The Aharonov-Bohm solenoids in a constant magnetic field

Takuya Mine

Department of Mathematics, Faculty of Science, Kyoto University, Sakyo-ku, Kyoto 606-8502, Japan. (e-mail: mine@math.kyoto-u.ac.jp)

Abstract: We study the spectral properties of two-dimensional magnetic Schrödinger operator H_N = (^1_i ∇ + a_N )^2. The magnetic field is given by rot a_N = B + ∑_N j=1 2πα_j δ(z − z_j ), where B > 0 is a constant, 1 ≤ N ≤ ∞, 0 < α_j < 1 (j = 1, . . . , N) and the points {z_j}^N_{j=1} are uniformly separated. We give an upper bound for the number of eigenvalues of H_N between two Landau levels or below the lowest Landau level, when N is finite. We prove the spectral localization of H_N near the spectrum of the single solenoid operator, when {z_j }^N_{j=1} are far from each other, all the values {α_j}^N_{j=1} are the same and the boundary conditions at all z_j are the same. We give a characterization of self-adjoint extensions of the minimal operator.

1 Introduction

After the paper of Aharonov and Bohm ([Ah-Bo]), a lot of physicists and mathematicians have developed the spectral and scattering theory for Schrödinger operators on a plane with δ-like magnetic fields, as it has an importance in gauge theories. In the present paper, we consider the spectral problem for the Schrödinger operators in a plane with a non-zero uniform magnetic field in addition to δ-like magnetic fields. The operator of this type is studied by Nambu ([Nam]) and Exner, Št’ovíček and Vytřas ([Ex-St-Vy]).

Let N = 1, 2, 3, . . . or N = ∞. Let {z_j }^N_{j=1} be points in R^2 and put S_N = ∪^N_{j=1}{z_j }. We assume that R = inf_{j≠k} |z_j − z_k| > 0. (1.1)

This assumption is satisfied if N is finite. Define a differential operator L_N on R^2 \ S_N by

L_N = p^2_N , p_N = 1 i ∇ + a_N , where i = √ −1 and ∇ = (∂_x, ∂_y) is the gradient vector with respect to the coordinate z = (x, y) ∈ R^2. We assume that the magnetic vector potential a_N = (a_{N,x}, a_{N,y}) belongs to C^∞(R^2 \ S_N ; R^2) ∩ L^1_{loc}(R^2; R^2). The function rot a_N (z) = (∂_xa_{N,y} − ∂_ya_{N,x})(z) represents the intensity of the magnetic field perpendicular to the plane. We assume that

rot a_N (z) = B + N∑ j=1 2πα_jδ(z − z_j ) (1.2) in D^′(R^2) (the Schwartz distribution space), where B, α_j are constants satisfying B > 0 and

0 < α_j < 1 for every j = 1, . . . , N. (1.3)

The constant B represents the intensity of a uniform magnetic field. The constant 2πα_j represents the magnetic flux of an infinitesimally thin solenoid placed at z_j . We will show that the difference of integer magnetic fluxes can be gauged out by a suitable unitary gauge transform (see Proposition 2.3 below). Since we consider only the spectral problem, the assumption (1.3) loses no generality. We find a proof of the existence of the vector potential with δ-like singularities in Arai’s paper (see [Ar1] and [Ar2]; see also Proposition 2.1 in section 2 below). When N = 1 and α_1 = α, we always assume that z_1 = 0 and take the circular gauge, that is,

a_1(z) = ( − B 2 y − α |z|^2 y, B 2 x + α |z|^2 x ) . (1.4)

When we need to indicate the value α explicitly, we denote L^α_1 for L_1 (this notation is used for the operator L_1 defined below).

Define a linear operator L_N on L^2(R^2) by

L_N u = L_N u, u ∈ D(L_N ) = C^∞_0 (R^2 \ S_N ),

where D(L) is the operator domain of a linear operator L and C^∞_0 (U) is the space of compactly supported smooth functions in an open set U. The operator L_N is symmetric, positive and has the deficiency indices (2N, 2N) (see Proposition 4.5 below). Thus the operator L_N has self-adjoint extensions parameterized by (2N × 2N)-unitary matrices (see [Re-Si, Theorem X.2]). We denote one of self-adjoint extensions of L_N by H_N . In particular, we denote the Friedrichs extension of L_N (the self-adjoint operator associated to the form closure of D(L_N ), see [Re-Si, Theorem X.23]) by H^{AB}_N , which is called the standard Aharonov-Bohm Hamiltonian (this name is used in [Ex-St-Vy], when N = 1).

The Schrödinger operator with constant magnetic field is given by

L_0 = ( 1 i ∇ + a_0

)_2

, a_0 = ( − B 2 y, B 2 x ) . (1.5)

It is well-known that the linear operator defined by

L_0u = L_0u, D(L_0) = C^∞_0 (R^2) (1.6) is essentially self-adjoint and the spectrum of the unique self-adjoint extension H_0 of L_0 satisfies σ(H_0) = {(2n − 1)B; n = 1, 2, . . .}, which is called the Landau levels.

When solenoids exist, the spectrum in a gap of the Landau levels appears. Our aim is to give an estimate for the number of eigenvalues between two Landau levels or below the lowest Landau level.

We recall known results in the case N = 1. Nambu ([Nam]) treats the standard Aharonov- Bohm Hamiltonian H^{AB}_1 and gives an explicit representation of all eigenvalues and eigenfunctions using complex integration (he treats also the case B = 0). Exner, Št’ovíček and Vytřas ([Ex-St-Vy]) give a detailed analysis for every self-adjoint extension H_1. In the polar coordinate x + iy = re^{iθ}, the operator H_1 takes the form

H_1 = − 1 r ∂_r(r∂_r) + 1 r^2 ( 1 i ∂_θ + α + B 2 r^2

)_2

(1.7)

if one takes the circular gauge (1.4). Exner, Št’ovíček and Vytřas solve the eigenequation explicitly by using Fourier expansion with respect to the θ-variable and represent the eigenvalue as a solution of an equation including Gamma functions. We summarize a part of their results as follows.

Theorem 1.1 (Nambu, Exner-Št’ovíček-Vytřas) (i) The spectrum of the standard Aharonov-Bohm Hamiltonian H^{AB}_1 is given by σ(H^{AB}_1 ) = {(2n − 1)B; n = 1, 2, . . . , } ∪ {(2n + 2α − 1)B; n = 1, 2, . . .}. The multiplicity of each eigenvalue is given by

mult((2n − 1)B; H^{AB}_1 ) = ∞, n = 1, 2, . . . , mult((2n + 2α − 1)B; H^{AB}_1 ) = n, n = 1, 2, . . . ,

where mult(λ; H) is the multiplicity of an eigenvalue λ of a self-adjoint operator H.

(ii) L^2(R^2) is decomposed into the direct sum of two closed subspaces H_s and H_c, called the stable subspace and critical subspace, respectively. The spaces H_s and H_c are invariant subspaces for any self-adjoint extension H_1 of L_1. The restricted operator H_1|_{Hs} is independent of the choice of H_1 and the spectrum of H_1|_{Hs} is given by σ (H_1|_{Hs} ) = {(2n − 1)B; n = 1, 2, . . .} ∪ {(2n + 2α − 1)B; n = 2, 3, . . .}.

The multiplicity of each eigenvalue is given by

mult((2n − 1)B; H_1|_{Hs} ) = ∞, n = 1, 2, . . . , mult((2n + 2α − 1)B; H_1|_{Hs} ) = n − 1, n = 2, 3, . . . .

The restricted operator H_1|_{Hc} depends on the choice of self-adjoint extension H_1. However, the following estimates hold independently of the choice of H_1.

dim Ran P_{(−∞,(2α−1)B)}(H_1|_{Hc} ) ≤ 2, dim Ran P_{((2n+2α−1)B,(2n+1)B)} (H_1|_{Hc} ) ≤ 2, n = 0, 1, 2, . . . dim Ran P_{((2n−1)B,(2n+2α−1)B)} (H_1|_{Hc} ) ≤ 2, n = 1, 2, . . .

where P_I (H) denotes the spectral projection of a self-adjoint operator H corresponding to an interval I. The left-hand side of each of three inequalities above takes the values 0, 1, 2 if we take an appropriate self-adjoint extension H_1.

From Theorem 1.1, it follows that

n − 1 ≤ dim Ran P_{((2n−1)B,(2n+1)B)}(H_1) ≤ n + 3 (1.8)

for n = 1, 2, . . ., if (2n + 2α − 1)B is not an eigenvalue of H_1|_{Hc} (this condition holds for generic self-adjoint extension H_1). Later we show that the upper bound can be sharpened (see (1.12) below).

According to (i) of Theorem 1.1, there are n eigenstates of the Hamiltonian H^{AB}_1 with the energy between n th Landau level and the (n + 1) st Landau level. We shall try to give a physical interpretation of this phenomenon.

In classical mechanics, an electron in a uniform magnetic field moves along a circle (cyclotron motion). The energy of an electron is quantized by the condition that the phase variation of the electron wave in one cyclotron rotation is 2π times an integer. Thus the energy of an electron takes one of the values in the Landau levels.

If some solenoids are contained in the circle of the cyclotron motion, then the phase of the electron wave is shifted by e/h̄ times the magnetic flux of solenoids in the circle (the Aharonov-Bohm phase shift). Thus the energy of the electron is obliged to change, to correct the phase shift caused by the magnetic flux of solenoids. Hence the spectrum between Landau levels appears.

For this reason, the number of eigenstates with an energy between n th and (n + 1) st Landau level is roughly estimated by the possible number of electrons with the n th Landau level energy, in the circle of the Larmor radius centered at the position of solenoid. This number is calculated as follows. If we normalize physical constants as the mass m = 1/2, the Planck constant (divided by 2π) h̄ = 1 and the charge of an electron e = 1, then the cyclotron radius r of an electron with n th Landau level energy (2n − 1)B equals to √ (2n − 1)/B. It is known that the density of states (the number of eigenstates per unit area) for each Landau level is B/2π (see [Nak, Proposition 15]). Thus, the number of possible eigenstates in the circle is πr^2 × B 2π = n − 1 2 . The difference between this estimate and the rigorous result ((i) of Theorem 1.1) is only 1/2.

When N ≥ 2, Nambu ([Nam]) gives a representation of eigenfunctions for the Landau levels by the multiple integral in the complex plane. But no information about the eigenvalues between the Landau levels are known. However, the physical explanation above gives us a conjecture about the number of eigenvalues in a gap of Landau levels, when N ≥ 2. This number is roughly estimated by the number of eigenstates with the n th Landau energy in the union set, with respect to j = 1, . . . , N, of the disks of Larmor radius centered at z_j . Each disk contains n eigenstates with n th Landau energy. These disks may intersect in general, but they are disjoint if solenoids are far from each other. Thus we reach the following conjecture.

Conjecture (I) The number of eigenvalues between n th and (n + 1) st Landau levels is bounded by nN.

(II) If solenoids are far from each other compared with the cyclotron radius, the number of eigenvalues between n th and (n + 1) st Landau levels equals to nN.

Our aim in this paper is to give an answer to these conjectures. Our answer to the conjecture (I) is the following.

Theorem 1.2 Let 1 ≤ N < ∞. Then, the following holds.

(i) For any self-adjoint extension H_N of L_N , we have that (2n − 1)B is an infinitely degenerated eigenvalue for every n = 1, 2, 3, . . ..

(ii) For the standard Aharonov-Bohm Hamiltonian H^{AB}_N , we have

dim Ran P_{(−∞,B)}(H^{AB}_N ) = 0, dim Ran P_{((2n−1)B,(2n+1)B)} (H^{AB}_N ) ≤ nN, for n = 1, 2, 3, . . . . (1.9)

(iii) For any self-adjoint extension H_N of L_N , we have

dim Ran P_{(−∞,B)}(H_N ) ≤ 2N, (1.10) dim Ran P_{((2n−1)B,(2n+1)B)}(H_N ) ≤ (n + 1)N, for n = 1, 2, 3, . . . . (1.11)

In the case of N = 1, our result and (1.8) imply that

n − 1 ≤ dim Ran P_{((2n−1)B,(2n+1)B)}(H_1) ≤ n + 1 (1.12)

for n = 1, 2, . . .. The upper bound of (1.12) is sharper than that of (1.8) (however, [Ex-St-Vy, Fig 1,2] seems to indicate that there are at most two eigenvalues of H_1|_{Hc} in each gap of Landau levels).

Next, we shall exhibit our answer to the conjecture (II). In this paper, we shall consider the special case where the physical situations around every z_j are the same. To represent this situation rigorously, we shall prepare an operator which intertwines two magnetic Schrödinger operators.

Definition 1.1 Let w ∈ R^2. Let U be a simply connected open set, and V = U + w = {z + w; z ∈ U}. Let S be an at most countable subset of U with no accumulation points in U and T = S + w. Let a ∈ C^∞(U \ S; R^2) ∩ L^1_{loc}(U; R^2) and b ∈ C^∞(V \ T ; R^2) ∩ L^1_{loc}(V ; R^2) be two vector potentials satisfying

rot a(z) = rot b(z + w)

in D^′(U). Then, there exists an operator t_{−w} from D^′(V \ T ) to D^′(U \ S) satisfying the following (i) and (ii):

(i) There exists a complex-valued smooth function Φ(z) ∈ C^∞(U \ S) with |Φ(z)| = 1 for every z ∈ U \ S, such that t_{−w}v(z) = Φ(z)v(z + w), v ∈ D^′(V \ T ). (ii) The following distributional equality holds: p(a)t_{−w}v = t_{−w}p(b)v, L(a)t_{−w}v = t_{−w}L(b)v (1.13) for v ∈ D^′(V \ T ), where

p(a) = 1 i ∇ + a, p(b) = 1 i ∇ + b, L(a) = p(a)^2, L(b) = p(a)^2.

We call the operator t_{−w} the magnetic translation operator from V to U intertwining L(b) with L(a). We denote the inverse operator of t_{−w} by t_w, that is, t_wu(z) = Φ(z − w)u(z − w) for u ∈ D^′(U \ S).

We call the equality (1.13) the intertwining property of t_{−w}. The existence of the function Φ will be proved in Proposition 2.4 below.

Definition 1.2 Let H_N be a self-adjoint extension of L_N . We say the operator H_N has the same boundary condition at every z_j , if the following two conditions hold:

(i) There exists a constant α with 0 < α < 1 such that α_j = α for every j = 1, . . . , N. (ii) Let t_{−zj} be the magnetic translation operator from {|z − z_j | <^R_2 } to {|z| <^R_2 } intertwining L_N with L^{αj}_1 . Let χ ∈ C^∞_0 (R^2) be a function satisfying 0 ≤ χ ≤ 1 on R^2, χ = 0 in |z| >^R_2 and χ = 1 in |z| <^R_3 . Put χ_j (z) = χ(z − z_j ). There exists a self-adjoint extension H_1 of L_1 independent of j such that

D(H_N ) = { u ∈ D(L^∗_N ); t_{−zj} (χ_j u) ∈ D(H_1) for every j = 1, . . . , N } . (1.14)

Here, L^∗_N is the adjoint operator of L_N .

Remark 1. The right hand side of (1.14) is independent of the choice of the function χ (this fact follows from (ii) of Proposition 4.2 below).

Remark 2. There exists a self-adjoint extension of L_N satisfying (1.14) for any given selfadjoint extension H_1 of L_1 (see Lemma 8.1).

Our answer to the conjecture (II) is the following.

Theorem 1.3 Let 1 ≤ N < ∞ or N = ∞. Let H_N be a self-adjoint extension of L_N which has the same boundary condition at every z_j . Let I = [c, d] be a closed interval satisfying that I ∩ {(2n − 1)B; n = 1, 2, . . .} = ∅, that c, d /∈ σ(H_1) and that σ(H_1) ∩ I = {λ_1, λ_2, . . . , λ_k} ≠ ∅. Then, there exist constants u > 0 and R_0 > 0 dependent on B, α, I, H_1 (independent of N, R) satisfying the following:

(i) If R ≥ R_0, we have σ(H_N ) ∩ I ⊂ k⋃ l=1 [λ_l − δ, λ_l + δ], where δ = e^{−uR2} .

(ii) If R ≥ R_0, we have

dim Ran P_I (H_N ) = N dim Ran P_I (H_1).

Note that σ(H_1) ∩ I is a finite set by (iii) of Theorem 1.2.

Combining (ii) of Theorem 1.3 with Theorem 1.1, we have the following corollary.

Corollary 1.4 Let 1 ≤ N < ∞ and let α_1 = α_2 = · · · = α_N = α. Then, for every n_0 = 1, 2, . . ., there exists a constant R_0 > 0 dependent on B, α, n_0 (independent of N, R) satisfying the following: If R ≥ R_0, then there exist self-adjoint extensions H^0_N , H^1_N , . . . , H^{n0}_N of L_N such that

dim Ran P_{((2n−1)B,(2n+1)B)} (H^{AB}_N ) = nN, dim Ran P_{(−∞,B)}(H^0_N ) = 2N, dim Ran P_{((2n−1)B,(2n+1)B)} (H^n_N ) = (n + 1)N

for n = 1, 2, . . . , n_0.

We shall shortly exhibit the outline of the proof of our theorems.

In the proof of Theorem 1.2, the canonical commutation relation (CCR) of the annihilation operator A_N and the creation operator A^†_N plays a crucial role (for the definition of these operators, see section 6 below). It is well-known that the spectrum of the Schrödinger operators with constant magnetic fields are completely determined by CCR. In our case, CCR holds with a perturbation by δ-like magnetic fields. This perturbation makes two selfadjoint operators (A^†_N )^∗A^†_N −B and A^†_N (A^†_N )^∗ +B different (the overline denotes the operator closure; notice that the note^∗ denotes the operator adjoint, while the note^† denotes only the formal adjoint). Comparing the spectrum of these two operators, we can reach the conclusion of Theorem 1.2. Note that Iwatsuka ([Iw]) uses the argument of this type, to determine the essential spectrum of the Schrödinger operators on R^2 with the magnetic fields converging to a non-zero constant at infinity.

