Communications in Mathematical Physics manuscript No. (will be inserted by the editor)

Rigorous Solution of the Gardner Problem

Mariya Shcherbina^1, Brunello Tirozzi^2

1 Institute for Low Temperature Physics, Ukr. Ac. Sci., 47 Lenin ave., Kharkov, Ukraine, E-mail: shcherbi@ilt.kharkov.ua 2 Department of Physics of Rome University ”La Sapienza”, 5, p-za A.Moro, Rome, Italy, E-mail: tirozzi@krishna.phys.uniroma1.it

Abstract: We prove rigorously the well-known result of Gardner about the typical fractional volume of interactions between N spins which solve the problem of storing a given set of p random patterns. The Gardner formula for this volume in the limit N, p → ∞, p/N → α is proven for all values of α. Besides, we prove a useful criterion of the factorisation of all correlation functions for a class of spin glass model.

1. Introduction

The spin glass and neural network theories are of considerable importance and interest for a number of branches of theoretical and mathematical physics (see [M-P-V] and references therein). Among many topics of interest the analysis of the different models of neural network dynamics is one of the most important.

The neural network dynamics is defined as

σ_i(t + 1) = sign{ N∑ j=1,j≠i

J_{ij} σ_j (t)} (i = 1, . . . , N), (1.1)

where {σ_j (t)}^N_{j=1} are the Ising spins and the interaction matrix {J_{ij} } (not necessarily symmetric) depends on the concrete model, but usually it satisfies the conditions N∑ j=1,j≠i

J^2_{ij} = NR (i = 1, . . . , N), (1.2)

where R is some fixed number which could be taken equal to 1.

2 Mariya Shcherbina, Brunello Tirozzi

The main problem of the neural network theory is to introduce an interaction in such a way that some chosen vectors {ξ^{(μ)}}^p_{μ=1} (patterns) are the fixed points of the dynamics (1.1). This implies the conditions:

ξ^{(μ)}_i N∑ j=1,j≠i

J_{ij} ξ^{(μ)}_j > 0 (i = 1, . . . , N). (1.3)

Usually, to simplify the problem the patterns {ξ^{(μ)}}^p_{μ=1} are chosen i.i.d. random vectors with i.i.d. components ξ^{(μ)}_i (i = 1, . . . , N), assuming values ±1 with probability^1_2 .

Sometimes condition (1.3) is not sufficient to have ξ^{(μ)} as the end points of the dynamics. To have some ”basin of attraction” (that is some neighbourhood of ξ^{(μ)}, starting from which we for sure arrive in ξ^{(μ)}) one should introduce some positive parameter k and impose the conditions:

ξ^{(μ)}_i N∑ j=1,j≠i

J̃_{ij} ξ^{(μ)}_j > k (i = 1, . . . , N). (1.4)

Gardner [G] was the first who solved a kind of inverse problem. She asked the questions: for which α =^p_N the interaction {J_{ij} }, satisfying (1.2) and (1.4) exists? What is the typical fractional volume of these interactions? Since all condition (1.2) and (1.4) are factorised with respect to i, this problem after a simple transformation should be replaced by the following. For the system of p ∼ αN i.i.d. random patterns {ξ^{(μ)}}^p_{μ=1} with i.i.d. ξ^{(μ)}_i (i = 1, . . . , N) assuming values ±1 with probability^1_2 , consider

Θ_{N,p}(k) = σ^{−1}_N ∫ (J ,J )=N dJ p∏ μ=1 θ(N^{−1/2}(ξ^{(μ)}, J) − k), (1.5)

where the function θ(x), as usually, is zero in the negative semi-axis and 1 in the positive and σ_N is the Lebesgue measure of N-dimensional sphere of radius N^{1/2}. Then, the question of interest is the behaviour of^1_N log Θ_{N,p}(k) in the limit N, p → ∞,^p_N → α. Gardner [G] had solved this problem by using the so-called replica trick, which is completely non-rigorous from the mathematical point of view but sometimes very useful in the physics of spin glasses (see [M-P-V] and references therein). She obtained that for any α < α_c(k), where

α_c(k) ≡ ( 1 √ 2π ∫_∞ −k (u + k)^2e^{−u2/2}du)^{−1}, (1.6)

there exists lim N,p→∞,p/N→α

E{log Θ_{N,p}(k)} = F(α, k)

≡ min

q:0≤q≤1 [ αE { log H ( u √ q + k √ 1 − q )} + 1 2 q 1 − q + 1 2 log(1 − q) ] , (1.7)

where u is the Gaussian random variable with zero mean and variance 1, and here and below we denote by the symbol E{...} the averaging with respect to all

Rigorous Solution of the Gardner Problem 3

random parameters of the problem. And^1_N log Θ_{N,p}(k) tends to minus infinity for α ≥ α_c(k).

At the present paper we give the rigorous mathematical proof of the Gardner results. As far as we know, it is one of the first cases, when the problem of spin glass theory can be completely (i.e. for all parameters α and k) solved in the rigorous mathematical way. It can be explained by the fact, that in the Gardner problem the so-called replica symmetry solution is true for all α and k, while, e.g. in the Hopfield and Sherrington-Kirkpatrick models the replica symmetry solution is valid only for small enough α or for high temperatures (see [M-P-V] for the physical theory and [S1], [S2], [T1], [T2] for the respective rigorous results). The same situation holds, unfortunately, with a problem similar to the Gardner one, the so-called Gardner-Derrida [D-G] problem. Also only the case of small enough α was studied rigorously for this model (see [T3]).

We solve the Gardner problem in three steps which are Theorems 1, 2 and 3 below. At the first step we prove some general statement. We study an abstract situation, where the energy function (the Hamiltonian) and the configuration space are convex and prove that in this case all the correlation functions become factorised in the thermodynamic limit. Usually this factorisation means that the ground state and the Gibbs measure are uniquely defined. In fact, physicists understood this fact during a rather long time, but in the rigorous mathematical way it was not proved before.

The proof of Theorem 1 is based on the application of the theorem of classical geometry, known since the nineteenth century as the Brunn-Minkowski theorem. This theorem studies the intersections of a convex set with the family of parallel hyper-planes (see the proof of Theorem 1 for the exact statement). We only need to prove some corollary from this theorem (Proposition 1), which allows us to have N- independent estimates. As a result we obtain the rigorous proof of the general factorisation property of all correlation functions (see (2.8)). Everybody who is familiar with the theory of spin glasses knows that decay of correlations is the key point in the derivation of self-consistent equations.

The second step is the derivation of self-consistent equations for the order parameters of our model. In fact Theorem 1 provides all the necessary to express the free energy in terms of the order parameters, but the problem is that we are not able to produce the equations for these parameters in the case, when the ”randomness” is not included in the Hamiltonian, but is connected with the integration domain. That is why we use a rather common trick in mathematics: substitute θ-functions by some smooth functions which depend on the small parameter ε and tend, as ε → 0, to θ-function. We choose for these purposes H(xε^{−1/2}), where H is the erf-function (see definition (2.11)). But the particular form of these smoothing functions is not very important for us. The most important fact is, that they are not zero in any point and so, taking their logarithms, we can treat them as a part of our Hamiltonian.

The proof of Theorem 2 is based on the the application to the Gardner problem of the so-called cavity method, the rigorous version of which was proposed in [P-S] and developed in [S1], [P-S-T1], [P-S-T2]. But in the previous papers ([P-S],[P-S-T1], [P-S-T2]) we assumed the factorisation of the correlation functions in the thermodynamic limit and on the basis of this fact derived the replica symmetry equation for the order parameters (to be more precise, we assumed that the order parameter possesses the self-averaging property and obtained from

4 Mariya Shcherbina, Brunello Tirozzi

this fact the factorisation of the correlation function). Here, due to Theorem 1, we can prove the asymptotical factorisation property, which allows us to finish completely the study of the Gardner model.

Our last step is the limiting transition ε → 0, i.e. the proof that the product of αN θ-functions in (1.5) can be replaced by the product of H(^{x√}_ε ) with the small difference, when ε is small enough. Despite our expectations, it is the most difficult step from the technical point of view. It is rather simple to prove, that the expression (1.7) is an upper bound or log Θ_N , p(k). But the estimate from below is much more complicated. The problem is that to estimate the difference between the free energies corresponding to two Hamiltonians we, as a rule, need to have them defined in the common configuration space, or, at least, we need to know some a priori bounds for some Gibbs averages. In the case of the Gardner problem we do not possess this information. This leads to rather serious (from our point of view) technical problems (see the proof of Theorem 3 and Lemma 4). The paper is organised as follows. The main definitions and results are formulated in Sec.2. The proof of these results are given in Sec.3. The auxiliary results (lemmas and propositions) which we need for the proof are formulated in the text of Sec.3 and their proofs are given in Sec.4.

2. Main Results

As it was mentioned above, we start from the abstract statement, which allows us to prove the factorisation of all correlation functions for some class of models.

Let {Φ_N (J)}^∞_{N=1} (J ∈ R^N ) be a system of convex functions which possess the third derivatives, bounded in any compact. Consider also a system of convex domains {Γ_N }^∞_{N=1} (Γ_N ⊂ R^N ) whose boundaries consist of a finite number (may be depending on N) of smooth pieces. We remark here, that for the Gardner problem we need to study Γ_N which is the intersection of αN half-spaces but in Theorem 1 (see below) we consider a more general sequence of convex sets. Define the Gibbs measure and the free energy, corresponding to Φ_N (J) in Γ_N :

⟨. . .⟩_{ΦN} ≡ Σ^{−1}_N ∫ Γ_N dJ(. . .) exp{−ΦN (J)},

Σ_N (Φ_N ) ≡ ∫ Γ_N dJ exp{−ΦN (J)}, fN (ΦN ) ≡ 1 N log Σ_N (Φ_N ).

(2.1)

Denote

Ω̃_N (U) ≡ {J : Φ_N (J ) ≤ NU}, Ω_N (U) ≡ Ω̃_N (U) ∩ Γ_N , D_N (U) ≡ D̃_N (U) ∩ Γ_N ,

(2.2)

where D̃_N (U) is the boundary of Ω̃_N (U). Then define

f^∗_N (U) = 1 N log ∫ J∈D_N (U)

dJe^{−NU} .

Theorem 1. Let the functions Φ_N (J) satisfy the conditions:

d^2 dt^2

Φ_N (J + te)|_{t=0} ≥ C_0 > 0, (2.3)

Rigorous Solution of the Gardner Problem 5

with any direction e ∈ R^N , |e| = 1 and uniformly in any set |J| ≤ N^{1/2}R_1,

Φ_N (J) ≥ C_1(J, J), as (J, J) > NR^2, (2.4)

and for any U > U_{min} ≡ min_{J∈ΓN} N^{−1}Φ_N (J) ≡ N^{−1}Φ_N (J^∗)

|∇Φ_N (J)| ≤ N^{1/2}C_2(U), as J ∈ Ω̃_N (U) (2.5)

with some positive N-independent C_0, C_1, C_2(U) and C_2(U) continuous in U.

Assume also, that there exists some finite N-independent C_3, such that

f_N (Φ_N ) ≥ −C_3. (2.6)

Then |f_N (Φ_N ) − f^∗_N (U_∗)| ≤ O( log N N ), ( U_∗ ≡ 1 N ⟨Φ_N ⟩_{ΦN} ) . (2.7)

Moreover, for any e ∈ R^N (|e| = 1) and any natural p

⟨(J̇, e)^p⟩_{ΦN} ≤ C(p) (J̇_i ≡ J_i − ⟨J_i⟩_{ΦN} ) (2.8)

with some positive N-independent C(p).

Let us remark that the main conditions here are, of course, the condition that the domain Γ_N and the Hamiltonian Φ_N are convex (2.3). Condition (2.4) and (2.5) are not very restrictive, because they are fulfilled for the most part of Hamiltonians. The bound (2.6) in fact is the condition on the domain Γ_N . This condition prevents Γ_N to be too small. In the application to the Gardner problem the existence of such a bound is very important, because in this case we should study just the question of the measure of Γ_N , which is the intersection of αN random half-spaces with the sphere of radius N^{1/2}. But from the technical point of view for us it is more convenient to check the existence of the bound from below for the free energy, than for the volume of the configuration space (see the proof of Theorem 3 below).

Theorem 1 has two rather important for us corollaries.

Corollary 1. Under conditions (2.3)- (2.6) for any U > U_{min}

f^∗_N (U) = min_{z>0} {f_N (zΦ_N ) + zU} + O( log N N ). (2.9)

This corollary is a simple generalisation of the so called spherical model which becomes rather popular in the resent time (see, e.g. the review paper [K-K-P-S] and references therein). It allows us to substitute the integration over the level surface of the function Φ_N by the integration over the whole space, i.e. to substitute the ”hard condition” Φ_N = UN by the ”soft one” ⟨Φ_N ⟩_{ΦN} = UN. It is a common trick which often is very useful in statistical mechanics.

The second corollary gives the most important and convenient form of the general property (2.8):

Corollary 2. Relations (2.8) imply that uniformly in N 1 N^2 ∑ ⟨J̇_iJ̇_j ⟩^2_{ΦN} ≤ C N .

6 Mariya Shcherbina, Brunello Tirozzi

To found the free energy of the model (1.5) and to derive the replica symmetry equations for the order parameters we introduce the ”regularised” Hamiltonian, depending on the small parameter ε > 0

H_{N,p}(J, k, h, z, ε) ≡ − p∑ μ=1 log H ( k − (ξ^{(μ)}, J)N^{−1/2} √ ε ) + h(h, J) + z 2 (J, J),

(2.10) where the function H(x) is defined as

H(x) ≡ 1 √ 2π ∫_∞ x e^{−t2/2}dt (2.11)

and h = (h_1, ..., h_N ) is an external random field with independent Gaussian h_i with zero mean and variance 1, which we need from the technical reasons.

The partition function for this Hamiltonian is

Z_{N,p}(k, h, z, ε) = σ^{−1}_N ∫ dJ exp{−H_ε(J, h, z, ε)}. (2.12)

We denote also by ⟨. . .⟩ the corresponding Gibbs averaging and

f_{N,p}(k, h, z, ε) ≡ 1 N log Z_{N,p}(k, h, z, ε). (2.13)

Theorem 2. For any α, k ≥ 0 and z > 0 the functions f_{N,p}(k, h, z, ε) are selfaveraging in the limit N, p → ∞, α_N ≡^p_N → α: E { (f_{N,p}(k, h, z, ε) − E{f_{N,p}(k, h, z, ε)})^2 } → 0 (2.14)

and, if ε is small enough, α < 2 and z ≤ ε^{−1/3}, then there exists lim N,p→∞,α_N →α

E{f_{N,p}(k, h, z, ε)} = F (α, k, h, z, ε),

F (α, k, h, z, ε) ≡ max_{R>0} min_{0≤q≤R} [ αE { log H ( u √ q + k √ ε + R − q )}

+ 1 2 q R − q + 1 2 log(R − q) − z 2 R + h^2 2 (R − q) ] , (2.15)

where u is a Gaussian random variable with zero mean and variance 1.

Let us note that the bound α < 2 is not important for us, because for any α > α_c(k) (α_c(k) is defined by (1.6) and α_c(k) < 2 for any k) the free energy of the problem (1.5) tends to −∞, as N → ∞ (see Theorem 3 for the exact statement). The bound z < ε^{−1/3} also is not a restriction for us. We could need to consider z > ε^{−1/3} only if, applying (2.9) to the Hamiltonian (2.10), we obtain that the point of minimum z_{min}(ε) in (2.9) does not satisfy this bound. But it is shown in Theorem 3, that for any α < α_c(k) z_{min}(ε) < z with some finite z depending only on k and α.

