Preprint-KUL-TF-97/07

Weakly Gibbsian measures for lattice spin systems^1

József Lőrinczi^2 and Christian Maes^3

Instituut voor Theoretische Fysica, Katholieke Universiteit Leuven, Celestijnenlaan 200 D, B-3001 Leuven, Belgium

Abstract

We present a weaker notion of Gibbs measures by requiring that only an almost everywhere absolutely summable potential is given. This has recently appeared [6, 2, 30] in the context ‘Gibbsian versus non-Gibbsian measures’. We give a first exploration of the main features of this weaker notion. We concentrate on the questions where do weakly Gibbsian measures appear and what remains of their thermodynamic description.

1Research partially supported by EC grant CHRX-CT93-0411, and KUL-OT 92/09 2email: Jozsef.Lorinczi@fys.kuleuven.ac.be 3Onderzoeksleider F.W.O. (Belgium); email: Christian.Maes@fys.kuleuven.ac.be

1 Introduction

Recent years have produced a remarkable effort for understanding the occurrence and properties of non-Gibbsian states, contrasting the earlier held belief that in most cases the relevant states can be described in terms of Gibbs measures. The main sources of non-Gibbsian states are real-space renormalization group theory [16, 17, 21, 11, 10, 9], interacting particle systems [23, 28, 37], and other fields of applied probability theory [3, 13, 27, 28, 31, 36, 20, 32, 18, 12]. Recently it was realized that at least for some non- Gibbsian states a Gibbsian description in terms of an interaction potential can be restored. More precisely, in [6, 2, 30] a full measure subset of configurations is constructed on which a potential can be defined.

In this paper we are taking up this approach and we are asking in what generality we can give a working definition of weakly Gibbsian states that are bearing the main features of usual Gibbs measures. First we introduce the notion of weakly Gibbsian measures. Then we will concentrate on non-Gibbsian measures obtained by transforming Gibbs probability measures, and give a criterion for their weak Gibbsianness. We argue, by using stochastic-geometric methods, that the occurrence of weakly Gibbsian states is ubiquitous in typical Pirogov-Sinai situations. We end by discussing the thermodynamic functions and their relation in a variational principle. Many open questions are discussed.

2 Definition of weakly Gibbsian measures

On the d-dimensional lattice Z^d a spin variable σ(x) ∈ S belonging to a fixed finite set S is assigned to each site x ∈ Z^d. The full configuration space is Ω = SZ^d and it consists of all configurations σ = (σ(x), x ∈ Z^d). For an A ⊂ Z^d we write Ω_A = S^A, and the restriction of a σ ∈ Ω to Ω_A is denoted by σ_A. The symbol E is used for the collection of all finite subsets B ⊂ Z^d, and we put |B| for the cardinality of B. For A ⊂ Z^d, A^c = Z^d r A stands for its complement. Ω is equipped with the product topology and with its associated Borel σ-field F. For A ⊂ Z^d, F_A ⊂ F is the sub-σ-field of all events occurring in A ⊂ Z^d (generated by the functions σ → σ(x), x ∈ A). Lattice translations θ_x, x ∈ Z^d, are first defined on configurations by (θ_xσ)(y) = σ(x + y), and their obvious extension to functions on Ω and to probability measures on (Ω, F) are further also considered.

We consider a non-empty translation invariant subset of configurations K ⊂ Ω, which we assume to be a tail event (i.e., to be belonging to the tail field T = ∩_{B∈E}F_Bc). We require that the configuration η_Λσ_Λc = (η(x), x ∈ Λ; σ(x), x ∈ Λ^c) ∈ K, whenever σ ∈ K, for all Λ ∈ E and η ∈ Ω. Hence every η ∈ Ω can be approximated by elements of K (K is not closed if K ≠ Ω).

The elements of K will be viewed as typical configurations related to an interaction U given between the spins. This interaction is defined by a family of bounded functions U_B : Ω_B → R, for B ∈ E. Each U_B depends only on spins inside B, and we put U_∅ = 0. We assume that this interaction is translation invariant. More importantly, we assume that the energy of a configuration σ ∈ K due to the interaction of the spin at x ∈ Z^d with the rest of the system is bounded: For each x ∈ Z^d and σ ∈ K, there exist bounds b_x(σ) < ∞ for which ∑ B∋x |U_B(σ)| ≤ b_x(σ) = b_0(θ_xσ) (2.1)

These bounds should be thought of as functions growing with the size of the ‘bad’ cluster around x ∈ Z^d in which the configuration is ‘untypical’. This will become clearer later on. For the moment it is useful to think of the set K as consisting of configurations which in some sense resemble a reference configuration τ ∈ Ω for which ∑ B∋x |U_B(τ )| < ∞, uniformly in x ∈ Z^d. We therefore call τ ∈ K a ‘reference configuration’ for the interaction {U_B}_{B∈E} if for all σ ∈ Ω and Λ, B ∈ E we have

|U_B(σ_Λτ_Λc )| ≤ |U_B(σ)|c(τ ) + c_B(τ ) (2.2)

with c(τ ) < ∞ and sup_{x∈}Zd ∑ B∋x c_B(τ ) < ∞. The Hamiltonian for a configuration σ ∈ Ω on Λ ∈ E, and free boundary condition is

H_Λ(σ) = ∑ B⊂Λ U_B(σ) (2.3)

