Solutions of nonstationary Dirac equation with the potential slowly depending on time^∗

V.V.Sukhanov

25 апреля 2002 г.

Asymptotic behaviour of the solution of the Cauchy problem for the nonstationary Dirac equation with the potential slowly depending on time is studied. Construction of asymptotic solution is based on spectral decomposition of the solution in current moment of time. It doesn’t use the adiabatic theorem in scattering theory.

1 Introduction

The objective of this paper is the investigation of the solutions of nonstationary Dirac equation −iΦ_t = H(εt)Φ, ε ≪ 1 (1)

with operator H which slowly depend on time. The asymptotic formulas for the operator H with discrete spectrum are well known. Construction of asymptotic formulas for the solution of the equation (1) then operator H has continuous spectrum are usually based on adiabatic theorem in scattering theory (see [1]). Application of this method require decomposition of operator H in following sum H(εt) = H_0 + V(εt), (2)

where operator H_0 doesn’t depend on t .In particular main term of this such solution is completely determined by value of operator H at t = 0. Constructions of this method is closely connected with scattering theory for nonstationary equation (1)(see [2] and [3]). We use another method that doesn’t depend on the adiabatic theorem in scattering theory.We consider (as a suitable model) onedimensional Dirac operator on the whole line with rapidly decaying potential

H(t) = iσ_3 d dx + ( 0 p p 0 ) . (3)

At this case operator H has continuous spectrum on the whole line and it has not discrete spectrum. Construction of asymptotic solution is based on spectral decomposition of the solution in current moment of time.

∗This paper was supported by RFFI grant 02-01-00798

In §2 we consider main information about spectral theory for the stationary Dirac operator. In $3 formal solution for nonstationary Dirac equation is constructed .In $4 we prove that formal solution is asymptotic expansion for precise solution of the Cauchy problem for the nonstationary Dirac equation.Finally, in $5 we compare our asymptotic formulas with result that are based on the adiabatic theorem in scattering theory.

2 Spectral theory for Dirac operator

Let us describe some information about spectral theory for Dirac operator (see [4]). Consider Dirac operator on the whole line with rapidly decaying potential

H = iσ_3 d dx + ( 0 p(x) p(x) 0 ) , p ∈ S(−∞, +∞). Here S(−∞, +∞) - Schwartz class. Let us fix solutions Ψ(x) and Ψ̃(x) of spectral equation

HΦ = λΦ, Φ ∈ Mat(2 × 2), (4)

which satisfy conditions Ψ(x, λ) = exp(−iσ_3λx) + o(1), x → +∞, Ψ̃(x, λ) = exp(−iσ_3λx) + o(1), x → −∞. Lemma 1. The solutions Ψ(x) and Ψ̃(x) exist and are unique. They are infinitely differentiable functions of x and λ and have following asymptotics

Ψ(x, λ) = exp(−iσ_3λx) ( a(λ) b(λ) b(λ) a(λ) ) + o(1), x → −∞, Ψ̃(x, λ) = exp(−iσ_3λx) ( a(λ) −b(λ) −b(λ) a(λ) ) + o(1), x → +∞. The coefficients a and b satisfy following conditions a(λ) = 1 + ã(λ); ã(λ), b(λ) ∈ S(−∞, +∞), |a|^2 = |b|^2 + 1.

The proof of this lemma follows from the analysis of the corresponding Volterra integral equations.

Consider Ψ_1, Ψ_2 and Ψ̃_1, Ψ̃_2 are vector-functions which are column vectors of matrix Ψ and Ψ̃

Ψ = (Ψ_1, Ψ_2), Ψ̃ = (Ψ̃_1, Ψ̃_2).

Operator H has continuous spectrum on the whole line. We can consider vectorfunctions f and g, f = Ψ̃_1 a , g =

Ψ_2 a (see[4]) as eigen-functions of the continuous spectrum for operator H. In particular ∫_∞ −∞ dλ(f(x, λ)f^⊤ (y, λ) + g(x, λ)g^⊤(y, λ)) = 2Iπδ(x − y), I = ( 1 0 0 1 ) . Here δ(x) is delta-function. Functions f and g have following asymptotic properties: f(x, λ, τ) = exp(−iσ_3λx) ( 1/a 0 ) + o(1), x → −∞, (5) f(x, λ, τ) = exp(−iσ_3λx) ( 1 b/a ) + o(1), x → +∞, (6) g(x, λ, τ) = exp(−iσ_3λx) ( b/a 1 ) + o(1), x → −∞, (7) g(x, λ, τ) = exp(−iσ_3λx) ( 0 1/a ) + o(1), x → +∞, (8)

