On the summability of formal solutions of linear partial differential equations^∗

Stéphane Malek Abteilung Angewandte Analysis Universität Ulm 89069 Ulm, Germany malek@mathematik.uni-ulm.de Stephane.Malek@math.univ-lille1.fr Fax +731 5023619

Abstract

We investigate the existence and the Borel summability of formal power series in one variable with holomorphic coefficients, solutions to linear partial differential equations with non Kowalevskaya type in the complex domain. Sufficient conditions are given in terms of the shape of the partial differential equations and initial conditions. Existence and asymptotic behaviour of local sectorial holomorphic solutions to these linear partial differential equations are obtained as byproduct.

Key words: asymptotic expansions, Cauchy problems, formal power series, Gevrey estimates, κ-sum-mability, linear partial differential equations in the complex domain. 2000 MSC:35C10, 35C20.

1 Introduction

In this paper, we study linear partial differential equations

(E) ∂^{β1}_{z1} ∂^{β2}_{z2} X̂(t, z_1, z_2) = P (t, z_1, z_2, ∂_t, ∂_{z1} , ∂_{z2} )X̂(t, z_1, z_2),

where P is a polynomial in ∂_t, ∂_{z1} , ∂_{z2} with holomorphic coefficients in the variables t, z_1, z_2 in some neighborhood of the origin in C^3.

Our approach is based on resummation methods of formal series solutions of (E), known as Borel summability, starting with the fundamental contributions of Écalle, see [9]. This point of view has shown a great success in the framework of differential equations in the complex domain, see [2],[18],[25]. But in the context of partial differential equations, very little is known. Direct approaches with integral representations have been attempted for linear partial differential equations with constant coefficients, see [3],[15],[16],[17], and also fixed point methods have been introduced for more general linear and even non-linear partial differential equations, see [7],[22].

The goal of this paper is to provide a general approach to contruct Borel summable formal series solutions of equations of the type (E). In a first part of the paper, we give sufficient conditions for the existence and unicity of formal series in the variable t,

X̂(t, z_1, z_2) =^{+∞} ∑ j=0 t^j j! X_j(z_1, z_2),

∗This research has been supported by a Marie Curie Fellowship of the European Community programme “Improving Human Research Potential” under contract number HPMF-CT-2002-01818.

which are solutions of (E), where X_j (z_1, z_2), j ≥ 0, are analytic functions in some neighborhood of the origin in C^2 (Proposition 2).

In a second part, we investigate κ-summability properties of these constructed formal series. We give new sufficient conditions under which these constructed formal series solutions of (E) are κ-summable, where κ depends on the polynomial P and β_1, β_2 (Theorem 1). In the proof, we use a key proposition (Proposition 1), already introduced in a previous paper, see [4]. We will also make use, in a crucial way, of a version of the Cauchy-Kowalevskaya theorem obtained by L. Hörmander (see [14]), stated below.

Theorem H Consider a linear partial differential equation of the form

(1) ∂^β_x u(x) = ∑ |α|≤|β|

a_α(x)∂^α_x u(x),

where a_α are analytic functions in some neighborhood of the origin in C^n, with initial conditions

(2) ∂^k_{xj} u = φ_{j,k},

for x_j = 0, if 0 ≤ k ≤ β_j − 1, for all 1 ≤ j ≤ n, where φ_{j,k} are analytic functions in some neighborhood of the origin. Assume that β does not belong to the convex hull in R^n_+ of the indices α for which a_α is not the zero function. Then, the problem (1), (2) has a unique solution u that is analytic in a neighborhood of the origin.

The main idea of the proof will consist in applying this latter theorem to an auxiliary linear partial equation constructed from (E), using a majorazing series principle. Following the same steps as in the proof of Theorem 1, we also deduce the important following property. Showing that formal solutions X̂ of (E) are κ-summable can be reduced to showing that formal solutions of an auxiliary partial differential equation of the same type as (E) are Gevrey (Proposition 3).

One important consequence of the main result of the paper (Theorem 1), is the existence and asymptotic behaviour of holomorphic solutions X(t, z_1, z_2) of (E) (where X is the κ-sum of X̂), for t in a small sector and (z_1, z_2) in a neighborhood of the origin. Similar existence results on local sectorial holomorphic solutions to parabolic partial differential equations are known using methods from functional analysis like holomorphic semi-groups, see [1] and more recently using the notion of maximal regularity, see [24].

We can also mention possible implications concerning the appearence of singularities at the edge of the domain of summation in the complex plane. Such phenomenons of obstruction to analytic continuation of solutions is of high interest in the case of non-linear partial differential equations, see for instance [8] and references therein, and remains an active field of research for linear partial differential equations, see [11],[12],[20].

Acknowledgement The author is very grateful to Werner Balser for useful discussions about the subject of this paper.

2 Summability criterions

In this section, we recall a proposition already obtained in a previous paper [4], which gives necessary and sufficient conditions for the summability of formal series with variable coefficients.

