̃_2

+ ϵ_Λ (A.12)

for any α > α_2 > α_1 > 0 and any two spin boundary conditions σ̃_1, σ̃_2. Here ϵ_Λ = O (_{|∂Λ|} |Λ| ) uniformly in the boundary condition.

For the interpretation of the l.h.s. it is important that any S measure ν is the ω-marginal of some Edwards-Sokal measure whose σ marginal is a (conventional) Gibbs measure. By using the fact that every local cylinder function g of bonds can be, under expectation w.r.t. the Edwards-Sokal measure interchanged into a spin function f, as follows from the proof of Lemma II.5, we can view the l.h.s. of (A.12) as a spin Gibbs specification. By averaging over a translation-invariant spin Gibbs measure we arrive at ⟨^{fΛ}_{|Λ|} ⟩ = ⟨f⟩ = ν(g), where we denoted by f_Λ the ‘spread’ of f.

It remains to work out the r.h.s. of (A.12) into the desired form. Let us consider an auxiliary measure ⟨ · ⟩^α_{Λ,∗,blue-w}, derived from ν_{Λ,blue-w} by modifying the a priori weights (see (2.1)) in the following manner: dark-red, light-red, light-blue, dark-blue will pick up additional factors e^{−2αvar(g)}, e^{−αvar(g)}, e^{αvar(g)}, e^{2αvar(g)}, respectively, where the variance var(g) of the function g is defined as var(g) = sup_b sup ω,ω̃:ω_b′ =ω̃_b′ ∀ b^′≠b | | g(ω) − g(ω̃) | |. (A.13)

By observing the proof of Proposition II.1, it is easily checked that ⟨ · ⟩^α_{Λ,∗,blue-w} satisfies the FKG lattice condition and, for α ≥ 0, a similar argument we used in (2.9) proves that it actually dominates the wired measure ⟨ · ⟩^α_{Λ,blue-w}.

Now we can use the fact that any constant blue boundary condition generates the bluewired measure, so by choosing σ_2 in (A.12) to be such prior to averaging over the state ⟨ · ⟩, we arrive at the inequality

ν(g) − 2ϵ_Λ ≤ ⟨g⟩^α_{Λ,blue-w} ≤ ⟨g⟩^α_{Λ,∗,blue-w} (A.14)

for all α > 0 and all finite Λ. By passing to the limits α ↓ 0 and Λ ↗ Z^d we get the desired bound. Since g was arbitrary the upper bound in the display in Lemma II.7 is proved. The lower bound is completely analogous.

The FKG-domination for the S^⋆-measures is then the result of the following estimate

ν^{(β,h(1))}( · ) ≥_{FKG} ν^{(β,h(1))}_{red-w} ( · ) ≥_{FKG} ν^{(β,h(2))}_{blue-w} ( · ) ≥_{FKG} ν^{(β,h(2))}( · ) (A.15)

for any h^{(1)} > h^{(2)}, and any S^⋆-measures ν^{(β,h(1))} and ν^{(β,h(2))}. The middle inequality follows by Corollary above. □

Proof of Lemma III.1—general case.

In dimensions d > 2, no diagonal torus is available. Hence we have to proceed by brute force in deriving the chessboard estimate. In particular, since the events we shall be studying (i.e., the various ways that a given cube is bad) do not, after dissemination, result in the probability of a definite configuration, no direct use of the formulas (3.1i–v) can be made for the numerator estimate (c.f. the proof of Lemma III.1 in the case of d = 2).

The way we estimate the r.h.s. of the formula in Lemma II.3 in the case of d > 2 is by redistributing the weights of the graphical representation: we define new a priori weights

w̃(s^o) = w(s^o)e^{βh/d} w̃(r^o) = w(r^o)e^{−βh/d} w̃(s^d) = w(s^d)(se^{βh})^{1/d} w̃(r^d) = w(r^d)(re^{−βh})^{1/d} (A.16) w̃( v ) = w(v)(se^{βh} + re^{−βh})^{1/d}. The weights w̃ have one significant advantage over w. Namely, the weight W (see (2.3)) corresponding to constant configurations (which appear, standardly, in the denominator estimate) is given exactly by taking the product of the respective w̃’s. For non-constant configurations we obtain the following estimate.

