Note on the norm convergence of the unitary Trotter product formula

Takashi Ichinose^1 and Hideo Tamura^2

1Department of Mathematics, Faculty of Science, Kanazawa University Kanazawa, 920–1192, Japan. e-mail: ichinose@kappa.s.kanazawa-u.ac.jp

2Department of Mathematics, Faculty of Science, Okayama University Okayama, 700–8530, Japan. e-mail: tamura@math.okayama-u.ac.jp

Abstract

When the unitary Trotter product formula converges in operator norm is discussed, and the obtained results are applied to the unitary group generated by the Dirac operator and the relativistic Schrödinger operator with suitable potentials. �

Mathematics Subject Classification (2000). 47D06, 47B25, 81Q05, 81Q15.

Key words. Trotter product formula, Lie–Trotter product formula, unitary group, Dirac operator, relativistic Schrödinger operator.

1 Introduction and Results

Let A and B be selfadjoint operators in a Hilbert space H with domains D(A) and D(B) such that the operator sum H = A + B is essentially selfadjoint on D(A) ∩ D(B). Denote the unique selfadjoint extension, i.e. the closure of A+B by the same H. Here we include the case where the extension is not strict, i.e. when A + B itself is already selfadjoint. Then it was proved by Trotter [T] that the unitary product formula in strong operator topology,

s- lim_{n→∞}(e^{−itA/n}e^{−itB/n})^n = e^{−itH} , (1.1)

s- lim_{n→∞}(e^{−itB/2n}e^{−itA/n}e^{−itB/2n})^n = e^{−itH} , (1.2)

holds uniformly on each t-bounded interval in R.

The aim of this note is to show the following theorem on the norm convergence of the unitary Trotter product formula with optimal error bounds, under some conditions on the domains of A and B. We denote by (·, ·) the inner product of H and by ‖ · ‖ the norm of bounded operators on H.

We assume that there exists a dense subspace D ⊂ D(A) ∩ D(B) such that (d1) e^{−itA}, e^{−itB} : D → D for t ∈ R.

(d2) There exists a symmetric operator E on D such that i((Bu, Av) − (Au, Bv)) = (Eu, v) for every u, v ∈ D.

(d3) There exist symmetric operators E_A and E_B on D such that

i((Eu, Av) − (Au, Ev)) = (E_Au, v), i((Eu, Bv) − (Bu, Ev)) = (E_Bu, v) for every u, v ∈ D, where E : D(E) ⊂ H → H is the operator defined in (d2).

(d4) It holds that e^{−itH} : D → D for t ∈ R.

Remark 1.1. The above operators E, E_A and E_B are formally represented in the form of commutators E = i[A, B] = i(AB − BA) and E_A = i[A, E] = −[A, [A, B]], E_B = i[B, E] = −[B, [A, B]].

Theorem 1.1. Let A and B be selfadjoint operators with domains D(A) and D(B) respectively. Suppose that H = A + B is essentially selfadjoint on D(A) ∩ D(B) and denote by the same H its unique selfadjoint realization. If (d1) and (d2) are fulfilled and if E in (d2) admits a bounded extension on H, then ‖(e^{−i(t/n)A}e^{−i(t/n)B} )^n − e^{−itH} ‖ = O(n^{−1}), (1.3) ‖(e^{−i(t/n)B/2}e^{−i(t/n)A}e^{−i(t/n)B/2})^n − e^{−itH} ‖ = O(n^{−1}), (1.4) as n → ∞, uniformly on each bounded t-interval in R.

Theorem 1.2. Let H be as in Theorem 1.1. If (d1)–(d3) are fulfilled and if E_A and E_B admit bounded extensions on H, then ‖(e^{−i(t/n)B/2}e^{−i(t/n)A}e^{−i(t/n)B/2})^n − e^{−itH} ‖ = O(n^{−2}), (1.5) as n → ∞, uniformly on each bounded t-interval in R.

Theorem 1.3. Let H be again as in Theorem 1.1. If (d1)–(d4) are fulfilled and if E as well as E_A and E_B admits a bounded extension on H, then ‖(e^{−i(t/n)A}e^{−i(t/n)B} )^n − e^{−itH} − i(t/2n)[e^{−itH} , A]‖ = O(n^{−2}), (1.6) ‖(e^{−i(t/n)B} e^{−i(t/n)A})^n − e^{−itH} − i(t/2n)[e^{−itH} , B]‖ = O(n^{−2}), (1.7) and ‖ 1 2 ((e^{−i(t/n)A}e^{−i(t/n)B} )^n + (e^{−i(t/n)B} e^{−i(t/n)A})^n) − e^{−itH} ‖ = O(n^{−2}) (1.8) as n → ∞, uniformly on each bounded t-interval in R.

If the conditions of the theorems are not satisfied, the norm convergence of the unitary Trotter product formula does not always hold. In [I2] we have observed there are examples with A = −i^d_{dx} and B = V (x)× in L^2(R) for which the unitary product formula in operator norm holds as well as does not hold. The optimality of these error bounds has already been discussed in [ITTZ]. To prove our theorems, we shall use the method of commutator used in our recent paper [IT2] to get optimal error bounds, for the selfadjoint Trotter–Kato product formula with Schrödinger operators, on norm convergence as well as on pointwise uniform approximation to the integral kernels concerned.

In passing, the selfadjoint Trotter–Kato product formula in the strong operator topology was proved by Trotter [T] when the operator sum of nonnegative selfadjoint operators A and B is essentially selfadjoint on D(A)∩D(B), and by Kato [K] for their form sum. In [IT1], [ITTZ], its convergence has been proved even in the operator norm for the operator sum of nonnegative selfadjoint operators A and B which is selfadjoint on D(A) ∩ D(B), with optimal error bound O(n^{−1}). A further extension is also given in [INZ] to the case of the form sum of two nonnegative selfadjoint operators with some auxiliary conditions. The norm convergence has also been proved in [CNZ] in the case where one of the operators A and B is nonnegative selfadjoint and the second is an accretive operator which is relatively bounded with respect to the first with relative bound less than 1, with error bound O((log n)/n). We note here that the method of the present note can give one more supplement to the norm convergence of the selfadjoint Trotter–Kato product formula with optimal error bounds: under the same hypotheses as in each of Theorems 1.1–1.3 with additional assumption that both A and B are nonnegative, the selfadjoint product formula in operator norm also holds, namely, the same assertion as in each of these theorems is valid with e^{−itA}, e^{−itB} and e^{−itH} replaced by e^{−tA}, e^{−tB} and e^{−tH} .