We start the analysis of Θ_{N,p}(k), defined in (1.5), from the following remark.

Rigorous Solution of the Gardner Problem 7

Remark 1. Let us note that Θ_{N,p}(k) can be zero with nonzero probability (e.g., if for some μ ≠ ν ξ^{(μ)} = −ξ^{(ν)}). Therefore we cannot, as usually, just take log Θ_{N,p}(k). To avoid this difficulty, we take some large enough M and replace below the log- function by the function log_{(MN)}, defined as

log_{(MN)} X = log max { X, e^{−MN} } . (2.16)

Theorem 3. For any α ≤ α_c(k) N^{−1} log_{(MN)} Θ_{N,p}(k) is self-averaging in the limit N, p → ∞, p/N → α E {( N^{−1} log_{(MN)} Θ_{N,p}(k) − E{N^{−1} log_{(MN)} Θ_{N,p}(k)}

)_2} → 0 and for M large enough there exists lim N,p→∞,p/N→α

E{N^{−1} log_{(MN)} Θ_{N,p}(k)} = F(α, k), (2.17)

where F(α, k) is defined by (1.7).

For α > α_c(k) E{N^{−1} log_{(MN)} Θ_{N,p}(k)} → −∞, as N → ∞ and then M → ∞. We would like to mention here that the self-averaging of N^{−1} log Θ_{N,p}(k) was proven in ([T4]), but our proof of this fact is necessary for the proof of (2.17).

3. Proof of the Main Results

Proof of Theorem 1 For any U > 0 consider the set Ω_N (U) defined in (2.2) Since Φ_N (J) is a convex function, the set Ω_N (U) is also convex and Ω_N (U) ⊂ Ω_N (U^′), if U < U^′. Let

V_N (U) ≡ mes(Ω_N (U)), S_N (U) ≡ mes(D_N (U)), F_N (U) ≡ ∫ J ∈DN (U) |∇Φ^N (J)|^{−1}dS^J .

(3.1)

Here and below the symbol mes(...) means the Lebesgue measure of the correspondent dimension.

Then it is easy to see that the partition function Σ_N can be represented in the form

Σ_N = ∫ U>U_{min}

e^{−NU} F_N (U)dU = N^{−1} ∫ U>U_{min}

e^{−NU} d dU V_N (U)dU = ∫ U>U_{min}

e^{−NU} V_N (U)dU.

(3.2)

Here we have used the relation F_N (U) = N^{−1 d}_{dU} V_N (U) and the integration by parts.

Besides, for a chosen direction e ∈ R^N (|e| = 1), and any real c consider the hyper-plane

A(c, e) = { J ∈ R^N : (J, e) = N^{1/2}c }

8 Mariya Shcherbina, Brunello Tirozzi

and denote

Ω_N (U, c) ≡ Ω_N (U) ∩ A(c, e), V_N (U, c) ≡ mes(Ω_N (U, c)), D_N (U, c) ≡ D_N (U) ∩ A(c, e), F_N (U, c) ≡ ∫ J ∈DN (U,c)

|∇Φ_N (J)|^{−1}dS_J . (3.3)

Then, since F_N (U, c) = N^{−1 ∂}_{∂U} V_N (U, c), we obtain

Σ_N = ∫ dcdUe^{−NU} F_N (U, c) = ∫ dcdUe^{−NU} V_N (U, c),

⟨(J, e)^p⟩_{ΦN} =

N^{p/2} ∫ dcdUc^pe^{−NU} V_N (U, c) ∫ dcdUe^{−NU} V_N (U, c) . (3.4)

Denote s_N (U) ≡ 1 N log V_N (U), s_N (U, c) ≡ 1 N log V_N (U, c). (3.5)

Then relations (3.2), (3.4) give us

Σ_N = N ∫ exp{N(s_N (U) − U)}dU, ⟨ (J̇, e)^p ⟩ Φ_N

= N^{p/2} ⟨ (c − ⟨c⟩_{(U,c)})^p ⟩ (U,c) ,

(3.6)

where ⟨...⟩_{(U,c)} ≡ ∫ dUdc(...) exp{N(s_N (U, c) − U)} ∫ dUdc exp{N(s_N (U, c) − U)}

. (3.7)

Then (2.7) and (2.8) can be obtained by the standard Laplace method, if we prove that s_N (U) and s_N (U, c) are concave functions and they are strictly concave in the neighbourhood of the points of maximum of the functions (s_N (U)−U) and (s_N (U, c) − U). To prove this we apply the theorem of Brunn-Minkowski from classical geometry (see e.g. [Ha]) to the functions s_N (U) and s_N (U, c). To formulate this theorem we need some extra definitions.

Definition 1. Consider two bounded sets in A, B ⊂ R^N . For any positive α and β αA × βB ≡ {s : s = αa + βb, a ∈ A, b ∈ B} .

αA × βB is the Minkowski sum of αA and βB.

Definition 2. The one-parameter family of bounded sets {A(t)}_t∗_{1 ≤t≤t}∗_2 is a convex one- parameter family, if for any positive α < 1 and t_{1,2} ∈ [t^∗_1, t^∗_2] they satisfy the condition

A(αt_1 + (1 − α)t_2) ⊃ αA(t_1) × (1 − α)A(t_2).

Theorem of Brunn-Minkowski Let {A(t)}_t∗_{1 ≤t≤t}∗_2 be some convex oneparameter family. Consider R(t) ≡ (mesA(t))^{1/N} . Then^{d2R(t)}_{dt2} ≤ 0 and^{d2R(t)}_{dt2} ≡ 0 for t ∈ [t^′_1, t^′_2] if and only if all the sets A(t) for t ∈ [t^′_1, t^′_2] are homothetic to each other.

For the proof of this theorem see, e.g., [Ha].

Rigorous Solution of the Gardner Problem 9

To use this theorem for the proof of (2.7) let us observe that the family {Ω_N (U))}_{U>Umin} is a convex one-parameter family and then, according to the Brunn-Minkowski theorem, the function R(U) = (V_N (U))^{1/N} is a concave function. Thus, we get that s_N (U) is a concave function:

d^2 dU^2 s_N (U) = d^2 dU^2 log R(U) =

R^{′′}(U) R(U) − ( R^′(U) R(U)

)_2 ≤ − ( R^′(U) R(U)

)_2 . But^{R′ (U)}_{R(U)} =^d_{dU} s_N (U) > 1 for U < U^∗, and even if^d_{dU} s_N (U) = 0 for U > U^∗, we obtain that^d_{dU} (s_N (U)−U) = −1. Thus, using the standard Laplace method, we get

f_N (Φ_N ) = s_N (U^∗) − U^∗ + O( log N N ) = 1 N log V_N (U^∗) − U^∗ + O( log N N ), U_∗ ≡^1_N ⟨Φ_N ⟩_{ΦN} = U^∗ + o(1). (3.8) Using condition (2.5), and taking J^∗, which is the minimum point of Φ_N (J ), we get

V_N (U^∗) ≥ N^{−1} ∫ J ∈DN (U^∗)

|(J − J^∗, ∇Φ_N (J))||∇Φ_N (J)|^{−1}dSJ

≥ S_N (U^∗)

U^∗ − U_{min} maxJ_{∈DN (U ∗)} |∇Φ_N (J)|

= N^{−1/2}S_N (U^∗)C(U^∗).

(3.9)

On the other hand, for any U < U^∗

S_N (U) N^{1/2}V_N (U)

≥ min

J ∈DN (U)

|∇Φ_N (J)|

F_N (U) N^{1/2}V_N (U) ≥ N^{1/2} min J ∈DN (U)

U − U_{min} |J − J^∗| d dU s_N (U) ≥ C̃ d dU s_N (U) > C̃.

(3.10)

Here we have used (3.3) and (2.4). Thus the same inequality is valid also for U = U^∗. Inequalities (3.10) and (3.9) imply that 1 N log S_N (U^∗) = 1 N log V_N (U^∗) + O( log N N ). Combining this relation with (3.8) we get (2.7).

Let us observe also that for any (U_0, c_0) and (δ_U , δ_c) the family {Ω_N (U_0 + tδ_U , c_0 + tδ_c}_{t∈[0,1]} is a convex one-parameter family and then, according to the Brunn-Minkowski theorem the function R_N (t) ≡ V^{1/N} (U_0 + tδ_U , c_0 + tδ_c) is concave. But since in our consideration N → ∞, to obtain that this function is strictly concave in some neighbourhood of the point (U^∗, c^∗) of maximum of s_N (U, c)−U, we shall use some corollary from the theorem of Brunn- Minkowski:

Proposition 1. Consider the convex set M ⊂ R^N whose boundary consists of a finite number of smooth pieces. Let the convex one-parameter family {A(t)}_t∗_{1 ≤t≤t}∗_2 be given by the intersections of M with the parallel the hyper-planes B(t) ≡ {J : (J, e) = tN^{1/2}}. Suppose that there is some smooth piece D of the boundary

10 Mariya Shcherbina, Brunello Tirozzi

of M, such that for any J ∈ D the minimal normal curvature satisfies the inequality N^{1/2}κ_{min}(J) > K_0, and the Lebesgue measure S(t) of the intersection D ∩ A(t) satisfies the bound

S(t) ≥ N^{1/2}V (t)C(t), (3.11)

where V (t) is the volume of A(t). Then^{d2}_{dt2} V^{1/N} (t) ≤ −K_0C(t)V^{1/N} (t).

One can see that, if we consider the sets M, M^′, A, B(t) ⊂ R^{N+1} M ≡ M^′ ∩ A, M^′ ≡ {(J, U) : NU ≥ Φ_N (J), J ∈ Γ_N }, A ≡ {(J, U) : δ_U ((J , e) − N^{1/2}c_0) − N^{1/2}δ_c(U − U_0) = 0}, B(t) ≡ {(J, U) : δ_c((J, e) − N^{1/2}c_0) + N^{1/2}δ_U (U − U_0) = N^{1/2}t},

then Ω_N (U_0 + tδ_U , c_0 + tδ_c) = M ∩ B(t) (without loss of generality we assume that δ^2_c + δ^2_U = 1). Conditions (2.3) and (2.5) guarantee that the minimal normal curvature of D^′_N (U) ≡ {(J, Φ_N (J)), J ∈ Γ_N } satisfies the inequality N^{1/2}κ_{min}(J) > K̃ for J ∈ D_N (U), if |U − U^∗| < ε with small enough but N-independent ε. Besides, similarly to (3.10) mesD_N (U, c) N^{1/2}V_N (U, c)

≥ C_3 d dU s_N (U, c).

Thus we get that d dU s_N (U, c) ≥ 1 2 ⇒ d^2 dt^2 s_N (U + t sin φ, c + t cos φ) | | | |_{t=0} ≤ −C^4. (3.12)

Remark 2. If Γ_N = R^N , then conditions of Theorem 1 guarantee that^d_{dU} s_N (U, c) ≥ const, when (U, c) ∼ (U^∗, c^∗) and so Proposition 1 and (3.10) give us that

s_N (U, c) − U − (s_N (U^∗, c^∗) − U^∗) ≤ −

C̃_0 2 ((c − c^∗)^2 + (U − U^∗)^2). (3.13)

which implies immediately (2.8). But in the general case, the proof is more complicated.

Let us introduce the new variables ρ ≡ ((U − U^∗)^2 + (c − c^∗)^2)^{1/2}, φ ≡ arcsin^{U−U ∗}

((U−U^∗)^2 +(c−c^∗)^2)^{1/2} and let

ϕ̃_N (ρ, φ) ≡ ϕ_N (U, c) ≡ s_N (U ∗ + U, c∗ + c) − U − s_N (U^∗, c^∗) + U^∗. We shall prove now that

ϕ̃_N (N^{−1/2}, φ) ≤ − K N , (3.14)

where K does not depend on φ, N. Consider the set Λ = { (U, c) : d dU s_N (U, c) < 1 2 } . One can see easily, that if (U^′, c^′) ∈ Λ, then (U, c^′) ∈ Λ for any U > U^′ and d dU ϕ_N (U, c^′) < −^1_2 . That is why it is clear, that (U^∗, c^∗) ∉ Λ (but it can belong to the boundary ∂Λ). Denote

φ^∗ ≡ inf

φ∈[−^π_2 ,^π_2 ] { r(N^{−1/2} sin φ, N^{−1/2} cos φ) ∩ Λ ≠ ∅ } ,

Rigorous Solution of the Gardner Problem 11

where r(U, c) is the set of all points of the form (U^∗ + tU, c^∗ + tc), t ∈ [0, 1]). Then for any φ < φ^∗ we can apply (3.12) to obtain that

ϕ̃_N (N^{−1/2}, φ) ≤ − C^4 2N . (3.15)

Assume that −^π_4 ≤ φ^∗ ≤^π_4 . Let us remark that, using (2.5), similarly to (3.9) one can obtain that for all (U, c): |U − U^∗| ≤ N^{−1/2} and |c − c^∗| ≤ N^{−1/2} d dU s_N (U, c) ≤ min |∇Φ_N (J)|^{−1}

S_N (U, c) V_N (U, c)

≤ C_5. (3.16)

Choose d ≡^{C4}_{4C5} . Then for all φ^∗ ≤ φ ≤ φ_d ≡ arctan(tan φ^∗ + dN^{−1/2}), using (3.15) and (3.16), we have got ϕ̃_N (N^{−1/2}, φ) = ϕ_N (N^{−1/2} sin φ, N^{−1/2} cos φ)

≤ ϕ_N (N^{−1/2} sin φ − d N , N^{−1/2} cos φ) +

C_5d N ≤ − C_4 4N + O(N^{−3/2}).

(3.17)

For^π_4 ≥ φ > φ_d, according to the definition of φ^∗ and φ_d, there exists ρ_1 < 1 such that (N^{−1/2}ρ_1 sin φ −^{dρ1}_N , N^{−1/2}ρ_1 cos φ) ∈ Λ ⇒ (N^{−1/2}ρ_1 sin φ −^{tdρ1}_N , N^{−1/2}ρ_1 cos φ) ∈ Λ (t ∈ [0, 1]).

Therefore, using that ϕ̃_N (ρ, φ) is a concave function of ρ, we get ϕ̃_N (N^{−1/2}, φ) ≤ ρ^{−1}_1 ϕ̃_N (N^{−1/2}ρ_1, φ) = ρ^{−1}_1 ϕ_N (N^{−1/2}ρ_1 sin φ, N^{−1/2}ρ_1 cos φ) ≤ ρ^{−1}_1 ϕ_N (N^{−1/2}ρ_1 sin φ − dρ_1 N , N^{−1/2}ρ_1 cos φ) − d 2N ≤ − d 2N . (3.18)

And finally, if |φ| >^π_4 , denote

L_ϕ ≡ r(N^{−1/2} sin φ, N^{−1/2} cos φ) ∩ Λ, l_ϕ = N^{1/2} mes{L_ϕ}.

Then, using that for (U, c) ∈ L_ϕ d dρ ϕ̃_N (N^{−1/2}ρ, φ) ≤ N^{−1/2} cos π 4 d dU ϕ_N (U, c) < − 1 2 N^{−1/2} cos π 4 , and for (U, c) ∉ L_ϕ we can apply (3.12), we have got

ϕ̃_N (N^{−1/2}, φ) ≤ − (1 − l^ϕ)^2C^4 2N − l_ϕ 2(2N)^{1/2} ≤ − K N . (3.19)

Inequalities (3.15)-(3.19) prove (3.14) for |φ| <^π_2 . For the rest of φ the proof is the same.