We consider a sequence (X_j )_{j≥0} of holomorphic functions X_j : D_{1,ρ} × D_{2,ρ} −→ C where D_{1,ρ} = ×^r_{i=1}D_{ρi} , D_{2,ρ} = ×^m_{i=r+1}D_{ρi} with D_{ρi} = {z ∈ C : |z| < ρ_i}, 1 ≤ i ≤ m and ρ = (ρ_1, . . . , ρ_m) ∈ R^m_+ .

For notations, if z = (x_1, . . . , x_r) ∈ C^r and n = (n_1, . . . , n_r) ∈ N^r we will write ∂^n_z = ∂^{n1}_{x1} · · · ∂^{nr}_{xr} , n! = n_1! · · · n_r! and |n| = n_1 + · · · + n_r.

Definition 1 The formal series

(X̂) X̂(t, z_1, z_2) = ∞∑ j=0 t^j j! X_j (z_1, z_2)

is said to be k−summable in the direction d ∈ R if

i) There exist ρ ∈ R^m_+ and R(ρ) > 0, such that the following formal series, called formal Borel transform with respect to the variable t of order k,

W (t, z_1, z_2) = ∞∑ j=0 X_j (z_1, z_2)t^j j!Γ(1 + j/k) ,

is absolutely convergent for (z_1, z_2) ∈ D_{1,ρ} × D_{2,ρ} and |t| < R(ρ),

ii) There exists δ > 0 such that for all (z_1, z_2) ∈ D_{1,ρ} × D_{2,ρ}, the series W (t, z_1, z_2) can be analytically continued with respect to t in a sector S_{d,δ} = {t ∈ C : |d − arg(t)| < δ}. Moreover, there exist δ_1 < δ, C > 0, and K > 0 such that sup (z_1,z_2)∈D̄_{1,ρ}×D̄_{2,ρ}

|W (t, z_1, z_2)| ≤ Ce^{K|t|k}

for all t ∈ S_{d,δ1} .

If this is so, the Laplace transform of order k of w(t, z_1, z_2),

(X) X(t, z_1, z_2) = t^{−k}

∫_{∞(γ)} 0 W (τ, z_1, z_2)e^{−(τ /t)k} dτ^k,

where the integration is made along the ray arg(τ) = γ with |d − γ| < δ, is called the k− sum of the formal series X̂(t, z_1, z_2).

Proposition 1 The following statements are equivalent. i) The formal series X̂ is k−summable with respect to t in direction d. ii) For all n ∈ N^r, the series W_n(t, z_2) = ∂^n_{z1} W (t, z_1, z_2)_{|z1=0} all converge for |t| ≤ τ, z_2 ∈ D_{2,ρ}, for some τ > 0 that is independent of n. Moreover, there exists δ_1 > 0 so that for all z_2 ∈ D_{2,ρ}, all the functions W_n(t, z_2) can be holomorphically continued with respect to t into a sector S_{d,δ1} = {t ∈ C : |d − arg(t)| < δ_1}. Finally, for every δ_2 < δ_1, there exist constants C, K > 0, independent of n, so that |W_n(t, z_2)| ≤ C^{|n|}n!e^{K|t|k} , for all t ∈ S_{d,δ3} , z_2 ∈ D_{2,ρ} and n ∈ N^r.

iii) For all n ∈ N^r, the formal series X̂_n(t, z_2) = ∂^n_{z1}X̂(t, z_1, z_2)_{|z1=0}

are k-summable in the direction d. Moreover, the sums X_n(t, z_2) are holomorphic in a region G × D_{2,ρ}, independent of n, where G has bissecting direction d and opening greater than π/k, and for every closed subsector S̄ ⊂ G, there exist constants C, K > 0, independent of n, such that sup t∈S̄,z_2∈D_{2,ρ}

|∂^l_tX_n(t, z_2)| ≤ CK^{|n|+l}n!l!Γ(1 + l/k)

for all n ∈ N^r and l ∈ N.

Proof First, we show that i) and ii) are equivalent. The fact that i) implies ii) follows directly from the standard multi-dimensional Cauchy formula. Indeed, for all n ∈ N^r, the series W_n can be written in term of W as follows,

W_n(t, z_2) = n! (2πi)^r ∮ C W (t, z_1, z_2) x^{n1+1}_1 · · · x^{nr +1}_r dx_1 · · · dx_r,

with z_1 = (x_1, . . . , x_n), where C = ×^r_{i=1}C_i, and C_i are circles of radius 0 < τ < min_i ρ_i. The fact that ii) implies i) follows directly from the standard multi-dimensional Taylor expansion of W (t, z_1, z_2) with respect to z_1. Indeed, the series W can be written in term of the W_n, n ∈ N^r, as follows

(T W ) W (t, z_1, z_2) = ∑ n∈N^r

W_n(t, z_2) n! x^{n1}_1 · · · x^{nr}_r ,

for all (z_1, z_2) ∈ D_{1,ρ} × D_{2,ρ} and t ∈ D_τ ∪ S_{d,δ1} .