For some account for the unitary and selfadjoint Trotter product formulas in the strong operator topology, we refer to Reed–Simon [RS].

In Section 2, we prove the theorems, and in Section 3, give as applications some examples that the norm convergence of the unitary product formula holds as well as does not hold. In particular, it should be noted that the unitary Trotter product formula in operator norm holds for the Dirac operator and the relativistic Schrödinger operator with suitable potentials.

2 Proof of Theorems

First we prepare some lemmas and then prove theorems.

We make use of the commutator relation

[e^{−itX} , Y ] = i

∫_t 0 e^{−isX} [Y, X]e^{−i(t−s)X} ds. (2.1) Put G(t) = e^{−itA}e^{−itB} , (2.2) K(t) = e^{−itB/2}e^{−itA}e^{−itB/2}. (2.3)

Lemma 2.1. Let u, v ∈ D, and assume that (d1)–(d3) are fulfilled. Then

(1) ((Ae^{−itB} − e^{−itB} A)u, v) = −

∫_t 0 (Ee^{−i(t−s)B} u, e^{isB}v)ds.

(2) ((Be^{−itA} − e^{−itA}B)u, v) =

∫_t 0 (Ee^{−i(t−s)A}u, e^{isA}v)ds.

(3) ((Ee^{−itB} − e^{−itB} E)u, v) = −

∫_t 0 (E_Be^{−i(t−s)B} u, e^{isB}v)ds.

(4) ((Ee^{−itA} − e^{−itA}E)u, v) = −

∫_t 0 (E_Ae^{−i(t−s)A}u, e^{isA}v)ds.

Proof. We show only the relation (1). The others are shown in exactly the same way.

Put f(t) = ((Ae^{−itB} − e^{−itB} A)u, v). Then

f(t) = −(e^{−isB} Ae^{−i(t−s)B} u, v) | | |^t_{s=0}= −

∫_t 0 (d/ds)(e^{−isB}Ae^{−i(t−s)B} u, v)ds = − ∫_t 0 i ( (B(e^{−i(t−s)B} u), A(e^{isB}v)) − (A(e^{−i(t−s)B} u), B(e^{isB}v)) ) ds. Since by (d1), both e^{−i(t−s)B} u and e^{isB} v are in D, we have f(t) = −

∫_t 0 (Ee^{−i(t−s)B} u, e^{isB}v)ds by (d2), showing the desired relation.

Lemma 2.2. On the same hypothesis as in Theorem 1.1, one has ‖e^{−itH} − G(t)‖ = O(|t|^2), t → 0. (2.4)

Proof. Put g(t) = (G(t)u, v) with u, v ∈ D fixed arbitrarily. We calculate g^′(t) = (d/dt)g(t) as g^′(t) = (−iAG(t)u, v) + (e^{−itA}(−iB)e^{−itB} u, v) = (−iHG(t)u, v) + (−i[e^{−itA}, B]e^{−itB} u, v).

Since by assumption with Lemma 2.1 (2) the second term in the last member is bounded by O(|t|)‖u‖‖v‖ and since u and v range over the dense subspace D, we have by Duhamel’s principle e^{−itH} − G(t) = i

∫_t 0 e^{−i(t−s)H} [e^{−isA}, B]e^{−isB}ds.

Hence follows the desired bound.

Lemma 2.3. On the same hypothesis as in Theorem 1.2, one has ‖e^{−itH} − K(t)‖ = O(|t|^3), t → 0. (2.5)

Proof. Put k(t) = (K(t)u, v) with u, v ∈ D fixed arbitrarily. We calculate k^′(t) = (d/dt)k(t). It has the decomposition k^′(t) = k_0(t) + k_1(t) + k_2(t), where k_0(t) = (−i(B/2)K(t)u, v) = (−ie^{−itA}e^{−it(B/2)}u, e^{it(B/2)}(B/2)v), k_1(t) = (e^{−it(B/2)}(−iA)e^{−itA}e^{−it(B/2)}u, v) = (−iAe^{−itA}e^{−it(B/2)}u, e^{it(B/2)}v), k_2(t) = (e^{−it(B/2)}e^{−itA}(−i(B/2))e^{−it(B/2)}u, v) = (−i(B/2)e^{−it(B/2)}u, e^{itA}e^{it(B/2)}v).

We apply Lemma 2.1 (1) to k_1(t) = −i(e^{−it(B/2)}A(e^{−itA}e^{−it(B/2)}u), v).

Then we get k_1(t) = (−iAK(t)u, v) + r_1(t), where r_1(t) = − i 2 ∫_t 0 (e^{−is(B/2)}Ee^{−i(t−s)(B/2)}(e^{−itA}e^{−it(B/2)}u), v)ds = − i 2 ∫_t 0 (Ee^{−is(B/2)}(e^{−itA}e^{−it(B/2)}u), e^{i(t−s)(B/2)}v)ds by making a change of variable. Similarly we apply Lemma 2.1 (2) to k_2(t) = − i 2 (e^{−itA}B(e^{−it(B/2)}u), e^{it(B/2)}v) to get k_2(t) = (−i(B/2)K(t)u, v) + r_2(t), where r_2(t) = i 2 ∫_t 0 (e^{−isA}E(e^{−i(t−s)A}e^{−it(B/2)}u), e^{it(B/2)}v)ds.

