THE HARDY INEQUALITY AND NONLINEAR PARABOLIC EQUATIONS ON CARNOT GROUPS

ISMAIL KOMBE

Abstract. In this paper we shall investigate the nonexistence of positive solutions for the following nonlinear parabolic partial differential equation: ∂u ∂t = Δ_{G,p}u + V (x)u^{p−1} in Ω × (0, T ), 1 < p < 2, u(x, 0) = u_0(x) ≥ 0 in Ω, u(x, t) = 0 on ∂Ω × (0, T )

where Δ_{G,p} is the p-sub-Laplacian on Carnot group G and V ∈ L^1_{loc}(Ω).

1. Introduction

In this paper we study the nonexistence of positive solutions for the following nonlinear degenerate parabolic equation:

(1.1) ∂u ∂t = Δ_{G,p} u + V (x)u^{p−1} in Ω × (0, T ), u(x, 0) = u_0(x) ≥ 0 in Ω, u(x, t) = 0 on ∂Ω × (0, T ).

Here Ω is a bounded domain with smooth boundary in G, V ∈ L^1_{loc}(Ω) and 1 < p < 2. The nonlinear operator

(1.2) Δ_{G,p} u = ∇_G · (|∇_Gu|^{p−2}∇_Gu)

is the sub-p-Laplacian on Carnot group G.

It is well known that Euclidean space R^n with its usual Abelian group structure is a trivial Carnot group and the problem (1.1) has been studied by Goldstein and Kombe [20] on R^n. In this case we should also mention that the problem (1.1) with the potential V (x) =^c_{|x|p} has been studied in great detail by Garcia and Peral [16], and by Aguilar and Peral [1]. Recently, Goldstein and Kombe [21] extended the results in [20] to the Heisenberg group H^n which is the simplest non-commutative Carnot group.

It turns out that nonexistence of positive solutions that kind of problems largely depends on the size of bottom of the normalized p-energy form

(1.3) σ^p_{inf} (V ) := inf_{0≢ϕ∈C∞0 (Ω)} ∫ Ω |∇_Gϕ|^pdx − ∫ Ω V |ϕ|^pdx ∫ Ω |ϕ|^pdx

and the range of p. This was discovered by Cabré and Martel [8] for p = 2 in Euclidean space R^n which was a nice generalization of Baras and Goldstein result [4]. The observation of Cabré and Martel [8] used to get additional results on nonexistence of positive solutions

Date: April 3, 2004.

Key words and phrases. nonlinear parabolic equations, positive solutions, Hardy-type inequality. AMS Subject Classifications: 35K65,35R05, 22E30, 26D10 . 1

for wide class of linear and nonlinear parabolic problems on Euclidean space R^n and the Heisenberg group H^n ( see [18], [19], [20], [21], [23], [26], and [27]).

The purpose of this paper is to investigate nonexistence of positive solutions of the problem(1.1) on more general Carnot group G and our results recover the previous results [20], [21]. We considered singular potentials V (x) = c/|x|^p and V (z, l) = c|z|^p/(|z|^4 + l^2)^{p/2} in [20] and [21], respectively. These potentials appear in the Hardy’s inequality on Euclidean space R^n and the Heisenberg group H^n, respectively. It is natural to investigate such a singular potential for the problem (1.1) on more general Carnot groups and we shall first prove a Hardy type inequality on polarizable Carnot groups.

The plan of the paper is as follows. In section 2 we recall the basic properties of Carnot group G and some well known results that will be used in the sequel. In section 3 we prove L^p− Hardy inequality on polarizable Carnot groups. Finally, in Section 4 we study problem (1.1).

2. Carnot group

A Carnot group ( see [2], [3], [13], [14], [15], [31] and [34]) is a connected, simply connected, nilpotent Lie group G ≡ (R^n, ·) whose Lie algebra G admits a stratification. That is, there exist linear subspaces V_1, ..., V_k of G such that

(2.1) G = V_1 ⊕ ... ⊕ V_k, [V_1, V_i] = V_{i+1}, for i = 1, 2, ..., k − 1 and [V_1, V_k] = 0

where [V_1, V_i] is the subspace of G generated by the elements [X, Y ] with X ∈ V_1 and Y ∈ V_i. This defines a k-step Carnot group and integer k ≥ 1 which is called the step of G. Via the exponential map, it is possible to induce on G a family of automorphisms of the group, called dilations, δ_λ : R^n −→ R^n(λ > 0) such that

δ_λ(x_1, ..., x_n) = (λ^{α1} x_1, ..., λ^{αn} x_n)

where 1 = α_1 = ... = α_m < α_{m+1} ≤ ... ≤ α_n are integers and m = dim(V_1).