Theorem 1.3 is an analogy of the result of Cornean and Nenciu ([Co-Ne, Theorem III.1, Corollary III.1]). They treat the case

rot a_N (z) = B + N∑ j=1 rot a_0(z − z_j ), a_0 ∈ C^∞_0 ({|z| < 1}; R^2),

V_N (z) = N∑ j=1 V_0(z − z_j ), V_0 ∈ C^∞_0 ({|z| < 1}; R),

and obtain the same conclusion as that of Theorem 1.3, for the operator (^1_i ∇ − a_N )^2 + V_N . The proof of Theorem 1.3 is similar to that of their result. The main difference is that our operators H_N (N < ∞) and H_∞ do not have the same core in general, while C^∞_0 (R^2) is the common core for the Schrödinger operators with smooth vector potentials (see [Ik- Ka, Theorem 1] or [Le-Si, Theorem 2]). Thus we do not use the approximating argument

N → ∞, which is used in their paper. We prove the statement of Theorem 1.3 directly even when N = ∞, using the argument of approximating eigenfunctions.

We have organized the present paper as follows. In section 2, we recall the construction of the magnetic vector potentials and magnetic translations by Arai ([Ar1], [Ar2]). In section 3, we review the result of Exner, Št’ovíček and Vytřas ([Ex-St-Vy]) for single solenoid operators and define some operators and basis functions useful for later calculus. In section 4, we determine the deficiency indices of the operator L_N . In section 5, we characterize all selfadjoint extensions of L_N . In section 6, we define the annihilation operator A_N and the creation operator A^†_N and determine the domain of the linear operator A^†_N (A^†_N )^∗ + B and that of (A^†_N )^∗A^†_N − B. In section 7, we prove Theorem 1.2. In section 8, we prove Theorem 1.3.

Remark. In the sequel, we sometimes identify the 2-fold vector z = (x, y) ∈ R^2 with the complex number z = x + iy ∈ C. This identification simplifies our calculus in many cases.

Acknowledgments

The author would like to thank Akira Iwatsuka and all other members of Operator Seminar in RIMS, for many helpful comments. In particular, the author would like to thank Shin-ichi Shirai for giving the author an opportunity to begin the present work and a simplified title of the present paper. The author would also like to thank Hideo Tamura, Hiroshi Ito and Yuji Nomura for helpful comments at the seminar in Ehime University.

2 Vector potentials

In this section, shall construct vector potentials whose rotation has δ-like singularities. Most of these are the result of Arai ([Ar1], [Ar2]); we shall give a proof for the completeness of our paper.

Proposition 2.1 Let U be an open set in R^2. Let N = 1, 2, . . . or N = ∞ and {z_j}^N_{j=1} be (at most) countable points in U with no accumulation points in U. Put S_N = ∪^N_{j=1}{z_j}. Let {α_j}^N_{j=1} be an arbitrary sequence of real numbers. Then, there exists a vector potential a ∈ C^∞(U \ S_N ; R^2) ∩ L^1_{loc}(U; R^2) satisfying the equality

rot a(z) = N∑ j=1 2πα_jδ(z − z_j ) in D^′(U). (2.1)

Thus we can construct a vector potential a_N satisfying (1.2) by putting a_N = a_0 + a, where a_0 is the vector potential given by (1.5) and a is the vector potential given in Proposition 2.1.

Proof. By the Mittag-Leffler theorem (see [Ru1, Theorem 13.10]), there exists a meromorphic function ϕ(z) whose principal part at each z_j is^{αj}_{z−zj} and which has no other poles in U \ S_N . Put a(z) = (Im ϕ(z), Re ϕ(z)).

If z ∈ U \ S_N , we have rot a = ∂_x Re ϕ − ∂_y Im ϕ = 0 by the Cauchy-Riemann relation. If z is in a small neighborhood U_j of z_j , we have ϕ(z) = α_j z − z_j + ϕ_1(z),

where ϕ_1 is a holomorphic function in U_j. Since rot(Im ϕ_1, Re ϕ_1) = 0 by the Cauchy-Riemann relation, we have

rot a(z) = ∂_x ( Re α_j z − z_j ) − ∂_y ( Im α_j z − z_j )

= α_j(∂^2_x log |z − z_j | + ∂^2_y log |z − z_j|) = 2πα_jδ(z − z_j ) in D^′(U_j ). Here we used the distributional equality Δ log |z| = 2πδ(z) in the last equality.

The meromorphic function ϕ(z) in the proof above can be constructed explicitly in some cases. When N is finite, one can take ϕ(z) = N∑ j=1 α_j z − z_j . When N = ∞ and the condition

z_1 = 0, R = inf_{j≠k} |z_j − z_k| > 0, 0 < α_j < 1 for j = 1, 2, . . .

holds, one can take ϕ(z) = α_1 z + ∞∑ j=2 α_j ( 1 z − z_j + 1 z_j + z z^2_j ) = α_1 z + ∞∑ j=2 α_j z^2 (z − z_j )z^2_j .

The sum converges absolutely, uniformly in a compact set K in R^2 \ S_∞, since the absolute value of the summand is O(|z_j|^{−3}) uniformly with respect to z ∈ K. In particular, when S_∞ is a lattice and every α_j takes the same value α, the function ϕ equals to α times the Weierstrass ζ function.

In the previous lemma, we take a special gauge for given magnetic fields. The following lemma suggests that the choice of vector potentials does not affect our spectral problem.

Lemma 2.2 Let U be a simply connected open set in R^2. Let N = 0, 1, 2, . . . or N = ∞. Let {z_j }^N_{j=1} are at most countable points in U with no accumulation points in U. Put S_N = ∪^N_{j=1}{z_j}. Let a, b ∈ C^∞(U \ S_N ; R^2) ∩ L^1_{loc}(U; R^2) and assume that

rot a = rot b in D^′(U).

Then, there exists a multiplication operator by a complex-valued smooth function Φ ∈ C^∞(R^2\ S_N ) with |Φ(z)| = 1 for every z ∈ R^2 \ S_N , such that the equality

Φ^{−1}(∇ + ib)Φ = ∇ + ia (2.2)

holds as an operator from D^′(U \ S_N ) to (D^′(U \ S_N ))^2.

Remark that we cannot apply the result by Leinfelder ([Le]), since a does not belong to L^2_{loc}(U) in our situation.

Proof. Replacing a by a − b if necessary, we may assume b = 0. Then a = (a_x, a_y) satisfies rot a = ∂_xa_y − ∂_ya_x = 0 in D^′(U). (2.3)

Fix a point z_0 ∈ U \ S_N . For z ∈ U \ S_N , define ϕ(z) = ∫ γ_{z0,z} (a_xdx + a_ydy), where γ_{z0,z} is a piecewise linear path from z_0 to z not crossing the points in S_N .

We shall see that ϕ(z) is independent of the choice of paths γ_{z0,z}. Take another piecewise linear path γ̃_{z0,z} from z_0 to z. We may assume that two paths cross only at z_0 and z (if not, divide paths by their crossing points and consider each divided paths). Since U is simply connected, the union of two paths is the boundary of an open set Ω contained in U. If Ω does not contain points in S_N , then rot a is smooth in Ω and we have (∫ γ_{z0,z} − ∫ γ̃_{z0,z} ) (a_xdx + a_ydy) = ± ∫ Ω rot adxdy, (2.4) by the Stokes theorem (the sign ± is determined by the direction of paths γ_{z0,z} ∪ (−γ̃_{z0,z})). By (2.3), we have ∫ γ_{z0,z} (a_xdx + a_ydy) = ∫ γ̃_{z0,z} (a_xdx + a_ydy). (2.5)

We shall show that (2.5) holds even if Ω contains points in S_N . To see this, take χ ∈ C^∞_0 ({|z| < 1}) such that ∫ χ = 1 and put

χ_ϵ(z) = χ ( z ϵ ) , a_ϵ(z) = ∫ Ω_ϵ χ_ϵ(z − z̃)a(z̃)dx̃dỹ for sufficiently small ϵ > 0, where Ω_ϵ = {z̃ = (x̃, ỹ); dist(z̃, Ω) < ϵ}. Since a ∈ L^1_{loc}(U; R^2), we see that the integral above converges for z ∈ U, that a_ϵ ∈ C^∞_0 (Ω_{2ϵ}) and that a_ϵ(z) → a(z) uniformly on any compact subset in Ω \ S_N as ϵ → 0. Moreover,

rot a_ϵ(z) = ∫ Ω_ϵ

(∂_x (χ_ϵ(z − z̃)) a_y(z̃) − ∂_y (χ_ϵ(z − z̃)) a_x(z̃)) dx̃dỹ = − ∫ U χ_ϵ(z − z̃) rot a(z̃)dx̃dỹ = 0 for z ∈ Ω, where we used (2.3) and the fact χ_ϵ(z − ·) ∈ C^∞_0 (U) for z ∈ Ω and sufficiently small ϵ > 0. Thus (2.4) and (2.5) holds if a is replaced by a_ϵ = (a_{ϵ,x}, a_{ϵ,y}). Taking the limit ϵ → 0, we have (2.5) for any two paths γ_{z0,z} and γ̃_{z0,z}. Thus ϕ(z) is well-defined.

It is easy to check ∇ϕ = a in U \ S_N . Put Φ(z) = e^{iϕ(z)}, then we have (2.2) for b = 0. This completes the proof.

When N = 1, it is known that the integral difference of α_1 can be gauged out by an appropriate gauge transform. This fact holds true when 1 ≤ N ≤ ∞.

Lemma 2.3 In addition to the assumption of Proposition 2.1, assume that all α_j ’s are integers. Let a be the vector potential constructed in Proposition 2.1. Then, there exists a multiplication operator by a complex-valued smooth function Φ(z) ∈ C^∞(Ω \ S_N ) with |Φ(z)| = 1, satisfying the equality

Φ(z)^{−1}∇Φ(z) = ∇ + ia (2.6)

as an operator from D^′(U \ S_N ) to (D^′(U \ S_N ))^2.

Proof. Assume all α_j ’s are integers. Put ψ(z) = ∫_z ϕ(z) and Φ(z) = exp(i Im ψ(z)), where ϕ is a meromorphic function appeared in the proof of Proposition 2.1. Then Φ(z) is a single-valued smooth function on U \ S_N with |Φ(z)| = 1, since ∮ C_j ϕ(z) = 2πiα_j ∈ 2πiZ for any small circular path C_j going around z_j counterclockwise. Then we have

Φ(z)^{−1}∇Φ(z) = ∇ + i(∂_x Im ψ(z), ∂_y Im ψ(z)) = ∇ + i(Im ∂_xψ(z), Re ∂_xψ(z)) = ∇ + i(Im ϕ(z), Re ϕ(z)) = ∇ + ia(z),

where we used the Cauchy-Riemann relation.

The existence of the magnetic translation operator defined in Definition 1.1 is guaranteed by the following more general statement.

Proposition 2.4 Let U and V are open sets in R^2 satisfying V = U + w = {z + w; z ∈ U} for some constant vector w ∈ R^2. Let N = 0, 1, 2, . . . or N = ∞, {z_j }^N_{j=1} are (at most) countable points in U with no accumulation points in U, S_N = ∪^N_{j=1}{z_j } and T_N = S_N + w (S_N = T_N = ∅ when N = 0). Let a ∈ C^∞(U \ S_N ; R^2) ∩ L^1_{loc}(U; R^2) and b ∈ C^∞(V \ T_N ; R^2) ∩ L^1_{loc}(V ; R^2). Assume that

rot b(z + w) = rot a(z) + N∑ j=1 2πα_j δ(z − z_j ) in D^′(U) (2.7)

and that all α_j ’s are integers. Then there exists an operator t_{−w} from D^′(V \T_N ) to D^′(U \S_N ) satisfying the following conditions:

(i) There exists Φ ∈ C^∞(U \ S_N ) with |Φ(z)| = 1 for every z ∈ U \ S_N such that t_{−w}u(z) = Φ(z)u(z + w) for every u ∈ D^′(V \ T_N ).

(ii) The intertwining property ( 1 i ∇ + a )_2 t_{−w}u = t_{−w} ( 1 i ∇ + b )_2

u in D^′(U \ S_N ) (2.8)

holds for any u ∈ D^′(V \ T_N ).

Proof. Combining Lemma 2.2 with Lemma 2.3, we can prove that there exists Φ ∈ C^∞(U \ S_N ) with |Φ| = 1 satisfying

Φ(z)^{−1}∇Φ(z) = ∇ + ib(z + w) − ia(z) in D^′(U \ S_N ).

Thus we obtain

Φ(z)^{−1}(∇ + ia(z))Φ(z) = ∇ + ib(z + w), Φ(z)^{−1}(∇ + ia(z))^2Φ(z) = (∇ + ib(z + w))^2. (2.9)

Put t_{−w}v(z) = Φ(z)v(z + w) for v ∈ D^′(V \ T_N ). One can easily verify that (2.8) holds by a short computation using (2.9).

3 Single solenoid operator

In this section, we shall give some properties of the single solenoid operator H_1, some of which are given in [Ex-St-Vy].

We shall introduce some operators and functions convenient for later calculus.

Proposition 3.1 (i) Define differential operators Π_x, Π_y, A_1, A^†_1 from D^′(R^2 \ {0}) to D^′(R^2 \ {0}) by

Π_x = 1 i ∂_x − B 2 y − α |z|^2 y, Π_y = 1 i ∂_y + B 2 x + α |z|^2 x, A_1 = iΠ_x + Π_y = 2∂_z + B 2 z̄ + α z A^†_1 = −iΠ_x + Π_y = −2∂_{z̄} + B 2 z + α z̄ , where ∂_z = 1 2 (∂_x − i∂_y), ∂_{z̄} = 1 2 (∂_x + i∂_y).

Then, the following relation holds:

A^†_1A_1 = L_1 − B, A_1A^†_1 = L_1 + B, (A_1u, v) = (u, A^†_1v) for any u, v ∈ C^∞_0 (R^2 \ {0}).

(ii) Define smooth functions {ϕ_{m,n}}, {ψ_{m,n}} (m, n ∈ Z) on R^2 \ {0} by ϕ_{m,n}(z) = |z|^αz^mz̄^ne^{− B4 |z|2} , ψ_{m,n}(z) = |z|^{−α}z^mz̄^ne^{− B4 |z|2} . Then the following relation holds for m, n ∈ Z: A_1ϕ_{m,n} = 2(α + m)ϕ_{m−1,n}, A^†_1ϕ_{m,n} = −2nϕ_{m,n−1} + Bϕ_{m+1,n}, A_1ψ_{m,n} = 2mψ_{m−1,n}, A^†_1ψ_{m,n} = 2(α − n)ψ_{m,n−1} + Bψ_{m+1,n}, L_1ϕ_{m,0} = (2α + 2m + 1)Bϕ_{m,0}, L_1ψ_{0,n} = Bψ_{0,n}. In particular, the four functions ϕ_{−1} = ϕ_{−1,0}, ψ_1 = ψ_{0,1}, ϕ_0 = ϕ_{0,0}, ψ_0 = ψ_{0,0} (3.1) satisfy L_1ϕ_{−1} = (2α − 1)Bϕ_{−1}, L_1ψ_1 = Bψ_1,

L_1ϕ_0 = (2α + 1)Bϕ_0, L_1ψ_0 = Bψ_0. (3.2) Proof. We can prove statements above by the following formulas.

[Π_x, Π_y] = B i , L_1 = Π^2_x + Π^2_y ∂_z z^m = m z z^m, ∂_{z̄}z^m = 0, ∂_zz̄^n = 0, ∂_{z̄}z̄^n = n z̄ z̄^n, ∂_z(|z|^{±α}) = ±α 2z |z|^{±α}, ∂_{z̄}(|z|^{±α}) = ±α 2z̄ |z|^{±α}, ∂_z e^{− B4 |z|2} = − B 4 z̄e^{− B4 |z|2} , ∂_{z̄}e^{− B4 |z|2} = − B 4 ze^{− B4 |z|2} .

Remark 1. In the polar coordinate z = re^{iθ}, ϕ_{m,n}(z) = r^{α+m+n}e^{i(m−n)θ} e^{− B}4^{r2} , ψ_{m,n}(z) = r^{−α+m+n}e^{i(m−n)θ}e^{− B}4^{r2} . (3.3)

This expressions imply that the four functions ϕ_{−1}, ψ_1, ϕ_0, ψ_0 belong to L^2(R^2). Remark 2. When we need to indicate the value α explicitly, we denote ϕ^α_{−1}, ψ^α_1 , ϕ^α_0 , ψ^α_0 for ϕ_{−1}, ψ_1, ϕ_0, ψ_0.

We quote a part of the result by Exner, Št’ovíček and Vytřas ([Ex-St-Vy]) for later use. Notice that some notes used in [Ex-St-Vy] are changed.

Proposition 3.2 (Exner-Št’ovíček-Vytřas) (i) The domain of the adjoint operator L^∗_1 of L_1 is D(L^∗_1) = { u ∈ L^2(R^2) ∩ H^2_{loc}(R^2 \ {0}); L_1u ∈ L^2(R^2) } . (ii) The deficiency indices of L_1 are (2, 2). (iii) The four linear functionals

Φ_{−1}(u) = lim_{r→+0} r^{1−α} 1 2π ∫_{2π} 0 u(re^{iθ})e^{iθ}dθ, Ψ_1(u) = lim_{r→+0} r^{−1+α} ( 1 2π ∫_{2π} 0 u(re^{iθ})e^{iθ}dθ − Φ_{−1}(u)r^{−1+α} ) , Ψ_0(u) = lim_{r→+0} r^α 1 2π ∫_{2π} 0 u(re^{iθ})dθ, Φ_0(u) = lim_{r→+0} r^{−α} ( 1 2π ∫_{2π} 0 u(re^{iθ})dθ − Ψ_0(u)r^{−α} )

are well-defined and finite for u ∈ D(L^∗_1).

(iv) Every u ∈ D(L^∗_1) is uniquely decomposed as u = Φ_{−1}(u)ϕ_{−1} + Ψ_1(u)ψ_1 + Φ_0(u)ϕ_0 + Ψ_0(u)ψ_0 + ξ, (3.4) where ξ ∈ D(L_1). In particular, the element u ∈ D(L^∗_1) belongs to D(L_1) if and only if Φ_{−1}(u) = Ψ_1(u) = Φ_0(u) = Ψ_0(u) = 0.

Remark 1. The four functions ϕ_{−1}, ψ_1, ϕ_0, ψ_0 are eigenfunctions of L_1 by (3.2). Thus these functions belong to D(L^∗_1) by (i) of this proposition.