We apply again Lemma 2.1 (3), (4) to r_1(t) and r_2(t). Then r_1(t) = −r_0(t) + r_{10}(t), r_2(t) = r_0(t) + r_{20}(t), where r_0(t) = (i/2)t(Ee^{−itA}e^{−it(B/2)}u, e^{it(B/2)}v) and r_{10}(t) = (R_{10}(t)u, v), r_{20}(t) = (R_{20}(t)u, v) with R_{10}(t) = − i 4 ∫_t 0 ∫_s 0 e^{−i(t−σ)(B/2)} E_B e^{−iσ(B/2)}e^{−itA}e^{−it(B/2)}dσds, R_{20}(t) = − i 2 ∫_t 0 ∫_s 0 e^{−it(B/2)}e^{−iσA}E_Ae^{−i(t−σ)A}e^{−it(B/2)}dσds.

By assumption, R_{10}(t) and R_{20}(t) are bounded, and ‖R_{10}(t)‖ + ‖R_{20}(t)‖ = O(|t|^2), t → 0.

Putting w(t) = K(t)u, we see that w(t) satisfies (w^′(t), v) = (−iHw(t), v) + r(t) with r(t) = r_{10}(t) + r_{20}(t) = ((R_{10}(t) + R_{20}(t))u, v).

Since u and v range over the dense subspace D, we have e^{−itH} − K(t) = −

∫_t 0 e^{−i(t−s)H} (R_{10}(s) + R_{20}(s))ds by Duhamel’s principle. This yields the desired bound.

The proof of Theorem 1.3 needs the following lemma.

Lemma 2.4. Assume that (d1) and (d2) are fulfilled. If E admids a bounded extension, then ‖G(t) − K(t)‖ = O(|t|^2), t → 0.

Proof. We write G(t) = K(t) + [e^{−itA}, e^{−it(B/2)}]e^{−it(B/2)}.

We have by formula (2.1) and Lemma 2.1 (1) [e^{−itA}, e^{−it(B/2)}] = e^{−isA}e^{−it(B/2)}e^{−i(t−s)A} | |^t s=0 = i ∫_t 0 e^{−isA}[e^{−it(B/2)}, A]e^{−i(t−s)A}ds and [e^{−it(B/2)}, A] = 1 2 ∫_t 0 e^{−is(B/2)}Ee^{−i(t−s)(B/2)} ds.

By assumption, E admits a bounded extension, and hence it follows that ‖ [e^{−it(B/2)}, A] ‖ = O(|t|).

This proves the lemma.

Now we prove theorems.

Proof of Theorem 1.1. We show (1.3). With τ = t/n and D_1(τ) = e^{−iτ H} − G(τ), we have e^{−itH} − G(τ)^n = e^{−inτ H} − G(τ)^n = n∑ k=1 X_k(τ), where X_k(τ) = e^{−i(k−1)τ H} D_1(τ)G(τ)^{n−k}, 1 ≤ k ≤ n.

Since by Lemma 2.2 ‖X_k(τ)‖ ≤ ‖D_1(τ)‖ ≤ O(|τ|^2) for every k, we have ‖e^{−itH} −G(τ)^n‖ = O(|τ|), showing (1.3). We can show (1.4) similarly, noting that Lemma 2.2 together with Lemma 2.4 implies that ‖e^{−itH} − K(t)‖ = O(|t|^2). This proves the theorem. Proof of Theorem 1.2. With τ = t/n and D_2(τ) = e^{−iτ H} − K(τ), we have e^{−itH} − K(τ)^n = e^{−inτ H} − K(τ)^n = n∑ k=1 Y_k(τ), where Y_k(τ) = e^{−i(k−1)τ H} D_2(τ)K(τ)^{n−k}, 1 ≤ k ≤ n.

Since by Lemma 2.3 ‖Y_k(τ)‖ ≤ ‖D_2(τ)‖ ≤ O(|τ|^3) for every k, we have ‖e^{−itH} −K(τ)^n‖ = O(|τ|^2), showing (1.5). This proves the theorem.

Proof of Theorem 1.3. We put τ = t/n. We denote by O_p(n^{−ρ}) the class of bounded operators whose norm obeys the bound O(n^{−ρ}) as n → ∞.

By the assumption (d1)–(d4) and by analogous arguments used to prove Lemma 2.1, we can show that [B, e^{−itH} ] is a bounded operator, because

[B, e^{−itH} ] = i

∫_t 0 e^{−isH} [H, B]e^{−i(t−s)H} ds = i

∫_t 0 e^{−isH} Ee^{−i(t−s)H} ds.

We have also

[e^{−itH} , e^{−iτ B}] = i

∫_τ 0 e^{−iσB} [B, e^{−itH} ]e^{−i(τ −σ)B} dσ = O_p(τ),

[E, e^{−iτ B}] = i

∫_τ 0 e^{−iσB} [B, E]e^{−i(τ −σ)B} dσ = −

∫_τ 0 e^{−iσB} E_B e^{−i(τ −σ)B} dσ = O_p(τ).

Therefore we have by Theorem 1.2 and Lemma 2.4

G(t/n)^n = e^{−iτ A}e^{−iτ (B/2)}K(τ)^{n−1}e^{−iτ (B/2)} = e^{−iτ A}e^{−iτ (B/2)}e^{−i(n−1)τ H} e^{−iτ (B/2)} + O_p(n^{−2}) = e^{−itH} + e^{−iτ A}e^{−iτ (B/2)}[e^{−i(n−1)τ H} , e^{−iτ (B/2)}] + O_p(n^{−2}).

Here we calculate the commutator F := [e^{−i(n−1)τ H} , e^{−iτ (B/2)}] in the last member above. If we take account of the fact that [B, e^{−i(n−1)τ H} ] is bounded, as seen above, we have F = i 2 ∫_τ 0 e^{−iσ(B/2)}[B, e^{−i(n−1)τ H} ]e^{−i(τ −σ)(B/2)} dσ = iτ 2 e^{−iτ (B/2)}[B, e^{−i(n−1)τ H} ] + O_p(n^{−2}).

