RESONANCES FOR MAGNETIC STARK HAMILTONIANS IN TWO DIMENSIONAL CASE

MOUEZ DIMASSI AND VESSELIN PETKOV

Abstract. We study the resonances of the two-dimensional Schrödinger operator P1(B, β) = (Dx −By)^2 +D^2_y +βx+V (x, y), B > 0, β > 0, with constant magnetic and electric fields. We define the resonances of P1(B, β) and the spectral shift function ξ(λ) related to P1(B, β) and P0(B, β) = P1(B, β) − V (x, y) without any restriction on B and β. For strong magnetic fields (B → ∞) we obtain a representation of the derivative of ξ(λ), a trace formula for tr(f(P1(B, β)) − f(P0(B, β))) and an upper bound for the number of the resonances lying in {z ∈ C : |ℜz − (2n − 1)B| ≤ αB, Im z ≥ μIm θ}, 0 < α < 1, 0 < μ < 1, Im θ < 0. Moreover, for B → ∞ we examine the free resonances domains and show that the resonances are included in the neighborhoods {z ∈ C : |ℜz−(2n−1)B| ≤ C0}, where (2n−1)B are the Landau levels and C0 > 0 is a constant independent on B and n ∈ N^∗ .

1. Introduction

The two-dimensional Schrödinger operator with homogeneous magnetic and electric fields can be written in the form

P_1(B, β) = (D_x − By)^2 + D^2_y + βx + V (x, y), D_ν = −i ∂ ∂ν , where B and β are proportional to the strength of the homogeneous magnetic and electric fields. In this paper we study the spectral shift function of the pair (P_1(B, β), P_0(B, β)), where

P_0(B, β) = (D_x − By)^2 + D^2_y + βx

and V ∈ C^∞(R^2 ; R). We assume that there exists ϵ > 0 so that |∂^α_{x,y}V (x, y)| ≤ C_α⟨x⟩^{−2−ϵ}⟨y⟩^{−1−ϵ}, ∀α, (1.1) where ⟨X⟩ = (1 + |X|^2)^{1/2}.

The essential spectrum of P_1(B, 0) and P_0(B, 0) are the same and it is wellknown that the spectrum of the operator P_0(B, 0) is given by ∪^∞_{n=1}{(2n − 1)B}. The numbers λ_n = (2n − 1)B, n ∈ N^∗ , called Landau levels, are eigenvalues of infinite multiplicity (see [1]). Outside the Landau levels we have discrete eigenvalues caused by the potential V . The presence of electric field creates resonances which will be characterized as the eigenvalues of a distorted operator.

The spectral properties of the 2D Schrödinger operator P_1(B, 0) have been intensively studied in the last ten years. In the case of perturbations the Landau levels λ_n become accumulation points of the eigenvalues of P_1(B, 0) and the asymptotics of the function counting the number of the eigenvalues lying in a neighborhood of λ_n have been examined by many authors in different aspects. For recent results the reader may consult [23], [15], [13], [16], [24], [21] and the references 1

given there. We would like to mention that it seems difficult to obtain a trace formula involving some summation over the eigenvalues close to a Landau level (see [20] for a result in this direction).

For the 2D Schrödinger operator with crossed magnetic and electric fields (β ≠ 0) the situation completely changes and σ_{ess}(P_0(B, β)) = σ_{ess}(P_1(B, β)) = R. For decreasing potentials the operator P_1(B, β) can have embedded eigenvalues λ ∈ R, but this question seems not sufficiently investigated. From physical point of view, it is expected that V (x, y) creates resonances z ∈ C , Im z ≤ 0, and it natural to define and to study the spectral shift function (SSF) ξ(λ) related to P_1(B, β) and P_0(B, β). There are only few works treating magnetic Stark resonances. The case B → ∞ was studied in [30], while the case β → 0 has been examined in [11], [12] (see also [17], [18], [29], [31]). In these works the authors study mainly the resonances close to the eigenvalues of the non-perturbed operator P_0(B, β). Moreover, in [30], the complex scaling and the definition of the resonances for B → ∞ lead to some difficulties when we try to show that there are no resonances z with Im z > 0 and this was an open problem in [30]. We can define SSF following the general setup [32], but to our best knowledge the SSF for magnetic Stark Hamiltonians has not been investigated, as well as there are no trace formulae involving the resonances lying in a compact domain in C .

In this work we are strongly inspired by the recent progress in the analysis of the resonances, SSF and trace formulae for Schrödinger operators (see [26], [27], [28], [22], [3], [5], [7], [9], [10]). In this direction the role played by the SSF is very important and it was shown in [3] how many applications as Weyl asymptotics of SSF, trace formulae and Breit-Wigner approximations, can be deduced from a representation of the derivative of SSF as a sum of harmonic measures related to resonances z with Im z < 0, Dirac measures associated to embedded eigenvalues z ∈ R and, a harmonic function. In [10] we have followed this strategy for Stark Hamiltonians without magnetic fields (B = 0). In this paper we study the connexions between the resonances and the SSF for magnetic Stark Hamiltonians and our main goal is to show that the derivative ξ^′(λ) has the same representation as that mentioned above. Assuming β = 0, in the 3D case a representation of SSF has been obtained in [4].

In Section 2 we define the SSF for P_1(B, β) and P_0(B, β) without any restriction on B and β. Next without any restriction on the generality, we assume throughout the paper that β = 1. In Section 3, by using a complex scaling in x-direction, we introduce the resonances as the eigenvalues of the dilatated operator. Our dilatation is simpler than that exploited by Wang [30] and this enables us to prove that there are no resonances z with Im z > 0. We have not raised the question if our definition of the resonances and that in [30] are equivalent for B → ∞. Nevertheless, we think that our approach is more natural, since the resonances, introduced in Section 3, lie in the ”non-physical” plane {z ∈ C : Im z ≤ 0}. Moreover, for B → ∞, we obtain a representation of the derivative of the SSF in the spirit of [3], [10] (see Theorem 2 in Section 5). The definition of the SSF is independent on the resonances, and this confirms our choice of complex dilatation. The local trace formula (Theorem 3) follows immediately from Theorem 2.

Denote by Res P_1(B) the resonances of P_1(B, 1). In Sections 4-6 we study the strong magnetic fields characterized by B → ∞. We establish the following properties of the resonances:

Given fixed 0 < μ < 1, Im θ < 0, n ∈ N^∗ , for B large enough, we have:

(i) Res P_1(B) ∩ {z ∈ C : 0 < C_0 ≤ |ℜz − λ_n| ≤ B, Im z ≥ μIm θ} = ∅, where the constant C_0 > 0 is independent on B and λ_n.

(ii) We have an upper bound #{z ∈ Res P_1(B) : |ℜz − λ_n| ≤ C_0, Im z ≥ μIm θ} ≤ C_1B with C_1 > 0 independent on B and λ_n. In particular, in every compact subset of C we have only a finite number of resonances with finite multiplicities.

(iii) There are no resonances z with ℜz < αB, 0 < α < 1.

Remark. From physical point of view, we see that the presence of a constant electric field generated by the potential βx leads to the absence of embedded eigenvalues and resonances with infinite multiplicity. On the other hand, the Landau levels λ_n are the only points that may play the role of attractors of resonances creating the gaps and free resonances regions. For fixed B it is proved in [11] that there are no resonances z of P_1(B) with |ℜz| ≥ R_0 > 0. In this direction the property (iii) says that we have no resonances with negative real part.

The main difficulty in the proof of Theorem 2 is the construction of a trace class operator K with ‖K‖_{tr} = O(B) such that P_1(B, θ) − z = L(B, θ) − z + K, where (L(B, θ) − z)^{−1} = O(1) for z in a complex neighborhood Ω_n of λ_n. For this purpose we must study for z ∈ Ω_n the invertibility of the non-selfadjoint operator ( (I − Π)P_1(B, θ) − z ) (I − Π), where Π is the spectral projector on the eigenspace of (D_x −y)^2 +D^2_y related to λ_n. The existence of double characteristics of the operator (D_x − By)^2 + D^2_y which is not globally elliptic, combined with the Stark effects caused by x, lead to several difficulties. The proof of Theorem 2, given in Section 5, works without a reduction to an effective Hamiltonian. Following the same strategy, we will study elsewhere the general case without the assumption B ≫ 1. On the other hand, in Section 6 we construct an effective Hamiltonian E_{1,−+}(z), related to P_1(B, θ), and the existence of the resonances is reduced to the invertibility of E_{1,−+}(z) in Ω_n. This leads to the property (i) mentioned above. It is possible, applying the argument of Wang [30], to obtain a more precise information of the existence of resonances close to some energy level E associated to the maximum or the minimum of V .

Acknowledgments. The authors are grateful to G. Raikov for many helpful discussions.