Remark 2. The decomposition (3.4) is a paraphrase of [Ex-St-Vy, page2158, line8], since the four functions have the asymptotics ϕ_{−1} ∼ r^{α−1}e^{−iθ}, ψ_1 ∼ r^{1−α}e^{−iθ}, ϕ_0 ∼ r^α, ψ_0 ∼ r^{−α} as r → 0.

We shall prepare a lemma for the future use. In the sequel, the note ||u|| is the L^2-norm ||u||^2 = ∫ |u|^2dxdy. We regard D(L^∗_1) as a Hilbert space equipped with the graph norm ||u||^2_1 = ||L_1u||^2 + ||u||^2, u ∈ D(L^∗_1).

Lemma 3.3 (i) The following equalities hold.

||ϕ^α_{−1}||^2_1 = π { (2α − 1)^2B^2 + 1 } ( 2 B )_α Γ(α), ||ψ^α_1 ||^2_1 = π(B^2 + 1) ( 2 B )_{2−α} Γ(2 − α), ||ϕ^α_0 ||^2_1 = π { (2α + 1)^2B^2 + 1 } ( 2 B )_{1+α} Γ(1 + α),

||ψ^α_0 ||^2_1 = π(B^2 + 1) ( 2 B )_{1−α} Γ(1 − α), where Γ(z) = ∫_∞ 0 e^{−t}t^{z−1}dt is the Gamma function.

(ii) For u, v ∈ D((L^α_1 )^∗), define

[u, v]_1 = (L^α_1 u, v) − (u, L^α_1 v).

Then, the following equalities hold.

[ϕ^α_{−1}, ψ^α_1 ]_1 = 4π(α − 1), [ϕ^α_0 , ψ^α_0 ]_1 = 4πα, [ϕ^α_{−1}, ϕ^α_0 ]_1 = [ϕ^α_{−1}, ψ^α_0 ]_1 = [ψ^α_1 , ϕ^α_0 ]_1 = [ψ^α_1 , ψ^α_0 ]_1 = 0 [ϕ^α_l , ϕ^α_l ]_1 = [ψ^α_n , ψ^α_n ]_1 = 0 for l = −1, 0, n = 0, 1.

(iii) The operators Φ^α_{−1}, Ψ^α_1 , Φ^α_0 , Ψ^α_0 are bounded linear functionals on D(L^α_1 )^∗ whose operator norm are estimated by ||Φ^α_{−1}|| ≤ 1 4π(1 − α) ||ψ^α_1 ||_1, ||Ψ^α_1 || ≤ 1 4π(1 − α) ||ϕ^α_{−1}||_1, ||Φ^α_0 || ≤ 1 4πα ||ψ^α_0 ||_1, ||Ψ^α_0 || ≤ 1 4πα ||ϕ^α_0 ||_1. Proof. (i) (ii) One can prove these equalities by a short calculation using (3.2) and (3.3). (iii) Notice that [u, v]_1 = (L^∗_1u, v) − (u, L_1v) = 0 for any u ∈ D(L^∗_1) and v ∈ D(L_1). From this equality, (ii) of this lemma and (3.4), we have

Φ^α_{−1}(u) = 1 4π(1 − α) [ψ^α_1 , u]_1, Ψ^α_1 (u) = 1 4π(α − 1) [ϕ^α_{−1}, u]_1,

Φ^α_0 (u) = 1 −4πα [ψ^α_0 , u]_1, Ψ^α_0 (u) = 1 4πα [ϕ^α_0 , u]_1.

(3.5)

Moreover, we have by the Schwarz inequality |[u, v]_1| ≤ ||L_1u|| ||v|| + ||u|| ||L_1v|| ≤ ||u||_1||v||_1 (3.6) for u, v ∈ D(L_1)^∗. By (3.5) and (3.6), the conclusion holds.

4 Deficiency indices of L_N

In this section, we shall determine the deficiency indices of L_N . We shall introduce some differential operators convenient for later calculus.

Lemma 4.1 Define differential operators Π_{N,x}, Π_{N,y}, A_N , A^†_N from D^′(R^2\S_N ) to D^′(R^2\ S_N ) by Π_{N,x} = 1 i ∂_x + a_{N,x}, Π_{N,y} = 1 i ∂_y + a_{N,y}, A_N = iΠ_{N,x} + Π_{N,y} = 2∂_z + ϕ(z), A^†_N = −iΠ_{N,x} + Π_{N,y} = −2∂_{z̄} + ϕ(z), where ϕ(z) = ia_{N,x}(z) + a_{N,y}(z). Let t_{−zj} be the magnetic translation from {|z − z_j | <^R_2 } to {|z| <^R_2 } intertwining L_N with L_1. Then the following equalities holds: A^†_N A_N = L_N − B, A_N A^†_N = L_N + B, (4.1) as operators from D^′(R^2 \ S_N ) to D^′(R^2 \ S_N ). (A_N ϕ, ψ) = (ϕ, A^†_N ψ) (4.2) for every ϕ, ψ ∈ C^∞_0 (R^2 \ S_N ). A^{αj}_1 t_{−zj} = t_{−zj} A_N , A^{†,αj}_1 t_{−zj} = t_{−zj} A^†_N (4.3) as operators from D^′({|z − z_j | <^R_2 }) to D^′({|z| <^R_2 }).

Proof. One can prove (4.1) by a short computation using the formula [Π_{N,x}, Π_{N,y}] = B i , L_N = Π^2_{N,x} + Π^2_{N,y}.

The equality (4.2) follows from an integration by parts. Notice that the intertwining property ( 1 i ∇ + a^{αj}_1 ) t_{−zj} = t_{−zj} ( 1 i ∇ + a_N )

implies Π^{αj}_x t_{−zj} = t_{−zj} Π_{N,x}, Π^{αj}_y t_{−zj} = t_{−zj} Π_{N,y}. The equality (4.3) follows from these equalities.

In the sequel, we denote U(r) = N⋃ j=1 {z ∈ R^2; |z − z_j | < r}. Proposition 4.2 Let N = 1, 2, . . . , or N = ∞. Then the following holds: (i) The operator domain of D(L^∗_N ) is given by D(L^∗_N ) = {u ∈ L^2(R^2) ∩ H^2_{loc}(R^2 \ S_N ); L_N u ∈ L^2(R^2)}.

(ii) Let u ∈ D(L^∗_N ). Suppose that there exist a constant R_1 with 0 < R_1 < R such that supp u ⊂ R^2 \ U(R_1). Then, u ∈ D(L_N ).

Proof. (i) By definition, u ∈ D(L^∗_N ) if and only if there exists some v ∈ L^2(R^2) such that (v, ϕ) = (u, −(∇ + ia_N )^2ϕ) for every ϕ ∈ C^∞_0 (R^2 \ S_N ). By definition, this statement is equivalent to v = −(∇ + ia_N )^2u in D^′(R^2 \ S_N ). Then we have u ∈ H^2_{loc}(R^2 \ S_N ) by an elliptic estimate (see [Ag]).

(ii) Take η ∈ C^∞(R^2) satisfying η = 1 on R^2 \ U(^1_3 R_1), η = 0 on U(^1_4 R_1) and η, ∇η and Δη are bounded functions. Put ~a_N = ηa_N . Then the operator

~L_N = ( 1 i ∇ + ~a_N )^2, D(~L_N ) = C^∞_0 (R^2)

is essentially self-adjoint since ~a_N ∈ C^∞(R^2) (see [Ik-Ka]). Thus we have

D(~L_N ) = {u ∈ L^2(R^2); (∇ + i~a_N )^2u ∈ L^2(R^2)}, (4.4) because the domain of the maximal operator coincides with that of the minimal operator. Since ~L_N u = L_N u ∈ L^2(R^2), we have u ∈ D(~L_N ) by (4.4).

By the essential self-adjointness of ~L_N , we can take a sequence {u_n}^∞_{n=1} ⊂ C^∞_0 (R^2) which approximates u with respect to the graph norm of ~L_N . Take ξ ∈ C^∞(R^2), satisfying that ξ = 1 on R^2 \ U(^{R1}_2 ), that ξ = 0 on U(^{R1}_3 ) and that ξ, ∇ξ, Δξ are bounded. Then we have {ξu_n}^∞_{n=1} ⊂ D(L_N ). It is sufficient to show that the sequence {ξu_n} approximates u with respect to the graph norm of L^∗_N . Since ~L_N (ξϕ) = ξ ~L_N ϕ − 2(∇ξ)(∇ + i~a_N )ϕ − (Δξ)ϕ for any ϕ ∈ D(~L_N ), we have ||L^∗_N (ξu_n − u)|| = ||~L_N (ξ(u_n − u))|| ≤ ||ξ ~L_N (u_n − u)|| + 2||(∇ξ)(∇ + i~a_N )(u_n − u)|| + ||(Δξ)(u_n − u)||. One can show that the last expression converges to 0 as n → ∞ by using the inequality (which can be proved by an integration by parts) ||(∇ + i~a_N )v||^2 ≤ 1 2 ( ||(∇ + i~a_N )^2v||^2 + ||v||^2 )

for v ∈ D(~L_N ) and the uniform boundedness of |∇ξ|, |Δξ|.

We shall prove the continuity of the cutting-off map. In the sequel, we regard D(L^∗_N ) as a Hilbert space equipped with the graph norm ||u||^2_N = ||L_N u||^2 + ||u||^2, u ∈ D(L^∗_N ). The bracket [X, Y ] denotes the commutator of two operators X, Y , that is, [X, Y ] = XY − Y X. Lemma 4.3 Let 1 ≤ N < ∞ or N = ∞. Let η ∈ C^∞(R^2) and suppose supp |∇η| is a compact set in R^2 \ S_N . Then, for any u ∈ D(L^∗_N ), we have ηu ∈ D(L^∗_N ) and ||[L_N , η]u||^2 ≤ C_0 ∫ supp |∇η| (|L_N u|^2 + |u|^2)dxdy, (4.5) where C_0 = 10 sup(|∇η|^2 + |∇(∂_xη)|^2 + |∇(∂_yη)|^2). Moreover, we have ||ηu||^2_N ≤ C_1 ∫ supp η (|L_N u|^2 + |u|^2)dxdy, (4.6) where C_1 = 2(sup |η|^2 + C_0).

Proof. Take u ∈ D(L^∗_N ). By (i) of Proposition 4.2, we have L_N u ∈ L^2(R^2) and u ∈ H^2_{loc}(R^2 \ S_N ). Then ηu ∈ L^2(R^2) and L_N (ηu) = ηL_N u − 2(∇η)(∇ + ia_N )u − (Δη)u ∈ L^2(R^2), since supp ∇η is compact. Thus ηu ∈ D(L^∗_N ) by (i) of Proposition 4.2.

Let ξ ∈ C^∞_0 (R^2 \S_N ; R). The following equality is a little modified version of the equality given in [Co-Ne, Lemma II.2]:

||(∇ + ia_N )(ξu)||^2 = − Re(u, ξ^2(∇ + ia_N )^2u) + (u, |∇ξ|^2u). (4.7) We shall check that (4.7) holds in our case. By the Leibniz rule, we have (l.h.s. of (4.7)) = ||ξ(∇ + ia_N )u||^2 + 2 Re((∇ξ)u, ξ(∇ + ia_N )u) + ||(∇ξ)u||^2. (4.8) Since

ξ^2(∇ + ia_N )^2 = [ξ^2, (∇ + ia_N )](∇ + ia_N ) + (∇ + ia_N )ξ^2(∇ + ia_N ) = −2ξ(∇ξ)(∇ + ia_N ) + (∇ + ia_N )ξ^2(∇ + ia_N ), we have (r.h.s. of (4.7)) = 2 Re(u, ξ(∇ξ)(∇ + ia_N )u) − Re(u, (∇ + ia_N )ξ^2(∇ + ia_N )u) + (u, |∇ξ|^2u) = 2 Re(u, ξ(∇ξ)(∇ + ia_N )u) + Re((∇ + ia_N )u, ξ^2(∇ + ia_N )u) + ||(∇ξ)u||^2, by partial integration (since ξ ∈ C^∞_0 (R^2 \ S_N ), the boundary term vanishes). The last expression coincides with (4.8). Thus (4.7) holds.

By (4.7) and the Schwarz inequality, we have

||(∇ + ia_N )(ξu)||^2 ≤ sup(|ξ|^2 + |∇ξ|^2) ∫ supp ξ (|L_N u|^2 + |u|^2)dxdy for any ξ ∈ C^∞_0 (R^2 \ S_N ). Applying this inequality to ξ = ∂_xη, ∂_yη, we have ||(∇ + ia_N ){(∇η)u}||^2 ≤ C ∫ supp |∇η| (|L_N u|^2 + |u|^2)dxdy, (4.9) where C = sup(|∇η|^2 + |∇(∂_xη)|^2 + |∇(∂_yη)|^2). Since [L_N , η]u = −2(∇ + ia_N ) ((∇η)u) − (Δη)u, we have by (4.9) ||[L_N , η]u||^2 ≤ 8||(∇ + ia_N ) ((∇η)u) ||^2 + 2||(Δη)u||^2 ≤ C_0 ∫ supp |∇η| (|L_N u|^2 + |u|^2)dxdy. Thus (4.5) holds. Moreover, by this inequality we have ||ηu||^2_N = ||L_N (ηu)||^2 + ||ηu||^2 ≤ 2||[L_N , η]u||^2 + 2||ηL_N u||^2 + ||ηu||^2 ≤ C_1 ∫ supp η (|L_N u|^2 + |u|^2)dxdy. Thus (4.6) holds.

The following lemma is useful to determine the deficiency indices of L_N . In the sequel, we denote^N⊕_{j=1} H_j the orthogonal direct sum of Hilbert spaces H_1, . . . , H_N (N = 1, 2, . . . , or N = ∞). The norm of^N⊕_{j=1} H_j is defined by

||(u_1, . . . , u_N )||^2_{⊕Hj} = N∑ j=1 ||u_j||^2_{Hj} , where u_j ∈ H_j for j = 1, · · · , N. In particular, when {H_j }^N_{j=1} are mutually orthogonal closed subspaces of a Hilbert space H, we identify^N⊕_{j=1} H_j with the closed subspace of H generated by {H_j }^N_{j=1}.

Remark. When N = ∞, the note ‘j = 1, · · · , N’ above implies ‘for every positive integer j’. We often use the notation of this type in the sequel, to simplify the statements; for example, the note ‘u_1 + · · · + u_N ’ implies ‘ ∑_∞ j=1 u_j’, when N = ∞.

Lemma 4.4 Let 1 ≤ N < ∞ or N = ∞. Let χ ∈ C^∞_0 ({|z| <^R_3 }) with 0 ≤ χ ≤ 1 on R^2, χ = 1 on {|z| <^R_4 } and put χ_j (z) = χ(z − z_j ). Let t_{−zj} be the magnetic translation from {|z − z_j | <^R_2 } to {|z| <^R_2 } intertwining L_N with L^{αj}_1 . Then, the following holds.

(i) The map T_j : D(L^∗_N ) ∋ u → t_{−zj} (χ_j u) ∈ D((L^{αj}_1 )^∗) (4.10) is well-defined and continuous for each j = 1, . . . , N. Moreover, the map

T : D(L^∗_N ) ∋ u → (T_1u, . . . , T_N u) ∈^N⊕_{j=1} D((L^{αj}_1 )^∗) (4.11)

is well-defined and continuous, where ⊕^N_{j=1} D((L^{αj}_1 )^∗) is the orthogonal direct sum of Hilbert spaces {D((L^{αj}_1 )^∗)}^N_{j=1}.

(ii) We have T_j D(L_N ) ⊂ D(L^{αj}_1 ), for every j = 1, . . . , N. (iii) The map

S :^N⊕_{j=1} D((L^{αj}_1 )^∗) ∋ (u_1, . . . , u_N ) → t_{z1} (χu_1) + . . . + t_{zN} (χu_N ) ∈ D(L^∗_N ) (4.12)

is well-defined and continuous.

(iv) We have S(⊕^N_{j=1} D(L^{αj}_1 )) ⊂ D(L_N ).

(v) An element u ∈ D(L^∗_N ) belongs to D(L_N ) if and only if T_j u ∈ D(L^{αj}_1 ) for every j = 1, . . . , N. (4.13) (vi) For every (u_1, . . . , u_N ) ∈ ⊕^N_{j=1} D((L^{αj}_1 )^∗), we have

(T S − Id)(u_1, . . . , u_N ) ∈^N⊕_{j=1} D(L^{αj}_1 ).

Proof. (i) Let u ∈ D(L^∗_N ). Then χ_j u ∈ D(L^∗_N ) by Lemma 4.3. By the intertwining property and unitarity of t_{−zj} , we have ||χ_ju||^2_N = ||L_N (χ_j u)||^2 + ||χ_ju||^2 = ||L^{αj}_1 t_{−zj} χ_ju||^2 + ||t_{−zj} χ_ju||^2 = ||t_{−zj} χ_ju||^2_{1,αj} , (4.14) where ||v||^2_{1,αj} = ||L^{αj}_1 v||^2 + ||v||^2 for v ∈ D((L^{αj}_1 )^∗). Thus t_{−zj} χ_ju ∈ D((L^{αj}_1 )^∗) and the map T_j is well-defined. The continuity of T_j follows from (4.14) and (4.6). Moreover, we have by (4.14) and (4.6) N∑ j=1 ||T_ju||^2_1 ≤ C_1 N∑ j=1 ∫ {|z−z_j |<^R_2 } (|L_N u|^2 + |u|^2)dxdy ≤ C_1||u||^2_N < ∞, (4.15) where C_1 is a constant dependent only on χ. We used that the balls { {|z − z_j | <^R_2 } }_N j=1 are disjoint by the assumption (1.1). Thus the map T is well-defined and continuous.

(ii) Since T_j maps D(L_N ) = C^∞_0 (R^2 \ S_N ) into D(L^{αj}_1 ) = C^∞_0 (R^2 \ {0}), the assertion holds from the continuity of the map T_j .

(iii) Take (u_1, . . . , u_N ) ∈ ⊕^N_{j=1} D((L^{αj}_1 )^∗). By the unitarity and the intertwining property of t_{zj} , we have t_{zj} (χu_j) ∈ L^2(R^2), L_N t_{zj} (χu_j) = t_{zj} L_1(χu_j) ∈ L^2(R^2) and ||t_{zj} (χu_j)||^2_N = ||χu_j||^2_{1,αj} . (4.16) Thus we have t_{zj} (χu_j ) ∈ D(L^∗_N ) by (i) of Proposition 4.2. When N is finite, the continuity of the map follows from (4.16).