Hence

G(t/n)^n = e^{−itH} + (iτ/2)e^{−iτ A}e^{−iτ B} [B, e^{−i(n−1)τ H} ] + O_p(n^{−2}) = e^{−itH} + (iτ/2)K(τ)[B, e^{−i(n−1)τ H} ] + O_p(n^{−2}) = e^{−itH} + (iτ/2)e^{−iτ H} [B, e^{−i(n−1)τ H} ] + O_p(n^{−2}) = e^{−itH} + (iτ/2)e^{−iτ H} (Be^{−i(n−1)τ H} − e^{−i(n−1)τ H} B) + O_p(n^{−2}) = e^{−itH} + (iτ/2)(e^{−iτ H} Be^{−i(n−1)τ H} − e^{−itH} B) + O_p(n^{−2}) = e^{−itH} + (iτ/2)[B, e^{−itH} ] + O_p(n^{−2}) = e^{−itH} + (iτ/2)[e^{−itH} , A] + O_p(n^{−2})

by Lemmas 2.3 and 2.4, because ‖ [e^{−iτ H} , B] ‖ = O(n^{−1}). This yields the desired relation.

As a concluding remark, we want to comment that the theorems actually hold if there exists a dense subspace D for which all the equations in the proof above can make sense. The assumption (d1)–(d3) and/or (d4) is one of the sufficient for this.

3 Applications

In [I2] we have shown that if A = −i^d_{dx} , B = x^k, with k being a positive integer, in L^2(R), and if H is the unique selfadjoint extension of A + B, then

‖(e^{−itA/n}e^{−itB/n})^n−e^{−itH} ‖ = { 2, k ≥ 2, O(n^{−1}), k = 1,

as n → ∞. This means that the unitary Trotter product formula in operator norm holds for k = 1, but not for k ≥ 2. It holds also, if B = V (x) is a multiplication operator by a real-valued C^1 smooth function in R with bounded derivative V^′(x), that

‖(e^{−itA/n}e^{−itB/n})^n−e^{−itH} ‖ = O(n^{−1}), n → ∞.

More generally, the unitary Trotter product formula in operator norm holds, if, in L^2(R^d)^n, A is a selfadjoint n × n-system of differential operators of the first order and B a multiplication operator by a real-valued C^1 or C^2 smooth function V (x) which has bounded derivatives ∂^α_x V (x) for |α| = 1 or |α| = 2. In particular, it holds for the Dirac operator A = D_0 ≡ −i

∑_3

j=1 α_j∂_{xj} + mβ, with mass m ≥ 0, in L^2(R^3)^4, and B = V (x) a real-valued C^1 or C^2 smooth function. Let H be the unique selfadjoint extension of A + B = D_0 + V (x).

Proposition 3.1[Dirac operator on H = L^2(R^3)^4 ]. (i) Assume that V (x) is a C^1 smooth function with bounded derivatives ∂_xV (x). Then, as n → ∞, one has

‖(e^{−itV /n}e^{−itD0/n})^n − e^{−itH} ‖ = O(n^{−1}), (3.1) ‖(e^{−itD0/n}e^{−itV /n})^n − e^{−itH} ‖ = O(n^{−1}). (3.2)

(ii) Assume that V (x) is a real-valued C^2 smooth function with bounded derivatives ∂^α_x V (x) for |α| = 2. Then, as n → ∞, one has

‖(e^{−itV /2n}e^{−itD0/n}e^{−itV /2n})^n − e^{−itH} ‖ = O(n^{−2}). (3.3)

(iii) Assume that V (x) is a real-valued C^2 smooth function with bounded derivatives ∂^α_x V (x) for 1 ≤ |α| ≤ 2. Then, as n → ∞, one has

‖(e^{−i(t/n)D0} e^{−i(t/n)V} )^n − e^{−itH} − i(t/2n)[e^{−itH} , D_0]‖ = O(n^{−2}), (3.4) ‖(e^{−i(t/n)V} e^{−i(t/n)D0} )^n − e^{−itH} − i(t/2n)[e^{−itH} , V ]‖ = O(n^{−2}), (3.5) ‖ 1 2 ((e^{−i(t/n)D0} e^{−i(t/n)V} )^n + (e^{−i(t/n)V} e^{−i(t/n)D0} )^n) − e^{−itH} ‖ = O(n^{−2}). (3.6)

In all formulas (3.1)–(3.6) above, the convergence is uniform on each bounded t-interval in R.

Proof. Take D = {u ∈ L^2(R^3)^4; ⟨x⟩^Lu ∈ H^1(R^3)^4 for every L ≥ 0}, where ⟨x⟩ = (1 + x^2)^{1/2}. Then (d1) is easy to check, and the operators E, E_A and E_B act on D as the commutators i[D_0, V ], −[D_0, [D_0, V ]] and −[V, [D_0, V ]] as in Remark 1.1. It is clear, because [D_0, V ] is essentially the derivatives ∂_xV (x) and the [D_0, [D_0, V ]] is essentially the derivatives ∂^α_x V (x) for |α| = 2, and [V, [D_0, V ]] = 0. We can see also that (d4) is satisfied. Therefore Proposition 3.1 follows from Theorems 1.1, 1.2 and 1.3.

Indeed, there is a very peculiar case of the Stark Hamiltonian H = A + B := −Δ + x_1 in L^2(R^d) with x = (x_1, . . . , x_d) ∈ R^d where Theorem 1.2 holds because the double commutators [A, [A, B]] and [B, [A, B]] are bounded in this case. But the unitary Trotter product formula in operator norm will not in general hold for the Schrödinger operator −Δ + V (x) with nontrivial potential V (x), since it does not satisfy the conditions of the theorems. However, it does hold for the relativistic Schrödinger operator H = A + B := H_0 + V ≡ √ −Δ + m^2 + V (x) in L^2(R^d) with some real-valued potentials V (x). It is known [II] that H is essentially selfadjoint on C^∞_0 (R^d) if the potential V (x) is a function in L^2_{loc}(R^d) satisfying V (x) ≥ −c_1e^{c2|x|} with c_1, c_2 being nonnegative constants, in particular, under the assumption of the following proposition. Denote the unique selfadjoint extension of H_0 + V by the same H.