We show that ii) and iii) are equivalent. The fact that ii) implies iii) follows from the Taylor expansion of X(t, z_1, z_2), the sum of X̂, with respect of z_1, which yields

(T X) X(t, z_1, z_2) = ∑ n∈N^r

X_n(t, z_2) n! x^{n1}_1 · · · x^{nr}_r ,

and the expansion (T W ), which gives the relation

X_n(t, z_2) = t^{−k}

∫_{∞(γ)} 0 W_n(τ, z_2)e^{−(τ /t)k} dτ^k,

for all n ∈ N^r. From the latter relations, one can show that the estimates on W_n implies those for X_n. On the other hand, suppose that iii) holds. The estimates on X_n allow to defined the series X(t, z_1, z_2) by the formula (T X). We define W (t, z_1, z_2) to be the Borel transform of order k of X(t, z_1, z_2), that is

W (t, z_1, z_2) = k 2πi ∫ ∂V e^{(t/ζ)k} X(ζ, z_1, z_2)dζ/ζ.

The Taylor expansions of W (t, z_1, z_2) and X(ζ, z_1, z_2) with respect to z_1 yields the relations

W_n(t, z_2) = k 2πi ∫ ∂V e^{(t/ζ)k} X_n(ζ, z_2)dζ/ζ,

for all n ∈ N^r. Finally, from the latter relations, one can show that the estimates on X_n implies those for W_n. �

3 Summability of formal solutions of linear partial differential equations

In this section we study formal series X̂(t, z_1, z_2) of the form (X̂) which are solutions of the linear partial differential equation

(P DE) ∂^{S1}_{z1} ∂^{S2}_{z2} X̂(t, z_1, z_2) = −( Q∑ q=0 P_q(∂_{z1} , ∂_{z2} )∂^q_t )X̂(t, z_1, z_2),

where Q ≥ 1 and P_q denote polynomials of the form

P_q(Z_1, Z_2) = ∑ (k_1,k_2)∈S_q

b_{q,k1,k2} (t, z_1, z_2)Z^{k1}_1 Z^{k2}_2 ,

where S_q = {(k_1, k_2) ∈ N^2 : 0 ≤ k_1 + k_2 ≤ K_q}, whose coefficients are holomorphic functions on D_{2R(ρ)} × D_{ρ1} × D_{ρ2} written in the form

b_{q,k1,k2} (t, z_1, z_2) = ∑ l_1,l_2≥0

b_{q,k1,k2,l1,l2} (t)z^{l1}_1 z^{l2}_2 .

We denote by K_q the total degree of P_q. From the Cauchy formula, we know that for all q, k_1, k_2, l_0, l_1, l_2 ≥ 0, we get

(CI) sup_{t∈D̄}

R(ρ)

|∂^{l0}_t b_{q,k1,k2,l1,l2} (t)| l_0!

= |b|_{q,k1,k2,l1,l2,l0} ,

with the property that the series

|b|_{q,k1,k2} (t^K , z_1, z_2) = ∑ l_0,l_1,l_2≥0

|b|_{q,k1,k2,l1,l2,l0} t^{Kl0} z^{l1}_1 z^{l2}_2

are, for all integers K > 0, convergent in a neighborhood of the origin in C^3.

In the next lemma we describe formal series solutions of (P DE) in term of differential relations.

Lemma 1 Rewrite the formal series (X̂) in a formal series with respect to the variables z_1, z_2,

X̂(t, z_1, z_2) = ∑ n_1,n_2≥0

X̂_{n1,n2} (t) n_1!n_2!

z^{n1}_1 z^{n2}_2 .

Then, X̂(t, z_1, z_2) is a formal series solution of (P DE) if and only if the following differential relation (DR) is satisfied,

X̂_{m1 +S1,m2+S2} (t) (m_1)!(m_2)! = − Q∑ q=0 ∑ (k_1,k_2)∈S_q ∑ l_1+n_1=m_1 ∑ l_2+n_2=m_2

b_{q,k1,k2,l1,l2} (t)

∂^q_t X̂_{n1+k1,n2+k2} (t) (n_1)!(n_2)! ,

for all m_1, m_2 ≥ 0.

Proof We first have that

∂^{k1}_{z1} ∂^{k2}_{z2} ∂^q_t X̂(t, z_1, z_2) = ∑ n_1,n_2≥0

∂^q_t X̂_{n1+k1,n2+k2} (t) (n_1)!(n_2)!

z^{n1}_1 z^{n2}_2 .

So that

P_q(∂_{z1} , ∂_{z2} )∂^q_t X̂(t, z_1, z_2) = ∑ m_1,m_2≥0 ∑ (k_1,k_2)∈S_q ∑ l_1+n_1=m_1 ∑ l_2+n_2=m_2

b_{q,k1,k2,l1,l2} (t)

∂^q_t X̂_{n1+k1,n2+k2} (t) (n_1)!(n_2)!

z^{m1}_1 z^{m2}_2 .

