THE WAVE EQUATION WITH ONE POINT INTERACTION AND THE ( LINEARIZED ) CLASSICAL ELECTRODYNAMICS OF A POINT PARTICLE

Diego Noja Dipartimento di Matematica Università di Milano Via Saldini 50, I–20133 Milano, Italy

noja@vmimat.mat.unimi.it

Andrea Posilicano Istituto di Scienze Matematiche Università di Milano – Sezione di Como Via Lucini 3, I–22100 Como, Italy

posilicano@vmimat.mat.unimi.it
posilicano@mvcomo.fis.unico.it

Abstract. We study the point limit of the linearized Maxwell–Lorentz equations describing the interaction, in the dipole approximation, of an extended charged particle with the electromagnetic field. We find that this problem perfectly fits into the framework of singular perturbations of the Laplacian; indeed we prove that the solutions of the Maxwell–Lorentz equations converge – after an infinite mass renormalization which is necessary in order to obtain a non trivial limit dynamics – to the solutions of the abstract wave equation defined by the self–adjoint operator describing the Laplacian with a singular perturbation at one point. The elements in the corresponding form domain have a natural decomposition into a regular part and a singular one, the singular subspace being three–dimensional. We obtain that this three–dimensional subspace is nothing but the velocity particle space, the particle dynamics being therefore completely determined – in an explicit way – by the behaviour of the singular component of the field. Moreover we show that the vector coefficient giving the singular part of the field evolves according to the Abraham–Lorentz–Dirac equation.

Typeset by AMS-TEX 1

1. Introduction

One of the most important, and difficult, problems in classical and quantum field theory is the passage to the so called “local limit”, i.e. the limit in which the interaction takes place at one point.

The most meaningful theory in which this problem shows up is electrodynamics of point particles, both in its classical and its quantum version ( [D],[Be],[CN] ). The goal of this paper is to show that it is possible to construct a complete and mathematically consistent theory of the dynamical system constituted by the electromagnetic field interacting with a charged point particle, at least in the linear ( also called dipole ) approximation.

Such a program goes back to the early studies of Kramers ( [Kr] ) in renormalization theory, the most comprehensive report on which is perhaps the Ph.D. thesis of Kramers’ pupil N.G. VanKampen ( [VK] ).

But these efforts did not reach the goal, and, up to now, a system of equations already renormalized and describing the dynamics of the coupled system was lacking. The model here studied is the point limit of a regularization of the Maxwell–Lorentz system, also called, in this particular case, the Pauli–Fierz model ( [PF],[A],[BG],[Bl] ): it consists of an extended charged particle, described by a spherically symmetric form factor ρ, interacting with the electromagnetic field and in linear approximation. In Coulomb gauge this corresponds, for the vector potential A and for the particle position q, to the equations 1 c^2 Ä =ΔA + 4πe c Mq̇ρ m_0q̈ = − e c ∫ R 3 ρ(x)Ȧ(x) dx A(0) =A_0, Ȧ(0) = Ȧ_0, q(0) = q_0, q̇(0) = q̇_0 ;

(1.1)

here M is the projection onto the divergenceless part, e is the electric charge, c is the light velocity, and m_0 is the bare, or mechanical, mass, a parameter to be suitably redefined to get the equations in the point limit, i.e. when ρ weakly converges to δ_0, the Dirac mass at zero. Notice that in the Coulomb gauge the scalar potential ϕ plays no role, in that it is purely static, being the solution of −Δϕ = 4πeρ, and for a spherically symmetric form factor ρ it gives no contribution to the Lorentz force on the particle ( see e.g. [H] ).

As it stands the system is meaningless in the point limit, due to the fact that the solution for the field is not sufficiently regular to be evaluated at the origin, as would be required in the right hand side of the particle equation in (1.1), so that the Lorentz force on the particle appears to be ill defined.

The traditional way of dealing with this problem consists of decoupling the system, firstly eliminating the degrees of freedom of the field by integrating the field equation in (1.1) and then substituting into the particle equation. This procedure leads, through heuristic manipulations, to the classical Abraham–Lorentz–Dirac equation for the particle, namely −mτ_0 ...q (t) + mq̈(t) = F_{ext}(t, q(t)) , (1.2)

( [D],[L] ), where τ_0 =^{2e2}_{3mc3} , while m is the renormalized ( or phenomenological ) mass. A first rigorous analysis of the behaviour of the particle in the point limit appears in [BN] and more thoroughly in [B].

But the dynamics of the field is usually not even dealt with, the only notable exception being, as far as we know, [K].

The procedure here adopted is more functional analytic minded, but equally simple in spirit. We too decouple the system, in the reverse way however, obtaining an equation for the field variable alone as follows. Integrate the particle equation in (1.1) and substitute into the field equation, neglecting for the moment the contribution of the initial data q̇_0, A_0 – a contribution that, as a matter of fact, will turn out to disappear in the limit ( see lemma 2.6 for this non completely trivial fact ). The result is 1 c^2

Ä = ΔA − 4πe^2

m_0c^2 M ∫ R3 ρ(x)A(x)dx ρ . Now the right hand side is a finite rank perturbation of the Laplacian, which, as we will show, turns out to converge in the point limit, in norm resolvent sense, to a well defined self–adjoint operator −H_m, provided mass is renormalized according to the classical prescription adopted also in the quantum context ( [Be] )

m_0 = m − m_{em} = m − 8πe^2 3c^2 E(ρ) , where E(ρ) is the electrostatic energy of the form factor, and m is the phenomenological mass which appears here as an arbitrary parameter not contained in the original system (1.1) ( see thm. 2.1 ). Instead, if such a renormalization is not performed, the limit dynamics turns out to be trivial in a sense to be explained in thm. 2.11.

The limit equation for the field is then 1 c^2 Ä = −H_mA , (1.3) an abstract wave equation where H_m is an operator that is self–adjoint, bounded from below, containing the renormalized mass only.

Operators of this kind, when m is replaced by a parameter to be interpreted as the scattering length, are well known in ordinary quantum mechanics, and a wide mathematical literature exists on them ( [AGHH] ). In the quantum mechanics context they are related to the so called “Fermi pseudopotentials”, which describe potentials with a singular support – one point in our situation ( see remark 2.4 ). Such an operator H_m represents a rigorous version of the formal writing “−Δ + M · δ_0”, in which δ_0 would act as a multiplication operator.