Now let us derive (2.8) (for p = 2) from (3.14). Choose ρ^∗ =^4_K and remark, that since ϕ̃_N (ρ, φ) is a concave function of ρ, we have got that for ρ > N^{−1/2}ρ^∗ 1 2 d dρ ϕ̃_N (ρ, φ) | | |_{ρ=N −1/2 ρ∗} ≤ d dρ [ϕ̃_N (ρ, φ) + 2 N log ρ] < − K 2N^{1/2} .

12 Mariya Shcherbina, Brunello Tirozzi

Thus, using the Laplace method, one can obtain that ∫ ρ>N^{−1/2}ρ^∗ dρ ρ

2e^{Nϕ̃N (ρ,φ)} ∫ ρ>N^{−1/2}ρ^∗ dρe

Nϕ̃_N (ρ,φ) ≤

(ρ^∗)^2 N d dρ ϕ̃_N (ρ, φ) d dρ [ϕ̃_N (ρ, φ) +^2_N log ρ] | | | | ρ=N^{−1/2} ρ^∗ ≤ 2(ρ^∗)^2 N . So, we have for any φ ∫ dρ ρ^2e^{Nϕ̃N (ρ,φ)} ≤

(ρ^∗)^2 N ∫ ρ<N^{−1/2} ρ^∗

dρ e^{Nϕ̃N (ρ,φ)} + 2(ρ^∗)^2 N ∫ ρ>N^{−1/2}ρ^∗

dρ e^{Nϕ̃N (ρ,φ)} ≤ 2

(ρ^∗)^2 N ∫ dρe^{Nϕ̃N (ρ,φ)}.

This relation proves (2.8) for p = 2, because of the inequalities

⟨(c − ⟨c⟩_{(U,c)})^2⟩_{(U,c)} ≤ ⟨(c − c^∗)^2⟩_{(U,c)} ≤ ∫ dϕ ∫ dρ ρ^2e^{Nϕ̃N (ρ,φ)} ∫ dϕ ∫ dρe^{Nϕ̃N (ρ,φ)} ≤ 2(ρ^∗)^2 N . For other values of p the proof of (2.8) is similar.

Proof of Theorem 2

For our consideration below it is convenient to introduce also the Hamiltonian

H_{N,p}(J, x, h, z, ε) ≡ 1 2ε p∑ μ=1 (N^{−1/2}(ξ^{(μ)}, J)−x^{(μ)})^2 +h(h, J)+ z 2 (J, J). (3.20)

Evidently

H_{N,p}(J, k, h, z, ε) = − log ∫ x^{(μ)} >k

dx exp{H_{N,p}(J, x, h, z, ε)} + p 2 log(2πε)

and so ⟨F̃ (J)⟩ = ⟨F̃ (J)⟩_{HN,p} for any F̃ (J). Therefore below we denote ⟨. . .⟩ both averaging with respect to H_{N,p} and H_{N,p}.

Lemma 1. Define the matrix X^{μ,ν}_N = 1 N N∑ i=1 ξ^{(μ)}_i ξ^{(ν)}_i . If the inequalities

||X_N || ≤ ( √ α + 2)^2, 1 N (h, h) ≤ 2, (3.21)

are fulfilled, then the Hamiltonian H_{N,p}(J, k, h, z, ε) satisfies conditions (2.3), (2.4), (2.5) and (2.6) of Theorem 1 and therefore 1 N^2 N∑ i,j=1

⟨J̇_iJ̇_j ⟩⟨J_i⟩⟨J_j ⟩ ≤

C(z, ε) N , 1 N^2 N∑ i,j=1

⟨J̇_iJ̇_j ⟩^2 ≤

C(z, ε) N , (3.22)

where J̇_i ≡ J_i − ⟨J_i⟩.

Moreover, choosing ε_N ≡ N^{−1/2} log N we have got that there exist N-independent C_1 and C_2, such that

Prob { max_i ⟨θ(J_i − N^{1/2}ε_N )⟩ > e^{−C1 log2 N} } ≤ e^{−C2 log2 N} . (3.23)

Rigorous Solution of the Gardner Problem 13

Remark 3. According to the result of [S-T] and to a low of large numbers, P_N -the probability that inequalities (3.21) are fulfilled, is more than 1 − e^−const^{N 2/3}

Remark 4. Let us note that since the Hamiltonian (2.10) under conditions (3.21) satisfies (2.3), (2.4) and (2.6), we can choose R_0 large enough to have

σ^{−1}_N ∫ Γ_N

θ(|J| − N^{1/2}R_0)e^{−HN,p} dJ ≤ (R_0)^N e^{−NC1R20} < e^{−NC3−N} ⇒ ⟨ θ(|J| − N^{1/2}R_0) ⟩ ≤ e^{−N} ,

so in all computations below we can use the inequality |J| ≤ N^{1/2}R_0 with the error O(e^{−N} const ).

Remark 5. Let us note, that sometimes it is convenient to use (3.22) in the form E {⟨( N^{−1} N∑ i J̇^{(1)}_i J̇^{(2)}_i

)_2⟩_{(1,2)}} ≤ C(z, ε) N , E {⟨( N^{−1} N∑ i J̇_i⟨J_i⟩ )_2⟩} ≤ C(z, ε) N . Here and below we put an upper index to J_i to show that we take a few replicas of our Hamiltonians and the upper index indicate the replica number. We put also an upper index ⟨..⟩^{(1,2)} to stress that we consider the Gibbs measure for two replicas. The last relations means, in particularly, that 1 N ∑ J̇^{(1)}_i J̇^{(2)}_i → 0, 1 N ∑ J̇_i⟨J_i⟩ → 0, as N → ∞ (3.24)

in the Gibbs measure and the probability.

We start the proof of Theorem 2 from the proof of the self-averaging property (2.14). of f_{N,p}(h, z, ε). Using the idea, proposed in [P-S] (see also [S-T]), we write

f_{N,p}(h, z, ε) − E{f_{N,p}(k, h, z, ε)} = 1 N p∑ μ=0 Δ_μ,

where

Δ_μ ≡ E_μ {(log Z_{N,p}(k, h, z, ε))} − E_{μ+1} {(log Z_{N,p}(h, z, ε))} ,

the symbol E_μ{..} means the averaging with respect to random vectors ξ^{(1)}, ..., ξ^{(μ)} and E_0 {log Z_{N,p}(k, h, z, ε)} = log Z_{N,p}(h, z, ε). Then, in the usual way,

E {Δ_μΔ_ν } = 0 (μ ≠ ν),

and therefore E { (f_{N,p}(h, z, ε) − E{f_{N,p}(k, h, z, ε)})^2 } = 1 N^2 p∑ μ=0 E{Δ^2_μ}. (3.25)

14 Mariya Shcherbina, Brunello Tirozzi But E{Δ^2_{μ−1}} ≤ E{(E_{μ−1}{(log Z_{N,p}(k, h, z, ε))}

E_{μ−1} { (log Z^{(μ)}_{N,p−1}(k, h, z, ε)))^2 } ≤ E{(Δ^′_μ)^2},

(3.26)

where Δ^′_μ ≡ log Z_{N,p}(k, h, z, ε) − log Z^{(μ)}_{N,p−1}(k, h, z, ε),

with Z^{(μ)}_{N,p−1}(k, h, z, ε) being the partition function for the Hamiltonian (2.10), where in the r.h.s. we take the sum with respect to all upper indexes except μ. Denoting by ⟨...⟩^{(μ)}_{p−1} the correspondent Gibbs averaging and integrating with respect to x, we get:

Δ^′_μ = √ ε log ⟨ H ( k − (ξ^{(μ)}, J)N^{−1/2} √ ε )⟩(μ) p−1 . (3.27)

But evidently

0 ≥ log ⟨ H ( ε^{−1/2}(k − (ξ^{(μ)}, J)N^{−1/2})

)⟩_{(μ)} p−1 ≥ ⟨ log H ( ε^{−1/2}(k − (ξ^{(μ)}, J)N^{−1/2})

)⟩_{(μ)} p−1 ≥ − const ⟨ (Nε)^{−1}(ξ^{(μ)}, J)^2

⟩_{(μ)} p−1 + const

(3.28)

Thus,

E{(Δ^′_μ)^2} ≤ const E {⟨ (Nε)^{−1}(ξ^{(μ)}, J)^2

⟩_{(μ)} p−1 ⟨ (Nε)^{−1}(ξ^{(μ)}, J)^2

⟩_{(μ)} p−1 } . But since ⟨...⟩^{(μ)}_{p−1} does not depend on ξ^{(μ)} we can average with respect to

ξ^{(μ)} inside ⟨...⟩^{(μ)}_{p−1}. Hence, we obtain

E{(Δ^′_μ)^2} ≤ const ε^{−2}E {⟨ N^{−1}(J, J)

⟩_{(μ)} p−1 ⟨ N^{−1}(J, J)

⟩_{(μ)} p−1 } ≤ const . (3.29)

Inequalities (3.25)-(3.28) prove (2.14).

Define the order parameters of our problem

R_{N,p} ≡ 1 N N∑ i=1 ⟨J^2_i ⟩, q_{N,p} ≡ 1 N N∑ i=1 ⟨J_i⟩^2 (3.30)

To prove the self-averaging properties of R_{N,p} and q_{N,p} we use the following general lemma:

Lemma 2. Consider the sequence of convex random functions {f_n(t)}^∞_{n=1} (f^{′′}_n (t) ≥ 0) in the interval (a, b). If functions f_n are self-averaging (E{(f_n(t)−E{f_n(t)})^2} → 0, as n → ∞ uniformly in t) and bounded (|E{f_n(t)}| ≤ C uniformly in n, t ∈ (a, b)), then for almost all t

lim_{n→∞} E{[f^′_n(t) − E{f^′_n(t)}]^2} = 0, (3.31)

Rigorous Solution of the Gardner Problem 15

i.e. the derivatives f^′_n(t) are also self-averaging ones for almost all t.

In addition, if we consider another sequence of convex functions {g_n(t)}^∞_{n=1} (g^{′′}_n ≥ 0) which are also self-averaging (E{(g_n(t) − E{g_n(t)})^2} → 0, as n → ∞ uniformly in t), and |E{f_n(t)} − E{g_n(t)}| → 0, as n → ∞, uniformly in t, then for all t, which satisfy (3.31)

lim_{n→∞} |E{f^′_n(t)} − E{g^′_n(t)}| = 0, lim_{n→∞} E{[g^′_n(t) − E{g^′(t)}]^2} = 0. (3.32)

For the proof of this lemma see [P-S-T2]. On the basis of Lemma 2, in Sec.4 we prove

Proposition 2. Denote R_{N,p−1}, q_{N,p−1} the analogs of R_{N,p}, q_{N,p} (see definition (3.30)) for H_{N,p−1}. Then for any convergent subsequence E{f_{Nm,pm} (k, h, z, ε)} for almost all z and h R_{Nm,pm} , q_{Nm,pm} we have got

E{(R_{Nm,pm} − R_{Nm,pm} )^2}, E{(q_{Nm,pm} − q_{Nm,pm} )^2} → 0, |R_{Nm,pm} − R_{Nm,pm−1}|, |q_{Nm,pm} − q_{Nm,pm−1}| → 0 as k → ∞,

(3.33)

where R_{N,p} = E{R_{N,p}}, q_{N,p} = E{q_{N,p}} (3.34) and E {⟨( N^{−1}_m

N_m∑

i=1 J^2_i − R_{Nm,pm} )_2⟩} → 0, as N_m → ∞. (3.35)

Our strategy now is to choose an arbitrary convergent subsequence f_{Nm,pm} (k, h, z, ε), by applying to it the above proposition, to show that its limit for all h, z coincides with the r.h.s. of (2.15). Then this will mean that there exists the limit f_{N,p}(h, z, ε) as N, p → ∞,^p_N → α. But in order to simplify formulae below we shall omit the subindex m for N and p.

Now we formulate the main technical point of the proof of Theorem 2.

Lemma 3. Consider H_{N,p−1} and denote by ⟨. . .⟩_{p−1} the respective Gibbs averages. For any ε_1 > 0 and 0 ≤ k_1 ≤ 2k define

ϕ_N (ε_1, k_1) ≡ ε^{1/2}_1 ⟨ H ( k_1 − N^{−1/2}(ξ^{(p)}, ⟨J⟩_{p−1}) √ ε_1 )⟩ p−1 , (3.36)

ϕ_{0,N} (ε_1, k_1) ≡ ε^{1/2}_1 H ( k_1 − N^{−1/2}(ξ^{(p)}, ⟨J⟩_{p−1}) √ U_{N,p−1}(ε_1) ) , (3.37)

where U_{N,p−1}(ε_1) ≡ R_{N,p−1} − q_{N,p−1} + ε_1. Then, E { (ϕ_N (ε_1, k_1) − ϕ_{0,N} (ε_1, k_1))^2 } → 0, E { (log ϕ_N (ε_1, k_1) − log ϕ_{0,N} (ε_1, k_1))^2 } → 0, E {( d dε_1 log ϕN (ε1, k1) − d dε_1 log ϕ0,N (ε1, k1)

)_2} → 0, E {( d dk_1 log ϕN (ε1, k1) − d dk_1 log ϕ0,N (ε1, k1)

)_2} → 0,

(3.38)

16 Mariya Shcherbina, Brunello Tirozzi

and N^{−1/2}(ξ^{(p)}, ⟨J⟩_{p−1}) converges in distribution to √ q_{N,p}u, where u is a Gaussian random variable with zero mean and variance 1.

Besides, if we denote

t^{(μ)} ≡ N^{−1/2}(ξ^{(μ)}, J) − x^μ, ṫ^{(μ)} ≡ t^{(μ)} − ⟨t^{(μ)}⟩

Ũ_N ≡ 1

ε^2N p∑ μ=1 ⟨(t^{(μ)})^2⟩, q̃_N ≡ 1 ε^2N p∑ μ=1 ⟨t^{(μ)}⟩^2, (3.39)

then Ũ_N and q̃_N are self-averaging quantities and for μ ≠ ν E { ⟨ṫ^{(μ)}ṫ^{(ν)}⟩^2 } → 0, E { ⟨((t^{(μ)})^2 − ⟨(t^{(μ)})^2⟩)((t^{(μ)})^2 − ⟨(t^{(μ)})^2⟩)⟩^2 } → 0, E { ⟨(t^{(μ)})^4⟩ } ≤ const , E { ⟨(t^{(μ)})^4(t^{(ν)})^4⟩ } ≤ const. (3.40)

Now we are ready to derive the equations for q_{N,p} and R_{N,p}. From the symmetry of the Hamiltonian (3.20) it is evident that q_{N,p} = E{⟨J_1⟩^2} and R_{N,p} = E{⟨J^2_1 ⟩}. The integration with respect J_1 is Gaussian. So, if we denote

t^{(μ)}_1 ≡ t^{(μ)} − N^{−1/2}ξ^{(μ)}_1 J_1,

we get

⟨J_1⟩ = −(z + α_N /ε)^{−1} ( 1 εN^{1/2} p∑ μ=1 ξ^{(μ)}_1 ⟨t^{(μ)}_1 ⟩ + hh_1 ) . Hence,

(z + α_N /ε)^2E { ⟨J_1⟩^2 } = 1 ε^2N E {_p∑

μ,ν=1

ξ^{(μ)}_1 ξ^{(ν)}_1 ⟨t^{(μ)}_1 ⟩⟨t^{(ν)}_1 ⟩ }

+h^2 + 2h ε^{1/2}_N E { p∑ μ=1 h_1ξ^{(μ)}_1 ⟨t^{(μ)}_1 ⟩ } + o(1),

(3.41)

and similarly

(z + α_N /ε)^2E { ⟨J^2_1 ⟩ } = (z + α_N /ε) + 1 ε^2N p∑ μ,ν=1 E { ξ^{(μ)}_1 ξ^{(ν)}_1 ⟨t^{(μ)}_1 t^{(ν)}_1 ⟩ }

+h^2 + 2h ε^{1/2}_N p∑ μ=1 E { h_1ξ^{(μ)}_1 ⟨t^{(μ)}_1 ⟩ } + o(1).

