Exponentially small splitting for whiskered tori in Hamiltonian systems: Continuation of transverse homoclinic orbits

Amadeu Delshams and Pere Gutiérrez Departament de Matemàtica Aplicada I Universitat Politècnica de Catalunya Diagonal 647, 08028 Barcelona

amadeu.delshams@upc.es, pere.gutierrez@upc.es

December 19, 2002

Abstract

We consider an example of singular or weakly hyperbolic Hamiltonian, with 3 degrees of freedom, as a model for the behaviour of a nearly-integrable Hamiltonian near a simple resonance. The model consists of an integrable Hamiltonian possessing a 2-dimensional hyperbolic invariant torus with fast frequencies ω/ √ ε and coincident whiskers, plus a perturbation of order μ = ε^p. We choose ω as the golden vector. Our aim is to obtain asymptotic estimates for the splitting, proving the existence of transverse intersections between the perturbed whiskers for ε small enough, by applying the Poincaré–Melnikov method together with a accurate control of the size of the error term.

The good arithmetic properties of the golden vector allow us to prove that the splitting function has 4 simple zeros (corresponding to nondegenerate critical points of the splitting potential), giving rise to 4 transverse homoclinic orbits. More precisely, we show that a shift of these orbits occurs when ε goes across some critical values, but we establish the continuation (without bifurcations) of the 4 transverse homoclinic orbits for all values of ε → 0.

Keywords. Poincaré–Melnikov method, arithmetic properties of frequencies, transverse homoclinic orbits.

1 Introduction and main results

The application of the Poincaré–Melnikov method to the effective detection of transverse homoclinic orbits, associated to an n-dimensional whiskered torus of a Hamiltonian system with n + 1 degrees of freedom, needs to be carefully validated in the case of exponentially small splitting of separatrices, since this problem becomes singular with respect to the parameter ε of perturbation.

Such a validation requires to ensure that the Poincaré–Melnikov approximation dominates the error term and, consequently, provides the right estimates of the size of the splitting. This was first done in the case of hyperbolic periodic orbits of Hamiltonian systems with 2 degrees of freedom (n = 1), and saddle fixed points of area preserving maps, by estimating the error term with the help of complex parameterizations (see for instance [DS97, DR98], although such a technique was first introduced in a somewhat different case by Lazutkin [Laz84, Gel99], for the standard map).

When the dimension n of the whiskered torus is 2 or more, the validation of the method is even more involved because of the fundamental rôle played by the small divisors associated to the frequencies of the torus in the size of the Poincaré–Melnikov approximation, as noticed in [Loc90]. In fact, the most important feature is that the dominant Fourier coefficient of the quasiperiodic splitting function changes when so does the perturbation parameter ε, in a way that depends on the arithmetic properties of the frequencies of the whiskered torus. This phenomenon was detected in [Sim94], and rigorously established later [DGJS97] for the quasiperiodically forced pendulum.

A related important fact [Eli94, DG00a] is that, for n-dimensional whiskered tori of a Hamiltonian with n+1 degrees of freedom, the splitting vector distance and the Melnikov vector function are the gradient of scalar functions, called respectively splitting potential and Melnikov potential. This implies that transverse homoclinic orbits correspond to nondegenerate critical points of the splitting potential.

In this context, the existence of transverse homoclinic orbits (in the case n = 2) is proved in [Sau01, LMS99], but not for all values of ε → 0, since at some sequence of values of ε the dominant harmonics of the splitting function change, and homoclinic bifurcations could take place. Some examples of such bifurcations have been described in [SV01].

We consider in this paper some concrete perturbations in the case of 3 degrees of freedom (n = 2). We choose (like other papers quoted above) the golden vector of frequencies, and a perturbation with an infinite number of harmonics. In this situation, small divisors appear in the Melnikov function but, thanks to the simple arithmetic properties of the golden vector, it is possible to carry out an accurate analysis of the Melnikov function and its dominant harmonics. Applying the accurate bounds for the size of the error term obtained (from the use of flow-box coordinates) in our paper [DGS02], we show that the dominant harmonics of the splitting function correspond to the dominant harmonics in the Melnikov approximation, and from this we provide asymptotic estimates for the splitting. Such estimates allow us to show the existence of exactly 4 transverse homoclinic orbits, and their continuation for all values of the perturbation parameter ε → 0 (with no bifurcations).

Next we give a more precise description of the setting, the results from [DGS02] to be applied, and the new results obtained in the present paper.

1.1 Setup: A concrete example of singular Hamiltonian with 3 degrees of freedom

We consider a Hamiltonian system, with 3 degrees of freedom, depending on two perturbation parameters ε and μ. In canonical coordinates (x, y, φ, I) ∈ T × R × T^2 × R^2 , with the symplectic form dx ∧ dy + dφ ∧ dI, our Hamiltonian is defined by H(x, y, φ, I) = H_0(x, y, I) + μH_1(x, φ), (1) H_0(x, y, I) = ⟨ω_ε, I⟩ + 1 2 ⟨ΛI, I⟩ + y^2 2 + cos x − 1, (2)

H_1(x, φ) = h(x)f(φ). (3)

The concrete vector ω_ε of fast frequencies considered in (2) is given by the golden number: Ω = √ 5 − 1 2 , ω = (1, Ω), ω_ε = ω √ ε (4) (with ε > 0; we will also assume μ > 0 with no loss of generality). We have denoted Λ any symmetric (2 × 2)-matrix, such that H_0 satisfies the condition of isoenergetic nondegeneracy: det ( Λ ω ω^⊤ 0 ) ≠ 0. (5)

We also consider, in (3), the following concrete analytic periodic functions:

h(x) = cos x − ν, where ν = 0 or ν = 1, (6) f(φ) = ∑ k∈Z e^{−ρ|k|} sin ⟨k, φ⟩ , (7) where, to avoid repetitions in the Fourier expansion of f(φ), we denote Z = { k = (k_1, k_2) ∈ Z^2 : k_2 > 0 or (k_2 = 0, k_1 ≥ 0) } ; (8)

note that the constant ρ > 0 in (7) gives the complex width of analiticity of f(φ). In fact, our results will be valid for a somewhat more general function f(φ); see Section 3.

The Hamiltonian defined in (1–7) is a particular case, with 3 degrees of freedom, of the model considered in our paper [DGS02]. Our choice in (4) of the frequency vector given by the golden number Ω is motivated by its simple arithmetic properties. On the other hand, as in [DGS02] the two parameters ε and μ will not be independent. On the contrary, they will be linked by a relation of the type μ = ε^p with a suitable p > 0 (the smaller p the better), i.e. we consider a singular problem for ε → 0 (also called weakly hyperbolic, or a-prori stable). See for instance [DGS02, DG01] for a motivation of this singular setting.

1.2 Background: The Poincaré–Melnikov method with a bound for the error term

As in [DGS02], our approach is to work with (1–7) considering ε fixed and μ as the perturbation parameter. Our aim is to show that a smallness condition of the type μ ≤ ε^p is enough for the validity of the Poincaré–Melnikov method, despite the fact that the Melnikov function is exponentially small. The key point will be to carry out the bounds on complex domains, and use the quasiperiodicity properties of the splitting.

We recall here that the Hamiltonian H_0 (that corresponds to μ = 0) has a 2-parameter family of 2-dimensional whiskered tori given by the equations I = const, x = y = 0. The stable and unstable whiskers of each torus coincide, forming in this way a unique homoclinic whisker. We shall focus our attention on a concrete whiskered torus, located at I = 0, having the golden vector of frequencies ω_ε. The homoclinic whisker of this torus (denoted W_0) can be parameterized as

W_0 : Z_0(s, θ) = (x_0(s), y_0(s), θ, 0), s ∈ R, θ ∈ T^n, (9)

x_0(s) = 4 arctan e^s, y_0(s) = 2 cosh s

, (10)

and the inner flow is given by ṡ = 1, θ̇ = ω_ε.

We can check that hypotheses (H1–H4) of the paper [DGS02] are fulfilled by our example:

(H1) is the isoenergetic condition (5),

(H2) is the Diophantine condition: |⟨k, ω⟩| ≥ γ |k|^τ ∀k ∈ Z^2 \ {0} ; (11)

this holds with τ = 1 and some γ > 0 (see the remark at the end of Section 2).

(H3) is satisfied with l = 1 (the degree of the trigonometric polynomial h(x)).

(H4) holds with α = 2; this is a bound of the type ‖f‖_{ρ−δ} ≤ c/δ^α, related with the complex width of analyticity of f(φ) (see Section 3).

Under conditions (5) and (11), the hyperbolic KAM theorem implies that, for μ small enough, the whiskered torus persists, as well as its local whiskers. We point out that the difference between the two values of ν in (6) is that in the case ν = 0 the whiskered torus persists with some shift and deformation, whereas in the case ν = 1 it remains fixed under the perturbation, though the whiskers do suffer some deformation. A precise statement of the hyperbolic KAM theorem with the corresponding estimates (which are somewhat better in the case of a fixed torus) is given in [DGS02, Th. 1]. The parameters describing the flow on the whiskered torus and in a neighbourhood of it are slightly perturbed. Indeed, the Lyapunov exponent of the torus, which initially is 1, becomes a close amount b. Besides, in the isoenergetic KAM theory the (fast) frequency vector ω_ε introduced in (4), describing the flow on the torus, becomes perturbed to a vector ω̃_ε that is close and proportional to the initial one:

ω̃_ε = b^′ω_ε = b^′ω √ ε (12)

(in fact, b^′ = 1 in the case ν = 1). A bound for |b − 1| and |b^′ − 1| is given below in Theorem 0.

When the local whiskers are extended to global ones, one can expect in general the existence of splitting between the stable and unstable whiskers (denoted W^+ and W^−), since they will no longer coincide. To study this splitting, symplectic flow-box coordinates (S, E, φ, I) are introduced in [DGS02], in some neighbourhood containing a piece of both whiskers (and excluding the torus, where such coordinates are not valid). In the flow-box coordinates, the

Hamiltonian equations become very simple (Ṡ = b, Ė = 0, φ̇ = ω̃_ε, İ = 0). Besides, those coordinates can be constructed in such a way that the stable whisker is given by a coordinate plane, W^+ : W^+(s, θ) = (s, 0, θ, 0), (13) where the parameters (s, θ) are inherited from (9–10). Then, the unstable whisker can be parameterized, in the same neighbourhood, as W^− : W^−(s, θ) = (s, E(s, θ), θ, M(s, θ)), (14) and the inner flow on both whiskers is given by ṡ = b, θ̇ = ω̃_ε. To study the splitting, it is enough to consider the vector function M, called the splitting function (the function E is directly related to M by the energy conservation).

