Rigorous spectral analysis of the metal-insulator transition in a limit-periodic potential^�

H. Schulz-Baldes, M. Zarrouati

Laboratoire de Physique Quantique and UMR 5626, CNRS Université Paul-Sabatier, 31062-Toulouse, France

Abstract

We consider the limit-periodic Jacobi matrices associated to the real Julia sets of f_λ(z) = z^2 − λ for which λ ∈ [2, ∞) can be seen as the strength of the limit-periodic coefficients. The typical local spectral exponent of their spectral measures is shown to be a harmonic function in λ decreasing logarithmically from 1 to 0.

Keywords: Julia matrices, local spectral exponents

One of the possible mechanisms leading to a metal-insulator transition within a one-particle theory is based upon quantum effecs in almost-periodic systems. Other than the Anderson transition in a disordered system, this transition is expected to be continuous. As the strength of the almost-periodicity increases, this should become apparent as a continuous variation of the local density of states from an absolutely continuous measure through singular continuous measures of decreasing Hausdorff dimension towards a pure-point measure.

The purpose of this note is to exhibit an example for which the above scheme can be proved to be correct. Using a result of Manning [12], we hence complete the work of Bessis et al. [4] on the limit-periodic Jacobi matrices associated to the real Julia sets of f_λ(z) = z^2 − λ, z ∈ C and λ ∈ [2, ∞). Further examples for which a proof of a similar result should be within reach are the Jacobi matrices associated to iterated function systems [10], the open question being the proof of their almost periodicity.

The implications of the above spectral metal-insulator transition for the transport properties of the system are based on Guarneri’s inequality [7, 9, 1]. It states that the diffusion exponents σ_q, q > 0, defined by the time asymptotic behavior of the moments of the position operator by ⟨ψ||X(t)|^q|ψ⟩ ∼ t^{qσq} , are bounded below by the Hausdorff dimension of the local density of states, notably the spectral measure of ψ. For a more detailed characterization of the diffusion exponents, not only the Hausdorff dimension of the spectral measure intervenes, but also their multifractal properties [11]. However, we expect the diffusion exponents also to converge to zero in the limit λ → ∞. We finally note that a diffusion exponent σ_2 different from 1 leads to anomalies in Drude’s formula [15].

We first recall from [4] some facts about the Jacobi matrices H_λ associated to f_λ, λ ∈ [2, ∞). Let (|n⟩)_{n∈}N be a basis of the Hilbert space ℓ^2(N), then H_λ is given by

�submitted to Journal of Statistical Physics

H_λ|n⟩ = t_{n+1}|n+1⟩ + t_n|n− 1⟩ , (1) where the sequence (t_n)_{n∈}N in [0, √ λ] is calculated from the recursion relations

(t_{2n})^2 + (t_{2n+1})^2 = λ , t_{2n−1}t_{2n} = t_n ,

with initial condition t_0 = 0. This sequence (t_n)_{n∈}N is limit-periodic. The spectrum of H_λ is the Julia set J_λ of f_λ, namely the set of all z ∈ C such that the sequence (f^k_λ (z))_{k∈}N is bounded.

Let μ_λ denote the spectral measure of H_λ associated to the state |0⟩. Its Hausdorff dimension is defined by the infimum of the Hausdorff dimensions of all Borel subsets S ⊂ R satisfying μ_λ(S) = 1 [16]. According to Rodgers’ and Taylor’s theorem [14], it is also equal to the μ_λ-essential supremum of all spectral exponents α_{μλ} (E) given by

α_{μλ} (E) = sup { γ ∈ R | ∫ dμ_λ(E^′) |E^′ − E|^{−γ} < ∞ } . For more details on the fractal analysis of the spectral measure μ_λ, we refer to [9, 13, 15]. We have now introduced all the notions necessary in order to state the result.

Theorem The Hausdorff dimension dim_H(μ_λ) of the spectral measure μ_λ is a harmonic function of λ ∈ [2, ∞). For λ = 2, it is equal to 1, and in the limit λ → ∞, one has dim_H(μ_λ) = log(4)/(log(λ) + o(1)). Furthermore, the spectral exponents α_{μλ} (E) are μ_λ-almost surely constant and equal to dim_H(μ_λ).