(3.42)

Now to calculate the r.h.s. in (3.41) and (3.42) we use the formula of ”integration by parts” which is valid for any function f with bounded third derivative E { ξ^{(μ)}_1 f ( ξ^{(μ)}_1 N^{−1/2} )} = 1 N^{1/2} E { f^′ ( ξ^{(μ)}_1 N^{−1/2} )} + 1 N^{3/2} E { f^{′′′} ( ζ(ξ^{(μ)}_1 )ξ^{(μ)}_1 N^{−1/2} )} , (3.43)

Rigorous Solution of the Gardner Problem 17

where |ζ(ξ^{(μ)}_1 )| ≤ 1. Thus, using this formula and the second line of (3.40), we get:

(z + α_N /ε)^2q_{N,p} = q̃_N + 1 N^2ε^4 ∑ μ≠ν E {⟨ ṫ^{(μ)}_1 (t^{(μ)}_1 J_1 − ⟨t^{(μ)}_1 J_1⟩) ⟩ ⟨ ṫ^{(ν)}_1 (t^{(ν)}_1 J_1 − ⟨t^{(ν)}_1 J_1⟩) ⟩}

+ 2 N^2ε^4 ∑ μ≠ν E {⟨ ṫ^{(μ)}_1 (t^{(μ)}_1 J_1 − ⟨t^{(μ)}_1 J_1⟩)(t^{(ν)}_1 J_1 − ⟨t^{(ν)}_1 J_1⟩) ⟩ ⟨t^{(ν)}_1 ⟩ }

+ 1 N^2ε^4 ∑ μ≠ν E {⟨ ṫ^{(μ)}_1 (t^{(ν)}_1 J_1 − ⟨t^{(ν)}_1 J_1⟩) ⟩ ⟨ ṫ^{(ν)}_1 (t^{(μ)}_1 J_1 − ⟨t^{(μ)}_1 J_1⟩) ⟩}

+h^2 +

2h^2 ε^2N ∑ μ E {⟨ ṫ^{(μ)}_1 (t^{(μ)}_1 J_1 − ⟨t^{(μ)}_1 J_1⟩)J̇_1 ⟩} + o(1).

(3.44)

Substituting t^{(μ)}_1 by t^{(μ)} and using the symmetry of the Hamiltonian with respect to J_i, we obtain e.g. for the first sum in (3.44): 1 N^2 ∑ μ≠ν E {⟨ ṫ^{(μ)}_1 (t^{(μ)}_1 J_1 − ⟨t^{(μ)}_1 J_1⟩) ⟩ ⟨ ṫ^{(ν)}_1 (t^{(ν)}_1 J_1 − ⟨t^{(ν)}_1 J_1⟩) ⟩}

= 1 N^3 N∑ i=1 p∑ μ,ν=1 E {⟨ ṫ^{(μ)}(t^{(μ)}(J̇_i + ⟨J_i⟩) − ⟨t^{(μ)}(J̇_i + ⟨J_i⟩)⟩ ⟩

· ⟨ ṫ^{(ν)}(J̇_i + ⟨J_i⟩) − ⟨t^{(ν)}(J̇_i + ⟨J_i⟩)⟩ ⟩} + o(1) = 1 N^3 N∑ i=1 p∑ μ,ν=1 E { ⟨J_i⟩^2⟨(ṫ^{(μ)})^2⟩⟨(ṫ^{(ν)})^2⟩ } + o(1) = q_{N,p}(Ũ_N − q̃_N )^2 + o(1).

Here we have used the relation (3.24), which allows us to get rid from the terms containing J̇_i and the self-averaging properties of q_{N,p}, Ũ_N and q̃_N . Transforming in a similar way the other sums in the r.h.s. of (3.44) and using also relations (3.40) to get rid from the terms, containing ⟨ṫ^{(μ)}ṫ^{(ν)}⟩, we get finally:

(z + α_N /ε)^2q_{N,p} = q̃_N + 2(R_{N,p} − q_{N,p})q̃_N (Ũ_N − q̃_N ) +q_{N,p}(Ũ_N − q̃_N )^2 + h^2(1 + 2(Ũ_N − q̃_N )(R_{N,p} − q_{N,p})) + o(1).

(3.45)

Similarly we obtain

(z + α_N /ε)^2R_{N,p} = (z + α_N /ε) + Ũ_N + R_{N,p}(Ũ^2_N − q̃^2_N ) −2q_{N,p}q̃_N (Ũ_N − q̃_N ) + h^2(1 + 2(Ũ_N − q̃_N )(R_{N,p} − q_{N,p})) + o(1).

(3.46)

Considering (3.45) and (3.46) as a system of equation with respect to R_{N,p} and q_{N,p}, we get

q_{N,p} = q̃_N + h^2 (z + Δ_N )^2

+ o(1), R_{N,p} − q_{N,p} = 1 z + Δ_N

+ o(1), (3.47)

where we denote for simplicity

Δ_N ≡ α ε − Ũ_N + q̃_N . (3.48)

18 Mariya Shcherbina, Brunello Tirozzi

Now we should find the expressions for q̃_N and Ũ_N . From the symmetry of the Hamiltonian (2.10) it is evident that

q̃_N = α_N E { 1 ε^2 ⟨ N^{−1/2}(ξ^{(p)}, J) − x^{(p)}

⟩_2}

= α_N E [ d dk_1 log ∫ x>0 dx ⟨ exp{− 1 2ε_1

(N^{−1/2}(ξ^{(p)}, J) − x − k_1)^2} ⟩ p−1 ]_2 | | | | |_{k1 =k}

= α_N E {[ d dk_1 log ϕ_N (k_1, ε_1) ]_2}| | |_{k1=k} . (3.49) Therefore, using Lemma 3, we derive:

q̃_N = α_N E [ d dk_1 log H ( √ q_{N,p}u + k_1 √ U_{N,p} )]_2 = α_N U_{N,p} E { A^2 (√ q_{N,p}u + k_1 √ U_{N,p} )} . (3.50) Here and below we denote

A(x) ≡ − d dx log H(x) = e^{−x2/2} √ 2πH(x)

, (3.51)

where the function H(x) is defined by (2.11). Similarly

Ũ_N = α_N E { 1 ε^2

⟨(N^{−1/2}(ξ^{(p)}, J) − x^{(p)})^2⟩ }

= 2α_N E { d dε_1 log ∫ x>0 dx⟨exp{− 1 2ε_1

(N^{−1/2}(ξ^{(p)}, J) − x − k_1)^2}⟩_{p−1} }| | |_{ε1 =ε}

= 2α_N E { d dε_1 log ϕ_p(k_1, ε_1) }| | ε_1 =ε . (3.52) Now, using Lemma 3 and Lemma 1, we derive:

Ũ_N = 2α_N E { d dε_1 log ε^{−1/2}_1 H ( √ q_{N,p}u + k_1 √ U_{N,p} )}| | | |_{ε1 =ε} = α_N ε + α_N

U^{3/2}_{N,p} E { (k + √ q_{N,p}u)A ( √ q_{N,p}u + k_1 √ U_{N,p} )} . (3.53)

Thus, from (3.45), (3.46), (3.50) and (3.53) we obtain the system of equations for R_{N,p} and q_{N,p}

q_{N,p} ≡ (R_{N,p} − q_{N,p})^2 [ α U_{N,p} E { A^2 (√ q_{N,p}u + k √ U_{N,p} )} + h^2 ] + ε̃_N α U^{3/2}_{N,p} E { ( √ q_{N,p}u + k)A ( √ q_{N,p}u + k √ U_{N,p} )}

= z + q_{N,p} (R_{N,p} − q_{N,p})^2 − 1 R_{N,p} − q_{N,p}

− h^2 + ε̃^′_N ,

(3.54)

Rigorous Solution of the Gardner Problem 19

where ε̃_N , ε̃^′_N → 0, as N, p → ∞, α_N → α.

Proposition 3. For any α < 2 there exists ε^∗(α, k) such that for any ε ≤ ε^∗ and z < ε^{−1/3} the solution of the system (3.54) tends as ε̃_N , ε̃^′_N → 0 to (R^∗, q^∗) which gives the unique point of max_R min_q in the r.h.s. of (2.15).

On the basis of this proposition we conclude that for almost all z, h there exist the limits lim m→∞ E { d dz f_{Nm,pm} (k, h, z, ε) } = R^∗(α, k, h, z, ε), lim m→∞ E { d dh f_{Nm,pm} (k, h, z, ε) } = h(R^∗(α, k, h, z, ε) − q^∗(α, k, h, z, ε)).

But since the r.h.s. here are continuous functions of z, h we derive that for any convergent subsequence f_{Nm,pm} (k, h, z, ε) the above limits exist for all z, h. Besides, choosing subsequence f_N ′_{m,p}′_m (k, h, z, ε) which converges for any rational α, we obtain that for any N^′_m, p^′_m such that α_m =^{p′m}_{N ′m} → α_1 (α_1 is a rational number) and p^{′′}_m such that α^′_m =^{p′′m}_{N ′m} → 0 E { f_N ′_{m,p}′_m (α_k, k, h, z, ε)} − E{f_N ′_{m,p}′′_m (α^′_k , k, h, z, ε) } = 1 N^′_m

p^′_m −p^{′′}_m ∑ i=0 E { log Z_N ′_{m,p}′′_{m−i}(k, h, z, ε) − log Z_N ′_{m,p}′_{m−i−1}(k, h, z, ε) }

→ 1 N^′_m

p^′_m−p^{′′}_m ∑ i=0 E { log H ( √ q_N ′_{m,p}′_{m−i}u + k √ U_N ′_{m,p}′_{m−i} )}

→ ∫_{α1} 0 E { log H ( √ q^∗(α)u + k √ R^∗(α) + ε − q^∗(α) )} dα.

Thus, for all rational α there exists lim m→∞ E {f_{Nm,pm} (k, h, z, ε)} = F (α, k, h, z, ε),

where F (α, k, h, z, ε) is defined by (2.15). But since the free energy is obviously monotonically decreasing in α, we obtain, that for any convergent subsequence the limit of the free energy coincides with the r.h.s. of (2.15). Hence, as it was already mentioned after Proposition 2, there exist a limit which coincides with the r.h.s. of (2.15). Theorem 2 is proven.

Proof of Theorem 3. For any z > 0 let us take h small enough and consider

Θ_{N,p}(k, h, z) ≡ σ^{−1}_N ∫ Ω_N

dJ exp{− z 2 (J, J) − h(h, J)},

where Ω_{N,p} ≡ { J : N^{−1/2}(ξ^{(ν)}, J) ≥ k, (ν = 1, . . . , p) } .

20 Mariya Shcherbina, Brunello Tirozzi

To obtain the self-averaging of N^{−1} log_{(MN)} Θ(k, h, z) and the expression for E{N^{−1} log_{(MN)} Θ(k, h, z)} we define also the interpolating Hamiltonians, corresponding partition functions and free energies:

H^{(μ)}_{N,p}(J, k, h, z, ε) ≡ − p∑ ν=μ+1

log H ( k − N^{−1/2}(ξ^{(ν)}, J) √ ε ) + z 2 (J, J) + h(h, J),

(3.55) Z^{(μ)}_{N,p}(k, h, z, ε) ≡ σ^{−1}_N ∫ Ω^{(μ)}_{N,p} dJ exp{−H (μ) N,p(J, k, h, z, ε)}, f^{(μ)}_{N,p}(k, h, z, ε, M) ≡^1_N log_{(MN)} Z_{N,p}(k, h, z, ε),

(3.56)

where Ω^{(μ)}_{N,p} ≡ { J : N^{−1/2}(ξ^{(μ′ )}, J) ≥ k, (μ^′ = 1, . . . , μ) } . According to Theorem 2, for large enough M with probability more than (1 − O(N^{−1}))

f^{(0)}_{N,p}(k, h, z, ε, M) = f_{N,p}(k, h, z, ε), f^{(p)}_{N,p}(k, h, z, ε) = 1 N log_{(MN)} Θ(k, h, z),

where f_{N,p}(k, h, z, ε) is defined by (2.13). Hence,

f_{N,p}(k, h, z, ε, M) − 1 N log_{(MN)} Θ_{N,p}(k, h, z) = 1 N p∑ μ=1 Δ̃^{(μ)},

Δ̃^{(μ)} ≡ log_{(MN)} Z^{(μ−1)}_{N,p} − log_{(MN)} Z^{(μ)}_{N,p}.

(3.57)

Below in the proof of Theorem 3 we denote by x^{(μ)} ≡ N^{−1/2}(ξ^{(μ)}, J), by the symbol ⟨. . .⟩_μ the Gibbs averaging corresponding to the Hamiltonian H^{(μ)}_{N,p} in the domain Ω^{(μ−1)}_{N,p} and by Z^{(μ,μ)}_{N,p} the correspondent partition function.Denote also T_μ(x) ≡ ⟨ θ(x^{(μ)} − x) ⟩ μ , X_μ ≡ ⟨ x^{(μ)} ⟩ μ . To proceed further, we use the following lemma:

Lemma 4. If the inequalities (3.21) are fulfilled and there exists N, μ, ε-independent D such that 1 N ⟨ (J̇, J̇) ⟩ μ ≥ D^2, (3.58)

then there exist N, μ, ε-independent K_1, C^∗_1 , C^∗_2 , C^∗_3 , such that for |X_μ| ≤ log N

T_μ(k + 2ε^{1/4}) ≥ C^∗_1 e^{−C∗2 X 2μ} , T_μ(k − 2ε^{1/4}) − T_μ(k + 2ε^{1/4}) ≤ ε^{1/4}C^∗_3

(3.59)

with probability P^{(μ)}_N ≥ (1 − K_1N^{−3/2}).

Remark 6. Similarly to Remark 4 one can conclude that, if Z^{(μ,μ)}_{N,p} > e^{−MN} , then there exists ε, N, μ-independent R_0, such that we can use the inequality |J| ≤ N^{1/2}R_0 with the error O(e^{−N} const ).

Rigorous Solution of the Gardner Problem 21

Remark 7. Denote D̃^2_μ the l.h.s. of (3.58). Then

4D̃^2_μ⟨θ(|J̇| − 2D̃_μN^{1/2})⟩_μ ≤ N^{−1} ⟨ (J̇, J̇) ⟩ μ = D̃^2_μ ⇒ ⟨θ(|J̇| − 2D̃_μN^{1/2})⟩_μ ≤^1_4 ⇒ Z^{(μ,μ)}_N ≤^4_3 σ^{−1}_N ∫ |J̇ |<2^~Dμ N^{1/2} exp{−^{z2} (J, J) − h(h, J)} ≤^{43} (2

D̃_μ)N e2hNR0

Thus, the inequality Z^{(μ,μ)}_{N,p} > e^{−MN} implies that D̃_μ ≥^1_2 exp{−M − 2hR_0} ≡ D^2.