The use of flow-box coordinates implies the quasiperiodicity of the splitting function M, an important property related with its exponential smallness. More precisely, the function M is ω̂_ε-quasiperiodic: M(s, θ) = M (0, θ − ω̂_εs) , (15) where the vector ω̂_ε is also close and proportional to the initial frequency vector:

ω̂_ε := ω̃_ε b = b^′ω b √ ε . (16)

Another important property of M is that it is the gradient of a scalar function L, called the splitting potential: M(s, θ) = ∂_θL(s, θ) (and hence M has zero average). Then, the transverse homoclinic orbits can be studied on s = 0 (or any other section s = const), as nondegenerate critical points of L(0, θ).

Applying the Poincaré–Melnikov method, it is possible to give a first order approximation in μ for the splitting. The Melnikov potential and the Melnikov function are defined in [DGS02] as follows: L(s, θ) = − ∫_∞ −∞ [h(x_0(s + bt)) − h(0)] · f (θ + ω̃_εt) dt + const, (17) M(s, θ) = ∂_θL(s, θ). These functions are also ω̂_ε-quasiperiodic, since they are defined in terms of the perturbed Lyapunov exponent b and the perturbed frequencies ω̃_ε introduced in (12). As a consequence, the error term defined as R (s, θ) = M (s, θ) − μM (s + s_0, θ) (18) is also ω̂_ε-quasiperiodic, a crucial property that we use in the present paper. The amount s_0, not very relevant, has been introduced in order to compensate a translation of the parameterizations (13–14) with respect to the initial parameterization (9).

The key point in order to obtain exponentially small estimates for the functions involved is to carry out the bounds on complex domains of the parameters (s, θ). We define the domain P_{κ,ν,ρ} = {(s, θ) : |Re s| ≤ κ, |Im s| ≤ ν, Re θ ∈ T^n, |Im θ| ≤ ρ} and, for a function g(s, θ), we denote |g|_{κ,ν,ρ} its supremum norm on this domain.

Initially, the whiskers can be defined for |Im s| < π/2, |Im θ| < ρ. These restrictions are due to the singularity of (10) at s = ±iπ/2, and to the expression (7) involving ρ as the width of analyticity. This domain is reduced along the successive steps leading to define the splitting function and potential. One of the main achievements of [DGS02] is to construct the flow-box coordinates in such a way that the loss of complex domain is controlled by a free small parameter δ, with δ ≪ π/2 and δ ≪ ρ. Then, choosing δ = ε^a for some a > 0 and using that the involved functions are analytic, quasiperiodic and with zero average, it is possible to obtain exponentially small estimates.

With all these ingredients, we give below essentially the statement of [DGS02, Th. 10] (plus a bound for |b − 1| and |b^′ − 1| coming from [DGS02, Th. 1]), restricted to the particular case concerned in the present paper: τ = 1, l = 1, α = 2. The exponents q_1, . . . , q_4 correspond to the exponents appearing in [DGS02], easily computed from the general expressions given there. We stress that some improvement of the exponents can be given for the case of a fixed torus. Because of this, we have different estimates if we consider ν = 0 or ν = 1 in (6).

To express the bounds of functions we use the notation |f| ⪯ |g|, which means that we can bound |f| ≤ c |g|, with some constant c not depending on any of the parameters that will be relevant to us: ε, μ, δ. In this way, we do not describe the (usually complicated) dependence on amounts like n, τ, ρ, . . . and include this dependence in the ‘constants’.

Theorem 0 For a given δ > 0, assuming the conditions ε ⪯ 1, μ ⪯ δ^{q1} , μ ⪯ δ^{q2 +1} √ ε, (19)

the splitting function M (s, θ) = ∂_θL (s, θ) is analytic on P_{κ,π/2−δ,ρ−δ} (κ > 0), and ω̂_ε-quasiperiodic with ω̂_ε as in (16). For the amounts b and b^′ in (12) and (16), one has the bounds |b − 1| , |b^′ − 1| ⪯ μ δ^{q2} . The error term R(s, θ) defined in (18) is also ω̂_ε-quasiperiodic, and satisfies the following bound: |R|_{κ,π/2−δ,ρ−δ} ⪯ μ^2 δ^{q3} + μ^2 δ^{q4} √ ε . (20)

The exponents q_1, . . . , q_4, in the case ν = 0, are given by

q_1 = 8, q_2 = 4, q_3 = 14, q_4 = 12

and, in the case ν = 1, the exponents are given by

q_1 = 6, q_2 = 2, q_3 = 10, q_4 = 8.

We remark that, in the quoted result [DGS02, Th. 10], the splitting function is defined in a complex strip whose widths in |Im s| and |Im θ| are written as ν_3 = π/2 − 3δ and ρ_6 = ρ − 6δ. This comes from the number of successive reductions carried out until the splitting function can be defined. Of course, the value of δ can be rescaled. On the other hand, the width in |Re s| is some κ_3 that we have renamed as κ (related to the reach of the flow-box coordinates).

1.3 Description of the results

The main goal of this paper is to show that, for a singular Hamiltonian with the two parameters linked by a relation of the type μ = ε^p, the splitting can be approximated by the Melnikov function. This was shown in [DG00a], but assuming that μ is exponentially small in ε. In the present singular case μ = ε^p, we need to show that, in the Poincaré–Melnikov approximation (18) for whole splitting function M(s, θ), the term μM(s + s_0, θ) (exponentially small in ε) dominates, in some sense, the error term R(s, θ). A natural approach to this is to provide asymptotic estimates (or at least lower bounds) of the dominant harmonics of the Melnikov potential L. Such estimates have to be big enough in order to be valid also for the dominant harmonics of splitting potential L (recall that M = ∂_θL), showing that they dominate the part coming from R. It is then possible to prove the existence of simple zeros of M (with asymptotic estimates of the associated eigenvalues of ∂_θM), and hence transverse homoclinic orbits.

We carry out this scheme for the example with 3 degrees of freedom defined in (1–7). We have considered a very concrete frequency vector in (4), the golden one, for which a careful analysis of the associated small divisors can be done, making it possible to give the above mentioned asymptotic estimates. Then, applying previous results, summarized in Section 1.2, we prove the existence of exactly 4 transverse homoclinic orbits.

As a difference with respect to previous works [Sau01, LMS99, DG00a], we show that there exist exactly 4 transverse homoclinic orbits for any ε > 0 small enough. So we have a continuation of the homoclinic orbits as ε goes to 0, with no bifurcations.

In fact, we prove this result for a slight generalization of the example (1–7). Indeed, we replace the function f(φ) in (7) by a function having a more general Fourier expansion (33), introduced in Section 3. In order to prove the continuation of the transverse homoclinic orbits, we assume a quite general condition (explicited in Section 6) on the phases of the Fourier expansion of the function f(φ). This assumption on the phases excludes the case of a reversible perturbation (given by an even function f(φ)), often considered in related papers [Gal94, GGM99, RW98]. In such a case, bifurcations of some of the homoclinic orbits can occur when ε goes across some critical values. This kind of bifurcations has been described in [SV01], where the Arnold example (slightly modified) is considered.

Let us give now a short summary of the results presented. As said above, one of the main features of the example considered is that the frequency vector ω, given by the golden number, has nice arithmetic properties (in fact, other quadratic irrationals could also be considered). To start, in Section 2 we review these arithmetic properties, putting a special emphasis on a classification of the associated resonances.

In Section 3, we define the generalization of the function f(φ), in terms of arbitrary phases, and compute the Fourier coefficients of its Melnikov potential L. Next, in Section 4 we carry out an accurate analysis of the coefficients and find the dominant harmonics of the Fourier expansion in θ of L. Since we look for nondegenerate critical points on T^2 of the potential, we need at least the 2 most dominant harmonics. We show that, when ε goes across some critical values ε_n (defined below), some changes in the dominance occur. In fact, for ε close to ε_n, we have to consider the 3 most dominant harmonics because the second and third ones are of the same magnitude. We estimate the size of these dominant harmonics, and show that the sum of all other harmonics is much smaller. In Section 5, these estimates are translated from the Melnikov potential L to the splitting potential L, using the bound on the error term given above in Theorem 0.

Finally, in Section 6 we study the nondegenerate critical points of L (which correspond to simple zeros of M) and obtain the main result of this paper, which implies the existence of exactly 4 transverse homoclinic orbits. This result is valid in both the cases of 2 or 3 dominant harmonics, and ensures the continuation (without bifurcations) of the 4 homoclinic orbits for all values of ε → 0.

We state below as Theorem 1 the main result of this paper. The quasiperiodicity (15) of the splitting function M(s, θ) allows us to restrict ourselves to the section s = 0, and the (simple) zeros of M(0, θ) give rise to (transverse) homoclinic orbits. These (simple) zeros are given by (nondegenerate) critical points of the splitting potential L(0, θ). The theorem gives an asymptotic estimate for the maximum of the function M(0, θ), and ensures that it has 4 simple zeros θ_{(j)}, j = 1, 2, 3, 4, giving also an asymptotic estimate for the minimum eigenvalue (in modulus) of the splitting matrix ∂_θM ( 0, θ_{(j)} ) , for each zero. This eigenvalue provides a measure of the transversality of the homoclinic orbits.

To give a precise statement, we define

ε_0 = π^2(2 − Ω)^2Ω^4 4ρ^2

, ε_n = Ω^{4n}ε_0, (21)

the intervals I = [ Ω^2ε_1, Ω^{−2}ε_1 ] , I^′ = [ Ω^2ε_1, ε_1 ] , I^{′′} = [ ε_1, Ω^{−2}ε_1 ] , and the functions

h_1(ε) = 1 2 [( ε ε_1 )_{1/4} + ( ε_1 ε )_{1/4} ] = cosh ( ln ε − ln ε_1 4 ) , ε ∈ I, (22)

h_2(ε) = 1 2 [( ε ε_2 )_{1/4} + ( ε_2 ε )_{1/4}] = cosh ( ln ε − ln ε_2 4 ) , ε ∈ I^′, 1 2 [( ε ε_0 )_{1/4} + ( ε_0 ε )_{1/4} ] = cosh ( ln ε − ln ε_0 4 ) , ε ∈ I^{′′}, (23)

We extend these functions from the interval I to any ε > 0, in such a way that h_i ( Ω^4ε ) = h_i(ε). Then, the functions h_i(ε) obtained are continuous and 4 ln Ω-periodic in ln ε, and satisfy the inequalities 1 ≤ h_1(ε) ≤ 1.029086 ≤ h_2(ε) ≤ 1.118034 (for an illustration, see Figure 1 in Section 4). We also define the constant

C_0 = √ 2πρ 2 − Ω

. (24)

The next theorem states the main properties of the splitting function, in the section s = 0. We need an exponent p > p^∗, where p^∗ depends on the value of ν chosen in (6), i.e. whether the whiskered torus remains fixed or not.

