Abnormal escape rates from nonuniformly hyperbolic sets

Viviane Baladi, Christian Bonatti, and Bernard Schmitt

June 1997

Abstract. Consider a C1+ffl diffeomorphism f having a uniformly hyperbolic compact invariant set Ω, maximal invariant in some small neighbourhood of itself. The asymptotic exponential rate of escape from any small enough neighbourhood of Ω is given by the topological pressure of − log |Juf| on Ω (Bowen–Ruelle [1975]). It has been conjectured (Eckmann–Ruelle [1985]) that this property, formulated in terms of escape from the support Ω of a (generalized SRB) measure, using its entropy and positive Lyapunov exponents, holds more generally. We present a simple C1 two-dimensional counterexample, constructed by a surgery using a Bowen-type hyperbolic saddle attractor as the basic plug.

1. Introduction

In the rigorous theory of dynamical systems, a great deal of effort has been devoted to the study of strange attractors. Understanding chaotic transitive attractors (in a measure-theoretical sense) allows us to statistically predict the asymptotic fate of “many” initial conditions. A widely shared feeling is that transient behaviour (i.e., what happens before the system settles to equilibrium) is in some sense irrelevant.

Although this point of view is very much justified for a variety of reasons, the study of non-attracting invariant sets also deserves our attention, if only because the time needed for a system to settle to equilibrium can be very long, much longer than what is observable in real life, laboratory experiments, or computer simulations (see Kantz– Grassberger [1985], Crutchfield–Kaneko [1988], and references therein). As a consequence, the dynamics which is actually observed at realistic time-scales can merely be a succession of more or less chaotic transients. Another motivation is the desire to rigorously describe diffusive phenomena, such as scattering or leaking (particles escaping from a “box”), which are by nature nonequilibrium processes (see e.g. the survey by Gaspard and Dorfman [1995], or the more general monograph by Cvitanović et al.

1991 Mathematics Subject Classification. 28D20 58F11 58F15.

VB is partially supported by the Fonds National de la Recherche Scientifique, Switzerland

Typeset by AMS-TEX 1

[1997]). Finally (and in the same direction), the recent renewal of interest for nonequilibrium statistical mechanics (Gallavotti-Cohen [1995], Ruelle [1996a, 1996b]) has created among mathematical physicists a demand for mathematical results in the ergodic theory of dynamical systems, specifically in a non-attracting situation: The dearth of supply, when uniform hyperbolicity is not assumed, has become quite apparent.

In this article we concentrate on a specific conjecture of Eckmann and Ruelle [1985] that we describe now. We first recall a result from the uniformly hyperbolic setting. Let f be a smooth (say C^{1+ϵ}) Axiom A diffeomorphism on a compact manifold (see e.g. Bowen [1975] for definitions), and consider a topologically transitive basic piece Ω for f. Then, writing h_ν for the Kolmogorov entropy of an ergodic f-invariant measure ν (all our measures are Borel) and χ^+(ν) for the sum of the nonnegative Lyapunov exponents λ_i(ν) of ν (see Walters [1982] for definitions), it is known that there is a unique measure μ which realizes the maximum

P = sup{h_ν − χ^+(ν) | ν ergodic f − invariant probability measure, supp (ν) ⊂ Ω} .

This maximum P ≤ 0 is the topological pressure of − log J^u(f) where J^uf is the Jacobian of f restricted to unstable manifolds; moreover P vanishes if and only if Ω is an attractor, and if and only if μ is absolutely continuous with respect to Lebesgue along unstable foliations (we refer again to Bowen [1975]). When P = 0 the measure μ is called an SRB measure for f|_Ω. When P < 0, the measure μ, which is related to a conditionally invariant measure which is absolutely continuous with respect to Lebesgue along unstable foliations (see e.g. Ruelle [1996a]), can be called a generalized SRB measure for f|_Ω, as suggested by Ruelle [1996b].

The property we are concerned with is the escape rate from neighbourhoods of Ω. In the Axiom A case, it has been proved (Bowen-Ruelle [1975], see Ruelle [1996a, Proposition 3.1] for an explicit statement) that for any small enough open neighbourhood U of Ω, the Lebesgue volume of the set U_m of points x such that f^k(x) ∈ U for all 0 ≤ k ≤ m satisfies: lim m→∞ 1 m log Vol U_m = P . (ER)

(We call E(U) = lim_{m→∞}^1_m log Vol U_m the escape rate from U.)

Numerical evidence and heuristic arguments (Kantz–Grassberger [1985], Grebogi et al. [1983], Kadanoff–Tang [1984]) indicate that the escape rate property (ER) holds in a more general setting and have prompted the following conjecture:

Conjecture (Eckmann and Ruelle [1985]). Write P_ν = h_ν − χ^+(ν) for ν an ergodic f-invariant probability measure. Assume that there exists an ergodic f-invariant probability μ such that P_μ ≥ P_ν for all ergodic f-invariant probability measures ν with support contained in the support Ω of μ. Then P_μ is the escape rate E(U) from any sufficiently small open neighbourhood U of Ω.

We now list existing partial results. In one-dimension, Contreras-Barandiarán [1990] proved the Eckmann–Ruelle conjecture in the special case of escape from Julia sets of certain rational maps (with preperiodic critical points), and for certain C^∞ endomorphisms of the interval.