Proposition 3.2 [massive (resp. massless) relativistic Schrödinger operator on H = L^2(R^d) ]. (i) Assume in case m > 0 (resp. m = 0) that V (x) is a real-valued C^2 smooth function with bounded derivatives ∂^α_x V (x) for 1 ≤ |α| ≤ 2 (resp. 0 ≤ |α| ≤ 2). Then, as n → ∞, one has

‖(e^{−itH0/n}e^{−itV /n})^n − e^{−itH} ‖ = O(n^{−1}), (3.7) ‖(e^{−itV /n}e^{−itH0/n})^n − e^{−itH} ‖ = O(n^{−1}). (3.8)

(ii) Assume in case m > 0 (resp. m = 0) and that V (x) is a real-valued C^4 smooth function with bounded derivatives ∂^α_x V (x) for 1 ≤ |α| ≤ 4 (resp. 0 ≤ |α| ≤ 4). Then, as n → ∞, one has

‖(e^{−itV /2n}e^{−itH0/n}e^{−itV /2n})^n − e^{−itH} ‖ = O(n^{−2}), (3.9) ‖(e^{−i(t/n)H0} e^{−i(t/n)V} )^n − e^{−itH} − i(t/2n)[e^{−itH} , H_0]‖ = O(n^{−2}), (3.10) ‖(e^{−i(t/n)V} e^{−i(t/n)H0} )^n − e^{−itH} − i(t/2n)[e^{−itH} , V ]‖ = O(n^{−2}), (3.11) ‖ 1 2 ((e^{−i(t/n)H0} e^{−i(t/n)V} )^n + (e^{−i(t/n)V} e^{−i(t/n)HH0} )^n) − e^{−itH} ‖ = O(n^{−2}). (3.12)

In all formulas (3.7)–(3.12) above, the convergence is uniform on each bounded tinterval in R.

In Proposition 3.2 we have made the assumption on the potential V (x) as minimal as possible. For the proof of this proposition, we will not use H_0 = √ −Δ + m^2 as the pseudodifferential operator, since its symbol √ ξ^2 + m^2 is not smooth in the massless case (m = 0), so that standard pseudodifferential calculus does not allow us to treat the issue well even if V (x) is C^∞ smooth. Instead we use the following expression as an integral operator:

(H_0u)(x) : = mu(x) − ∫ |y|>0

[u(x + y) − u(x) − I_{{|y|<1}} y · ∂_xu(x)]n(y)dy

= mu(x) − lim_{ε↓0} ∫ |y|≥ε

[u(x + y) − u(x)]n(y)dy (3.13) for u ∈ S(R^d) (e.g. [I1, Eq. (2.7)], cf. [LL, Chap. 7]). Here I_{{|y|<1}} is the indicator function of the set {|y| < 1}, i.e. I_{{|y|<1}}(z) = 1, if |z| < 1, and = 0, if |z| ≥ 1. The integral kernel n(y) is a positive function dependent on m ≥ 0 and given by

n(y) = 2(2π)^{−(d+1)/2}m^{(d+1)/2}|y|^{−(d+1)/2}K_{(d+1)/2}(m|y|), m > 0,

n(y) = π^{−(d+1)}Γ

(d + 1 2 ) |y|^{−(d+1)}, m = 0, (3.14)

where K_ν (z) is the modified Bessel function of the third kind of order ν and Γ(z) the gamma function. It holds that for m ≥ 0,

n_{0,κ} := ∫ 0<|y|<1

|y|^κn(y)dy < ∞, 1 < κ ≤ 2, (3.15)

and for m > 0 and m = 0, respectively,

n_{+;∞,κ} := ∫ |y|≥1

|y|^κn(y)dy < ∞, κ ≥ 0, m > 0,

n_{0;∞,0} := ∫ |y|≥1

n(y)dy < ∞, m = 0. (3.16)

Further, for 1 ≤ j ≤ d, y_jn(y) is a Calderón–Zygmund kernel. So, if we define a linear operator K_j by the singular integral

(K_j g)(x) = lim_{ε↓0} ∫ ε≤|y|<1

g(x + y)y_jn(y)dy, (3.17)

for g ∈ S(R^d), then by the Calderón–Zygmund theorem (e.g. [S, Chap. II, Sect. 3, Theorem 2, p. 35]), the limit of the integral on the right of (3.17) exists, and K_j becomes a bounded operator on L^2(R^d), i.e.

‖K_jg‖ ≤ C‖g‖, g ∈ S(R^d), 1 ≤ j ≤ d, (3.18)

with a constant C > 0, where ‖ · ‖ on both sides is the L^2 norm. When d = 1, we write simply K for K_1.

This H_0 becomes a selfadjoint operator in L^2(R^d) with domain H^1(R^d).

Proof of Proposition 3.2. We take D = {u ∈ L^2(R^d); ⟨x⟩^2u ∈ H^2(R^d)} for massive case, and D = H^2(R^d) for massless case. Then (d1) is easy to check, and the operators E, E_A and E_B act on D as the commutators as in Remark 1.1. We can prove as in Lemma 3.1 below that E = i[H_0, V ], E_A = −[V, [H_0, V ]] and E_B = −[H_0, [H_0, V ]] are bounded under the assumption in the proposition. It can also be seen that (d4) is satisfied. Thus Proposition 3.2 will be concluded from Theorems 1.1, 1.2 and 1.3.

Before going to the lemma, let us notice the difference of assumption on the potential V (x) in Proposition 3.2 between the massive and massless cases. In fact, in the former case the function V (x) itself is assumed to be bounded, but not in the latter (For this see also the bounds obtained for the three commutators following Lemma 3.1 below). To this end, note that in the proof the dense subspace D in the massive case is taken smaller than in the massless case.