Let us prove self-averaging property of f^{(p)}_{N,p}(k, h, z, ε, M), using Lemma 4. Similarly to (3.25) we write

f^{(p)}_{N,p}(k, h, z, ε, M) − E{f^{(p)}_{N,p}(k, h, z, ε, M)} = 1 N p−1∑ ν=0 Δ_ν ,

where

Δ_ν ≡ E_ν {f^{(p)}_{N,p}(k, h, z, ε, M)} − E_{ν+1}{(f^{(p)}_{N,p}(k, h, z, ε, M)}, Then E{Δ_ν Δ_ν′ } = 0, (ν ≠ ν^′) and therefore

E{(f^{(p)}_{N,p}(k, h, z, ε, M) − E{f^{(p)}_{N,p}(k, h, z, ε, M)})^2} = 1 N^2 p−1∑ ν=0 E{Δ^2_ν }, (3.60)

where similarly to (3.26) E{Δ^2_ν } ≤ E{Δ^2_ν }, (3.61) with Δ_ν ≡ log_{(MN)} Z^{(p)}_{N,p} − log_{(MN)} Z^{(p,ν+1)}_{N,p} ,

where Z^{(p,ν)}_{N,p} is the partition function, corresponding to the Hamiltonian H^{(p)}_{N,p} in the domain Ω^{(p,ν)}_{N,p} which differs from Ω^{(p)}_{N,p} by the absence of the inequality for μ^′ = ν. Therefore for ν ≤ p − 1 E{|Δ_ν |^2} = E{|Δ_{p−1}|^2} = E{θ(Z^{(p,p)}_{N,p} − e^{−MN} )| log_{(MN)} Z^{(p)}_{N,p} − log_{(MN)} Z^{(p,p)}_{N,p} |^2} +E{θ(e^{−MN} − Z^{(p,p)}_{N,p} )| log_{(MN)} Z^{(p)}_{N,p} − log_{(MN)} Z^{(p,p)}_{N,p} |^2}.

(3.62)

But the second term in the r.h.s. is zero, because Z^{(p)}_{N,p} ≤ Z^{(p,p)}_{N,p} and thus Z^{(p,p)}_{N,p} ≤ e^{−MN} implies Z^{(p)}_{N,p} ≤ e^{−MN} , and so log_{(MN)} Z^{(p)}_{N,p} = log_{(MN)} Z^{(p,p)}_{N,p} = −MN. Then, denoting by χ_μ the indicator function of the set, where Z^{(μ,μ)} > e^{−MN} , and the inequalities (3.59) are fulfilled, on the basis of Lemma 4, we obtain that

E{Δ^2_ν } = E{θ(Z^{(p,p)}_{N,p} − e^{−MN} ) log^2_{(M)} ⟨ θ(x^{(p)} − k) ⟩ p} ≤ (MN)^2[E{θ(Z^{(p,p)}_{N,p} − e^{−MN} )θ(|X_p| − log N)} +E{θ(Z^{(p,p)}_{N,p} − e^{−MN} )(1 − χ_p)θ(log N − |X_p|)}] +E { θ(Z^{(p,p)}_{N,p} − e^{−MN} )χ_pθ(log N − |X_p|) log^2 exp{−C^∗_1 X^2_μ} } ≤ (MN)^2[e^{− log2 N/2R20} ) + K_1N^{−3/2}] + 2(R^2_0C^∗_1 )^2 ≤ 2M^2K_1N^{1/2}.

(3.63)

22 Mariya Shcherbina, Brunello Tirozzi

Here we have used that, according to the definition of the function log_{(MN)} (see (2.16), | log_{(MN)} ⟨ θ(x^{(p)} − k) ⟩ p | ≤ MN. Besides, we used the standard Chebyshev inequality, according to which

P_μ(X) ≡ Prob{X_μ ≥ X} ≤ e^{−X 2/2R20} . (3.64)

Relations (3.60), (3.61) and (3.63) prove the self-averaging property of^1_N log_{(MN)} Θ_{N,p}(k, h, z).

Now let us prove that Δ̃^{(μ)}, defined in (3.57), for any μ satisfies the bound

|E{Δ̃^{(μ)}}| = |E{θ(Z^{(μ,μ)}_{N,p} − e^{−MN} )[log_{(MN)} ⟨ H((k − x^{(μ)})ε^{−1/2}) ⟩ μ − log_{(MN)} ⟨ θ(x^{(μ)} − k) ⟩ μ]} ≤ ε^λK,

(3.65)

with some positive N, μ, ε-independent λ, K. We remark here, that similarly to (3.62) Z^{(μ−1)}_{N,p} , Z^μ_{N,p} ≤ Z^{μ,μ}_{N,p} and so, if Z^{μ,μ}_{N,p} < e^{−MN} , then log_{(MN)} Z^{(μ−1)}_{N,p} = log_{(MN)} Z^{(μ)}_{N,p} = MN.

Using the inequalities

H(−ε^{−1/4})θ(x − ε^{1/4}) ≤ H ( − x ε^{1/2} ) ≤ ε_1 + θ(x + ε^{1/4}) (3.66)

with ε_1 ≡ H(ε^{−1/4}), we get

log H(−ε^{−1/4}) − E{θ(Z^{(μ,μ)}_{N,p} − e^{−MN} ) log(1 + r_1(k, ε))} ≤ E{Δ̃^{(μ)}} ≤ E{θ(Z^{(μ,μ)}_{N,p} − e^{−MN} ) log(1 + r_2(k, ε))},

(3.67)

where

r_1(k, ε) ≡

T_μ(k) − T_μ(k + ε^{1/4}) T_μ(k + ε^{1/4})

, r_2(k, ε) ≡

T_μ(k − ε^{1/4}) − T_μ(k) + ε_1 T_μ(k) . But by the virtue of Lemma 4, one can get easily that, if |X_μ| ≤ log N, then with probability P^{(μ)}_N ≥ (1 − K_1N^{−3/2})

r_{1,2}(k, ε) ≤ ε^{1/4}Ce^{CX 2μ}

with some N, μ-independent C. Therefore, choosing λ ≡^1_8 R^2_0(1 + 2CR^2_0)^{−1} and L^2 ≡ 2λ| log ε|, for small enough ε we can write similarly to (3.63) E { θ(Z^{(μ,μ)}_{N,p} − e^{−MN} ) log_{(MN)} (1 + r_{1,2}(k, ε)) } ≤ (MN)P_μ(log N) +K_1N^{−3/2}(MN) + ∫ θ(log N − |X|) log(1 + ε^{1/4}Ce^{CX 2} )dP_μ(X) = ε^{1/4}Ce^{CL2} + C ∫ θ(|X| − L)X^2dP_μ(X) + o(1) ≤ ε^{1/4}Ce^{CL2} + 2CL^2P (L) ≤ K(C, R_0)ε^λ,

where P_μ(X) is defined and estimated in (3.64) and we have used that, according to definition (2.16), −MN ≤ log_{(MN)} θ⟨(x^{(μ)} − k)⟩_μ, log_{(MN)}⟨θ(x^{(μ)} − k ± ε^{1/4})⟩_μ ≤ 0 and therefore always | log_{(MN)}(1 + r_{1,2}(k, ε)| ≤ MN.

Using the bound | 1 N log_{(MN)} Θ_{N,p}(k, h, z) − 1 N log_{(MN)} Θ_{N,p}(k, 0, z)| ≤ 2hR_0,

Rigorous Solution of the Gardner Problem 23

representation (3.57) and self-averaging property of^1_N log_{(MN)} Θ_{N,p}(k, h, z), we obtain that with probability P_N ≥ 1 − O(N^{−1/2})

F (α, k, 0, z, ε) + O(ε^λ) + O(h) ≤ 1 N log_{(MN)} Θ_{N,p}(k, 0, z) ≤ F (α, k, 0, z, ε) + O(ε^λ) + O(h).

Now we are going to use Corollary 1 to replace the integration over the whole space by the integration over the sphere of the radius N^{1/2}. But since Theorem 2 is valid only for z < ε^{−1/3}, we need to check, that min_z{F (α, k, 0, z, ε) +^z_2 } takes place for z, satisfying this bound.

Proposition 4. For any α < α_c(k) there exists ε-independent z(k, α) such that z_{min} < z(k, α).

Then, using 2.9, we have got that with the same probability for α ≤ α_c(k)

min_z {F (α, k, 0, z, ε) + z 2 } + O(ε^λ) + O(h) ≤ 1 N log_{(MN)} Θ_{N,p}(k) ≤ min_z {F (α, k, 0, z, ε) + z 2 } + O(ε^λ) + O(δ) + O(h).

(3.68)

Thus, lim N→∞ E {( 1 N log_{(MN)} Θ_{N,p}(k) − E{ 1 N log_{(MN)} Θ_{N,p}(k)}

)_2} ≤ O(ε^{2λ}) + O(h),

(3.69) and since ε, h are arbitrarily small numbers (3.69) proves the self-averaging property of^1_N log_{(MN)} Θ_{N,p}(k). Besides, averaging^1_N log_{(MN)} Θ_{N,p}(k) with respect to all random variables and taking the limits h, ε → 0, we obtain (2.15) from (3.69).

The last statement of Theorem 3 follows from that proven above, if we note that log_{(MN)} Θ_{N,p}(k) is a monotonically decreasing function of α and, on the other hand, the r.h.s. of (2.17) tends to −∞ as α → α_c(k)

Hence, we have finished the proof of Theorem 3.

4. Auxiliary Results

Proof of Proposition 1 Let us fix t ∈ (t^∗_1, t^∗_2) take some small enough δ and consider D^δ (t) which is the set of all J ∈ A(t) ∩ D whose distance from the boundary of D is more than d = N^{1/2} max{δ, 2K_0δ}. Now for any J_0 ∈ D^δ(t) consider (J̃, ϕ(J̃ )) - the local parametrisation of D with the points of the (N −1)- dimensional hyper-plane B = {J̃ : (J̃, ñ) = 0}, where ñ is the projection of the normal n to D at the point J_0 on the hyper-plane B(t). We chose the orthogonal coordinate system in B in such a way that J̃_1 = (J, e) = N^{1/2}t. Denote J̃_0 = P J_0 (P is the operator of the orthogonal projection on B). According to the standard theory of the Minkowski sum (see e.g.[Ha]), the boundary of^1_2 A(t) × 1 2 A(t + δ) consists of the points

J^′ = 1 2 J + 1 2 J^{(δ)}(J), (4.1)

24 Mariya Shcherbina, Brunello Tirozzi

where J belongs to the boundary of A(t) and the point J^{(δ)}(J) (belonging to the boundary of A(t + δ)) is chosen in such a way that the normal to the boundary of A(t + δ) at this point coincides with the normal n to the boundary of A(t) at the point J. Denote D̃(^1_2 ) the part of the boundary of^1_2 A(t) ×^1_2 A(t + δ) for which in representation (4.1) J ∈ D^δ (t). Now for J_0 ∈ D^δ(t) let us find the point J^{(δ)}(J_0). Since by construction^∂_{∂J̃i} ϕ(J̃_0) = 0 (i = 2, . . . , N − 1), we obtain for J̃^{(δ)}(J_0) ≡ P J^{(δ)}(J_0) the system of equations ∂ ∂J̃_i ϕ(J̃^{(δ)}) = 0, (i = 2, . . . , N − 1)

and J̃^{(δ)}_1 = N^{1/2}(t + δ). Then we get

J̃^{(δ)}_i = J̃ 0_i + δN 1/2(D^{−1}_{11} )−1(D−1)_{i,1} + o(δ) (i = 2, . . . , N − 1), (4.2)

where the matrix {D_{i,j} }^{N−1}_{i,j=1} consists of the second derivatives of the function ϕ(J̃) (D_{i,j} ≡^{∂2}_{∂J̃i∂J̃j} ϕ(J̃)). Thus, it was mentioned above, the point J_1 ≡

(^1_2 (J̃_0 +J̃^{(δ)}),^1_2 (ϕ(J̃_0))+ϕ(J̃^{(δ)})) ∈ D̃(^1_2 ). Consider also the point J^′_1 ≡ (^1_2 (J̃_0 + J̃^{(δ)}), ϕ(^1_2 (J̃_0 + J̃^{(δ)}))) ∈ A(t +^1_2 δ) ∩ D. Then,

|J_1 − J^′_1| = ϕ

(_1

2 (J̃_0 + J̃^{(δ)}) ) −^1_2 ( ϕ(J̃_0) + ϕ(J̃^{(δ)}) ) = δ^2 2 N ( (D^{−1}_{1,1})^2

∑_{N−1}

i,j=2 Di,j D −1 i,1 D^{−1}_{j,1} + 2D^{−1}_{1,1}

∑_{N−1} i=2 D_{i,1}D^{−1}_{i,1} + D_{1,1} ) + o(δ^2) = Nδ^2(D^{−1}_{1,1})^{−1} + o(δ^2).

But (D^{−1}_{1,1})^{−1} ≥ λ_{min}, where λ_{min} is the minimal eigenvalue of the matrix D. Therefore, since

λ_{min} = min (J̃ ,^~J )=1

(DJ̃, J̃) ≥ min (J̃ ,^~J )=1

(DJ̃ , J̃) (1 + J̃^2_1 (n, e)^2)^{3/2}

≥ κ_{min} ≥ K_0N^{−1/2},

(4.3) we obtain that |J_1 − J^′_1| ≥ δ^2K_0N^{1/2}. (4.4)

Besides, since by construction^∂_{∂J̃i} ϕ(J̃_0) = 0 and^∂_{∂J̃i} ϕ(J̃^{(δ)}) = 0, we get that the tangent hyper-plane of the boundary^1_2 A(t)×^1_2 A(t+δ) at the point J_1 is orthogonal to (J_1−J^′_1). So, in fact, we have proved that the distance between D^δ (t+^1_2 δ) and D̃(^1_2 ) is more than δ^2K_0N^{1/2}. Thus, denoting by S̃(^1_2 ) ≡ mesD̃(^1_2 ), we obtain that

V (t + 1 2 δ) − Ṽ ( 1 2 ) ≥ δ^2N^{1/2}K_0S̃( 1 2 ) + o(δ^2) = δ^2N^{1/2}K_0S(t) + o(δ^2). (4.5)

Here we have used that S̃(^1_2 ) = S(t) + o(1), as δ → 0, because the boundary D is smooth. Therefore, denoting Ṽ (τ) the volume of τA(t) × (1 − τ)A(t + δ) and

Rigorous Solution of the Gardner Problem 25

using (4.5), we get

2V^{1/N} (t + 1 2 δ) − V^{1/N} (t) − V^{1/N} (t + δ) ≥ 2 ( Ṽ ( 1 2 ) + δ^2N^{−1/2}K_0S(t)

)_{1/N}

− Ṽ^{1/N} (0) − Ṽ^{1/N} (1) + o(δ^2)

= 2Ṽ^{1/N} ( 1 2 ) − Ṽ^{1/N} (0) − Ṽ^{1/N} (1) +

2δ^2K_0S(t) N^{1/2}Ṽ^{1−1/N} (^1_2 )

+ o(δ^2) ≥ 2δ^2K_0S(t) N^{1/2}V^{1−1/N} (t +^1_2 δ)

+ o(δ^2) = 2δ^2K_0C(t)V^{1/N} (t) + o(δ^2).