It only depends on σ_Λ. Similarly, with boundary condition τ ∈ K, the Hamiltonian

H^τ_Λ(σ) = ∑ B∩Λ≠∅ U_B(σ_Λτ_Λc ) (2.4)

stays well defined. In particular, the interaction energy

I_{V,W} (σ) = H_{V ∪W} (σ) − H_V (σ) − H_W (σ) (2.5)

for finite sets V ∩ W = ∅ is bounded by I_{V,V} c (σ_V τ_V c ) ≤ ∑ x∈V b^V_x (σ_V τ_V c ) (2.6)

with b^V_x (η) ≥ ∑ B∋x B∩V c≠∅ |U_B(η)| (2.7)

and η, τ ∈ K. The finite volume Gibbs measure with respect to the Hamiltonian H^τ_Λ is the probability measure on (Ω, F) defined by

γ^τ_Λ(σ) =

{_1

Z^τ_Λ exp [−βH τ_Λ(σ)] if σ_{Λc} = τ_{Λc}

0 otherwise

(2.8)

Here

Z^τ_Λ = ∑ σ∈Ω_Λ exp [−βH^τ_Λ(σ)] (2.9) is the partition function (normalizing (2.8)), and β is the inverse absolute temperature. Without loss of generality we have chosen the counting measure on S as a priori measure. Note that γ^τ_Λ(K) = 1, since σ_Λτ_Λc ∈ K whenever τ ∈ K.

As usually, the Dobrushin operators γ_Λ, Λ ∈ E, can be defined as

γ_Λ(f)(η) = γ^η_Λ(f) = ∫ γ^η_Λ(dσ)f(σ) = ∑ σ∈Ω_Λ f(σ_Λη_Λc )γ^η_Λ(σ)

for all bounded F-measurable functions f on Ω, but only for η ∈ K. Clearly, since γ_Λ(K) = 1, for every Λ^′ ⊂ Λ, γ_Λ ∘ γ_Λ′ is well defined and the Dobrushin consistency γ_Λ ∘ γ_Λ′ = γ_Λ holds (i.e., the specification property). Notice that if f is a bounded and local function (that is, it only depends on the spins of a volume Λ), and if τ ∈ K is ‘a reference configuration’, then

lim_{n→∞} |γ_Λ(f)(η^{(n)}) − γ_Λ(f)(η)| = 0 (2.10)

for all η ∈ K, where η^{(n)} = η_{Λn} τ_Λc_n ∈ K is a sequence of configurations corresponding for an increasing sequence of cubes {Λ_n} of Z^d. This is what remains of the notion of quasilocality of specifications [11, 12]. Quasilocality is a topological notion and it does not seem compatible with the measure theoretic approach taken here (see also [2]). Nevertheless, one can seek to obtain quasilocality on smaller spaces (in the same way as we have summability on a smaller space here). For details we refer to [26], [25]: pp. 77-80, [12].

Inspired by the above, we introduce the following concept:

Definition 2.1 We say that a probability measure ν on (Ω, F) is a weakly Gibbsian measure for the set K and the interaction {U_B}_{B∈E} if

1. ν(K) = 1

2. ν(f) = ∫ K γ^τ_Λ(f)ν(dτ ) for all bounded F-measurable functions f and all Λ ∈ E.

Remark 2.1 It does not seem straightforward actually to characterize the (K, {U_B}) for which an infinite volume weakly Gibbsian state exists. It may happen, for example, that although γ^τ_{Λn} (K) = 1 for each τ ∈ K and Λ_n ∈ E, we have (lim_n γ^τ_{Λn} )(K) = 0. The problem is that an accumulation point of convex combinations of the finite volume Gibbs measures (2.8) might fail to verify condition (1) of Definition 2.1 (condition (2) is obtained by construction).

Denote ϱ_Λc ∘ γ_Λ = ∫ K ϱ_Λc (dτ )γ^τ_Λ, with some distribution ϱ of boundary conditions.

Proposition 2.1 Suppose ν = lim_n ϱ_{Λn} ∘γ^τ_{Λn} , ϱ_Λc_n (K) = 1, and that there are some A_{kl}(x) in F_{Λk(x)} such that

K = ∪_l ∩_{k>l} A_{kl}(x) (2.11)

If ν_{Λn} ∘ γ_{Λn} (A^c_{kl}) are summable in k, uniformly in n, then ν(K) = 1 and ν is weakly Gibbsian.

This is the situation in the examples in [6, 2, 30] (see also (2.15)-(2.17) below, and the set-up of Section 3).

In Preston’s book ([33], pp. 33-45 ) a rather general condition for the existence of an infinite volume Gibbs measure consistent with a given specification was given. Even the structure he used is not general enough for our purposes, and thence his results are not applicable for weakly Gibbsian measures.

Remark 2.2 If in particular K = Ω, i.e. we are dealing with an absolutely summable interaction on the full configuration space, then the weakly Gibbsian measure ν is in fact a Gibbs measure (in the usual sense). Clearly, if {U_B} is a short range interaction, i.e. U_B = 0 whenever diam B > R for some R > 0, then K = Ω.

Remark 2.3 In terms of conditional distributions, (2) in Definition 2.1 is equivalent to

ν_Λ( · |σ_Λc = τ_Λc ) = γ^τ_Λ(·) (2.12)

where the right hand side is defined only for τ ∈ K. The left hand side is the conditional probability for the weakly Gibbsian measure ν in Λ for a fixed τ in Λ^c, and the equality holds almost surely.