The group law can be written in the following form

(2.2) x · y = x + y + P (x, y), x, y ∈ R^n

where P : R^n × R^n −→ R^n has polynomial components and P_1 = ... = P_m = 0. Note that the inverse x^{−1} of an element x ∈ G has the form x^{−1} = −x = (−x_1, .... − x_n).

Let X_1, ..., X_m be a family of left invariant vector fields that is an orthonormal basis of V_1 ≡ R^m at the origin, that is, X_1(0) = ∂_{x1} , ..., X_m(0) = ∂_{xm} . The vector fields X_j have polynomial coefficients and can be assumed to be of the form

X_j (x) = ∂_j + n∑ i=j+1

a_{ij}(x)∂_i, X_j (0) = ∂_j, j = 1, ..., m,

where each polynomial a_{ij} is homogeneous with respect to the dilations of the group, that is a_{ij}(δ_λ(x)) = λ^{αi−αj} a_{ij}(x). The horizontal gradient on G is the vector valued operator

∇_G = (X_1, ..., X_m)

where X_1, ..., X_m are the generators of G.

The nonlinear operator Δ_{G,p} u = ∇_G · (|∇_Gu|^{p−2}∇_Gu) is the sub-p-Laplacian on Carnot group G. If p = 2 then we have sub-Laplacian

Δ_G = m∑ j=1 X^2_j

which is a second-order partial differential operator on G. The fundamental solution u for Δ_G is defined to be a weak solution to the equation

−Δ_Gu = δ

where δ denotes the Dirac distribution with singularity at the neutral element 0 of G. In [13], Folland proved that in any Carnot group G, there exists a homogeneous norm N such that u = N^{2−Q} is a fundamental solution for Δ_G ( see also [6]).

We now set

(2.3) N(x) := { u^{12−Q} if x ≠ 0, 0 if x = 0.

We recall that a homogeneous norm on G is a continuous function N : G −→ [0, ∞) smooth away from the origin which satisfies the conditions : N(δ_λ(x)) = λN(x), N(x^{−1}) = N(x) and N(x) = 0 iff x = 0.

The curve γ : [a, b] ⊂ R −→ G is called horizontal if its tangents lie in V_1, i.e, γ^′(t) ∈ span{X_1, ..., X_m} for all t. Then, the Carnot-Caréthedory distance d_{CC} (x, y) between two points x, y ∈ G is defined to be the infimum of all horizontal lengths

∫_b a ⟨γ^′(t), γ^′(t)⟩^{1/2}dt over all horizontal curves γ : [a, b] −→ G such that γ(a) = x and γ(y) = b. Notice that d_{CC} is a homogeneous norm and satisfies the invariance property

d_{CC} (z · x, z · y) = d_{CC} (x, y), ∀ x, y, z ∈ G, and is homogeneous of degree one with respect to the dilation δ_λ, i.e.

d_{CC} (δ_λ(x), δ_λ(y)) = λd_{CC} (x, y), ∀ x, y, z ∈ G, ∀ λ > 0.

The Carnot-Carethédory balls are defined by B(x, R) = {y ∈ G|d_{CC} (x, y) < R}. The n-dimensional Lebesgue measure L^n, is the Haar measure of group G. This means that if E ⊂ R^n is a measurable, then L^n(x · E) = L^n(E) for all x ∈ G. Moreover, if λ > 0 then L^n(δ_λ(E)) = λ^QL^n(E). Clearly

L^n ( B(x, R) ) = R^QL^n ( B(x, 1) ) = R^QL^n ( B(0, 1) ) where Q = k∑ j=1 j(dimV_j)

is the homogeneous dimension of G.

It is well known that Sobolev inequalities are important in the study of partial differential equations, especially in the study of those arising from geometry and physics. The following Sobolev inequality holds on G

(2.4) ( ∫ G |ϕ(x)|^qdx

)_{1/q} ≤ C_{p,q} ( ∫ G |∇_Gϕ(x)|^pdx

)_{1/p} where 1 ≤ p < Q, q =^{Qp}_{Q−p} ( see [13], [35] ) and plays a crucial role in this paper.