2. Spectral shift function

Throughout this work we will use the notations of [8] for symbols and pseudodifferential operators. In particular, if m : R^d → [0, ∞[ is an order function (see Definition 7.5 in [8]), we say that a(X, Ξ) ∈ S^0(R^d ; m) if a(X, Ξ) ∈ C^∞(R^d ) is such that for every α ∈ N^d , there exists C_α > 0 such that |∂^αa(X, Ξ)| ≤ C_αm(X, Ξ) . In the special case when m = 1, we will write S^0(R^d ) instead of S^0(R^d ; 1). We will use the standard Weyl quantization of symbols. More precisely, if P (y, η) is a symbol in S^0(R^4 ; m), then P^w(y, D_y ) is the operator defined by

P^w(y, D_y )u(y) = (2π)^{−2} ∫∫ e^{i(y−y′ )·η}P (y + y′ 2 , η ) u(y^′)dy^′dη, for u ∈ S(R^2 ). Sometimes we will quantize a function P (x, y, ξ, η) only with respect to the variable (y, η). In this case we will denote by P^w(x, y, ξ, D_y ) the operator obtained as above, considering (x, ξ) as a parameter. Finally, when P (y, η) is a function on T^∗(R^2 ) (possibly operator-valued), we denote by P^w(y, hD_y) the semiclassical quantization obtained as above by quantizing P (y, hη).

The operators P_1(B), P_0(B) are essentially self-adjoint with domain C^∞_0 (R^2 ). In this section we define the spectral shift function related to P_1(B) and P_0(B). First, by using a symplectic change of variables (see [2], [14], [30], [6]), there exists an unitary operator U such that P̃_0(B) = U^{−1}P_0(B)U = B(D^2_y + y^2) + x − 1 4B^2 , P̃_1(B) = U^{−1}P_1(B)U = P̃_0(B) + V^ω(x − B^{−1/2}D_y − 1 2B^2

, B^{−1/2}y + B^{−1}D_x) . We have the following Proposition 1. Assume that V satisfies the estimate (1.1). Then

(i) The operator (P_1(B) ± i)^{−1} − (P_0(B) ± i)^{−1} is a trace class one.

(ii) For Im z ≠ 0 we have

‖(i − P_1(B))^{−1}(z − P_1(B))^{−1} − (i − P_0(B))^{−1}(z − P_0(B))^{−1}‖_{tr} = O(|Im z|^{−2}). (2.1) Proof. Since U is unitary, it is sufficient to show that the operator (P̃_1(B) + i)^{−1} − (P̃_0(B) + i)^{−1} is trace class. In the following we will write P̃_j , j = 0, 1, instead of P̃_j (B). By applying the resolvent equality, we get (P̃_1 + i)^{−1} − (P̃_0 + i)^{−1} = −(P̃_1 + i)^{−1}V^ω(P̃_0 + i)^{−1} = −(P̃_0 + i)^{−1}V^ω(P̃_0 + i)^{−1} + (P̃_1 + i)^{−1}V^ω(P̃_0 + i)^{−1}V^ω(P̃_0 + i)^{−1} .

The operator (P̃_1 + i)^{−1}V^ω is bounded and the proof is reduced to show that (P̃_0 + i)^{−1}V^ω(P̃_0 + i)^{−1} is trace class. Next we assume that B ≥ β_0 > 0. For simplicity suppose that β_0 = 1. Let χ(t) ∈ C^∞_0 (R; [0, 1]) be a cut-off function such that χ(t) = 1 for |t| ≤ 1 and χ(t) = 0 for |t| ≥ 2. Fix a number k, max{1,^2_{1+ϵ} } < k < 2, and introduce the symbol q(x, y, η) = χ ( ⟨y, η⟩k |η^2 + y^2 + B^{−1}(x + i)| ) , where ⟨y, η⟩ = (1 + y^2 + η^2)^{1/2}. It clear that q(x, y, η) ∈ S^0(R^4_{(x,ξ,y,η)} ) and we set A = q^ω(x, y, D_y). We decompose (P̃_0 + i)^{−1}V^ω(P̃_0 + i)^{−1} = (P̃_0 + i)^{−1}AV^ωA(P̃_0 + i)^{−1} + (P̃_0 + i)^{−1}(I − A)V^ωA(P̃_0 + i)^{−1} +(P̃_0 + i)^{−1}(I − A)V^ω(I − A)(P̃_0 + i)^{−1}

+(P̃_0 + i)^{−1}AV^ω(I − A)(P̃_0 + i)^{−1} = L_1 + L_2 + L_3 + L_4 . To treat L_1, notice that on the support of q(x, y, η) we have (B(η^2 + y^2) + x + i)^{−1} ∈ S^0(R^4 ; ⟨y, η⟩^{−k}) .

In fact, on the support of q we obtain ⟨y, η⟩^k ≤ 2B^{−1}|B(η^2 + y^2) + x + i)| ≤ 2|B(η^2 + y^2) + x + i| and it is easy to estimate the derivatives of (B(η^2 + y^2) + x + i)^{−1}. According to the calculus of pseudodifferential operators, L_1 becomes a pseudodifferentail operator with symbol in S^0(R^4 ; ⟨y, η⟩^{−k}⟨x − B^{−1/2}η⟩^{−2−ϵ}⟨B^{−1/2}y + B^{−1}ξ⟩^{−1−ϵ}), and the trace of L_1 can be estimated (see for instance, Theorem 9.4 in [8]) by

‖L_1‖_{tr} ≤ C_0 ∫∫∫∫ ⟨y, η⟩^{−2k}⟨x − B^{−1/2}η⟩^{−2−ϵ}⟨B^{−1/2}y + B^{−1}ξ⟩^{−1−ϵ}dxdξdydη ≤ C^′_0B ∫∫ ⟨y, η⟩^{−2k}dydη ≤ C^{′′}_0 B with constants C^′_0, C^{′′}_0 , independent on B. To deal with L_j , j = 2, 3, 4, we will show that (I − A)V^ω and V^ω(I −A) are trace class operators. For our analysis in Sections 4-6 we examine the dependence on B of the trace estimates. Notice that on the support of the symbol of (I − A) we have ⟨y, η⟩^k ≥ |(η^2 + y^2) + B^{−1}(x + i)| .

Taking into account the estimate (1.1), we get ‖(I − A)V^ω‖_{tr} ≤ C_1 ∫∫∫∫ ⟨y,η⟩^k ≥|η^2+y^2+B^{−1}(x+i)| ⟨x − B^{−1/2}η⟩^{−2−ϵ}⟨B^{−1/2}y + B^{−1}ξ⟩^{−1−ϵ}dxdξdydη ≤ C_2B ∫∫∫ ⟨y,η⟩^k ≥|η^2+y^2+B^{−1}(x+i)| ⟨x − B^{−1/2}η⟩^{−2−ϵ}dxdydη ≤ C_2B^2 ∫∫∫ ⟨y,η⟩^k ≥|η^2+y^2+B^{−3/2} η+u+B^{−1}i| ⟨Bu⟩^{−2−ϵ}dudydη ≤ C^′_2B^2 ∫∫∫ ⟨y,η⟩k≥|η2+y2+B−3/2η+u|, |u|≤ 12 ⟨y,η⟩k ⟨Bu⟩^{−2−ϵ}dudydη

+C^′_2B^2 ∫∫∫ ⟨y,η⟩k≥|η2+y2+B−3/2η+u|, |u|≥ 12 ⟨y,η⟩k ⟨Bu⟩^{−2−ϵ}dudydη

≤ C^′_2B^2 (∫∫∫ |u|≤C_3,|y|≤C_3,|η|≤C_3 ⟨Bu⟩^{−2−ϵ}dudydη + ∫∫∫ |u|≥^1_2 ⟨y,η⟩^k ⟨Bu⟩^{−2−ϵ}dudydη )

≤ C_4B + C_5B^2 ∫ ⟨Bu⟩^{−2−ϵ} (∫ (2|u|)^1k 0 rdr ) du ≤ C_4B + C_6B^2 ∫ ⟨Bu⟩^{−2−ϵ+2/k}du ≤ C̃B , since −2 − ϵ + 2/k < −1. The analysis of V^ω(I − A) is completely similar. Finally, we obtain the estimate ‖(P̃_0 + i)^{−1}V^ω(P̃_0 + i)^{−1}‖_{tr} ≤ A_0B, B ≥ 1 with a constant A_0 > 0 independent on B.

To establish (2.1), we write the left-hand side in the form ( (i − P_1(B))^{−1} − (i − P_0(B))^{−1} ) (z − P_1(B))^{−1}

+(i − P_0(B))^{−1} ( (z − P_1(B))^{−1} − (z − P_0(B))^{−1} )

= ( (i − P_1(B))^{−1} − (i − P_0(B))^{−1} ) (z − P_1(B))^{−1}

−(z − P_1(B))^{−1}(i − P_0(B))^{−1}V (z − P_1(B))^{−1} .