We use the notation f ∼ g if we can bound c_1 |g| ≤ |f| ≤ c_2 |g| with positive constants c_1, c_2 not depending on the parameters ε, μ, δ.

Theorem 1 In the example (1–7), assume ε small enough and μ = ε^p with p > p^∗, where we define p^∗ = 2 if ν = 1, and p^∗ = 3 if ν = 0.

(a) max_{θ∈T2} |M(0, θ)| ∼ μ √ ε exp { − C_0h_1(ε) ε^{1/4} } . (b) The splitting function M(0, θ) has exactly 4 zeros θ_{(j)}, all simple, and (the modulus of) the minimum eigenvalue of ∂_θM(0, ·) at each zero satisfies

m_{(j)} ∼ με^{1/4} exp { − C_0h_2(ε) ε^{1/4} } , j = 1, 2, 3, 4.

In fact, the result established in Section 6 (Theorem 8) is a generalization of this one, in the sense that the function f(φ) in (7) is replaced by a function with a more general Fourier expansion (see Section 3) satisfying a suitable condition on the phases of its Fourier expansion. Such a conditon will be clearly fulfilled in the concrete case (7).

2 The golden vector

In order to carry out the analysis of the small divisors, the simplest case is that of the golden vector:

ω = (1, Ω), Ω = √ 5 − 1 2 = 0.618034 (25)

(the number considered in [DG00a] was Ω^{−1}, but this makes no important difference). Note that Ω^2 = 1 − Ω with 0 < Ω < 1. This frequency vector allows us to take advantage of the nice properties of the Fibonacci numbers. However, it is possible to generalize our results to other quadratic irrationals instead of Ω.

It is well-known that the golden vector ω satisfies the Diophantine condition (11), with τ = 1 and some γ > 0 (in fact, this can be deduced from Proposition 3). For every k ∈ Z^2 \ {0}, we define its associated “numerator” as γ_k = γ_k(ω) := |⟨k, ω⟩| · |k| (26) (we write |k| = |k|_1 = |k_1| + |k_2|), and note that always γ_k ≥ γ. The aim of this section is to provide a simple classification of the small divisors of ω according to the size of their numerators γ_k.

Consider the matrices T = ( 1 1 1 0 ) , U = − ( T^⊤ )_{−1} = ( 0 −1 −1 1 ) . The eigenvalues of T are Ω^{−1} and −Ω, with eigenvectors (1, Ω) = ω and ( 1, −Ω^{−1} ) respectively. Since T = T^⊤, the matrix U has the same eigenvectors, and their respective eigenvalues are −Ω and Ω^{−1}.

We point out that T is a unimodular matrix (i.e. T is a square matrix with integer entries and |det T | = 1). Besides, we stress that the matrix T has a unique eigenvalue with modulus greater than 1, whose associated eigenvector is our frequency vector. A matrix having such properties can also be constructed if Ω in (25) is replaced by another quadratic irrational. A generalization of the matrix T to higher dimensions is considered in [Koc99].

We say that an integer vector k ∈ Z^2 \ {0} is admissible (with respect to ω) if |⟨k, ω⟩| < 1/2, and denote A the set of admissible integer vectors. The analysis of the small divisors can be restricted to the set A, since for any k /∈ A one has |⟨k, ω⟩| > 1/2 and hence γ_k > |k| /2. The following equality is going to play a fundamental rôle: ⟨Uk, ω⟩ = ⟨ k, U^⊤ω ⟩ = −Ω ⟨k, ω⟩ . (27)

It implies that if k ∈ A, then also Uk ∈ A. We say that k is primitive if k ∈ A but U^{−1}k /∈ A. We deduce from (27) that the primitive vectors are exactly the ones satisfying Ω 2 < |⟨k, ω⟩| < 1 2 . (28)

It is clear that the admissible vectors are those of the form k̂(j) = (−m(j), j), where j ≠ 0 is an integer and m(j) is the closest integer to jΩ. We shall always assume that j > 0 with no restriction. When k̂(j) is primitive, we also say that j is primitive. We denote d(j) := ⟨ k̂(j), ω ⟩ = jΩ − m(j). For any given primitive j, we can define the following sequence of (admissible) integer vectors: s(j, n) := U^{n−1}k̂(j), n ≥ 1. (29) The following simple result says that the sequences generated by primitives cover the whole set of admissible vectors.

Lemma 2 For any k ∈ A, there exist a primitive j and an integer n ≥ 1, both unique, such that k = s(j, n).

Proof. If k ∈ A, one finds a unique primitive vector in the sequence U^{−n}k, n ≥ 0. Indeed, using (27) one has the equality |⟨U^{−n}k, ω⟩| = Ω^{−n} |⟨k, ω⟩|, and hence only one of the vectors U^{−n}k satisfies (28). □

It is not hard to see from (29), applying induction with respect to n, that s(j, n) = (−f(j, n − 1), f(j, n)), (30) where f(j, n) is a “generalized” Fibonacci sequence, f(j, n) = f(j, n − 1) + f(j, n − 2), starting from f(j, 0) = m(j) and f(j, 1) = j. Note that for j = 1 we have the (classical) Fibonacci sequence, since m(1) = 1.

The motivation for defining the sequences s(j, ·) is that they provide a classification of the small divisors, because the numerators γ_{s(j,n)} become nearly constant when n → ∞. Indeed, since s(j, n) ∈ A, for n large we have f(j, n) ≃ f(j, n − 1)Ω^{−1} (recall that f(j, n − 1) is the closest integer to f(j, n)Ω), and hence |s(j, n)| ≃ |s(j, n − 1)| Ω^{−1}. On the other hand, |⟨s(j, n), ω⟩| = Ω |⟨s(j, n − 1), ω⟩| and we obtain γ_{s(j,n)} ≃ γ_{s(j,n−1)}. In fact the numerators γ_{s(j,n)} oscillate around a “limit numerator”, which we denote γ^∗_j . In the next result we rigorously find this limit for each j, and show the oscillations of |s(j, n)| and γ_{s(j,n)} around their limit behaviours.

Proposition 3 For any primitive vector k̂(j) = (−m(j), j) with j > 0, its associated limit numerator is given by

γ^∗_j = lim_{n→∞} γ_{s(j,n)} = | j^2 − jm(j) − m(j)^2 | 2 − Ω , and one has:

(a) |s(j, n)| = f(j, n + 1) = Ω^{−(n+1)} ( m(j) + d(j) 2 − Ω ) − (−Ω)^{n+1} d(j) 2 − Ω ∀n ≥ 1. (b) γ_{s(j,n)} = γ^∗_j + ( −Ω^2 )_n |d(j)| d(j) 2 − Ω ∀n ≥ 1. (c) j 2(2 − Ω) < γ^∗_j < 3j 2(2 − Ω) .

Proof. We start by writing k̂(j) as the following linear combination of the eigenvectors of U:

k̂(j) = ( −m(j) j ) = c_1 ( 1 Ω ) − c_2 ( 1 −Ω^{−1} ) , c_1 = d(j) 2 − Ω

, c_2 = m(j) + c_1

(note that |c_1| < 1/2 and c_2 > 1). The following equalities are easily deduced from definition (29):

s(j, n) = (−Ω)^{n−1}c_1 ( 1 Ω ) − Ω^{−(n−1)}c_2 ( 1 −Ω^{−1} ) , |s(j, n)| = f(j, n + 1) = Ω^{−(n+1)}c_2 − (−Ω)^{n+1}c_1, |⟨s(j, n), ω⟩| = Ω^{n−1}(2 − Ω) |c_1| = Ω^{n−1} |d(j)| , and from the expression for |s(j, n)| we get statement (a). We also obtain γ_{s(j,n)} = |d(j)| ( Ω^{−2}c_2 + ( −Ω^2 )_n c_1 ) , whose limit for n → ∞ is

γ^∗_j = |d(j)| Ω^{−2}c_2 = Ω^{−2} | | | |d(j) ( m(j) + d(j) 2 − Ω )| | | = | j^2 − jm(j) − m(j)^2 | 2 − Ω , and we also deduce part (b).

Finally, part (c) is easily proved in the following rough way: | |j^2 − jm(j) − m(j)^2 | | = |d(j)((1 + 2Ω)j − d(j))| > Ω 2 ( (1 + 2Ω)j − 1 2 )

= ( 1 − Ω 2 ) j − Ω 4 ≥ ( 1 − 3Ω 4 ) j > j 2 , where we have used that Ω/2 < |d(j)| < 1/2, according to (28). One obtains the upper inequality in a similar way. □ To illustrate this result, we write down the (integer) limits

γ̃^∗_j = (2 − Ω)γ^∗_j = | |j^2 − jm(j) − m(j)^2 | | (31)

for the sequences generated by the first few primitives k̂(j) with j > 0, as well as a lower bound for the remaining ones. Note that the lower and upper bounds given in Proposition 3 imply a wide separation among the limit numerators in the sequences, except for some of them whose limits coincide.

k̂(j) γ̃∗_j (−1, 1) 1 (−2, 4) 4 (−4, 7) 5 (−6, 9) 9 (−7, 12) 11 (−9, 14) 11 k̂(j) γ̃∗_j (−11, 17) 19 (−12, 20) 16 (−14, 22) 20 (−15, 25) 25 (−17, 27) 19 j ≥ 28 > 14

In fact, it is easy to see that there exist infinite primitives. Indeed, taking two primitives k̂(j_1) and k̂(j_2) such that d(j_1) and d(j_2) have the same sign, and denoting k = k̂(j_1) + k̂(j_2), one sees that Ω < |⟨k, ω⟩| < 1, and one of Uk or U^2k is a new primitive vector, whose second component is greater than j_1 + j_2.

Remark. It is an obvious consequence of Proposition 3 that the exponent in the Diophantine condition (11) is τ = 1. Besides, it is not hard to find the constant γ as the minimum of the numerators γ_k, k ≠ 0. A simple inspection (including vectors k /∈ A) gives the rigorous value γ = γ_{(0,1)} = Ω. Nevertheless, it is more significant to give for γ the following asymptotic value (see also remark 3 after Theorem 8):

γ ≃ lim inf |k|→∞ γ_k = min { γ^∗_j : j is primitive } = γ^∗_1 = 1 2 − Ω

= 0.723607. (32)

3 The Melnikov potential of a generalized example

The Hamiltonian we consider in this and the subsequent sections, with 3 degrees of freedom, is given as in (1–6) but we consider, instead of (7), a more general perturbation: f(φ) = ∑ k∈Z f_k cos(⟨k, φ⟩ − σ_k ), with f_k = e^{−ρ|k|} and σ_k ∈ T, (33)

where Z ⊂ Z^2 is defined as in (8). Recall the difference between the two values of ν in (6): for ν = 1 the whiskered torus remains fixed under the perturbation, and for ν = 0 it does not.