Example 1. The simplest non trivial example of Carnot group is given by the Heisenberg group H^n. Denoting points in H^n by (z, t) with z = (z_1, ..., z_n) ∈ C^n and t ∈ R we have the group law given as

(z, t) ∘ (z^′, t^′) = (z + z^′, t + t^′ + 2 n∑ j=1 Im(z_jz̄^′_j))

With the notation z_j = x_j + iy_j, the horizontal space V_1 is spanned by the basis

X_j = ∂ ∂x_j

+ 2y_j ∂ ∂t and Y_j = ∂ ∂y_j

− 2x_j ∂ ∂t . The one dimensional center V_2 is spanned by the vector field T =^∂_{∂t} . We have the commutator relations [X_j , Y_j] = −4T , and all other brackets of {X_1, Y_1, ..., X_n, Y_n} are zero. The sub-Laplacian associated with the basis {X_1, Y_1, ..., X_n, Y_n} is the operator

Δ_Hn = n∑ j=1 (X^2_j + Y^2_j ).

A homogeneous norm on H^n is given by ρ = |(z, t)| = (|z|^4 + t^2)^{1/4} and the homogeneous dimension of H^n is Q = 2n + 2.

A remarkable analogy between sub-Laplacian and the classical Laplace operator has been obtained by Folland [12]. He found that the fundamental solution of −Δ_Hn with pole zero is given by

Ψ(z, t) = c_Q ρ(z, t)^{Q−2} where c_Q =

2^{(Q−2)/2}Γ((Q − 2)/4)^2 π^{Q/2} . Example 2. Another important model of Carnot groups are the H -type (Heisenberg type) groups which were introduced by Kaplan [25] as direct generalizations of the Heisenberg group H^n. An H -type group is a Carnot group with a two-step Lie algebra G = V_1 ⊕ V_2 and an inner product ⟨, ⟩ in G such that the linear map J : V_2 −→ EndV_1, defined by the condition ⟨J_z(u), v⟩ = ⟨z, [u, v]⟩, u, v ∈ V_1, z ∈ V_2 satisfies J^2_z = −||z||^2Id for all z ∈ V_2, where ||z||^2 = ⟨z, z⟩.

Sub-Laplacian is defined in terms of a fixed basis X_1, ..., X_m for V_1:

(2.5) Δ_G = m∑ i=1 X^2_i .

The exponential mapping of a simply connected Lie group is an analytic diffeomorphism. One can then define analytic mappings v : G −→ V_1 and z : G −→ V_2 by x = exp(v(x) + z(x)) for every x ∈ G. In [25], Kaplan proved that there exists a constant c > 0 such that the function Φ(x) = c ( |v(x)|^4 + 16|z(x)|^2

) 2−Q_4

is a fundamental solution for the operator −Δ_G. We note that

(2.6) K(x) = ( |v(x)|^4 + 16|z(x)|^2

) 1_4

defines a homogeneous norm and Q = m + 2k is the homogeneous dimension of G where m =dimV_1 and k =dimV_2. This result generalized Folland’s fundamental solution for the Heisenberg group H^n [12]. It is remarkable that the homogeneous norm K(x) (2.6) involves also in the expression of fundamental solution of the following p−sub-Laplace operator

(2.7) L_pu = m∑ i=1 X_i(|Xu|^{p−2}X_iu), 1 < p < ∞.

More precisely, Capogna, Danielli and Garofalo proved that for every 1 < p < ∞ there exists c_p > 0 and c̃_p < 0 such that the function

(2.8) Γ_p(x) = { c_pK^{(p−Q)/(p−1)} when p ≠ Q, c̃_p log K when p = Q, is a fundamental solution for the operator −L_p [9]. This nice result immediately motivate the following question: Is it possible to find explicit formulas for the fundamental solutions to the sub-p−Laplacian on more general Carnot groups? An interesting result in this direction has been obtained by Balogh and Tyson [2]. They found explicit formulas for the fundamental solutions to the sub-p−Laplacian on polarizable Carnot goups.

3. Poloraziable Carnot groups and Hardy type inequality Polarizable Carnot group. A Carnot group G is called polarizable if the homogeneous norm N = u^{1/(2−Q)}, associated to Folland’s solution u for the sub-Laplacian Δ_G, satisfies the following ∞- sub-Laplace equation,

(3.1) Δ_{G,∞}N := 1 2 ⟨∇_G(|∇_GN|^2), ∇_GN⟩ = 0, in G \ {0}.