A main characteristics of the operator H_m is the structure of its form domain, the elements of which being the sum of a regular part and of a singular one with a fixed singularity, of the Coulomb type, at the origin ( see thm. 2.3 ). The remarkable fact is that the solutions of the Maxwell–Lorentz system (1.1) converge to the ones of (1.3) if and only if the coefficient of this singular component is proportional to the velocity q̇ of the particle through the relation

q̇ = 3c 2e lim_{r↓0} r 1 4πr^2 ∫ S_r A(x)dμ_r (x) (1.4) ( see corollary 2.9 and (2.5) ). So to determine the flow of the complete system it suffice to calculate it for the field alone, i.e. for the equation (1.3). This is easily done ( see thm. 3.2 ), and the particle evolution is then readily and explicitly calculated by (1.4) ( see (3.3) and (3.4) ). Moreover it turns out that the vector coefficient determining the singular part of the solution of (1.3), i.e. q̇(t), evolves according to Abraham–Lorentz–Dirac equation (1.2), where F_{ext}(t, q(t)) is now the ( linearized ) Lorentz force due to the free evolution; more precisely it satisfies its integrated version −mτ_0q̈(t) + mq̇(t) = − e c A_f (t, 0) , where A_f denotes the solution of the free wave equation with the given initial data ( see thm. 3.3 ). With such a q(t) the solution of (1.3) satisfies then the distributional equation 1 c^2

Ä = ΔA + 4πe c Mq̇δ_0 ( see remark 3.5 ). This establishes the link with the traditional description.

We conclude with two remarks. The first one deals with the well–known problem of runaway solutions ( [D],[CN] ). The operator H_m has a negative eigenvalue ( see (2.6) ), so that equation (1.3), and hence the particle motion too, admits runaways. We do not discuss here this relevant physical problem because we are concerned only with the mathematical description of the system. In any case, on the purely mathematical side, the runaways can be readily eliminated by projection onto the absolutely continuous subspace of H_m.

The second remark concerns the possibility of extending the procedure here pursued to the non linear complete Maxwell–Lorentz system. Its point limit resists, up to now, every effort of a mathematical study. We conjecture the possible form of the non linear limit equations in remark 3.1.

2. The point limit of the Maxwell{Lorentz equations.

Let us start with some notations. We denote by L^2_∗(R^3) the Hilbert space of square integrable, divergence–free, vector fields on R^3. M will be the projection from L^2_3(R^3), the Hilbert space of square integrable vector fields on R^3, onto L^2_∗(R^3) and we will use the same symbol ⟨·, ·⟩ ( ‖ · ‖_2 is the corresponding Hilbert norm ) to indicate the scalar products in L^2(R^3), L^2_3(R^3), L^2_∗(R^3) and also to indicate the obvious pairing between an element of L^2_3(R^3) and one of L^2(R^3) ( the result being a vector in R^3 ). By the same abuse of notation, given two functions f and g in L^2(R^3), by f ⊗ g we will indicate the operator in L^2_3(R^3) defined by f ⊗ g(A) := f⟨g, A⟩. H^s(R^3), s ∈ R, indicates the usual scale of Sobolev–Hilbert spaces, and the meaning of H^s_3 (R^3) and H^s_∗ (R^3) should now be clear. Finally, given a measurable function ρ we define its energy E(ρ) as

E(ρ) := 1 4π ∫ R 3 ∫ R3 ρ(x)ρ(y) |x − y| dx dy . On L^2_∗(R^3) × R^3 ( the correct domain of definition will be specified later ) let us consider the system of equations ( r > 0 ) 1 c^2

Ä_r =ΔA_r + 4πe c Mq̇_r ρ_r m_rq̈_r = − e c ⟨ρ_r, Ȧ_r ⟩ A_r (0) =A^r_0, Ȧ_r(0) = Ȧ_0, q_r(0) = q_0, q̇_r(0) = q̇_0 ,

(2.1)

where m_r := m − 8πe^2 3c^2

E(ρ_r) , (2.2)

and where ρ_r(x) := r^{−3}ρ(r^{−1}x), ρ ∈ L^2(R^3) a spherically symmetric probability density with bounded support. Therefore m_r = m − 1 r 8πe^2 3c^2 E(ρ) , ( observe that E(ρ) is finite by Sobolev lemma since ρ ∈ ∩_{1≤p≤2}L^p(R^3) ) and ρ_r weakly converges, as r ↓ 0, to δ_0, the Dirac mass at zero. Integrating the particle equation in (2.1) one obtains

q̇_r = − e m_rc ⟨ρ_r, A_r⟩ + q̇_0 + e m_rc ⟨ρ_r , A^r_0⟩ . Inserting this expression into the field equation one gets 1 c^2

Ä_r = −H_rA_r + 4πe c Mv_r ρ_r , where H_r := −Δ + 4πe^2 m_rc^2 M · ρ_r ⊗ ρ_r , and v_r := q̇_0 + e m_rc ⟨ρ_r, A^r_0⟩ . Since M · ρ_r ⊗ ρ_r is a bounded symmetric operator, H_r is a self–adjoint operator on L^2_∗(R^3) with operator domain H^2_∗ (R^3) and form domain H^1_∗ (R^3).

Theorem 2.1. As r ↓ 0, i.e as ρ_r weakly converges to δ_0, the self–adjoint operator H_r defined above converges in norm resolvent sense in L^2_∗(R^3) to a self–adjoint operator H_m, where H_m has the resolvent

(H_m + λ)^{−1} = (−Δ + λ)^{−1} + Γ_m(λ)^{−1}M · G_λ ⊗ G_λ , and where −λ ∈ ρ(H_m), λ > 0, Γ_m(λ) = − mc^2 4πe^2 + √ λ 6π , G_λ(x) := 1 4π e^{−√λ|x|} |x| .

Proof. The proof proceeds as in [AGHH, §II.1.1]. Since ⟨f, Mvg⟩ = 2 3 v⟨f, g⟩ if v ∈ R^3, f, g ∈ L^2(R^3) spherically symmetric, a straightforward computation gives

(H_r + z^2)^{−1} = (−Δ + z^2)^{−1} + Γ_r(z^2)^{−1}M · (−Δ + z^2)^{−1}ρ_r ⊗ (−Δ + z^2)^{−1}ρ_r ,

where Im z ≠ 0, Re z > 0, and

Γ_r(z^2) = − m_rc^2 4πe^2 − 2 3 ⟨(−Δ + z^2)^{−1}ρ_r, ρ_r⟩ = − mc^2 4πe^2 + 2 3 1 r ( E(ρ) − ⟨(−Δ + r^2z^2)^{−1}ρ, ρ⟩ ) . (2.3)

Obviously

lim_{r↓0} Γ_r(z^2) = Γ_m(z^2), lim_{r↓0} ‖(−Δ + z^2)^{−1}ρ_r − G_z2 ‖_2 = 0 ,

and so lim_{r↓0} ‖(H_r + z^2)^{−1} − (H_m + z^2)^{−1}‖_{HS} = 0

( here HS stands for Hilbert–Schmidt ). In order to prove that (H_m + z^2)^{−1} is the resolvent of a closed operator one needs to prove that it is injective. This is done as in [AGHH, page 112].

Remark 2.2. As clearly indicated by (2.3), H_r has a non trivial, i.e. different from −Δ, limit if and only if m_r diverges according to the classical prescription (2.2).

We summarize the properties of the operator H_m in the following Theorem 2.3. The vectors A in the operator domain D(H_m) of H_m are of the type

A = A_λ + Γ_m(λ)^{−1}MA_λ(0)G_λ, A_λ ∈ H^2_∗ (R^3), −λ ∈ ρ(H_m), λ > 0 .