The first term at the right-hand side of the last equality is trace class. To estimate the second one, we replace (z − P_1(B))^{−1} by (i − P_1(B))^{−1} − (z − i)(i − P_1(B))^{−1}(z − P_1(B))^{−1} and, as above, we write (i − P_0(B))^{−1}V (z − P_1(B))^{−1} as a product of (i − P_0(B))^{−1}V (i − P_0(B))^{−1} and a bounded operator. Combining this with the estimate ‖(z − P_j (B))^{−1}‖ = O(|Im z|^{−1}), we complete the proof of (2.1). □

Now we are in position to define the spectral shift function ξ(λ) related to operators P_1(B) and P_0(B). Let f ∈ C^∞_0 (R) and let f̃(z) ∈ C^∞_0 (C ) be an almost analytic extension of f. Set g(z) = f(z)(z − i). By the Helffer-Sjöstrand formula we have

g(P_j (B)) = − 1 π ∫ ¯∂_zf̃(z)(z − i)(z − P_j (B))^{−1}L(dz), j = 0, 1 , and we obtain tr ( f(P_1(B)) − f(P_0(B)) ) = − 1 π ∫ ¯∂_zf̃(z)(z − i)tr [ (P_j (B) − i)^{−1}(z − P_j (B))^{−1}

]_1 j=0 L(dz) , where L(dz) is the Lebesgue measure on C and [a_j ]^1_{j=0} = a_1−a_0. Since ¯∂_zf(z) = O(|Imz|^N ), ∀N ∈ N, the trace is well defined and we introduce the spectral shift function ξ(λ) ∈ D^′(R) by the equality ⟨ξ^′, f⟩ = tr ( f(P_1(B)) − f(P_0(B)) ) . 3. Resonances for magnetic Stark hamiltonians

To define the resonances, we will suppose that V admits a holomorphic extension in the xvariable into the domain Γ_{δ0} = {z ∈ C : 0 ≤ |Im z| ≤ δ_0} for some δ_0 > 0. We assume also that for some ϵ > 0 we have the estimates |∂^αV (x, y)| ≤ C_α⟨|ℜx|⟩^{−2−ϵ}⟨y⟩^{−1−ϵ}, for x ∈ Γ_{δ0} , y ∈ R, ∀α. (3.1) Let D(0, θ_0) be the disk in C of center 0 and radius θ_0 > 0. For θ ∈ D(0, θ_0), θ_0 > 0 small, we will use the dilation (x, y) −→ (x + θ, y). More precisely, for θ ∈ R, consider the unitary operator

U_θ : L^2(R^2 ) → L^2(R^2 ), f → f(x + θ, y). It is clear that Ũ^{−1}_θ P_0(B)Ũ_θ := P̃_0(B, θ) = B(D^2_y + y^2) + x + θ − 1 4B^2

, (3.2)

Ũ^{−1}_θ P_1(B)Ũ_θ = P̃_1(B, θ) (3.3)

= P̃_0(B, θ) + V^w(x + θ − B^{− 12} D_y − 1 2B^2

, B^{− 12} y + B^{−1}D_x),

where Ũ_θ = UU_θ. Throughout the paper we will use the notations P̃_j(B, θ) for the operators defined above and since β = 1 this makes no confusion with the notation P_j (B, β) given in the Introduction.

Lemma 1. There exists θ_0 > 0 such that the self-adjoint operator P̃_1(B, θ), defined for θ ∈]−θ_0, θ_0[, extends to an analytic type-A family of operators on D(0, θ_0) with the same domain D as that of P̃_0(B, 0)). Moreover,

σ_{ess}(P̃_1(B, θ)) = σ_{ess}(P̃_0(B, θ)) = σ(P̃_0(B, θ)) = {λ + θ; λ ∈ R}.

Proof. Clearly, the domain D of P̃_0(B, θ) is independent of θ and θ → P̃_0(B, θ)u is analytic for all u ∈ D. On the other hand, the analytic assumption on V implies that there exists θ_0 > 0 small enough such that D(0, θ_0) ∋ θ → V^w ( x + θ − B^{− 12} D_y − 1 2B^2

, B^{− 12} y + B^{−1}D_x ) u is analytic for any u ∈ L^2(R^2 ). Following [19], this gives the first statement of the lemma. For the second one, notice that

σ_{ess}(P̃_0(B, θ)) = σ(P̃_0(B, θ)) = {λ + θ : λ ∈ R}.

Using (3.1) and Lemma 3 of [25], p. 111, we deduce that σ_{ess}(P̃_1(B, θ)) = σ_{ess}(P̃_0(B, θ)) and this completes the proof. □

Below we take θ ∈ D(0, θ_0), Im θ ≤ 0, and consider the domain

Ω_θ = {z ∈ C : Im z > Im θ} .

It is easy to see that there exist θ_0 > 0 small enough such that for θ ∈ D(0, θ_0) with Im θ ≤ 0 we have ‖(z − P̃_0(B, θ))^{−1}‖ ≤ 1 |Im θ − Im z| (3.4)

for z ∈ Ω_θ.

Now, repeating the argument in [10], we will show that we have the following

Lemma 2. Let Im z_0 > Im θ. Then the operator P_1(B, θ) − z_0 is a Fredholm one with index 0.

Proof. Let Φ_θ(x, y) = (x + θ, y). For z ∈ Ω we have P_1(B, θ) − z = ( I + ( V ∘ Φ_θ ) (1 − ψ_z(u)) [ P_0(B, θ) − z + ( V ∘ Φ_θ ) ψ_z(u) ]_{−1})[ P_0(B, θ) − z + ( V ∘ Φ_θ ) ψ_z(u) ] , where u = (x, y), ψ_z(u) ∈ C^∞(R^2 ; [0, 1]) is a function such that ψ_z(u) = 0 for |u| ≤ C_1, ψ_z(u) = 1 for |u| ≥ C_1 +1. Choosing C_1 > 0 (depending on z) large enough, we may assume that | ( V ∘Φ_θ ) |ψ_z(u) is small, so the operator A_θ(z) = P_0(B, θ) − z + ( V ∘ Φ_θ ) ψ_z(x) is invertible for z ∈ Ω_θ. On the other hand,

K_θ(z) = ( V ∘ Φ_θ ) (1 − ψ_z(u))A_θ(z)^{−1} is compact. Then dim Ker (P̃_1(B, θ) − z_0) = dim Ker (I + K_θ(z_0)), provided Im z_0 > Im θ.

A simple argument shows that Im (P_1(B, θ) − z_0) is closed and codim (P_1(B, θ) − z_0) = dim Ker (I + K^∗_θ (z_0)).

Thus P_1(B, θ) − z is a Fredholm operator with index 0 and the proof is complete. □ Definition 1. Let Im θ < 0. We say that z ∈ Ω_θ is a resonance of P_1(B) if dim Ker (P_1(B, θ) − z) > 0.

As in [10], we show that P_1(B) has no resonances z with Im z > 0, as well as, that the resonances in {z ∈ C : Imz > Im θ_2 > Im θ_1} are independent of the choice of θ satisfying the condition 0 > Im θ_2 ≥ Im θ ≥ Im θ_1. We define the multiplicity of a resonance z_0 by m(z_0) = rank 1 2πi ∫ γ_ν (z_0) (z − P̃_1(B, θ))^{−1}dz, where γ_ϵ(z_0) = {z = z_0 + νe^{iφ}, 0 ≤ φ ≤ 2π} and ν > 0 is small enough. In the following we fix θ ∈ D(0, θ_0) with Im θ < 0 and we denote the set of resonances of P_1(B) by Res P_1(B).

Remark. Clearly, the operators P_1(B, θ) = U_θP_1(B)U^{−1}_θ = (D_x − By)^2 + D^2_x + x + θ + V (x + θ, y), and P̃_1(B, θ) have the same eigenvalues in Ω_θ with the same multiplicity. In a such way, we can work directly with P_1(B, θ).

Proposition 2. Let V satisfy (1.1) and the condition 1 + ∂_xV (x, y) > 0. Then, there exists θ_0 , Im θ_0 < 0, such that P_1(B) has no resonances in Ω_{θ0} . Proof. First, since ∂_xV (x, y) tends to 0 when |(x, y)| tends to infinity, it follows from our assumptions that 1 + ∂_xV (x, y) ≥ η > 0, uniformly on (x, y) ∈ R^2 . For u in the domain of P_0(B) we have −Im ((P_1(B, θ) − z)u, u) = (Im z − Im θ)‖u‖^2 − Im (V (· + θ, ·)u, u). Applying Taylor’s formula for the function θ → V (x + θ, y), we obtain Im V (x + θ, y) = Im θ ∂_xV (x + ℜθ, y) + O(|Im θ|^2).

Thus

−Im ((P_1(B, θ) − z)u, u) = Im z‖u‖^2 − Im θ((1 + ∂_xV (· + ℜθ, ·))u, u) + O(|Im θ|^2)‖u‖^2. Next, we choose Im θ < 0 small enough, and using the above inequality, we get the proposition. □

4. Estimates of the resolvent for strong magnetic fields In this section we will examine the case of strong magnetic field characterized by B → ∞. For simplicity we assume θ ∈ iR. Let φ_n be the n-th real normalized Hermite function given by (D^2_y + y^2)φ_n = (2n − 1)φ_n, ‖φ_n‖ = 1, n ∈ N^∗ .

To examine the resolvent (P̃_1(B, θ) − z)^{−1}, we will study the resolvent of the operator P̃_1(B, θ) = B(D^2_y + y^2) + x + θ − 1 4B^2

+ V^ω .