In arbitrary finite dimension, Young [1990] has proved the lower bound

E(U) ≥ sup{h_ν − χ^+(ν) | ν ergodic f − invariant probability measure, supp (ν) ⊂ K}

where K is the compact maximal f-invariant set in an open set U. She assumes that f is a C^2 diffeomorphism but does not require K to be the support of any equilibrium measure. Young [1990] also proves the upper bound E(U) ≤ sup{h_ν −χ^+(ν)} but only in the case where f is a uniformly partially hyperbolic diffeomorphism. (This is a relatively strong assumption, which is in particular not satisfied by the persistently transitive examples constructed recently by Bonatti–Díaz [1996], following the footsteps of Shub [1971] and Mañé [1978].)

The Eckmann–Ruelle conjecture has also been proved for a class of billiards by Lopes and Markarian [1996]. More recently, Chernov et al. [1996] (see also references therein) have studied Anosov maps with suitable small “holes” (the points mapped into the holes never return), and constructed the generalized SRB measures and the corresponding conditionally invariant measure, showing in particular the conjectured escape rate formula. (Concerning related literature on conditionally invariant measures, we mention the pioneering work of Pianigiani and Yorke [1979], and, more recently, the article of Collet et al. [1996] who consider stochastic perturbations of certain expanding maps of the interval where the noise can produce leaks outside of the interval.)

To summarize, the lower bound for E(U) in the conjecture has been proved (Young [1990]), but the upper bound is known only for a relatively restricted class of examples. Eckmann and Ruelle [1985, p. 644] had pointed out that “it is unknown how generally the conjecture holds.” Candidates for reasonably general sufficient conditions ensuring the upper bound still do not seem to exist.

The main result of this paper (Theorem 2 in Section 2) says that there exists a C^∞ diffeomorphism on a surface with an ergodic invariant measure μ which is a unique generalized SRB measure on its support, with strictly negative P_μ, but such that the escape rate from arbitrarily small isolating neighbourhoods of this support is zero. This is to our knowledge the first counterexample to the Eckmann–Ruelle conjecture. We point that our counterexample is smooth, low-dimensional, and such that the compact maximal invariant set considered is the support of a unique “natural” (i.e., generalized SRB) measure μ, which does not have zero Lyapunov exponents. At the end of the paper we mention a variant of our counterexample with non zero escape rate.

We very briefly describe the construction. The basic idea is to insert by smooth surgery a Bowen “eye-like” attractor (composed of the two separatrices, or saddle connections, joining two hyperbolic saddle fixed-points, see Figure 1) in a uniformly hyperbolic quasi-attractor F_0|_{Ω0} . The Bowen example itself has many abnormal features, in particular the Birkhoff sums for initial points in a neighbourhood of the two separatrices do not converge (see Takens [1994], Takahashi [1984, pp. 457–458]). However, the maximal invariant set formed by the two saddle connections is not the support of any invariant measure, so that the Bowen example per se does not contradict the conjecture. To perform the smooth surgery, we first embed the Bowen example as part of a slightly more sophisticated plug satisfying the properties stated in Lemma 1 in Section 2. (The actual construction of this local model is done in Section 3.) In Section 2, we also explain how to replace a well-chosen hyperbolic saddle fixed point of F_0|_{Ω0} by the plug, in such a way as to obtain a counterexample to the Eckmann–Ruelle conjecture.

Figure 1 The Bowen example

Acknowledgements: We would like to thank Jérôme Buzzi, Robert Moussu, Sheldon Newhouse, Amie Wilkinson, and Lai-Sang Young for useful comments. Viviane Baladi gratefully acknowledges the warm hospitality of the Laboratoire de Topologie of the University of Bourgogne, Dijon, where this work was carried through.

2. A counterexample to the Eckmann-Ruelle conjecture

2.A. The local model.

Our counterexample is obtained by a simple surgery, where a saddle of a uniformly hyperbolic repellor is replaced by a nonuniformly hyperbolic set with zero escape rate (see Figure 2). In Lemma 1 we state the properties of the nonuniformly hyperbolic plug that we shall need in our construction.

For R ≥ 0, we write B_R ⊂ R^2 for the ball of radius R centered at 0.

Lemma 1. For fixed σ > 1 and 0 < λ < 1, let A : R^2 → R^2 be the linear map ( λ 0 0 σ ) . There exist a C^∞ diffeomorphism f_A : R^2 → R^2, an f_A-invariant compact set K_A ⊂ B_1, and an open neighbourhood U ⊂ B_1 of ∂K_A with the following properties:

(1) f_A|_R 2_{\KA} is conjugated to A|_R 2_{\{0}} by a C^∞ diffeomorphism h_A : R^2 \ {0} →

R^2 − KA, with hA the identity map outside of B1;

(2) ∂K_A is the maximal f_A-invariant set in U, i.e., ∩_{n∈Z} f^n_A(U ) = ∂K_A; (3) there is a finite set {q_1, . . . , q_N } ⊂ ∂K_A of hyperbolic fixed saddles for f_A, with the unstable eigenvalue of each q_i satisfying σ(q_i) > σ, and such that the only ergodic f_A-invariant measures supported in U are Dirac masses at one of the q_i;

(4) the Lebesgue volume of ∩_{n∈N} f^{−n}_A (U) is strictly positive.

Figure 2 A plug with zero escape rate from the (white) isolating neighbourhood U (Lemma 1)

The proof of Lemma 1 is postponed to Section 3, and we move on to the actual construction of the counterexample.

2.B The global model.

