On dissipative Schrödinger-type operators in one dimension, their dilations and eigenfuction expansions

H.-Ch. Kaiser^∗ H. Neidhardt^∗ J. Rehberg^∗

Abstract

We study in detail Schrödinger-type operators on a bounded interval of R with dissipative boundary conditions. The characteristic function of this operator is computed, its minimal self-adjoint dilation is constructed and the generalized eigenfunction expansion for the dilation is developed. The problem is motivated by semiconductor physics.

Contents

1 Introduction 2

2 Dissipative Schrödinger-type operators 4

3 The characteristic function 7

4 Dilations 12

5 Eigenfunction expansion 20

6 Concluding remarks 25

1Weierstrass-Institue for Applied Analysis and Stochastics, Mohrenstr. 39, D-10117 Berlin, Germany

1 Introduction

Quasi stationary quantum mechanical models in semiconductor device simulation mostly rely on self-adjoint Schrödinger operators for the description of particle densities in connection with some fixed equilibrium distribution function, cf. e.g. [15],[16], [22],[25]-[28]. The self-adjointness assumption for Schrödinger’s operator is natural since only for self-adjoint observables quantum mechanics is well developed. Unfortunately, such an approach has the disadvantage that only closed systems can be well described. In particular, considering the self-adjoint Schrödinger operator in some bounded region the current density [21] on the boundary of this region is necessarily zero due to the fact that the complex conjugation commutes with the Schrödinger operator. However, one approach in semiconductor device simulation is to describe the semiconductor by different models in different parts of the simulation domain, cf. e.g. [17]. In particular one is interested in the embedding of a quantum mechanical described structure, e.g. by some Schrödinger-Poisson system, into a potential flow governed by the well-known drift diffusion model [13],[14],[23],[24]. A natural boundary condition for models adjacent to each other is the continuity of the normal component of the current, which is impossible if the Schrödinger operator in the quantum mechanical model is self-adjoint.

To overcome this difficulty there are different proposals. In [8],[9],[10] Schrödinger-type operators are used whose boundary conditions depend on the spectral parameter. The approach goes back to [12]. However, the problem is that instead of one operator which describes the physical system one has to do with a family of Schrödinger-type operators which implies different conceptual difficulties.

In [18] we regarded a Schrödinger-type operator with non-selfadjoint boundary conditions. The corresponding open quantum system is driven by an adjacent potential flow acting on the boundary. This approach has the advantage that exactly one Schrödinger operator describes the physical system. However, the price which one has to pay is the non-selfadjointness of the Hamiltonian.

Following this line of investigation, we consider a Schrödinger-type operator H on a bounded interval [a, b] of the real axis R with dissipative boundary conditions, effective mass m > 0 satisfying m+^1_m ∈ L^∞([a, b]) and real valued potential V ∈ L^2([a, b]) defined by

dom(H) = { g ∈ W^{1,2}([a, b]) :^1_{m(x)} g^′(x) ∈ W^{1,2}([a, b]), 1 2m(a) g ′(a) = −κ_ag(a),^1_{2m(b)} g^′(b) = κ_bg(b) } (1.1) and (Hg)(x) = (l(g))(x) g ∈ dom(H). (1.2)

where (l(g))(x) := − 1 2 d dx 1 m(x) d dx g(x) + V (x)g(x), (1.3)

and κ_a, κ_b ∈ C_+ := {z ∈ C : ℑm(z) > 0}. In a forthcoming paper we intend to include such operators in Schrödinger-Poisson systems. To overcome conceptual difficulties arising from the non-selfadjointness of H we use the well-known fact from harmonic analysis of operators in Hilbert spaces [11] that each maximal dissipative operator admits a minimal self-adjoint dilation. In the future, we adopt this self-adjoint dilation as the Hamiltonian of a closed larger system in which the original system described by H is embedded. This has the advantage that one can use the usual quantum mechanical formalism. For the physical background of this approach the reader is referred to [33].

From this point of view it is important to have at hand an explicit construction of the self-adjoint dilation of H. Self-adjoint dilations of dissipative Schrödinger operators (m(x) ≡ 1) on R_+ were constructed in [2],[3],[5],[7], [30]-[33], for the whole R^n, n ≥ 1, in [29]. Dissipative Schrödinger operators with vector-valued potentials on R_+ were considered in [4] and [6]. Although the operator H seems to be not so far from cases considered above an explicit construction of the self-adjoint dilation for H is not available in the literature.