Recall that V^ω is a bounded pseudodifferential operator in L^2(R^2 ) with Weyl symbol V (x − B^{−1/2}η − 1 2B^2 , B^{−1/2}y + B^{−1}ξ) . We fix an integer n ≥ 1 and let Π be the spectral projection of the operator D^2_y + y^2 associated to the interval [2n − 2, 2n]. Introduce the operator Q(B, θ) = (I − Π) [ B(D^2_y + y^2) + x + θ − 1 4B^2

+ V^ω ] (I − Π) . The main result in this section is the following Proposition 3. Let 0 < α < 2, 0 < α_1, 0 < μ < 1 be fixed and let Ω_n = {z ∈ C : |ℜz − (2n + 1)B| ≤ αB, α_1B ≥ Im z ≥ μ Imθ} . Then for B ≫ 1 sufficiently large and z ∈ Ω_n the operator (Q(B, θ) − z)^{−1}(I − Π) is well defined and there exists a constant γ > 0, independent on B, such that ‖(Q(B, θ) − z)(I − Π)u‖ ≥ γ|Im θ|‖(I − Π)u‖, u ∈ D (4.1) uniformly with respect to z ∈ Ω_n.

Consider a partition of unity G^2_1(x) + G^2(x) = 1 with G_i ∈ C^∞(R; [0, 1]), i = 1, 2, supp G_1 ⊂ {x ∈ R : |x| ≤ 2} and G_1(x) = 1 for |x| ≤ 1. Choose 1/2 < δ < 1 and introduce the operators

A_1 = G^ω_1 ( x − B−1/2D_y B^δ ) , A_2 = G^ω_2 ( x − B−1/2D_y B^δ )

with Weyl symbols G_i (_{x−B−1/2η} B^δ ) , i = 1, 2. By a partial Fourier transform with respect to y, we can view A_i as an multiplication operator. Then, it is easy to see that A^∗_i = A_i, i = 1, 2, and

A^2_i = Op^ωG^2_i (x − B−1/2D_y B^δ ) , A^2_1 + A^2 = 1 .

Here Op^ωg(x, D_y ) denotes the Weyl pseudodifferential operator with symbol g(x, η). Lemma 3. Let G ∈ C^∞_0 (R). Then [ Op^ωG ( x − B−1/2D_y B^δ ) , Π ] = O ( B^{−1/2−δ} )

in the space of bounded operators L(L^2(R^2 )).

Proof. Choose a function f ∈ C^∞_0 (]2n−2, 2n[) such that f = 1 near 2n−1. Obviously, f(D^2_y +y^2) = Π and the pseudodifferential calculus yields yf^′(D^2_y + y^2) = O(1) in L(L^2(R^2 )). Thus [ Op^ωG ( x − B−1/2D_y B^δ ) , Π ] = [ Op^ωG ( x − B−1/2D_y B^δ ) , f(D^2_y + y^2) ]

= B^{−1/2−δ}O ( Op^ω(G^′) ( x − B−1/2D_y B^δ ) yf^′(D^2_y + y^2) ) = O(B^{−1/2−δ} ) . □ To estimate the norms of the commutators, we need the following

Lemma 4. There exist constants C_0 > 0, C_1 > 0, independent on B, and B_0 ≫ 1 so that for B ≥ B_0 we have ‖y Op^ω ( G^′_i ( x − B−1/2D_y B^δ )) (I − Π)u‖ ≤ C_0‖(Q(B, θ) − z)u‖ + C_1‖(I − Π)u‖, i = 1, 2, ∀z ∈ Ω_n, u ∈ D. (4.2) Proof. Introduce the symbol g_i(x, y, η) = yG^′_i ( B^{−δ}(x − B^{−1/2}η) ) η^2 + y^2 + B^{−1}x + i . We will show that this symbol is in the class S^0(R^4 ). In fact, the derivative ∂^l_x∂^p_y ∂^k_η g_i(x, y, η) can be written as a sum of terms B^{−(q−1)δ} y^{p′+1}η^{k′} (η^2 + y^2 + B^{−1}x + i)^{k+p+l′} G^{(q)}_i ( B^{−δ}(x − B^{−1/2}η) ) , q ≥ 1 with p^′ ≤ p, k^′ ≤ k, l^′ ≥ l + 1. Setting u = B^{−δ}(x − B^{−1/2}η), we need to estimate T_{l,p,k}(B, y, η, u) = y^{p+1}η^k ( η^2 + y^2 + B^{−1+δ}u + B^{−3/2}η + i

)_{k+p+l} G^{(q)}_i (u)

uniformly with respect to B, y, η, u. For B^{−1+δ}|u| ≤^1_2 (η^2 + y^2), we have

|η^2 + y^2 + B^{−1+δ}u + i| ≥ c_0(η^2 + y^2 + 1), c_0 > 0

and we get T_{l,p,k} = O(1) with respect to B, y, η, u. On the other hand, the support of G^{(q)}_i (u) is bounded and B^{−1+δ}|u| ≥^1_2 (η^2 + y^2) leads to (η^2 + y^2) ≤ c_1B^{−1+δ} ≤ c_2 and we obtain again T_{l,p,k} = O(1). Now consider the operator Op^ωg_i(x, y, D_y ) with Weyl symbol g_i(x, y, η). We have

Op^ωg_i(x, y, D_y)(D^2_y + y^2 + B^{−1}x + i) = yOp^ω ( G^′_i ( x − B−1/2D_y B^δ )) + R_i(x, y, D_y) . Using the explicit formulae of R_i given by the calculus of pseudodifferential operators, and repeating the above arguments, we see that the symbol of R_i is in the class S^0(R^4 ). It follows from the Calderon-Vaillancourt’s theorem (see for instance, Theorem 7.11 of [8]) that Op^ωg_i(x, y, D_y ) and R_i are bounded. Thus, ‖y Op^ω ( G^′_i ( x − B−1/2D_y B^δ )) (I − Π)u‖ ≤ ‖Op^ωg_i(x, y, D_y )(D^2_y + y^2 + B^{−1}x + i)(I − Π)u‖ + C_2‖(I − Π)u‖

≤ C_3‖(D^2_y + y^2 + B^{−1}x + i)(I − Π)u‖ + C_2‖(I − Π)u‖ ≤ C_3‖(D^2_y + y^2 + B^{−1}(x − z))(I − Π)u‖ + C^′_2‖(I − Π)u‖ ≤ C_3‖ ( B(D^2_y + y^2) + x + θ − 1 4B^2

+ V^ω − z ) (I − Π)u‖ + C_4‖(I − Π)u‖ ≤ C_3‖(Q(B, θ) − z)u‖ + C_1‖(I − Π)u‖, ∀z ∈ Ω_n, u ∈ D . Here we have used the fact that B^{−1}z is bounded for z ∈ Ω_n as well as the estimate [Π, V^ω] = O(B^{−1/2}). □. To estimate the action of Q(B, θ) on A_i(I − Π)u, i = 1, 2, we need the following Lemma 5. There exists a_1 > 0, independent on B, and B_0 ≫ 1 so that for B ≥ B_0 and z ∈ Ω_n we have ‖ [ (I − Π) ( B(D^2_y + y^2) + x + θ + V^ω ) (I − Π) − z ] A_1(I − Π)u‖ ≥ a_1B‖A_1(I − Π)u‖ − O(B^{1/2−δ} )‖(I − Π)u‖, u ∈ D. (4.3) Lemma 6. There exists a_2 > 0, independent on B, and B_0 ≫ 1 so that for B ≥ B_0 and z ∈ Ω_n we have ‖ [ (I − Π) ( B(D^2_y + y^2) + x + θ + V^ω ) (I − Π) − z ] A_2(I − Π)u‖ ≥ a_2|Im θ|‖A_2(I − Π)u‖ − O(B^{−1/2−δ} )‖(I − Π)u‖, u ∈ D. (4.4) Assuming the above estimates established, we will complete the proof of Proposition 3.