If F : M → M is a transformation of a Riemann manifold M and U ⊂ M is an open set, we set for any m ≥ 0 U_m := {x ∈ U | F^k(x) ∈ U , 0 ≤ k ≤ m} , (2.1) and, writing Vol for Lebesgue volume on M, we define the escape rate from U with Vol U < ∞ by

E(U) := lim sup m→∞ 1 m log Vol U_m . (2.2)

Assume that F is differentiable. For an F -invariant Borel probability measure ν on M we note P_ν = h_ν − ∫ χ^+(x) dν , (2.3)

where χ^+(x) is the sum of the positive Lyapunov exponents of a regular point x (if ν is ergodic, χ^+ ≡ χ^+(ν) is ν-almost everywhere constant) and h_ν is the Kolmogorov entropy of ν. (We refer to Walters [1982] for a definition of Lyapunov exponents, a statement of the Oseledec theorem, as well as more on measure-theoretical entropy. We just recall that a point is called regular if its Lyapunov exponents are well-defined, and that the Oseledec theorem guarantees that the set of regular points has measure 1 for any invariant measure ν.) We say that an ergodic F -invariant probability measure μ with support equal to Ω ⊂ M is a generalized SRB measure (Ruelle [1996b]) in Ω if it realizes the following variational principle

P_μ = max{h_ν − χ^+(ν) | ν ergodic F − invariant probability measure, supp (ν) ⊂ Ω} . (2.4)

When P_μ = 0 the generalized SRB measure is an SRB measure in the usual sense (see e.g. Eckmann–Ruelle [1985]). We say that an ergodic F -invariant probability measure is hyperbolic if all its Lyapunov exponents are nonzero.

We can now formally state our main result:

Theorem 2. On any surface S there exists a C^∞ diffeomorphism F and an ergodic hyperbolic F -invariant probability measure μ, such that μ is the unique generalized SRB measure in Ω = supp μ, and P_μ < 0 but for any open neighbourhood W of Ω, the escape rate E(W ) from W is zero. Furthermore, if the neighbourhood W is sufficiently small, then Ω = supp μ is the maximal F -invariant subset of F in W .

Remark 1.

(1) It follows from the proof of Theorem 2 that there is a neighbourhood W of supp μ such that any ergodic F -invariant measure ν with support included in W is a hyperbolic measure. The counterexample is thus hyperbolic in a measuretheoretical sense.

(2) It can also be easily seen from the proof of Theorem 2 that the diffeomorphism F^{−1} has a unique SRB measure (in the usual sense of the word). In the notation used below this measure is just the pull-back of the usual SRB measure of the uniformly hyperbolic attractor F^{−1}_0 on Ω_0, where F_0|_{Ω0} is the repellor starting point of the construction.

(3) The very slightly modified construction described in Remark 2 of Section 3 (where the eye-like component of the plug is repelling) has the property that the corresponding inverse map F^{−1} admits a unique SRB measure, the basin of which is a strict subset of the topological basin.

We now start the construction giving Theorem 2.

Figure 3 A Plykin attractor

Let S be a surface and let F_0 : S → S be a C^∞ diffeomorphism with a hyperbolic repellor Ω_0. Hyperbolicity means that there is a constant 0 < λ < 1 such that the tangent bundle over Ω_0 decomposes as a Whitney sum of T F_0-invariant subbundles T_{Ω0} = E^u ⊕ E^s with ‖T F_0(x)|_Es ‖ ≤ λ and ‖T F^{−1}_0 (x)|_Eu ‖ ≤ λ for all x ∈ Ω_0. The repelling property means that there is an open neighbourhood V ⊂ S of Ω_0 with

F^{−1}_0 (V ) ⊂ V and such that Ω_0 = ∩_{n∈N} F^{−n}_0 (V ). (This implies in particular that Ω_0 = ∪_{x∈Ω0} W^s(x), where W^s(x) = {y ∈ S | lim_{m→∞} d(F^m_0 (x), F^m_0 (y)) = 0} is the stable manifold of x ∈ S.) We refer e.g. to Bowen [1975], Newhouse’s section in the book Guckenheimer et al. [1980], and Shub [1987] for the theory of hyperbolic sets. Assume further that Ω_0 is nontrivial and F_0 is topologically transitive on Ω_0, i.e., that F_0 has a nonperiodic dense orbit in Ω_0. Finally, we shall work with an open neighbourhood V of Ω_0 which is small enough so that Ω_0 is the maximal invariant set in V (as in Lemma 1 (2)). A specific example of hyperbolic repellor would be the inverse of the Plykin attractor described e.g. in Arnold [1980, pp. 262–263] or Devaney [1987, pp. 205–208], see Figure 3.

We say that a periodic point p of F_0|_{Ω0} is s-lateral if there is a connected subset C of W^u(p), the closure of which contains {p} as a strict subset, and which does not intersect ∪_{x∈Ω0} W^s(x) (the definition makes sense for a general uniformly hyperbolic set, note that in our repellor example we have ∪_{x∈Ω0} W^s(x) = Ω_0). When choosing which saddle point of the repellor to blow up in our surgery, we want to avoid such “boundary” points because their local stable manifolds are not accumulated on both sides by local stable manifolds of points in Ω_0: Newhouse and Palis [1973] have shown that, except for a finite number of exceptions, the periodic points of a hyperbolic repellor are not s-lateral (see also Bonatti et al. [1996, Proposition 3.3.1] for a detailed statement). We may thus pick such a non s-lateral periodic point p_0 ∈ Ω_0. Replacing F_0 by the corresponding iterate if necessary, we reduce to the case where p_0 is a fixed point. We assume further that F_0 is C^∞ linearizable in a neighbourhood O_{p0} ⊂ V of p_0 (this is the case if the eigenvalues σ(p_0) > 1, 0 < λ(p_0) < 1 of T F_0(p_0) satisfy a nonresonance condition, see e.g. Ruelle [1989, Section 1.5.8] for a statement and references).