The lemma then easily follows. �

Example: For the heat equation

∂^2_{z1}X̂(t, z_1, z_2) = (−∂^2_{z2} + ∂_t)X̂(t, z_1, z_2),

the differential relation writes,

X̂_{m1+2,m2} (t) = −X̂_{m1,m2+2}(t) + ∂_tX̂_{m1,m2} (t).

In the next proposition, we give sufficient conditions for the existence and uniqueness of formal series (X̂) that are solutions of (P DE).

Proposition 2 We assume that the tuple (S_1, S_2) does not belong to the convex hull in R^2_+ of the set of tuples (k_1, k_2) for which b_{q,k1,k2} is not the zero function, for all 0 ≤ q ≤ Q and that

S_1 + S_2 ≥ max_{0≤q≤Q} K_q.

Moreover, assume that sequences (X̂_{μ1 ,μ2} (t))_{μ2≥0}, for all 0 ≤ μ_1 ≤ S_1 − 1 and sequences (X̂_{μ1 ,μ2} (t))_{μ1≥0}, for all 0 ≤ μ_2 ≤ S_2 − 1 are given.

Then, there exists a unique sequence (X̂_{μ1,μ2} (t))_{μ1 ,μ2} of formal series which satisfies the differential relation (DR). As a result, for given sequences (X̂_{μ1,μ2} (t))_{μ2 ≥0}, for all 0 ≤ μ_1 ≤ S_1 − 1 and sequences (X̂_{μ1 ,μ2} (t))_{μ1 ≥0}, for all 0 ≤ μ_2 ≤ S_2 − 1, there exists a unique formal series (X̂), solution of (P DE).

Proof By assumption, (S_1, S_2) does not belong to the convex hull in R^2_+ of the set of tuples (k_1, k_2) for which b_{q,k1,k2} is not the zero function, for all 0 ≤ q ≤ Q. From the classical Hahn- Banach separation theorem, we deduce that there exist ρ_1, ρ_2 ∈ R such that

(Co) ρ(S_1, S_2) = ρ_1S_1 + ρ_2S_2 > ρ_1k_1 + ρ_2k_2 = ρ(k_1, k_2),

for all (k_1, k_2) for which b_{q,k1,k2} is not the zero function, for all 0 ≤ q ≤ Q.

On the other hand, from the hypothesis S_1 + S_2 ≥ max_{0≤q≤Q} K_q, we can replace ρ(k_1, k_2) by ρ(k_1, k_2) + s(k_1 + k_2) in the inequalities (Co), for all s > 0. In such a way, we may assume in the following that ρ_1, ρ_2 > 0 in the inequalities (Co).

Take (μ_1, μ_2), (ν_1, ν_2) ∈ N^2, we say by definition, that (μ_1, μ_2) is lower than (ν_1, ν_2) and is denoted by (μ_1, μ_2) <_ρ (ν_1, ν_2) if ρ(μ_1, μ_2) < ρ(ν_1, ν_2). The relation <_ρ is a partial ordering on N^2.

From inequalities (Co), we deduce that

(k_1 + m_1 − l_1, k_2 + m_2 − l_2) <_ρ (S_1 + m_1, S_2 + m_2),

for all m_1, m_2, l_1, l_2 ≥ 0 and all (k_1, k_2) for which b_{q,k1,k2} is not the zero function, for all 0 ≤ q ≤ Q.

In this way, the term X̂_{m1+S1,m2+S2} in the differential relation (DR), which can be called in this case differential recurrence, can be uniquely expressed in terms of X̂_{μ1,μ2} with (μ_1, μ_2) <_ρ (m_1 + S_1, m_2 + S_2) for all m_1, m_2 ≥ 0. The result of the proposition follows. �

The next result gives sufficient conditions for the existence of κ-summable formal series solutions (X̂) of (P DE), for well chosen κ.

Theorem 1 Consider the linear partial differential equation,

(P DE) ∂^{S1}_{z1} ∂^{S2}_{z2} X̂(t, z_1, z_2) = −( Q∑ q=0 P_q(∂_{z1} , ∂_{z2} )∂^q_t )X̂(t, z_1, z_2).

Assume that the conditions of the proposition 2 are fulfilled. Assume moreover that there exists an integer K > 1 such that S_1 + S_2 ≥ max_{0≤q≤Q}(qK + K_q),

and (0, S_1, S_2) does not belong to the convex hull in R^3_+ of the set of tuples (qK, k_1, k_2), for which b_{q,k1,k2} is not the zero function.

We assume that the series X̂_{μ1,μ2} (t) for all μ_2 ≥ 0, 0 ≤ μ_1 ≤ S_1 − 1 and the series X̂_{μ1,μ2} (t) for all μ_1 ≥ 0, 0 ≤ μ_2 ≤ S_2 − 1, are 1/(K − 1)-summable with respect to t in a direction d ∈ R.