Finally, we are interested in physical quantities such as carrier and current densities related to Schrödinger operators. For self-adjoint Schrödinger operators these quantities can be expressed in terms of eigenfunctions of the Schrödinger operator. Considering dissipative Schrödinger operators one has to replace these eigenfunctions by generalized eigenfunctions of the selfadjoint dilation. Thus one has naturally to develop an eigenfunction expansion for the dilation.

The paper is organized as follows. In section 2 we introduce the dissipative Schrödinger-type operator and summarize its properties. Section 3 is devoted to the characteristic function of H and its properties. In section 4 we explicitly indicate the minimal self-adjoint dilation of H. After that in section 5 we calculate the generalized eigenfunctions of the self-adjoint dilation. In the last section we briefly discuss possible generalizations of the model proposed in [15].

2 Dissipative Schrödinger-type operators

Let V ∈ L^2([a, b]) and let m, m^{−1} ∈ L^∞([a, b]), m > 0. In accordance with [18] we define the sesquilinear form t[g, f] := −κ_ag(a)f(a) − κ_bg(b)f(b) + (2.1) ∫_b a dx 1 2 m(x) g^′(x)f^′(x) + V (x)g(x)f(x), for f, g ∈ dom(t) = W^{1,2}([a, b]) and κ_a, κ_b ∈ C . By Theorem 2.20 of [18] the form t is closed on H = L^2([a, b]) and sectorial. Hence, one can associate with t[·, ·] a maximal sectorial operator H. If either κ_a ∈ C_+ or κ_b ∈ C_+ , then the operator H is dissipative, i.e., ℑm(Hg, g) ≤ 0 for g ∈ dom(H). In [18] such an operator is called anti-dissipative. Indeed, from (2.1) we get (Hg, g) = −κ_a|g(a)|^2 − κ_b|g(b)|^2 + ∫_b a dx 1 2 m(x) |g^′(x)|^2 + V (x)|g(x)|^2 (2.2)

which yields ℑm(Hg, g) ≤ 0 for g ∈ dom(H). In our one dimensional situation this dissipative operator H admits an explicit description which coincides with that of (1.1)-(1.3). A dissipative operator is called maximal dissipative if it does not admit any proper dissipative extension. Since H is maximal sectorial the operator is also maximal dissipative.

The spectrum of the operator H is discrete and the only accumulation point is infinity. Furthermore, the operator H possesses a Riesz basis. For a detailed analysis of the spectral properties of H the reader is referred to [18].

Each maximal dissipative operator L admits a unique orthogonal decomposition into a self-adjoint operator L_s and a completely non-selfadjoint operator L_{c.n.s}, i.e. L = L_s ⊕ L_{c.n.s.}. (2.3) The operator L is called purely maximal dissipative operator if L_s is absent. In this sense the operator H is purely maximal dissipative, cf. [18]. In particular, this yields that H has no real eigenvalues.

In order to compute the resolvent of H let us introduce elementary solutions v_a(x, z) and v_b(x, z) which are defined by l(v_a(x, z)) − zv_a(x, z) = 0, v_a(a, z) = 1, 1 2m(a) v^′_a(a, z) = −κ_a (2.4) l(v_b(x, z)) − zv_b(x, z) = 0, v_b(b, z) = 1, 1 2m(b) v^′_b(b, z) = κ_b. (2.5)

The existence of these solutions for each z ∈ C can be proved by writing (2.4) and (2.5) in integral form v_a(x, z) = 1 − 2κ_a ∫_x a dt m(t) + 2 ∫_x a dt m(t) ∫_t a ds (V (s) − z)v_a(s, z) (2.6) and v_b(x, z) = 1 − 2κ_b ∫_b x dt m(t) + 2 ∫_b x dt m(t) ∫_b t ds (V (s) − z)v_b(s, z). (2.7) Since (2.6) and (2.7) are Volterra-type equations they are always soluble. Moreover, one gets that v_a and v_b as well as^1_{2 m} v^′_a and^1_{2 m} v^′_b are absolutely continuous. Further, let W (z) := W (v_a(x, z), v_b(x, z)) be the Wronskian of these solutions, i.e. W (z) := v_a(x, z) 1 2m(x) v^′_b(x, z) − v_b(x, z) 1 2m(x) v^′_a(x, z). (2.8)

We note that W (z) depends only on z and is independent from x. In particular, for x = a and x = b one gets

W (z) = 1 2m(a) v^′_b(a, z) + κ_av_b(a, z) = κ_bv_a(b, z) − 1 2m(b) v^′_a(b, z). (2.9)