Lemma A.3. Given a configuration ω, let C̃_R(ω) and C̃_S (ω) denote the number of connected r- and s-ordered components containing at least one bond. Further, let P_R(ω) and P_S (ω) denote the number of mismatched r- and s-pairs in ω. Then W^{(β,h)}_{s,r;Λ} (ω) ≤ r^{C̃R(ω)}s^{C̃S (ω)} [ ∏ b∈B(T_L ) w̃(ω) ] r^{−PR(ω)/2d}s^{−PS (ω)/2d}.

Proof. Since the a priori factors of W (i.e., the square bracket in (2.3)) are trivially reproduced, we just have to show that neither the site-terms nor the terms counting the connected components have decreased.

To see the former observe that the vertex terms e^{±βh} and se^{βh} + re^{−βh} can be split equally over the neighbouring bonds, giving rise to powers 1/d in (3.1), where for the vacant bond adjacent to a non-vacant one we used se^{βh}, re^{−βh} ≤ se^{βh}+re^{−βh}. The same holds for numbers s, r inherent to isolated vertices of the s- (r-)disorder (note that the additional negative powers r^{−PR(ω)/2d} and s^{−PR(ω)/2d} partly compensate for the mismatched pairs where neither s nor r are needed). Finally, the non-trivial connected components are dominated by r^{C̃R(ω)} and s^{C̃S (ω)}, respectively. □

Proof of Lemma III.1. As follows from the chessboard estimates (Lemma II.3), it suffices to prove that a each particular bad pattern a (i.e., a ‘graphical’ configuration on a cube c) has small probability. We use Z_a for the partition function constrained on the disseminated pattern a, i.e., Z_a = ∑ ω W^{(β,h)}_{s,r;T} (ω) [ χ_a(T_L) ] (ω).

It will be important to know, for counting the connecting components under the indicator χ_a(T_L), how many connected components are there within the pattern a itself. Let us use C̃_R(a) and C̃_S (a) to denote the number of nontrivial (i.e., containing at least one bond) r and s-ordered components of the configuration a on the cube c. It is an elementary observation that each such component gives rise to at most (L/2)^{d−1} connected components in the disseminated configuration. Indeed, a single bond is disseminated just into (L/2)^{d−1} parallel lines through the torus. Similarly, each mismatched pair yields in total L^2(L/2)^{d−2} = 4(L/2)^d clones in the dissemination; there are L^2 clones in the plane containing the initial pair and the plane itself is replicated into (L/2)^{d−2} parallel planes.

Note that every bond is shared by a total of d2^{d−1} elementary cubes. Then, under the condition that s ≤ r, Lemma A.3 implies Z_a ≤ r^{[C̃R(a)+C̃S (a)](L/2)d−1} [∏ b∈c w̃(a_b) ]_Ld_{/2}d−1 s^{− 2d [PS (a)+PR (a)](L/2)d} , (A.17)

with P_R(a) and P_S (a) denoting the number of mismatched pairs in a. Since, trivially, the full partition sum Z ≥ ∑ α∈I w̃(α)^{dLd} , by Lemma II.3 we get

⟨ χ_a(c) ⟩_L ≤ ( Z_a Z ) 1_{|TL|} ≤ r^{1L} [∏ b∈c w̃(a_b) max_{α∈I} w̃(α) ] 1_{2d−1} s^{− 1}d2^{d−1 [PS (a)+PR(a)]}, (A.18)

where we used that C̃_R + C̃_S ≤ 2^{d−1}, with the r.h.s. corresponding to a ‘dimer’ covering of the elementary cube. Now, the pattern a is bad and thus it contains either a vacant bond or a mismatched pair. Since w̃(v) max_α w̃(α) ≤ 2^{1d} e^{βκ} − 1 , (A.19)

(compare (3.3)) the total probability that a bad pattern occurs is simply computed by enumerating all possible arrangements of the pattern a. In this way we get the bound bounded as ∑ a bad pattern ⟨ χ_a(c) ⟩_L ≤ r^{1L} ( d2^d 2 ( 2^1_d e^{βκ} − 1 )_− 1_{2d−1} + 2^dd(d − 1) s^{− 1}d2^{d−1} ) (A.20) once L is large enough. To count the possible configurations, we used that there are d(d − 1)2^{d−1} places to put a mismatched pair on the cube, and that each has two possible colors. By setting the quantity on the r.h.s. equal to δ the proof is finished. □

References

[AB] M. Aizenman, D.J. Barsky, Sharpness of the phase transition in percolation models, Commun.