Moreover, we assume that their sums X_{μ1,μ2} (t) are holomorphic in a sectorial region G ⊂ D_{R(ρ)}, independent of μ_1, μ_2, which has bisecting direction d and opening greater than (K − 1)π and satisfy the following estimates.

For all closed sector S̄ ⊂ G, there exist C, K̃ > 0 such that

sup_{t∈S̄} |∂^{n0}_t X_{n1,n2} (t)| ≤ CK̃^{n0+n1+n2} (Kn_0)!n_1!n_2!,

for all 0 ≤ n_1 ≤ S_1 − 1 and all n_0, n_2 ∈ N and for all 0 ≤ n_2 ≤ S_2 − 1 and all n_0, n_1 ∈ N.

Then the formal series X̂(t, z_1, z_2), solution of (P DE), is 1/(K − 1)-summable with respect to t in the direction d ∈ R.

Proof The goal of the proof is to show that the conditions iii) in Proposition 1 are fulfilled. First of all, under the given assumptions, it follows from the relation (DR) and Proposition 2 (using the general results on derivation of k-summable series, see [2]), that the formal series X̂_{μ1,μ2} (t) are 1/(K − 1)-summable in the direction d ∈ R, for all μ_1, μ_2 ≥ 0. Moreover, their sums X_{μ1 ,μ2} (t) are holomorphic in the sectorial region G.

The rest of the proof will consist in proving that the estimates in iii) of Proposition 1 are satisfied for the formal series X̂_{μ1 ,μ2} (t).

We consider now the sequence of positive real numbers

w_{n0,n1,n2} = sup_{t∈S̄} |∂^{n0}_t X_{n1,n2} (t)|,

for n_0, n_1, n_2 ≥ 0, where S̄ is a closed sector in G.

From the Leibniz formula, we have that

∂^{n0}_t (b_{q,k1,k2,l1,l2} (t)

∂^q_t X_{n1+k1,n2+k2} (t) n_1!n_2! ) = n_0∑

h=0 n_0!

(n_0 − h)!h!

∂^{n0−h}_t b_{q,k1,k2,l1,l2} (t)

∂^{h+q}_t X_{n1+k1,n2+k2} (t) n_1!n_2! . On the other hand, by classical estimates, we have that

n_0! h! ≤ (Kn_0)! (Kh)! , for all n_0 ≥ 0 and all 0 ≤ h ≤ n_0. From the latter estimates and (CI), we deduce that

sup_{t∈S̄} | | |∂^{n0}t (b^{q,k}1^{,k}2^{,l}1^{,l}2 (t)

∂^q_t X_{n1+k1,n2+k2} (t) n_1!n_2! ) | | |

≤ n_0∑

h=0 (Kn_0)! (Kh)!

|b|_{q,k1,k2,l1,l2,n0−h} sup_{t∈}¯_S | |∂h+q_t X_{n1+k1,n2+k2} (t) | | n_1!n_2!

If we differentiate n_0 times the relation (DR) with respect to t, we deduce the inequalities (MRI),

w_{n0,m1+S1,m2+S2} (Kn_0)!m_1!m_2! ≤ Q∑ q=0 ∑ (k_1,k_2)∈S_q ∑ l_1+n_1=m_1 ∑ l_2+n_2=m_2 n_0∑

h=0 |b|_{q,k1,k2,l1,l2,n0−h} (Kh)!

w_{h+q,n1+k1,n2+k2} (n_1)!(n_2)!

for all n_0, m_1, m_2 ≥ 0.

We choose now an integer K > 1 such that

S_1 + S_2 ≥ max_{0≤q≤Q}(qK + K_q),

and we assume that (0, S_1, S_2) does not belong to the convex hull in R^3_+ of the set of tuples (qK, k_1, k_2) for which b_{q,k1,k2} is not the zero function. We consider the auxiliary partial differential equation (CK),

∂^{S1}_{z1} ∂^{S2}_{z2} E(t, z_1, z_2) = Q∑ q=0 ( ∑ (k_1,k_2)∈S_q

|b|_{q,k1,k2} (t^K , z_1, z_2)∂^{k1}_{z1} ∂^{k2}_{z2} )∂^{qK}_t

E(t, z_1, z_2),

which satisfies the conditions of Theorem H from the introduction. From Theorem H, we deduce that there exists a unique function E(t, z_1, z_2), solution of (CK), with E holomorphic for |t| < R(ρ) and (z_1, z_2) ∈ D_ρ if E(t, 0, z_2), . . . , ∂^{S1−1}_{z1} E(t, 0, z_2) are prescribed holomorphic functions on {|t| < R(ρ)} × D_{ρ2} and

E(t, z_1, 0), . . . , ∂^{S2−1}_{z2} E(t, z_1, 0)

are prescribed holomorphic functions on {|t| < R(ρ)}×D_{ρ1} . In the rest of the proof, we prescribe the functions ∂^j_{z1} E(t, 0, z_2), 0 ≤ j ≤ S_1 − 1 to be of the form ∂^j_{z1} E(t, 0, z_2) = V_j (t^K , z_2), where V_j are holomorphic in a neighborhood of the origin. We also prescribe the functions ∂^j_{z2} E(t, z_1, 0), 0 ≤ j ≤ S_2 − 1 to be of the form ∂^j_{z2} E(t, z_1, 0) = W_j (t^K , z_1), where W_j are holomorphic in a neighborhood of the origin. From the latter assumptions and due the fact that the coefficients of the equation (CK) are also of the form α(t^K , z_1, z_2), we deduce that the solution E of (CK) can be written in the form E(t, z_1, z_2) = V (t^K , z_1, z_2), where V is holomorphic in a neighborhood of the origin.