The above decomposition in a regular part A_λ, and a corresponding singular one, is unique, and with A ∈ D(H_m ) of this form one has

(H_m + λ)A = (−Δ + λ)A_λ . (2.4)

Let F_m be the quadratic form corresponding to H_m. Then the vectors A in the form domain D(F_m) are of the type

A = A_λ + 4πe c MQ_AG_λ, A_λ ∈ H^1_∗ (R^3), Q_A ∈ R^3, λ > 0 .

Given A ∈ D(F_m), Q_A can be explicitly computed by the formula

Q_A = 3c 2e lim_{r↓0} r 1 4πr^2 ∫ S_r A(x)dμ_r (x) , (2.5) where S_r denotes the sphere of radius r and μ_r is the corresponding surface measure. The above decomposition is unique, and with A ∈ D(F_m) of this form one has F^λ_m(A, A) :=F_m(A, A) + λ‖A‖^2 =‖(−Δ + λ)^{12} A_λ‖^2 + 2 3 ( 4πe c )_2 Γ_m(λ)|Q_A|^2 .

Moreover σ_{ess}(H_m) = σ_{ac}(H_m) = [0, +∞), σ_{sc}(H_m) = ∅ , and σ_p(H_m) = { − ( 3mc^2 2e^2

)_2} ≡ {−λ_0} , (2.6) where −λ_0 has a threefold degeneration and, given an orthonormal basis {e_j }^3_1,

X^0_j = 2 √ 2πm c e Me_j G_{λ0} , are the corresponding normalized eigenvectors.

Proof. Everything follows proceeding as in [AGHH, §I.1.1, §II.1.1] as regards the operator, and as in [T, §2] as regards the form, the only difference being in a different definition of Q_A. Concerning this point the assertion follows from the observation that Q_{MQAGλ} = (^{4πe}_c )^{−1}Q_A and that the H^{−1}(R^3)–norm of the measure (4πr^2)^{−1}μ_r is of the same order as r^{−1/2}, and so Q_{Aλ} = 0.

Remark 2.4. By (2.4) we have that for any A ∈ H^2_∗ (R^3) such that A(0) = 0, H_mA = −ΔA. Therefore H_m is a singular perturbation of −Δ, the perturbation taking place only at x = 0.

Remark 2.5. By thm. 2.3, for any A ∈ D(F_m), λ > λ_0, there exists an unique X ∈ L^2_∗(R^3) such that

A = (H_m + λ)^{− 12} X = (−Δ + λ)^{− 12} X + 4πe c ML_m(X)G_λ , where L_m : L^2_∗(R^3) → R^3 is the bounded linear operator defined by

L_m(X) := Q_{(Hm+λ)}−1/2_X .

Moreover for any A ∈ H^1_∗ (R^3), λ > λ_0, r sufficiently large so that −λ ∈ ρ(H_r ), there exists an unique X ∈ L^2_∗(R^3) such that

A = (H_r + λ)^{− 12} X = (−Δ + λ)^{− 12} X + 4πe c ML_r (X)(−Δ + λ)^{−1}ρ_r ,

where, since (H_r + λ)^{− 12} X converges to (H_m + λ)^{− 12} X, L_r : L^2_∗(R^3) → R^3 is a bounded linear operator such that

lim_{r↓0} ‖L_r − L_m‖_L2_{∗ ,R}3 = 0 .

Let us now give some general results on second order linear differential equations in Hilbert spaces which we will need below ( for the proofs of such results see [F, Chaps. II and III],[Ki],[S1,2] ). Let H be a bounded from below ( this is a necessary condition ) self–adjoint operator on L^2_∗(R^3), and let F the corresponding quadratic form. Then H generates a cosine operator function C : R → L(L^2_∗(R^3); L^2_∗(R^3)), i.e. C is a strongly continuous function such that C(0) = 1, C(s + t)C(s − t) = 2C(s)C(t) , D(H) = { A ∈ L^2_∗(R^3) : lim_{t→0} 2 t^2

(C(t)A − A) exists } , ∀A ∈ D(H) HA = lim_{t→0} 2 t^2 (C(t)A − A) , C(t)D(H) ⊆ D(H) . Moreover ∀z ∈ C such that −z^2 ∈ ρ(H) and Re z > | inf σ(H) ∧ 0|^{12}

z(H + z^2)^{−1}A = ∫_∞ 0 e^{−zt}C(t)A dt , and so, by (H+z^2)^{−1}A = z^{−2}A−z^{−2}(H+z^2)HA, and by inverse Laplace transform, ∀t ≥ 0, ∀A ∈ D(H), C(t)A = A − 1 2πi ∫_{x+i∞} x−i∞ e^{zt} 1 z (H + z^2)^{−1}HA dz , x > | inf σ(H) ∧ 0|^{12} . (2.7)

One defines then the sine operator function S : R → L(L^2_∗(R^3); L^2_∗(R^3)) by S(t)A := ∫_t 0 C(s)A ds . Given A_0, Ȧ_0, X ∈ L^2_∗(R^3), let

A(t) := C(t)A_0 + S(t)Ȧ_0 + ∫_t 0 S(s)Xds .

Then A ∈ C(R; L^2_∗(R^3)),

A_0 ∈ D(F ), Ȧ_0 ∈ L^2_∗(R^3) ⇒ A ∈ C(R; D(F )) ∩ C^1(R; L^2_∗(R^3)) ,

A_0 ∈ D(H), Ȧ_0 ∈ D(F ) ⇒ A ∈ C(R; D(H)) ∩ C^1(R; D(F )) ∩ C^2(R; L^2_∗(R^3)) , and A(t) solves the inhomogeneous Cauchy problem { Ä(t) = −HA(t) + X A(0) = A_0, Ȧ(0) = Ȧ_0 .

Moreover there is a well defined dynamics on the “phase–space” in the following sense: on D(F ) × L^2_∗(R^3) define the Hilbert norm

|||(A, Ȧ)|||^2 := ‖((H + λ)^{12} × 1)(A, Ȧ)‖^2_L2_{∗ ×L}2_∗ ≡ F (A, A) + λ‖A‖^2 + ‖Ȧ‖^2 ,

with λ s.t. H + λ is strictly positive. Then U(t) defined by

U(t) := [ C(t) S(t) Ċ(t) C(t) ] + [ ∫_t 0 S(s)Xds S(t)X ]

is a strongly continuous ( w.r.t. ||| · ||| ) one–parameter group on D(F ) × L^2_∗(R^3) with generator [ 0 1 −H 0 ] + [ 0 X ] , and U(t)D(H) × D(F ) ⊆ D(H) × D(F ). The lemma below is the key ingredient in the proof of the next theorem and hence of the successive corollary. It essentially says that convergence of the solutions of the Cauchy problem (2.1) occurs only and only if some compatibility conditions on the initial data are satisfied and the inhomogeneous term Mv_r ρ_r disappears in the limit.