In fact, a quite general condition on the phases σ_k will have to be fulfilled in order to guarantee the continuation of the homoclinic orbits (see this condition in Section 6). For instance, taking σ_k = π/2 for every k, one has the example (7), and the condition on the phases will be fulfilled for this concrete case.

On the other hand, we have α = 2 in hypothesis (H4) of [DGS02, Sect. 1.1], since α is the exponent obtained in the following estimate: ‖f‖_{ρ−δ} := ∑ k |f_k| e^{(ρ−δ)|k|} = ∑ k e^{−δ|k|} ∼ 1 δ^2 , where we have considered a norm which takes into account the Fourier expansion in the angular variables (see more details in [DGS02, Sect. 1.5]). This value of α has been used to give the exponents in Theorem 0.

We can obtain the Fourier expansion of the Melnikov potential using (17), together with (16). We have: L(s, θ) = − ∑ k∈Z\{0} f_k ∫_∞ −∞ (cos x_0(s + bt) − 1) cos (⟨k, θ + ω̃_εt⟩ − σ_k) dt = ∑ k∈Z\{0} L_k cos (⟨k, θ − ω̂_εs⟩ − σ_k) ,

L_k = 2f_k ∫_∞ −∞ cos ⟨k, ω̃_εt⟩ cosh^2 bt dt = 2π ⟨k, ω̂_ε⟩ f_k b sinh (_π 2 ⟨k, ω̂_ε⟩ ) = 2π |⟨k, ω̂_ε⟩| e^{−ρ|k|} b sinh | |^π_2 ⟨k, ω̂_ε⟩ | | (34)

(we take L_0 = 0 to have zero average). The integral has been computed by residues, and we have also used the formula cos x_0(bt) − 1 = −2/ cosh^2 bt. Notice that the value of ν does not influence the Melnikov potential, and that the phases σ_k in the Fourier expansion of L(0, θ) are the same as in the function f(φ) given in (33).

4 Dominant harmonics of the Melnikov potential

To show that the Melnikov potential has nondegenerate critical points, we have to consider at least the 2 most dominant harmonics in its Fourier expansion. As we see below, which the dominant harmonics are depends on ε. Nevertheless, for some values of ε we will have to consider the 3 most dominant harmonics because the second and the third ones can be of the same magnitude.

Studying the size of the coefficients L_k requires to use the arithmetic properties of our frequency vector. Taking into account the definition of γ_k in (26), we have |⟨k, ω̂_ε⟩| = | | | ⟨ k, b^′ω b √ ε ⟩| | | = b^′γ_k b |k| √ ε . Recall from Theorem 0 that b and b^′ are 1+O (μδ^{−q2} ). Using the equality sinh x = e^x(1−e^{−2x})/2, we obtain from (34) the following expression for the coefficients:

L_k = α_ke^{−βk} , (35)

where α_k = 4πb^′γ_k b^2 |k| √ ε [ 1 − exp { −^{πb′ γk} b|k| √ ε }] , β_k = ρ |k| + πb^′γ_k 2b |k| √ ε . (36)

The largest coefficients L_k will be given by the smallest exponents β_k.

A more suitable expression for those exponents is:

β_k = C_μ √ γ̃_k 2ε^{1/4} ( |k| ε^{1/4} D_μ √ γ̃_k + D_μ √ γ̃_k |k| ε^{1/4} ) , (37)

C_μ = √ 2πb^′ρ b(2 − Ω)

, D_μ = √ πb^′ 2b(2 − Ω)ρ = C_μ 2ρ , where we denote γ̃_k = (2 − Ω)γ_k, analogously to (31). Note that C_μ = C_0 + O (μδ^{−q2} ), D_μ = D_0 + O (μδ^{−q2} ), where C_0 is given in (24) and D_0 = C_0/2ρ. We deduce from (37) the lower bound β_k ≥ C_μ √ γ̃_k ε^{1/4} , (38)

which suggests that the size of the exponent β_k is strongly related to the sequence s(j, ·), defined in (29), to which k belongs, due to the fact that the numerators tend to a constant for each sequence. Indeed, recall from Proposition 3 that, for k belonging to the (classical) Fibonacci sequence s(1, ·), the limit of the γ̃_k is γ̃^∗_1 = 1, whereas the limits for all other sequences s(j, ·), j > 1, are γ̃^∗_j ≥ γ̃^∗_4 = 4 (recall that the γ̃^∗_j have been defined in (31)). This says that the smallest exponents can be found among the Fibonacci sequence. We show below in Lemma 4 that the 3 dominant harmonics are given by 3 consecutive Fibonacci harmonics, and we provide an estimate for their size through the associated exponents β_k. We also provide an estimate for the difference between the Melnikov potential and its approximation by the 2 or 3 dominant harmonics, in terms of the following dominant harmonic.

We recall the decreasing sequence ε_n previously defined in (21), and define a new sequence ε^′_n as follows:

ε_n = ((2 − Ω)Ω^{n+1}D_0)^4 = Ω^{4n}ε_0, ε^′_n = √ ε_nε_{n−1} = Ω^{4n−2}ε_0.

We now introduce the functions

g_n(ε) = 1 2 [( ε ε_n )_{1/4} + ( ε_n ε )_{1/4}] = g_0(Ω^{−4n}ε).

It is clear that each g_n has its minimum at ε = ε_n. Notice that, as a function of ln ε, the graph of g_n is simply the graph of g_0 translated a distance 4n ln Ω. This is illustrated in Figure 1, using logarithmic scale for ε for the sake of clarity.

We also define the following functions:

h_1(ε) = g_n(ε), for ε ∈ [ ε^′_{n+1}, ε^′_n ] , h_2(ε) = g_{n+1}(ε), h_3(ε) = g_{n−1}(ε), h_4(ε) = g_{n+2}(ε), for ε ∈ [ ε^′_{n+1}, ε_n ] , h_2(ε) = g_{n−1}(ε), h_3(ε) = g_{n+1}(ε), h_4(ε) = g_{n−2}(ε), for ε ∈ [ε_n, ε^′_n].

(39)

By connecting the successive intervals [ ε^′_{n+1}, ε^′_n ] , we get that these functions are continuous on the whole interval (0, ∞), and satisfy the equality h_i ( Ω^4ε ) = h_i(ε) for any ε > 0. In other words, the functions h_i are 4 ln Ω-periodic in ln ε. The functions h_i(ε) are also illustrated in Figure 1. It is not hard to check that the functions h_1(ε) and h_2(ε) are the ones defined in (22–23).

We can easily check that

1 ≤ h_1(ε) ≤ 1.029086 ≤ h_2(ε) ≤ 1.118034 ≤ h_3(ε) ≤ 1.272020 ≤ h_4(ε) ≤ 1.5, (40)

and equalities can take place only for ε = ε_n, ε^′_n. More precisely, for ε = ε_n we have h_1 < h_2 = h_3 < h_4, and for ε = ε^′_n we have h_1 = h_2 < h_3 = h_4.

For any given ε < ε_1, we define N_i = N_i(ε), i = 1, 2, 3, 4, as the 4 integers n ≥ 1 minimizing g_n(ε). This means that g_{N1} (ε) ≤ g_{N2} (ε) ≤ g_{N3} (ε) ≤ g_{N4} (ε) ≤ g_n(ε) ∀n ≠ N_1, N_2, N_3, N_4.

For ε belonging to a concrete interval ( ε^′_{n+1}, ε^′_n ) , the first mimimum is given by N_1 = n. The second and third mimima are N_2 = n ± 1, N_3 = n ∓ 1 depending on the subinterval to which ε belongs: ( ε^′_{n+1}, ε_n ) or (ε_n, ε^′_n). The fourth minimum is N_4 = n ± 2. The main fact that we shall use is that the values of the 4 minima are given by the functions h_i defined in (39). Indeed, one easily checks that

g_{Ni} (ε) = h_i(ε), i = 1, 2, 3, 4.

Notice that there is some ambiguity in the definition of N_i(ε) at the endpoints of the intervals, but the important fact is that they are critical values at which some of the N_i(ε) giving the minima change when ε goes across them. On the other hand, for a fixed ε it is easy to check that g_n(ε) grows geometrically for n ≠ N_i:

g_n(ε) ∼ Ω^nε^{−1/4} for n < N_i, (41) g_n(ε) ∼ Ω^{−n}ε^{1/4} for n > N_i (42)

(the notation ‘∼’ was introduced just before Theorem 1).

For the sake of shortness, we also denote

S_i = S_i(ε) := s(1, N_i(ε)), i = 1, 2, 3, 4,

the terms of the Fibonacci sequence indexed by the minimizing integers. As a consequence of Proposition 3 and the definition of N_i, one easily deduces the following estimate, to be used later: |S_i| ∼ Ω^{−Ni} ∼ ε^{−1/4}, i = 1, 2, 3, 4. (43) The next lemma implies that the 3 most dominant harmonics of the Melnikov potential are the ones corresponding to S_1, S_2, S_3, giving an estimate for their coefficients L_{Si} . Besides, the lemma provides an estimate for the sum of all the L_k (recall that they are all positive) except the l dominant ones (0 ≤ l ≤ 3), in terms of the first neglected harmonic. This can be considered a bound of the difference between the Melnikov potential and the main part of it, given by the dominant harmonics. In fact, since we are interested in some derivative of the Melnikov potential, we consider the sum of (positive) amounts of the type |k|^m L_k. Notice that the constant C_0 in the exponentials is the one defined in (24).

We recall that the notations ‘⪯’ and ‘∼’ were introduced just before Theorems 0 and 1 respectively.

Lemma 4 Assuming ε ⪯ 1 and μ ⪯ δ^{q2} ε^{1/4}, one has:

(a) L_{Si} ∼ 1 ε^{1/4} exp { − C_0h_i(ε) ε^{1/4} } , i = 1, 2, 3, 4.

Figure 1: The functions h_i(ε) (using logarithmic scale for ε)

(b) ∑ k≠S_1 ,...,S_l |k|^m L_k ∼ 1 ε^{m/4} L_{Sl+1} , 0 ≤ l ≤ 3, m ≥ 0.