Let us consider space of vector-functions S_0

c ∈ S_0 ←→ c = ( c_1 c_2 ) ; c_1, c_2 ∈ S(−∞, +∞). Transformation F_0 which are fixed by functions f and g on the space S_0 ( d_1(λ) d_2(λ) ) = F_0 ( c_1(x) c_2(x) ) = ∫_∞ −∞ dx ( f^⊤(x, λ) g^⊤(x, λ) ) ( c_1(x) c_2(x) ) , (here a^⊤-denote transposition of vector a)has properties that are analogous to properties of the Fourier transformation. In particular, we have following formulae for the inverse transformation ( c_1(x) c_2(x) ) = F^{−1}_0 ( d_1(λ) d_2(λ) ) = 1 2π ∫_∞ −∞ dλ(f(x, λ), g(x, λ)) ( d_1(λ) d_2(λ) ) . (9)

We can find general solution of nonhomogeneous equation Hv − λv = h(x), h ∈ S(−∞, ∞) in the terms of functions f and g

v(x) = ∫_x 0 dyK_λ(x, y)h(y) + d_1f + d_2g Here d_1 and d_2 are arbitrary constant coefficients, K_λ(x, y) is matrix 2x2 K_λ(x, y) = { g(x)(ψ̃_{21}(y), ψ̃_{11}(y)), x > 0 f(x)(ψ_{22}(y), ψ_{12}(y)), x < 0 , where ψ_{ij} and ψ̃_{ij} are elements of matrix Ψ and Ψ̃ .

3 Formal solution of nonstationary Dirac equation.

Consider solution of the Cauchy problem for nonstationary Dirac equation

−iΦ_t = H(τ)Φ, τ = εt, ε ≪ 1 (10)

Φ|_{t=o} = ϕ_0(x).

Here Φ(x, t) is vector-function with two components, H(τ) is Dirac operator

H(τ) = iσ_3 d dx + ( 0 p(x, τ) p(x, τ) 0 ) , τ = εt, p(x, τ) ∈ C^∞((−∞, +∞) × [0, τ_0]), ϕ_0(x) ∈ S_0, ∀ l ≥ 0 ∂^l_τ p(•, τ) ∈ S(−∞, +∞), σ_3 is Pauli matrix. We construct formal solution of the Cauchy problem (10) for τ ∈ [0, τ_0] with the help of following decomposition

Φ̂(x, t) = ∫_∞ −∞ dλ exp(iλt) ∞∑ l=0 ε^lF_l(x, λ, τ). (11) Theorem 1. The Cauchy problem (10) has single formal solution of the type (11) with following properties: F_l(x, λ, τ) ∈ C^∞((−∞, +∞) × (−∞, +∞) × [0, τ_0]), ∂_τ F_l(x, •, τ) ∈ S_0, ∀l ≥ 0

F_l = exp(−iσ_3λx) ( P_l(x, λ, τ) p^0_l (λ) ) + o(1), x → −∞, (12)

F_l = exp(−iσ_3λx) ( q^0_l (λ) Q_l(x, λ, τ) ) + o(1), x → +∞. (13) Here P_l and Q_l are polynomials in x

P_l = l∑ m=0 p_{lm}(τ, λ)x^m, Q_l = l∑ m=0 q_{lm}(τ, λ)x^m, with smooth coefficients ∂^l_τ p_{lm}(•, τ) ∈ S(−∞, +∞), ∂^l_τ q_{lm}(•, τ) ∈ S(−∞, +∞), p^0_l (λ) and q^0_l (λ) are functions from Schwarz class (they don’t depend on τ and x ).

Let us substitute series (11) in equation (10). We obtain a system of recurrent relations for the coefficients of the series

−i(F_l)_τ = (H(τ) − λ)F_{l+1}, l = 0, 1, 2... This implies that

(H(τ) − λ)F_0(x, λ, τ) = 0.