Consider the case N = ∞. Since { supp(t_{zj} (χu_j )) }_∞ j=1 are disjoint, we have that {t_{zj} (χu_j)}^∞_{j=1} is a mutually orthogonal sequence in D(L^∗_N ). Thus we have by (4.16) and (4.6) || N_2∑ j=N_1 t_{zj} (χu_j)||^2_N =

N_2∑ j=N_1 ||t_{zj} (χu_j)||^2_N

= N_2∑ j=N_1 ||χu_j||^2_{1,αj} ≤ C_1 N_2∑ j=N_1 ||u_j||^2_{1,αj} (4.17)

for 1 ≤ N_1 < N_2 < ∞, where C_1 is a constant dependent only on χ. The last expression of (4.17) converges to 0 as N_1 and N_2 goes to infinity, since (u_j)^∞_{j=1} ∈ ⊕^∞_{j=1} D((L^{αj}_1 )^∗). Thus the convergence of the sum follows from the Cauchy criterion. Putting N_1 = 1 and taking the limit N_2 → ∞ in (4.17), we obtain the continuity statement.

(iv) The set D_0 = {(u_1, . . . , u_n, 0, 0, . . . , 0); n ≤ N, n < ∞, u_1, . . . , u_n ∈ C^∞_0 (R^2 \ {0})}

is dense in ⊕^N_{j=1} D(L^{αj}_1 ) and SD_0 ⊂ C^∞_0 (R^2 \ S_N ) = D(L_N ). Thus the assertion follows from the continuity of S.

(v) By (ii), it is sufficient to show that u ∈ D(L^∗_N ) and (4.13) implies u ∈ D(L_N ). Suppose an element u in D(L^∗_N ) satisfies (4.13). By (iv), we have ST u = S(T_1u, . . . , T_N u) ∈ D(L_N ). Thus it is sufficient to show v = u − ST u ∈ D(L_N ). (4.18)

By (i) and (iii), we have v ∈ D(L^∗_N ). Moreover, we have supp v ⊂ R^2 \ U ( R 4 )

by definition of T_j and S. Thus (4.18) follows from (ii) of Proposition 4.2.

(vi) By definition,

supp{(T_j S)(u_1, . . . , u_N ) − u_j} = supp(χ^2 − 1)u_j ⊂ {|z| ≥ R 4 }. Thus the conclusion follows from (ii) of Proposition 4.2.

We shall determine the deficiency indices of L_N .

Proposition 4.5 Let 1 ≤ N < ∞ or N = ∞. Then, the deficiency indices of L_N are (2N, 2N). Proof. Since the operator L_N is symmetric and positive, the deficiency indices m_± = dim Ker(L^∗_N ∓ i) are equal (see [Re-Si, Corollary of Theorem X.1]). Since D(L^∗_N ) = D(L_N ) ⊕ Ker(L^∗_N − i) ⊕ Ker(L^∗_N + i) (see [Re-Si, (b) of Lemma in page 138]), it is sufficient to show that dim D(L^∗_N )/D(L_N ) = 4N, (4.19) where D(L^∗_N )/D(L_N ) is the quotient Banach space equipped with the norm ||[u]||^2_N = inf{||u + v||^2_N ; v ∈ D(L_N )} ([u] is the equivalence class of u). Since D(L^∗_N ) is a Hilbert space, we have ||[u]||_N = ||P_N u||_N for u ∈ D(L^∗_N ), where P_N denotes the orthogonal projection onto D(L_N )^⊥ = Ker(L^∗_N − i) ⊕ Ker(L^∗_N + i).

Define a map ~T from D(L^∗_N )/D(L_N ) to ⊕^N_{j=1} D((L^{αj}_1 )^∗)/D(L^{αj}_1 ) by

~T ([u]) =^N⊕_{j=1}[T_j u] for u ∈ D(L^∗_N ), where T_j is the operator defined in Lemma 4.4. We see that the vectors {[T_j u]}^N_{j=1} are independent of the choice of a representative u in a equivalence class [u], by

(ii) of Lemma 4.4. Since u − P_N u ∈ D(L_N ), we have [u] = [P_N u] and thus [T_j u] = [T_j P_N u]. Thus we have by (4.15) N∑ j=1 ||[T_ju]||^2_{1,αj} = N∑ j=1 ||[T_jP_N u]||^2_{1,αj} ≤ C_1||P_N u||^2_N = C_1||[u]||^2_N .

Thus ~T is well-defined and continuous. Moreover, we have that ~T is injective by (v) of Lemma 4.4.

We shall show that ~T is surjective. Take ([u_1], . . . , [u_N ]) ∈ ⊕^N_{j=1} D((L^{αj}_1 )^∗)/D(L^{αj}_1 ). Since [u_j] = [P^{αj}_1 u_j] and ||[u_j]||_1 = ||P^{αj}_1 u_j||_1 (P^{αj}_1 is the orthogonal projection onto D(L^{αj}_1 )^⊥), we may assume u_j ∈ D(L^{αj}_1 )^⊥ and ||[u_j]||_1 = ||u_j||_1. Then we have N∑ j=1 ||u_j||^2_{1,αj} = N∑ j=1 ||[u_j]||^2_{1,αj} < ∞ and thus (u_1, . . . , u_N ) ∈ ⊕^N_{j=1} D((L^{αj}_1 )^∗). By (vi) of Lemma 4.4, we have ([u_1], . . . , [u_N ]) = ~T S(u_1, . . . , u_N ) ∈ Ran ~T . Therefore we have the map ~T is a bijective continuous map from a Hilbert space to a Hilbert space. This implies ~T is isomorphism, by the open mapping theorem (see [Ru2, Theorem 2.11]). Thus we have

dim D(L^∗_N )/D(L_N ) = N dim D((L^{αj}_1 )^∗)/D(L^{αj}_1 ) = 4N,

since dim D((L^{αj}_1 )^∗)/D(L^{αj}_1 ) = 4 by (ii) of Proposition 3.2. Thus (4.19) holds.

5 Characterization of self-adjoint extensions

In this section, we shall give a characterization of self-adjoint extensions of L_N . For this purpose, we shall introduce some basis functions.

Lemma 5.1 (i) Let N = 1, 2, . . . or N = ∞. Put

ϕ^{(j)}_{−1} = t_{zj} (χϕ^{αj}_{−1}), ψ^{(j)}_1 = t_{zj} (χψ^{αj}_1 ), ϕ^{(j)}_0 = t_{zj} (χϕ^{αj}_0 ), ψ^{(j)}_0 = t_{zj} (χψ^{αj}_0 ) for j = 1, . . . , N, where χ is a function given in Lemma 4.4 and t_{zj} is the magnetic translation operator from {|z| <^R_2 } to {|z −z_j | <^R_2 } intertwining L_1 with L_N . For u, v ∈ D(L^∗_N ), define [u, v]_N = (L_N u, v) − (u, L_N v). Then, the following equalities hold:

[ϕ^{(j)}_l , ϕ^{(j′)}_l′ ]_N = [ϕ^{(j)}_l , ψ^{(j′)}_n ]_N = [ψ^{(j)}_n , ψ^{(j′)}_n′ ]_N = 0 (5.1) for j ≠ j^′, l, l^′ = −1, 0, n, n^′ = 0, 1.

[ϕ^{(j)}_{−1}, ψ^{(j)}_1 ]_N = 4π(α_j − 1), [ϕ^{(j)}_0 , ψ^{(j)}_0 ]_N = 4πα_j, (5.2) [ϕ^{(j)}_{−1}, ϕ^{(j)}_0 ]_N = [ϕ^{(j)}_{−1}, ψ^{(j)}_0 ]_N = [ψ^{(j)}_1 , ϕ^{(j)}_0 ]_N = [ψ^{(j)}_1 , ψ^{(j)}_0 ]_N = 0, [ϕ^{(j)}_l , ϕ^{(j)}_l ]_N = [ψ^{(j)}_n , ψ^{(j)}_n ]_N = 0 for l = −1, 0, n = 0, 1 for j = 1, . . . , N. (ii) Define linear functionals on D(L^∗_N ) by Φ^{(j)}_{−1}(u) = Φ^{αj}_{−1}(T_ju), Ψ^{(j)}_1 (u) = Ψ^{αj}_1 (T_j u), Φ^{(j)}_0 (u) = Φ^{αj}_0 (T_j u), Ψ^{(j)}_0 (u) = Ψ^{αj}_0 (T_j u),

(5.3) for j = 1, . . . , N and u ∈ D(L^∗_N ), where T_j is the operator defined by (4.10). Then the following equalities hold:

Φ^{(j)}_l (u_0) = Ψ^{(j)}_n (u_0) = 0 (5.4) for j = 1, . . . , N, l = −1, 0, n = 0, 1 and u_0 ∈ D(L_N ).

Φ^{(j)}_l (ϕ^{(j′)}_l′ ) = Ψ^{(j)}_n (ψ^{(j′)}_n′ ) = Φ^{(j)}_l (ψ^{(j′)}_l′ ) = Ψ^{(j)}_n (ϕ^{(j′)}_n′ ) = 0, (5.5) for j ≠ j^′, l, l^′ = −1, 0 and n, n^′ = 0, 1.

Φ^{(j)}_l (ϕ^{(j)}_l′ ) = δ_{l,l}′ , Ψ^{(j)}_n (ψ^{(j)}_n′ ) = δ_{n,n}′ , Φ^{(j)}_l (ψ^{(j)}_l′ ) = 0, Ψ^{(j)}_n (ϕ^{(j)}_n′ ) = 0, (5.6) for j = 1, . . . , N, l, l^′ = −1, 0 and n, n^′ = 0, 1, where δ is the Kronecker delta, that is, δ_{m,n} = { 1 (m = n) 0 (m ≠ n ) .

Proof. (i) The equalities (5.1) clearly hold since the intersection of the support of two functions in each bracket is empty. The first equality of (5.2) is proved as follows.

[ϕ^{(j)}_{−1}, ψ^{(j)}_1 ]_N = ( L_N (t_{zj} χϕ^{αj}_{−1}), t_{zj} χψ^{αj}_1 ) − ( t_{zj} χϕ^{αj}_{−1}, L_N (t_{zj} χψ^{αj}_1 ) ) = ( L^{αj}_1 (χϕ^{αj}_{−1}), χψ^{αj}_1 ) − ( χϕ^{αj}_{−1}, L^{αj}_1 (χψ^{αj}_1 ) ) = (L^{αj}_1 ϕ^{αj}_{−1}, ψ^{αj}_1 ) − (ϕ^{αj}_{−1}, L^{αj}_1 ψ^{αj}_1 ) = 4π(α_j − 1),

where we used the intertwining property and unitarity of t_{zj} in the second equality, the fact (1 − χ)ϕ^{αj}_{−1} ∈ D(L_1) and (1 − χ)ψ^{αj}_1 ∈ D(L_1) in the third equality and (ii) of Lemma 3.3 in the fourth equality. The remaining equalities can be proved similarly.

(ii) (5.4) follows from (ii) of Lemma 4.4 and (iv) of Proposition 3.2. Since supp χ_j ∩ supp χ_j′ = ∅ if j ≠ j^′, we have T_j ϕ^{(j′)}_l = T_j ψ^{(j′)}_n′ = T_j ψ^{(j′)}_l′ = T_jϕ^{(j′)}_n′ = 0 for j ≠ j^′. Thus (5.5) holds. By definition, we have

Φ^{(j)}_l (ϕ^{(j)}_l′ ) = Φ_l(t_{−zj} (χ_jt_{zj} ϕ_l′ )) = Φ_l(χϕ_l′ ) = δ_{l,l}′ .

Thus the first equality of (5.6) holds. The remaining equalities can be proved similarly.

We shall determine the structure of D(L^∗_N ) under the following assumption.

Assumption 1 There exist constants α_−, α_+ such that

0 < α_− ≤ α_j ≤ α_+ < 1 for every j = 1, . . . , N.

Remark 1. This assumption is satisfied when N is finite.

Remark 2. It is known that the deficiency indices of L^0_1 = −Δ|_C∞_{0 (R}2_{\{0})} are (1, 1) (see [Al-Ge-Ho-Ho]). Since the operator L^1 is unitarily equivalent to L^0_1, the deficiency indices of L^1 are also (1, 1). Thus the deficiency indices of L^α_1 change discontinuously at α = 0, 1. Hence some of our estimates have singularities at α = 0, 1 (for example, see Lemma 3.3). We impose Assumption 1 to avoid these singularities.

In the sequel, C^{4N} denotes the Hilbert space of the sequence of 4N complex numbers (infinite complex numbers, when N = ∞) equipped with the norm

||c||^2_C4N = 4N∑ j=1 |c_j|^2, c = (c_1, . . . , c_{4N} ).

Lemma 5.2 Let N = 1, 2, . . . or N = ∞. Suppose Assumption 1 holds. Then, the following holds.

(i) For u ∈ D(L^∗_N ), the sequence

Ξu = (Φ^{(1)}_{−1}(u), Ψ^{(1)}_1 (u), Φ^{(1)}_0 (u), Ψ^{(1)}_0 (u), . . .

. . . , Φ^{(N)}_{−1} (u), Ψ^{(N)}_1 (u), Φ^{(N)}_0 (u), Ψ^{(N)}_0 (u)) (5.7)

belongs to C^{4N} for any u ∈ D(L^∗_N ) (when N = ∞, Ξu is an infinite sequence). The map D(L^∗_N ) ∋ u → Ξu ∈ C^{4N} is continuous. Moreover, there exist a constant C_2 dependent on B, R, α_−, α_+ (independent of N) such that ||Ξu||^2_C4N ≤ C_2||u||^2_N (5.8) for any u ∈ D(L^∗_N ).

(ii) For c = (c_1, . . . , c_{4N} ) ∈ C^{4N} , the function

E(c) = c_1ϕ^{(1)}_{−1} + c_2ψ^{(1)}_1 + c_3ϕ^{(1)}_0 + c_4ψ^{(1)}_0 + . . .

+ c_{4N−3}ϕ^{(N)}_{−1} + c_{4N−2}ψ^{(N)}_1 + c_{4N−1}ϕ^{(N)}_0 + c_{4N} ψ^{(N)}_0 (5.9)

belongs to D(L^∗_N ) (when N = ∞, the right hand side of (5.9) is a convergent sequence in D(L^∗_∞)). Moreover, there exist a constant C_3 dependent on B, R, α_−, α_+ (independent of N) such that ||E(c)||^2_N ≤ C_3||c||^2_C4N (5.10) for any c ∈ C^{4N} .

(iii) u − E(Ξu) ∈ D(L_N ) for every u ∈ D(L^∗_N ). (iv) ΞE(c) = c for every c ∈ C^{4N} . (v) Ξu = 0 for every u ∈ D(L_N ).

Proof. (i) Since the Gamma function Γ(z) is continuous on 0 < z < 1, Γ(α) is uniformly bounded for α_− ≤ α ≤ α_+. From this fact and (i) of Lemma 3.3, we have that there exist a constant C dependent only on B, α_−, α_+ such that sup α_−≤α≤α_+ max{||ϕ^α_{−1}||^2_1, ||ψ^α_1 ||^2_1, ||ϕ^α_0 ||^2_1, ||ϕ^α_{−1}||^2_1} ≤ C. (5.11)

By (iii) of Lemma 3.3, we have that there exist a constant C^′ dependent only on B, α_−, α_+ such that sup α_−≤α≤α_+ max{||Φ^α_{−1}||^2, ||Ψ^α_1 ||^2, ||Φ^α_0 ||^2, ||Ψ^α_0 ||^2} ≤ C^′. (5.12)

By (5.11), (5.12) and (4.15), we have N∑ j=1 (|Φ^{(j)}_{−1}(u)|^2 + |Ψ^{(j)}_1 (u)|^2 + |Φ^{(j)}_0 (u)|^2 + |Ψ^{(j)}_0 (u)|^2) = N∑ j=1 (|Φ^{αj}_{−1}(T_j u)|^2 + |Ψ^{αj}_1 (T_j u)|^2 + |Φ^{αj}_0 (T_j u)|^2 + |Ψ^{αj}_0 (T_j u)|^2) ≤ 4C^′ N∑ j=1 ||T_ju||^2_1 ≤ 4C^′C_1||u||^2_N . Thus Ξu ∈ C^{4N} and (5.8) holds for C_2 = 4C^′C_1.

(ii) Notice that two basis functions are mutually orthogonal if the upper index j are different. From this fact, (5.11) and (4.6), we have for c ∈ C^{4N} || N_2∑ j=N_1 c_{4j−3}ϕ^{(j)}_{−1} + c_{4j−2}ψ^{(j)}_1 + c_{4j−1}ϕ^{(j)}_0 + c_{4j}ψ^{(j)}_0 ||^2_N ≤ N_2∑ j=N_1 ||c_{4j−3}ϕ^{(j)}_{−1} + c_{4j−2}ψ^{(j)}_1 + c_{4j−1}ϕ^{(j)}_0 + c_{4j} ψ^{(j)}_0 ||^2_N

≤ 4CC_1 N_2∑ j=N_1 (|c_{4j−3}|^2 + |c_{4j−2}|^2 + |c_{4j−1}|^2 + |c_{4j} |^2), (5.13)

for any N_1, N_2 such that 1 ≤ N_1 ≤ N_2 ≤ N and N_2 < ∞. When N = ∞, this inequality guarantees the convergence of the infinite sum (5.9), since the right hand side of (5.13) converges to 0 as N_1, N_2 → ∞. Moreover, taking N_1 = 1 and N_2 = N (or N_2 → ∞) we have that (5.10) holds with C_3 = 4CC_1.

(iii) By (v) of Lemma 4.4 and (iv) of Proposition 3.2, it suffices to show u_0 = u − E(Ξu) satisfies Φ^{(j)}_{−1}(u_0) = Ψ^{(j)}_1 (u_0) = Φ^{(j)}_0 (u_0) = Ψ^{(j)}_0 (u_0) = 0 for every j = 1, . . . , N. These equalities follows from the definition of E, Ξ and (ii) of Lemma 5.1.

(iv)(v) These assertions follow from the definition of E, Ξ and (ii) of Lemma 5.1.

In the sequel, we denote the algebraic direct sum of two subspace W_1 and W_2 of a vector space V by W_1 ⊕_{alg} W_2, that is,

W_1 ⊕_{alg} W_2 = {w_1 + w_2 ∈ V ; w_1 ∈ W_1, w_2 ∈ W_2}.