Proof of Proposition 3. We have F (u) = ‖(Q(B, θ) − z)(I − Π)u‖^2 = ( (A^2_1 + A^2)(Q(B, θ) − z)(I − Π)u, (Q(B, θ) − z)(I − Π)u )

= ∑ i=1,2 ‖A_i(Q(B, θ) − z)(I − Π)u‖^2 . Thus F (u) ≥ 1 2 ∑ i=1,2 ‖(Q(B, θ) − z)A_i(I − Π)u‖^2 − 2 ∑ i=1,2 ‖[A_i, Q(B, θ)](I − Π)u‖^2 . The operators A_i, Π commute with x and [A_i, Q(B, θ)] = [A_i, (I − Π)B(D^2_y + y^2)(I − Π)] + [A_i, (I − Π)V^ω(I − Π)] = [A_i, (I − Π)B(D^2_y + y^2)(I − Π)] + O(B^{−1/2−δ}) , since by the pseudodifferential calculus we get [A_i, Π] = O(B^{−1/2−δ}), [A_i, V^ω] = O(B^{−1/2−δ}). Next

[A_i, (I − Π)B(D^2_y + y^2)(I − Π)] = [A_i, B(D^2_y + y^2)](I − Π) − B(D^2_y + y^2)[A_i, Π] . Then we have B(D^2_y + y^2)[A_i, Π] = B^{1/2−δ}(D^2_y + y^2)L_if^′(D^2_y + y^2), i = 1, 2 with operators L_i having symbols uniformly bounded with respect to B. The symbol of the operator on the right hand side of the above equality is bounded with its derivatives and we deduce B(D^2_y + y^2)[A_i, Π] = O(B^{1/2−δ})

in the space of bounded operators L(L^2(R^2 )). To treat the commutator with B(D^2_y + y^2), we apply Lemma 4. It is clear that

[A_i, B(D^2_y + y^2)](I − Π) = O(1)B^{1/2−δ} y Op^ω ( G^′_i(B^{−δ}(x − B^{−1/2}D_y) ) (I − Π) + O(B^{1/2−δ}) ,

so for B large enough, according to (4.2), we obtain ‖(I − Π)[A_i, B(D^2_y + y^2)](I − Π)u‖ ≤ C_5B^{1/2−δ}‖(Q(B, θ) − z)(I − Π)u‖ + C_6B^{1/2−δ}‖(I − Π)u‖, z ∈ Ω_n, u ∈ D , with constants C_5 > 0, C_6 > 0 independent on z and B. Finally, taking into account the estimates (4.3), (4.4), we deduce

2(1 − C^′_5B^{1−2δ})F (u) ≥ [ a^2_1B^2‖A_1(I − Π)u‖^2 + a^2|Im θ|^2‖A_2(I − Π)u‖^2 ]

−C_7B^{1−2δ}‖(I − Π)u‖^2 ≥ [( min{a_1B, a_2|Im θ|} )_2 − C_7B^{1−2δ} ] ‖(I − Π)u‖^2 . For B sufficiently large this implies the estimate (4.1). □

Proof of Lemma 5. First notice that the operator D^2_y + y^2 + 1 is elliptic, so

‖D_yu‖ ≤ ‖(D^2_y + y^2 + 1)u‖ + C_8‖u‖ ≤ ‖(I − Π)(D^2_y + y^2)u‖ + (C_8 + 2n + 2)‖u‖ ≤ B^{−1}‖(I − Π) [ B(D^2_y + y^2) − z ] u‖ + C^′_8‖u‖, (4.5) where we have used that B^{−1}z is bounded for z ∈ Ω_n. Second, applying the estimate (4.5) for the term (I − Π)B^{−1/2}D_yA_1(I − Π)u, we obtain ‖(I − Π) [ B(D^2_y + y^2) + x + θ − 1 4B^2

+ V^ω − z ] A_1(I − Π)u‖ = ‖(I − Π) [ B(D^2_y + y^2) + B^δ (x − B−1/2D_y B^δ ) + B^{−1/2}D_y − 1 4B^2

+ V^ω − z ] A_1(I − Π)u‖ ≥ (1 − B^{−3/2})‖(I − Π) [ B(D^2_y + y^2) − z ] A_1(I − Π)u‖ −B^δ ‖ ‖ (x − B−1/2D_y B^δ ) A_1(I − Π)u ‖ ‖ − C9‖A1(I − Π)u‖ . Our assumptions on Ω_n and the spectral theorem for D^2_y + y^2 imply ‖(I − Π) [ B(D^2_y + y^2) − z ] A_1(I − Π)u‖ ≥ a_1B‖(I − Π)A_1(I − Π)‖ ≥ a_1B‖A_1(I − Π)u‖ − O(B^{1/2−δ} )‖(I − Π)u‖, a_1 > 0 .

Next choose a function G̃_1 ∈ C^∞_0 (R; [0, 1]) with support close to that of G_1 and such that G̃_1 = 1 on supp G_1. Then B^δ ( x − B−1/2D_y B^δ ) A_1(I − Π)u = B^δ (x − B−1/2D_y B^δ ) Op^ωG̃_1 (x − B−1/2D_y B^δ ) A_1(I − Π)u

and, since uG̃_1(u) is bounded, we can estimate this term by C_{10}B^δ‖A_1(I − Π)u‖. Taking B large enough, we complete the proof. □

Proof of Lemma 6. We have | | | ([ (I − Π) ( B(D^2_y + y^2) + x + θ − 1 4B^2

+ V^ω ) (I − Π) − z ] A_2(I − Π)u, A_2(I − Π)u )| | ≥ −Im ([ (I − Π) ( B(D^2_y + y^2) + x − 1 4B^2

+ θ + V^ω ) (I − Π) − z ] A_2(I − Π)u, A_2(I − Π)u )

= (Im z − Im θ)‖A_2(I − Π)u‖^2 − Im ( (I − Π)V^ω(I − Π)A_2(I − Π)u, A_2(I − Π)u )

≥ ( (1 − μ)|Im θ| − C_{11}B^{−1/2−δ} ) ‖A_2(I − Π)u‖^2 −Im ( (I − Π)V^ωA_2(I − Π)u, A_2(I − Π)u ) − C_{11}B^{−1/2−δ}‖(I − Π)u‖^2 . Now we choose a function G̃_2 ∈ C^∞_b (R; [0, 1]) with support close to that of G_2 and such that G̃_2 = 1 on supp G_2, and replace V^ωA_2 by V^ωOp^ωG̃_2(B^{−δ}(x − B^{−1/2}D_y))A_2. On the support of G̃_2(u) we have |u| ≥ 1. Thus to treat the term Im ( (I − Π)V^ωOp^ωG̃_2(B^{−δ}(x − B^{−1/2}D_y))A_2(I − Π)u, A_2(I − Π)u ) , we take B large enough in order to arrange the estimate ‖V^ω(x − B^{−1/2}D_y − 1 2B^2

, B^{−1/2}y + B^{−1}D_x)Op^ωG̃_2(B^{−δ}(x − B^{−1/2}D_y))‖ ≤

(1 − μ) 2 |Im θ| . The decay properties of the potential V and its derivatives and the pseudodifferential calculus make this possible, since on the support of the symbol G̃_2(B^{−δ}(x − B^{−1/2}η)) we have |x − B^{−1/2}η| ≥ B^δ . Combining this with the above estimates, we complete the proof. □

Remark. By the same argument, we obtain the estimate ‖(Q^∗(B, θ) − z̄)(I − Π)u‖ ≥ γ|Im θ|‖(I − Π)u‖, z ∈ Ω_n, u ∈ D . Thus the operator Q(B, θ) − z is bijective on Im (I − Π) and we denote its inverse by

R̂(z) = ( (I − Π)P_1(B, θ)(I − Π) − z )_{−1} (I − Π). (4.6)

A modification of the proof of Proposition 3 yields the following

Proposition 4. Let 0 < α < 1, α_1 > 0, 0 < μ < 1, n ≥ 0 be fixed. Then for B large enough the operator P_1(B) has no resonances z lying in the domains ℜz ≤ αB, α_1B ≥ Im z ≥ μ Im θ, (4.7) ((2n + 1) + α)B ≤ |ℜz| ≤ ((2n + 3) − α)B, α_1B ≥ Im z ≥ μ Im θ, (4.8) Proof. To treat the domain (4.8), it is sufficient to repeat the proof of Proposition 3 without the projector Π. For example, in the proof of Lemma 5 we estimate the term ‖ [ B(D^2_y + y^2) − z ] A_1u‖ ≥ αB‖A_1u‖ and we follow the same argument. To deal with z lying in (4.7), first assume that νB ≤ ℜz ≤ αB, ν < 0. Then we can repeat the argument of the proof of Proposition 3 with Π replaced by 0, since B^{−1}z is bounded. Now suppose that ℜz ≤ νB < 0. There are two points, where we have used the fact that B^{−1}z is bounded. The first one is the estimate (4.3) in the proof of Lemma 5. For ℜz < 0, the operator D^2_y + y^2 − B^{−1}ℜz + 1 is elliptic and since B^{−1}Im z is bounded, we get ‖D_yu‖ ≤ ‖(D^2_y + y^2 − B^{−1}ℜz)u‖ + C_9‖u‖ ≤ B^{−1}‖(B(D^2_y + y^2) − z)u)‖ + C_9‖u‖ .

Next we estimate the term B^{−1/2}D_yA_1u, exploiting the fact that D_y and A_1 commutes and apply the above estimate. The second point is related to Lemma 4. For ℜz < 0 consider the symbol g_i(x, y, η) = yG^′_i ( B^{−δ}(x − B^{−1/2}η) ) η^2 + y^2 + B^{−1}(x − ℜz) + i . It is easy to show that this symbol is in S^0(R^4 ). Then the proof of Lemma 4 goes without any change and we obtain (4.2). Finally, we get the estimate ‖P̃_1(B, θ) − z)u‖ ≥ γ|Im θ|‖u‖, u ∈ D , and we conclude that P_1(B) has no resonances z with ℜz < 0.

5. Representation of the derivative of the spectral shift function for strong magnetic fields In this section we use the notations of the previous one. In particular, we work in the domain Ω_n. Consider the operators

L_1(B, θ) = (I − Π) ( B(D^2_y + y^2) + x + θ − 1 4B^2

+ V^ω ) (I − Π) , L_2(B, θ) = Π ( B(D^2_y + y^2) + x + θ − 1 4B^2 ) Π , W^ω = (I − Π)V^ωΠ + ΠV^ω(I − Π) + ΠV^ωΠ .