Lemma 2.6. Given X, X_0 ∈ L^2_∗(R^3), q̇_0 ∈ R^3, λ > λ_0, let

A^r_0 := (H_r + λ)^{− 12} X_0, v_r := q̇_0 + e m_rc ⟨ρ_r, A^r_0⟩ . Then lim_{r↓0} ‖(H_r + λ)^{− 12} Mv_r ρ_r − (H_m + λ)^{− 12} X‖_2 = 0

if and only if

X = 0, lim_{r↓0} L_r(X_0) = q̇_0, lim_{r↓0} ⟨ρ_r , (−Δ + λ)^{− 12} X_0⟩ = − mc e q̇_0 . (2.8)

Remark 2.7. The third condition in (2.8) requires, obviously, some regularity at the origin for X_0. Such a limit exists if X_0 ∈ H^{12 +ϵ}_∗ (U_0), U_0 a nbh. of the origin. Moreover note that if we define A^r_0 := (H_r + λ)^{−1}Y_0, Y_0 ∈ L^2_∗(R^3), then one can prove ( by proceeding as in the proof below ) that lemma 2.6 holds true under the condition, beside X = 0,

(−Δ + λ)^{−1}Y_0(0) = 4πe c Γ_m(λ)q̇_0 ,

which coincides with the relation, holding for an element in D(H_m), between Q_A and A_λ(0) that can be obtained by thm. 2.3.

Proof of lemma 2.6. By remark 2.5 we can write

A^r_0 = (−Δ + λ)^{− 12} X_0 + 4πe c ML_r (X_0)(−Δ + λ)^{−1}ρ_r . So v_r = q̇_0 + e m_rc ⟨ρ_r, (−Δ + λ)^{− 12} X_0⟩ + 8πe^2 3m_rc^2

L_r(X_0)⟨(−Δ + λ)^{−1}ρ_r, ρ_r⟩ ,

and, by the expression for (H_r + λ)^{−1} we have

‖(H_r + λ)^{− 12} Mv_r ρ_r‖^2 = 2 3 |v_r|^2⟨(−Δ + λ)^{−1}ρ_r, ρ_r⟩ + 4 9 Γ_r(λ)^{−1}(|v_r|⟨(−Δ + λ)^{−1}ρ_r, ρ_r⟩)^2 .

Since lim_{r↓0} Γ_r(λ) = Γ_m(λ) = 1 6π ( √ λ − √ λ_0) > 0 ,

we have the sum of two positive terms, and so |v_r|⟨(−Δ + λ)^{−1}ρ_r, ρ_r⟩ needs to converge. However ⟨(−Δ + λ)^{−1}ρ_r, ρ_r⟩ diverges, and so |v_r| needs to converge to zero. Since (−Δ + λ)^{− 12} X_0 ∈ H^1_∗ (R^3) ⊂ L^6_∗(R^3), and ‖ρ_r‖_{6/5} = r^{−1/2}‖ρ‖_{6/5}, by Hölder inequality we obtain

lim_{r↓0}

⟨ρ_r, (−Δ + λ)^{− 1}2 X_0⟩ m_r = 0 ,

and so we need

lim_{r↓0} q̇_0 + 8πe^2 3c^2

L_r(X_0) ⟨(−Δ + λ)^{−1}ρ_r, ρ_r⟩ m_r = 0 .

Since lim_{r↓0} ⟨(−Δ + λ)^{−1}ρ_r, ρ_r⟩ m_r = − 3c^2 8πe^2 , we obtain lim_{r↓0} L_r(X_0) = L_m(X_0) = q̇_0 .

Therefore v_r⟨(−Δ + λ)^{−1}ρ_r, ρ_r⟩ = ⟨(−Δ + λ)^{−1}ρ_r, ρ_r⟩×

11 × ( q̇_0 ( 1 + 8πe^2 3c^2 ⟨(−Δ + λ)^{−1}ρ_r, ρ_r⟩ m_r ) + e c ⟨ρ_r, (−Δ + λ)^{− 1}2 X_0⟩ m_r ) . As lim_{r↓0} ⟨(−Δ + λ)^{−1}ρ_r, ρ_r⟩ ( 1 + 8πe^2 3c^2 ⟨(−Δ + λ)^{−1}ρ_r, ρ_r⟩ m_r ) = − 3c^2m 8πe^2 , we have

lim_{r↓0} v_r⟨(−Δ + λ)^{−1}ρ_r, ρ_r⟩ = − 3c 8πe ( lim_{r↓0} ⟨ρ_r , (−Δ + λ)^{− 12} X_0⟩ + mc e q̇_0 ) . Since H_r converges in norm resolvent sense to H_m,

lim_{r↓0} ‖(H_r + λ)^{− 12} Mv_r ρ_r − (H_m + λ)^{− 12} X‖_2 = 0

if and only if lim_{r↓0} ‖(H_r + λ)^{− 12} (Mv_r ρ_r − X)‖_2 = 0 .

Moreover

‖(H_r + λ)^{− 12} (Mv_r ρ_r − X)‖^2 = ‖(−Δ + λ)^{− 12} (Mv_r ρ_r − X)‖^2 + Γ_r(λ)^{−1}⟨(−Δ + λ)^{−1}ρ_r, Mv_r ρ_r − X⟩^2 ,

so we have the sum of two positive terms, and therefore we need

lim_{r↓0} ‖(−Δ + λ)^{− 12} (Mv_r ρ_r − X)‖_2 = 0 .

Since v_r⟨(−Δ + λ)^{−1}ρ_r, ρ_r⟩ converges, and v_r converges to zero, we have

lim_{r↓0} ‖(−Δ + λ)^{− 12} Mv_r ρ_r‖_2 = 0 .

Therefore ‖(−Δ + λ)^{− 12} X‖_2 = 0, and so X = 0. This implies that v_r ⟨(−Δ + λ)^{−1}ρ_r, ρ_r⟩ needs to converge to zero, and so lim_{r↓0} ⟨ρ_r, (−Δ + λ)^{− 12} X_0⟩ = − mc e q̇_0 .

Theorem 2.8. Given X, X_0 ∈ L^2_∗(R^3), q̇_0 ∈ R^3, λ > λ_0, let

A^r_0 := (H_r + λ)^{− 12} X_0, v_r := q̇_0 + e m_rc ⟨ρ_r, A^r_0⟩ , let U_r(t) be the strongly continuous group on H^1_∗ (R^3) × L^2_∗(R^3) with generator [ 0 1 −c^2H_r 0 ] + 4πec [ 0 Mv_r ρ_r ] , and let U_m(t) be the strongly continuous group on D(F_m) × L^2_∗(R^3) with generator [ 0 1 −c^2H_m 0 ] + [ 0 X ] . Then ((H_r + λ)^{12} × 1) · U_r(t) · ((H_r + λ)^{− 12} × 1)

converges, strongly in L^2_∗(R^3) × L^2_∗(R^3), uniformly in t over compact intervals, to

((H_m + λ)^{12} × 1) · U_m(t) · ((H_m + λ)^{− 12} × 1)

if and only if

X = 0, lim_{r↓0} L_r(X_0) = q̇_0, lim_{r↓0} ⟨ρ_r , (−Δ + λ)^{− 12} X_0⟩ = − mc e q̇_0 . (2.8)