Thus function F_0(x, λ, τ) is the solution of stationary equation (4). Arbitrary solution of the stationary equation has a form F_0(x, λ, τ) = d^0_1(λ, τ)f(x, λ, τ) + d^0_2(λ, τ)g(x, λ, τ). Let us use asymptotic properties of the solutions f(x, λ, τ) and g(x, λ, τ) (5)-(8). We obtain

F_0(x, λ, τ) = exp(−iσ_3λx) [ d^0_1 ( 1/a 0 ) + d^0_2 ( b/a 1 ) + o(1) ] , x → −∞,

F_0(x, λ, τ) = exp(−iσ_3λx) [ d^0_1 ( 1 b/a ) + d^0_2 ( 0 1/a ) + o(1) ] , x → +∞. This implies that , (d^0_1)_τ = 0, (d^0_2)_τ = 0 (see (12) and (13)). From initial data of Cauchy problem (10) we have ( d^0_1 d^0_2 ) = 1 2π ∫_{+∞} −∞ dx ( f^⊤(x, λ, 0) g^⊤(x, λ, 0) ) ϕ_0(x). (14)

Let us use the induction on l for further proof of theorem. Let statement of theorem is true for all l ≤ N. In particular we have ∂F_N (y, λ, τ) ∂τ = exp(−iσ_3λx) (~ P_N (x, λ, τ) 0 ) + o(1), x → −∞, (15) ∂F_N (y, λ, τ) ∂τ = exp(−iσ_3λx) ( 0 Q̃_N (x, λ, τ) ) + o(1), x → +∞. (16)

Here P̃_l(x, λ, τ) = ∂P^l ∂τ , Q̃_l(x, λ, τ) = ∂Q_l ∂τ . For l = N + 1 we have F_{N+1}(x, λ, τ) = −i ∫_x 0 dyK_λ(x, y, τ) ∂F_N (y, λ, τ) ∂τ + (17) +d^{N+1}_1 (λ, τ)f(x, λ, τ) + d^{N+1}_2 (λ, τ)g(x, λ, τ). Here K_λ(x, y, τ) is matrix function. It is constructed with the help of functions f and g K_λ(x, y, τ) = { g(x, λ, τ)(ψ̃_{21} (y, λ, τ), ψ̃_{11}(y, λ, τ)), x > 0 f(x, λ, τ)(ψ_{22}(y, λ, τ), ψ_{12}(y, λ, τ)), x < 0 Consider asymptotic behaviour of the function F_{N+1}(x, λ, τ) as x → −∞. Let us substitute asymptotic formulas (5) and (7) for the functions f(x, λ, τ) and g(x, λ, τ) and asymptotics for derivative of the function F_N (15) in relation (17). Integral in the right part of relation (17) has following asymptotic behaviour

−i ∫_x 0 dyK_λ(x, y, τ) ∂F_N (y, λ, τ) ∂τ = exp(−iσ_3λx) ( P̂_{N+1}(x, λ, τ) p̂_{N+1}(λ, τ) ) + o(1),

as x → −∞, where P̂_{N+1}(x, λ, τ) is appropriate polynomial in x (it has degree N + 1) and p̂_{N+1}(λ, τ) is coefficient which does not depend on x.

F_{N+1}(x, λ, τ) = exp(−iσ_3λx) [( P̂_{N+1}(x, λ, τ) p̂_{N+1}(λ, τ) ) +

+ d^{N+1}_1 ( 1/a 0 ) + d^{N+1}_2 ( b/a 1 )] + o(1), x → −∞. Taking into consideration the relation (12) we receive following representation for the coefficient d^{N+1}_1

d^{N+1}_1 (λ, τ) = −p̂_{N+1}(λ, τ) + p^0_{N+1}(λ),

where p^0_{N+1}(λ) is unknown constant (in t). With the help of analogous construction for the function F_{N+1}(x, λ, τ) as x → +∞ we can receive representation for the coefficient d^{N+1}_2 . The unknown constants can be found from initial data of Cauchy problem ∫_∞ −∞ dλF_{N+1}(x, λ, 0) = 0. Thus, we have ( q^0_{N+1}(λ) p^0_{N+1}(λ) ) = F^{−1}_0 (0) [ i ∫_x 0 dyK_λ(x, y, 0) ∂F_N (y, λ, τ) ∂τ |_{τ =0}+

+p̂_{N+1}(λ, 0)f(x, λ, 0) + q̂_{N+1}(λ, 0)g(x, λ, 0)].

Here F^{−1}_0 (0) is transformation which is determined by formula (9) for τ = 0. Thus, we have single function F_{N+1}(x, λ, τ) with properties (12) and (13). The theorem is proved.