It clear that L_1(B, θ) + L_2(B, θ) − z + W^ω = P̃_1(B, θ) − z .

The operator L̃(B, θ) − z = L_1(B, θ) + L_2(B, θ) − z is invertible for z ∈ Ω_n. In fact, we have ‖(L̃(B, θ) − z)u‖^2 = ‖(L_1(B, θ) − z)(I − Π)u‖^2 + ‖(L_2(B, θ) − z)Πu‖^2 . For the first term at the right hand side we apply Proposition 3, while for the second one we estimate the imaginary part of (L_2(B, θ) − z)Πu, Πu). Thus for z ∈ Ω_n we obtain ‖(L(B, θ) − z)u‖^2 ≥ γ_1‖(I − Π)u‖^2 + γ_2‖Πu‖^2 ≥ γ_3‖u‖^2, γ_j > 0, j = 1, 2, 3 .

Since [Π, V^ω] = O(B^{−1/2}), for B large enough, the operator L(B, θ) − z = L̃(B, θ) + (I − Π)V^ωΠ + ΠV^ω(I − Π) − z is invertible for z ∈ Ω_n. On the other hand, K = ΠV^ωΠ is a pseudodifferential operator in L^2(R^2 ) with principal symbol f(η^2 + y^2)V (x − B^{−1/2}η − 1 2B^2

, B^{−1/2}y + B^{−1}ξ)f(η^2 + y^2), and we conclude that K is a trace class one. Moreover, one obtains immediately the estimate ‖K‖_{tr} ≤ CB (5.1) with a constant C > 0, independent on B. Thus we have the following Theorem 1. Let B be sufficiently large. Then for z ∈ Ω_n we have z − P̃_1(B, θ) = z − L(B, θ) − K (5.2) and the operator z − L(B, θ) is invertible for z ∈ Ω_n.

By using the above theorem, it is easy to establish directly the existence of a meromorphic continuation of the resolvent (P̃_1(B, θ) − z)^{−1} for z ∈ Ω_n. In fact, we write z − P̃_1(B, θ) = [I − K(z − L(B, θ))^{−1}](z − L(B, θ)) , and we conclude that the operator [I − K(z − L(B, θ))^{−1}] has a meromorphic continuation for z ∈ Ω_n. In the next section we will construct an effective operator E_{1,−+}(z) so that the eigenvalues of P_1(B, θ) coincide with the zero eigenvalues of E_{1,−+}(z). This will be more convenient for the analysis of the free resonances regions.

Introduce the functions

σ_±(z) = (z^2 + 1)tr [ (P_j (B) − i)^{−1}(P_j (B) + i)^{−1}(z − P_j (B))^{−1}

]_1 0 , ± Im z > 0, where [a_j ]^1_0 = a_1 − a_0. It follows from Proposition 1 that σ_±(z) are well defined and we have σ_−(z) = σ_+(z̄), Im z < 0 .

For θ real the operator (P_j (B) − i)^{−1}(P_j (B) + i)^{−1}(z − P_j (B))^{−1} is unitary equivalent to (P̃_j (B, θ) − i)^{−1}(P̃_j (B, θ) + i)^{−1}(z − P̃_j (B, θ))^{−1}.

Consequently, the cyclicity of the trace yields σ_+(z) = (z^2 + 1)tr [ (P̃_j (B, θ) − i)^{−1}(P̃_j (B, θ) + i)^{−1}(z − P̃_j (B, θ))^{−1}

]_1 0 (5.3) for all z ∈ Ω_+ = Ω_n ∩ {Im z > 0}, θ ∈ D(0, θ_0) ∩ R.

Now, fix δ > 0 and let z ∈ Ω_δ = Ω_n ∩ {Im z ≥ δ}. Since P̃_j (B, θ) extends to an analytic type- A family of operators on D(0, θ_0), for sufficiently small θ_0 and z ∈ Ω_δ, the r.h.s of (5.3) extends by analytic continuation in θ to the disk D(0, θ_0). For θ ∈ D(0, θ_0) with Im θ < 0 , both terms of (5.3) are holomorphic on Ω_+, and, consequently, (5.3) remains true for all z in Ω_+.

From now on, the number θ will be fixed in D(0, θ_0) with Im θ < 0. We drop the subscript B, θ, most of the time and write P_j, L instead of P̃_j (B, θ), L(B, θ). For simplicity of the notations we set B = h^{−1}. As we have proved, there exists a trace class operator K, ‖K‖_{tr} = O(h^{−1}), such that P_1 = L − K and

(L − z)^{−1} = O(1) : L^2(R^2 ) → D uniformly for z ∈ Ω_n .

Then (z −P_1) = (I +K̃(z))(z −L) with K̃ = K(z −L)^{−1} and the resonances z ∈ ResP_1(B) coincide with their multiplicities with the zeros of the function D(z, h) = det(I + K̃(z)). Then, as in Proposition 3 in [10], we obtain the upper bound

#{z ∈ Res P_1 : z ∈ Ω_n} ≤ C(Ω_n)h^{−1}. (5.4)

For the function σ_+(z) we have the following

Proposition 5. There exists a function a_+(z, h), holomorphic in Ω_n, such that for z ∈ Ω_n ∩ {z ∈ C : Im z > 0} we have

σ_+(z) = tr ( P_1 − z)^{−1}K(L − z)^{−1} ) + a_+(z, h). (5.5)

Moreover, |a_+(z, h)| ≤ C_1(Ω_n)h^{−1}, z ∈ Ω_n. (5.6)

Proof. The proof is similar to that of Proposition 3 in [10], so we will omit some details. We write σ_+(z) = I_1(z) + I_2(z), where

I_1(z) = (z^2 + 1)tr ( (P_1 − i)^{−1}(P_1 + i)^{−1}(z − L)^{−1}

−(P_0 − i)^{−1}(P_0 + i)^{−1}(z − P_0)^{−1} ) , I_2(z) = (z^2 + 1)tr ( (P_1 − i)^{−1}(P_1 + i)^{−1}(P_1 − z)^{−1}K(z − L)^{−1} ) . As in [10, section 3], by using the resolvent equation and the cyclicity of the trace, we show that I_2(z) is equal to tr((P_1 − z)^{−1}K(L − z)^{−1}) modulo a function holomorphic in a neighborhood of Ω_n and satisfies (5.6). Next we decompose I_1(z) as follows

I_1(z) = (z^2 + 1)tr ([ (P_j − i)^{−1}(P_j + i)^{−1}

]_1 j=0 (z − L)^{−1} )

+(z^2 + 1)tr ( (P_0 − i)^{−1}(P_0 + i)(z − P_0)^{−1}K(z − L)^{−1} )

+(z^2 + 1)tr ( (P_0 − i)^{−1}(P_0 + i)^{−1}(z − P_0)^{−1}V^ω(z − L)^{−1} ) , and we conclude that I_1(z) is holomorphic in Ω_n. For the first and the second terms in the above equality we obtain bounds O(h^{−1}). In fact, for the first term we apply the argument of the proof of Proposition 1 with B = h^{−1}, while for the second one we use the estimate (5.1) combined with the estimate of the resolvent (z − L)^{−1}. Finally, to estimate the trace of the term

(P_0 − i)^{−1}(P_0 + i)^{−1}V^ω ( x + θ − h^{1/2}D_y − 1 2 h^2, h^{1/2}y + hD_x ) , we write V^ω = AV^ωA + (I − A)V^ωA + AV^ω(I − A) + (I − A)V^ω(I − A) with the operator A having symbol q(x, y, η), introduced in the proof of Proposition 1, and we follow the argument of this proposition. □

Following Lemma 1 in [10], we have: ⟨ξ^′, f⟩ = lim_{ϵ↘0} i 2π ∫ f(λ) [ σ_+(λ + iϵ) − σ_−(λ − iϵ) ] dλ , ∀ f ∈ C^∞_0 (R) where the limit is taken in the sense of distributions. Denote by ξ(λ, B) the spectral shift function related to operators P_1(B), P_0(B). Let Ω ⊂ Ω_n and let W be an open relatively compact subset of Ω. Suppose that J = Ω ∩ R, I = W ∩ R are intervals. Following without any change the proof in Section 6 of [10], we obtain the following Theorem 2. Assume that V satisfies the assumption (3.1). Then for B large enough and λ ∈ I we have the representation ξ^′(λ, B) = 1 π Im r(λ, B) + ∑ ω∈Res (P1(B))∩Ω, Im ω<0 −Im ω π|λ − ω|^2 + ∑ ω∈σ_{pp}(P_1(B))∩J δ(λ − ω), (5.7)

where r(z, B) is a function holomorphic in Ω and |r(z, B)| ≤ C(W )B, z ∈ W. (5.8) Applying the above representation of the ξ^′(λ, B), we obtain immediately a local trace formula completely similar to those in [28], [22], [10].