Proof. We need to show that the largest coefficients L_k are the ones given by k = S_i. According to (35–36), this corresponds essentially to find the smallest exponents β_k. To begin, we study the coefficients indexed by the Fibonacci sequence: k = s(1, n). We deduce from Proposition 3, using m(1) = 1 and d(1) = Ω − 1, that |s(1, n)| = Ω^{−(n+1)} 2 − Ω + O ( Ω^{n+1} ) , γ̃_{s(1,n)} = 1 + O ( Ω^{2n} ) . (44)

Then, from (37) and the definition of ε_n we obtain the approximation β_{s(1,n)} ≃ C_0 2ε^{1/4} ( Ω^{−(n+1)}ε^{1/4} (2 − Ω)D_0 + (2 − Ω)D_0 Ω^{−(n+1)}ε^{1/4} ) = C_0g_n(ε) ε^{1/4} , (45)

and hence the functions g_n contain the main information on the size of the exponents β_{s(1,n)}.

Since the 4 smallest values of g_n(ε), for ε small enough, are the ones obtained for n = N_i(ε), and these smallest values coincide with the functions h_i(ε), the smallest exponents among the β_{s(1,n)} are β_{Si} ≃ C_0h_i(ε) ε^{1/4} , i = 1, 2, 3, 4. In fact, when we look at the true exponents β_{Si} , we actually have a perturbation of this situation. Substituting (44) into (37) and using that Ω^{2Ni} ∼ √ ε, we obtain: β_{Si} = C_0h_i(ε) + O ( √ ε, μδ^{−q2} ) ε^{1/4} , and the perturbative part can be neglected under the smallness conditions for ε and μ, since we have √ ε ⪯ ε^{1/4} and μδ^{−q2} ⪯ ε^{1/4}. We have shown that the exponents β_{Si} are the smallest among the exponents β_k for k in the Fibonacci sequence s(1, ·), but it is also important to stress (and we use this fact below in this proof) that the exponents β_{Si} , i = 1, 2, 3, 4, are also the smaller than any non-Fibonacci exponent β_k. Indeed, if k belongs to another sequence s(j, ·), we use the lower bound (38) and the fact that the limit of the √ γ̃_k is given by √ γ̃^∗_j ≥ 2 ≫ h_4(ε), ∀j > 1. (46)

On the other hand, for a non-admissible k, i.e. not belonging to any sequence s(j, ·) (see Section 2), we have γ_k > |k| /2 and we always find in (36) that β_k ⪰ 1/ √ ε for this case.

Once we have found the smallest exponents β_k, we show that the dominance in the coefficients L_k is not affected by the multiplicative term α_k in (35–36). Indeed, we deduce from (36) that α_k ⪯ β_k in general, and hence |ln α_k| ≪ β_k. In fact, the only possible exception could occur if the denominator [1 − exp {· · ·}] in (36) is too small. But this only happens if |k| ⪰ γ_k/ √ ε, and one then obtains α_k ⪯ 1. For the dominant coefficients L_{Si} , we see that [1 − exp {· · ·}] ∼ 1 and easily find the estimate α_{Si} ∼ ε^{−1/4}. This estimate, together with the one for β_{Si} , implies part (a).

Let us prove the bound of part (b) for l = 1. To bound the sum of the coefficients L_k for k ≠ S_1, we first consider the ones corresponding to Fibonacci harmonics: k = s(1, n), with n ≠ N_1, and divide them into the ones previous to S_1 and the ones after S_1. We call S^′_2 the last Fibonacci previous to S_1, and S^{′′}_2 the first Fibonacci after S_1; notice that S_2 is one of S^′_2, S^{′′}_2 . For any s(1, n) previous to S_1 (i.e. n < N_1), we use (45) and (41): β_{s(1,n)} ∼ Ω^n √ ε , and we get that the corresponding coefficients L_{s(1,n)} grow faster than geometrically, and the same can be said for the coefficients |s(1, n)|^m L_{s(1,n)} of the derivative. Then, their sum can be (essentially) estimated by the last coefficient: ∑ n<N_1 |s(1, n)|^m L_{s(1,n)} ∼ |S^′_2|^m L_S′_2 ∼ 1 ε^{m/4} L_S′_2 . (47)

For any s(1, n) after S_1 (i.e. n > N_1), we proceed analogously, but using (42), and deduce that the corresponding coefficients L_{s(1,n)} decrease faster than in a geometric series. As before, we obtain ∑ n>N_1 |s(1, n)|^m L_{s(1,n)} ∼ |S^{′′}_2 |^m L_S′′_2 ∼ 1 ε^{m/4} L_S′′_2 . (48)

To bound the sum of the non-Fibonacci coefficients we may proceed in a similar way, dividing them into the cases |k| ⪯ ε^{−1/4} and |k| ⪰ ε^{−1/4}. In the first case, we can use that the number of such terms is O (1/ √ ε), together with the bound (38) and the inequality (46), obtaining an upper bound smaller than (47–48). In the second case, the same is true because those terms can be bounded by a geometric series.

Finally, we point out that the proof of (b) in the other cases l ≠ 1 is analogous. The only difference is that one has to exclude from the sum some dominant Fibonacci harmonics, which are consecutive, instead of excluding only the most dominant harmonic. □

5 Dominant harmonics of the splitting potential

The estimates given in Lemma 4 for the dominant harmonics of the Melnikov potential L(s, θ) can be used as a first approximation to study the simple zeros of the Melnikov function M = ∂_θL, on a concrete section s = const. Now, we want to show that, assuming μ = ε^p for a suitable p > 0, the dominant harmonics remain essentially unchanged when one considers the whole splitting function M(s, θ), including the error term (18).

Recalling that M = ∂_θL, and taking into account that the splitting potential L is ω̂_ε-quasiperiodic, we can write L(s, θ) = ∑ k∈Z^2 L^∗_ke^{i⟨k,θ−ω̂εs⟩} = ∑ k∈Z L_k cos (⟨k, θ − ω̂_εs⟩ − τ_k) , (49)

where L_k, τ_k are real, L_k ≥ 0 (recall that Z is defined in (8)). For every k ∈ Z, the coefficients of the exponential form and the trigonometric form are related by L^∗_k =^1_2 L_ke^{−iτk} , L^∗_{−k} = L^∗_k =^1_2 L_ke^{iτk} . The analogous coefficients for the splitting function M(s, θ) are M^∗_k = ikL^∗_k (in the exponential form). In the next lemma, we use the bound on the error term R(s, θ), given in Theorem 0, to compare the coefficients of the splitting potential with those of the Melnikov potential. We also compare, for the dominant coefficients, the phases τ_k, σ_k of both potentials (this is affected by the translation s_0 that appears in (18)).

Lemma 5 Assuming ε ⪯ 1, μ = ε^p with p > p^∗ := q_3 − 2 4 (50)

(we defined q_3 in Theorem 0), one has:

(a) L_{Si} ∼ μ ε^{1/4} exp { − C_0h_i(ε) ε^{1/4} } , |τ_{Si} − σ_{Si} − s_0 ⟨S_i, ω̂_ε⟩| ⪯ μ ε^{p∗} , i = 1, 2, 3, 4. (b) ∑ k≠S_1 ,...,S_l |k|^m L_k ∼ 1 ε^{m/4} L_{Sl+1} , 0 ≤ l ≤ 3, m ≥ 0.

Proof. Assuming the smallness conditions (19) on μ, with δ to be chosen, we know from Theorem 0 that the splitting function M(s, θ) can be defined on P_{κ,π/2−δ,ρ−δ}, and we have the upper bound (20) for the error term |R|_{κ,π/2−δ,ρ−δ}. Since R is ω̂_ε-quasiperiodic, applying to it a standard result (see, for instance, [DGS02, Lemma 11]) we get the following bound for its Fourier coefficients: |R^∗_k| ⪯ ( μ^2 δ^{q3} + μ^2 δ^{q4} √ ε ) e^{−β̃k} , β̃_k = (ρ − δ) |k| + (π/2 − δ)b^′γ_k b |k| √ ε , for any k ≠ 0. Since R^∗_k = ik ( L^∗_k − μL^∗_ke^{−is0 ⟨k,ω̂ε⟩} ) , taking modulus and argument we get |L_k − μL_k| ⪯ |R^∗_k| |k| , |τ_k − σ_k − s_0 ⟨k, ω̂_ε⟩| ⪯ |R^∗_k| |k| μL_k .

Proceeding as in (37), but now with π/2 − δ and ρ − δ instead of π/2 and ρ, we have: β̃_k = C^{μ,δ} √ γ̃_k 2ε^{1/4} ( |k| ε^{1/4} D_{μ,δ} √ γ̃_k + D_{μ,δ} √ γ̃_k |k| ε^{1/4} ) , now with C_{μ,δ} = C_0 + O (μδ^{−q2} , δ), D_{μ,δ} = D_0 + O (μδ^{−q2} , δ). Proceeding as in the proof of Lemma 4, we obtain

β̃_{Si} = C^0h^i(ε) + O ( √ ε, μδ^{−q2} , δ) ε^{1/4} , and the perturbative part can be neglected if μ ⪯ δ^{q2} ε^{1/4} and δ ⪯ ε^{1/4}. So we choose

δ = ε^{1/4},

and the smallness conditions (19) can be rewritten as μ ⪯ ε^{q1 /4}. Note that the condition on μ containing the exponent q_2 in (19) can be ignored, since q_1 ≥ q_2 + 3. Then, using also (43), we get |L_{Si} − μL_{Si} | ⪯ μ^2 ε^{(q3−1)/4} exp { − C_0h_i(ε) ε^{1/4} } . (51)

As before, the term containing the exponent q_4 can be ignored, since q_3 ≥ q_4 + 2. The upper bound (51) is dominated by the term |μL_{Si} |, estimated in Lemma 4, if one takes μ = ε^p with p > (q_3 − 2)/4. Since q_3 − 2 ≥ q_1, it is enough to consider p^∗ as defined in (50), and this implies the first statement of (a). The second statement of (a) is proved in a similar way.

The remaining coefficients |L_k − μL_k|, for k ≠ S_i, can be bounded from above analogously to the coefficients L_k in the proof of Lemma 4, and this gives statement (b). □

Remarks.

1. Notice that the exponent p^∗ is the one announced in Section 1.3 (see Theorem 1): for ν = 0 we have q_3 = 14 and hence p^∗ = 3, and for ν = 1 we have q_3 = 10 and p^∗ = 2.

2. In fact, we should recall that the results of this paper rely on the application of the hyperbolic KAM theorem [DGS02, Th. 1] with n = 2 as the number of frequencies, and with τ = 1 as the exponent in the Diophantine condition (11). To be strictly rigorous, the quoted theorem cannot be directly applied because the condition τ > n − 1 should be required. Nevertheless, it is clear that ω also satisfies (11) with any τ > 1, and one easily sees that this does not affect the final restriction p > p^∗ in (50).