Now that the conditions on p_0 ∈ Ω_0 have been made precise, we may perform the surgery, using the local model f_A (with A = T F_0(p_0)) and K_A ⊂ U given by Lemma 1. Let 1 < r < R be such that B_1 ⊂ A(B_r) ⊂ B_R and f_A(B_r) ⊂ B_R. We denote a C^∞ linearising chart for F_0 at p_0 by h_{p0} : O_{p0} → B_R. We construct a new C^∞ diffeomorphism F on S by setting:

F (x) =

{ F_0(x) for x ∈ S \ h_{−1p0} (B_r)

h^{−1}_{p0} (f_A(h_{p0} (x))) for x ∈ h^{−1}_{p0} (B_r) .

(2.5)

Set K = h^{−1}_{p0} (K_A). Since f_A|_{B1 \KA} is conjugated to A|_{B1 \{0}} by h_A, the new diffeomorphism F |_{S\K} is conjugated to F_0|_{S\{p0 }} by the C^∞ diffeomorphism H : S \{p_0} → S \K defined by H(x) = { x for x ∈ S \ h^{−1}_{p0} (B_r) h^{−1}_{p0} (h_A(h_{p0} (x)) for x ∈ h^{−1}_{p0} (B_r ) \ {p_0} .

(2.6)

(The reader is invited to draw a three stories high commutative diagram.) Note that H^{−1}, which is a priori defined only on on S\K, extends by continuity to a transformation on the whole surface S, still noted H^{−1}, if we map K to {p_0}.

We first list in Lemma 3 useful topological properties of our global map F , and describe next in Lemmas 4 and 5 ergodic properties relevant to prove Theorem 2.

Lemma 3. Define a compact set Ω ⊂ S and an open set Ω ⊂ W ⊂ S by

Ω = H(Ω_0 \ {p_0}) ∪ h^{−1}_{p0} (∂K_A) , W = (H(V ) \ h^{−1}_{p0} (K_A)) ∪ h^{−1}_{p0} (U) .

Then

(1) Ω is the maximal F -invariant set in W , i.e., Ω = ∩_{n∈Z} F^n(W ); (2) Ω is the closure of H(Ω_0 \ {p_0}).

Proof of Lemma 3. Because of our construction, the only nonobvious fact in the first claim is the inclusion ∩_{n∈Z} F^n(W ) ⊂ Ω. But this is in fact a consequence of Lemma 1 (2).

To prove Ω ⊂ H(Ω_0 \ {p_0}) in the second claim (the other inclusion is obvious), take a connected neighbourhood N_x of an arbitrary point x ∈ ∂Ω; then, by continuity, C = H^{−1}(N_x) is a connected set containing {p_0} as a strict subset. Since the point p_0 is not s-lateral, we have C ∩ (Ω_0 \ {p_0}) ≠ ∅. To show this, we use that Ω_0 is a lamination by stable manifolds: choose a foliated chart of this lamination at p_0, and project C to W^u(p_0) along the stable direction. If the projection D is reduced to p_0, then C ⊂ W^s(p_0) and thus C ⊂ Ω_0. Otherwise the connected set D contains (but is not reduced to) p_0, therefore, since p_0 is non s-lateral D ∩ (Ω_0 \ {p_0}) ≠ ∅. Finally, by definition of a foliated chart, the set of points of C projecting to any x ∈ D ∩ (Ω_0 \ {p_0}) lie in C ∩ (Ω_0 \ {p_0}). �

We make a few remarks before stating Lemmas 4 and 5.

Since F_0 is uniformly hyperbolic and topologically transitive on Ω_0, there is a unique generalized SRB measure μ_0 in Ω_0, and its support coincides with Ω_0. Since F_0 is smooth and Ω_0 is not an attractor, P_{μ0} < 0 (i.e., μ_0 is not an SRB measure in the strict sense). Since μ_0 is the unique generalized SRB measure we have P_{μ0} > − log σ(p_0) (the entropy of a Dirac mass is zero). Finally, μ_0 is atomless so that μ_0({p_0}) = 0. (See e.g. Bowen [1975] for the above statements.)

If ν_0 is an F_0-invariant probability measure supported in Ω_0 such that ν_0({p_0}) = 0, then the push-forward H_∗(ν_0) (given by H_∗(ν_0)(E) = ν_0(H^{−1}(E))) is a well-defined F -invariant probability measure, with support contained in Ω by Lemma 3 (2). In the other direction, if ν is an F -invariant probability measure with support included in W , then, by continuity, the pull-back H^{−1}_∗ (ν) is a well defined F_0-invariant probability measure, with support inside Ω_0 by our choice of V .

Lemma 4 below will be used in the proof of Lemma 5:

Lemma 4. Let ν be an ergodic F -invariant probability measure ν supported in W . Then either ν is the Dirac mass at one of the F -fixed points {p_1, . . . , p_N } ⊂ ∂K, where p_i = h^{−1}_{p0} (q_i) and the f_A-fixed points q_i ∈ ∂K_A are as in Lemma 1 (3); or ν = H_∗(ν_0) where ν_0 is an ergodic F_0-invariant measure supported in Ω_0, different from the Dirac mass at p_0.