Remark 2.4 Given a weakly Gibbsian measure ν for (K, {U_B}) we can ask whether another, ‘non-equivalent’ (K̃, {Ũ_B}) exists for which ν is also weakly Gibbsian. It is clear that one can find sometimes a different K̃ ≠ K so that ν is weakly Gibbsian both for (K, {U_B}) and (K̃, {U_B}). (For instance, this happens if U_B are invariant under a symmetry operation R, and K̃ = R(K) ≠ K.) In this case we can take the ‘largest possible’ set K.

Changing the potential is, however, a more subtle problem. It is relevant for the question of multivaluedness of renormalization group transformations (see the first fundamental theorem in [11]). If we know that a transformed measure ν is weakly Gibbsian, the question still remains whether the map ν → {U_B} is multivalued or not. The broader question is about how to fix the notion of physical equivalence in the weakly Gibbsian context. Our remark here is that it can happen that ν is a weakly Gibbsian measure for some (K, {U_B}) and at the same time ν is a bona fide Gibbs state for an interaction {Ũ_B}, where {U_B} ∈ B_0, {Ũ_B} ∈ B_1, and {U_B} is physically equivalent with {Ũ_B} in Ruelle’s sense (see p. 929 in [11] for notation and details). As an example, take cubes Λ_n ⊂ Z^d, d > 2, of sides n = 1, 3, 5, ..., centered around the origin, and define for Ising spin variables σ(x) ∈ {−1, +1}

U_B(σ) = ασ(x) if B = {x} 1 n^{2d} ∑ x∈B σ(x) if B = Λ_n + y, for some y ∈ Z^d and some n = 1, 3, 5, ...

0 otherwise (2.13)

We can choose α finite such that {U_B} is physically equivalent (in Ruelle’s sense) to {Ũ_B = 0}. So the Bernoulli measure ν with ν(σ(x) = 1) = 1/2 is an infinite-temperature Gibbs state while ∑ B∋0 |U_B(σ)| = α + ∑ n=3,5,... 1 n^d | ∑ x∈Λn σ(x)| (2.14) converges ν-almost surely (for d > 2).

Remark 2.5 Remarks 2.1 and 2.4 above are examples of questions asking what remains of the standard theory of Gibbs states in the context of weakly Gibbsian states. Here we give a list of ‘first’, most immediate problems one has to face when taking on the weakly Gibbsian set-up.

i) the problem of existence of infinite volume weakly Gibbsian measures (Remark 2.1)

ii) the problem of physical equivalence of interactions (Remark 2.4) iii) equivalence between the Minlos-type definition of an infinite volume weakly Gibbsian state and the DLR-type definition given above (see (2) in Definition 2.1)

iv) the meaning of a macroscopic state, extremality and phase diagram v) when is an interaction weak?; can one make a theory of uniqueness of weakly Gibbsian measures?

vi) variational principle for weakly Gibbsian measures vii) large deviation theory to weakly Gibbsian measures

Remark 2.6 A last remark concerns the relevance of developing a theory of non-Gibbsian states. Should one not be content merely with seeing them appear in physically interesting models? Part of the answer undoubtedly depends on how rich the resulting theory is, that is, to what extent one is able to find a solution to the problems listed in the previous remark. Examples can play an important role here, for instance in suggesting additional natural assumptions on (K, {U_B}). It may be useful, for example, to assume that

K = ∪^n_{i=1}K_i (2.15)

K_i = ∪_lK^l_i (x) (2.16)

K^l_i (x) = {σ ∈ Ω : ∀k ≥ l 1 |Λ_k| ∑ y+Λ_k ≠x I(σ(y) = τ^{(i)}(y)) ≥ 1 − ε} (2.17)

for appropriate {Λ_n}^∞_{n=1}, ε > 0, and a fixed finite set {τ^{(i)}}^n_{i=1} of ‘reference’ configurations (I(·) is the characteristic function). We will see this structure appearing in the following section.

More insight might be obtained from the theory of Gibbs measures for systems of unbounded spins. There too one has to dispose of a set of ‘bad’ configurations (which are growing too fast at infinity). One may ask how to find a correspondence with the notions of superstable and (super)regular interactions in order to find useful and natural conditions on upper bounds of the Hamiltonians and interaction energies (see [34, 35, 22, 24]). In Section 4 below we will investigate some of these points for problem (vii) of Remark 2.5, on what remains of the variational principle.

3 On the origin of weakly Gibbsian states

The purpose of this section is to describe a framework in which the notion of weakly Gibbsian states naturally arises, and to give a condition under which weak Gibbsianness holds.