6 Critical points of the splitting potential: transverse homoclinic orbits and their continuation

We are going to use in this section the estimates given in Lemma 5, to show that the splitting potential L(0, θ) has nondegenerate critical points (fixing s = 0). First, we will study the critical points for the approximations given by the 2 or 3 most dominant harmonics:

L^{(2)}(θ) = ∑ i=1,2 L_{Si} cos (⟨S_i, θ⟩ − τ_{Si} ) , L^{(3)}(θ) = ∑ i=1,2,3 L_{Si} cos (⟨S_i, θ⟩ − τ_{Si} ) . (52)

Afterwards, we discuss the validity of these critical points in the whole function L(0, θ), by means of a quantitative version of the implicit function theorem, given in the Appendix. As the functions h_i(ε) defined in (39) suggest, it is enough to consider the 2 dominant harmonics for most values of ε, but for ε close to a critical value ε_n we have to consider the 3 dominant harmonics.

To start, we study the function L^{(2)} for ε ≠ ε_n, and the function L^{(3)} for ε ≠ ε^′_n. To fix ideas, we look at concrete intervals: we assume ε ∈ (ε_n, ε_{n−1}) in the first case, and ε ∈ ( ε^′_{n+1}, ε^′_n ) in the second case. Recalling Figure 1, note that S_1 = s(1, n), S_2 = s(1, n + 1), S_3 = s(1, n − 1), for ε ∈ ( ε^′_{n+1}, ε_n ) , S_1 = s(1, n), S_2 = s(1, n − 1), S_3 = s(1, n + 1), for ε ∈ (ε_n, ε^′_n), S_1 = s(1, n − 1), S_2 = s(1, n), for ε ∈ (ε^′_n, ε_{n−1}).

In order to have a simpler expression for the functions L^{(i)}(θ), we carry out in both cases the linear change (θ_1, θ_2) → (ψ_1, ψ_2) defined by ψ_1 = ⟨s(1, n − 1), θ⟩ − τ_{s(1,n−1)}, ψ_2 = ⟨s(1, n), θ⟩ − τ_{s(1,n)}, (53) which can be written as

ψ = A_nθ − b_n, where A_n = ( s(1, n − 1)^⊤ s(1, n)^⊤ ) , b_n = ( τ_{s(1,n−1)} τ_{s(1,n)} ) . This change is one-to-one on T^2, because det A_n = (−1)^{n−1} as one may check by induction. With this change, the functions L^{(2)}(θ), L^{(3)}(θ) move respectively to the following ones:

K^{(2)}(ψ) = A cos ψ_1 + B cos ψ_2, (54) K^{(3)}(ψ) = Bη(1 − Q) cos ψ_1 + B cos ψ_2 + BηQ cos(ψ_1 + ψ_2 − △τ),

where we denote A = L_{s(1,n−1)}, B = L_{s(1,n)}, η = L_{s(1,n−1)} + L_{s(1,n+1)} L_{s(1,n)} , Q = L_{s(1,n+1)} L_{s(1,n−1)} + L_{s(1,n+1)} , △τ = τ_{s(1,n+1)} − τ_{s(1,n)} − τ_{s(1,n−1)} ∈ T = R/2πZ. (55) Note that A, B, η and Q are positive, because so are the coefficients L_k in (49). Looking at K^{(2)}, we have B = L_{S1} , A = L_{S2} for ε ∈ (ε_n, ε^′_n), and A = L_{S1} , B = L_{S2} for ε ∈ (ε^′_n, ε_{n−1}), i.e. the first and second dominant harmonics swap when ε goes across the value ε^′_n.

Instead, when looking at K^{(3)} we have B = L_{S1} for any ε ∈ ( ε^′_{n+1}, ε^′_n ) . So the first dominant harmonic of K^{(3)} is always cos ψ_2, whereas the second and third ones swap when ε goes across ε_n. Note that η measures the size of the second and third harmonics with respect to the first one, and Q is an indicator of the relative weight of the second and third harmonics (0 < Q < 1). We study K^{(3)} in terms of η and Q, considering η as a perturbation parameter (note that η ∼ L_{S2} /L_{S1} is small except for ε close to the endpoints ε^′_n, ε^′_{n+1}). However, we have to point out that η and Q are not independent parameters, because they are both linked to ε.

In the next lemma, we show the existence of 4 critical points for η small enough and any Q, provided the difference of phases △τ ∈ T is not very close to 0 or π (mod 2π). To measure this closeness, we denote τ^∗ = min(|△τ| , |△τ − π|).

Lemma 6

(a) The function K^{(2)} has exactly 4 critical points, all nondegenerate: ψ^{(2)}_{(1)} = (0, 0), ψ^{(2)}_{(2)} = (0, π), ψ^{(2)}_{(3)} = (π, 0),

ψ^{(2)}_{(4)} = (π, π). At the critical points, | | |det D^2K^{(2)} ( ψ^{(2)}_{(j)} )| | = AB. (b) Assume τ^∗ > 0 and define E^{(±)}, α^{(±)} by

E^{(±)} = √ 1 − 2Q(1 − Q)(1 ∓ cos △τ),

cos α^{(±)} = (1 − Q) ± Q cos △τ E^{(±)} , sin α^{(±)} = ±Q sin △τ E^{(±)} . Then, for any Q ∈ [0, 1] and 0 < η ⪯ τ^∗ the function K^{(3)} has exactly 4 critical points, all nondegenerate: ψ^{(3)}_{(j)} = ψ^{(3)}_{(j),0} + O(η), j = 1, 2, 3, 4, where ψ^{(3)}_{(1),0} = ( α^{(+)}, 0 ) , ψ^{(3)}_{(2),0} = ( α^{(−)}, π ) , ψ^{(3)}_{(3),0} = ( α^{(+)} + π, 0 ) , ψ^{(3)}_{(4),0} =

( α^{(−)} + π, π ) . At the critical points, | | |det D^2K^{(3)} ( ψ^{(3)}_{(1,3)} )| | = B^2 ( E^{(+)}η + O ( η^2 )) , | |det D_2K_{(3)} (ψ(3)_{(2,4)}) | | = B_2 (E_{(−)}η + O (η_2)) .

Proof. We do not prove part (a), because it is very simple. Instead, the proof of (b) requires some more work. The critical points of K^{(3)} are the solutions of the following system of equations:

sin ψ_2 = η(1 − Q) sin ψ_1, (1 − Q) sin ψ_1 + Q sin(ψ_1 + ψ_2 − △τ) = 0. (56)

It is clear that, for η small enough, the solutions of the first equation of (56) are two curves in T^2, defined by

ψ_2 = f_η(ψ_1) = O(η), ψ_2 = π − f_η(ψ_1).

Replacing ψ_2 = f_η(ψ_1) into the second equation of (56), one obtains the equation F^{(+)}_η (ψ_1) = 0, with

F^{(+)}_η (ψ_1) = (1 − Q) sin ψ_1 + Q sin(ψ_1 − △τ) + O(η)

= E^{(+)} sin ( ψ_1 − α^{(+)} ) + O(η). For η = 0, the solutions are clearly α^{(+)} and α^{(+)} + π, except for the case that E^{(+)} = 0 (which happens if △τ = π, Q = 1/2). Note that E^{(+)} ≥ √ (1 + cos △τ)/2 ⪰ τ^∗ and, consequently, these solutions persist for η ⪯ τ^∗ (in fact, this is a simple consequence of Proposition 9). The perturbed solutions obtained give rise to the critical points ψ^{(3)}_{(1)} , ψ^{(3)}_{(3)} .

Analogously, one can replace ψ_2 = π−f_η(ψ_1) into the second equation of (56), obtaining the equation F^{(−)}η (ψ_1) = 0, with

F^{(−)}_η (ψ_1) = (1 − Q) sin ψ_1 − Q sin(ψ_1 − △τ) + O(η)

= E^{(−)} sin ( ψ_1 − α^{(−)} ) + O(η), and for η = 0 the solutions are α^{(−)} and α^{(−)} + π, except for the case that E^{(−)} = 0 (which happens if △τ = 0, Q = 1/2). In this case, E^{(−)} ≥ √ (1 − cos △τ)/2 ⪰ τ^∗ and, proceeding as before, one obtains the critical points ψ^{(3)}_{(2)} ,

ψ^{(3)}_{(4)} .

The determinant is easily computed. We have

det D^2K^{(3)}(ψ) = B^2 ( η cos ψ_2 · ((1 − Q) cos ψ_1 + Q cos(ψ_1 + ψ_2 − △τ)) + O ( η^2 )) for any ψ ∈ T^2. At the point ψ^{(3)}_{(1)} = ( α^{(+)}, 0 ) + O(η), we obtain

det D^2K^{(3)} ( ψ^{(3)}_{(1)} ) = B^2 ( η ( F^{(+)}_0 )_′ ( α^{(+)} ) + O ( η^2 )) = B^2 ( E^{(+)}η + O ( η^2 )) , and similarly with ψ^{(3)}_{(2)} , ψ^{(3)}_{(3)} , ψ^{(3)}_{(4)} . □

Remarks.

1. The amount τ^∗, which measures the distance from △τ to the “forbidden” values 0 and π (mod 2π), depends on n, as we see in (55). However, in Theorem 8 we will assume τ^∗ greater than a concrete positive constant (independent of n) by imposing a simple condition on the phases σ_{s(1,n)} of the initial perturbation (33).

2. If △τ is near to 0 or π, one of the determinants (given at first order by E^{(±)}) can be very small. Then, studying more carefully the term O(η) neglected from the equations one could show that, near Q = 1/2, bifurcations of some of the 4 critical points can take place, giving rise to 6 critical points. This happens, for instance, if the Hamiltonian considered in (33) is reversible, i.e. the function f(φ) is even, because one then has σ_k = 0 for any k. Such bifurcations have been shown in [SV01], where the Hamiltonian considered is (a slight modification of) the classical Arnold’s example.

3. It can be interesting to study the character of the critical points found. In both cases i = 2, 3, we see that K^{(i)} has a maximum at ψ^{(i)}_{(1)}, a miminum at ψ^{(i)}_{(4)}, and saddles at ψ^{(i)}_{(2)}, ψ^{(i)}_{(3)}.