Proof of Lemma 4. Note that ν is supported inside Ω, by Lemma 3 (1). If ν is not the Dirac mass at one of the fixed points {p_1, . . . , p_N } then, by ergodicity and Lemma 1 (3), we have ν(K) = 0 (recall that K is F -invariant). It follows that the (ergodic) F_0- invariant probability measure H^{−1}_∗ (ν) has no atom at p_0 so that ν = H_∗H^{−1}_∗ (ν). �

Lemma 5. The measure H_∗(μ_0) is the unique generalized SRB measure for F with support included in W .

Proof of Lemma 5. We first show that for any ergodic F_0-invariant measure ν_0 with support so that {p_0} ≠ supp (ν_0) ⊂ Ω_0, we have P_H�_{(ν0)} = P_{ν0} . For this, we first remark that h_H�_{(ν0)} = h_{ν0} because H is a bijection on the set of total H_∗(ν_0)-mass S \{p_0}, and thus a measure-theoretical isomorphism (see e.g. Walters [1982]). We next recall that a point is called generic for an ergodic invariant measure if its Lyapunov exponents are well-defined and coincide with those of the measure. (The Oseledec theorem guarantees that the set of generic points has measure 1.) To prove the claimed equality it suffices to check that for any ν_0-generic point x ∈ Ω_0 we have χ^+(x) = χ^+(H(x)), so that χ^+(ν_0) = χ^+(H_∗ν_0) (H^{−1}(y) is ν_0-generic for H_∗(ν_0)-almost each H_∗(ν_0)-generic point y). For this, note that we may assume that the F_0-orbit of x is dense in the support of ν_0 (a compact invariant set different from {p_0}), by the Birkhoff ergodic theorem and using that the intersection of two sets of full measure has full measure. Therefore there is a sequence n_i of iterates tending to infinity such that F^{ni}_0 (x) is not in O^′_{p0} := h^{−1}_{p0} (h^{−1}_A (U)) (use Lemma 1 (2) and the definition of K). We may assume that x itself is not in O^′_{p0} . Since F^{ni} (x) = H^{−1}(F^{ni}_0 (H(x))) and ‖T H‖, respectively ‖T H^{−1}‖, is bounded outside of the neighbourhood O^′_{p0} ⊃ {p_0}, respectively h^{−1}_{p0} (U) ⊃ K, we get the claimed equality between Lyapunov exponents.

Let then ν be an ergodic F -invariant probability measure supported inside W . If ν is generalized SRB, it cannot be a Dirac mass at one of the p_is, because then the entropy of ν would vanish so that

P_ν = − log σ(p_i) ≤ − log σ(p_0) < P_{μ0} = P_H�_{(μ0 )} , (2.7)

a contradiction (we used Lemma 1 (3) and the equality proved in the first paragraph of the present proof). Lemma 4 therefore implies that ν = H_∗(ν_0) with ν_0 an ergodic F_0-invariant measure supported in Ω_0, and not the Dirac mass at p_0. Since P_ν = P_{ν0} (use again the equality proved above) and μ_0 is the unique generalized SRB measure for F_0 in Ω_0, we are done. �

Proof of Theorem 2. Consider the C^∞ diffeomorphism F : S → S and the neighbourhood W of the compact F -invariant set Ω that we have constructed above. (By Lemma 3 (1), Ω is the maximal invariant set in W .) We have shown in Lemma 5 that there is a unique ergodic generalized SRB measure μ supported in W . Since we have seen that μ = H_∗(μ_0) (where μ_0 is the unique generalized SRB measure for the uniformly hyperbolic map F_0 : Ω_0 → Ω_0), we find P_μ = P_{μ0} as in the proof of Lemma 5, which also shows that μ is hyperbolic, because its Lyapunov exponents coincide with those of μ_0. We already noted that P (μ_0) is strictly negative. Observe next that the support of H_∗(μ_0) coincides with Ω (use again the fact that p_0 is not s-lateral to show that ∂K is accumulated by points H(x) with x ∈ Ω_0). Finally, the escape rate from W is zero because of Lemma 1 (4). �

3. The local model

This section contains a constructive proof of Lemma 1.

We proceed in two steps, constructing first a diffeomorphism f̃_A with a compact invariant set K̃_A and an open neighbourhood Ũ of ∂K̃_A satisfying (1–3) in the statement of Lemma 1 (Figure 4). We then perform an identification producing (Figure 5) a Bowen-example attractor as in Figure 1.

To perform the first step it is more convenient to view our diffeomorphisms as the time-one maps of suitable flows. The flow giving rise to the linear map A is just the

linear flow A^t = ( λ^t 0 0 σ^t ) . Note for further use that a point (1, y) is mapped by A^t to (y � log λ_{log σ}

, 1) after a time t(y) = (− log y)/ log σ. We will in fact proceed by glueing such linear flows in flow-boxes (any such linear flows are conjugated to the trivial flow away from the origin) in a neighbourhood of a suitable transversals that we identify.

As a warm-up exercise we shall first glue two successive linear flows

A^t_i = ( λ^t_i 0 0 σ^t_i ) , 0 < λ_i < 1 , σ_i > 1 , i = 1, 2 . (3.1)

We see now how to choose the multipliers of A^t_1 and A^t_2 in order to obtain a flow conjugated to A^t by a C^∞ diffeomorphism defined in the intersection of the quadrant {(x, y) ∈ R^2 | x > 0, y > 0} with a neighbourhood of the origin. The flow A^t_1 is considered in the closure of a cross-shaped neighbourhood D_1 of the origin obtained by the union of segments of orbits A^t_1(±1, y) with y ∈] − a_1, a_1[, and 0 ≤ t ≤ t(y), where t(0) = ∞ and t(y) is defined by the condition A^{t(y)}_1 (±1, y) = (x(y), ±y/|y|) for y ≠ 0, together with the unstable separatrices {0} × [−1, 1]. In particular the two transversals

T^{in}_1 = {1}×[−a_1, a_1] and T^{out}_1 = [−b_1, b_1]×{1}, with b_1 = a

� log λ_1

log σ1

1 , are contained in ∂D_1.