If we expand V (t^K , z_1, z_2) into a Taylor series in the variables t, z_1, z_2,

V (t^K , z_1, z_2) = ∑ n_0,n_1,n_2≥0

v_{n0,n1,n2} t^{Kn0} z^{n1}_1 z^{n2}_2 (Kn_0)!n_1!n_2! ,

we get that

|b|_{q,k1,k2} (t^K , z_1, z_2)∂^{k1}_{z1} ∂^{k2}_{z2} ∂^{qK}_t V (t^K , z_1, z_2) = ∑ m_0,m_1,m_2 ( ∑ l_1+n_1=m_1 ∑ l_2+n_2=m_2 ∑ l_0+n_0=m_0

|b|_{q,k1,k2,l1,l2,l0} v_{n0+q,n1+k1,n2+k2} (Kn_0)!n_1!n_2!

)t^{Km0} z^{m1}_1 z^{m2}_2 .

From this, we deduce a multivariate linear recurrence (MR) satisfied by the coefficients v_{n0,n1,n2} ,

v_{n0,m1+S1,m2+S2} (Kn_0)!m_1!m_2! = Q∑ q=0 ∑ (k_1,k_2)∈S_q ∑ l_1+n_1=m_1 ∑ l_2+n_2=m_2 n_0∑

h=0 |b|_{q,k1,k2,l1,l2,n0−h} (Kh)!

v_{h+q,n1+k1,n2+k2} (n_1)!(n_2)!

for all n_0, m_1, m_2 ≥ 0. From the holomorphy of V , we deduce the following estimates for the coefficients v_{n0,n1,n2} . There exist C, K̃ > 0, such that

(Es) |v_{n0,n1,n2} | ≤ CK̃^{|n|+n0} (Kn_0)!n!,

where n = (n_1, n_2), for all n ∈ N^2 and n_0 ∈ N.

From Theorem H, we see that the sequence (v_{n0,n1,n2} )_{n0,n1,n2} is uniquely determined by the sequences (v_{n0,n1,n2} )_{n0,n2} , 0 ≤ n_1 ≤ S_1 − 1 and the sequences (v_{n0,n1,n2} )_{n0,n1} , 0 ≤ n_2 ≤ S_2 − 1. We choose now the latter sequences as follows.

v_{n0,n1,n2} := w_{n0,n1,n2} ,

for all 0 ≤ n_1 ≤ S_1 − 1, n_0, n_2 ≥ 0 and for all 0 ≤ n_2 ≤ S_2 − 1, n_0, n_1 ≥ 0.

From the estimates in the assumptions of the theorem 1, we deduce that the series

E(t, 0, z_2), . . . , ∂^{S1−1}_{z1} E(t, 0, z_2)

are convergent on {|t| < R(ρ)} × D_{ρ2} and

E(t, z_1, 0), . . . , ∂^{S2−1}_{z2} E(t, z_1, 0)

are convergent on {|t| < R(ρ)} × D_{ρ1} . Moreover, due to the relations (MRI) and (MR), we deduce that w_{n0,n1,n2} ≤ v_{n0,n1,n2} , for all n_0, n_1, n_2.

From the estimates (Es), we finally deduce that there exist C, K̃ > 0, such that the sequence w_{n0,n1,n2} satisfies w_{n0,n1,n2} ≤ CK̃^{|n|+n0} (Kn_0)!n!, where n = (n_1, n_2), for all n ∈ N^2 and n_0 ∈ N.

Finally, we conclude that the condition iii) in Proposition 1 is satisfied for the formal series X̂_{n1,n2} (t), so that the formal series X̂(t, z_1, z_2), solution of (P DE), is 1/(K − 1)-summable with respect to t in the direction d ∈ R. � Example: In the case of the heat equation ∂^2_{z1}X̂(t, z_1, z_2) = (−∂^2_{z2} + ∂_t)X̂(t, z_1, z_2), one can construct formal series solutions

X̂(t, z_1, z_2) = ∑ n_1,n_2≥0

X̂_{n1,n2} (t) n_1!n_2!

z^{n1}_1 z^{n2}_2 ,

which are 1-summable with respect to t in a direction d ∈ R, under the following assumptions: The series X̂_{0,μ2} (t) and X̂_{1,μ2} (t) are 1-summable with respect to t in a direction d ∈ R, for all μ_2 ≥ 0. Moreover, their sums X_{0,μ2} (t) and X_{1,μ2} (t) are holomorphic in a sectorial region G ⊂ D_{R(ρ)}, independent of μ_2, which has bisecting direction d and opening greater than π and satisfy the following estimates. For all closed sector S̄ ⊂ G, there exist C, K̃ > 0 such that sup_{t∈S̄} |∂^{n0}_t X_{n1,n2} (t)| ≤ CK̃^{n0+n1+n2} (n_0!)^2n_1!n_2!,

for all n_1 ∈ {0, 1} and all n_0, n_2 ∈ N. We recover partially the result obtained in [4].