Furthermore, the functions

v_{∗a}(x, z) := v_a(x, z) and v_{∗b}(x, z) := v_b(x, z), (2.10)

x ∈ [a, b] and z ∈ C are solutions of l(v_{∗a}(x, z)) − zv_{∗a}(x, z) = 0 v_{∗a}(a, z) = 1 1 2m(a) v^′_{∗a}(a, z) = −κ_a, (2.11) l(v_{∗b}(x, z)) − zv_{∗b}(x, z) = 0 v_{∗b}(b, z) = 1 1 2m(b) v^′_{∗b}(b, z) = κ_b. (2.12)

Obviously, for the Wronskian W_∗(z) one gets that W_∗(z) := v_{∗a}(x, z) 1 2m(x) v^′_{∗b}(x, z) − v_{∗b}(x, z) 1 2m(x) v^′_{∗a}(x, z) = W (z). (2.13)

Similarly to (2.9) we obtain

W_∗(z) = 1 2m(a) v^′_{∗b}(a, z) + κ_av_{∗b}(a, z) = κ_bv_{∗a}(b, z) − 1 2m(b) v^′_{∗a}(b, z). (2.14) Let us define the following kernels k(x, y; z) = − 1 W (z) { v_b(x, z)v_a(y, z) : y ≤ x v_a(x, z)v_b(y, z) : x < y , if W (z) ≠ 0, (2.15) and k_∗(x, y; z) = − 1 W_∗(z) { v_{∗b}(x, z)v_{∗a}(y, z) : y ≤ x v_{∗a}(x, z)v_{∗b}(y, z) : x < y , if W_∗(z) ≠ 0. (2.16)

Theorem 2.1 Let V ∈ L^2([a, b]), ℑm(V ) = 0 and κ_a, κ_b ∈ C_+ . Then the resolvent of the maximal dissipative operator H admits the representation

((H − z)^{−1}f)(x) = ∫_b a dy k(x, y; z)f(y) = (2.17) − v_b(x, z) W (z) ∫_x a dy v_a(y, z)f(y) − v_a(x, z) W (z) ∫_b x dy v_b(y, z)f(y), f ∈ L^2([a, b]) and z ∈ ϱ(H). For the resolvent of the adjoint operator H^∗ one has the representation

((H^∗ − z)^{−1}f)(x) = ∫_b a dy k_∗(x, y; z)f(y) = (2.18) − v_{∗b}(x, z) W_∗(z) ∫_x a dy v_{∗a}(y, z)f(y) − v_{∗a}(x, z) W_∗(z) ∫_b x dy v_{∗b}(y, z)f(y), f ∈ L^2([a, b]) and z ∈ ϱ(H^∗).

We omit the proof. Note that z ∈ σ(H) ⇔ W (z) = 0 and z ∈ σ(H^∗) ⇔ W (z) = 0.

3 The characteristic function

In the following we consider the case that both complex numbers κ_a and κ_b,

κ_a = q_a + i 2 α^2_a and κ_b = q_b + i 2 α^2_b , (3.1)

q_a, q_b ∈ R belong to C_+ , i.e. α_a, α_b > 0. The other case that only κ_a or κ_b belongs to C_+ can be handled mutatis mutandis setting formally either α_a = 0 or α_b = 0 in the formulas below. Let us introduce the operator-valued function T (z) : H −→ C^2 , T (z)f := ( α_b((H − z)^{−1}f)(b) −α_a((H − z)^{−1}f)(a) ) (3.2)

for z ∈ ϱ(H) and f ∈ L^2([a, b]). Using (2.17) we find T (z)f = 1 W (z) ( −α_b ∫_b a dy v_a(y, z)f(y) α_a ∫_b a dy v_b(y, z)f(y) ) (3.3)

for f ∈ L^2([a, b]). The adjoint operator is given by

(T (z)^∗ξ) (x) = 1 W_∗(z) (−α_bv_{∗a}(x, z), α_av_{∗b}(x, z)) ξ (3.4) = 1 W_∗(z) ( −α_bv_{∗a}(x, z)ξ^b + α_av_{∗b}(x, z)ξ^a ) x ∈ [a, b], where ξ = ( ξ^b ξ^a ) ∈ C^2 . (3.5) Similarly, we set T_∗(z)f := ( α_b((H^∗ − z)^{−1}f)(b) −α_a((H^∗ − z)^{−1}f)(a) ) (3.6)

for z ∈ ϱ(H^∗) and f ∈ L^2([a, b]). Using (2.18) we find T_∗(z)f = 1 W_∗(z) ( −α_b ∫_b a dy v_{∗a}(y, z)f(y) α_b ∫_b a dy v_{∗b}(y, z)f(y) ) . (3.7)

The adjoint operator has the representation

(T_∗(z)^∗ξ) (x) = 1 W (z) (−α_bv_a(x, z), α_av_b(x, z)) ξ (3.8) = 1 W (z) ( −α_bv_a(x, z)ξ^b + α_av_b(x, z)ξ^a )

x ∈ [a, b], ξ ∈ C^2 .