The flow A^t_2 is considered in a similar domain, its boundary contains the transversals T^{in}_2 = {1} × [−a_2, a_2] with a_2 = b_1 and T^{out}_2 = [−b_2(a_2), b_2(a_2)] × {1}. We identify the transversals T^{out}_1 and T^{in}_2 with the map (x, 1) → (1, x). There is a unique way to glue the two flows in a neighbourhood of the identified transversals via flow-boxes, producing a C^∞ flow on a compact surface with boundary, which can clearly be identified with a neighbourhood of the origin in R^2. The holonomy (input-output) map sends (1, y) to (y^{log λ1 log λ2}

log σ1 log σ2 , 1) after a time

t(y) = − log y log σ_1 + − log ( y � log λ_1

log σ1 ) log σ_2

. (3.2)

Necessary and sufficient conditions to permit the desired conjugacy with A^t are therefore

−^{log λ}_{log σ} =^{log λ1}_{log σ1}^{log λ2}_{log σ2} 1 log σ = 1 log σ_1 ( 1 −^{log λ1}_{log σ2} ) . (3.3)

Indeed, consider the intersection D_+ of a cross-shaped domain for A^t with the first quadrant. The conjugacy is obtained by identifying the input transversal T^{in}_+ of the domain D_+ for A^t with the positive half of T^{in}_1 , identifying the output transversal T^{out}_+ of D_+ with the positive half of T^{out}_2 , and propagating by the flow. This ends our exercise.

In order to make the identification necessary to produce the Bowen example we need to glue four successive linear flows A^t_i, i = 1, . . . , 4, producing a flow B^t on an abstract planar surface with boundary. It will be convenient to choose A^t_2 = A^t_3 and we write Ãt for the common value. The conditions guaranteeing the existence of the smooth conjugacy become

−^{log λ}_{log σ} =^{log λ1}_{log σ1}

(_{log λ̃}

log σ̃

)_{2 log λ4}

log σ_4 1 log σ = 1 log σ_1 ( 1 −^{log λ1}_{log σ̃} +^{log λ1 log λ̃}_{log2 σ̃} −^{log λ1 log2 λ̃}

log^2 σ̃ log σ_4 ) . (3.4)

In order to satisfy Lemma 1 (3) we add the condition min(σ_1, σ_4, σ̃) > σ . (3.5)

Figure 4 Local model before identification

Finally, to get an attracting Bowen example, i.e., to ensure Lemma 1 (4) we require log^2 λ̃ log^2 σ̃

> 1 i.e., σ̃λ̃ < 1 (3.6)

(use the formula for the input-output map of Ã^t glued with itself). Conditions (3.4–3.6) define a nonempty open subset L of points (λ_1, σ_1, λ̃, σ̃, λ_4, σ_4) in a submanifold in R^6.

We now glue four copies B^t_i of the flows B^t and identify the abstract planar surface thus obtained with an annulus contained in the unit ball of R^2, as described in Figure 4 (each quadrant contains a copy of the flow B^t). By construction, the time-one map of the flow thus obtained is C^∞ conjugated to A outside of the origin and satisfies properties (1–3) of Lemma 1, ending the first step of the construction of the local model. (The hyperbolic saddles mentioned in Lemma 1 (3) come from the fixed points of the linear flows used in the construction, their eigenvalues are λ_i, σ_i; i = 1, 4, and λ̃, σ̃.)

Let q^j_2, respectively q^j_3 denote the fixed point originating from the fixed point of A^t_2, respectively A^t_3 in the j^{th} quadrant. Since we were careful to choose A^t_2 = A^t_3 = Ã^t we may identify a suitably small neighbourhood of q^1_2 (respectively q^1_3 ) with a corresponding neighbourhood of q^3 (respectively q^3_2) via minus the identity map. Let us denote by q_2, q_3 the identified saddle fixed points (the eigenvalues at both fixed points are σ̃ > 1, 0 < λ̃ < 1). We obtain in this way a new flow, on a new planar surface which can be embedded in a neighbourhood of the origin in R^2 (see Figure 5).

Figure 5 Local model after identification

The time-one map of this flow is the diffeomorphism f_A needed for Lemma 1. The set ∂K_A is formed of separatrices corresponding to the stable and unstable manifolds of the glued flows. There are N = 10 saddles q_i. Property (4) is satisfied because of the presence of the Bowen invariant set formed by the two separatrices joining the fixed points q_2 and q_3 (recall (3.6)).

Remark 2. By choosing λ̃ and σ̃ in such a way that λ̃σ̃ > 1, so that the Bowen example of Figure 1 loses its attracting property, it is easy to see that we obtain a plug (f_A, K_A) satisfying the properties stated in Lemma 1 except that (4) is replaced by (4’) lim sup_{m→∞}^1_m log Vol U_m = P , where − log σ < P ≤ 0 is arbitrary. In this way, we obtain a counterexample like in Theorem 2, but where the escape rate E(W ) = P < 0 for an arbitrarily chosen P > P_μ.