Theorem 3. Assume that V satisfies the assumption (3.1). Let Ω ⊂ {z ∈ C : Im z ≥ μIm θ}, 0 < μ < 1 be an open, simply connected, relatively compact such that I = Ω ∩ R is an interval. Suppose that f is holomorphic on a neighborhood of Ω and that ψ ∈ C^∞_0 (R) satisfies ψ(λ) = { 0, d(I, λ) > 2η, 1, d(I, λ) < η, where η > 0 is sufficiently small. Then for B large enough we have tr [ (ψf)(P_j (B))

]_1 j=0 = ∑ z∈ Res P_1(B) ∩ Ω

f(z) + E_{Ω,f,ψ} (5.9)

with |E_{Ω,f,ψ}| ≤ M(ψ, Ω)sup {|f(z)| : 0 ≤ d(Ω, z) ≤ 2η , Im z ≤ 0}B . 6. Effective Hamiltonian for strong magnetic fields In this section we use freely the notations of the previous section. In particular, the set Ω_n and the projection Π are associated to a Landau level (2n − 1)B with a fixed integer n ≥ 1. Let us introduce the operators

R_+ : L^2(R^2_{x,y} ) ∋ v −→ (⟨v(x, ·), ψ_n(·)⟩_L2_{(Ry )} = ∫ R_y v(x, y)ψ_n(y)dy ∈ L^2(R_x ), R_− = R^∗_+ : L^2(R_x ) ∋ u −→ u(x)ψ_n(y) ∈ L^2(R^2_{x,y} ).

These operators satisfy R_+R_− = I_L2_{(Rx)}, R_−R_+ = Π.

Consider the following Grushin problem:

P_0(z) = ( P_0(B, θ) − z R_− R_+ 0 ) : D × L^2(R_{x,y} ) → L^2(R^2_{x,y} ) × L^2(R_x ).

By a simple computation, we have the following Lemma 7. The operator P_0(z) is uniformly invertible for z ∈ Ω_n and θ ∈ D(0, θ_0). Its inverse is holomorphic in (z, θ) and has the form

E_0(z) = ( E_0(z) E_{0,+} E_{0,−} E_{0,−+}(z) ) , where

E_0(z) = ^R_0(z), E_{0,+} = R_−, E_{0,−} = R_+, E_{0,−+}(z) = z − (2n − 1)B − x − θ + 1 4B^2 , ^R_0(z) = ( (I − Π)P_0(B, θ)(I − Π) − z )_{−1} (I − Π). Now consider the Grushin problem for the perturbed Hamiltonian P_1(B, θ) − z :

P_1(z) = ( P_1(B, θ) − z R_− R_+ 0 ) . (6.1)

Proposition 6. For B large enough the operator P_1(z) is invertible for z ∈ Ω_n and its inverse is given by E_1(z) = ( E_1(z) E_{1,+}(z) E_{1,−}(z) E_{1,−+}(z) ) , where E_1(z) = R̂(z)a(z), (6.2) E_{1,−}(z) = R_+a(z), (6.3) E_{1,+}(z) = −R̂(z)a(z)[V^ω, Π]R_− + R_−, (6.4)

E_{1,−+}(z) = −R_+a(z)[V^ω, Π]R_− + [ z − (2n − 1)B − x − θ + 1 4B^2

− R_+V^ωR_− ] . (6.5)

Here a(z) = ( I + [Π, V^ω]R̂(z) )_{−1} and R̂(z) is given by (4.6).

Proof. Set Ẽ(z) = ( R̂(z) R_− R_+ z − [ (2n − 1)B + x + θ −^1_{4B2} + R_+V^ωR_− ] ) . We have

V^ωR_− − R_−R_+V^ωR_− = V^ωR_−R_+R_− − ΠV^ωR_− = [V^ω, Π]R_− = O(B^{−1/2}) . A simple calculus implies

P_1(z) ∘ Ẽ(z) = ( I + [Π, V^ω]R̂(z) [V^ω, Π]R_− 0 I )

= I + O(B^{−1/2}) , since [V^ω, Π] = O(B^{−1/2}). Consequently, for B large enough, the operator P_1(z) has a right inverse and we get

E_1(z) = Ẽ(z) ∘ ( (I + [Π, V^ω]R̂(z))^{−1} −(I + [Π, V^ω]R̂(z))^{−1}[V^ω, Π]R_− 0 I )

= (^ R(z)a(z) −R̂(z)a(z)[V^ω, π]R_− + R_− R_+a(z) −R_+a(z)[V^ω, Π]R_− + z − (2n − 1)B − x − θ +^1_{4B2} − R_+V^ωR_− ) . This completes the proof. □

To study the properties of the operators E_{j,−+}(z), j = 0, 1, we set B^{−1} = h. We need the following

Lemma 8. We have

[V^ω, Π] : L^2(R^2 ) −→ L^2(R^2 ) ∈ Op^ω ( S^0 ( R^4 ; ⟨x⟩^{−2−ϵ}⟨Bξ⟩^{−1−ϵ}⟨y⟩^{−∞}⟨η⟩^{−∞} )) . (6.6)

Proof. Recall that we may write Π = f(D^2_y + y^2) with f ∈ C^∞_0 (](2n − 2, 2n[). According to Theorem 8.7 in [8], we have Π ∈ Op^ω ( S^0(R^2 ; ⟨y⟩^{−∞}⟨η⟩^{−∞}) ) and we get (6.6).

Proposition 7. The operator E_{1,−+}(z) − E_{0,−+}(z) is a h-pseudodifferential one with Weyl symbol a(x, ξ; z, h) ∈ S^0(R^2 ; ⟨x⟩^{−2−ϵ}⟨ξ⟩^{−1−ϵ}) such that a(x, ξ; z, h) ∼ ∞∑ j=0 a_j(x, ξ; z)h^j , (6.7)

where a_0(x, ξ; z) = −V (x + θ, ξ), a_1(x, ξ; z) = −(2n − 1)Δ_{x,ξ}V (x + θ, ξ)/4. (6.8) Proof. The proof is similar to that of Proposition 2.5 in [6], so we will omit some details. We have E_{1,−+}(z) − E_{0,−+}(z) = −R_+a(z)[V^ω, Π]R_− − R_+V^ωR_−.

The operator R_+V^ωR_− : L^2(R_x ) −→ L^2(R_x ) has the form

(R_+V^ωR_−u)(x) = ⟨ V^ω ( x + θ − 1 2 h^2 − h^{1/2}D_y, h^{1/2}y + hD_x ) (u(x)ψ_n(y)), ψ_n(y) ⟩ L^2(R_y ) . This implies that the symbol of R_+V^ωR_− is given by

J(h^{1/2}) = ⟨V^ω(x + θ − 1 2 h^2 − h^{1/2}D_y, h^{1/2}y + ξ)ψ_n(y), ψ_n(y)⟩_L2_{(Ry )} .

The estimate | | |∂^α_x ∂^β_ξ V^ω(x + θ − h^{1/2}η, h^{1/2}y + ξ) | | | ≤ C_{α,β}⟨x⟩^{−2−ϵ}⟨ξ⟩^{−1−ϵ}⟨η⟩^{2+ϵ}⟨y⟩^{1+ϵ} and the fact that ψ_n(y) = e^{− y2}2 P_n(y), P_n(y) being a polynomial, imply (x, ξ) → V^ω(x + θ − 1 2 h^2 − h^{1/2}D_y, h^{1/2}y + ξ) ∈ S^0 ( R^2 ; ⟨x⟩^{−2−ϵ}⟨ξ⟩^{−1−ϵ} ) .

Applying Taylor’s formula, we obtain

V^ω(x + θ − h^{1/2}D_y − 1 2 h^2, h^{1/2}y + ξ) = V^ω(x + θ, ξ) −h^{1/2}D_y∂_xV^ω(x + θ, ξ) + h^{1/2}y∂_ξV^ω(x + θ, ξ) + . . . . Since ψ_n(−y) = (−1)^nψ_n(y), we have ⟨D^{2k+1}_y ψ_n, ψ_n⟩ = 0 for all k ∈ N. This implies that J(h^{1/2}) = J(−h^{1/2}), so J(h^{1/2}) has an asymptotic expansion in power of h (see Proposition 4.3 in [6] for more details.) Thus the symbol of R_+V^ωR_− satisfies (6.7). To show that R_+a(z)[V^ω, Π]R_− ∈ Op^ω ( S^0(R^2 ; ⟨x⟩^{−2−ϵ}⟨ξ⟩^{−1−ϵ}) ) , (6.9) first we prove that a(z)[V^ω, Π] is a h-pseudodifferential operator and next we repeat the above argument combined with Lemma 8. This completes the proof. □

From the construction of the Grushin operators one obtains the following well known formulae (see for instance, [14], [5], [6]): (z − P_j (B, θ))^{−1} = −E_j(z) + E_{j,+}(z)E^{−1}_{j,−+}(z)E_{j,−}(z) , E_{j,−+}(z)^{−1} = −R_+(P_j (B, θ) − z)^{−1}R^∗_+, j = 0, 1 .