Proposition 5.3 Let 1 ≤ N < ∞ or N = ∞. Suppose that Assumption 1 holds. Then, the operator domain D(L^∗_N ) is decomposed into a direct sum

D(L^∗_N ) = D(L_N ) ⊕_{alg}^N⊕_{j=1} L.h.{ϕ^{(j)}_{−1}, ψ^{(j)}_1 , ϕ^{(j)}_0 , ψ^{(j)}_0 },

where ⊕_{alg} denotes the algebraic direct sum and ⊕^N_{j=1} denotes the orthogonal direct sum of mutually orthogonal closed subspaces. More precisely, every u ∈ D(L^∗_N ) is decomposed as u = u_0 + E(Ξu)

= u_0 + N∑ j=1 ( Φ^{(j)}_{−1}(u)ϕ^{(j)}_{−1} + Ψ^{(j)}_1 (u)ψ^{(j)}_1 + Φ^{(j)}_0 (u)ϕ^{(j)}_0 + Ψ^{(j)}_0 (u)ψ^{(j)}_0 ) , (5.14)

where u_0 ∈ D(L_N ) (when N = ∞, the right hand side of (5.14) is a convergent sequence in D(L^∗_N )). This decomposition is unique in the sense that if u_0 + u_1 = u^′_0 + u^′_1, and if u_0, u^′_0 ∈ D(L_N ) and u_1, u^′_1 ∈ Ran E, then we have u_0 = u^′_0 and u_1 = u^′_1. The map ~Ξ : D(L^∗_N ) ∋ u → (u_0, Ξu) ∈ D(L_N ) ⊕ C^{4N} (5.15) is a Banach space isomorphism, where D(L_N ) ⊕ C^{4N} is the orthogonal direct sum of Hilbert spaces. The inverse map of ~Ξ is given by ~Ξ^{−1} : D(L_N ) ⊕ C^{4N} ∋ (u_0, c) → u_0 + Ec. (5.16) Moreover, there exist a constant C_4 > 1 dependent on B, R, α_−, α_+ (independent of N) such that C^{−1}_4 ||u||^2_N ≤ ||u_0||^2_N + ||Ξu||^2_C4N ≤ C_4||u||^2_N (5.17) for every u ∈ D(L^∗_N ).

Proof. We have already shown that the sum in the right hand side of (5.14) is well-defined, since it equals to E(Ξu) and E and Ξ is well-defined by Lemma 5.2. Put u_0 = u − EΞu. By (iii) of Lemma 5.2, we have u_0 ∈ D(L_N ). If u_0 + E(c) = u^′_0 + E(c^′), u_0, u^′_0 ∈ D(L_N ) and c, c^′ ∈ C^{4N} , then we have c − c^′ = ΞE(c − c^′) = Ξ(u^′_0 − u_0) = 0 by (iv) and (v) of Lemma 5.2. Thus we have c = c^′ and u_0 = u^′_0, so the decomposition is unique and the map ~Ξ is well-defined. Since ~Ξu = 0 implies u = u_0 + E(Ξu) = 0, we have that ~Ξ is injective. Moreover, for any (u_0, c) ∈ D(L_N ) ⊕ C^{4N} , we have ~Ξ(u_0 + E(c)) = (u_0 + E(c) − E (Ξ (u_0 + E(c))) , Ξ (u_0 + E(c))) = (u_0, c) by (iv) and (v) of Lemma 5.2. Thus ~Ξ is bijective and the inverse map is given by (5.16). By (5.8) and (5.10), we have ||u_0||^2_N + ||Ξu||^2_C4N ≤ ||u − E(Ξu)||^2_N + ||Ξu||^2_C4N ≤ {2(1 + C_2C_3) + C_2}||u||^2_N , ||u||^2_N = ||u_0 + E(Ξu)||^2_N ≤ 2(||u_0||^2_N + C_3||Ξu||^2_C4N ).

Thus (5.17) holds for C_4 = max(2(1 + C_2C_3) + C_2, 2(1 + C_3)). This implies ~Ξ is a Banach space isomorphism.

We shall give a characterization of self-adjoint extensions of L_N .

Proposition 5.4 Let N = 1, 2, . . . or N = ∞. Suppose that Assumption 1 holds. Then the following holds:

(i) Let M be a bounded operator on C^{4N} satisfying

Ran M : closed, Ker M^∗J = Ran M, (5.18)

where M^∗ is the adjoint operator of M and J is a bounded operator on C^{4N} given by the matrix J = J_{α1} O . . . O O J_{α2} . . . O . . . . . . . . . . . . . . . . . . O O . . . J_{αN} , J_α = 4π 0 α − 1 0 0 1 − α 0 0 0 0 0 0 α 0 0 −α 0 .

Define an operator H^M_N by

D(H^M_N ) = D(L_N ) ⊕_{alg} Ran EM, (5.19) H^M_N u = L_N u, u ∈ D(H^M_N ). Then, H^M_N is a self-adjoint extension of L_N .

(ii) Let H_N be any self-adjoint extension of L_N . Then, there exists a bounded operator M on C^{4N} satisfying (5.18) and H^M_N = H_N in the operator sense.

(iii) For two bounded operators M and M^′ satisfying (5.18), we have that the condition H^M_N = H^{M ′}_N is equivalent to the condition Ran M = Ran M^′.

(iv) An element u in D(L^∗_N ) belongs to D(H^M_N ) if and only if Ξu ∈ Ran M.

Remark. Proposition 5.4 is a paraphrase of the proposition in [Ex-St-Vy, page 2159], when N = 1.

Proof. First we prove (iv). This follows from the equality ~Ξ ( D(L_N )) ⊕_{alg} Ran EM ) = D(L_N ) ⊕ Ran M

and the fact ~Ξ is a Banach space isomorphism (see Proposition 5.3).

(i) Since D(L_N ) ⊕_{alg} Ran EM = ~Ξ^{−1}(D(L_N ) ⊕ Ran M) and Ran M is closed, we have that D(H^M_N ) is a closed subspace in D(L^∗_N ). Thus H^M_N is a closed extension of L_N .

Notice that [E(c), E(c^′)]_N = (c, Jc^′)_C4N (5.20)

for any c, c^′ ∈ C^{4N} , since c = δ_k, c^′ = δ_k′ satisfies (5.20) for any k, k^′ = 1, . . . , 4N by (i) of Lemma 5.1 (δ_k is the element of C^{4N} satisfying δ_k(n) = δ_{kn}). For an element u in D(L^∗_N ), we have an equivalence relation (the note ‘⇔’ means the equivalence)

u ∈ D((H^M_N )^∗) ⇔ [u, v]_N = 0 for every v ∈ D(H^M_N ) ⇔ [u, EMc]_N = 0 for every c ∈ C^{4N} ⇔ (Ξu, JMc)_C4N = 0 for every c ∈ C^{4N} ⇔ Ξu ∈ (Ran JM)^⊥ ⇔ Ξu ∈ ker M^∗J, (5.21)

where we used the fact [u, v]_N = 0 for every v ∈ D(L_N ) in the second equivalence, (5.20) in the third. By (iv) of this proposition and the assumption (5.18), the last statement of (5.21) is equivalent to the condition u ∈ D(H^M_N ). Thus we have D(H^M_N ) = D((H^M_N )^∗). Moreover, since L_N ⊂ H^M_N ⊂ L^∗_N , we have L_N ⊂ (H^M_N )^∗ ⊂ L^∗_N . Thus

(H^M_N )^∗u = L^∗_N u = L_N u = H^M_N u

for every u ∈ D(H^M_N ). Hence H^M_N is self-adjoint.

(ii) Let H_N be any self-adjoint extension of L_N . Then D(H_N ) is a closed subspace of D(L^∗_N ) containing D(L_N ).

We show that V = ΞD(H_N ) is a closed subspace of C^{4N} . Suppose that {u_n} ⊂ D(H_N ) and that Ξu_n → c ∈ C^{4N} . Then E(Ξu_n) → E(c) in D(L^∗_N ). Since u_n − EΞu_n ∈ D(L_N ) by (iii) of Lemma 5.2, we have E(Ξu_n) = u_n − (u_n − E(Ξu_n)) ∈ D(H_N ). Since D(H_N ) is a closed subspace in D(L^∗_N ), we have E(c) ∈ D(H_N ). By (iv) of Lemma 5.2, we have c = ΞE(c) ∈ V . Hence V is closed.

Thus the following decomposition holds: ~ΞD(H_N ) = D(L_N ) ⊕ V.

Let M be the orthogonal projection from C^{4N} onto V . Then Ran M = V is closed and D(H^M_N ) = ~Ξ^{−1} ( D(L_N ) ⊕ V ) = D(H_N ) by definition (5.19) and the form of the inverse map (5.16). Thus H_N = H^M_N . Moreover, by (iv), (5.21) and the self-adjointness of H_N , we have Ran M = ΞD(H^M_N ) = ΞD((H^M_N )^∗) = Ker M^∗J.

Thus (5.18) holds.

(iii) By definition, Ran M = Ran M^′ ⇔ D(L_N ) ⊕ Ran M = D(L_N ) ⊕ Ran M^′ ⇔ ~Ξ^{−1} ( D(L_N ) ⊕ Ran M ) = ~Ξ^{−1} ( D(L_N ) ⊕ Ran M^′ ) ⇔ D(H^M_N ) = D(H^{M ′}_N ), where we used ~Ξ is an isomorphism.

By the proof of the previous proposition, we have the following corollary.

Corollary 5.5 Suppose that Assumption 1 holds. Then, the map M → H^M_N is an oneto-one, onto correspondence from the set of all orthogonal projections M on C^{4N} satisfying Ker MJ = Ran M (5.22) to the set of all self-adjoint extensions H_N of L_N .

Proof. When M is an orthogonal projection, Ran M is closed and M^∗ = M. Thus (5.22) is equivalent to (5.18). Hence the map is well-defined. For two orthogonal projections M and M^′, the condition M = M^′ is equivalent to the condition Ran M = Ran M^′. Thus the injectivity of the map follows from (iii) of Proposition 5.4. The surjectivity follows from the proof of (ii) of Proposition 5.4.

When the operator M has a simple form, the condition (5.18) is simplified as follows:

Lemma 5.6 (i) Let N < ∞. Then, the condition (5.18) is equivalent to rankM = 2N, M^∗JM = O, (5.23) where rankM = dim Ran M.

(ii) Let N = 1, 2, . . . or N = ∞. Suppose that Assumption 1 holds. Suppose that the operator M is the (finite or infinite) direct sum of 4 × 4 orthogonal projection matrices, i.e.

M = M_1 O . . . O O M_2 . . . O . . . . . . . . . . . . . . . . . . O O . . . M_N , M_j : 4 × 4, M^2_j = M_j , M^∗_j = M_j .

Then, the condition (5.18) is equivalent to

rankM_j = 2, M_j J_{αj} M_j = O, for every j = 1, . . . , N. (5.24)

Proof. (i) When M is finite, Ran M is a closed subspace. The equality M^∗JM = O is equivalent to Ran M ⊂ Ker M^∗J. (5.25)

Since J is a regular matrix, rankM^∗J = rankM.

Thus dim Ker M^∗J = 4N − rankM.

Hence we have that the condition Ran M = Ker M^∗J is equivalent to the condition rankM = 2N, under the condition (5.25).

(ii) Consider the following decomposition

C^{4N} ∋ (c_1, . . . , c_{4N} ) → ((c_{4j−3}, c_{4j−2}, c_{4j−1}, c_{4j}))^N_{j=1} ∈^N⊕_{j=1} C^4.

Since M_j ( j = 1, 2, . . . , N) and M are orthogonal projections, we have that Ran M_j and Ran M are closed and that the following decomposition holds:

Ran M =^N⊕_{j=1} Ran M_j , ker M^∗J =^N⊕_{j=1} ker(M_j )^∗J_{αj} .

Thus the condition Ran M = Ker M^∗J is equivalent to

Ran M_j = Ker(M_j )^∗J_{αj} for every j = 1, . . . , N.

This is equivalent to (5.23), by (i) and M^∗_j = M_j .

We shall examine some properties of the standard Aharonov-Bohm Hamiltonian H^{AB}_N . Proposition 5.7 Let 1 ≤ N < ∞ or N = ∞. Let H^{AB}_N be the Friedrichs extension of L_N . Suppose that Assumption 1 holds. Then, the following holds.

(i) The operator domain D(H^{AB}_N ) is decomposed into the direct sum D(H^{AB}_N ) = D(L_N ) ⊕_{alg}^N⊕_{j=1} L.h.{ϕ^{(j)}_0 , ψ^{(j)}_1 }, where ϕ^{(j)}_0 , ψ^{(j)}_1 are the functions defined in Lemma 5.1.

(ii) D(H^{AB}_N ) = {u ∈ D(L^∗_N ); (∇ + ia_N )u ∈ (L^2(R^2))^2}. (iii) For any u ∈ D(H^{AB}_N ), ||(∇ + ia_N )u||^2 ≤ ||H^{AB}_N u|| ||u||, (5.26) (H^{AB}_N u, u) ≥ B||u||^2. (5.27) (iv) Let u ∈ D(H^{AB}_N ). Let χ ∈ C^∞(R^2) and assume that χ, ∇χ, Δχ are bounded functions on R^2. Then χu ∈ D(H^{AB}_N ) and ||H^{AB}_N (χu)|| ≤ (sup |χ|) ||H^{AB}_N u|| + 2 (sup |∇χ|) ||(∇ + ia_N )u|| + (sup |Δχ|) ||u||. (5.28) Proof. (i) (ii) According to the construction of the Friedrichs extension, the form domain Q(H^{AB}_N ) of H^{AB}_N is a closure of D(L_N ) = C^∞_0 (R^2 \ S_N ) with respect to the norm (L_N u, u) = (−(∇ + ia_N )^2u, u) = ||(∇ + ia_N )u||^2, u ∈ C^∞_0 (R^2 \ S_N ), (5.29) where we used an integration by parts. This norm is positive definite since (L_N u, u) = ((A^†_N A_N + B)u, u) = ||A_N u||^2 + B||u||^2 ≥ B||u||^2 (5.30) by Lemma 4.1. Thus D(H^{AB}_N ) is contained in the Hilbert space Q_N = {u ∈ L^2(R^2); (∇ + ia_N )u ∈ (L^2(R^2))^2} (5.31) equipped with the norm ||u||^2_{QN} = ||(∇ + ia_N )u||^2 + ||u||^2. Since H^{AB}_N is a self-adjoint extension of L_N , we have D(H^{AB}_N ) ⊂ D(L^∗_N ). Thus we have D(H^{AB}_N ) ⊂ D(L^∗_N ) ∩ Q_N = {u ∈ D(L^∗_N ); (∇ + ia_N )u ∈ (L^2(R^2))^2}. (5.32)

We shall show that D(L^∗_N ) ∩ Q_N = D(L_N ) ⊕_{alg}^N⊕_{j=1} L.h.{ϕ^{(j)}_0 , ψ^{(j)}_1 }. (5.33) Since D(L_N ) ⊂ D(H^{AB}_N ) ⊂ D(L^∗_N ) ∩ Q_N , it suffices to show Ran E ∩ (D(L^∗_N ) ∩ Q_N ) = ⊕^N_{j=1} L.h.{ϕ^{(j)}_0 , ψ^{(j)}_1 }, by Proposition 5.3.

Take u ∈ Ran E. u is written as u = N∑ j=1 ( c_{4j−3}ϕ^{(j)}_{−1} + c_{4j−2}ψ^{(j)}_1 + c_{4j−1}ϕ^{(j)}_0 + c_{4j} ψ^{(j)}_0 ) , (5.34)

where c = (c_1, . . . , c_{4N} ) ∈ C^{4N} . Since (∇+ia_N )u = (Π_{N,x}u, Π_{N,y}u), we see that the condition (∇ + ia_N )u ∈ (L^2(R^2))^2 is equivalent to the condition A_N u ∈ L^2(R^2) and A^†_N u ∈ L^2(R^2). In the open set {|z − z_j | <^R_4 }, we have A_N u = t_{zj} A^{αj}_1 ( c_{4j−3}ϕ^{αj}_{−1,0} + c_{4j−2}ψ^{αj}_{0,1} + c_{4j−1}ϕ^{αj}_{0,0} + c_{4j}ψ^{αj}_{0,0} ) = t_{zj} { 2c_{4j−3}(α_j − 1)ϕ^{αj}_{−2,0} + 2c_{4j−1}α_jϕ^{αj}_{−1,0} } , (5.35) A^†_N u = t_{zj} A^{†,αj}_1 ( c_{4j−3}ϕ^{αj}_{−1,0} + c_{4j−2}ψ^{αj}_{0,1} + c_{4j−1}ϕ^{αj}_{0,0} + c_{4j}ψ^{αj}_{0,0} ) = t_{zj} { c_{4j−3}Bϕ^{αj}_{0,0} + c_{4j−2}(2(α_j − 1)ψ^{αj}_{0,0} + Bψ^{αj}_{1,1}) + c_{4j−1}Bϕ^{αj}_{1,0} + c_{4j} (2α_jψ^{αj}_{0,−1} + Bψ^{αj}_{1,0}). } (5.36) by (ii) of Proposition 3.1. Since 2(α_j − 1)ϕ^{αj}_{−2,0} /∈ L^2({|z| <^R_4 }) and ϕ^{αj}_{−1,0} ∈ L^2({|z| <^R_4 }), we see that A_N u ∈ L^2(R^2) implies c_{4j−3} = 0. Since 2α_jψ_{0,−1} /∈ L^2({|z| <^R_4 }) and ϕ^{αj}_{0,0}, ψ^{αj}_{0,0}, ψ^{αj}_{1,1}, ϕ^{αj}_{1,0}, ψ^{αj}_{1,0} ∈ L^2({|z| <^R_4 }), we see that A^†_N u ∈ L^2(R^2) implies c_{4j} = 0. Thus we obtain D(L^∗_N ) ∩ Q_N ⊂ D(L_N ) ⊕_{alg}^N⊕_{j=1} L.h.{ϕ^{(j)}_0 , ψ^{(j)}_1 }.