We recall the following definition of formal series which are Gevrey of order (q_0, q_1, q_2). Definition 2 A formal series A(t, z_1, z_2) = ∑ n_0,n_1,n_2

a_{n0,n1,n2} t^{n0} z^{n1}_1 z^{n2}_2 ,

is said to be Gevrey of order (q_0, q_1, q_2) if there exist C, K̃ > 0 such that |a_{n0,n1,n2} | ≤ CK̃^{n0+n1+n2} Γ(1 + q_0n_0)Γ(1 + q_1n_1)Γ(1 + q_2n_2), for all n_0, n_1, n_2 ≥ 0.

Following the same steps as in the proof of Theorem 1, one can show the following proposition. Proposition 3 Assume that the conditions of the proposition 2 are fulfilled. We assume that the series X̂_{μ1 ,μ2} (t) for all μ_2 ≥ 0, 0 ≤ μ_1 ≤ S_1 − 1 and the series X̂_{μ1,μ2} (t) for all μ_1 ≥ 0, 0 ≤ μ_2 ≤ S_2 −1, are 1/(κ−1)-summable with respect to t in a direction d ∈ R, for a real number κ > 1. Consider the unique formal series

V (t, z_1, z_2) = ∑ n_0,n_1,n_2≥0

v_{n0,n1,n2} t^{n0} z^{n1}_1 z^{n2}_2 n_0!n_1!n_2! ,

where v_{n0,n1,n2} := sup_{t∈S̄} |∂^{n0}_t X_{n1,n2} (t)|, for all 0 ≤ n_1 ≤ S_1 − 1, n_0, n_2 ≥ 0 and for all 0 ≤ n_2 ≤ S_2 − 1, n_0, n_1 ≥ 0, which satisfies the partial differential equation

(∗) ∂^{S1}_{z1} ∂^{S2}_{z2} V (t, z_1, z_2) = Q∑ q=0 ( ∑ (k_1,k_2)∈S_q

|b|_{q,k1,k2} (t, z_1, z_2)∂^{k1}_{z1} ∂^{k2}_{z2} )∂^q_t

V (t, z_1, z_2),

where (0, S_1, S_2) is assumed not to belong to the convex hull in R^3_+ of the set of tuples (q, k_1, k_2) for which b_{q,k1,k2} is not the zero function and

S_1 + S_2 ≥ max_{0≤q≤Q}(q + K_q),

Then, if the formal series V are Gevrey of order ((κ − 1), 0, 0), then the formal series X̂, solution of (P DE), constructed from the sequence (X̂_{μ1 ,μ2} )_{μ1,μ2≥0}, is 1/(κ − 1)-summable in direction d.

Remark It has to be mentioned (see [21]), that M. Miyake and Y. Hashimoto have given criterions, involving a Newton polygon associated to partial differential equations (∗) with polynomial coefficients in t and initial conditions for V , under which the formal series V can be shown to be Gevrey of some orders ((κ − 1), 0, 0), where κ depends on slopes of this Newton polygon.

More precisely, one defines a Newton polygon (NP ) attached to an equation (∗) as the convex hull in R^2 of R_− and all the sets

Q(σ, q, k_1 − S_1, k_2 − S_2) = {(u, σ − q) ∈ R^2 : u ≤ q + k_1 + k_2 − S_1 − S_2},

for tuples (σ, q, k_1, k_2) such that |b|_{σ,q,k1,k2} (z_1, z_2) is not the zero function, with

|b|_{q,k1,k2} (t, z_1, z_2) = ∑ σ∈I_{q,k1,k2}

|b|_{σ,q,k1,k2} (z_1, z_2)t^σ,

where I_{q,k1,k2} are a finite subsets of N. As a particular case of Theorem A, p. 21 in [21], one gets a Cauchy-Kowalevskaya theorem for linear partial differential equations in a class of Gevrey formal series.

Consider an equation (∗) with polynomial coefficients in t, under the hypotheses of the proposition 3, and initial conditions (∗∗),

(∂^k_{z1} V )(t, 0, z_2) = φ_{1,k}(t, z_2),

for all 0 ≤ k ≤ S_1 − 1, and (∂^k_{z2} V )(t, z_1, 0) = φ_{2,k}(t, z_1),

for all 0 ≤ k ≤ S_2 − 1, where φ_{1,k}, φ_{2,k} are formal series which are Gevrey of order ((κ − 1), 0).