We can give a description, illustrated in Figure 2, of the continuation of the critical points of K^{(3)} as Q goes from 0 to 1 (recall that this corresponds to transfer the second dominance from the harmonic cos ψ_1 to the harmonic cos(ψ_1 + ψ_2 − △τ)). Assuming 0 < △τ < π, the point ψ^{(3)}_{(1),0} drifts on a line from (0, 0) to (△τ, 0) with the first component increasing. On the other hand, the point ψ^{(3)}_{(2),0} drifts on a line from (0, π) to (△τ + π, π) with the first component decreasing. Recall that ψ^{(3)}_{(3,4),0} = ψ^{(3)}_{(1,2),0} + (π, 0). If one assumes π < △τ < 2π, the situation is analogous, but the points reverse their motion. When one considers the perturbed points ψ^{(3)}_{(j)} = ψ^{(3)}_{(j),0} + O(η), the lines become close curves. This picture does not hold for △τ near to 0 or π (see remark 2), because in this case there are bifurcations of some of the critical points.

Next, we translate the results of Lemma 6 from the functions K^{(i)}(ψ) to the functions L^{(i)}(θ), through the linear change (53), obtaining the critical points

θ^{(i)}_{(j)} = A^{−1}_n ( ψ^{(i)}_{(j)} + b_n ) , j = 1, 2, 3, 4, i = 2, 3. (57)

We also find an estimate for the minimum eigenvalue (in modulus) of D^2L^{(i)} at each point θ^{(i)}_{(j)}; we denote m^{(i)}_{(j)} this eigenvalue, closely related with the transversality of the homoclinic orbit associated to the critical point θ^{(i)}_{(j)}.

Lemma 7

(a) The function L^{(2)} has exactly 4 critical points θ^{(2)}_{(j)} , given by (57), all nondegenerate and satisfying

m^{(2)}_{(j)} ∼ √ εL_{S2} , j = 1, 2, 3, 4. (b) Assuming τ^∗ > 0 and L_{S2} ⪯ τ^∗L_{S1} , the function L^{(3)} has exactly 4 critical points θ^{(3)}_{(j)} , given by (57), all nondegenerate and satisfying τ^∗ √ εL_{S2} ⪯ m^{(3)}_{(j)} ⪯ √ εL_{S2} , j = 1, 2, 3, 4.

Proof. For the minimum eigenvalue (in modulus) of D^2L^{(2)} ( θ^{(2)}_{(j)} ) , we use the following expression:

m^{(2)}_{(j)} = 2 |D| |T | + √ T^2 − 4D

, (58)

Figure 2: Continuation of the critical points from Q = 0 to Q = 1 where we denote D = det D^2L^{(2)} ( θ^{(2)}_{(j)} ) and T = tr D^2L^{(2)} ( θ^{(2)}_{(j)} ) . So we have to find estimates for D and T . It

is clear that D^2L^{(2)} ( θ^{(2)}_{(j)} ) = A^⊤_n D^2K^{(2)} ( ψ^{(2)}_{(j)} ) A_n and, since |det A_n| = 1, we obtain directly from Lemma 6 that

|D| = AB = L_{S1} L_{S2} . On the other hand, writing D^2K^{(2)} ( ψ^{(2)}_{(j)} ) = ( k_{11} k_{12} k_{12} k_{22} ) we see that

D^2L^{(2)} ( ψ^{(2)}_{(j)} ) = k_{11}s(1, n − 1)s(1, n − 1)^⊤

+k_{12} ( s(1, n − 1)s(1, n)^⊤ + s(1, n)s(1, n − 1)^⊤ ) +k_{22}s(1, n)s(1, n)^⊤

and, using (30), we obtain

T = k_{11} ( f(1, n − 2)^2 + f(1, n − 1)^2 ) + 2k_{12}f(1, n − 1) (f(1, n − 2) + f(1, n)) +k_{22} ( f(1, n − 1)^2 + f(1, n)^2 ) . (59)

Using that |k_{11}| = A, |k_{22}| = B and k_{12} = 0, and also that L_{S1} = max(A, B) and estimate (43), we deduce that |T | ∼ 1 √ ε L_{S1} . (60)

Since |D| ≪ T^2, we see from (58) that

m^{(2)}_{(j)} ∼ |D| |T | ∼ √ εL_{S2} .

To estimate the minimum eigenvalue of D^2L^{(3)} ( θ^{(3)}_{(j)} ) , we can proceed analogously. Applying Lemma 6, we obtain |D| = B^2 ( E^{(±)}η + O ( η^2 )) ∼ L^2_{S1} E^{(±)}η ∼ E^{(±)}L_{S1} L_{S2} ⪰ τ^∗L_{S1} L_{S2} ,

under the additional condition η ∼ L_{S2} L_{S1} ⪯ τ^∗. We have used that B = L_{S1} and the fact that τ^∗ ⪯ E^{(±)} (as seen in the proof of Lemma 6). On the other hand, to give an estimate for T we can use equality (59) with |k_{22}| = B (1 + O(η)) ∼ L_{S1} and |k_{11}| , |k_{12}| ⪯ Bη ∼ L_{S2} , obtaining an estimate like (60) again and, consequently, the expected estimate for m^{(3)}_{(j)} . □

Remark. It is also interesting to study, applying the linear change (53) to Figure 2, the continuation of the critical points θ^{(3)}_{(j)} of L^{(3)} as Q goes from 0 to 1. Recall that the critical points ψ^{(3)}_{(j)} of K^{(3)} drift on curves close to the lines

ψ_2 = 0, ψ_2 = π. Then, through the linear change (53) we see that the points θ^{(3)}_{(j)} drift on curves close to 2 lines ⟨s(1, n), θ⟩ = const. Note that their slope is f(1, n − 1)/f(1, n), which tends to Ω as n → ∞ (i.e. as ε → 0).

After having studied the critical points of the approximations L^{(2)}, L^{(3)}, the last step is to show their persistence in the whole splitting potential L. To ensure the continuation of the critical points as ε → 0, we assume in (33) that the difference of phases △σ_n := σ_{s(1,n+1)} − σ_{s(1,n)} − σ_{s(1,n−1)} (61)

keeps far away from 0 or π (mod 2π) for any n. The next theorem is formulated in terms of the splitting function, M(0, θ) = ∂_θL(0, θ), which gives a measure of the distance between the whiskers. The result for M(0, θ) can be extended to M(s, θ) in a natural way, because of the quasiperiodicity (15) of this function.

In this theorem, we establish the existence of 4 simple zeros of M(0, θ), denoted θ_{(j)}, j = 1, 2, 3, 4, and we provide for these zeros an estimate for the minimum eigenvalue (in modulus) of the splitting matrix ∂_θM ( 0, θ_{(j)} ) , which is clearly symmetric. As pointed out in [DG00b], this minimum eigenvalue provides a lower bound for the transversality of the homoclinic orbit associated to the zero θ_{(j)}.

For the sake of completeness, we have also included a much simpler statement concerning the maximum size (in modulus) of the splitting function M(0, θ), giving in this way an estimate for maximum splitting distance. Notice the difference in the exponents of the estimates of parts (a) and (b), illustrated by the functions h_1(ε) and h_2(ε) in Figure 1.

We point out that a concrete example in which the condition that △σ_n keeps far away from 0 or π (mod 2π) is the one introduced in (7). Indeed, in this example all phases are σ_k = π/2, and therefore △σ_n = −π/2 for any n. In fact, we gave in Section 1.3 a simplified version of the theorem for this concrete case.

Theorem 8 In the example defined by (1–6) and (33), assume that the differences (61) satisfy the inequality min(|△σ_n| , |△σ_n − π|) ≥ σ^∗ > 0, with σ^∗ independent of n. For any

ε ⪯ (σ^∗)^{1/(p−p∗)} , μ = ε^p with p > p^∗, (62)

one has:

(a) max_{θ∈T2} |M(0, θ)| ∼ μ √ ε exp { − C_0h_1(ε) ε^{1/4} } . (b) The function M(0, θ) has exactly 4 zeros θ_{(j)}, all simple, and (the modulus of) the minimum eigenvalue of ∂_θM(0, ·) at each zero satisfies

σ^∗με^{1/4} exp { − C_0h_2(ε) ε^{1/4} } ⪯ m_{(j)} ⪯ με^{1/4} exp { − C_0h_2(ε) ε^{1/4} } , j = 1, 2, 3, 4.

Proof. We first show that part (a) is a simple consequence of Lemma 5 and the fact that M = ∂_θL. It is enough to consider as in (52) the approximation L^{(2)} given by the 2 most dominant harmonics. We can easily give an estimate for ∂_θL^{(2)} by writing it in the variables ψ as in (54). Using also Lemma 5, we obtain | | |∂θL^{(2)} | | | ∼ 1 ε^{1/4} L_{S1} , | | |∂θL(0, ·) − ∂θL^{(2)} | | | ⪯ 1 ε^{1/4} L_{S3} (we are using here the notation |·| for the supremum norm of a function on the real domain T^2), and this gives the expected estimate for |M(0, ·)|. We stress that, if ε is not close to some ε^′_n, it would have been enough to consider only the first dominant harmonic, and bound the sum of all other harmonics from the second one, but if ε is close to ε^′_n we need to consider 2 harmonics.

To prove part (b), we will show that L has nondegenerate critical points by applying Proposition 9 (the implicit function theorem; see the Appendix) to a suitable approximation, L^{(2)} or L^{(3)}, depending on the closeness of ε to the values ε_n, ε^′_n. In some interval around ε^′_n, we consider L^{(2)} and, near ε_n, we consider L^{(3)}. Our aim is to show that these two intervals intersect and therefore no value of ε (small enough) is excluded.

First, for ε ∈ (ε_n, ε_{n−1}) we apply Proposition 9 with G_0(θ) = ∂_θL^{(2)}(θ), G(θ) = ∂_θL(0, θ) = M(0, θ). For each zero θ^{(2)}_{(j)} of G_0, we have given in Lemma 7 an estimate for m^{(2)}_{(j)} , the minimum eigenvalue of DG_0 ( θ^{(2)}_{(j)} ) . We also have, according to part (b) of Lemma 5, the bounds |G − G_0| ⪯ 1 ε^{1/4} L_{S3} , |DG − DG_0| ⪯ 1 ε^{1/2} L_{S3} , | |D^2G_0 | | ⪯ 1 ε^{3/4} L_{S1} . Then, the zero θ^{(2)}_{(j)} of G_0 persists, giving rise to a zero θ_{(j)} of G, provided the following inequality is satisfied: L_{S3} ⪯ ε^2L^2_{S2} L_{S1} . (63)

Since p > p^∗ in (62), we can use part (a) of Lemma 5, which provides an estimate for the coefficients L_{Si} . Taking logarithms, we see that (63) can be written, for some constant c > 0, as

2h_2(ε) ≤ h_1(ε) + h_3(ε) + ε^{1/4} C_0 ln ( cε^2 ) . (64)

It is not hard to investigate how far this inequality is true. If we restrict ourselves to the subinterval (ε_n, ε^′_n), we need

2g_{n−1}(ε) ≤ g_n(ε) + g_{n+1}(ε) + ε^{1/4} C_0 ln ( cε^2 ) . Using the definitions of the functions g_n, we can first solve the equation 2g_{n−1}(ε) = g_n(ε) + g_{n+1}(ε) explicitly: its solution is ε = ε_n/(3Ω − 1)^2. Note that, in the interval considered, the perturbative term is ε^{1/4} ln ( cε^2 ) ∼ nΩ^n. So we have an estimate of the part of the subinterval (ε_n, ε^′_n) where (64) is true. Since the situation on the other subinterval (ε^′_n, ε_{n−1}) is symmetric, we finally see that (64) is true for ε_n a_n ≤ ε ≤ ã_nε_{n−1}, a_n, ã_n = (3Ω − 1)^2 + O (nΩ^n) ≃ 0.729490. (65)

Note that a_n, ã_n measure the part of the interval (ε_n, ε_{n−1}) where the approximation L^{(2)} is enough (a_n = ã_n = 1 would mean the whole interval).