Lemma 3.1 Let V ∈ L^2([a, b]), ℑm(V ) = 0 and κ_a, κ_b ∈ C_+ . Then one has (H^∗ − z)^{−1} − (H − z)^{−1} = −iT_∗(z)^∗T_∗(z) = −iT (z)^∗T (z) (3.9) for z ∈ ϱ(H) ∩ ϱ(H^∗).

Proof: Taking into account the boundary conditions (1.1) one gets (H^∗f, g) − (f, H^∗g) = 2iℑm(κ_b)f(b)g(b) + 2iℑm(κ_a)f(a)g(a) (3.10) for f, g ∈ dom(H^∗). By (3.1) we find (H^∗f, g) − (f, H^∗g) = iα^2_b f(b)g(b) + iα^2_b f(a)g(a) (3.11) Setting f = (H^∗ − z)^{−1}h and g = (H^∗ − z)^{−1}k with h, k ∈ L^2([a, b]) and z, z ∈ ϱ(H^∗) we obtain ((H^∗ − z)^{−1}h, k) − (h, (H^∗ − z)^{−1}k) = −i ⟨T_∗(z)h, T_∗(z)k⟩ (3.12) where < ·, · > is the scalar product in C^2 . However, the relation (3.12) implies (3.9). Similarly, we prove the second relation. △

Lemma 3.2 Let V ∈ L^2([a, b]), ℑm(V ) = 0 and κ_a, κ_b ∈ C_+ . Then one has (H^∗ −z)^{−1} −(H −z)^{−1} +2iℑm(z)(H^∗ −z)^{−1}(H −z)^{−1} = −iT (z)^∗T (z) (3.13) for z ∈ ϱ(H) and (H^∗−z)^{−1}−(H−z)^{−1}−2iℑm(z)(H−z)^{−1}(H^∗−z)^{−1} = −iT_∗(z)^∗T_∗(z) (3.14) for z ∈ ϱ(H^∗). Proof: Since (Hf, g) − (f, Hg) = −2iℑm(κ_b)f(b)g(b) − 2iℑm(κ_a)f(a)g(a) (3.15) we find ((H − z)f, g) − (f, (H − z)g) = (3.16) −iα^2_b f(b)g(b) − iα^2_af(a)g(a) − 2iℑm(z)(f, g). Setting h = (H − z)^{−1}f and k = (H − z)^{−1}g we find

(h, (H − z)^{−1}k) − ((H − z)^{−1}h, k) = (3.17) −i ⟨T (z)h, T (z)k⟩ − 2iℑm(z)((H − z)^{−1}h, (H − z)^{−1}k) which immediately implies (3.13). Similarly, we prove (3.14). △ By (3.13) and (3.14) we find T (z)^∗T (z) − T_∗(z)^∗T_∗(z) = (3.18) 2ℑm(z)[(H^∗ − z)^{−1} − (H − z)^{−1}][(H^∗ − z)^{−1} − (H − z)^{−1}] for z ∈ ϱ(H) ∩ ϱ(H^∗). Taking into account (3.9) we finally get T (z)^∗T (z) − T_∗(z)^∗T_∗(z) = −2ℑm(z)T (z)^∗T (z)T (z)^∗T (z) (3.19) for z ∈ ϱ(H) ∩ ϱ(H^∗). The characteristic function Θ_H (·) of the maximal dissipative operator H is a two-by-two matrix-valued function which satisfies the relation

Θ_H (z)T (z)f = T_∗(z)f, z ∈ ϱ(H) ∩ ϱ(H^∗), f ∈ L^2([a, b]). (3.20)

The characteristic function Θ_H (·) depends meromorphically on z ∈ ϱ(H) ∩ ϱ(H^∗) and is contractive in C_− , i.e.

‖Θ_H (z)‖ ≤ 1, z ∈ C_− , (3.21) C_− := {z ∈ C : ℑm(z) < 0}. The last property is a consequence of (3.19). Indeed, one has to verify that ‖T_∗(z)f‖^2 ≤ ‖T (z)f‖^2, z ∈ C_− , f ∈ L^2([a, b]). (3.22) The inequality (3.22) is equivalent to T_∗(z)^∗T (z) ≤ T (z)^∗T (z), z ∈ C_− , (3.23) which follows immediately from (3.19). If z is real, i.e. z = λ ∈ R, then from (3.19) we obtain T (λ)^∗T (λ) = T_∗(λ)^∗T_∗(λ) (3.24) which yields that Θ_H (λ) is unitary for each λ ∈ R.