Math. Phys. 108 (1987), 489–526.

[ACCN] M. Aizenman, J.T. Chayes, L. Chayes, C.M. Newman, Discontinuity of the magnetization in onedimensional 1/|x − y|^2 Ising and Potts models, J. Stat. Phys. 50 (1988), 1–40.

[B] M. Biskup, Reflection positivity of the random-cluster measure invalidated for non-integer q, J. Stat.

Phys. 92 (1998), 369–375.

[BC] C. Borgs, J. Chayes, The covariance matrix of the Potts model: a random cluster analysis, Jour.

Stat. Phys. 82 (1996), 1235–1297.

[BBCK] M. Biskup, C. Borgs, J. Chayes, R. Kotecký, Gibbs structure and phase coexistence in the Potts model with external fields, in preparation.

[vdBM] J. van den Berg, C. Maes, Disagreement percolation in the study of Markov fields, Ann. Prob. 22 (1994), 749–763.

[C] L. Chayes, Discontinuity of the spin-wave stiffness in the two-dimensional XY model, Commun.

Math. Phys 197 (1998), 623–640.

[CKS] L. Chayes, R. Kotecký, S.B. Shlosman, Aggregation and intermediate phases in dilute spin systems, Commun. Math. Phys. 171 (1995), 203–232.

[CM_I] L. Chayes, J. Machta, Graphical representations and cluster algorithms. Part I: Discrete spin systems, Physica A 239 (1997), 542–601.

[DS] R. Dobrushin, S.B. Shlosman, Completely analytical interactions: constructive description, J. Stat.

Phys. 46 (1987), 983–1014.

[ES] R.G. Edwards, A.D. Sokal, Generalization of the Fortuin-Kasteleyn-Swendsen-Wang representation and Monte Carlo algorithm, Phys. Rev. D 38 (1988), 2009-2012.

[vEFS] A.C.D. van Enter, R. Fernández, A.D. Sokal, Regularity properties and pathologies of position-space renormalization-group transformations: Scope and limitations of Gibbsian theory, J. Stat. Phys. 72 (1993), 879–1167.

[FK] C.M. Fortuin, P.W. Kasteleyn, On the random cluster model I. Introduction and relation to other models, Physica 57 (1972), 536–564.

[FL] J. Fröhlich, E.H. Lieb, Phase transitions in anisotropic lattice spin systems, Commun. Math. Phys.

60 (1978), 233–267.

[Ge] H.-O. Georgii, Gibbs measures and phase transitions, vol. 9, De Gruyter Studies in Mathematics, De Gruyter, Berlin, 1988.

[Gr] G.R. Grimmett, The stochastic random-cluster process and the uniqueness of random-cluster measures, Ann. Prob. 23 (1995), 1461–1510.

[KS] R. Kotecký, S.B. Shlosman, First-order transitions in large entropy lattice models, Commun. Math.

Phys. 83 (1982), 493–515.

[L] T.M. Liggett, Interacting Particle Systems, Springer Verlag, Heidelberg, New York, 1985.

[LM] J.L. Lebowitz, A.E. Mazel, Improved Peierls argument for high-dimensional Ising models, J. Stat.

Phys. 90 (1998), 1051–1059.

[LMR] L. Laanait, N. Masaif, J. Ruiz., Phase coexistence in partially symmetric q-state models, J. Stat.

Phys. 72 (1993), 721–736.

[MMS] M.V. Menshikov, S.A. Molchanov, A.F. Sidorenko, Percolation theory and some applications, Series of Probability Theory, Mathematical Physics, Thoretical Cybernetics, vol. 24, 1986, pp. 53–110.

[MVdV] C. Maes, K. Vande Velde, The fuzzy Potts model, J. Phys. A: Math. Gen. 28 (1995), 4261-4270. [PVdV] C.E. Pfister, K. Vande Velde, Almost sure quasilocality in the random cluster model, J. Stat. Phys.

79 (1995), 765-774.

[S] S.B. Shlosman, The method of reflection positivity in the mathematical theory of first-order phase transitions, Russ. Math. Surv. 41:3 (1986), 83–134.

[St] V. Strassen, The existence of probability measures with given marginals, Ann. Math. Statist. 36 (1965), 423–439.