As shown in [4, 2], the spectral measure μ_λ is nothing but the invariant, ergodic, maximal entropy measure of the dynamical system (J_λ, f_λ). The proof of the theorem is therefore a direct application of a result of A. Manning [12] linking the Hausdorff dimension of the measure μ_λ to the quotient of measure-theoretic entropy and Lyapunov exponents of the dynamical system (J_λ, f_λ) with respect to μ_λ. This is an example of an extension of Pesin’s equality to singular measures. Let us remark that, on the level of the Jacobi matrices H_λ, the dynamics turns out to be an exact renormalization procedure [4, 2]. More precisely, if D is the dilation operator by a factor 2 (that is, D^∗|n⟩ = |2n⟩), then one has H_λD = Df_λ(H_λ).

Recently, Jitomirskaya and Last have extended the Gilbert-Pearson theory of subordinacy in order to develop a tool for computing spectral exponents [8]. The above dynamical system approach is complementary and it may turn out to be more fruitful for the explicit calculation of the dimension of the spectrum also for other examples.

Note that the last statement in the theorem does not exclude that there are exceptional energies for which the spectral exponent is not equal to the Hausdorff dimension of the measure. For example, if E is equal to the band edge (1 + √ 1 + 4λ)/2 or any of its preimages (which form a dense subset of J_λ), the spectral exponent was calculated explicitly by Bessis et al. [3] and is equal to

α_{μλ} (E) = log(2) log(1 + √ 1 + 4λ)

. (2)

For small λ, these spectral exponents are considerably smaller than the typical one (compare Figure 1) and are due to van Hove singularities. For example, in the case λ = 2, the spectral measure is absolutely continuous on [−2, 2] with density 1/π √ 4 − E^2 which has singularities at the band edges with exponent 1/2.

Figure 1: upper curve: Hausdorff dimension of the spectral measure μ_λ as a function of λ (calculated numerically using a weighted Bernoulli process choosing the branches of the inverse map of f_λ); lower curve: spectral exponent at the band edge and its preimages as given in (2).

We conclude by an outline of the proof. The key point is Manning’s volume lemma [12] which states dim_H(μ_λ) = h_{μλ} (f_λ) χ_λ , (3)

where h_{μλ} (f_λ) is the dynamical entropy of f_λ and χ_λ = ∫ dμ_λ(E) log(|2E|) its Lyapunov exponent (both with respect to μ_λ). Using symbolic dynamics [5], one verifies that h_{μλ} (f_λ) = log(2). Now recall Brolin’s weak limit representation of the measure μ_λ [5]: ∫ dμ_λ(E) g(E) = lim_{k→∞} 1 2^n ∑ E∈f�k_{λ (z0)} g(E) , g ∈ C_0(R) ,

which is independent of z_0 ∈ C excluding one exceptional point. Hence the Lyapunov exponent is given by

χ_λ = log(2) + lim_{k→∞} 1 2k log ∏ E∈f�k_{λ (z0)} |E| . Now, by Brolin’s calculation [5], ∏ E∈f�k_{λ (z0)} E = f^k_λ (0) − z_0 .

In fact, the roots of the polynomial f^k_λ (z) − z_0 are exactly the energies appearing in the above product. Thus the Lyapunov exponent is equal to log(2) + log(|ϕ_λ(0)|) with ϕ_λ(z) = lim_{k→∞} (f^k_λ (z))^{12k} , (4)

where we have used that 0 is in the attraction basin of the superattracting fixed point ∞ so that z_0 can be suppressed. Now (4) is exactly the Böttcher representation of the conjugation of f_λ at ∞ [6], that is, it verifies ϕ_λ(z)^2 = ϕ_λ(f_λ(z)). It is straightforward to verify that ϕ_λ(0) is analytic in λ for ℜe(λ) > 2. Hence by (3) the Hausdorff dimension of μ_λ is harmonic in λ. Furthermore ϕ_λ(z) = z(1 + o(1)) for z in a neighborhood of ∞. Therefore

χ_λ = log(2) + 1 2 log(|ϕ_λ(λ)|) = 1 2 log(λ) + o(1) ,

which proves the next statement of the theorem.