A variant of the counterexample:

Starting from a saddle hyperbolic set instead of a repellor

Instead of starting with a uniformly hyperbolic repellor we could take a general nontrivial topologically transitive uniformly hyperbolic set F_0 : Ω_0 → Ω_0. The construction is the same as above except that we must be a little bit more careful to guarantee the property that ∂K is contained in the suppport of the pull-back of the generalized SRB measure μ_0 of F_0. Again, we must avoid “boundary” points when choosing the fixed point p_0 to be blowed up (this time we use also that there are only finitely many ulateral periodic points, see Newhouse–Palis [1973]), but since Ω_0 is not a union of stable manifolds any more, this is not enough.

We will now show that the claimed property of the support is true, however, if we consider values of the multipliers in a suitable subset of L, when performing the local construction. To prove the claim, we shall use the following property of linear hyperbolic flows (recall that a residual subset of a nonempty topological space is a countable intersection of dense open subsets, and that a residual set is never empty):

Lemma 6. For 0 < λ_1 < 1 and σ_1 > 1, write A^t_1 = ( λ_1 0 0 σ_1 ) . Let Σ_1 be an open

subset of ]1, ∞[, Then for any 0 < λ_1 < 1 and any sequence of points r_i in the first quadrant of B_1 accumulating on (1, 0), there exists a residual subset of Σ_1 such that for any σ_1 ∈ Σ_1, every point in the half unstable separatrix {0}×]0, 1] is accumulated by iterates A^{ni}_1 (r_i), n_i ∈ N, of the r_is by the time-one map.

Proof of Lemma 6. Let D_{1,+} be the intersection of a cross-shaped domain for A^t_1 with the first quadrant. For each i, let r̃_i = A^{t̃i} (r_i) be the point in the orbit of r_i on the input boundary transversal of D_{1,+} i.e., such that r̃_i = (1, y_i). Note that lim_{i→∞} t̃_i = 0. Let t(y_i) =^{− log yi}_{log σ1} be the output time of r̃_i. Denote by [t] the integer part of t. It is not difficult to check, on the one hand, that the set {t(y_i) − [t(y_i)] | i ∈ N} is dense in [0, 1] for a residual set of σ_1s, and on the other, that this implies the claimed accumulation property. Details are left to the reader. �

Lemma 6 implies that (0, 1) is accumulated by a sequence s_i = A^{ni}_1 (r_i) for a residual set of values of σ_1. Note s̃_i = (1, z_i) the corresponding points on the output transversal. Consider now the setting of the warm-up exercise above, i.e., a fixed flow A^t with eigenvalues λ, σ, and two linear hyperbolic flows A^t_1, A^t_2, with σ_1 > σ, σ_2 > σ, and λ_1, λ_2 chosen so as to satisfy (3.3) (write L^′ ⊂ R^4 for the corresponding set of (λ_1, σ_1, λ_2, σ_2)). We claim that for any A^t_2 and any sequence r_i accumulating on a point of the input stable separatrix of A^t_1, there is a residual subset of σ_1 in Σ =]σ, ∞[ such that unstable separatrices of both A^t_1 and A^t_2s are accumulated by iterates of the r_i by the time-one map of the glued flow. This is because the intersection of two residual sets is residual, and because the times used to check that the first separatrix is accumulated are as in the proof of Lemma 6, and those used to check that the second separatrix is accumulated are given by

t(y_i) =

− log y_i log σ_1 + − log ( y � log λ_1

log σ1 i )

log σ_2

. (3.7)

(Fix 0 < λ_1 < 1 and let R_1 be the residual subset of σ_1 ∈ Σ given by the proof of Lemma 6, consider then σ_2 > σ in the projection of L^′ corresponding to λ_1 and R_1, and define a second residual set R_2 of σ_1 ∈ Σ according to (3.7). Finally, take σ_1 ∈ R_1 ∩ R_2 and 0 < λ_2 < 1 so as to satisfy (3.3).) Consider now a succession of four linear flows as in the first step giving the local model and an arbitrary sequence of points r_i (or more generally a finite number of sequences r^j_i ) accumulating to a point in the stable separatrix of A^t_1. The procedure just described can be modified to produce points (λ_1, σ_1, λ̃, σ̃, λ_4, σ_4) in L (i.e., satisfying (3.4–3.6)), so that the three successive output separatrices (of A^t_1, A^t_2 = Ã^t, and A^t_3 = Ã^t) are accumulated by suitable iterates n_i of the r_i (more generally, suitable iterates n_{i,j} of the r^j_i ) by the time-one map of the glued flow.

We now see how to reduce to the setting of four successive glued hyperbolic linear flows in order to apply the above consequences of the proof of Lemma 6. For this, we start by choosing four suitable sequences in a neighbourhood of p_0. Take a neighbourhood N of p_0 in Ω_0 = supp μ_0, such that the connected component W^s_N (p_0) of W^s(p_0) ∩ N containing p_0 separates N in two connected components, N_1 and N_2. Consider first two sequence of points in N converging to an arbitrary point q ≠ p_0 in W^s_N (p_0), with the property that the first sequence is in N_1 and the second in N_2. Fixing a point q^′ in N in the connected component of W^s_N (p_0) \ {p_0} which does not contain q, choose next two sequences accumulating on q^′, again on opposite sides of the stable separatrix. Finally, lift all four sequences to Ω, via the conjugacy used in our construction. Since the lifted situation has been treated above, we have proved that the construction can be made in such a way as to ensure that the support of H_∗(μ_0) contains ∂K_A, ending the description of the variant of our counterexample.