Lemma 3.1. In both massive and massless cases, if V (x) satisfies the same assumption as in Proposition 3.2, then [H_0, V ], [V, [H_0, V ]], [H_0, [H_0, V ]] : S(R^d) → L^2(R^d) admit bounded extensions on L^2(R^d).

Proof. For simplicity, we show only in the case of dimension d = 1. The proof in the case of dimension d is essentially the same. In fact, we shall show these three operators applied to a function u in S(R) exist with operator norms obeying the following bounds.

(i) ‖[H_0, V ]‖ ≤ C_1‖V^′‖_∞ + C_2‖V^{′′}‖_∞ , m > 0, (3.19) ‖[H_0, V ]‖ ≤ C_0‖V ‖_∞ + C_1‖V^′‖_∞ + C_2‖V^{′′}‖_∞ , m = 0; (3.20) (ii) ‖[V, [H_0, V ]]‖ ≤ C_1‖V^′‖^2_∞ , m > 0, (3.21) ‖[V, [H_0, V ]]‖ ≤ C_0‖V ‖^2_∞ + C_1‖V^′‖^2_∞ , m = 0; (3.22) (iii) ‖[H_0, [H_0, V ]]‖ ≤ C_2‖V^{′′}‖_∞ + C_3‖V^{′′′}‖_∞ + C_4‖V^{(4)}‖_∞ , m > 0, (3.23) ‖[H_0, [H_0, V ]]‖ ≤ 4∑ j=0 C_j‖V^{(j)}‖_∞ , m = 0. (3.24)

Here C_0, C_1, C_2, . . ., denote constants dependent on those constants n_{0,κ} in (3.15), n_{+;∞,κ} , n_{0;∞,0} in (3.16), and C in (3.18). The C_j with the same j may be different. Proof of (i). Let u ∈ S(R), whose L^2 norm is denoted by ‖u‖. We have ([H_0, V ]u)(x) = − ∫ |y|>0

[(V (x + y) − V (x))u(x + y) − I_{{|y|<1}}yV^′(x)u(x)]n(y)dy = − ∫ 0<|y|<1

yV^′(x)(u(x + y) − u(x))n(y)dy − ∫ 0<|y|<1

(V (x + y) − V (x) − yV^′(x))u(x + y)n(y)dy − ∫ |y|≥1

(V (x + y) − V (x))u(x + y)n(y)dy =: u_1(x) + u_2(x) + u_3(x). (3.25) For the function u_1 in (3.25), we use (3.17) to rewrite u_1(x) = −V^′(x)(Ku)(x). Then its L^2 norm obeys by (3.18) ‖u_1‖ ≤ ‖V^′‖_∞‖Ku‖ ≤ C‖V^′‖_∞‖u‖.

For u_2, we have

‖u_2‖ ≤ 1 2 ‖V^{′′}‖_∞ [∫ (∫ 0<|y|<1

|u(x + y)||y|^2n(y)dy

)_2 dx ]_{1/2}

≤ 1 2 ‖V^{′′}‖_∞ ∫ 0<|y|<1

|y|^2n(y)dy ‖u‖ ≤ 1 2 n_{0,2}‖V^{′′}‖_∞‖u‖.

For u_3, in case m > 0, we have by the Schwarz inequality ‖u_3‖ ≤ ‖V^′‖_∞ [∫ (∫ |y|≥1

|u(x + y)||y|n(y)dy

)_2 dx ]_{1/2}

≤ ‖V^′‖_∞ ∫ |y|≥1

|y|n(y)dy ‖u‖ ≤ n_{+;∞,1}‖V^′‖_∞‖u‖, and in case m = 0, ‖u_3‖ ≤ 2‖V ‖_∞ [∫ (∫ |y|≥1

|u(x + y)|n(y)dy

)_2 dx ]_{1/2}

≤ 2‖V ‖_∞ ∫ |y|≥1

n(y)dy ‖u‖ ≤ 2n_{0;∞,0}‖V ‖_∞‖u‖.

Thus putting all the estimates ‖u_j‖, j = 1, 2, 3, above together, we have shown (i). Proof of (ii). We can show ([V, [H_0, V ]]u)(x) = ∫ |y|>0

(V (x + y) − V (x))^2u(x + y)n(y)dy. (3.26) Then, in case m > 0, we have by the Schwarz inequality

‖[V, [H_0, V ]]u‖ ≤ ‖V^′‖^2_∞ [∫ (∫ |y|>0

|u(x + y)||y|^2n(y)dy

)_2 dx ]_{1/2}

≤ ‖V^′‖^2_∞ ∫ |y|>0

|y|^2n(y)dy ‖u‖ ≤ (n_{0,2} + n_{+;∞,2})‖V^′‖^2_∞‖u‖.

Similarly, in case m = 0,

‖[V, [H_0, V ]]u‖ ≤ ‖V^′‖^2_∞ ∫ 0<|y|<1

|y|^2n(y)dy ‖u‖ + 4‖V ‖^2_∞ ∫ |y|≥1

n(y)dy‖u‖ ≤ [n_{0,2}‖V^′‖^2_∞ + 4n_{0;∞,0}‖V ‖^2_∞]‖u‖.

This shows (ii).

Proof of (iii). Below we sometimes write A for H_0. We begin with showing E_A := −[H_0, [H_0, V ]] has the following expression: for u ∈ S(R),

(E_Au)(x) = − lim_{ε↓0} ∫ |y|≥ε ∫ |z|≥ε

(V (x + y + z) − 2V (x + y) + V (x)) ×u(x + y + z)n(y)n(z)dydz. (3.27) For the proof, we note first by (3.25) that the symmetric operator E = i[H_0, V ] acts as (Eu)(x) = lim_{ε→0}(E_εu)(x) for u ∈ S(R), where (E_εu)(x) = −i ∫ |y|≥ε

(V (x + y) − V (x))u(x + y)n(y)dy.