In [2], Balogh and Tyson proved that the fundamental solutions of the sub-p-Laplacian (3.2) Δ_{G,p}f = div(|∇_Gf|^{p−2}∇_Gf), f ∈ C^2(G), is given by

(3.3) u_p = { N^{p−Qp−1} , if p ≠ Q −logN, if p = Q.

Moreover, for each 1 < p < ∞ there exists a constants c_p > 0 so that the function c_pu_p solves the equation −Δ_p(c_pu_p) = δ in the sense of distributions. This class of groups is the largest class for which the fundamental solution of the sub-p-Laplacian (3.2) is given by (3.3) [2].

It is known that Euclidean space, Heisenberg group and the Kaplan’s H-type group are polarizable Carnot group. Further information about polarizable Carnot groups can be found in [2].

Hardy-type inequalities. To motivate our results, let us recall the following L^p− Hardy inequality in Euclidean space R^n:

(3.4) ∫ R^n

|∇ϕ(x)|^pdx ≥ | n − p p |^p ∫ R^n

|ϕ(x)|^p |x|^p dx where ϕ ∈ C^∞_0 (R^n \ {0}) and |^{n−p}_p |^p is the best constant. The inequality was discovered by Hardy [24] in the one-dimensional case. Later on it has been extended to higher dimensions and generalized involving various kinds of distance functions in Euclidean space (see [5], [32] and the references therein)

In recent years there has been considerable progress in the study of Hardy-type inequalities on sub-Rimeannian spaces. The following inequality is the analogue of the inequality (3.4) on the Heisenberg group H^n

(3.5) ∫ H^n

|∇_Hn ϕ(z, l)|^pdzdl ≥

(Q − p p )_p ∫

H^n

|z|^p (|z|^4 + l^2)^p2

|ϕ(z, l)|^pdzdl

where Q = 2n + 2, 1 < p < Q and ϕ ∈ C^∞_0 (R^n \ {0}). The inequality (3.5) was first proved by Garofalo and Lanconelli [17] for p = 2 and later by Niu, Zhang and Wang [30] for any p. ( See also [10], [22]).

These inequalities play an important role in the study of linear and nonlinear partial differential equations on Euclidean space R^n and on the Heisenberg group H^n (see [1], [4], [7], [8], [11], [16], [19], [20], [21], [22], [23], [26], [27], [33]).

In this paper we prove L^p− Hardy inequality on polarizable Carnot groups and it is an open problem for more general Carnot groups. Recently, Kombe has proved Hardy inequality with a sharp constant for p = 2 on general Carnot groups [28]. The following theorem is the main result of this section.

Theorem 3.1. Let G be a polarizable Carnot group with homogeneous norm N = u^{1/(2−Q)} and let ϕ ∈ C^∞_0 (G \ {0}), Q ≥ 3 and 1 < p < Q. Then the following inequality is valid

(3.6) ∫ G |∇_Gϕ|^pdx ≥ (

Q − p p )^p ∫ G |∇_GN|^p

N^p

|ϕ|^pdx.

Furthermore, the constant (^{Q−p}_p )^p is sharp.

Proof. Let ϕ = N^γ ψ where ψ ∈ C^∞_0 (G \ {0}) and γ ∈ R \ {0}. A direct calculation shows that (3.7) |∇_G(N^γψ)| = |γN^{γ−1}ψ∇_GN + N^γ ∇_Gψ|. We now use the following inequality which is valid for any a, b ∈ R^n and 1 < p < 2,

(3.8) |a + b|^p − |a|^p ≥ c(p)

|b|^2 (|a| + |b|)^{2−p}

+ p|a|^{p−2}a · b where c(p) > 0 (see [5], [29] ). In view of (3.8) we have that ∫ G |∇_Gϕ|^pdx ≥ |γ|^p ∫ G N^{γp−p}|∇_GN|^p|ψ|^pdx + |γ|^{p−2}γ ∫ G N^{γp−p+1}|∇_GN|^{p−2}∇_GN · ∇_G(|ψ|^p)dx

+ c(p) ∫ G N^{2γ} |∇_Gψ|^2 (|γN^{γ−1}ψ∇_GN| + |N^γ∇_Gψ|)^{2−p} dx. Clearly ∫ G |∇_Gϕ|^pdx ≥ |γ|^p ∫ G N^{γp−p}|∇_GN|^p|ψ|^pdx+|γ|^{p−2}γ ∫ G N^{γp−p+1}|∇_GN|^{p−2}∇_GN·∇_G(|ψ|^p)dx, and the integration by parts gives ∫ G |∇_Gϕ|^pdx ≥ |γ|^p ∫ G N^{γp−p}|∇_GN|^p|ψ|^pdx−|γ|^{p−2}γ ∫ G ∇_G·(N^{γp−p+1}|∇_GN|^{p−2}∇_GN)|ψ|^pdx.