Proof. Let us at first prove that the theorem holds true for Ũ_r(t) and Ũ_m(t), the affine, strongly continuous, groups with generators [ 0 1 −c^2(H_r + λ) 0 ] + 4πec [ 0 Mv_r ρ_r ] , [ 0 1 −c^2(H_m + λ) 0 ] + [ 0 X ] . By functional calculus we have

Ũ_r(t) = Û_r(t) + 4πe

[_1

c (H_r + λ)^{−1}(1 − cos ct(H_r + λ)^{12} )Mv_r ρ_r (H_r + λ)^{− 12} sin ct(H_r + λ)^{12} Mv_r ρ_r ] ,

Û_r(t) := [ cos ct(H_r + λ)^12^1_c (H_r + λ)^{− 1}2 sin ct(H_r + λ)^12 −c(H_r + λ)^12 sin ct(H_r + λ)^12 cos ct(H_r + λ)^12 ] ,

Ũ_m(t) = Û_m(t) +

[_1

c2 (H_m + λ)^{−1}(1 − cos ct(H_m + λ)^{12} )X 1 c (H_m + λ)^{− 12} sin ct(H_m + λ)^{12} X ] ,

Û_m(t) := [ cos ct(H_m + λ)^{12 1}_c (H_m + λ)^{− 12} sin ct(H_m + λ)^{12} −c(H_m + λ)^12 sin ct(H_m + λ)^12 cos ct(H_m + λ)^12 ] . By norm resolvent convergence of H_r to H_m we have that

((H_r + λ)^{12} × 1) · Û_r(t) · ((H_r + λ)^{− 12} × 1)

converges, strongly in L^2_∗(R^3) × L^2_∗(R^3), uniformly in t over compact intervals, to

((H_m + λ)^{12} × 1) · Û_m(t) · ((H_m + λ)^{− 12} × 1) , and so we only need to study the behaviour of (H_r + λ)^{− 12} Mv_r ρ_r as r ↓ 0. The thesis then follows from the previous lemma. Let us now go back to U_r(t) and U_m(t). Putting Λ := [ 0 0 c^2λ 0 ] , define the non autonomous, affine, vector fields Λ_r(t) := Û_r(t)^{−1} · Λ · Ũ_r(t) , Λ_m(t) := Û_m(t)^{−1} · Λ · Ũ_m(t) , and let P_r(t, s) and P_m(t, s) be the corresponding evolution operators. Since ((H_r + λ)^{12} × 1) · Ũ_r(t) · ((H_r + λ)^{− 12} × 1) converges, strongly in L^2_∗(R^3) × L^2_∗(R^3), to ((H_m + λ)^{12} × 1) · Ũ_m(t) · ((H_m + λ)^{− 12} × 1) if and only if (2.8) holds, we have that ((H_r + λ)^{12} × 1) · Λ_r(t) · ((H_r + λ)^{− 12} × 1) converges, strongly in L^2_∗(R^3) × L^2_∗(R^3), to ((H_m + λ)^{12} × 1) · Λ_m(t) · ((H_m + λ)^{− 12} × 1) if and only if (2.8) holds. Therefore ((H_r + λ)^{12} × 1) · P_r(t, s) · ((H_r + λ)^{− 12} × 1) converges, strongly in L^2_∗(R^3) × L^2_∗(R^3), to ((H_m + λ)^{12} × 1) · P_m(t, s) · ((H_m + λ)^{− 12} × 1) if and only if (2.8) holds. Since U_r(t) = Ũ_r(t) · P_r(t, 0), U_m(t) = Ũ_m(t) · P_m(t, 0) , the proof is done.

We can now state our main result about the convergence of the solutions of the Maxwell–Lorentz system:

Corollary 2.9. Let (A_r , q_r ) ∈ C(R; H^1_∗(R^3) ×R^3) ∩ C^1(R; L^2_∗(R^3) ×R^3) be the mild solution of the Cauchy problem 1 c^2

Ä_r =ΔA_r + 4πe c Mq̇_r ρ_r m_rq̈_r = − e c ⟨ρ_r , Ȧ_r⟩ A_r(0) =(−Δ + λ)^{− 12} X_0 + 4πe c ML_r(X_0)(−Δ + λ)^{−1}ρ_r Ȧ_r(0) =Ȧ_0, q_r(0) = q_0, q̇_r(0) = q̇_0 ,

(2.9) with λ > λ_0, Ȧ_0 ∈ L^2_∗(R^3), and with X_0 ∈ L^2_∗(R^3) such that lim_{r↓0} L_r(X_0) = q̇_0, lim_{r↓0} ⟨ρ_r, (−Δ + λ)^{− 12} X_0⟩ = − mc e q̇_0 . (2.10)

Then ∀T > 0 lim_{r↓0} sup_{|t|≤T} ‖(H_r + λ)^{12} A_r(t) − (H_m + λ)^{12} A(t)‖_2 = 0, lim_{r↓0} sup_{|t|≤T} ‖Ȧ_r (t) − Ȧ(t)‖_2 = 0, lim_{r↓0} sup_{|t|≤T} |q̇_r(t) − Q_{A(t)}| = 0 ,

(2.11)

where A ∈ C(R; D(F_m))∩C^1(R; L^2_∗(R^3)) is the mild solution of the Cauchy problem 1 c^2 Ä = −H_mA A(0) = (−Δ + λ)^{− 12} X_0 + 4πe c Mq̇_0G_λ Ȧ(0) = Ȧ_0 .

(2.12)

Moreover if X_0 does not satisfy the relations (2.10) then there is no convergence of the A_r’s.

Remark 2.10. If in the corollary 2.9 we are concerned with strict solutions of (2.9), i.e. if A_r (0) = (H_r + λ)^{−1}Y_0, Ȧ_0 = (H_r + λ)^{− 12} Ẏ_0, Y_0, Ẏ_0 ∈ L^2_∗(R^3), then, by remark 2.7, the (2.11)’s hold under the condition

(−Δ + λ)^{−1}Y_0(0) = 4πe c Γ_m(λ)q̇_0 , and A(t) is now the strict solution of (2.12) with initial data

A(0) = (−Δ + λ)^{−1}Y_0 + 4πe c Mq̇_0G_λ, Ȧ(0) = (H_m + λ)^{− 12} Ẏ_0 .

Proof of corollary 2.9. The assertions about the convergence of the A_r ’s immediately follows from the previous theorem equating the initial data q̇_0, X_0 to the elements defining the vector v_r. Let us now prove the convergence of the q_r’s. Let C_r(t), S_r(t) and C_m(t), S_m(t) be the cosine and the sine operator functions of c^2H_r and c^2H_m respectively. Then

A_r(t) = C_r(t)(H_r + λ)^{− 12} X_0 + S_r(t)Ȧ_0 + 4πec ∫_t 0 S_r(s)Mv_r ρ_rds ≡ (H_r + λ)^{− 12} X_r(t) , where

X_r (t) := C_r(t)X_0 + (H_r + λ)^{12} ( S_r(t)Ȧ_0 + 4πec ∫_t 0 S_r(s)Mv_r ρ_rds ) , and A(t) = C_m(t)(H_m + λ)^{− 12} X_0 + S_m(t)Ȧ_0 ≡ (H_m + λ)^{− 12} X(t) ,

where X(t) := C_m(t)X_0 + (H_m + λ)^{12} S_m(t)Ȧ_0 .