Consider, for simplicity, a translation invariant nearest neighbour pair interaction U and suppose that τ ∈ Ω is a translation invariant ground state, i.e., for all σ ∈ Ω, Λ ∈ E, η = σ_Λτ_Λc H(σ|τ ) := ∑ x,y∈Zd |x−y|=1 [U(η(x), η(y)) − U(τ (x), τ (y))] ≥ 0 (3.1)

holds. Using this τ as a boundary condition we consider the Gibbs measure μ^τ_{β,Λ}(σ) for a finite volume Λ and inverse temperature β. It is known that for a large class of models at low temperatures (within the realm of the Pirogov-Sinai theory [39]), the infinite volume measure μ^τ_β exists independently of the particular subsequence chosen in the thermodynamic limit. We can thus take an increasing sequence of cubes Λ_n centered around the origin and assume that μ^τ_{β,Λn} → μ^τ_β. A stochastic-geometric characterization of the low temperature phase μ^τ_β can be done relatively easily when the low temperature phase is a perturbation of the stable ground state (see e.g. Chapter 18 in [14], and also [15]). When τ is stable, typical configurations of μ^τ_β consist of, at least for sufficiently large β, infinite oceans of τ -valued sites and many finite islands of arbitrary size and shape on which the configuration is different from τ . The μ^τ_β-probability of the origin belonging to such a disagreement cluster of size (say, diameter) k decays exponentially fast as k → ∞, with a rate m = m(β) that goes to infinity as the temperature drops to zero. In two dimensions, at least for certain models, this picture remains valid in the whole coexistence region. Again, for details and precise statements we refer to [14], [15], and to [5] in particular for the two dimensional Ising model.

Consider now a sublattice rZ^d (r ≥ 2) on which we fix an additional internal boundary condition (it can also be seen as a constraint), i.e., we take a ξ ∈ Ω and define

μ^{τ,ξ}_{β,Λn} (·) = μ^τ_{β,Λn} ( · |σ = ξ on Λ_n ∩ rZ^d) (3.2)

In the same low temperature context as above, it seems natural to expect that the stochasticgeometric characterization of μ^{τ,ξ}_{β,Λn} is very much similar to that given above for μ^τ_{β,Λn} , at least when ξ in some sense resembles τ . This last proviso that “ξ resembles τ ” is certainly necessary for the statement that “μ^{τ,ξ}_β resembles μ^τ_β”, and we now make this more precise.

Write Ω_r := S^rZ^d and consider the growing sequence of volumes V_k = Λ_k ∩ rZ^d, k = 1, 2, ..., together with their shifts V_k(x) = (Λ_k + x) ∩ rZ^d, for x ∈ rZ^d. We assume that τ (x) = a, for all x ∈ Z^d, with some a ∈ S. The frequency of agreement between ξ ∈ Ω_r and τ in V_k is measured by

agr_{k,x}(ξ, τ ) = 1 |V_k| ∑ x∈V_k I(ξ(x) = a) (3.3)

Define now

K^τ_l (x) = {ξ ∈ Ω_r : ∀k > l agr_{k,x}(ξ, τ ) > 1 − ε} (3.4)

K^τ = ∪_lK^τ_l (x) (3.5)

for a suitable ε > 0. Clearly, K^τ is translation invariant and a tail event. For each ξ ∈ K^τ and every x ∈ rZ^d, there is an l(ξ, x) < ∞ such that

agr_{k,x}(ξ, τ ) > 1 − ε (3.6)

whenever k > l(ξ, x). In other words, ξ ∈ K^τ resembles τ (but not uniformly) when considering the frequency of agreement over large enough regions around any x ∈ rZ^d.

To obtain now a condition in terms of stochastic-geometric properties, we consider for each couple of configurations (σ, σ^′) ∈ Ω_{Λn} × Ω_{Λn} the set of sites x ∈ Λ_n for which (σ(x), σ^′(x) ≠ (a, a)). A path of disagreement (with respect to the ground state) joining a region A ⊂ Λ_n with a region B ⊂ Λ_n, A ∩ B = ∅, is a sequence x_0 ∈ A, x_1, x_2, ..., x_n ∈ B of ordered nearest neighbour sites x_j ∈ Λ_n for which (σ(x_j), σ^′(x_j)) ≠ (a, a), for all j = 1, 2, ..., n. Define the event

Π_n(A, B) = {(σ, σ^′) ∈ Ω_{Λn} × Ω_{Λn} : there is a path of disagreement from A to B} (3.7)

Obviously, all of the above can be repeated for the cubes Λ_n(x) = Λ_n +x, x ∈ Z^d, obtaining thus the analogues Π^x_n(A, B) of Π^0_n(A, B) = Π_n(A, B). In each of the cubes we consider V_n(x), and define for ξ ∈ Ω_r ξ_{k,x}(y) = { ξ(y) if y ∈ V_k(x) a if y ∈ rZ^d r V_k(x)

(3.8)

Definition 3.1 We say that μ^τ_β is a stable low temperature phase if there exist real numbers C = C(β) < ∞ and m = m(β), with m(β) → ∞ as β → ∞, such that for each x ∈ Z^d μ^{τ,ξk,x}_{β,Λn(x)} × μ^{τ,ξk,x}_{β,Λn(x)}(Π^x_n(O, B)) ≤ Ce^{−mk} (3.9) uniformly in n, whenever n > k > l(ξ, x), ξ ∈ K^τ , and where O is the set of nearest neighbour sites to the origin, and B = Λ_n(x) r Λ_k(x).

We strongly believe that in typical Pirogov-Sinai situations condition (3.9) is satisfied but we do not attempt a proof here.

We will now investigate what are the consequences of condition (3.9) of the stable low temperature phases for decimated Gibbs measures. Let us consider ν^τ_{β,n}(ξ) = ∑ σ∈Ω_{Λn} μ^τ_{β,Λn} (σ)I(σ = ξ on V_n) (3.10)

for ξ ∈ Ω_{Vn} .