We now choose γ =^{p−Q}_p then we get

(3.9) ∫ G ∇_G · (N^{γp−p+1}|∇_GN|^{p−2}∇_GN)|ψ|^pdx = ∫ G ∇_G · (N^{1−Q}|∇_GN|^{p−2}∇_GN)|ψ|^pdx = ∫ G (Δ_{G,p}u_p)|ψ|^pdx.

Since u_p is the fundamental solution of sub-p-Laplacian −Δ_{G,p}, then we have

(3.10) ∫ G ∇_G · (N^{1−Q}|∇_GN|^{p−2}∇_GN)|ψ|^pdx = ∫ G (Δ_{G,p}u_p)|ψ|^pdx = −|ϕ(0)|^pN^{(Q−p)}(0) = 0.

Therefore, (3.11) ∫ G |∇_Gϕ|^pdx ≥

(Q − p p )_p ∫ G |∇_GN|^p N^p

|ϕ|^pdx.

The theorem (3.1) also holds for p > 2 and in this case we use the following inequality (3.12) |a + b|^p − |a|^p ≥ c(p)|b|^p + p|a|^{p−2}a · b where a ∈ R^n, b ∈ R^n and c(p) > 0 (see [5], [29] ). If p = 2 then the inequality (3.11) holds in any Carnot group without the hypothesis of polarizability [28].

To show that the constant

(_{Q−p} p )_p is sharp, we use the following family of functions

(3.13) ϕ_ϵ(x) = { 1 if N(x) ∈ [0, 1], N^{−( Q−pp +ϵ)} if N(x) > 1, and pass to the limit as ϵ −→ 0. Here we notice that |∇_GN| is uniformly bounded and polar coordinate integration formula holds on G [2], [14].

4. Nonexistence results We now turn our attention to problem (1.1). Throughout this section, Ω is a bounded domain in G with smooth boundary and V ∈ L^1_{loc}(Ω \ K) for some closed Lebesque null set K. We define the positive solutions in the following sense.

Definition 4.1. By a positive local solution continuous off of K, we mean (i) K is a closed Lebesgue null subset of Ω, (ii) u : [0, T ) −→ L^1(Ω) is continuous for some T > 0, (iii) (x, t) −→ u(x, t) ∈ C((Ω \ K) × (0, T )), (iv) u(x, t) > 0 on (Ω \ K) × (0, T ), (v) lim_{t→0} u(., t) = u_0 in the sense of distributions, (vi) ∇_Gu ∈ L^p_{loc}(Ω \ K) and u is a solution in the sense of distributions of the PDE.

Remark. If 0 < a < b < T and K_o is a compact subset of Ω \ K, then u(x, t) ≥ ϵ_1 > 0 for (x, t) ∈ K_o × [a, b] for some ϵ_1 > 0. We can weaken (iii), (iv) to be

(iii)’ u(x, t) is positive and locally bounded on (Ω \ K) × (0, T ), (iv)’^1_{u(x,t)} is locally bounded on (Ω \ K) × (0, T ).

If a solution satisfies (i), (ii), (iii)’, (iv)’, (v), and (vi) then we call it a “ general positive local solution off of K ”. This is more general than a positive local solution continuous off of K. If K = ∅, we simply call u “general positive local solution”.

Theorem 4.1. Let^{2Q}_{Q+1} ≤ p < 2 and V ∈ L^1_{loc}(Ω \ K) where K is a Lebesgue null subset of Ω. If

(4.1) σ^p_{inf} ((1 − ϵ)V ) := inf_{0≠ϕ∈C∞0 (Ω\K)} ∫ Ω |∇_Gϕ|^pdx − ∫ Ω(1 − ϵ)V |ϕ|^pdx ∫ Ω |ϕ|^pdx

= −∞

for some ϵ > 0, then (1.1) has no general positive local solution off of K.