By definition, (E_Au, v) = i((Eu, Av) − (Au, Ev)) for u, v ∈ S(R). If we write the second equality in (3.13) as (Au)(x) = (H_0u)(x) = mu(x) − lim_{ε→0}(A_εu)(x), then it follows that (E_Au, v) = lim_{ε→0}(p_ε + q_ε).

where p_ε = −i(E_εu, A_εv) and q_ε = i(A_εu, E_εv). We can calculate the two scalar products p_ε and q_ε as

p_ε = − ∫ ∫ ∫ D_ε

(V (x + y) − V (x))u(x + y)(v̄(x + z) − v̄(x))n(y)n(z)dydzdx, q_ε = − ∫ ∫ ∫ D_ε

(V (x + z) − V (x))(u(x + y) − u(x))v̄(x + z)n(y)n(z)dydzdx, where D_ε = {x ∈ R, |y| ≥ ε, |z| ≥ ε}. The sum p_ε + q_ε admits the decomposition r_ε + r_{1ε} + r_{2ε}, where

r_ε = − ∫ ∫ ∫ D_ε

(V (x + y) − 2V (x) + V (x + z))u(x + y)v̄(x + z)n(y)n(z)dydzdx, and r_{1ε} = ∫ ∫ ∫ D_ε

(V (x + y) − V (x))u(x + y)v̄(x)n(y)n(z)dydzdx, r_{2ε} = ∫ ∫ ∫ D_ε

(V (x + z) − V (x))u(x)v̄(x + z)n(y)n(z)dydzdx.

We consider the integral r_ε, and make a change of variables (x + z, z) → (x, z). It is easy to see that the integration domain D_ε is invariant under this transformation, and we get r_ε = − ∫ ∫ ∫ D_ε

(V (x − z + y) − 2V (x − z) + V (x))u(x − z + y)v̄(x)n(y)n(z)dydzdx, We further change −z → z to obtain that

r_ε = − ∫ ∫ ∫ D_ε

(V (x + y + z) − 2V (x + z) + V (x))u(x + y + z)v̄(x)n(y)n(z)dydzdx. Similarly we have

r_{2ε} = ∫ ∫ ∫ D_ε

(V (x) − V (x − z))u(x − z)v̄(x)n(y)n(z)dydzdx = −r_{1ε}, so that (E_Au, v) = lim_{ε→0} r_ε. Thus we have shown that E_A acts on S(R) as in (3.27).

Thus we have from (3.27) ([H_0, [H_0, V ]]u)(x) = lim_{ε↓0} ∫ |y|≥ε ∫ |z|≥ε

(V (x + y + z) − V (x + y) − V (x + z) + V (x)) ×u(x + y + z)n(y)n(z)dydz = lim_{ε↓0} ∫ ε≤|y|<1 ∫ ε≤|z|<1

+ lim_{ε↓0} ∫ ε≤|y|<1 ∫ |z|≥1

+ lim_{ε↓0} ∫ |y|≥1 ∫ ε≤|z|<1 + ∫ |y|≥1 ∫ |z|≥1

=: v_{00}(x) + v_{0∞}(x) + v_{∞0}(x) + v_{∞∞}(x). (3.28)

By the mean value theorem we have V (x + y + z) − V (x + y) − V (x + z) + V (x) = z(V^′(x + y) − V^′(x)) + z^2

∫_1 0 (1 − θ)[V^{′′}(x + y + θz) − V^{′′}(x + θz)] dθ = z(V^′(x + y) − V^′(x) − yV^{′′}(x)) + yzV^{′′}(x) +z^2

∫_1 0 (1 − θ)[V^{′′}(x + y + θz) − V^{′′}(x + θz) − yV^{′′′}(x + θz)] dθ +z^2y

∫_1 0 (1 − θ)V^{′′′}(x + θz) dθ, (3.29) and the same is valid with y and z exchanged.

For the function v_{00} in (3.28) we have by (3.29) v_{00}(x) = lim_{ε↓0} [∫ ε≤|y|<1 ∫ ε≤|z|<1

z[V^′(x + y) − V^′(x) − yV^{′′}(x)]u(x + y + z)n(y)n(z)dydz +V^{′′}(x) ∫ ε≤|y|<1 (∫ ε≤|z|<1

u(x + y + z)yn(y)dy ) zn(z)dz + ∫ ε≤|z|<1

z^2n(z)dz ∫ ε≤|y|<1 (∫ 1 0 (1 − θ) ×[V^{′′}(x + y + θz) − V^{′′}(x + θz) − yV^{′′′}(x + θz)]dθ ) u(x + y + z)n(y)dy + ∫ ε≤|z|<1

z^2n(z)dz (∫ 1 0 (1 − θ)(V^{′′′}(x + θz)dθ ) ∫ ε≤|y|<1

u(x + y + z)yn(y)dy ] . Therefore by (3.17) and (3.18), its L^2 norm obeys ‖v_{00}‖ ≤ 1 2 ‖V^{′′′}‖_∞ ∫ 0<|y|<1

|y|^2n(y)dy‖Ku‖ + ‖V^{′′}‖_∞‖K^2u‖ + 1 4 ‖V^{(4)}‖_∞ [∫ (∫ 0<|y|<1 ∫ 0<|z|<1

|u(x + y + z)||y|^2n(y)|z|^2n(z)dydz

)_2 dx ]_{1/2}

+ 1 2 ‖V^{′′′}‖_∞ [∫ (∫ 0<|z|<1

z^2n(z)dz(Ku)(x + z)

)_2 dx ]_{1/2}

≤ [ C^2‖V^{′′}‖_∞ + Cn_{0,2}‖V^{′′′}‖_∞ + 1 4 n^2_{0,2}‖V^{(4)}‖_∞ ] ‖u‖.