By the previous theorem

lim_{r↓0} sup_{|t|≤T} ‖X_r(t) − X(t)‖_2 = 0 .

Since q̇_r(t) = − e m_rc ⟨ρ_r , A_r(t)⟩ + v_r

= − e c ⟨ρ_r , (−Δ + λ)^{− 1}2 X_r (t)⟩ m_r − 8πe^2 3c^2

L_r(X_r (t)) ⟨(−Δ + λ)^{−1}ρ_r, ρ_r⟩ m_r + v_r ,

the thesis follows from lim_{r↓0} v_r = 0,

lim_{r↓0} sup_{|t|≤T} | | | | ⟨ρ_r, (−Δ + λ)^{− 1}2 X_r(t)⟩ m_r | | | | = 0 ,

lim_{r↓0} sup_{|t|≤T} |L_r(X_r (t)) − L_m(X(t))| = 0 ,

lim_{r↓0} ⟨(−Δ + λ)^{−1}ρ_r, ρ_r⟩ m_r = − 3c^2 8πe^2 .

In the next theorem we study the case in which no mass renormalization is done, i.e. m_r =const. By abuse of notation we will denote such a constant by the symbol m. In this situation we prove that the limit dynamics is trivial ( As regards the particle dynamics, and for zero initial data for the field, the same result already appeared in [BN] ).

Theorem 2.11. Let (A_r , q_r) ∈ C(R; H^2_∗(R^3) × R^3) ∩ C^2(R; L^2_∗(R^3) × R^3) be the strict solution of the Cauchy problem 1 c^2

Ä_r =ΔA_r + 4πe c Mq̇_r ρ_r mq̈_r = − e c ⟨ρ_r, Ȧ_r ⟩ A_r (0) =A_0 ∈ H^2_∗ (R^3), Ȧ_r(0) = Ȧ_0 ∈ H^1_∗ (R^3), q_r(0) = q_0, q̇_r(0) = q̇_0 .

Then ∀T > 0 lim_{r↓0} sup_{|t|≤T} ‖A_r(t) − A_f (t)‖_2 = 0 ,

lim_{r↓0} sup_{|t|≤T} |q_r(t) − q_0| = 0 ,

(2.13) where A_f is the solution of the free wave equation with the same initial data A_0, Ȧ_0.

Proof. By remark 2.2 H_r converges in norm resolvent sense to −Δ. Therefore, proceeding as in thm. 2.8, the first formula in (2.13) follows from

lim_{r↓0} ‖(H_r + λ)^{−1}Mv_r ρ_r‖_2

= lim_{r↓0} ( 1 + 2 3 Γ_r(λ)^{−1}⟨(−Δ + λ)^{−1}ρ_r, ρ_r⟩ ) ‖(−Δ + λ)^{−1}Mv_r ρ_r‖_2 = 0 .

Since, if t ≥ 0,

q_r(t) =q_0 + v_rt − e mc ∫_t 0 ⟨ρ_r, A_r (s)⟩ds =q_0 + v_rt − e mc ( 1 2πi ∫_{x+i∞} x−i∞ 1 c^2 e^{zt}⟨ρ_r, (H_r + (z/c)^2)^{−1}A_0⟩ dz + 1 2πi ∫_{x+i∞} x−i∞ 1 c^2 e^{zt} 1 z ⟨ρ_r, (H_r + (z/c)^2)^{−1}Ȧ_0⟩ dz + 4πec 1 2πi ∫_{x+i∞} x−i∞ 1 c^2 e^{zt} 1 z^2 ⟨ρ_r, (H_r + (z/c)^2)^{−1}Mv_r ρ_r⟩ dz ) , by lim_{r↓0} ⟨ρ_r, (H_r + z^2)^{−1}X⟩

= lim_{r↓0} ( 1 + 2 3 Γ_r(z^2)^{−1}⟨(−Δ + z^2)^{−1}ρ_r, ρ_r⟩ ) ⟨ρ_r , (−Δ + z^2)^{−1}X⟩ = 0 ,

X ∈ L^2_∗(R^3), −z^2 ∈ ρ(H_m), by

lim_{r↓0} v_r = q̇_0 + lim_{r↓0} e mc ⟨ρ_r, A_0⟩ = q̇_0 + e mc A_0(0) , by lim_{r↓0} ⟨ρ_r , (H_r + z^2)^{−1}Mv_r ρ_r⟩ = mc^2 4πe^2 ( q̇_0 + e mc A_0(0) ) , and by Lebesgue dominated convergence theorem, we obtain

lim_{r↓0} sup_{|t|≤T} |q_r(t) − q_0| = 0 ,

and the proof is done.

3. The limit dynamics.

The results in corollary 2.9 induce us to declare that the system 1 c^2 Ä = −H_mA q̇ = Q_A A(0) = A_0 ∈ D(F_m), Q_{A0} = q̇_0, Ȧ(0) = Ȧ_0 ∈ L^2_∗(R^3), q(0) = q_0 .

(3.1)

describes the classical electrodynamics of a point charged particle in the dipole approximation.

Remark 3.1. The equations (3.1) strongly suggest what could be the point limit of the non linear complete Maxwell–Lorentz system 1 c^2 Ä =ΔA + 4πe c Mq̇ρ_q d dt m_0γ_{q̇}q̇ = − e c ∫ R3 ρ_q(x)Ȧ(x) dx + e c q̇ ∧ ∫ R3 ρ_q(x)curl A(x) dx A(0) =A_0, Ȧ(0) = Ȧ_0, q(0) = q_0, q̇(0) = q̇_0 ,

where γ_{q̇} := (1 − |q̇|^2/c^2)^{−1/2}, and ρ_q(x) := ρ(x − q). In such a general case we conjecture the limit equations 1 c^2 Ä(t) = −H_{m,q(t)}A(t) q̇(t) = Φ(Q_{A(t)}) A(0) = A_0 ∈ D(F_m(0)), Q_{A0} = q̇_0, Ȧ(0) = Ȧ_0 ∈ L^2_∗(R^3), q(0) = q_0 ,

(3.2)

for some vector field Φ. Here H_{m,q(t)} is the time–dependent self–adjoint operator with resolvent given by

(H_{m,q(t)} + λ)^{−1} = (−Δ + λ)^{−1} + Γ_m(λ)^{−1}M · G_{λ,q(t)} ⊗ G_{λ,q(t)} ,

where G_{λ,y}(x) := 1 4π e^{−√λ|x−y|} |x − y| . Let us remark that the non linear system (3.2) poses a non trivial mathematical problem. Indeed, since neither the form domain D(F_m(t)) of H_{m,q(t)} is time– independent, nor the resolvent (H_{m,q(t)} + λ)^{−1} is a regular function w.r.t. t, we can not use known general results in order to prove that (3.2) has a solution. The results in [DFT] will be surely useful for this point.