Here we have used the inequality 2Ṽ^{1/N} (^1_2 ) − Ṽ^{1/N} (0) − Ṽ^{1/N} (1) ≥ 0, which follows from the Brunn-Minkowski theorem and the relation V (t +^1_2 δ) = V (t) + o(1) (as δ → 0). Then, sending δ → 0, we obtain the statement of Proposition 1.

Proof of Lemma 1 Since log H(x) is a concave function of x, H_{N,p}(J, h, z, ε) is the convex function of J, satisfying (2.3). Since log H(x) < 0 for any x, (2.4) is also fulfilled. To prove (2.5) let us write

|∇H_{N,p}(J)|^2 ≤ 3 Nε ∑ i,μ,ν

ξ^{(μ)}_i ξ^{(ν)}_i A_μA_ν + 3h^2(hh) + 3z^2(J, J)

≤ const ε^{−1} [ ∑ μ A^2_μ + z^2(J, J) + h^2(hh) ]

≤ const ε^{−1} [ pC^∗ − ∑ μ log H ( k − N^{−1/2}(J, ξ^{(μ)}) √ ε ) + h^2 + z^2(J, J) ] , (4.6)

where we denote for simplicity A_μ ≡ A ( k −^{N −1/2(}J^,ξ^{(μ))} √ ε ) , with the function A(x) defined in (3.51). The second inequality in (4.6) is based on the first line of (3.21), the third inequality is valid by the virtue of the bound^1_2 A^2(x) ≤ − log H(x) + C^∗, with some constant C^∗, and the last inequality is valid due to the second line of (3.21).

Taking into account (2.4) one can conclude also, that for any U there exists some N-independent constant C(U), such that (J, J) ≤ NC(U), if H_{N,p}(J) ≤ NU. Thus, we can derive from (4.6) that under conditions (3.21) (2.5) is fulfilled. Besides, due to the inequality log H(x) ≥ C^∗_1 −^1_2 x^2, it is easy to obtain that

f_{N,p}(k, h, z, ε) ≥ C^∗_1 + 1 N log det(ε^{−2}X + zI),

so (2.6) is also fulfilled.

Hence, we have proved that under conditions (3.21) the norm of the matrix D ≡ {⟨J̇_iJ̇_j ⟩}^N_{i,j=1} is bounded by some N-independent C(z, ε). Then with the same probability

N^{−1} N∑ i,j=1

⟨J̇_iJ̇_j ⟩^2 = N^{−1}TrD^2 ≤ C(z, ε),

26 Mariya Shcherbina, Brunello Tirozzi

which implies (3.22).

To prove (3.23) let us observe that

⟨θ(|J_N | − N^{1/2}ε_N )⟩ = ⟨θ(|c| − ε_N )⟩_{(U,c)}, (4.7)

where ⟨. . .⟩_{(U,c)} is defined in (3.3)- (3.7) with e = (0, . . . , 0, 1). For the function s_N (U, c), defined by (3.5), we get ⟨ ∂ ∂c s_N (U, 0)⟩_{(U,0)} = N^{−1/2}

∫_∂

∂J_N HN.p(J ) exp{−HN.p(J)}|J^N =0dJ1 . . . dJN−1

exp{−H_{N.p}(J)}|_{JN =0}dJ_1 . . . dJ_{N−1} = hh_N N^{1/2} + 1 Nε p∑ μ=1 ξ^{(μ)}_N ⟨A_μ⟩ | | |_{JN =0}.

(4.8) But since ⟨A_μ⟩|_{JN =0} does not depend on ξ^{(μ)}_N , by using the standard Chebyshev inequality, we obtain that

Prob { |⟨ ∂ ∂c s_N (U, 0)⟩_{(U,0)}| > ε_N } ≤ e^{−C1Nε2N} = e^{−C1 log2 N} . (4.9)

On the other hand, since s_N (U, c) is a concave function of U, c satisfying (3.13), denoting ϕ_N (U, c) ≡ s_N (U, c) − U − (s_N (U^∗, c^∗) − U^∗) for any (U, c) ∼ (U^∗, c^∗) one can write

C_0[(U −U^∗)^2 +(c−c^∗)^2] ≤ − ∂ ∂c ϕ_N (U, c)(c−c^∗)− ∂ ∂U ϕ_N (U, c)(U −U^∗). (4.10)

Multiplying this inequality by e^{NϕN (U,c)} and integrating with respect to U, we obtain for c = 0

C_0(c^∗)^2 ≤ c^∗⟨ ∂ ∂c s_N (U, 0)⟩_{(U,0)} + O(N^{−1}).

Therefore, taking into account (4.9), we get that, if 3.21 is fulfilled, then

Prob { |c^∗| > ε_N 2 } ≤ e^{−C1 log2 N} . (4.11)

But, using the Laplace method, we get easily

⟨θ(|c − c^∗| − ε_N 2 )⟩_{(U,c)} ≤ e^{−CNε2N} ≤ e^{−C log2 N} .

Combining this inequality with (4.7) and using the symmetry with respect to J_1, . . . , J_N , we obtain (3.23).

Proof of Proposition 2 Applying Lemma 2 to the sequences f_{Nm,pm} and f_{Nm,pm−1} as a functions of z, we obtain immediately relations (3.33) for R_{Nm,pm} for all z, where the limiting free energy f(z, h) has continuous first derivative with respect to z. Besides, since for all λ ∈ (−1, 1) and arbitrarily small δ > 0 λE { δ^{−1} (f_{Nm,pm} (z − δ) − f_{Nm,pm} (z − 2δ)) } ≤ E { log ⟨ exp { λN^{−1}_m (J, J) }⟩} ≤ λE {( δ^{−1}(f_{Nm,pm} (z + 2δ) − f_{Nm,pm} (z + δ) )} ,

Rigorous Solution of the Gardner Problem 27

we obtain that E { log ⟨ exp{λ(N^{−1}_m (J, J)} ⟩ − R_{Nm,pm} ) } → 0 for all such z and all λ ∈ (−1, 1). Using Remark 3, we can derive then that

f_m(λ) ≡ E {⟨ exp { λ(N^{−1}_m (J, J) − R_{Nm,pm} ) }⟩} → 1.

Then, since it follows from Remark 3 that f^{(3)}_k (λ) is bounded uniformly in m and λ, we derive that f^{′′}_m(λ) → 0 and, taking here λ = 0, obtain (3.35).

To derive relations (3.33) for q_{Nm,pm} we consider f_{Nm,pm} and f_{Nm,pm−1} as a functions of h, derive from Lemma 2 that E {( N^{−1}_m (h, ⟨J⟩_{Nm,pm} ) − E { N^{−1}_m (h, ⟨J⟩_{Nm,pm} ) })_2} → 0 and therefore E {( N^{−1}_m (h, ⟨J⟩_{Nm,pm} ) − E { N^{−1}_m (h, ⟨J ⟩_{Nm,pm} ) }) N^{−1}_m (⟨J ⟩_{Nm,pm} , ⟨J⟩_{Nm,pm} ) } → 0.

Integrating it with respect to h_i, we get E { (q_{Nm,pm} − q_{Nm,pm} − (R_{Nm,pm} − R_{Nm,pm} ))q_{Nm ,pm} } = 2 N^2_m

N_m∑

i,j=1 E { ⟨J_i⟩⟨J̇_iJ̇_j ⟩⟨J_j ⟩ } . Using relations (3.22) and (3.27) we derive now (3.33) for q_{Nm,pm} .

Proof of Lemma 3 Let us note that, by the virtue of Lemma 1, computing ϕ_N (ε_1, k_1), ϕ_{0,N} (ε_1, k_1) with probability more than (1 − e^{−C2 log4 N} ) we can restrict all the integrals with respect to J by the domain

Ω_N = { |J_i| ≤ ε_N N^{1/2}, (i = 1, . . . , N), (J, J) ≤ NR^2_0 }

In this case the error for ϕ_N (ε_1, k_1) and ϕ_{0,N} (ε_1, k_1) will be of the order O(Ne^{−C1 log2 N} ). So below in the proof of Lemma 3 we denote by ⟨...⟩_{p−1} the Gibbs measure, corresponding to the Hamiltonian H_{N,p−1} in the domain Ω_N . In this case the inequalities (3.22) are also valid, because their l.h.s., comparing with those, computing in the whole R^N , have the errors of the order O(N^2e^{−C1 log2 N} ).

We start from the proof of the first line of (3.38). To this end consider the functions

F_N (t) ≡ ⟨ θ(N^{−1/2}(ξ^{(μ)}, J) − t) ⟩ p−1 ,

F_{0,N} (t) = H ( U^{−1/2}_{N,p} (0) ( N^{−1/2}(ξ^{(μ)}, ⟨J⟩_{p−1}) − t )) , ψ_N (u) ≡ ⟨ exp { iu(ξ^{(μ)}, J̇)N^{−1/2} }⟩ p−1 , ψ_{0,N} (u) ≡ exp { −^{u2}_2 (R_{N,p−1} − q_{N,p−1}) } . (4.12)

Take L ≡^π_{4εN} . According to the Lyapunov theorem (see [Lo]),

max_t |F_N (t) − F_{0,N} (t)| ≤ 2 π ∫_L −L u^{−1}du|ψ_N (u) − ψ_{0,N} (u)| + const L . (4.13)

28 Mariya Shcherbina, Brunello Tirozzi

Since evidently

ϕ_N (ε_1, k_1) = ε^{1/2}_1 ∫ H(ε^{−1/2}_1 (k_1 − t))dF_N (t), ϕ_{0,N} (ε_1, k_1) = ε^{1/2}_1 ∫ H(ε^{−1/2}_1 (k_1 − t))dF_{0,N} (t),

we obtain

|ϕ_N (ε_1, k_1) − ϕ_{0,N} (ε_1, k_1)| ≤ max_t |F_N (t) − F_{0,N} (t)| const . (4.14)

Thus, using (4.13), we have got E { |ϕ_N (ε_1, k_1) − ϕ_{0,N} (ε_1, k_1)|^2 } ≤ const ( 1 L + I_1 + I_2),

I_1 ≡ E {∫_1 1 u^{−2}|ψ_N (u) − ψ_{0,N} (u)|^2du } , I_2 ≡ ∫ 1<|u^{(1)} |,|u^{(2)}|<L

du^{(1)}du^{(2)}E { (ψ_N (u^{(1)}) − ψ_{0,N} (u^{(1)}))

·(ψ_N (u^{(2)}) − ψ_{0,N} (u^{(2)})) } .

(4.15)

Consider

I^{(1)}_2 ≡ E_p {∫ 1<|u^{(1)} |,|u^{(2)} |<L

du^{(1)}du^{(2)}ψ_N (u^{(1)})ψ_N (u^{(2)}) }

= ∫ 1<|u^{(1)} |,|u^{(2)} |<L du

(1)du^{(2)} ⟨∏_N j=1 cos N^{−1/2} ( u^{(1)}J̇^{(1)}_j − u^{(2)}J̇^{(2)}_j )⟩ p−1 . (4.16) We would like to prove that one can substitute the product of cos(a_i) in (4.16) by the product of exp{−a^2_i /2}. So we should estimate

Δ ≡ E {∫ 1<|u^{(1)} |,|u^{(2)} |<L du

(1)du^{(2)} ⟨[∏_N j=1 cos N^{−1/2} ( u^{(1)}J̇^{(1)}_j − u^{(2)}J̇^{(2)}_j )

− exp { −^1_{2N} ∑ ( u^{(1)}J̇^{(1)}_j − u^{(2)}J̇^{(2)}_j )_2}]⟩ p−1 } . (4.17) Let us denote

g(τ) ≡ ∑ i ( log cos N^{−1/2}τ ( u^{(1)}J̇^{(1)}_j − u^{(2)}J̇^{(2)}_j )

+ τ^2 2N ∑ ( u^{(1)}J^{(1)}_j − u^{(2)}J^{(2)}_j

)_2) . Then

|Δ| = | | | | | ∫ 1<|u^{(1)} |,|u^{(2)}|<L

du^{(1)}du^{(2)}⟨e^{g(1)} − e^{g(0)}⟩ | | | | | ≤ ∫ |u^{(1)} |,|u^{(2)} |<L

du^{(1)}du^{(2)} ⟨ |g(1) − g(o)|(e^{g(1)} + e^{g(0)}) exp { −^1_{2N} ∑ ( u^{(1)}J̇^{(1)}_j − u^{(2)}J̇^{(2)}_j )_2}⟩ p−1 . (4.18)

Rigorous Solution of the Gardner Problem 29

But since g(0), g^′(0), g^{′′}(0), g^{′′′}(0) = 0,

|g(1) − g(0)| ≤ 1 6 |g^{(4)}(ζ)| ≤ const N^2 ∑ ( u^{(1)}J̇^{(1)}_j + u^{(2)}J̇^{(2)}_j

)_4

≤ const ε^2_N [( N^{−1}(J̇^{(1)}, J̇^{(1)}) + N^{−1}(J̇^{(2)}, J̇^{(2)}) ) ( |u^{(1)}|^4 + |u^{(2)}|^4 )] . Besides, using the inequality (valid for any |x| ≤^π_2 )

log cos x + x^2 2 ≤ x^2 6 , we obtain that

|e^{g(0)} + e^{g(1)}| ≤ 2 exp { 1 6N ∑ ( u^{(1)}J̇^{(1)}_j + u^{(2)}J̇^{(2)}_j

)_2} . Thus, we get from (4.18) |Δ| ≤ const ε^2_N . Hence, we have proved that

I^{(1)}_2 = ∫ du^{(1)}du^{(2)} ⟨ exp − 1 2 2∑ l,m=1

A^{(1)}_{l,m}u^{(l)}u^{(m)}

⟩(1,2)

p−1 + O(ε^2_N ), (4.19)

where A^{(1)}_{l,l} = 1 N (J̇^{(l)}, J̇^{(l)}), (l = 1, 2) A^{(1)}_{1,2} = 1 N (J̇^{(1)}, J̇^{(2)}).

Now, taking into account that Proposition 2 implies ∑ m,l=1,2 E {⟨ (A^{(1)}_{l,m} − A_{l,m})^2

⟩_{(1,2)} p−1 } → 0, (N → ∞),

where A_{l,m} = δ_{l,m}(R_{N,p−1} − q_{N,p−1}), we obtain immediately that ∫ 1<|u^{(1)} |,|u^{(2)} |<L

du^{(1)}du^{(2)}E { ψ_N (u^{(1)})ψ_N (u^{(2)}) }

= ∫ 1<|u^{(1)} |,|u^{(2)} |<L

du^{(1)}du^{(2)}E { ψ_{0,N} (u^{(1)})ψ_{0,N} (u^{(2)}) } + o(1).

By the same way one can prove also ℜ ∫ 1<|u^{(1)} |,|u^{(2)} |<L

du^{(1)}du^{(2)}E { ψ_N (u^{(1)})ψ_{0,N} (u^{(2)}) }

= ∫ 1<|u^{(1)} |,|u^{(2)} |<L

du^{(1)}du^{(2)}E { ψ_{0,N} (u^{(1)})ψ_{0,N} (u^{(2)}) } + o(1),

which gives us that I_2 = o(1). Similarly one can prove that I_1 = o(1). Then, using (4.15), we obtain the first line of (3.38).