Conversely, take u = ∑_N j=1(c_{4j−2}ψ^{(j)}_1 + c_{4j−1}ϕ^{(j)}_0 ) ∈ ⊕^N_{j=1} L.h.{ϕ^{(j)}_0 , ψ^{(j)}_1 }. By the above calculus, the Leibniz rule and (5.11), we have that there exist a constant C > 0 dependent only on B, R, χ, α_−, α_+ such that ||A_N (c_{4j−2}ψ^{(j)}_1 + c_{4j−1}ϕ^{(j)}_0 )||^2 ≤ C(|c_{4j−2}|^2 + |c_{4j−1}|^2), (5.37) ||A^†_N (c_{4j−2}ψ^{(j)}_1 + c_{4j−1}ϕ^{(j)}_0 )||^2 ≤ C(|c_{4j−2}|^2 + |c_{4j−1}|^2). (5.38)

Since {supp(c_{4j−2}ψ^{(j)}_1 + c_{4j−1}ϕ^{(j)}_{0,0})}^N_{j=1} are disjoint, we have ||A_N N∑ j=1 (c_{4j−2}ψ^{(j)}_1 + c_{4j−1}ϕ^{(j)}_0 )||^2 = N∑ j=1 ||A_N (c_{4j−2}ψ^{(j)}_1 + c_{4j−1}ϕ^{(j)}_0 )||^2 ≤ C N∑ j=1 (|c_{4j−2}|^2 + |c_{4j−1}|^2) < ∞

by (5.37). Thus A_N u ∈ L^2(R^2). Similarly, A^†_N u ∈ L^2(R^2) follows from (5.38). Therefore (5.33) holds.

Define a bounded linear operator M^{AB}_N on C^{4N} by the (finite or infinite) matrix

M^{AB}_N = M^{AB} O . . . O O M^{AB} . . . O . . . . . . . . . . . . . . . . . . . . . . . O O . . . M^{AB} , M^{AB} = 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 .

Then we have that M^{AB} is a orthogonal projection, that rankM^{AB} = 2 and that M^{AB} J_{αj} M^{AB} = O. By (ii) of Lemma 5.6, M^{AB} satisfies (5.18). By (i) of Proposition 5.4, we have that H^{M AB}_N is a self-adjoint extension of L_N and

D(H^{M AB}_N ) = D(L_N ) ⊕_{alg}^N⊕_{j=1} L.h.{ϕ^{(j)}_0 , ψ^{(j)}_1 }. (5.39)

This equality, (5.32) and (5.33) implies the operator inclusion H^{AB}_N ⊂ H^{M AB}_N . This implies H^{AB}_N = H^{M AB}_N , since both operators are self-adjoint. Thus (i) and (ii) follows from (5.32), (5.33) and (5.39).

(iii) These inequalities follows from (5.29), (5.30) and an approximation argument. (iv) For u ∈ D(H^{AB}_N ) and χ ∈ C^∞(R^2) with χ, ∇χ and Δχ bounded, the distributional equality (∇ + ia_N )^2(χu) = χ(∇ + ia_N )^2u + 2(∇χ)(∇ + ia_N )u + (Δχ)u (5.40) holds in D^′(R^2 \ S_N ). By (ii) and the assumption, the right hand side belongs to L^2(R^2). Thus χu ∈ D(L^∗_N ) by (i) of Proposition 4.2. One can show that the multiplication operator by χ is a bounded operator from Q_N to Q_N , by the Leibniz rule. Thus χu belongs to D(L^∗_N ) ∩ Q_N , which equals to D(H^{AB}_N ) by (ii) of this proposition. The inequality (5.28) follows from (5.40) and an approximating argument.

6 Perturbed canonical commutation relation

In this section, we define the annihilation operators and the creation operators, and investigate their commutation relations as linear operators on the Hilbert space L^2(R^2).

Lemma 6.1 Define linear operators A_N , A^†_N by A_N u := A_N u, D(A_N ) := C^∞_0 (R^2 \ S_N ), A^†_N u := A^†_N u, D(A^†_N ) := C^∞_0 (R^2 \ S_N ).

Then, the following holds.

(i) We have A^†_N A_N = L_N − B, A_N A^†_N = L_N + B in the operator sense. (ii) We have A^†_N ⊂ A_N^∗, A_N ⊂ A^†_N^∗ in the operator sense. Moreover, we have D(A_N^∗) = {u ∈ L^2(R^2); A^†_N u ∈ L^2(R^2)}, A^∗_N u = A^†_N u, u ∈ D(A_N^∗), D(A^†_N^∗) = {u ∈ L^2(R^2); A_N u ∈ L^2(R^2)}, A^†_N^∗u = A_N u, u ∈ D(A^†_N^∗). (iii) The operators A_N and A^†_N are closable.

Remark 1. The product ST of two linear operators S and T is defined by D(ST ) = {u ∈ D(T ); T u ∈ D(S)}, ST u = S(T u), u ∈ D(ST ).

Remark 2. The operators A_N and A^†_N^∗ are different. The operators A^†_N and A_N^∗ are also different.

Proof. (i) Since

A_N C^∞_0 (R^2 \ S_N ) ⊂ C^∞_0 (R^2 \ S_N ), A^†_N C^∞_0 (R^2 \ S_N ) ⊂ C^∞_0 (R^2 \ S_N ), we have D(A_N A^†_N ) = D(A^†_N A_N ) = D(L_N ). Thus the assertion follows from (4.1).

(ii) This assertion follows from (4.2) and the definition of the distributional derivatives. (iii) Since A^∗_N and (A^†_N )^∗ are closed operators, this assertion follows from (ii). We review some properties of a pair of operators XX^∗ and X^∗X.

Lemma 6.2 Let X be a densely defined closed operator on a Hilbert space H. Then, the following holds.

(i) The operators X^∗X and XX^∗ are self-adjoint.

(ii) The operator (XX^∗)|_{(Ker XX}∗_)⊥ is unitarily equivalent to the operator (X^∗X)|_{(Ker X}∗_{X)}⊥ .

Proof. (i) See [Re-Si, Theorem X.25]. (ii) See [De, Theorem 3].

Applying the above lemma to the operators A_N , A^†_N , A_N^∗, A^†_N^∗, we obtain four selfadjoint operators. We shall examine some properties of these operators.

Proposition 6.3 (i) A_N^∗A_N = H^{AB}_N − B, A^†_N^∗A^† = H^{AB}_N + B, in the operator sense. Moreover,

D(A_N ) ∩ D(L^∗_N ) = D(A^†_N ) ∩ D(L^∗_N )

= D(H^{AB}_N ) = D(L_N ) ⊕_{alg}^N⊕_{j=1} L.h.{ϕ^{(j)}_0 , ψ^{(j)}_1 }. (6.1)

(ii) There exists two self-adjoint extensions H^+_N and H^−_N of L_N such that A_N A_N^∗ = H^+_N + B, A^†_N A^†_N^∗ = H^−_N − B in the operator sense.

(iii) The following decomposition holds.

D(H^+_N ) = D(L_N ) ⊕_{alg} ⊕^N_{j=1}L.h.{ϕ^{(j)}_{−1}, ϕ^{(j)}_0 } (6.2)

D(H^−_N ) = D(L_N ) ⊕_{alg} ⊕^N_{j=1}L.h.{ψ^{(j)}_1 , ψ^{(j)}_0 }. (6.3)

(iv) dim D(H^+_N )/(D(H^{AB}_N ) ∩ D(H^+_N )) = dim D(H^−_N )/(D(H^{AB}_N ) ∩ D(H^−_N )) = N.

Proof. (i) By (i) and (ii) of Lemma 6.1, we have A_N^∗A_N ⊃ A^†_N A = L_N −B and A^†_N^∗A^†_N ⊃ A_N A^†_N = L_N + B in the operator sense. By Lemma 6.2, A_N^∗A_N and A^†_N^∗A^†_N are self-adjoint operators. Thus, there are self-adjoint extensions X and Y of L_N such that A_N^∗A_N = X −B and A^†_N^∗A^†_N = Y + B.

We shall show X = H^{AB}_N . By (5.29) and (5.30), we see that the graph norm of A_N is equivalent to the norm of the form domain Q(H^{AB}_N ). Moreover, D(A_N ) = D(L_N ) = C^∞_0 (R^2 \ S_N ) is a form core for D(H^{AB}_N ), since H^{AB}_N is the Friedrichs extension of L_N . Taking closure, we see that D(A_N ) = Q(H^{AB}_N ). According to the proof of [Re-Si, Theorem X.25], D(A_N ) equals to the form domain of A_N^∗A_N , which equals to the form domain of X. Thus H^{AB}_N and X have the same form domain with the form core C^∞_0 (R^2 \ S_N ). Moreover, we have (Xu, u) = (L_N u, u) = (H^{AB}_N u, u) for any function u in the form core C^∞_0 (R^2\S_N ).

Thus X and H^{AB}_N have the same quadratic form. This implies X = H^{AB}_N . Moreover,

D(A_N ) ∩ D(L^∗_N ) = Q(H^{AB}_N ) ∩ D(L^∗_N ) = D(H^{AB}_N )

since H^{AB}_N is the Friedrichs extension of L_N . Thus (6.1) follows from (i) of Proposition 5.7. The proof of Y = H^{AB}_N and D(A^†_N ) ∩ D(L^∗_N ) = D(H^{AB}_N ) is similar.

(ii) One can prove this assertion by using the argument similar to the first part of the proof of (i).

(iii) By Proposition 5.4, the operator domain of H^+_N and H^−_N is decomposed as

D(H^+_N ) = D(L_N ) ⊕_{alg} ( Ran E ∩ D(H^+_N ) ) D(H^−_N ) = D(L_N ) ⊕_{alg} ( Ran E ∩ D(H^−_N ) ) . Take u ∈ Ran E. u is written as (5.34). Then u satisfies the conditions u ∈ D(A_N^∗) and A_N^∗u = A^†_N u ∈ D(A_N ) if and only if

c_{4j−2} = c_{4j} = 0 for every j = 1, . . . , N,

by (ii) of Lemma 6.1, (6.1), (5.36) and the argument following (5.36). Thus (6.2) holds. Similarly, u satisfies the conditions u ∈ D(A^†_N^∗) and A^†_N^∗u = A_N u ∈ D(A^†_N ) if and only if

c_{4j−3} = c_{4j−1} = 0 for every j = 1, . . . , N,

by (ii) of Lemma 6.1, (6.1), (5.35) and the argument following (5.35). Thus (6.3) holds.

(iv) This assertion follows from (i) of Proposition 5.7 and (iii) of this proposition.

Remark. With the notation of Proposition 5.4, H^+_N , H^−_N are the self-adjoint extensions corresponding to the orthogonal projection matrices M^+_N , M^−_N , where

M^+_N = M^+ O . . . O O M^+ . . . O . . . . . . . . . . . . . . . . . . . O O . . . M^+ , M^+ =

0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1

M^−_N = M^− O . . . O O M^− . . . O . . . . . . . . . . . . . . . . . . . O O . . . M^− , M^− = 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 .

The matrices M^± satisfy (5.24).

7 Proof of Theorem 1.2

In this section, we shall prove Theorem 1.2. The second assertion of the following lemma is an immediate corollary of [We, Exercise 8.8]. We shall give a proof for the completeness.

Lemma 7.1 Let L be a symmetric operators on a Hilbert space H. Suppose that the deficiency indices of L are (n, n) and n is finite. Let A and B are two self-adjoint extensions of L. Then, the following holds.

(i) We have σ_{ess}(A) = σ_{ess}(B).

(ii) For any interval I = (c_1, c_2) satisfying c_1 < c_2 and dim Ran P_I (A) < ∞, we have dim Ran P_I (B) < ∞ and

| dim Ran P_I (A) − dim Ran P_I (B)| ≤ d,

where d = dim D(A)/ (D(A) ∩ D(B)) = dim D(B)/ (D(A) ∩ D(B)) .

Remark: The inequality d ≤ n always holds, since A and B are n rank extension of L,

Proof. (i) See [We, Theorem 8.17]. (ii) First we show dim Ran P_I (B) ≤ dim Ran P_I (A) + d. (7.1)

Suppose dim Ran P_I (B) > dim Ran P_I (A) + d

holds. Put X = Ran P_I (B) ∩ (Ran P_I (A))^⊥. Then X ⊂ D(B) and dim X > d.

We shall show that X ∩ D(A) = {0}. Suppose that there exists nonzero vector u ∈ X ∩ D(A). Since u ∈ (Ran P_I (A))^⊥ ∩ D(A), we have ||(A − c)u||^2 ≥ ϵ^2||u||^2, where c =^{c1+c2}_2 , ϵ =^{c2−c1}_2 . However, since L ⊂ A ⊂ L^∗, L ⊂ B ⊂ L^∗ and since u ∈ Ran P_I (B) ∩ D(A), we have ||(A − c)u||^2 = ||(L^∗ − c)u||^2 = ||(B − c)u||^2 < ϵ^2||u||^2 (one can show that the strict inequality holds by the spectral decomposition theorem). This contradicts the previous inequality.

Thus, the projection map X ∋ u → [u] ∈ D(B)/ (D(A) ∩ D(B)) is injective. Hence we have dim D(B)/ (D(A) ∩ D(B)) ≥ dim X > d. This contradicts the assumption.

Thus we have proved (7.1) and that dim Ran P_I (B) is finite. The equality dim Ran P_I (A) ≤ dim Ran P_I (B) + d is proved by exchanging A for B in the above proof.

Proof of Theorem 1.2. By (ii) of Lemma 6.2, we have A^†_N^∗A^†_N | | | |_{(Ker A†N} ∗_{A†N )⊥} ≃ A^†N A^†N ∗ | | | |_{(Ker A†N A†N} ∗_{)⊥} , where ≃ denotes the (partial) unitarily equivalence. By (ii) and (iii) of Proposition 6.3, we have the unitarily equivalence relation (H^{AB}_N + B)|_{(Ker(H}AB_{N +B))}⊥ ≃ (H^−_N − B)|_{(Ker(H}−_{N −B))}⊥ . (7.2) Let H_N be any self-adjoint extension of L_N . By (i) of Lemma 7.1, we have S = σ_{ess}(H_N ) = σ_{ess}(H^{AB}_N ) = σ_{ess}(H^−_N ) for some closed subset S ⊂ R independent of the choice of the self-adjoint extension H. In particular we have S ⊂ [B, +∞), since H^{AB}_N ≥ B in the form sense by (iii) of Proposition 5.7. Thus {−B} /∈ S. By (7.2), we have S \ {B} = S + 2B = {x + 2B; x ∈ S}. (7.3) It is easy to show the set satisfying (7.3) is {(2n−1)B; n = 1, 2, . . .} or the empty set. We show S is not empty. To see this, it is sufficient to construct a Weyl sequence for the spectrum B, that is, an orthonormal sequence {u_n}^∞_{n=1} such that ||(H − B)u_n|| → 0 as n → ∞. Take countable disjoint balls {B(n; w_n)}^∞_{n=1}, B(n; w_n) = {z; |z − w_n| < n} contained in R^2 \ S_N and take χ ∈ C^∞_0 ({|z| < 1}) with χ(z) = 1 in {|z| <^1_2 }. Put v_n(z) = t_{wn} χ( z n )e^{− B4 |z|2} , where t_{wn} is the magnetic translation from {|z| < n} to {|z − w_n| < n} intertwining L_0 with L_N . It is easy to check that {v_n/||v_n||}^∞_{n=1} is the Weyl sequence by using the equality L_N t_{wn} e^{− B4 |z|2} = t_{wn} L_0e^{− B4 |z|2} = Bt_{wn} e^{− B4 |z|2} and the Leibniz rule. Thus we have σ_{ess}(H_N ) = {(2n − 1)B; n = 1, 2, . . .} (7.4) for any self-adjoint extension H_N of L_N .

Next, we shall prove (ii). The assertion dim Ran P_{(−∞,B)}(H^{AB}_N ) = 0 (7.5) follows from (iii) of Proposition 5.7. By the unitarily equivalence relation (7.2), we have dim Ran P_{((2n−1)B,(2n+1)B)}(H^{AB}_N ) = dim Ran P_{((2n+1)B,(2n+3)B)} (H^−_N ) (7.6) for every n = 0, 1, 2, . . .. By (iv) of Proposition 6.3 and (ii) of Lemma 7.1, we have dim Ran P_{((2n−1)B,(2n+1)B)} (H^−_N ) ≤ dim Ran P_{((2n−1)B,(2n+1)B)}(H^{AB}_N ) + N (7.7) for every n = 0, 1, 2, . . .. By (7.5), (7.6), (7.7) and an elementary induction argument, we have (1.9). Thus (ii) of Theorem 1.2 holds.

Since the deficiency indices of L_N are (2N, 2N), we have dim ( D(H)/D(H) ∩ D(H^−_N ) ) ≤ 2N (7.8) for any self-adjoint extension H_N of L_N . Thus (iii) of Theorem 1.2 follows from (1.9), (7.6), (7.8) and (ii) of Lemma 7.1.

To show (i) of Theorem 1.2, consider the following equality:

dim Ran P_{{(2n−1)B}}(H_N ) = dim Ran P_{((2n−1)B−ϵ,(2n−1)B+ϵ)}(H_N ) − dim Ran P_{((2n−1)B−ϵ,(2n−1)B)}(H_N ) − dim Ran P_{((2n−1)B,(2n−1)B+ϵ)}(H_N ), The first term of the last expression is infinity by (7.4). The second and the third terms are finite numbers for small ϵ > 0, by (iii) of Theorem 1.2. Therefore we have dim Ran P_{{(2n−1)B}} = ∞, which implies (i) of Theorem 1.2.

Remark. If we apply the argument in proving (7.6) to the pair of operators A_N A_N^∗ and A_N^∗A_N , we have dim Ran P_{((2n−1)B,(2n+1)B)}(H^{AB}_N ) = dim Ran P_{((2n−3)B,(2n−1)B)} (H^+_N ) for n = 1, 2, . . .. When N = 1, this equality and (7.6) imply dim Ran P_{((2n−1)B,(2n+1)B)} (H^+_1 ) = n + 1 dim Ran P_{((2n−1)B,(2n+1)B)} (H^−_1 ) = n − 1 for n = 1, 2, . . .. Thus the operator H^+_1 attains the maximum and the operator H^−_1 attains the minimum in the inequality (1.12).

8 Proof of Theorem 1.3

In this section, we shall prove Theorem 1.3. Before the proof, we shall make sure that an operator satisfying the assumption of Theorem 1.3 exists.