Consequently, z ∈ σ(P_j (B, θ)) ⇔ 0 ∈ σ(E_{j,−+}(z)), j = 0, 1. (6.10) According to Proposition 6, the analysis of the invertibility of the operator E_{1,−+}(z) is reduced to that of the operator z − (2n − 1)h^{−1} − x − θ + 1 4 h^2 + a^ω(x, hD_x; z), where a^ω(x, hD_x; z) is a h-pseudodifferential operator with Weyl symbol a(x, ξ; z, h) ∼ ∞∑ j=0 a_j(x, ξ; z)h^j given by (6.7). Then we have the following Proposition 8. Let 0 < μ < 1, n ∈ N be fixed. Then there exists a constant C_0 > 0, independent on B, and B_n such that for B ≥ B_n, the operator P_1(B) has no resonances z lying in the domain {z ∈ C : C_0 ≤ |ℜz − (2n − 1)B| ≤ B, Im z ≥ μ Im θ}. Proof. Set A^w(x, hD_x, z) := z − (2n − 1)B − x − θ − 1 4B^2 − V^w(x + θ, hD_x) = E_{0,−+}(z) − V^w(x + θ, hD_x) . Clearly, E^{−1}_{0,−+}(z) = ( z − (2n − 1)B − x − θ − 1 4B^2 )_{−1} ∈ Op^ω(S^0(R^2 )), and ‖E^{−1}_{0,−+}(z)‖ ≤ 1 (1 − μ)|Im θ| , (6.11) uniformly with respect to z ∈ Ω_n.

Let R > 0 be a large constant such that sup_{|x|>R, ξ∈R}|∂^α_{x,ξ}V (x + θ, ξ)| < (1 − μ)|θ| 2 , |α| ≤ N_0, where N_0 is an integer independent on B and n. In fact, N_0 depends on the choice of a seminorm in the space of symbols S^0(R^2 ) which by the Calderon -Vaillancourt’s theorem concerning L^2 continuity of Weyl pseudodifferential operators is equivalent to the norm in the space of bounded operator L(L^2(R^2 )) (see Theorem 7.11 in [8]). For z ∈ Ω̃_n := {z ∈ C : |ℜz − (2n − 1)| > 2 sup_{(x,ξ)∈R2, |α|≤N} 0 |∂^α_{x,ξ}V (x + θ, ξ)| + |ℜθ| + R}, we have sup (x,ξ)∈R^2, |α|≤N_0 | |∂_{αx,ξ}((z − (2n − 1)B − x − θ − x)^{−1}V (x + θ, ξ)) | | < 1 2 . (6.12)

To see this, it suffices to notice that, for z ∈ Ω̃_n and |x| < R, we have |z − (2n − 1)B − θ − x| > 2 sup_{(x,ξ)∈R2, |α|≤N} 0 |∂^α_{x,ξ}V (x + θ, ξ)|. It follows from the Calderon- Vaillancourt theorem that for h small enough ‖V^w(x + θ, hD_x)E^{−1}_{0,−+}(z)‖ ≤ 1 2 . Combining this with (6.11) and using the equality A^w(x, hD_x, z) = (I − V^w(x + θ, hD_x)E^{−1}_{0,−+}(z))E_{0,−+}(z), we deduce that, for h small enough ‖A^w(x, hD_x, z)^{−1}‖ ≤ 2 (1 − μ)|Im θ| . By Proposition 7, we have E_{1,−+}(z) = A^w(x, hD_x, z)+O_n(h). Here the estimate of the norm O_n(h) depends on n, since the lower order symbol of a^ω(x, hD_x) is given by −(2n − 1)ΔV (x + θ, y)/4 . So for 0 < h ≤ h(n) we obtain the inversibility of E_{1,−+}(z), and according to (6.10), this completes the proof. □

References [1] J. Avron, I. Herbst and B. Simon, Schrödinger operators with magnetic fields. I. General interactions, Duke Math. J. 45 (1978), 847-883.

[2] J. Bellissard, C^∗-algebras in solid state physics-2D electrons in a uniform magnetic field in Warwick Conference on Operator Algebras, July 1987.

[3] V. Bruneau and V. Petkov, Meromorphic continuation of the spectral shift function, Duke Math. J. 116 (2003), 389-430.

[4] V. Bruneau, A. Pushnitski, G. Raikov, Spectral shift function in strong magnetic field, Algebra i Analiz, 16 207–238 (2004).

[5] M. Dimassi, Trace Asymptotics Formulas and Some Applications, Asymptotic Analysis, 18 (1998), 1-32.

[6] M. Dimassi, Développements asymptotiques de l’opérateur de Schrödinger avec champ magnétique fort, Commun. PDE. 26 (2001), 596-627.

[7] M. Dimassi, Spectral shift function and resonances for perturbations of periodic Schrödinger operators, to appear in J. Funct. Anal.

[8] M. Dimassi and J. Sjöstrand, Spectral asymptotics in the semi-classical limit, London Mathematical Society Lecture Note Series, 268, Cambridge University Press, Cambridge, 1999. xii+227. [9] M. Dimassi and M. Zerzeri, A local trace formula for resonances of perturbed periodic Schrödinger operators, J. Funct. Anal. 198 (2003), 142-159.

[10] M. Dimassi and V. Petkov, Spectral shift function and resonances for non semi-bounded and Stark hamiltonians, Journal Math. Pures et Appl. 82 (2003), 1303-1342.

[11] C. Ferrari and H. Kovarik, On the Exponential Decay of Magnetic Stark Resonances , Preprint, 2003.

[12] C. Ferrari and H. Kovarik, Resonances Width in Crossed Electric and Magnetic Fields, Preprint, 2003.

[13] C. Gérard, I. Laba, Multiparticle Quantum scattering in Constant Magnetic Fields, Mathematical Surveys and Monographs, 90, AMS, Providence, RI, 2002.

[14] B. Helffer and J. Sjöstrand, Equation de Schrödinger avec champ magnétique et équation de Harper, pp. 118-197 in Lecture Notes in Physics, No. 345, Springer, Berlin, 1989. [15] V. Ivrii, Microlocal analysis and precise spectral asymptotics, Springer, Berlin, 1988. [16] V. Ivrii, Sharp spectral asymptotics for operators with irregular coefficients, III, Schrödinger operators with a strong magnetic field, Preprint, 2003.

[17] A. Jensen, Bounds on resonances for Stark-Wannier and related Hamiltonians, J. Operator Theory, 19 (1988), 69-80.

[18] A. Jensen, Perturbation results for Stark effect resonances, J. Reine Angew. Math. 394 (1989), 168-179.

[19] T. Kato, Perturbation Theory, Springer-Verlag, New York, 1966.

[20] E. Korotyaev and A. Pushnitski, A trace formula and high energy asymptotics for the perturbed Landau Hamiltonian, to appear in J. Funct. Anal.

[21] M. Melgaard, G. Rosenblum, Eigenvalues asymptotics for weakly perturbed Dirac and Schrödinger operators with constant magnetic field of full rank, Commun. PDE. 28 (2003), 1-52. [22] V. Petkov and M. Zworski, Semi-classical estimates on the scattering determinant, Ann. Inst. H. Poincareé 2 (2001), 675-711.

[23] G. Raikov, Eigenvalue asymptotics for the Schrdinger operator with homogeneous magnetic potential and decreasing electric potential. I. Behaviour near the essential spectrum tips. Comm. Partial Differential Equations 15 407–434 (1990).

[24] G. Raikov, S. Warzel, Quasi-classical versus non-classical spectral asymptotics for magnetic Schrödinger operators with decreasing electric potentials, Rev. Math. Phys. 14 (2002), 1051-1072. [25] M. Reed and B. Simon, Methods of Modern Mathematical Physics, Analysis of Operators, Academic Press, New York, London, 1978.

[26] J. Sjöstrand and M. Zworski, Complex scaling and the distribution of scattering poles, J. Amer. Math. Soc. 4 (1991), 7219-769.

[27] J. Sjöstrand, A trace formula and review of some estimates for resonances, in Microlocal analysis and spectral theory (Lucca, 1996), 377–437, NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci., 490, Dordrecht, Kluwer Acad. Publ.1997.

[28] J. Sjöstrand, Resonances for bottles and trace formulae, Math. Nachr. 221 (2001), 95-149. [29] X. P. Wang, Bounds on widths of resonances for Stark hamiltonians, Acta Math. Sinica, Ser. B, 6 (1990), 100-119.

[30] X. P. Wang, On the Magnetic Stark Resonances in Two Dimensional Case, Lecture Notes in Physics, 403, Springer, Berlin, 1992, pp. 211-233.

[31] X. P. Wang, Barrier resonances in strong magnetic fields, Commun. PDE. 17 (1992), 1539- 1566.

[32] D. Yafaev, Mathematical Scattering Theory, Amer. Math. Society, Providence, RI, 1992.

Département de Mathématiques, Université Paris 13, Villetaneuse, France E-mail address: dimassi@math.univ-paris13.fr

Département de Mathématiques Appliquées, Université Bordeaux I, 351, Cours de la Libération, 33405 Talence, France E-mail address: petkov@math.u-bordeaux.fr