References

1. V. Arnold, Chapitres supplémentaires de la théorie des équations différentielles ordinaires, MIR, Moscow, 1980.

2. C. Bonatti, R. Langevin, and E. Jeandenans, Difféomorphismes de Smale des surfaces, Preprint Université de Bourgogne, to appear Astérisque, 1996.

3. C. Bonatti and L.J. Díaz, Persistent nonhyperbolic transitive diffeomorphisms, Ann. of Math. (2) 143 (1996), 357–396.

4. R. Bowen, Equilibrium states and the ergodic theory of Anosov diffeomorphisms, Springer-Verlag (Lecture Notes in Math. Vol 470), Berlin, 1975.

5. R. Bowen and D. Ruelle, The ergodic theory of Axiom A flows, Invent. Math. 29 (1975), 181–202. 6. N. Chernov, R. Markarian, and S. Troubetzkoy, Conditionally invariant measures for Anosov maps with small holes, Preprint (1996).

7. P. Collet, S. Martinez, and B. Schmitt, On the enhancement of diffusion by chaos: escape rates and stochastic instability, Preprint (1996), to appear Trans. Amer. Math. Soc.

8. G. Contreras-Barandiarán, Rate of escape of some chaotic Julia sets, Comm. Math. Phys. 133 (1990), 197–215.

9. J.P. Crutchfield and K. Kaneko, Are attractors relevant to turbulence?, Phys. Rev. Lett. 60 (1988), 2715–2718.

10. P. Cvitanović et al., Classical and Quantum Chaos: A Cyclist Treatise, Preliminary version available at http://www.nbi.dk/~predrag/QCcourse, 1997.

11. R. Devaney, An Introduction to Chaotic Dynamical Systems, Addison Wesley, 1987. 12. J.-P. Eckmann and D. Ruelle, Ergodic theory of chaos and strange attractors, Rev. Modern Physics 57 (1985), 617–656.

13. G. Gallavotti and E.G.D. Cohen, Dynamical ensembles in stationary states, J. Stat. Phys. 80 (1995), 931–970.

14. P. Gaspard and J.R. Dorfman, Chaotic scattering theory, thermodynamic formalism, and transport coefficients, Phys. Rev. E (3) 52 (1995), 3525–3552.

15. C. Grebogi, E. Ott, and J.A. Yorke, Crises, sudden changes in chaotic attractors, and transient chaos, Phys. D 7 (1983), 181–200.

16. J. Guckenheimer, J. Moser, and S.E. Newhouse, Dynamical Systems, C.I.M.E. Lectures, Bressanone (1978), Liguori Editore, Naples, 1980.

17. L.P. Kadanoff and C. Tang, Escape from strange repellers, Proc. Natl. Acad. Sci. USA 81 (1984), 1276–1279.

18. H. Kantz and P. Grassberger, Repellers, semi-attractors, and long-lived chaotic transients, Physica D 17 (1985), 75–86.

19. A. Lopes and R. Markarian, Open billiards: invariant and conditionally invariant probabilities on Cantor sets, Siam J. Appl. Math. 56 (1996), 651–680.

20. R. Mañé, Contributions to the stability conjecture, Topology 17 (1978), 383–396. 21. S. Newhouse and J. Palis, Hyperbolic nonwandering sets on two-dimensional manifolds, Dynamical Systems (Salvador) (M. Peixoto, ed.), Academic Press, New York, 1973, pp. 293–301.

22. G. Pianigiani and J.A. Yorke, Expanding maps on sets which are almost invariant. Decay and chaos, Trans. Amer. Math. Soc. 252 (1979), 351–366.

23. D. Ruelle, Elements of Differentiable Dynamics and Bifurcation Theory, Academic Press, San Diego, 1989.

24. D. Ruelle, Positivity of entropy production in nonequilibrium statistical mechanics, J. Stat. Phys.

85 (1996a), 1–25.

25. D. Ruelle, Differentiation of SRB states, Preprint (1996b).

26. M. Shub, Topologically transitive diffeomorphisms of T 4, Proceedings of the Synposium on Differential Equations and Dynamical systems, Warwick 1968–1969, Springer Verlag (Lecture Notes in Math. Vol. 206), Berlin, 1971, pp. 39–40.

27. M. Shub, Global Stability of Dynamical Systems, Springer-Verlag, New York, 1987. 28. Y. Takahashi, Entropy functional (free energy) for dynamical systems and their random perturbations, Stochastic Analysis (Proceedings Taniguchi International Symposium, Katata and Kyoto 1982) (K. Ito, ed.), North Holland, Amsterdam, 1984, pp. 437–467.

29. F. Takens, Heteroclinic attractors: time averages and moduli of topological conjugacy, Bol. Soc.

Brasil. Mat. 25 (1994), 107–120.

30. P. Walters, An Introduction to Ergodic Theory, Springer-Verlag, New York, 1982.

31. L.-S. Young, Some large deviations results for dynamical systems, Trans. Amer. Math. Soc. 318 (1990), 525–543.

VB: Section de Mathématiques, Université de Genève, CH-1211 Geneva 24, Switzerland (on leave from CNRS, UMR 128, ENS Lyon, France) E-mail address: Viviane.Baladi@math.unige.ch

CB, BS: Laboratoire de Topologie, Université de Bourgogne, F-21011 Dijon, France E-mail address: bonatti@satie.u-bourgogne.fr schmittb@satie.u-bourgogne.fr