An important object to look at is the relative energy

h^τ_n(ξ) = log ν^τ_{β,n}(ξ) ν^τ_{β,n}(ξ^0)

(3.11) obtained in the situation of having ξ ∈ Ω_{Vn} changed into ξ^0. Here

ξ^0(x) = { ξ(x) if x ≠ 0 a if x = 0

(3.12)

Next we take a sequence of volumes D_k ⊂ rZ^d constructed iteratively by adding single sites D_k = D_{k−1} ∪ {a_k}, a_k ∈ rZ^d, with the properties |a_k| ≥ |a_{k−1}|, a_1 = 0, D_0 = ∅ and D_1 = {0}, and |a_k| ≤ |x|, for all x ∈ rZ^d with |x| ≥ |a_{k−1}|. Typically, for k ≃ n^d, D_k will have covered the set V_n. We also put kξ(x) = { ξ(x) if x ∈ D_k a if x ∈ rZ^d r D_k

(3.13)

It is useful to think of D_k as almost coinciding with some V_k′ , and then^kξ ≃ ξ_k′ , k ≃ k^′.

By telescoping (3.11) we get

h^τ_n(ξ) = s(n)∑

k=1 [h^τ_n(^kξ) − h^τ_n(^{k−1}ξ)] (3.14)

where s(n) is determined by the relation D_{s(n)} = V_n. Note that^0ξ = τ and h^τ_n(τ ) = 0.

By putting

Φ^n_k (ξ) := h^τ_n(^kξ) − h^τ_n(^{k−1}ξ) (3.15)

and by defining the function (remember τ (x) = a, for all x)

f^{τ,ξ}_x (σ) = exp (β ∑ y:|y−x|=1 [U(a, σ(y)) − U(ξ(x), σ(y))]) (3.16)

we arrive at the following

Lemma 3.1 For k > 2 we have

Φ^n_k (ξ) = log [1 + ψ^n_k (ξ) μ^{τ,kξ}_{β,Λn} (f^{τ,ξ}_0 ; f^{τ,ξ}_{ak} )] (3.17)

where 1/ψ^n_k (ξ) = μ^{τ,kξ}_{β,Λn} (f^{τ,ξ}_0 ) μ^{τ,kξ}_{β,Λn} (f^{τ,ξ}_{ak} ) ∈ [e^{−βcd}, e^{βcd}] (3.18) for some finite c > 0 (d is the dimension of the lattice).

Here μ(f; g) = μ(fg) − μ(f)μ(g) is the truncated correlation function.

Proof : We write

Φ^n_k (ξ) = log ν^τ_{β,n}(^kξ) ν^τ_{β,n}((^kξ)^0) ν^τ_{β,n}(^{k−1}ξ) ν^τ_{β,n}(^kξ) ν^τ_{β,n}(^kξ) ν^τ_{β,n}((^{k−1}ξ)^0)

(3.19)

Moreover we have ν^τ_{β,n}(^kξ) ν^τ_{β,n}((^kξ)^0) = ∑ σ∈Ωn μ τ β,Λn (σ)I(σ = kξ on V_n) ∑ σ∈Ωn μ τ β,Λn (σ)I(σ = ( kξ)^0 on V_n)

(3.20)

I(σ = (^kξ)^0 on V_n) = I(σ =^kξ on V_n r {0})I(σ = a in 0) (3.21)

Hence, by an application of the finite volume DLR equations, (3.17) readily follows. � Furthermore, one can show that this truncated correlation function is controlled by condition (3.9):

Lemma 3.2 For all ξ we have

|μ^{τ,ξ}_{β,Λn} (f^{τ,ξ}_0 ; f^{τ,ξ}_{ak} )| ≤ const(β) μ^{τ,ξ}_{β,Λn} × μ^{τ,ξ}_{β,Λn} [Π_n(O, Λ_n r Λ_k)] (3.22)

where const(β) = 2e^{4β||U ||∞}, ||U||_∞ = sup_{v1,v2∈S} |U(v_1, v_2)|.

Proof : By making use of the ideas in [4], or adapting almost word for word the proof of Proposition 2 in [30]. � Hence we have

Proposition 3.1 If μ^τ_β is a stable low temperature phase, then there exist some numbers 0 < c(β) < ∞, and δ(β) > 0 with δ(β) → ∞ as β → ∞, such that

|Φ^n_k (ξ)| ≤ c(β)e^{−δ(β)k} (3.23)

for all ξ ∈ K^τ_l (0) whenever k > l(ξ, k).

The same analysis can be repeated for relative energies with respect to changes in the configuration at a site x ≠ 0, x ∈ rZ^d.

We want to mention that in [19] a similar condition on truncated correlation functions was considered to conclude that the transformed measure is a Gibbs measure. The difference from our results is that there a uniform control in ξ has been applied.

By using Sullivan’s method (Theorem 1 in [38]), we can construct then an interaction {U_B}_{B∈r}Zd so that lim_n ν^τ_{β,n} = ν^τ_β (always assuming that this limit exists) is a weakly Gibbsian measure with respect to K = K^τ and potential {U_B}. This method was applied in [30] to find that the projection to the line of the + phase in the low temperature two dimensional Ising model is a weakly Gibbsian measure. In [2] we find the proof in the case of decimation applied for the same measure. An interesting question (answered on the affirmative in [2]) is whether the constructed potential is the same for different ground states τ^{(i)}.