Lemma 8.1 Let N = 1, 2, . . . or N = ∞. Let 0 < α < 1 and suppose α_j = α for every j = 1, 2, . . . , N. Let H_1 be any self-adjoint extension of L^α_1 . Then, there exists a unique self-adjoint extension H_N of L_N satisfying (1.14).

Proof. By Corollary 5.5, there exists a 4 × 4 orthogonal projection matrix M_1 satisfying rankM_1 = 2, M_1J_αM_1 = O, D(H_1) = {u ∈ D((L^α_1 )^∗); Ξ_1u ∈ Ran M_1}, (8.1) where Ξ_1 be the map Ξ associated to the operator L^α_1 . Put

M_N = M_1 O . . . O O M_1 . . . O . . . . . . . . . . . . . . . . . O O . . . M_1 .

Then M_N satisfies (5.24), and thus satisfies (5.18) by Lemma 5.6. Let H^{MN}_N be the corresponding self-adjoint extension given in Proposition 5.4. Let Ξ_N be the map Ξ associated to the operator L_N . By the form of the matrix M_N , we have an equivalence relation u ∈ D(H^{MN}_N ) ⇔ Ξ_N u ∈ Ran M_N ⇔ Ξ_1(T_ju) ∈ Ran M_1 for every j = 1, 2, . . . , N ⇔ t_{−zj} χ_ju ∈ D(H_1) for every j = 1, 2, . . . , N. (8.2)

Thus H^{MN}_N satisfies (1.14). The equivalence (8.2) also implies the uniqueness.

In the sequel, H_N denotes the operator given in Lemma 8.1. We shall give some domain properties of H_N .

Lemma 8.2 Let η ∈ C^∞_0 ({|z| <^R_2 }) with η = 1 on some open neighborhood of 0. Let 1 ≤ j ≤ N and put η_j (z) = η(z−z_j ). Let t_{−zj} be the magnetic translation from {|z−z_j | <^R_2 } to {|z| <^R_2 } intertwining L_N with L_1, and let t_{zj} be the inverse operator. Then, the following holds.

(i) For any u ∈ D(H_N ), we have η_ju ∈ D(H_N ), t_{−zj} (η_ju) ∈ D(H_1) and H_N (η_ju) = t_{zj} H_1t_{−zj} (η_j u). (8.3) (ii) For any v ∈ D(H_1), we have ηv ∈ D(H_1), t_{zj} (ηv) ∈ D(H_N ) and t_{−zj} H_N t_{zj} (ηv) = H_1(ηv). (8.4) Proof. Take u ∈ D(H_N ). We have η_j u ∈ D(L^∗_N ) by Lemma 4.3. By (8.2), we have Ξ_1(T_j′ u) ∈ Ran M_1 for j^′ = 1, . . . , N. Then, Ξ_1(t_{−zj′} (η_j u)) = Ξ_1(T_j′ (η_j u)) = δ_j′_j Ξ_1(T_j u) ∈ Ran M_1 for j^′ = 1, . . . , N. Thus η_j u ∈ D(H_N ) by (8.2) and t_{−zj} η_j u ∈ D(H_1) by (8.1). The equality (8.3) follows from the intertwining property of t_{−zj} .

Thus the assertion (i) holds. The assertion (ii) can be proved similarly. Lemma 8.3 Let U be an simply connected open set in R^2 \ S_N , m ∈ R^2 and V = U − m = {z − m; z ∈ U}. Let η ∈ C^∞_0 (V ) and put η_m = η(z − m). Let t_{−m} be the magnetic translation from U to V intertwining L_N with L_0 and t_m be the inverse operator. Then, the following holds.

(i) For any u ∈ D(H_N ), we have η_mu ∈ D(H_N ), t_{−m}(η_mu) ∈ D(H_0) and H_N (η_mu) = t_mH_0t_{−m}(η_mu). (8.5) (ii) For any v ∈ D(H_0), we have ηv ∈ D(H_0), t_m(ηv) ∈ D(H_N ) and t_{−m}H_N t_m(ηv) = H_0(ηv). (8.6)

Proof. Take u ∈ D(H_N ). Then η_mu ∈ D(L_N ) by (ii) of Proposition 4.2. Since H_N ⊃ L_N , we have η_mu ∈ D(H_N ). Moreover, L_0(t_{−m}η_mu) = t_{−m}L_N η_mu ∈ L^2(R^2).

This implies t_{−m}η_mu ∈ D(H_0) and (8.5), since H_0 coincides with the maximal operator (see [Ik-Ka]).

Thus the assertion (i) holds. The assertion (ii) can be proved similarly. Proof of Theorem 1.3. We shall introduce the notation used in [Co-Ne] and some additional notations. For p = ((p)_x, (p)_y) ∈ Z^2 and δ > 0, put K(p, δ) = {z = (x, y) ∈ R^2; |x − R 100 (p)_x| ≤ δ 2 , |y − R 100 (p)_y| ≤ δ 2 } and let m(p) =^R_{100} p. Since ⋃ p∈Z^2 K(p, δ) = R^2 for δ ≥^R_{100} , we can take p_j ∈ Z^2 such that z_j ∈ K(p_j ,^R_{100} ) for each j = 1, . . . , N. For δ > 0, put K_j (δ) : = ⋃ β,γ∈{−1,0,1} K (((p_j)_x + β, (p_j)_y + γ) , δ) ,

F_N = N⋃ j=1 K_j ( R 100 ) and let m_j = m(p_j). Let

Γ_0 = {m(p) ∈ R^2; p ∈ Z^2, K(p, R 100 ) ⊄ F_N }, Γ_1 = {m(p_j); j = 1, . . . , N}, Γ = Γ_0 ∪ Γ_1.

Proof of (i) of Theorem 1.3 . Let I = [c, d] be an interval on R satisfying I ∩ {(2n − 1)B; n = 1, 2, . . .} = ∅ and c, d /∈ σ(H_1). Take E ∈ σ(H_N ) ∩ I. For any ϵ > 0, there is some ψ_ϵ ∈ D(H_N ) such that ||ψϵ|| = 1, ||ξ_ϵ|| < ϵ, ξ_ϵ = (H_N − E)ψ_ϵ. (8.7) Remark that when N is finite, σ(H_N ) ∩ I is a finite set by (iii) of Theorem 1.2. In this case, we take ψ_ϵ as an eigenfunction corresponding to the eigenvalue E and ξ_ϵ as 0.

We shall prepare three lemmas.

Lemma 8.4 Let η ∈ C^∞(R^2). Suppose supp |∇η| is a compact set in R^2 \ S_N and sup |∇η|^2 + sup |∇∂_xη|^2 + sup |∇∂_yη|^2 ≤ C for some constant C. Then, ηψ_ϵ ∈ D(H_N ) and there exists a constant C_5 > 0 dependent only on E, C such that ||[H_N , η]ψ_ϵ||^2 ≤ C_5 ∫ supp |∇η| dxdy(|ψ_ϵ(z)|^2 + |ξ_ϵ(z)|^2). (8.8) Proof. First we show ηψ_ϵ ∈ D(H_N ). Let χ_j be the function given in Lemma 4.4. Then χ_j ηψ_ϵ ∈ D(H_N ) by Lemma 8.2. Thus ST ηψ_ϵ = N∑ j=1 χ^2_j ηψ_ϵ ∈ D(H_N ), where S, T are the maps defined in Lemma 4.4. Moreover, we have (1 − ST )ηψ_ϵ ∈ D(L_N ) by the same proof as that of (4.18). Since L_N ⊂ H_N , we have (1 − ST )ηψ_ϵ ∈ D(H_N ). Thus ηψ_ϵ = (1 − ST )ηψ_ϵ + ST ηψ_ϵ ∈ D(H_N ). By (4.5), (8.7) and the Schwarz inequality, we have ||[H_N , η]ψ_ϵ||^2 ≤ 10C ∫ supp |∇η| (|H_N ψ_ϵ|^2 + |ψ_ϵ|^2)dxdy ≤ 10C ∫ supp |∇η| {(2E^2 + 1)|ψ_ϵ|^2 + 2|ξ_ϵ|^2)dxdy.

Thus the assertion holds with C_5 = 20(E^2 + 1)C.

Lemma 8.5 Let p ∈ Γ_0. Then, there exist constants C_6 > 0 and c > 0 dependent only on B, E such that ∫ K(p,^R_{100} ) dxdy|ψ_ϵ(z)|^2 ≤ C_6 ( e^{−cR2} ∫ K(p,^R_{98} )\K(p,^R_{99} ) dxdy|ψ_ϵ(z)|^2 + ∫ K(p,^R_{98} ) dxdy|ξ_ϵ(z)|^2 ) , if R ≥ 1. (8.9) Proof. Take a smooth function η_0 satisfying 0 ≤ η_0 ≤ 1 and η_0(z) = { 1 z ∈ K(0,^R_{99} ) 0 z /∈ K(0,^R_{98} ) , sup |∇η_0|^2 + sup |∇∂_xη_0|^2 + sup |∇∂_yη_0|^2 ≤ C R^2 , where C is a positive constant independent of R. Put η_m(z) = η_0(z − m), where m = m(p), p ∈ Γ_0. Applying Lemma 8.3 with U = K(p,^R_{98} ), we have that η_mψ_ϵ ∈ D(H_N ), that t_{−m}η_mψ_ϵ ∈ D(H_0) and that [H_N , η_m]ψ_ϵ + η_mξ_ϵ = (H_N − E)(η_mψ_ϵ) = t_m(H_0 − E)t_{−m}(η_mψ_ϵ). (8.10) Since the support of both sides of (8.10) are concluded in K(p,^R_{98} ), we can operate (H_0 − E)^{−1}t_{−m} to both sides of (8.10) and obtain (H_0 − E)^{−1}t_{−m} ([H_N , η_m]ψ_ϵ + η_mξ_ϵ) = t_{−m}(η_mψ_ϵ). (8.11) Since the support of the right hand side of (8.11) is concluded in K(0,^R_{100} ), so is the left hand side. Thus we can operate t_m to both sides of (8.11) and obtain t_m(H_0 − E)^{−1}t_{−m} ([H_N , η_m]ψ_ϵ + η_mξ_ϵ) = η_mψ_ϵ. (8.12) Since supp t_{−m}[H_N , η_m]ψ_ϵ ⊂ K(0,^R_{98} ) \ K(0,^R_{99} ) and dist(K(0,^R_{100} ), K(0,^R_{98} \^R_{99} )) =^R_{19800} , we have by [Co-Ne, Corollary II.1] that there exists a constant c > 0 dependent only on B, E such that ∫ K(p,^R_{100} )

dxdy|t_m(H_0 − E)^{−1}t_{−m}[H_N , η_m]ψ_ϵ|^2 ≤ Ce^{−cR2} ||[H_N , η_m]ψ_ϵ||^2 (8.13) for every R. Thus we have ∫ K(p,^R_{100} ) |ψ_ϵ|^2dxdy = ∫ K(p,^R_{100} ) |η_mψ_ϵ|^2dxdy ≤ 2Ce^{−cR2} ||[H_N , η_m]ψ_ϵ||^2 + 2||t_m(H_0 − E)^{−1}t_{−m}(η_mξ_ϵ)||^2 ≤ 2CC_5e^{−cR2} ∫ supp |∇η_m| dxdy(|ψ_ϵ|^2 + |ξ_ϵ|^2) +2 dist(σ(H_0), E)^{−1} ∫ supp η_m dxdy|ξ_ϵ|^2 ≤ C_6 ( e^{−cR2} ∫ supp |∇η_m| dxdy|ψ_ϵ(z)|^2 + ∫ supp η_m dxdy|ξ_ϵ(z)|^2 ) , if R ≥ 1, where C_6 is a constant dependent only on B, E. We used (8.12) in the first inequality, (8.13), Lemma 8.4 and the equality ||(H_0 −E)^{−1}|| = dist(σ(H_0), E)^{−1} in the second inequality. Thus we have the conclusion.

Lemma 8.6 There exists constants C_7 > 0 dependent only on B, E such that ∫ F^c_N dxdy|ψ_ϵ(z)|^2 ≤ C_7e^{−cR2} , if R ≥ 1, (8.14) where ϵ = e^{− c}2^{R2} , c is a constant given in Lemma 8.5 and ψ_ϵ satisfying (8.7).

Proof. Summing up the inequality (8.9) for all p ∈ Γ_0, we have ∫ F^c_N dxdy|ψ_ϵ(z)|^2 ≤ 4C_6(e^{−cR2} ||ψ_ϵ||^2 + ||ξ_ϵ||^2) ≤ 8C_6e^{−cR2} , if R ≥ 1. In the first inequality, we used the fact any point z ∈ R^2 is contained in K(p,^R_{98} ) at most four p’s. In the second inequality, we used (8.7) and ϵ = e^{− 1}2^{cR2} .

We shall continue the proof of (i) of Theorem 1.3. Take η_0 ∈ C^∞_0 (R^2) such that 0 ≤ η_0 ≤ 1 and η_0(z) = { 1 z ∈ K_0(^R_{99} ) 0 z /∈ K_0(^R_{98} ) , sup |∇η_0|^2 + sup |∇∂_xη_0|^2 + sup |∇∂_yη_0|^2 ≤ C R^2

, (8.15) where C is a positive constant independent of R and K_0(δ) = ⋃ β,δ∈{−1,0,1} K((β, γ); δ). Put η_{pj} (z) = η_0(z−p_j ) for j = 1, . . . , N. By Lemma 8.2, we have η_{pj} ψ_ϵ ∈ D(H_N ), t_{−zj} η_{pj} ψ_ϵ ∈ D(H_1) and (H_1 − E)t_{−zj} η_{pj} ψ_ϵ = t_{−zj} (H_N − E)(η_{pj} ψ_ϵ) = t_{−zj} ([H_N , η_{pj} ]ψ_ϵ + η_{pj} ξ_ϵ). (8.16) Let c be a constant given in Lemma 8.5 and put ϵ = e^{− c}2^{R2} . Thus we have N∑ j=1 ||(H_1 − E)t_{−zj} η_{pj} ψ_ϵ||^2 ≤ 2 N∑ j=1 ( |[H_N , η_{pj} ]ψ_ϵ||^2 + ||η_{pj} ξ_ϵ||^2 )

≤ 2(C_5 + 1) N∑ j=1 (∫ K_j (^R_{98} )\K_j (^R_{99} ) dxdy|ψ_ϵ(z)|^2 + ∫ K_j (^R_{98} ) dxdy|ξ_ϵ|^2 )

≤ C (∫ F^c_N dxdy|ψ_ϵ(z)|^2 + ϵ^2 ) ≤ Ce^{−cR2} , if R ≥ 1, (8.17) where C is a constant dependent only on B, E. We used (8.16) in the first inequality, (8.8) in the second, (8.7) in the third and (8.14) in the last. Moreover, we have N∑ j=1 ||(H_1 − E)t_{−zj} η_{pj} ψ_ϵ||^2 ≥ dist{E, σ(H_1)}^2 N∑ j=1 ||η_{pj} ψ_ϵ||^2 ≥ dist{E, σ(H_1)}^2 ∫ F_N dxdy|ψ_ϵ|^2 ≥ dist{E, σ(H_1)}^2(1 − C_7e^{−cR2} ), if R ≥ 1, (8.18) where we used (8.14) in the last inequality. Take a large number R_0 > 1 such that C_7e^{−cR20} < 1 2 . Then we have by (8.17) and (8.18) dist{E, σ(H_1)} ≤ √ 2Ce^{− c2 R2} , if R ≥ R_0.

Thus (i) of Theorem 1.3 holds.

Proof of (ii) of Theorem 1.3. Let I be an interval satisfying the assumption of Theorem 1.3. By (i) of Theorem 1.3, there exists a large number R_0 > 1 and a small number δ_0 > 0 such that I ∩ σ(H_N ) ⊂ ⋃ E∈I∩σ(H_1) (E − δ_0, E + δ_0), if R ≥ R_0, (E − δ_0, E + δ_0) ∩ σ(H_1) = {E} for every E ∈ I ∩ σ(H_1).

Thus it is sufficient to show that there exists R_1 > R_0 such that dim Ran P_{(E−δ0,E+δ0)}(H_N ) = Nk, if R ≥ R_1, where k = mult(E; H_1).

First we show there exists R_1 > R_0 such that dim Ran P_{(E−δ0,E+δ0)}(H_N ) ≥ Nk (8.19) for each eigenvalue E of H_1 contained in I, if R > R_1. Let {e_1, . . . , e_k} be an orthonormal basis (as a subspace of L^2(R^2)) of the eigenspace Ker(H_1 − E). Put ẽ_{j,l} = t_{zj} (η_0e_l), j = 1, . . . , N, l = 1, . . . , k, where η_0 is the function satisfying (8.15). Put V_j = L.h.{ẽ_{j,l}}_{l=1,...,k}. The subspaces {V_j}^N_{j=1} are mutually orthogonal since the support of the element of V_j and that of V_j′ do not intersect if j ≠ j^′. Put V =^N⊕_{j=1} V_j , where ⊕ denotes the orthogonal direct sum of mutually orthogonal subspaces in L^2(R^2). By (ii) of Lemma 8.2, we have V ⊂ D(H_N ). Applying Lemma 8.6 to the case N = 1, we have ∫ K(0,^R_{100} )^c dxdy|e_l|^2 ≤ C_7e^{−cR2} , if R ≥ 1, (8.20) where c and C_7 is a constant dependent only on B, E. By the equality

(ẽ_{j,l}, ẽ_{j,l}′ ) = (η_0e_l, η_0e_l′ ) = (e_l, e_l′ ) − ((1 − η_0)e_l, e_l′ ) − (η_0e_l, (1 − η_0)e_l′ ) = δ_{l,l}′ − ((1 − η_0)e_l, e_l′ ) − (η_0e_l, (1 − η_0)e_l′ ) (8.21) and (8.20), we have |(ẽ_{j,l}, ẽ_{j,l}′ ) − δ_{l,l}′ | ≤ C_8e^{−cR2} , if R ≥ 1, (8.22) where C_8 is a constant dependent only on B, E. Let M = (m_{l,l}′ )_{l,l}′_{=1,...,k} be a k × k-matrix given by m_{l,l}′ = (ẽ_{j,l}, ẽ_{j,l}′ ). By (8.21), we see that M is a matrix independent of j. By (8.22), we have that there exists a constant R_1 > R_0 dependent only on B, E such that |m_{l,l}′ | = |(ẽ_{j,l}, ẽ_{j,l}′ )| ≤ 2, det M > 1 2 , if R ≥ R_1. (8.23)

This inequality implies that M is invertible and the vectors {ẽ_{j,l}}_{l=1,...,k} are linearly independent, if R ≥ R_1. Thus dim V = N∑ j=1 dim V_j = Nk. (8.24)

Let P_j be the orthogonal projection onto V_j and put P_ju = k∑ l=1 c_{j,l}ẽ_{j,l} for u ∈ L^2(R^2). The coefficient c_{j,l} is written as (c_{j,1}, . . . , c_{j,k}) = ( (P_j u, e_{j,1}), . . . , (P_ju, e_{j,k}) ) M^{−1}, where the right hand side is a product of a column vector and a matrix. Thus we have by (8.23)_k ∑ l=1 |c_{j,l}|^2 ≤ C_k||P_ju||^2, if R ≥ R_1, where C_k is a constant dependent only on k. Summing up this inequality for all j = 1, . . . , N, we have_N ∑ j=1 k∑ l=1 |c_{j,l}|^2 ≤ C_k||u||^2, (8.25) for every u ∈ L^2(R^2), if R ≥ R_1.