For v_{0∞} and v_{∞0}, we have by (3.29) and (3.17) v_{0∞} = ∫ |z|≥1

(V^′(x + z) − V^′(x))(Ku)(x + z)n(z)dz + ∫ |z|≥1

n(z)dz ∫ 0<|y|<1

∫_1 0 (1 − θ)[V^{′′}(x + z + θy) − V^{′′}(x + θy)]dθ ×u(x + y + z)y^2n(y)dy, v_{∞0} = ∫ |y|≥1

(V^′(x + y) − V^′(x))(Ku)(x + y)n(y)dy + ∫ |y|≥1

n(y)dy ∫ 0<|z|<1

∫_1 0 (1 − θ)[V^{′′}(x + y + θz) − V^{′′}(x + θz)]dθ ×u(x + y + z)z^2n(z)dz.

Therefore, in case m > 0, by (3.18), ‖v_{0∞}‖ ≤ ‖V^{′′}‖_∞ ∫ |z|≥1

|z|n(z)dz‖Ku‖ +‖V^{′′′}‖_∞ [∫ (∫ |z|≥1

|z|n(z)dz ∫ 0<|y|<1

|u(x + y + z)|y^2n(y)dy

)_2 dx ]_{1/2}

≤ [Cn_{+;∞,1}‖V^{′′}‖_∞ + n_{+;∞,1}n_{0,2}‖V^{′′′}‖_∞]‖u‖. In case m = 0,

‖v_{0∞}‖ ≤ 2‖V^′‖_∞ ∫ |z|≥1

n(z)dz‖Ku‖ +2‖V^{′′}‖_∞ [∫ (∫ |z|≥1

n(z)dz ∫ 0<|y|<1

|u(x + y + z)|y^2n(y)dy

)_2 dx ]_{1/2}

≤ [2Cn_{0;∞,0}‖V^′‖_∞ + 2n_{0;∞,0}n_{0,2}‖V^{′′}‖_∞]‖u‖. The same is valid for v_{∞0}. For v_{∞∞}, in case m > 0, ‖v_{∞∞}‖ ≤ ‖V^{′′}‖_∞ [∫ (∫ |y|≥1 ∫ |z|≥1

|u(x + y + z)||y|n(y)|z|n(z)dydz

)_2 dx ]_{1/2}

+ 1 2 ‖V^{′′′}‖_∞ [∫ (∫ |y|≥1 ∫ |z|≥1

|u(x + y + z)||y|n(y)|z|^2n(z)dydz

)_2 dx ]_{1/2}

≤ [n^2_{+;∞,1}‖V^{′′}‖_∞ + 1 2 n_{+;∞,1}n_{+;∞,2}‖V^{′′′}‖_∞]‖u‖.

In case m = 0,

‖v_{∞∞}‖ ≤ 4‖V ‖_∞ [∫ (∫ |y|≥1 ∫ |z|≥1

|u(x + y + z)|n(y)n(z)dydz

)_2 dx ]_{1/2}

≤ 4n^2_{0;∞,0}‖V ‖_∞‖u‖.

Thus putting all the estimates ‖v_{00}‖, ‖v_{0∞}‖, ‖v_{∞0}‖ and ‖v_{∞∞}‖ above together, we have shown (iii). Therefore we have proved Lemma 3.1, completing the proof of Proposition 3.2.

Acknowledgments

The research by the authors has been partially supported by the Grant-in-Aid for Scientific Researches (B) No. 16340038 and (C) No. 15540206, Japan Society for the Promotion of Science.

References

[CHZ] Cachia, V .; Neidhardt, H. and Zagrebnov, V. A.: Accretive perturbations and error estimates for the Trotter product formula, Integral Equations Operator Theory 39 (2001), 396–412.

[I1] Ichinose, T.: Essential selfadjointness of the Weyl quantized relativistic Hamiltonian, Ann. Inst. H. Poincaré, Phys. Théor. 51 (1989), 265–298; Erratum, In: Ichinose, T. and Tsuchida, T.: On Kato’s inequality for the Weyl quantized relativistic Hamiltonian, Manuscripta Math. 76 (1992), 269–280.

[I2] Ichinose, T.: Time-sliced approximation to path integral and Lie–Trotter–Kato product formula, In: A Garden of Quanta, Essays in Honor of Hiroshi Ezawa, World Scientific 2003, pp. 77– 93.

[II] Ichinose, T. and Ichinose, W.: On the essential self-adjointness of the relativistic Hamiltonian with a negative scalar potential, Rev. Math. Phys. 7 (1995), 709– 721.

[INZ] Ichinose, T.; Neidhardt, H. and Zagrebnov, V. A. : Trotter–Kato product formula and fractional powers of self-adjoint generators, J. Functional Analysis 207 (2004), 33–57.

[IT1] Ichinose, T. and Tamura, H.: The norm convergence of the Trotter–Kato product formula with error bound, Commun. Math. Phys. 217 (2001), 489–502.

[IT2] Ichinose, T. and Tamura, H.: Sharp error bound on norm convergence of exponential product formula and approximation to kernels of Schrödinger semigroups, Preprint.

[ITTZ] Ichinose, T.; Tamura, H.; Tamura, Hiroshi and Zagrebnov, V. A.: Note on the paper “The norm convergence of the Trotter–Kato product formula with error bound” by Ichinose and Tamura, Commun. Math. Phys. 221 (2001), 499–510.

[K] Kato, T.: Trotter’s product formula for an arbitrary pair of self-adjoint contraction semigroups, In: Topics in Functional Analysis (I. Gohberg and M. Kac, eds.), Academic Press, New York 1978, pp.185–195.

[LL] Lieb, E. H. and Loss, M.: Analysis, Second ed., Graduate Studies in Mathematics, Vol. 14, Amer. Math. Soc., Providence, Rhode Island 2001.

[RS] Reed, M. and Simon, B.: Methods of Modern Mathematical Physics I: Functional Analysis, Revised and enlarged ed., Academic Press, New York, London 1980.

[S] Stein, E. M.: Singular Integrals and Differentiability Properties of Functions, Princeton Univ. Press, Princeton 1970.

[T] Trotter, H. F.: On the product of semigroups of operators, Proc. Amer. Math.

Soc. 10 (1959), 545–551.