We believe that the scenario sketched here for decimation remains essentially unchanged for other (renormalization group-) transformations: If we have a pure phase in the Pirogov- Sinai situation, the transformed measure is at worst weakly Gibbsian. This would take care of essentially all of the Griffiths-Pearce-Israel pathologies described in [11].

4 Thermodynamic functions and variational principle

In this section the inverse temperature will be included in the Hamiltonian. Also, we denote by P(K) the set of weakly Gibbsian measures for the set K, which contains configurations ‘typical’ for an interaction {U_B}.

The energy function E(σ) = ∑ B∋0 1 |B| U_B(σ) (4.1)

is defined for each σ ∈ K. For ν ∈ P(K) we define the energy density as e(ν) = ν(E).

Proposition 4.1 Suppose ν ∈ P(K) such that ν(b_0) < ∞. Then

e(ν) = lim_Λ 1 |Λ| ∑ B⊂Λ ν(U_B) = lim_Λ 1 |Λ| ν(H_Λ) (4.2)

(limits are taken along increasing sequences of cubes).

Proof : By translation invariance, for each Λ ∈ E e(ν) = 1 |Λ| ∑ x∈Λ ∑ B∋x 1 |B| ν(U_B) = 1 |Λ| ∑ B⊂Λ ν(U_B) + 1 |Λ| ∑ x∈Λ ∑ B∋x B∩Λc≠∅ 1 |B| ν(U_B) (4.3)

The last term is bounded by 1 |Λ| ∑ x∈Λ ∑ B∋x B∩(Δ+x)c≠∅ ν(|U_B|) + 1 |Λ| ∑ x∈Λ Δ+x⊄Λ ∑ B∋x ν(|U_B|) (4.4)

for every Δ ∈ E. The second term in (4.4) is further bounded by 1 |Λ| |{x ∈ Λ : Δ + x ⊄ Λ}| ν(b_0) (4.5)

which goes to zero, for fixed Δ, as Λ → Z^d. On the other hand, the first term in (4.4) is identical to ∑ B∋0 B∩Δc≠∅ ν(|U_B|) (4.6)

and it goes to zero by taking Δ arbitrarily large. �

Proposition 4.2 Take ν ∈ P(K) with ν(b_0) < ∞, and suppose that τ ∈ K satisfies the ‘reference’ condition (2.2). Then

e(ν) = lim_Λ 1 |Λ| ν(H^τ_Λ) (4.7)

Proof : By comparison with the proof of Proposition 4.1, we must now check that 1 |Λ| ∑ x∈Λ ∑ B∋x B∩Λc≠∅ ν(|U_B(σ_Λτ_Λc )|) → 0 (4.8)

By using (2.2), however, this reduces to the proof of Proposition 4.1. � Proposition 4.3 Take ν ∈ P(K), and suppose that there exists a function Ψ : N → R^+, monotonically decreasing and ∑_∞ n=1 Ψ(n)n^{d−1} < ∞. Assume, moreover, that |I_{V,W} (σ)| ≤ 1 2 ∑ x∈V y∈W Ψ(|x − y|)[f_x(σ) + f_y(σ)] (4.9)

for all V, W ∈ E, V ∩ W = ∅, with a non-negative measurable function f_x(σ) = f(θ_xσ), ν(f_x) < ∞, for all x ∈ Z^d. Then we have

e(ν) = lim_Λ 1 |Λ| ν(H^τ_Λ) (4.10)

for every τ ∈ K for which

sup_x ∑ y∈Z^{d Ψ(|x − y|)fy(τ ) < ∞ (4.11)} Proof : Take σ ∈ K. We have

I_{Λ,Λ}c (σ) = ∑ B∩Λ≠∅ B∩Λc≠∅ U_B(σ) (4.12)

By comparing with the proof of Proposition 4.1 it is clear that we must show that 1 |Λ| ν(|I_{Λ,Λ}c (σ_Λτ_Λc )|) → 0 (4.13)

The assumption allows us to split this expression into two terms. First consider 1 2|Λ| ∑ x∈Λ y∈Λc Ψ(|x − y|)ν(f) (4.14)

This is going to zero since we can split this part further into ∑ x∈Λ Ψ(|x − y|)ν(f) = ∑ x∈V Ψ(|x − y|)ν(f) + ∑ x∈ΛrV^{Ψ(|x − y|)ν(f) (4.15)} where dist(V, Λ^c) → ∞ as Λ → Z^d and |V |/|Λ| ≤ 1.

Secondly, we must look at 1 2|Λ| ∑ x∈Λ y∈Λc Ψ(|x − y|)f_y(τ ) (4.16)

But this can be treated in exactly the same way if we have indeed hypothesis (4.11) on τ ∈ K. �

Remark 4.1 The point Proposition 4.3 makes is that we have here a situation analogous with the case of unbounded spins, where the hypothesis on I_{V,W} is referred to as a regularity condition on the interaction. It is reasonable to expect that these conditions (as formulated in Proposition 4.3) will be satisfied in interesting examples. We think of f_x(σ) as f_x(σ) = l(x, σ), σ ∈ K (see (3.6)).