Proof. We argue by contradiction. Given any T > 0, let u : [0, T ) −→ L^1(Ω) be a general positive local solution to (1.1) in (Ω \ K) × (0, T ) with u_0 ≥ 0 but not identically zero. Multiply both sides of (1.1) by the test function |ϕ|^p/u^{p−1} where ϕ ∈ C^∞_0 (Ω \ K), and integrate over Ω, to get

(4.2) 1 2 − p ∂ ∂t ∫ Ω u^{2−p}|ϕ|^pdx − ∫ Ω ∇_G · (|∇_Gu|^{p−2}∇_Gu)(

|ϕ|^p u^{p−1}

)dx = ∫ Ω V |ϕ|^pdx.

It follows from the integration by parts that

(4.3) L = ∫ Ω ∇_G · (|∇_Gu|^{p−2}∇_Gu)(

|ϕ|^p u^{p−1}

)dx = − ∫ Ω |∇_Gu|^{p−2}∇_Gu · ∇_G(

|ϕ|^p u^{p−1}

)dx.

Since

|∇_Gu|^{p−2}∇_Gu · ∇_G(

|ϕ|^p u^{p−1}

) = p|∇_Gu|^{p−2}

|ϕ|^{p−1} u^{p−1}

∇_Gu · ∇_G|ϕ| − (p − 1)

|ϕ|^p u^p

|∇_Gu|^p,

(4.4) L = (p − 1) ∫ Ω |∇_Gu|^p ϕ^p u^p dx − sign_0(ϕ)p ∫ Ω |∇_Gu|^{p−2} ϕ^{p−1} u^{p−1}

∇_Gu · ∇_G|ϕ|dx, where sign_0(ϕ) =

{_ϕ

|ϕ| if ϕ ≠ 0, 0 if ϕ = 0.

Therefore,

(4.5) L ≥ (p − 1) ∫ Ω |∇_Gu|^p

|ϕ|^p u^p dx − p ∫ Ω |∇_Gu|^{p−1}|∇_Gϕ| ϕ^{p−1} u^{p−1} dx. Here we can use the following elementary inequality: Let p > 1 and w_1 ≠ w_2 be two positive real numbers. Then

w^p_1 − w^p_2 − pw^{p−1}_2 (w_1 − w_2) > 0; it follows that

(p − 1)w^p_2 − pw^{p−1}_2 w_1 > −w^p_1.

We can take w_2 = |^ϕ_u ∇_Gu|, w_1 = |∇_Gϕ|; then we have

(4.6) (p − 1) ∫ Ω |∇_Gu|^p

|ϕ|^p u^p dx − p ∫ Ω |∇_Gu|^{p−1}|∇_Gϕ|

|ϕ|^{p−1} u^{p−1} dx ≥ − ∫ Ω |∇_Gϕ|^pdx.

Therefore

(4.7) L = ∫ Ω ∇_G · (|∇_Gu|^{p−2}∇_Gu)(

|ϕ|^p u^{p−1}

)dx ≥ − ∫ Ω |∇_Gϕ|^pdx.

Substituting (4.7) into (4.2) and integrating from t_1 to t_2, where 0 < t_1 < t_2 < T , we obtain

(4.8) ∫ Ω V (z)|ϕ|^pdx − ∫ Ω |∇_Gϕ|^pdx ≤ 1 (2 − p)(t_2 − t_1) ∫ Ω (u^{2−p}(x, t_2) − u^{2−p}(x, t_1))|ϕ|^pdx.

Using Jensen’s inequality for concave functions, we obtain ∫ Ω ( u(x, t_i)

) (2−p)(Q)_p

dx ≤ C(|Ω|) ( ∫ Ω u(x, t_i)dx

) (2−p)(Q)_p < ∞.

Therefore

u^{2−p}(x, t_i) ∈ L^{Qp} (Ω).

We now use the following a priori inequality which is a consequence of the Sobolev inequality (2.4). For every ϵ > 0 there exists C(ϵ) such that

(4.9) 1 (2 − p)(t_2 − t_1) ∫ Ω ( u^{2−p}(x, t_2) − u^{2−p}(x, t_1) ) |ϕ|^pdx ≤ ϵ 1 − ϵ ∫ Ω |∇_Gϕ|^pdx + C(ϵ) ∫ Ω |ϕ|^2dx.

Substituting (4.9) into (4.8), we obtain

(4.10) ∫ Ω V (z)|ϕ|^pdx − ∫ Ω |∇_Gϕ|^pdx ≤ ϵ 1 − ϵ ∫ Ω |∇_Gϕ|^pdx + C(ϵ) ∫ Ω |ϕ|^pdx.