The next theorem gives us the solution of (3.1).

Theorem 3.2. Let C_m(t), S_m(t) the cosine and the sine operator functions of c^2H_m and let C_0(t), S_0(t) the cosine and the sine operator functions of −c^2Δ. Then, ∀t ≥ 0,

C_m(t) = C_0(t) + M · K_1(t) + c √ λ_0M · K_2(t) , S_m(t) = S_0(t) + M · K_2(t) , where

K_1(t)A(x) = 3 8π θ(ct − |x|) |x| 1 ct − |x| ∫ S_{ct−|x|} A(y)dμ_{ct−|x|}(y) , and K_2(t) is the Hilbert–Schmidt operator with kernel given by

K_2(t; x, y) = 3 8πc 1 |x| |y| θ(ct − |x| − |y|) exp √ λ_0(ct − |x| − |y|) . Here θ denotes the Heaviside function. Moreover Ċ_m(t), which is defined on D(F_m), is given by

Ċ_m(t) = Ċ_0(t) + c √ λ_0M · K_1(t) + c^2λ_0M · K_2(t) + cM · K_1(t) · ∇_r + M · K_3(t) ,

where ∇_r denotes the radial derivative and

K_3(t)A(x) = − c ct − |x| K_1(t)A(x) .

Proof. By the explicit expression for the resolvent of H_m we have C_m(t) = C_0(t) + M · K(t) where K(t) has a Laplace transform given by the integral operator with kernel K̃(z; x, y) = z c^2

Γ_m(z^2/c^2)G_z2_{/c}2 (x)G_z2_{/c}2 (y) = 3 8πc 2ze^2 −3mc^3 + 2e^2z 1 |x| |y| exp − z c (|x| + |y|) = 3 8π ( 1 c + 3mc^2 2e^2

2e^2 −3mc^3 + 2e^2z ) 1 |x| |y| exp − z c (|x| + |y|) . Since ( here we use the same trick as in [ABD, §3.1] )

2e^2 −3mc^3 + 2e^2z exp − z c (|x| + |y|) =

= exp −^z_c (|x| + |y|) z + 3mc^2 2e^2 ∫_∞ 0 exp 3mc^2 2e^2 s exp −^z_c (|x| + |y| + s) z ds , since δ_{t−s} and θ(t − s) are the inverse Laplace transforms of e^{−zs} and (1/z)e^{−zs} respectively, and since θ(ct − |x| − |y|) + 3mc^2 2e^2 ∫_∞ 0 exp 3mc^2 2e^2 s θ(ct − |x| − |y| − s)ds =

= θ(ct − |x| − |y|) exp 3mc^2 2e^2 (ct − |x| − |y|) , the statements about C_m(t) and Ċ_m(t) then readily follows. By the definition of S_m(t) the proof is then concluded by straightforward calculations.

Suppose now that A_0 ∈ D(F_m), Ȧ_0 ∈ L^2_∗(R^3) are such that Q_{A0} = q̇_0, A_λ(r, θ, ϕ) ≡ A_0(r, θ, ϕ) − 4πe c Mq̇_0G_λ(r) = A^1_λ(r)A^2_λ(θ, ϕ) , and Ȧ_0(r, θ, ϕ) = Ȧ^1_0(r)Ȧ^2_0(θ, ϕ)

( here we are using spherical coordinates ). Then, if ⟨·⟩ denotes the spherical mean,

K_1(t)A_0(x) = ( 3 2 (ct − |x|)⟨A^2_λ⟩A^1_λ(ct − |x|) + e c q̇_0 e^− √ λ(ct−|x|) ) θ(ct − |x|) |x| ,

K_2(t)A_0(x) = ( 3 2c ⟨A^2_λ⟩e^{√λ0(ct−|x|)} ∫_{ct−|x|} 0 A^1_λ(r)e^{−√λ0r}rdr − e c^2 q̇_0 1 √ λ_0 + √ λ ( e^− √ λ(ct−|x|) − e √ λ0(ct−|x|) )) θ(ct − |x|) |x| ,

K_2(t)Ȧ_0(x) = ( 3 2c ⟨Ȧ^2_0⟩e^{√λ0(ct−|x|)} ∫_{ct−|x|} 0 Ȧ^1_0(r)e^{−√λ}0^rrdr ) θ(ct − |x|) |x| . Since C_0(t)A_λ + S_0(t)Ȧ_0 ∈ H^1_∗ (R^3), since

C_0(t)Mq̇_0G_λ = Mq̇_0Φ_λ(t) ,

where Φ_λ(t, x) = λ 4π ∫ B_{ct}(x) G_λ(y) |x − y| dy − 1 4π θ(ct − |x|) |x| + G_λ(x) ,

B_r(x) := { y : |x − y| < r }, we have that C_0(t)A_0 + S_0(t)Ȧ_0 gives no contribution to Q_{A(t)}, and so

Q_{A(t)} =

3c^2 2e t ⟨A^2_λ⟩A^1_λ(ct) + q̇_0e^− √ λct + 3c √ λ_0 2e ⟨A^2_λ⟩e^{√λ0ct} ∫_{ct} 0 A^1_λ(r)e^{−√λ0r}rdr − q̇_0 √ λ_0 √ λ_0 + √ λ ( e^− √ λct − e^{√λ0ct} )

+ 3 2e ⟨Ȧ^2_0⟩e^{√λ0ct} ∫_{ct} 0 Ȧ^1_0(r)e^{−√λ}0^rrdr . (3.3) Let us now consider strict solutions, i.e. we suppose that A_0 ∈ D(H_m), Ȧ_0 ∈ D(F_m). Then

A_λ(0) = ⟨A^2_λ⟩A^1_λ(0) = 4πe c Γ_m(λ)q̇_0 = 3c 2e ( √ λ − √ λ_0)q̇_0 , Ȧ_λ(r, θ, ϕ) ≡ Ȧ_0(r, θ, ϕ) − 4πe c MQ_{Ȧ0} G_λ(r) = Ȧ^1_λ(r)Ȧ^2_λ(θ, ϕ) , and Q_{A(t)} =

3c^2 2e t ⟨A^2_λ⟩A^1_λ(ct) + q̇_0e^− √ λct + 3c √ λ_0 2e ⟨A^2_λ⟩e^{√λ0ct} ∫_{ct} 0 A^1_λ(r)e^{−√λ0r}rdr − q̇_0 √ λ_0 √ λ_0 + √ λ ( e^− √ λct − e^{√λ0ct} )

+ 3 2e ⟨Ȧ^2_λ⟩e^{√λ0ct} ∫_{ct} 0 Ȧ^1_λ(r)e^{−√λ}0^r rdr − Q^{Ȧ0} c 1 √ λ_0 + √ λ ( e^− √ λct − e^{√λ0ct} ) . (3.4) Moreover A ∈ C^1(R; D(F_m)), Q_A ∈ C^1(R; R^3), and

Q_{Ȧ(t)} = d dt Q_{A(t)} = c √ λ_0Q_{A(t)} − c √ λq̇_0e^− √ λct + 3c^2 2e ⟨A^2_λ⟩A^1_λ(ct) + 3c^3 2e t ⟨A^2_λ⟩ d dr A^1_λ(ct) + Q_{Ȧ0} e^− √ λct + 3c^2 2e ⟨Ȧ^2_λ⟩Ȧ^1_λ(ct) .