Suppose that, for any positive number R_3, there exists a sequence {z_j}^N_{j=1} such that R = inf_{j≠j}′ |z_j − z_j′ | ≥ R_3 and dim Ran P_{(E−δ0,E+δ0)}(H_N ) ≤ Nk − 1 hold (when N = ∞, we replace the latter assumption by ‘dim Ran P_{(E−δ0,E+δ0)}(H_∞) is finite’). By (8.24), there exists ẽ = ∑ j,l c_{j,l}ẽ_{j,l} ∈ V such that ||ẽ|| = 1 and ẽ ∈ ( Ran P_{(E−δ0,E+δ0)}(H_N ) )_⊥ . Then we have ||(H_N − E)ẽ|| ≥ δ_0. (8.26) But, we have by (ii) of Lemma 8.2 (H_N − E)ẽ = ∑ j,l c_{j,l}(H_N − E)ẽ_{j,l} = ∑ j,l c_{j,l}t_{zj} (H_1 − E)η_0e_l = ∑ j,l c_{j,l}t_{zj} [H_1, η_0]e_l.

The vectors t_{zj} [H_1, η_0]e_l and t_{zj′} [H_1, η_0]e_l are mutually orthogonal if j ≠ j^′. Applying Lemma 8.4 and Lemma 8.6 to the case N = 1, ψ_ϵ = e_l and ξ_ϵ = 0, we have ||t_{zj} [H_1, η_0]e_l||^2 ≤ C_9e^{−cR2} , if R ≥ 1, where C_9 and c is a constant dependent only on B, E. By this inequality and (8.25), we have ||(H_N − E)ẽ||^2 = N∑ j=1 || k∑ l=1 c_{j,l}t_{zj} [H_1, η_0]e_l||^2 ≤ N∑ j=1 (_k ∑ l=1 |c_{j,l}|^2 ) (_k ∑ l=1 ||[H_1, η_0]e_l||^2 )

≤ kC_9e^{−cR2} N∑ j=1 k∑ l=1 |c_{j,l}|^2 ≤ kC_9C_ke^{−cR2} ||ẽ||^2 = Ce^{−cR2} , if R ≥ R_1, where C is a constant dependent only on B, E. Since R ≥ R_3 and R_3 is arbitrary, this contradicts (8.26). Thus (8.19) holds.

Next, we assume N is finite (when N = ∞, the inequality (8.27) below is obvious) and prove there exists a constant R_2 > R_0 dependent only on B, E, δ_0 and α such that dim Ran P_{(E−δ0,E+δ0)}(H_N ) ≤ Nk, if R ≥ R_2. (8.27) We prepare three lemmas.

Lemma 8.7 Let P be an orthogonal projection and P^′ be a finite rank operator on a Hilbert space. Suppose that ||P − P^′|| < 1. Then, dim Ran P ≤ dim Ran P^′.

Proof. See [Co-Ne, Proposition III.1].

Lemma 8.8 There exist smooth functions {η_m}_{m∈Γ}, satisfying 0 ≤ η_m ≤ 1 for m ∈ Γ, ∑ m∈Γ η^2_m = 1 on R^2, supp η_m ⊂ K(m, R 99 ) for m ∈ Γ_0, supp η_{mj} ⊂ K_j ( R 99 ) for m_j ∈ Γ_1, sup(|∇η_m|^2 + |∇∂_xη_m|^2 + |∇∂_xη_m|^2 ≤ C R^2 for m ∈ Γ, if R ≥ 1, (8.28) where C is a constant independent of m, R.

Proof. Take ζ_0 ∈ C^∞_0 (K(0,^1_{99} )) and ζ_1 ∈ C^∞_0 (K_0(^1_{99} )) satisfying 0 ≤ ζ_0 ≤ 1 on R^2, ζ_0 = 1 on K(0, 1 100 ) 0 ≤ ζ_1 ≤ 1 on R^2, ζ_1 = 1 on K_0( 1 100 ) and put η_m = ζ_0(^{z−m}_R ) √ ∑ m^′∈Γ_0 ζ0( z−m^′ R )^2 + ∑ m_j′ ∈Γ_1 ζ1( z−m_j′ R )^2

(m ∈ Γ_0),

η_{mj} = ζ_1(^{z−mj}_R ) √ ∑ m^′∈Γ_0 ζ0( z−m^′ R )^2 + ∑ m_j′ ∈Γ_1 ζ1( z−m_j′ R )^2

(m_j ∈ Γ_1).

One can easily check that the functions above have desired properties.

Lemma 8.9 For m ∈ Γ, put η^{(m)}_0 (z) = η_m(z + m). Define the operator A_N (w) by A_N (w) = ∑ m_j ∈Γ_1

t_{zj} η^{(mj )}_0 (H_1 − w)^{−1}t_{−zj} η_{mj} + ∑ m∈Γ_0 t_mη^{(m)}_0 (H_0 − w)^{−1}t_{−m}η_m

for w ∈ C, |w − E| = δ_0. Then, the sums converge in the strong operator topology of the bounded operator from L^2(R^2) to D(H_N ). Moreover, there exists a constant C_{10} > 0 dependent on B, E, δ_0, and α such that ||A_N (w)||_{B(L}2_{(R}2_{);D(HN ))} ≤ C_{10} for every w ∈ C with |w − E| = δ_0, if R ≥ 1.

Proof. It is sufficient to show that there exists a constant C_{10} > 0 dependent on B, E, δ_0, and α such that ||A_N (w)ϕ||^2_{B(L}2_{(R}2_{);D(HN ))} ≤ C_{10}||ϕ||^2 (8.29) for every ϕ ∈ C^∞_0 (R^2) (notice that the sum in the definition of A_N (w)ϕ becomes a finite sum for ϕ ∈ C^∞_0 (R^2); the strong convergence follows from (8.29) and an ϵ/3-argument).

Take ϕ ∈ C^∞_0 (R^2). Then we have (H_1 − w)^{−1}t_{−zj} η_{mj} ϕ ∈ D(H_1). Thus t_{zj} η^{(mj )}_0 (H_1 − w)^{−1}t_{−zj} η_{mj} ϕ ∈ D(H_N ) by Lemma 8.2, for m_j ∈ Γ_1. Similarly we have (H_0 − w)^{−1}t_{−m}η_mϕ ∈ D(H_0) and t_mη^{(m)}_0 (H_0 − w)^{−1}t_{−m}η_mϕ ∈ D(H_N ) for m ∈ Γ_0, by Lemma 8.3.

Since the support of the functions {t_{zj} η^{(mj )}_0 (H_1 − w)^{−1}t_{−zj} η_{mj} ϕ}_{mj ∈Γ1} are disjoint, we see that these functions are mutually orthogonal in D(H_N ). Similarly, the functions {t_mη^{(m)}_0 (H_0 − w)^{−1}t_{−m}η_mϕ}_{m∈Γ0,β,γ} , Γ_{0,β,γ} = Γ_0 ∩ {m(p); p ∈ 2Z^2 + (β, γ)} are mutually orthogonal in D(H_N ), for each β = 0, 1 and γ = 0, 1.

We have ||t_{zj} η^{(mj )}_0 (H_1 − w)^{−1}t_{−zj} η_{mj} ϕ||^2_N = ||η^{(mj )}_0 (H_1 − w)^{−1}t_{−zj} η_{mj} ϕ||^2_1 ≤ C_1||(H_1 − w)^{−1}t_{−zj} η_{mj} ϕ||^2_1 ≤ C_1(1 + E + δ_0)^2(1 + ||(H_1 − w)^{−1}||^2_{B(L}2_{(R}2_{);L}2_{(R}2_{))})||η_{mj} ϕ||^2 for m_j ∈ Γ_1 and w ∈ C with |w − E| = δ_0, if R ≥ 1. We used (4.6). Notice that we can take the constant C_1 in Lemma 4.3 uniformly in R ≥ 1, by (8.28). Similarly, we have ||t_mη^{(m)}_0 (H_0 − w)^{−1}t_{−m}η_mϕ||^2_N ≤ C_1(1 + E + δ_0)^2(1 + ||(H_0 − w)^{−1}||^2_{B(L}2_{(R}2_{);L}2_{(R}2_{))})||η_mϕ||^2 for m ∈ Γ_0 and w ∈ C with |w − E| = δ_0, if R ≥ 1. Thus we have ||A_N (w)ϕ||^2_N ≤ ∑ m_j ∈Γ_1 ||t_{zj} η^{(mj )}_0 (H_1 − w)^{−1}t_{−zj} η_{mj} ϕ||^2_N + ∑ β,γ=0,1 ∑ m∈Γ_{0,β,γ} ||t_mη^{(m)}_0 (H_0 − w)^{−1}t_{−m}η_mϕ||^2_N ≤ C_{10}||ϕ||^2, if R ≥ 1, where

C_{10} = 4C_1(1 + E + δ_0)^2 ( 1 + sup |w−E|=δ_0 max_{n=0,1} ( ||(H_n − w)^{−1}||^2_{B(L}2_{(R}2_{);L}2_{(R}2_{))} ) )

and we used the fact #{m ∈ Γ; z ∈ supp η_m} ≤ 4 for any z ∈ R^2.

We have

(H_N − w)A_N (w) = ∑ m_j ∈Γ_1

(H_N − w)t_{zj} η^{(mj )}_0 (H_1 − w)^{−1}t_{−zj} η_{mj} + ∑ m∈Γ_0 (H_N − w)t_mη^{(m)}_0 (H_0 − w)^{−1}t_{−m}η_m = ∑ m_j ∈Γ_1

(t_{zj} [H_1, η^{(mj )}_0 ](H_1 − w)^{−1}t_{−zj} η_{mj} + η^2_{mj} ) + ∑ m∈Γ_0 (t_m[H_0, η^{(m)}_0 ](H_0 − w)^{−1}t_{−m}η_m + η^2_m) = 1 + T_N (w), (8.30) where T_N (w) = ∑ m_j ∈Γ_1

t_{zj} [H_1, η^{(mj )}_0 ](H_1 − w)^{−1}t_{−zj} η_{mj} + ∑ m∈Γ_0 t_m[H_0, η^{(m)}_0 ](H_0 − w)^{−1}t_{−m}η_m. (8.31)

We used the intertwining property of t_{−m} and the equality ∑ m∈Γ η^2_m = 1. Notice that the operator [H_1, η^{(mj )}_0 ](H_1 −w)^{−1} is well-defined by Lemma 8.2, and the operator [H_0, η^{(m)}_0 ](H_0 − w)^{−1} is well-defined by Lemma 8.3.

Lemma 8.10 Two sums in the right hand side of (8.31) converge in the strong operator topology of the bounded operator from L^2(R^2) to L^2(R^2). Moreover, there is a constant C_{11} > 0 dependent only on B, E, δ_0 and α such that ||T_N (w)||_{B(L}2_{(R}2_{);L}2_{(R}2_{))} ≤

C_{11} R for every w ∈ C with |w − E| = δ_0, if R ≥ 1.

Proof. By the similar argument in the proof of Lemma 8.9, we see that it is sufficient to show that there is a constant C^′ > 0 dependent only on B, E, δ_0 and α such that

||t_{zj} [H_1, η^{(mj )}_0 ](H_1 − w)^{−1}t_{−zj} η_{mj} ϕ||^2 ≤ C^′ R^2

||ϕ||^2 m_j ∈ Γ_1 (8.32)

||t_m[H_0, η^{(m)}_0 ](H_N − w)^{−1}t_{−m}η_mϕ||^2 ≤ C^′ R^2

||ϕ||^2 m ∈ Γ_0 (8.33) for every ϕ ∈ C^∞_0 (R^2) and every w ∈ C with |w − E| = δ_0, if R ≥ 1. By (4.5) and (8.28), we have ||t_{zj} [H_1, η^{(mj )}_0 ](H_1 − w)^{−1}t_{−zj} η_{mj} ϕ||^2 = ||[H_1, η^{(mj )}_0 ](H_1 − w)^{−1}t_{−zj} η_{mj} ϕ||^2 ≤ C_0||(H_1 − w)^{−1}t_{−zj} η_{mj} ϕ||^2_1 ≤ 10C R^2

(1 + E + δ_0)^2(1 + ||(H_1 − w)^{−1}||)_{B(L}2_{(R}2_{);L}2_{(R}2_{))}||ϕ||^2, if R ≥ 1, where C_0 = 10 sup(|∇η_{mj} |^2 + |∇(∂_xη_{mj} )|^2 + |∇(∂_yη_{mj} )|^2). Thus (8.32) holds. We can prove (8.33) similarly.

Take a large number R^′ > R_0 such that^{C11}_{R′} <^1_2 . By Lemma 8.10, we have ||T_N (w)|| ≤^1_2 and thus 1 + T_N (w) is invertible for w ∈ C with |w − E| = δ_0, if R ≥ R^′. Then H_N − w is also invertible and its inverse is given by (H_N − w)^{−1} = A_N (w) − A_N (w)T_N (w)(1 + T_N (w))^{−1}. (8.34) Integrating (8.34) on {w; |w − E| = δ_0}, we have P_{(E−δ0,E+δ0)}(H_N ) = ∑ m_j ∈Γ_1

t_{zj} η^{(mj )}_0 P_{(E−δ0,E+δ0)}(H_1)t_{−zj} η_{mj} + R_N , (8.35)

where R_N = − ∮ |w−E|=δ_0 A_N (w)T_N (w)(1 + T_N (w))^{−1}.

By Lemma 8.9 and Lemma 8.10, there exist a constant R_2 > R^′ dependent only on B, E, δ_0 and α such that ||R_N || < 1, if R ≥ R_2. (8.36) Since the first term of the right hand side of (8.35) is a linear operator of at most rank Nk, we have (8.27) by Lemma 8.7 and (8.36).

Thus the proof of Theorem 1.3 is completed.

References

[Ag] Agmon, Shmuel; Lectures on elliptic boundary value problems, Prepared for publication by B. Frank Jones, Jr. with the assistance of George W. Batten, Jr. Van Nostrand Mathematical Studies, No. 2 D. Van Nostrand Co., Inc., Princeton, N.J.-Toronto-London, 1965.

[Ah-Bo] Aharonov, Y.; Bohm, D.; Significance of electromagnetic potentials in the quantum theory, Phys. Rev. 115 (1959) 485–491.

[Al-Ge-Ho-Ho] Albeverio, Sergio; Gesztesy, Friedrich; Høegh-Krohn, Raphael; Holden, Helge; Solvable models in quantum mechanics. Texts and Monographs in Physics., Springer-Verlag, New York, 1988.

[Ar1] Arai, Asao; Momentum operators with gauge potentials, local quantization of magnetic flux, and representation of canonical commutation relations, J. Math. Phys. 33 (1992), no. 10, 3374–3378.

[Ar2] Arai, Asao; Representation-theoretic aspects of two-dimensional quantum systems in singular vector potentials: canonical commutation relations, quantum algebras, and reduction to lattice quantum systems, J. Math. Phys. 39 (1998), no. 5, 2476–2498.

[Co-Ne] Cornean, H. D.; Nenciu, G., Two-dimensional magnetic Schrödinger operators: width of mini bands in the tight binding approximation, Ann. Henri Poincaré 1 (2000), no. 2, 203–222.

[De] Deift, P. A; Applications of a commutation formula, Duke Math. J. 45 (1978), no. 2, 267–310.

[Ex-St-Vy] Exner, P.; Št’ovíček, P.; Vytřas , P.; Generalized boundary conditions for the Aharonov-Bohm effect combined with a homogeneous magnetic field, J. Math. Phys. 43 (2002), no. 5, 2151–2168.

[Ik-Ka] Ikebe, Teruo; Kato, Tosio; Uniqueness of the self-adjoint extension of singular elliptic differential operators, Arch. Rational Mech. Anal. 9 (1962), 77–92.

[Iw] Iwatsuka, Akira; The essential spectrum of two-dimensional Schrödinger operators with perturbed constant magnetic fields, J. Math. Kyoto Univ. 23 (1983), no. 3, 475–480.

[Le] Leinfelder, Herbert; Gauge invariance of Schrödinger operators and related spectral properties, J. Operator Theory 9 (1983), no. 1, 163–179.

[Le-Si] Leinfelder, Herbert; Simader, Christian G; Schrödinger operators with singular magnetic vector potentials. Math. Z. 176 (1981), no. 1, 1–19.

[Nak] Nakamura, Shu; A remark on the Dirichlet-Neumann decoupling and the integrated density of states, J. Funct. Anal. 179 (2001), no. 1, 136–152.

[Nam] Nambu, Yoichiro; The Aharonov-Bohm problem revisited, Nuclear Phys. B 579 (2000), no. 3, 590–616.

[Re-Si] Reed, Michael; Simon, Barry; Methods of modern mathematical physics. II. Fourier analysis, self-adjointness Academic Press, New York-London, 1975.

[Ru1] Rudin, Walter; Real and complex analysis. Third edition, McGraw-Hill Book Co., New York, 1987.

[Ru2] Rudin, Walter; Functional analysis. Second edition, International Series in Pure and Applied Mathematics, McGraw-Hill, Inc., New York, 1991.

[We] Weidmann, Joachim; Linear operators in Hilbert spaces, Translated from the German by Joseph Szücs, Graduate Texts in Mathematics, 68. Springer- Verlag, New York-Berlin, 1980.