30 Mariya Shcherbina, Brunello Tirozzi

To prove the second line of (3.38) we denote by A ≡ (ϕ_N (ε_1, k_1)), B ≡ (ϕ_{0,N} (ε_1, k_1)), ε̃_N ≡ E{(A − B)^2}, L̃ ≡ | log ε̃_N |ε̃^{−1/2}_N and write E { | log A − log B|^2 } ≤ E { θ(L̃ − A^{−1})θ(L̃ − B^{−1})(| log A − log B|^2 } +2E { (θ(L̃ − A^{−1}) + θ(L̃ − B^{−1})))(log^2 A + log^2 B) } ≤ 4L̃^{−2}E { (A − B)^2 } + 4| log L̃|^{−2}E { (log^4 A + log^4 B) } ≤ 4ε̃_NL̃^{−2} + | log L̃|^{−2} const ≤ const | log L̃|^{−3/2}.

(4.20)

Here we have used the inequality

| log A − log B| ≤ |A − B|(A^{−1} + B^{−1}),

the first line of (3.38) and the fact that E{log^4 A}, E{log^4 B} are bounded (it can be obtained similarly to (3.28)-(3.29)). Since we have proved above that ε̃_N → 0, as N → ∞, inequality (4.20) implies the second line of (3.38). The third and the fourth line of (3.38) can be derived in the usual way (see e.g. [P-S-T2]) from the second line by using the fact that functions log ϕ_N (ε_1, k_1) and log ϕ_{0,N} (ε_1, k_1) are convex with respect to ε^{−1}_1 and k_1.

The convergence in distribution N^{−1/2}(ξ^{(p)}, ⟨J⟩_{p−1}) → √ q_{N,p}u follows from the central limit theorem (see, e.g. the book [Lo]), because ⟨J⟩_{p−1} does not depend on ξ^{(p)} and the Lindenberg condition is fulfilled: 1 N^2 ∑ i ⟨J_i⟩^4_{p−1} ≤ const ε^2_N .

Thus, to finish the proof of Lemma 3 we are left to prove (3.40). It can be easily done, e.g. for μ = p and ν = p − 1, if we in the same manner as above consider the functions

ϕ^{(2)}_N (ε_1, ε_2, k_1, k_2) ≡ ∫ x_1,x_2>0

dx_1dx_2 ⟨ exp { − 1 2ε_1

(N^{−1/2}(ξ^{(p)}, J) − x_1 − k_1)^2 − 1 2ε_2

(N^{−1/2}(ξ^{(p)}, J) − x_2 − k_2)^2 }⟩ p−1 (4.21) ϕ^{(2)}_{0,N} (ε_1, ε_2, k_1, k_2)

≡ (ε_1ε_2)^{1/2}H ( N^{−1/2}(ξ^{(p)}, ⟨J⟩_{p−2}) − k_1 U^{1/2}_{N,p−2}(ε_1) ) H ( N^{−1/2}(ξ^{(p−1)}, ⟨J⟩_{p−2}) − k_2 U^{1/2}_{N,p−2}(ε_2) )

(4.22) and prove for them analog of relations (3.38). Then relations (3.40) will follow immediately. The self-averaging property for Ũ_N and q̃_N follows from the fact that ϕ^{(2)}_{0,N} (ε_1, ε_2, k_1, k_2) is a product of two independent functions.

Proof of Proposition 3. It is easy to see, that equations (3.54) have the form ∂F ∂q = O(ε̃_N ), ∂F ∂R = O(ε̃^′_N ), (4.23)

Rigorous Solution of the Gardner Problem 31

where F (q, R) is defined by the expression in the square brackets in the r.h.s. of (2.15).

Let us make the change of variables s = q(R+ε−q)^{−1}. Then equations (4.23) take the form ∂F̃ ∂s = O(ε_N ), ∂F̃ ∂R = O(ε_N ), (4.24)

where ε_N = |ε̃_N | + |ε̃^′_N | and

F̃ (s, R) ≡ αE { log H ( u √ s + k √ 1 + s √ ε + R )}

+ 1 2 s(R + ε) R − εs + 1 2 log(R − εs) − 1 2 log(1 + s) − z 2 R + h^2 2 R − εs 1 + s . (4.25)

Then (4.24) can be written in the form

f_1(s, R) ≡ − α s E { A^2 } + (R + ε)^2 (R − εs)^2 − h^2 s(s + 1)

(R + ε) = O(ε_N ),

f_2(s, R) ≡ αk √ 1 + s (R + ε)^{3/2}

E {A} − εs(s + 1) (R − εs)^2 + 1 R − εs + h^2 s + 1

− z = O(ε_N ), (4.26) where the function A(x) is defined by (3.51) and to simplify formulae we here and below omit the arguments of functions A and A^′. But ∂ ∂s f_1(s, R) = − α s^2 E {( u √ s + k √ 1 + s √ ε + R ) A^′A } + α s^2 E { A^2 }

+ αk s^2(1 + s)^{1/2}(ε + R)^{1/2} E { A^′A } + 2(R + ε)^2ε (R − εs)^3 + h^2(2s + 1) s^2(s + 1)^2

(R + ε) > h^2 s^2 R. (4.27) Here we have used the inequality (we prove it below):

xA^′(x)A(x) ≤ A^2(x), (4.28)

which gives us that the sum of the first two terms in (4.27) is positive. Therefore we conclude, that equation^{∂F̃}_{∂s} (s, R) = 0 for any R has a unique solution s = s(R) and, if we consider the first of equations (4.24), then its solution s_1(R) for any R behave like s_1(R) = s(R) + O(ε_N ). (4.29) For k = 0 the second equation in (4.26) is quadratic with respect to (R − εs), and so we can easily obtain that the system (4.26) for z < ε^{−1/3} has the unique solution. Consider now the case, when k ≠ 0. Then the function f_2(s, R) for s >> 1 behaves like

f_2(s, R) ∼ s R + ε D + 1 R − εs

− z,

where D ≡ αk̃I_1(k̃) − αI_2(k̃) + √ αI_2(k̃), k̃ = k(R + ε)^{−1/2} I_{1,2}(k̃) ≡^{1√}_{2π}

∫_∞ −k̃(u + k̃)^{1,2}e^{−u2 /2}du.

32 Mariya Shcherbina, Brunello Tirozzi

Since D can be represented in the form D = αH(−k̃)

αH(−k̃) + √ αI_2(−k̃) [ (k̃A(−k̃) + k̃^2 + 1 − 2H(−k̃)) + (2 − α)H(−k̃) ] > 0

(we have checked that k̃A(−k̃) + k̃^2 + 1 − 2H(−k̃) ≥ 0 numerically), we get from (4.26) that the inequality z ≤ ε^{−1/3} implies that s ≤ const Rε^{−1/3}. On the other hand, 2 ∂^2F̃ ∂R^2

(s, R) = − 3αk √ s + 1 2(R + ε)^{5/2}

E {A} − αk^2(s + 1) 2(R + ε)^3 E { A^′ } − R − 3εs − 2s^2ε (R − εs)^3 . (4.30) We would like to remark here, that the case when s is bounded and R ∼ ε is impossible for k ≠ 0 due to the first equation in (4.26). Thus, for ε small enough we get ∂^2F̃ ∂R^2

(s, R) < − 1 2(R − εs)^2

. (4.31)

Now, if we consider the function φ(R) ≡ F̃ (s(R), R) it is obviously concave and therefore the equation φ^′(R) = 0 has the unique solution R^∗ which is a maximum of φ(R). Besides, since in view of (4.31) φ^{′′}(R) < 0, R(ε̃) - the solution of equation φ^′(R) = ε̃ has the form R(ε̃) = R^∗ + O(ε̃). But in view of (4.29) the second equation of (4.24) can be rewritten in the form

φ^′(R) = O(ε̃_N ) + O(ε_N ).

Therefore its solution tends to R^∗ as ε_N → 0.

Now to finish the proof of Proposition 3 we are left to prove (4.28). For x ≤ 0 it is evidently fulfilled. For x > 0 let us write

xA^′(x)A(x) = x(A(x) − x)A^2(x) ≤ x^{√x2+4−x}_2 A^2(x) = 2x √ x^2 + 4 + x

A^2(x) ≤ A^2(x),

where we have used the well known inequality (see, e.g.,[A-S])

A(x) ≤ √ x^2 + 4 + x 2 . Proposition 3 is proven.

Proof of Proposition 4.

One can see easily that, if we want to study min_z{F (α, k, 0, z, ε) +^z_2 }, then we should consider the system (4.26) with zeros in the r.h.s. and with the additional equation ∂ ∂z F (α, k, 0, z, ε) = 1 ⇔ R = 1

Thus, we need to substitute R = 1, in the first equation. Since the l.h.s. of this equation for ε = 0 is an increasing function which tends to 1 − αα^{−1}_c > 0, as s → ∞, there exist the unique s^∗, which is the solution of this equation.

Rigorous Solution of the Gardner Problem 33

Then, choosing ε small enough, it is easy to obtain, that s(ε) is in some εneighbourhood of s^∗ and therefore s(ε) ≤ s(k, α). Then, substituting this s(ε) in the second equation, we get the ε-independent bound for z.

Proof of Lemma 4. Repeating conclusions (3.3)-(3.6) of the proof of Theorem 1, one can see that

⟨θ(x^{(μ)} − k)⟩_μ = ⟨θ(c − kN^{−1/2})⟩_{(U,c)}, (4.32)

where ⟨. . .⟩_{(U,c)} are defined by (3.7) (see also (3.3), (3.5) for Γ_N = Ω^{(μ−1)}_{N,p} , Φ_N = H^{(μ)}_{N,p} and c = N^{−1} ∑ ξ^{(μ)}_i J_i. We denote ϕ^{(μ)}_N (c, U) ≡ (s^{(μ)}_N (c, U) − U − (s^{(μ)}_N (c^∗, U^∗) − U^∗)), where s^{(μ)}_N (c, U) is defined by (3.5) and (c^∗, U^∗) is the point of maximum of the function s^{(μ)}_N (c, U) − U.

Applying Theorem 1, we found that s^{(μ)}_N (c, U) is a concave function of (c, U) and it satisfies (3.14).

Denote Λ_M ≡ {(U, c) : Nϕ^{(μ)}_N (c, U) ≥ M}, Π_c∗_{,c̃}′ ≡ {(U, c) : c^∗ ≤ c ≤ c̃^′}, (4.33) and let for any measurable B ⊂ R^2 m(B) ≡ ⟨χ_B(c, U)⟩_{(U,c)}.

To prove Lemma 4 we use the following statement:

Proposition 5. If the function ϕ^{(μ)}_N (c, U) is concave and satisfies inequality (3.14), c̃, c̃^′ > c^∗, and the constant A ≤ −^{N 1/2}_{2(c̃−c∗)} max_U ϕ^{(μ)}_N (c̃, U), then

⟨θ(c − c̃)e^{AN 1/2c}⟩_{(U,c)} ⟨θ(c − c̃)⟩_{(U,c)}

≤ 2e √ NAc̃, (4.34)

and for any M < −4

m(Λ_M ) ≤ 1 4 , m(Λ_M ∩ Π_c∗_{,c̃}′ ) m(Λ_M ∩ Π_c∗_{,c̃}′ ) ≤ 1 4 . (4.35)

The proof of this Proposition is given after the proof of Lemma 4.

Let us choose any c̃ > c^∗ and A = −^{N 1/2}_{2(c̃−c∗)} max_U ϕ^{(μ)}_N (c̃, U). Using (4.34), we get ⟨ e^{AN 1/2(c−c̃)} ⟩ (U,c)

= ⟨θ(c_2 − c)⟩_{(U,c)} +

⟨θ(c − c̃)e^{AN 1/2c}⟩_{(U,c)} ⟨θ(c − c̃)⟩_{(U,c)}

⟨θ(c − c_2)⟩_{(U,c)} ≤ ⟨θ(c_2 − c)⟩_{(U,c)} + 2⟨θ(c − c_2)⟩_{(U,c)} ≤ 2 (4.36) On the other hand, we shall prove below Proposition 6. For any |A| ≤ O(log N)

g(A) ≡ log ⟨ exp{AN^{1/2}(c − ⟨c⟩)} ⟩ (U,c) = log ⟨ exp{AN^{−1/2}(ξ^{(μ)}, J̇)} ⟩ μ =^{A2}_{2N} ⟨ (J̇, J̇) ⟩ μ + R_N , E { R^4_N } = O(A^{16}N^{−2}). (4.37)

34 Mariya Shcherbina, Brunello Tirozzi

It follows from this proposition that the probability to have for all A_i = ±1, . . . , ±[log N] the inequalities

e^{A2i R20} ≥ ⟨ exp { A_iN^{1/2}(c − ⟨c⟩) }⟩ (U,c)

≥ e^{A2i D2 /4} (4.38)

is more than P^′_N ≥ 1 − O(N^{−3/2}). Therefore, using that log⟨exp{AN^{1/2}(c − ⟨c⟩)}⟩_{(U,c)} is a convex function of A, and this function is zero for A = 0, one can conclude that with the same probability for any A : 1 ≤ |A| ≤ log N

e^{2A2R20} ≥ ⟨ exp { AN^{1/2}(c − ⟨c⟩) }⟩ (U,c)

≥ e^{A2D2 /8}. (4.39)

The first of these inequalities implies, in particular, that for any 0 < L < log N

⟨θ(⟨c⟩ − LN^{−1/2} − c)⟩_{(U,c)} ≤ max_{A>0} ⟨ exp { AN^{1/2}(⟨c⟩ − LN^{−1/2} − c) }⟩ (U,c) ≤ e

−L^2/8R^2_0 . (4.40)

The same bound is valid for ⟨θ(c − ⟨c⟩ − LN^{−1/2})⟩_{(U,c)}. Thus, assuming that ⟨c⟩ > c^∗ and denoting L_0 =^1_2 N^{1/2}(⟨c⟩ − c^∗), c_1 ≡ ⟨c⟩ − 2L_0N^{−1/2} = c^∗, c_2 ≡ ⟨c⟩ − L_0N^{−1/2}, c_3 ≡ ⟨c⟩ + L_0N^{−1/2} we can write

1 = ⟨θ(c_1 − c)⟩_{(U,c)} + ⟨χ_{c1 ,c3} (c)⟩_{(U,c)} + ⟨θ(c − c_3)⟩_{(U,c)} ≤ 4e^{−L20/8R20} . ⇒ N|⟨c⟩ − c^∗|^2 = 4L^2_0 ≤ 16R^2_0.

(4.41)

Here we have used (4.40) and the fact that since ϕ^{(μ)}_N (U, c) is a concave function and (U^∗, c^∗) is the point of its maximum, we have for any d > 0 and c̃ > c^∗

⟨χ_{c̃,c̃+d}(c)⟩_{(U,c)} ≤ ⟨χ_c∗_{,c}∗_{+d}(c)⟩_{(U,c)} ⇒ ⟨χ_{c2,⟨c⟩}(c)⟩_{(U,c)}, ⟨χ_{⟨c⟩,c3} (c)⟩_{(U,c)} ≤ ⟨χ_c∗_{,c2} (c)⟩_{(U,c)} ≤ ⟨θ(c^∗ − c)⟩_{(U,c)} ≤ e^{−L20/8R20} . (4.42) The case ⟨c⟩ < c^∗ can be studied similarly. We would like to stress here, that Theorem 1 also allows us to estimate N|⟨c⟩ − c^∗|^2, but this estimate can depend on ε.