4 Estimates of the formal solution

Consider part of the series (11)

Φ_N (x, t) = ∫_{+∞} −∞ dλ exp(iλt) N∑ l=0 ε^lF_l(x, λ, τ) and corresponding discrepancy at the equation (10)

ΔΦ_N (x, t) = −i ∂Φ_N ∂t − H(τ)Φ_N =

= −iε^{N+1} ∫_∞ −∞ dλ exp(iλt) ∂F_N (y, λ, τ) ∂τ . (18)

Theorem 2. Discrepancy ΔΦ_N (x, t) satisfies following estimates

ΔΦ_N (x, t) ∈ C^∞((−∞, +∞) × [0, τ_0]), ∀k, l, m ‖ΔΦ‖_{lkm} = O(ε^{N+1}). Here ‖F(x, t)‖_{lkm} = ∑ i=1,2 l∑ l^′=0 k∑ k^′ =0 m∑ m^′ =0 max_{x,τ} | | | | ∂^{l′+k′} F_i ∂^{l′} x∂^{k′} t (|x|^m + 1) | | | | . The proof of this theorem is corollary of construction of formal solution Φ̂(x, t). Theorem 3. Formal series Φ̂ is asymptotic expansion of precise solution Φ of the Cauchy problem for τ ∈ [0, τ_0]. It satisfies following estimates ∀k, l, m ‖Φ − Φ_N ‖_{lkm} = O(ε^{N+1}) Let introduce precise solution of Cauchy problem (10) −iΦ_t = H(τ)Φ, τ = εt, ε ≪ 1 Φ|_{t=o} = ϕ_0(x).

This solution we can consider as result of action operator M(t) on initial data of Cauchy problem Φ(t) = M(t)ϕ_0.

Operator H(τ) is selfadjoint in L_2(−∞, ∞). Thus M(t) is unitary operator in L_2(−∞, ∞). Let us consider function

X_N = Φ − Φ_N .

It satisfies nonhomogeneous equation −i ∂X_N ∂t − H(τ)X_N = ΔΦ_N . (19)

We can calculate solution of this equation with the help of operator M(t)

X_N = iM(t) ∫_t 0 M^{−1}(t^′)ΔΦ_N (t^′)dt^′.

From this relation we obtain estimate for the norm of function X_N ‖X_N (t)‖_{L2(−∞,∞)} ≤ t max_{t′ ∈[0,t]} ‖ΔΦ_N (t^′)‖_{L2(−∞,∞)}. In order to obtain estimates for derivative^{∂XN}_{∂x} let us differentiate equation (19) −i ∂^2X_N ∂t∂x − H(τ) ∂X_N ∂x = ∂(ΔΦ_N ) ∂x + ( 0 p_x(x) p_x(x) 0 ) X_N .

We again receive nonhomogeneous equation for the^{∂XN}_{∂x} that is analogous to (19). By analogous methods we can obtain estimates for^{∂XN}_{∂t} and x^lX_N . The theorem is proved.

5 Large time asymptotic behaviour of the solution

Main term of our solution as ε → 0 has a form

Φ_0(x, t) = 1 2π ∫_∞ −∞ dλ exp(iλt)(f(x, λ, τ), g(x, λ, τ))× ∫_{+∞} −∞ dy ( f^⊤(y, λ, 0) g^⊤(y, λ, 0) ) ϕ_0(y).

It is easy to see, that first integral has large parameter t. We can use corresponding asymptotic methods for calculation of this integral. As t ≫ 1 integral is small if x is limited. As x → ±∞ we can use asymptotics of the solutions f(x, λ, τ) and g(x, λ, τ) (5)-(8). Only solutions that have exponential exp(iλt) exp(−iλx) as x → ∞ or exponential exp(iλt) exp(iλx) as x → −∞ give the contributions to asymptotics of the integral. Finally, we receive

Φ_0(x, t) = 1 2π ∫_∞ −∞ dλ ( e^{iλt−iλx} 0 0 e^{iλt+iλx} )

∫_{+∞} −∞ dy ( f^⊤(y, λ, 0) g^⊤(y, λ, 0) ) ϕ_0(y) + o(1).

In particular we see that solution is completely determined by operator H(0). This result is in accordance with results that can be received with the help of the adiabatic theorem in scattering theory.

The author would like to thanks V.S.Buslaev for his interest in the work, and A.A.Fedotov for his valuable remarks.

References

[1] J.D.Dollard. Adiabatic switching in the Shroedinger theory of scattering - J.Math.Phys., V.7, 1966 pp 802-810.

[2] G.Nenciu. On the adiabatic limit for Dirac particles in external fields.- Com.Math.Phys., V.76,1980, pp. 117-128

[3] A.Martinez, Sh.Nakamura.Adiabatic limit and scattering.- C.R.Acad. Sci. Paris ser I Math., V.318, N 12, pp. 1153-1158

[4] L.A.Takhtajan, L.D.Faddeev. Hamilton Approach to the Soliton Theory.- M., Nauka, 1986