For ν ∈ P(K), the specific entropy

s(ν) = lim_Λ 1 |Λ| ∑ σ∈Ω_Λ ν(σ) log ν(σ) (4.17)

exists in [−∞, log |S|]. For two probability measures ν_1 and ν_2 on (Ω_Λ, F_Λ), the relative entropy of ν_1 with respect to ν_2 is

S_Λ(ν_1|ν_2) = ∑ σ∈Ω_Λ ν_1(σ) log ν_1(σ) ν_2(σ)

(4.18)

(The usual conventions apply). We always have S_Λ ≥ 0, and S_Λ(ν_1|ν_2) = 0 if and only if ν_1 = ν_2.

Consider now a bona fide Gibbs measure μ on (Ω, F) with respect to a Hamiltonian H. The finite volume specification for a fixed boundary condition a ∈ S is

μ^a_Λ(σ) = 1 Z^a_Λ exp [−H^a_Λ(σ)] (4.19)

Let T_{Λ,V} be a probability kernel from (Ω_Λ, F_Λ) to (Ω_V , F_V ), with V ⊂ Λ, and r|V | = |Λ|. Define ν^a_V = μ^a_ΛT_{Λ,V} , and let ν_V = μ_ΛT , where μ_Λ is the restriction of μ to (Ω_Λ, F_Λ). By using the monotonicity of the relative entropy with respect to a (stochastic) transformation T we are led to Proposition 4.4

lim_V 1 |V | S_V (ν_V |ν^a_V ) = 0 (4.20)

In particular, this holds when ν ∈ P(K) is a weakly Gibbsian measure obtained from a Gibbs measure μ (i.e. ν = μT ) under a transformation T ( for example, a decimation as in the previous section).

Take T corresponding to a decimation transformation: T_{Λn,Vn}(σ, ξ) = ∏ x∈Vn I(σ(x) = ξ(x)) (4.21)

for σ ∈ Ω_{Λn} and ξ ∈ Ω_{Vn} . We take ν = μT , a weakly Gibbsian state obtained from a Gibbs measure μ. As already seen, ν_Λ = μ_ΛT_{Λ,V} = (μT )_Λ, but moreover

γ^τ_Λ = μ_Λ( · |ξ = τ on rZ^d r V )T_{Λ,V} (4.22)

Here μ_Λ( · |ξ = τ on rZ^d r V ) is the restriction to (Ω_Λ, F_Λ) of μ conditional of finding the configuration τ ∈ K outside V (but on the sites of the decimated lattice rZ^d). Therefore, by using again the monotonicity of relative entropies, we obtain

Proposition 4.5 lim_V 1 |V | S_V (ν_V |γ^τ_V ) = 0 (4.23)

Now we turn to investigating the pressure (free energy). The set K and the potential {U_B} are given as in Section 2. We assume, however, that ν = μT , the decimation of a Gibbs measure (see the context of Proposition 4.5) is weakly Gibbsian with respect to (K, {U_B}). Furthermore, we assume that for this ν ∈ P(K) we have ν(b_0) < ∞. Proposition 4.6 The limiting specific free energy (or pressure) p = lim_V 1 |V | log Z^τ_V (4.24)

exists and it is independent of τ ∈ K, whenever e(ν) = lim_V^1_{|V |} ν(H^τ_V ) exists (see Propositions 4.2 and 4.3 for sufficient conditions).

Proof : For each V ∈ E and τ ∈ K we can use the weakly Gibbsian measure ν to write S_V (ν|γ^τ_V ) = S_V (ν) + ν(H^τ_V ) + log Z^τ_V (4.25) On the other hand lim_V 1 |V | S_V (ν|γ^τ_V ) = 0 (4.26) for every τ ∈ K, hence the proposition follows. � Remark 4.2 From the proof of Proposition 4.6 it is evident that weakly Gibbsian states fulfilling the conditions above also satisfy the variational principle −p = s(ν) + e(ν) (4.27) We have, however, no converse statement of any sort. We expect that for a converse statement extra conditions will be needed on (K, {U_B}) for producing a richer theory. Finally, it is interesting to observe that s(ν^+|ν^−) ≠ 0 (non-vanishing specific relative entropy) where ν^+ and ν^− are the projections to the line of the pure phases μ^+ and μ^− of the planar Ising model (see [36]). We believe, however, that ν^+ and ν^− are weakly Gibbsian with respect to the same potential.

References

[1] Bricmont, J. and Kupiainen, A.: High temperature expansions and dynamical systems, Commun. Math. Phys. 178, 703-732, 1996

[2] Bricmont, J., Kupiainen, A. and Lefevere, R.: Renormalization group pathologies are not so bad, after all, preprint, UC Louvain, 1997

[3] Bruce, A.D. and Pryce, J.M.: Statistical mechanics of image restoration, J. Phys. A 28, 511-532, 1995

[4] Burton, R.M. and Steif, J.: Quite weak Bernoulli with exponential rate and percolation for random fields, Stoch. Process. Appl. 58, 35, 1995

[5] Chayes, J.T., Chayes L. and Schonmann, R.H.: Exponential decay of connectivities in the two dimensional Ising model, J. Stat. Phys 49, 433-445, 1987

[6] Dobrushin, R.L.: Lecture given at the workshop ‘Probability and Physics’, in Renkum (Holland), 28 August - 1 September, 1995

[7] van Enter, A.C.D.: Ill-defined block-spin transformations at arbitrarily high temperatures, J. Stat. Phys. 83, 761-765, 1996

[8] van Enter, A.C.D.: On the possible failure of the Gibbs property for measures on lattice spin systems, Markov Proc. Rel. Fields 2, 209-225, 1996