Therefore

(4.11) inf

0≠ϕ∈C^∞_c (Ω\K) ∫ Ω |∇_Gϕ|^pdx − ∫ Ω(1 − ϵ)V (x)|ϕ|^pdx ∫ Ω |ϕ|^pdx

≥ −(1 − ϵ)C(ϵ) > −∞.

This contradicts our assumption (4.1). The proof of Theorem 4.1 is now complete. □ Singular Potentials. We now focus our attention on some singular potentials. First we treat the following positive singular potential:

(4.12) V (x) = λ

|∇_GN|^p N^p where λ > 0.

As a sign changing potential, we consider the following highly singular, oscillating potential:

(4.13) V (x) = λ

|∇_GN|^p N^p + β |∇_GN|^p N^p sin( 1 N^α ) where λ > 0, β ∈ R \ {0} and α ∈ R.

Theorem 4.1 gives the following corollaries.

Corollary 4.1. Let 0 ∈ Ω and V (x) be defined by (4.12). Then the problem (1.1) has no general positive local solution off of K if^{2Q}_{Q+1} ≤ p < 2 and λ > (^{Q−p}_p )^p.

Corollary 4.2. Let 0 ∈ Ω and V (x) be defined by (4.13). Then the problem (1.1) has no general positive local solution off of K if^{2Q}_{Q+1} ≤ p < 2 and λ > (^{Q−p}_p )^p.

To prove Corollary 4.1 and Corollary 4.2, we need to construct a sequence {ϕ_n} of test functions which satisfies

(4.14) ∫ Ω |∇_Gϕ_n|^pdx − ∫ Ω(1 − ϵ)V (x)|ϕ_n|^p(x)dx ∫ Ω |ϕ_n|^pdx

−→ −∞ as n −→ ∞.

We can easily construct radial functions ϕ_n = f(N(x)) which satisfy 4.13. (see [20], [21]).

Notice that when |β| > λ, the potential in Corollary 4.2 has very large positive and negative parts, in particular, it oscillates wildly, but important cancellations occur between the positive and the negative parts in the quadratic form. Therefore, nonexistence of positive solutions only depends on the size of λ.

Remark. We would like to point out that all the new results in Section 4 hold on the whole space G which is a consequence of bounded domain case (see [23] or [26]).

References

[1] J. A. Aguilar Crespo and I. Peral, Global behaviour of the Cauchy problem for some critical nonlinear parabolic equations, SIAM J. Math. Anal, 31 (2000), 1270-1294.

[2] Z. Balogh and J. Tyson, Polar coordinates on Carnot groups, Math. Z. 241 (2002), no. 4, 697-730. [3] Z. Balogh, I. Holopainen and J. Tyson, Singular solutions, homogeneous norms and quasiconformal mappings in Carnot groups, Math. Ann. 324 (2002), no. 1, 159-186.

[4] P. Baras and J. A. Goldstein, The heat equation with a singular potential, Trans. Amer. Math. Soc.

284 (1984), 121-139.

[5] G. Barbatis, S. Filippas and A. Tertikas A unified approach to improved L^p Hardy inequalities with best constants, Trans. Amer. Math. Soc. 356 (2004), 2169-2196.

[6] A. Bonfiglioli, E. Lanconelli and F. Uguzzoni, Uniform Gaussian estimates of the fundamental solutions for heat operators on Carnot groups, Adv. Differential Equations 7 (2002), 1153-1192.

[7] H. Brezis and J. L. Vazquez, Blow-up solutions of some nonlinear elliptic problems, Rev. Mat. Univ.

Complutense Madrid 10 (1997), 443-469.

[8] X. Cabré and Y. Martel, Existence versus explosion instantanée pour des équations de la chaleur linéaires avec potentiel singulier, C. R. Acad. Sci. Paris, 329 (1999), 973-978.

[9] L. Capogna, D. Danielli and N. Garofalo, Capacitary estimates and the local behavior of solutions of nonlinear subelliptic equations, Amer. J. Math. 118 (1996), no. 6, 1153-1196 [10] L. D’Ambrosio , Some Hardy inequalities on the Heisenberg group, Differential Equations 40 (2004) no. 4, 552-564, [11] L. Dupaigne, A nonlinear elliptic PDE with the inverse-square potential , J. Anal. Math. 86 (2002), 359-398.