For ε ∈ ( ε^′_{n+1}, ε^′_n ) we apply Proposition 9 again, but now with G_0(θ) = ∂_θL^{(3)}(θ). Calling △τ_n = τ_{s(1,n+1)} − τ_{s(1,n)} − τ_{s(1,n−1)}, we get from part (a) of Lemma 5 that |△τ_n − △σ_n| ⪯ με^{−p∗} . Recalling that μ = ε^p, we deduce from (62) that με^{−p∗} ⪯ σ^∗, and we get that min (|△τ_n| , |△τ_n − π|) ⪰ σ^∗, which implies a lower estimate for m^{(3)}_{(j)} from Lemma 7. Proceeding as before, we see that the zero θ^{(3)}_{(j)} persists if L_{S4} ⪯ (σ^∗ε)^2 L^2_{S2} L_{S1} . This condition can be written as

2h_2(ε) ≤ h_1(ε) + h_4(ε) + ε^{1/4} C_0 ln ( c (σ^∗ε)^2 ) , which is true for any ε ∈ ( ε^′_{n+1}, ε^′_n ) , as we see from (40). However, in this case we have from Lemma 7 the additional condition L_{S2} ⪯ σ^∗L_{S1} , which can be written as

h_1(ε) ≤ h_2(ε) + ε^{1/4} C_0 ln (cσ^∗) .

We can find the part of the interval ( ε^′_{n+1}, ε^′_n ) where this inequality is true, proceeding as with (64). In this case, the inequality is true in almost the whole interval: ε^′_{n+1} b_n ≤ ε ≤ b̃_nε^′_n, b_n, b̃_n = 1 + O (Ω^n ln (1/σ^∗)) ≃ 1. (66)

We see that any ε small enough, satisfying (62), belongs to at least one of the intervals (65–66), and hence the simple zeros of ∂_θL^{(2)} or ∂_θL^{(3)} persist in ∂_θL = M, for any ε. We also obtain from Lemma 7 the upper and lower bound for the minimum eigenvalue at each zero. □

Remarks.

1. We recall that the value of the exponent p^∗, defined in (50), depends on whether the torus is moved by the perturbation or it remains fixed: p^∗ = 3 if ν = 0, and p^∗ = 2 if ν = 1. This is the exponent appearing in Theorem 1, a simplified version of the one proved above.

2. We have shown that the splitting function can be approximated by its 2 dominant harmonics except for ε close to some ε_n, according to (65). This says that the 4 zeros remain close to constant for ε in a large part of each interval (ε_n, ε_{n−1}). When ε goes across a critical value ε_n, a quick drift of the zeros takes place, until they again remain close to constant in the next interval.

3. It is interesting to compare the asymptotic estimate given in part (a) with the general upper bound for the splitting function given in [DGS02, Th. 12]. The constant C_0 is closely related to the constant appearing in that upper bound. Indeed, taking in the Diophantine condition τ = 1 and γ as in (32), one has: ( 1 + 1 τ ) ( πτρ^τ γ 2 )_{1/(τ +1)} = √ 2πρ 2 − Ω

= C_0.

This shows the optimality of the constant C_0 in the upper bound of [DGS02, Th. 12]. In fact, in the asymptotic estimates given here this constant has been replaced by the function C_0h_1(ε) ≥ C_0, which provides a refinement of the estimate (recall that h_1(ε) = 1 only at the critical values ε_n).

Appendix: A quantitative implicit function theorem

In order to study the nondegenerate critical points of the splitting potential (i.e. the simple zeros of the splitting function), we use the approximation provided by a few dominant harmonics. Once we have shown that this approximation has nondegenerate critical points, we ensure that they persist when adding all the neglected harmonics. We can do this with the help of a quantitative implicit function theorem, which allows us to take into account the concrete size of the neglected part.

The following quantitative version of the implicit function theorem concerns the persistence of a simple zero of a function under a perturbation. We use |·| to denote the supremum norm of a function (on the real domain T^n). We omit the proof of this result because it is standard.

Proposition 9 Let G_0, G : T^n −→ R^n functions of class C^2, and θ_0 ∈ T^n such that G_0(θ_0) = 0, satisfying |DG_0(θ_0)h| ≥ m |h| , ∀h ∈ R^n . Let M = | |D2G_0 | |, η = |G − G_0|, η′ = |DG − DG_0|, and assume that η ≤ m^2 8M , η^′ ≤ m 4 . Then, the equation G(θ) = 0 has a solution θ^∗ satisfying |θ^∗ − θ_0| ≤ 2η/m, and this is the unique solution in the neighbourhood |θ − θ_0| ≤ m/4M.

In our case, since the functions involved are gradients of potentials, the matrix DG_0(θ_0) is symmetric and we can take m as the minimum eigenvalue (in modulus) of this matrix.

Acknowledgments

We would like to thank T.M. Seara, S. Bolotin, R. de la Llave, H. Koch and D. Treschev for helpful discussions and remarks. This work has been partially supported by the Catalan grant 2001SGR-70, the Spanish grant BFM2000- 0805-C02 and the INTAS grant 00-221.

References

[DG00a] A. Delshams and P. Gutiérrez. Splitting potential and the Poincaré–Melnikov method for whiskered tori in Hamiltonian systems. J. Nonlinear Sci., 10(4):433–476, 2000.

[DG00b] A. Delshams and P. Gutiérrez. Splitting and Melnikov potentials in Hamiltonian systems. In J. Delgado, E.A.

Lacomba, E. Pérez-Chavela, and J. Llibre, editors, Hamiltonian Systems and Celestial Mechanics (HAMSYS-98). Proceedings of the III International Symposium, volume 6 of World Scientific Monograph Series in Mathematics, pages 111–137. Held in Pátzcuaro, Michoacán, México, 7–11 December, 1998. World Scientific, Singapore, 2000.

[DG01] A. Delshams and P. Gutiérrez. Homoclinic orbits to invariant tori in Hamiltonian systems. In C.K.R.T. Jones and A.I. Khibnik, editors, Multiple-Time-Scale Dynamical Systems, volume 122 of IMA Vol. Math. Appl., pages 1–27. Held in Minneapolis, 27–31 October, 1997. Springer-Verlag, New York, 2001.

[DGJS97] A. Delshams, V.G. Gelfreich, À. Jorba, and T.M. Seara. Exponentially small splitting of separatrices under fast quasiperiodic forcing. Comm. Math. Phys., 189:35–71, 1997.

[DGS02] A. Delshams, P. Gutiérrez, and T.M. Seara. Exponentially small splitting for whiskered tori in Hamiltonian systems:

Flow-box coordinates and upper bounds. Preprint, 2002.

[DR98] A. Delshams and R. Ramírez-Ros. Exponentially small splitting of separatrices for perturbed integrable standard-like maps. J. Nonlinear Sci., 8(3):317–352, 1998.

[DS97] A. Delshams and T.M. Seara. Splitting of separatrices in Hamiltonian systems with one and a half degrees of freedom.

Math. Phys. Electron. J., 3(4):1–40, 1997.

[Eli94] L.H. Eliasson. Biasymptotic solutions of perturbed integrable Hamiltonian systems. Bol. Soc. Brasil. Mat. (N.S.), 25(1):57–76, 1994.

[Gal94] G. Gallavotti. Twistless KAM tori, quasi flat homoclinic intersections, and other cancellations in the perturbation series of certain completely integrable Hamiltonian systems. A review. Rev. Math. Phys., 6(3):343–411, 1994.

[Gel99] V.G. Gelfreich. A proof of the exponentially small transversality of the separatrices for the standard map. Comm.

Math. Phys., 201(1):155–216, 1999.

[GGM99] G. Gallavotti, G. Gentile, and V. Mastropietro. Separatrix splitting for systems with three time scales. Comm. Math.

Phys., 202(1):197–236, 1999.

[Koc99] H. Koch. A renormalization group for Hamiltonians, with applications to KAM theory. Ergodic Theory Dynam.

Systems, 19(2):475–521, 1999.

[Laz84] V.F. Lazutkin. Splitting of separatrices for the Chirikov’s standard map (in Russian). Preprint VINITI 6372-84, 1984.

[LMS99] P. Lochak, J.-P. Marco, and D. Sauzin. On the splitting of invariant manifolds in multidimensional near-integrable Hamiltonian systems. Preprint, 1999.

[Loc90] P. Lochak. Effective speed of Arnold’s diffusion and small denominators. Phys. Lett. A, 143(1–2):39–42, 1990.

[RW98] M. Rudnev and S. Wiggins. Existence of exponentially small separatrix splittings and homoclinic connections between whiskered tori in weakly hyperbolic near-integrable Hamiltonian systems. Phys. D, 114:3–80, 1998.

[Sau01] D. Sauzin. A new method for measuring the splitting of invariant manifolds. Ann. Sci. École Norm. Sup. (4), 34(2):159–221, 2001.

[Sim94] C. Simó. Averaging under fast quasiperiodic forcing. In J. Seimenis, editor, Hamiltonian Mechanics: Integrability and Chaotic Behavior, volume 331 of NATO ASI Ser. B: Phys., pages 13–34. Held in Toruń, Poland, 28 June–2 July 1993. Plenum, New York, 1994.

[SV01] C. Simó and C. Valls. A formal approximation of the splitting of separatrices in the classical Arnold’s example of diffusion with two equal parameters. Nonlinearity, 14(6):1707–1760, 2001.

Internet access: The authors’ quoted preprints are available at http://www-ma1.upc.es in the Preprints pages, and also at ftp://ftp-ma1.upc.es in the /pub/preprints directory.