(3.5)

These results, and the classical Kirchhoff formula for the solution of the free wave equation, give us the following Theorem 3.3. Let A ∈ C(R; D(F_m)) ∩ C^1(R; L^2_∗(R^3)) be the mild solution of the Cauchy problem 1 c^2 Ä = −H_mA A(0) = A_0 ∈ D(F_m), Q_{A0} = q̇_0, Ȧ(0) = Ȧ_0 ∈ L^2_∗(R^3) .

Then A(t) = A_f (t) + 4πe c MA_δ (t), where A_f (t) is the solution of the free wave equation with initial data A_0, Ȧ_0, and A_δ(t, x) = 1 4π θ(ct − |x|) |x| Q_{A(t−|x|/c)} .

Moreover if A_0 ∈ D(H_m) and Ȧ_0 ∈ D(F_m), i.e. if we are dealing with strict solutions, then Q_A ∈ C^1(R; R^3), and it solves the Cauchy problem

Q̇_{A(t)} = c √ λ_0Q_{A(t)} +

3c^2 2e A_f (t, 0)

Q_{A(0)} = q̇_0 .

Remark 3.4. Let us note that in the above Cauchy problem the function t → A_f (t, 0) is well defined for any t > 0, and, by (3.4) and the Kirchhoff formula, one has lim_{t↓0} A_f (t, 0) = 2e 3c^2 ( Q_{Ȧ0} − c √ λ_0q̇_0 ) .

Remark 3.5. One can rephrase the previous theorem saying that the strict solution of the Cauchy problem 1 c^2 Ä = −H_mA A(0) = A_0 ∈ D(H_m ), Q_{A0} = q̇_0, Ȧ(0) = Ȧ_0 ∈ D(F_m)

coincides with the first component of (A, Q), the solution of 1 c^2

Ä = ΔA + 4πe c MQδ_0 Q̇(t) = c √ λ_0Q(t) +

3c^2 2e A_f (t, 0) A(0) = A_0 ∈ D(H_m), Q_{A0} = q̇_0, Ȧ(0) = Ȧ_0 ∈ D(F_m), Q(0) = q̇_0 .

Moreover if A_λ ∈ H^3_∗ (R^3), and Ȧ_λ ∈ H^2_∗ (R^3), then, by (3.5), Q_A ∈ C^2(R; R^3) and one obtains, defining q(t) := q_0 + ∫_t 0 Q_{A(s)}ds , the Abraham–Lorentz–Dirac equation −mτ_0 ...q

(t) + mq̈(t) = − e c Ȧ_f (t, 0)

q(0) = q_0, q̇(0) = q̇_0, q̈(0) = Q_{Ȧ0} ,

where τ_0 :=

2e^2 3mc^3 . Observe that −^e_c Ȧ_f (t, 0) is nothing but the ( linearized ) Lorentz force due to the free field evaluated at x = 0. Moreover let us point out that the relation q̈(0) = Q_{Ȧ0} , as the correct initial acceleration for the Abraham–Lorentz–Dirac equation, already appeared in [B].

Acknowledgments

We profited from discussions with D.Bambusi, G.F.Dell’Antonio, L.Galgani, and A.Teta.

References

[ABD] Albeverio S., Brzeźniak Z., Dabrowski L.: Fundamentals Solutions of the Heat and Schrödinger Equations with Point Interactions. J. Funct. Anal. 130 (1995), 220–254 [AGHH] Albeverio S., Gesztesy F., Høegh–Krohn R., Holden H.: Solvable Models in Quantum Mechanics. New York: Springer–Verlag 1988 [A] Arai A.: Rigorous Theory of Spectra and Radiation for a Model in Quantum Electrodynamics. J. Math. Phys. 24 (1983), 1896–1910 [B] Bambusi D.: A Proof of the Lorentz–Dirac Equation for Charged Point Particles. Preprint Univ. Milano 1996 [BG] Bambusi D., Galgani L.: Some Rigorous Results on the Pauli–Fierz Model of Classical Electrodynamics. Ann. Inst. H.Poincaré 58A (1993), 155–171 [BN] Bambusi D., Noja D.: Classical Electrodynamics of Point Particles and Mass Renormalization. Some Preliminary Results. To appear in Lett. Math. Phys. [Be] Bethe H.A.: The Electromagnetic Shift of Energy Levels. Phys. Rev. 72 (1947), 339–341 [Bl] Blanchard P.: Discussion Mathematique du Modèle de Pauli–Fierz relatif au Catastrophe Infrarouge. Commun. Math. Phys. 15 (1969), 156–172 [CN] Coleman S., Norton R.E.: Runaway Modes in Model Field Theory. Phys. Rev. 125 (1962), 1422–1428 [DFT] Dell’Antonio G.F., Figari R., Teta A.: Diffusion of a Particle in Presence of N Moving Point Sources. Preprint Univ. di Roma “La Sapienza” 1996 [D] Dirac P.A.M.: Classical Theory of Radiating Electrons. Proc. Roy. Soc. A167 (1938), 148–168 [F] Fattorini H.O.: Second Order Linear Differential Equations in Banach Spaces. Amsterdam: North–Holland 1985 [H] Heitler W.: The Quantum Theory of Radiation. Oxford: Clarendon 1950 [K] Kijowski J.: Electrodynamics of Moving Particles. Gen. Rel. Grav. 26 (1994), 167–201 [Ki] Kisyńsky J.: On the Cosine Operator Functions and One–Parameter Groups of Operators. Studia Math. 44 (1972), 93–105 [Kr] Kramers H.A.: Nonrelativistic Quantum Electrodynamics and the Correspondence Principle, in: R. Stoops (ed.), Rapports et Discussions du Huitieme conseil de Physique Solvay. Brussels 1950 [L] Lorentz H.A.: The Theory of Electrons ( 2nd edition). New York: Dover 1952 [PF] Pauli W., Fierz M.: Zur Theorie der Emission langwelliger Lichtquanten. Nuovo Cimento 15 (1938), 168–188 [S1] Sova M.: Cosine Operator Functions. Dissertationes Math. 49 (1966), 1–47 [S2] Sova M.: Semigroups and Cosine Functions of Normal Operators in Hilbert Spaces. Časopis Pešt. Mat. 93 (1968), 386–421 [VK] VanKampen N.G.: Contributions to the Quantum Theory of Light Scattering. Kgl. Danske. Videnskab. Selskab, Mat. Fys. Medd 26 (1951), No.15 [T] Teta A.: Quadratic Forms for Singular Perturbations of the Laplacian. Publ. RIMS Kyoto Univ. 26 (1990), 803–819