[12] G. B. Folland, A fundamental solution for a subelliptic operator, Bull. Amer. Math. Soc. 79 (1973), 373-376.

[13] G. B. Folland, Subelliptic estimates and function spaces on nilpotent Lie groups, Arkiv. für Math. 13 (1975), 161-207.

[14] G. B. Folland and E. Stein, “ Hardy Spaces on Homogeneous Groups”, Princeton University Press, Princeton, NJ [15] B. Franchi, R. Serapioni and F. Serra Cassano, Regular Hypersurfaces, Intrinsic Perimeter and Implicit Function Theorem in Carnot Groups, Comm. Anal. Geom. 11 5 (2003), 909-944.

[16] J. Garcia Azorero and I. Peral, Hardy inequalities and some critical elliptic and parabolic problems, J.

Diff. Equations, 144 (1998), 441-476.

[17] N. Garofalo and E. Lanconelli, Frequency functions on the Heisenberg group, the uncertainty principle and unique continuation, Ann. Inst. Fourier(Grenoble) 40 (1990), 313-356.

[18] G. R. Goldstein, J. A. Golstein and I. Kombe Nonlinear parabolic equations with singular coefficient and critical exponent, To appear in Applicable Analysis [19] J. A. Goldstein and I. Kombe, Instantaneous blow up, Contemp. Math. 327 (2003) 141-149. [20] J. A. Goldstein and I. Kombe, Nonlinear parabolic differential equations with the singular lower order term, Adv. Differential Equations 10 (2003), 1153-1192.

[21] J. A. Goldstein and I. Kombe, Nonlinear partial differential equations on the Heisenberg group, International Journal of Evolution Equations, 1 (2005), 1-22.

[22] J. A. Goldstein and Q. S. Zhang, On a degenerate heat equation with a singular potential, J. Funct.

Anal. 186 (2001), 342-359.

[23] J. A. Goldstein and Q. S. Zhang, Linear parabolic equations with strong singular potentials, Trans.

Amer. Math. Soc. 355 (2003), 197-211.

[24] G. Hardy, Note on a theorem of Hilbert, Math.Zeitschr. 6 (1920), 314-317. [25] A. Kaplan, Fundamental solutions for a class of hypoelliptic PDE generated by composition of quadratic forms, Trans. Amer. Math. Soc. 258, 1 (1980), 147-153.

[26] I. Kombe, The linear heat equation with a highly singular, oscillating potential, Proc. Amer. Math.

Soc. 132 (2004), 2683-2691.

[27] I. Kombe, Doubly nonlinear parabolic equations with singular lower order term, Nonlinear Analysis, 56 (2004), 185-199.

[28] I. Kombe, Sharp Hardy-type inequalities on Carnot groups, preprint, (2005) [29] P. Lindqvist, On the equation div(|∇u|^{p−2}∇u) + λ|u|^{p−2}u = 0, Proc. Amer. Math. Soc. (109) (1990), 157-164.

[30] P. Niu, H. Zhang, Y. Wang, Hardy type and Rellich type inequalities on the Heisenberg group, Proc.

Amer. Math. Soc. 129 (2001), 3623-3630.

[31] R. Monti and F. Serra Cassano, Surfaces measures in Carnot-Carethéodory spaces, Calc. Var. Partial Differ. Equations 13 (2001), 339-376.

[32] B. Opic and A. Kufner, “ Hardy-type Inequalities”, Pitman Research Notes in Math., Vol.219, Longman 1990 [33] I. Peral and J. L. Vazquez, On the stability or instability of the singular solution of the semilinear heat equation with exponential reaction term, Archive Rat. Mech. Anal. 129 (1995), 201-224.

[34] E. Stein, “Harmonic Analysis, Real-Variable Methods, Orthgonality, and Oscillatory Integrals”, Princeton University Press, Princeton, NJ.

[35] N. Varopoulos, Analysis on nilpotent groups, J. Funct. Anal. 66 (1986), 406-431.

[36] J. L. Vazquez and E. Zuazua, The Hardy inequality and the asymptotic behaviour of the heat equation with an inverse square potential, J. Funct. Anal. 173 (2000), 103-153.

Mathematics Department, Dawson-Loeffler Science &Mathematics Bldg, Oklahoma City University, 2501 N. Blackwelder, Oklahoma City, OK 73106-1493

E-mail address: ikombe@okcu.edu