Now let us come back to (4.36). In view of (4.39) for our choice of A

A^2D^2 8 − AN^{1/2}(c̃ − ⟨c⟩) ≤ log 2 ⇒ A ≤

8N^{1/2}(c̃ − ⟨c⟩) + 4D D^2 ⇒ max_U ϕ^{(μ)}_N (c̃, U) ≥ −2

7(c̃ − ⟨c⟩)^2 + 3(⟨c⟩ − c^∗)^2 D^2 − 4 N ≥ −14

(c̃ − ⟨c⟩)^2 D^2 − K_0 N (4.43) with some N, μ, ε-independent K_0.

Let us take L_1 = 8R_0 and c̃ > ⟨c⟩+L_1N^{−1/2}. Consider M̃(c̃) ≡ N max_U ϕ^{(μ)}_N (⟨c⟩+ 2(c̃ − ⟨c⟩), U)

If M̃(c̃) < −4, consider the sets

Π_1 ≡ {(U, c) : c > c̃}, Π_2 ≡ {(U, c) : ⟨c⟩ − L_1N^{−1/2} ≤ c ≤ c̃}. (4.44)

Applying (4.35) and (4.40), we get

Rigorous Solution of the Gardner Problem 35

m(Π_1 ∪ Π_2) ≥ 3 4 , m(Λ_{M̃(c̃)}) ≥ 3 4 ⇒ m(Λ_{M̃ (c̃)} ∩ (Π_1 ∪ Π_2)) ≥ 1 2 ≥ m(Λ_{M̃(c̃)} ∪ (Π_1 ∩ Π_2))

⇒ ⟨θ(c − c̃)⟩_{(U,c)} ≥ m(Λ_{M̃(c̃)} ∩ Π_1) m(Λ_{M̃(c̃)} ∩ (Π_1 ∪ Π_2)) + m(Λ_{M̃ (c̃)} ∪ (Π_1 ∩ Π_2)) ≥ m(Λ_{M̃(c̃)} ∩ Π_1) 2(m(Λ_{M̃(c̃)} ∩ Π_1) + m(Λ_{M̃(c̃)} ∩ Π_2)) ≥ 1 2(1 + e^{−M̃ (c̃)}S_2S^{−1}_1 ) ,

(4.45)

where we denote by S_{1,2} the Lebesgue measure of Λ_{M̃ (c̃)} ∩ Π_{1,2}, and use the fact that 0 ≥ Nϕ^{(μ)}_N (U, c) ≥ M̃(c̃).

Consider the point (⟨c⟩+2(c̃−⟨c⟩), U_1), found from the condition Nϕ^{(μ)}_N (⟨c⟩+ 2(c̃−⟨c⟩), U_1) = M̃(c̃) and two points (c̃, U_2), (c̃, U_3) which belong to the boundary of Λ_{M̃(c̃)}. Since Λ_{M̃(c̃)} is a convex set, if we draw two straight lines through the first and the second and the first and the third points and denote by T the domain between these lines, then T ∩Π_1 ⊂ Λ_{M̃ (c̃)} ∩Π_1 and Λ_{M̃(c̃)} ∩Π_2 ⊂ T ∩Π_2. Therefore

S_1 S_2 ≥ (c̃ − ⟨c⟩)^2 (2(c̃ − ⟨c⟩) + L_1)^2 − (c̃ − ⟨c⟩)^2 ≥ 1 8 . (4.46)

Thus, we derive from (4.45):

⟨θ(c − c̃⟩_{(U,c)} ≥ e^{M̃(c̃)} 2e^{M̃(c̃)} + 16

. (4.47)

If M̃(c̃) > −4, let us chose c_1 > c^∗, which satisfies condition N max_U ϕ^{(μ)}_N (2c_1, U) = −4 (c_1 > ⟨c⟩ + 2(c̃ − ⟨c⟩)). Replacing in the above consideration Λ_{M̃(c̃)} by Λ_{−4}, we finish the proof of the first line of (3.59).

To prove the second line of (3.59) we choose any c_1 > c^∗ + L_1N^{−1/2}, which satisfies the condition N max_U ϕ^{(μ)}_N (2c_1, U) < −4, denote d = 2ε^{1/4}N^{−1/2} and write similarly to (4.45)

⟨χ_c∗_{,c}∗_{+d}(c)⟩_{(U,c)} ≤ m(Λ_{−4} ∩ Π_c∗_{,c}∗_{+d}) + m(Λ_{−4} ∩ Π_c∗_{,c}∗_{+d}) m(Λ_{−4} ∩ Π_c∗_{,c}∗_{+d}) ≤ 5m(Λ_{−4} ∩ Π_c∗_{,c}∗_{+d}) 4m(Λ_{−4} ∩ Π_c∗_{,c}∗_{+d}) ≤ 5e^4S̃_2 4S̃_1 ≤ 5e^4 4 (c_1 − c^∗)^2 − (c_1 − c^∗ − d)^2

(c_1 − c^∗ − d)^2

≤ ε^{1/4}C^∗_3 ,

(4.48)

where we denote by S̃_{1,2} the Lebesgue measures of Λ_{−4} ∩ Π_c∗_{,c}∗_{+d} and Λ_{−4} ∩ Π_c∗_{,c}∗_{+d} respectively. Now, using the first line of (4.42), we obtain the second line of (3.59). Lemma 4 is proven. Proof of Proposition 5 Let us introduce new variables ρ ≡ √ (c − c^∗)^2 + (U − U^∗)^2,

36 Mariya Shcherbina, Brunello Tirozzi

φ ≡ arcsin^{U−U ∗}

√_{(c−c∗)2+(U−U ∗ )2} . Then ϕ^{(μ)}_N (ρ, φ) for any φ is a concave function

of ρ. Let r(φ) be defined from the condition Nϕ^{(μ)}_N (r(φ), φ) = M. Consider ϕ_M (ρ, φ) ≡ r^{−1}(φ) · ϕ^{(μ)}_N (r(φ), φ)ρ. Since ϕ^{(μ)}_N (ρ, φ) is concave, we obtain that

ϕ^{(μ)}_N (ρ, φ) ≥ ϕ_M (ρ, φ), 0 ≤ ρ ≤ r(φ), ϕ^{(μ)}_N (ρ, φ) ≤ ϕ_M (ρ, φ), ρ ≥ r(φ).

(4.49)

Thus, denoting by R the l.h.s. of the first inequality in (4.35), we get

R ≤ ∫ dφ ∫ ρ>r(φ) dρ exp{Nϕ (μ) N (ρ, φ)} ∫ dφ ∫ ρ<r(φ) dρ exp{ϕ (μ) N (ρ, φ)} ≤ ∫ dφ ∫ ρ>r(φ) dρ exp{NϕM (ρ, φ)} ∫ dφ ∫ ρ<r(φ) dρ exp{NϕM (ρ, φ)} ≤ (1 − M)e^M 1 − (1 − M))e^M ≤ 1 4 .

For the second inequality in (4.35) the proof is the same. To obtain (4.34) let us remark first that due to the choice of A the function ϕ_{c̃}(ρ, φ) ≡ ϕ^{(μ)}_N (ρ, φ) + N^{−1/2}Aρ cos φ for any φ is a concave function of ρ, whose derivative at the point ρ = ρ_φ ≡ c̃| cos φ|^{−1} satisfies the condition d dρ ϕ_{c̃}(ρ_φ, φ) ≤ d dρ ϕ^{(μ)}_N (ρ_φ, φ) − 1 2 ϕ^{(μ)}_N (ρ_φ, φ) ρ_φ ≤ 1 2 d dρ ϕ^{(μ)}_N (ρ_φ, φ).

Thus, for any φ we can write ∫ ρ>ρ_φ dρe

Nϕ^{(μ)}_N (ρ,φ)eAN^{1/2}(cos φρ−c̃) ∫ ρ>ρ_φ e

Nϕ^{(μ)}_N (ρ,φ) ≤ |^d_{dρ} ϕ^{(μ)}_N (ρ_φ, φ) + AN^{−1/2} cos φ|^{−1} |^d_{dρ} ϕ^{(μ)}_N (ρ_φ, φ)|^{−1}

≤ 2.

This inequality implies (4.34).

Proof of Proposition 6. To prove Proposition 6 we use the method, developed in [P-S-T2]. Consider the function g(A) defined by (4.37) and let us write the Taylor expansion up to the second order with respect to t for g(tA) (t ∈ [o, 1]). Then

R_N = A^2

∫_1 0 dt(1 − t)g^{′′}(tA)dt −^1_2 A^2g^{′′}(0) = A^3

∫_1 0 dt(1 − t)

∫_t 0 dt_1N^{−3/2} ∑ ξ^{(μ)}_i ⟨(J̇ , J̇)J̇_i⟩_{μ,t1} +A^2

∫_1 0 dt(1 − t)N^{−1} ∑ i≠j ξ (μ) i ξ^{(μ)}_j ⟨J̇_iJ̇_j ⟩_{μ,t} ≡ R^{(1)}_N + R^{(2)}_N ,

(4.50)

where we denote

⟨...⟩_{μ,t} ≡ ⟨ (. . .) exp{tAN^{−1/2}(ξ^{(μ)}, J)} ⟩ μ ⟨ exp{tAN^{−1/2}(ξ^{(μ)}, J)} ⟩ μ .

Rigorous Solution of the Gardner Problem 37

Let us estimate

E{(R^{(1)}_N )^4} ≤ A^{12}N^{−6}

∫_1 0 dt ( ∑ i_1 ≠i_2 ≠i_3 ≠i_4

E{ξ^{(μ)}_{i1} ξ^{(μ)}_{i2} ξ^{(μ)}_{i3} ξ^{(μ)}_{i4}

⟨(J̇, J̇)J̇_{i1} ⟩_{μ,t}⟨(J̇, J̇)J̇_{i2} ⟩_{μ,t}⟨(J̇, J̇)J̇_{i3} ⟩_{μ,t}⟨(J̇, J̇)J̇_{i4} ⟩_{μ,t}} +6 ∑ i_1≠i_2 ≠i_3

E{ξ^{(μ)}_{i2} ξ^{(μ)}_{i3} ⟨(J̇ , J̇)J̇_{i1} ⟩^2_{μ,t}⟨(J̇ , J̇)J̇_{i2} ⟩_{μ,t}⟨(J̇ , J̇)J̇_{i3} ⟩_{μ,t}} 3 ∑ i_1≠i_2

E{⟨(J̇, J̇)J̇_{i1} ⟩^2_{μ,t}⟨(J̇ , J̇)J̇_{i2} ⟩^2_{μ,t}} 4 ∑ i_1≠i_2

E{ξ^{(μ)}_{i1} ξ^{(μ)}_{i2} ⟨(J̇ , J̇)J̇_{i1} ⟩^3_{μ,t}⟨(J̇ , J̇)J̇_{i2} ⟩_{μ,t}} + ∑ i_1

E{⟨(J̇, J̇)J̇_{i1} ⟩^4_{μ,t}} ) . (4.51) Now, using the formula of integration by parts (3.43), taking into account that in our case^∂_{∂ξ(μ)i} = Ath^{−1}N^{−1/2 ∂}_{∂hi} , and then using integrations by parts with

respect to the Gaussian variable h_i, one can substitute

E{ξ^{(μ)}_i ⟨. . .⟩_{t,μ}} → Ath^{−1}N^{−1/2}E{h_i⟨. . .⟩_{t,μ}} +N^{−3/2}A^3O(E{⟨(J̇_i)^2(. . .)⟩_{t,μ}}).

(4.52)

Thus, for the first sum in (4.51), we obtain

E{Σ_1} ≤ h^{−4}A^{16}N^{−8}

∫_1 0 dtE {( ∑ i_1 hi1 ⟨(J̇ , J̇)J̇i1 ⟩μ,t

)_4} + O(A^{18}N^{−3})

≤ h^{−4}A^{16}N^{−2}

∫_1 0 dtE {( N^{−1} ∑ i,j h_ih_j ⟨J̇_iJ̇_j ⟩_{μ,t}

)_2 ⟨(N^{−1}(J̇, J̇))^2⟩^2 } ≤ const A^{16}N^{−2}. (4.53) Here to estimate the errors term in (4.52) we use that, according to Theorem 1 (see (2.8)), for any fixed p E{⟨J̇^p_i ⟩_{μ,t}} is bounded by N-independent constant.

Other sums in the r.h.s. of (4.51) and E{(R^{(1)}_N )^4} can be estimated similarly to (4.53).

Acknowledgements. Authors would like to thank Prof.A.D.Milka for the fruitful discussion of the geometrical aspects of the problem.

References

[A-S] Handbook of Mathematical Functions. Ed.: M.Abramowitz, I.Stegun. National Bureau of Standards Applied Mathematics Series-55, 1964 [D-G] B.Derrida,E.Gardner Optimal Stage Properties of Neural Network Models. J.Phys.A:

Math.Gen. 21, 271-284 (1988) [G] E.Gardner: The Space of Interactions in Neural Network Models. J.Phys.A: Math.Gen.

21, 257-270 (1988) [Ha] H.Hadwiger: Vorlesungen uber Inhalt, Oberlache und Isoperimetrie. Springer-Verlag, 1957 [K-K-P-S] A.Khorunzy, B.Khoruzhenko, L.Pastur and M.Shcherbina. The Large-n Limit in Statistical Mechanics and Spectral Theory of Disordered Systems. Phase transition and critical phenomena.v.15, p.73, Academic Press , 1992 [Lo] M.Loeve:Probability Theory. D.Van Nostrand Comp. Inc., 1960 [M-P-V] Mezard, M., Parisi, G., Virasoro, M.A.: Spin Glass Theory and Beyond. Singapore:

World Scientific, 1987

38 Mariya Shcherbina, Brunello Tirozzi

[P-S] L. Pastur, M. Shcherbina: Absence of Self-Averaging of the Order Parameter in the Sherrington-Kirkpatrick Model. J.Stat.Phys., 62, 1-26 (1991) [P-S-T1] L. Pastur, M. Shcherbina, B. Tirozzi: The Replica-Symmetric Solution Without Replica Trick for the Hopfield Model. J. Stat. Phys., 74, 5/6, 1161-1183 (1994) [P-S-T2] L.Pastur, M.Shcherbina, B.Tirozzi: On the Replica Symmetric Equations for the Hopfield Model. J.Math.Phys. 40 (1999) [S1] M. V. Shcherbina: On the Replica Symmetric Solution for the Sherrington-Kirkpatrick Model. Helvetica Physica Acta, 70, p.772-797, (1997) [S2] M.Shcherbina,. Some Estimates for the Critical Temperature of The Sherrington- Kirkpatrick Model with Magnetic Field. In: Mathematical Results in Statistical Mechanics. World Scientific, Singapore, 455-474, 1999 [S-T] M. Shcherbina, B. Tirozzi: The Free Energy of a Class of Hopfield Models. J. of Stat.

Phys., 72 1/2, 113-125, 1993 [T1] Talagrand M.: Rigorous Results for the Hopfield Model with Many Patterns. Prob. Theor.

Rel. Fields, 110, 176-277 (1998) [T2] Talagrand M.:Exponential Inequalities and Replica Symmetry Breaking for the Sherrington-Kirkpatrick Model. Ann.Probab.,28, 1018-1068 (2000) [T3] Talagrand M.: Intersecting Random Half-Spaces: Toward the Gardner-Derrida Problem.

Ann.Probab.,28, 725-758 (2000) [T4] Talagrand M.: Self Averaging and the Space of Interactions in Neural Networks. Random Structures and Algorithms 14, 199-213 (1998)