[9] van Enter, A.C.D. and J. Lőrinczi: Robustness of the non-Gibbsian property: some examples, J. Phys. A 29, 2465-2473, 1996

[10] van Enter, A.C.D., Fernández, R. and Kotecký, R.: Pathological behaviour of renormalization-group maps at high fields and above the transition temperature, J. Stat. Phys. 79, 969-992, 1995

[11] van Enter, A.C.D., Fernández, R. and Sokal, A.D.: Regularity properties and pathologies of position-space renormalization group transformations: Scope and limitations of Gibbsian theory, J. Stat. Phys. 72, 879-1167, 1993

[12] Fernández, R. and Pfister, Ch.-E.: Non-quasilocality of projections of Gibbs measures, to appear in Ann. Probab., 1997

[13] Geman, S. and Geman, D.: Stochastic relaxation, Gibbs distributions and the Bayesian restoration of images, IEEE Trans. Pattern Anal. Machine Intell. 6, 721- 741, 1984

[14] Georgii, H.-O.: Gibbs Measures and Phase Transitions, Walter de Gruyter, de Gruyter Series in Mathematics vol. 9., Berlin, New York, 1988

[15] Giacomin, G., Lebowitz, J.L. and Maes, C.: Agreement percolation and phase coexistence in some Gibbs systems, J. Stat. Phys. 80, 1379-1403, 1995

[16] Griffiths, R.B. and Pearce, P.A.: Position-space renormalization transformations:

some proofs and some problems, Phys. Rev. Lett. 41, 917-920, 1978

[17] Griffiths, R.B. and Pearce, P.A.: Mathematical properties of position-space renormalization-group transformations, J. Stat. Phys. 20, 499-545, 1979

[18] Grimmett, G.: The stochastic random-cluster process, and the uniqueness of randomcluster measures, Ann. Probab. 23, 1461-1510, 1995

[19] Haller, K. and Kennedy, T.: Absence of renormalization group pathologies near the critical temperature - Two examples, J. Stat. Phys. 85, 607-638, 1996

[20] Häggström, O.: Almost sure quasilocality fails for the random-cluster model on a tree, J. Stat. Phys. 84, 1351-1361, 1996

[21] Israel, R.B.: Banach algebras and Kadanoff transformations, in: Random Fields, Proceedings, Esztergom 1979, J. Fritz, J.L. Lebowitz and D. Szász, eds., North Holland, Amsterdam, vol. 2., pp. 593-608, 1981

[22] Künsch, H.: Almost sure entropy and the variational principle for random fields with unbounded state space, Z. Wahrscheinlichkeitstheorie Verw. Geb. 58, 69-85, 1981

[23] Lebowitz, J.L., Maes, C. and Speer, E.R.: Statistical mechanics of probabilistic cellular automata, J. Stat. Phys. 59, 117-170, 1990

[24] Lebowitz, J.L. and Presutti, E.: Statistical mechanics for unbounded spin systems, Commun. Math. Phys., 50, 195-218, 1976

[25] Lőrinczi, J.: On Limits of the Gibbsian Formalism in Thermodynamics, PhD Thesis, University of Groningen, 1995

[26] Lőrinczi, J. and Winnink, M.: Some remarks on almost Gibbs states, in: Proc.

NATO Adv. Studies Inst. Workshop on Cellular Automata and Cooperative Systems (Les Houches 1992), N. Boccara et al, eds., Kluwer, Dordrecht, 1993, 423-432

[27] Maes, C. and Vande Velde, K.: Defining relative energies for the projected Ising measure, Helv. Phys. Acta 65, 1055-1068, 1992

[28] Maes, C. and Vande Velde, K.: The (non-) Gibbsian nature of states invariant under stochastic transformations, Physica A 206, 587-603, 1994

[29] Maes, C. and Vande Velde, K.: The fuzzy Potts model, J. Phys. A 28, 4261-4271, 1995

[30] Maes, C. and Vande Velde, K.: Relative energies for non-Gibbsian states, KU Leuven preprint, 1996

[31] Martinelli, F. and Scoppola, E.: A simple stochastic cluster dynamics: Rigorous results, J. Phys. A 24, 3135-3157, 1991

[32] Pfister, Ch.-E. and Vande Velde, K.: Almost sure quasilocality in the random cluster model, J. Stat. Phys. 79, 765-774, 1995 [33] Preston, C.: Random Fields, Springer LNM 534, 1976 [34] Ruelle, D.: Superstable interactions, Commun. Math. Phys. 18, 127, 1970 [35] Ruelle, D.: Probability estimates for continuous spin systems, Commun. Math. Phys.

50, 189-194, 1976 [36] Schonmann, R.H.: Projections of Gibbs measures may be non-Gibbsian, Commun.

Math. Phys. 124, 1-7, 1989 [37] Speer, E.R.: The two species totally asymmetric simple exclusion process, in: Proceedings of the NATO Advanced Studies Institute Workshop ‘On Three Levels’, Leuven 1993, M. Fannes et al, eds., Plenum Press, 91-103, 1994 [38] Sullivan, W.G.: Potentials for almost Markovian random fields, Commun. Math.

Phys. 33, 61-74, 1973 [39] Zahradník, M.: An alternate version of Pirogov-Sinai theory, Commun. Math. Phys.

93, 559-581, 1984