Consider κ ∈ [1, 1+1/k_−], where k_− is the slope of the side of the Newton polygon (NP ), lying in the lower half plane, with the origin as end point. Assume that k_− ∈ [0, +∞). By convention, 1/0 = +∞. Then, the problem (∗), (∗∗) has a unique formal series solution V (t, z_1, z_2) that is Gevrey of order ((κ − 1), 0, 0).

References

[1] W. Arendt, C. Batty, M. Hieber, F. Neubrander, Vector-valued Laplace transforms and Cauchy problems. Monographs in Mathematics, 96. Birkhäuser, 2001.

[2] W. Balser, Formal power series and linear systems of meromorphic ordinary differential equations, Springer-Verlag, New-York, 2000.

[3] W. Balser, Multisummability of formal power series solutions of partial differential equations with constant coefficients. J. Differential Equations 201 (2004), no. 1, 63–74.

[4] W. Balser, S. Malek, Formal solutions of the complex heat equation in higher spatial dimensions, Ulmer Seminar (2003).

[5] F. Bergeron, U. Sattler, Constructible differentially finite algebraic series in several variables. Special volume on mathematical analysis of algorithms. Theoret. Comput. Sci. 144 (1995), no. 1-2, 59–65.

[6] M. Bousquet-Mélou, M. Petkovsek, Linear recurrences with constant coefficients: the multivariate case. Formal power series and algebraic combinatorics (Toronto, ON, 1998). Discrete Math. 225 (2000), no. 1-3, 51–75.

[7] O. Costin, S. Tanveer, On the existence and uniqueness of solutions of nonlinear evolution systems of PDEs in R^+ × C^d, their asymptotic and Borel summability properties. Manuscript, 2003.

[8] O. Costin, S. Tanveer, Complex singularity Analysis for a non-linear PDE, preprint, 2003.

[9] J. Écalle, Les fonctions résurgentes. Publications Mathématiques d’Orsay, (1981).

[10] R. Gérard, H. Tahara, Formal power series solutions of nonlinear first order partial differential equations, Funkcialaj Ekvacioj, 41 (1998), 133–166.

[11] D. Gourdin, M. Mechab, Solutions globales d’un problème de Cauchy linéaire. J. Funct.

Anal. 202 (2003), no. 1, 123–146.

[12] Y. Hamada, A. Takeuchi, Sur un domaine d’existence et un prolongement analytique des solutions de problèmes de Goursat. J. Math. Pures Appl. (9) 75 (1996), no. 5, 469–483.

[13] M. Hibino, Borel summability of divergent solutions for singular first order linear partial differential equations with polynomial coefficients, J. Math. Sci. Univ. Tokyo, 10 (2003), 279–309.

[14] L. Hörmander, Linear partial differential operators, Springer Verlag, Berlin-New York, 1976.

[15] D.A. Lutz, M. Miyake, R. Schaefke, On the Borel summability of divergent solutions of the heat equation, Nagoya Math. J. 154 (1999), 1–29.

[16] S. Malek, On the multisummability of formal solutions of partial differential equations, Ulmer Seminar (2003).

[17] S. Malek, Hypergeometric functions and parabolic partial differential equations, preprint, 2003. Submitted to JDCS.

[18] B. Malgrange, Sommation des séries divergentes. Exposition. Math. 13 (1995), no. 2-3, 163–222.

[19] M. Miyake, Borel summability of divergent solutions of the Cauchy problem to non- Kovalevskian equations, in Partial Differential Equations and Their Applications, C. Hua and L. Rodino, eds., Singapore, 1999, World Scientific, pp. 225–239.

[20] M. Miyake, Global and local Goursat problems in a class of holomorphic or partially holomorphic functions, J. Differential equations 39 (1981), no. 3, 445–463.

[21] M. Miyake, Y. Hashimoto, Newton polygons and Gevrey indices for linear partial differential operators. Nagoya Math. J. 128 (1992), 15–47.

[22] S. Ouchi, Multisummability of formal solutions of some linear partial differential equations, J. Differential Equations, 185 (2002), 513–549.

[23] S. Ouchi, Formal solutions with Gevrey type estimates of nonlinear partial differential equations. J. Math. Sci. Univ. Tokyo 1 (1994), no. 1, 205–237.

[24] J. Prüss, Maximal regularity for evolution equations in L_p-spaces. Conf. Semin. Mat. Univ.

Bari, No. 285 (2002), 1–39 (2003).

[25] J.P. Ramis, Dévissage Gevrey. Journées Singulières de Dijon (Univ. Dijon, 1978), pp. 4, 173-204, Astérisque, 59-60, Soc. Math. France, Paris, 1978.

[26] A. Shirai, Maillet type theorem for nonlinear partial differential equations and Newton polygons. J. Math. Soc. Japan 53 (2001), no. 3, 565–587.

[27] R. J. Swift, A stochastic predator-prey model. Irish Math. Soc. Bull. No. 48 (2002), 57–63.