Finally according to [17], the spectral exponents can be calculated from the Green’s function of the spectral measure μ_λ by means of the formula ℑm G(E − ıϵ) ∼ ϵ^{αμλ (E)−1} as ϵ → 0. G satisfies the functional equation G(z) = zG(z^2 − λ) because for the resolvant of H_λ the renormalization equation D1/(z − H_λ)D^∗ = z/(z^2 − λ − H_λ) holds [2]. From the functional equation it is now possible to verify that α_{μλ} (E) = α_{μλ} (f_λ(E)) for any E ∈ R. Because the measure μ_λ is ergodic, it follows that the spectral exponents are μ_λ-almost surely constant.

Acknowledgements: the authors would like to thank J.-Y. Briend for bringing Manning’s work to their attention and J. Bellissard for numerous discussions.

References

[1] J.-M. Barbaroux, J.M. Combes, R. Montcho, Remarks on the relation between quantum dynamics and fractal spectra, to appear in J. Math. Anal. and Appl.

[2] J. Bellissard, Stability and instability in quantum mechanics, in Trends and developments in the eighties, Eds. S Albeverio, Ph. Blanchard, (World Scientific, Singapore, 1985).

[3] D. Bessis, J. S. Geronimo, P. Moussa, Mellin Transforms Associated with Julia Sets and Physical Applications, J. Stat. Phys. 34, 75 (1984).

[4] D. Bessis, M. Metha, P. Moussa, Orthogonal polynomials on a family of Cantor sets and the problem of iterations of quadratic mappings, Lett. Math. Phys. 6, 123-140 (1982); J. Bellissard, D. Bessis, P. Moussa, Chaotic States of Almost Periodic Schrödinger Operators, Phys. Rev. Lett. 49, 701-704 (1982).

[5] H. Brolin, Invariant sets under iteration of rational functions, Arkiv för Matematik, Band 6 nr 6, 103-144 (1965).

[6] L. Carleson, T. Gamelin Complex Dynamics, Springer Universitext, (Springer, Berlin, 1993).

[7] I. Guarneri, Spectral properties of quantum diffusion on discrete lattices, Europhys.

Lett., 10, 95-100 (1989); On an estimate concerning quantum diffusion in the presenc of a fractal spectrum, Europhys. Lett., 21, 729-733 (1993); I. Guarneri, G. Mantica,

On the asymptotic properties of quantum dynamics in the presence of fractal spectrum, Ann. Inst H. Poincaré, 61, 369-379 (1994).

[8] S. Jitomirskaya, Y. Last, Dimensional Hausdorff Properties of Singular Continuous Spectra, Phys. Rev. Lett. 76, 1765-1769 (1996).

[9] Y. Last, Quantum Dynamics and decomposition of singular continuous spectra, J. Funct.

Ana. 142, 402-445 (1996).

[10] G. Mantica, A Stable Stieltjes Technique for Computing Jacobi Matrices Associated With a Class of Singular Measures, Constr. Approx. 12 509-530, (1996).

[11] G. Mantica, Quantum Intermittency in Almost Periodic Systems derived from their Spectral Properties to appear in Physica D.

[12] A. Manning, The dimension of the maximal measure for a polynomial map, Annals of Math. 119, 425-430 (1984).

[13] R. del Rio, S. Jitomirskaya, Y. Last, B. Simon, Operators with singular continuous spectrum: IV. Hausdorff dimension, rank-one perturbations and localization, J. d’Analyse Math. 69, 153 (1996).

[14] C. A. Rodgers, Hausdorff measures, (Cambridge University Press, Cambridge, 1970).

[15] H. Schulz-Baldes, J. Bellissard, Anomalous transport: a mathematical framework, to appear in Rev. Math. Phys..

[16] L.-S. Young, Dimension, entropy and Lyapunov exponents Erg. Th. Dyn. Sys. 2, 109-124 (1982).

[17] J. X. Zhong, J. Bellissard, R. Mosseri, Green function analysis of energy spectra scaling properties, J. Phys: Condens. Matter 7, 3507-3514 (1995).