Similarly, one can introduce the characteristic function of H^∗ defined by Θ_H ∗ (z)T_∗(z)f = T (z)f, z ∈ ϱ(H) ∩ ϱ(H^∗), f ∈ L^2([a, b]). (3.25) As above one can show that Θ_H ∗ (·) is a contractive analytic function in the upper half plane. On the real axis both characteristic functions are related by Θ_H ∗ (λ) = Θ_H (λ)^∗, λ ∈ R, (3.26) which shows that the characteristic function Θ_H ∗ (·) is unitary on the real axis, too. Moreover, a straightforward computation shows that Θ_H ∗ (z) = Θ_H (z)^∗, z ∈ ϱ(H) ∩ ϱ(H^∗). (3.27) holds. Furthermore, from (3.20) and (3.25) we find Θ_H ∗ (z) = Θ_H (z)^{−1}, z ∈ ϱ(H) ∩ ϱ(H^∗). (3.28) Let us now compute the characteristic function Θ_H (z) of H:

Lemma 3.3 Let V ∈ L^2([a, b]), ℑm(V ) = 0 and κ_a, κ_b ∈ C_+ . Then the characteristic function Θ_H (z) is given by

Θ_H (z) = 1 W_∗(z) ( W (z) − iα^2_av_b(a, z) −iα_aα_b −iα_aα_b W (z) − iα^2_b v_a(b, z) ) . (3.29)

for z ∈ ϱ(H) ∩ ϱ(H^∗).

Proof: Using (3.20) we have to find a two-by-two matrix-valued function

Θ_H (z) = ( Θ_{bb}(z) Θ_{ba}(z) Θ_{ab}(z) Θ_{aa}(z) ) (3.30)

such that

Θ_H (z) ( −^{αb}_{W (z)} ∫_b a dy v_a(y, z)f(y) α_a W (z) ∫_b a dy v_b(y, z)f(y) ) = ( −^{αb}_{W∗ (z)} ∫_b a dy v_{∗a}(y, z)f(y) α_a W_∗(z) ∫_b a dy v_{∗b}(y, z)f(y) ) . (3.31) Since v_a(x, z) and v_b(x, z) as well as v_{∗a}(x, z) and v_{∗b}(x, z) are solutions of the same second order differential equation the solutions v_{∗a}(x, z) and v_{∗b}(x, z) are linear combinations of the solutions v_a(x, z) and v_b(x, z). A straightforward computation proves that v_{∗a}(x, z) = 1 W (z) { (W (z) − iα^2_av_b(a, z))v_a(x, z) + iα^2_av_b(x, z) } (3.32) and v_{∗b}(x, z) = 1 W (z) { iα^2_b v_a(x, z) + (W (z) − iα^2_b v_a(b, z))v_b(x, z) } . (3.33)

Inserting (3.32) and (3.33) into (3.31) we obtain T_∗(z)f = ( −^{αb}_{W∗(z)} ∫_b a dy v_{∗a}(y, z)f(y) α_a W_∗ (z) ∫_b a dy v_{∗b}(y, z)f(y) ) = (3.34) 1 W_∗(z) ( W (z) − iα^2_av_b(a, z) −iα_bα_a −iα_aα_b W (z) − iα^2_b v_a(b, z) ) T (z)f which verifies (3.29). △

Using (2.9) and (3.32) we find that W_∗(z) + iα^2_b v_{∗a}(b, z) = W (z) − iα^2_av_b(a, z). (3.35) Similarly, from (2.9) and (3.33) we get W_∗(z) + iα^2_av_{∗b}(a, z) = W (z) − iα^2_b v_a(b, z). (3.36) Inserting (3.35) and (3.36) into (3.29) we obtain

Θ_H (z) = I_C2 + i 1 W_∗(z) ( α^2_b v_{∗a}(b, z) −α_bα_a −α_bα_a α^2_av_{∗b}(a, z) ) . (3.37)

On the formal level the characteristic function can be expressed as follows. We introduce the unclosed operator α : H −→ C^2 . αf = ( α_bf(b) −α_af(a) ) , f ∈ dom(α) = C([a, b]), (3.38)

one gets the representation Θ_H (z) = I_C 2 − iαT (z)^∗. (3.39) If we assume for a moment that the operator α^∗ makes sense then we get the formula Θ_H (z) = I_C2 − iα(H^∗ − z)^{−1}α^∗, z ∈ ϱ(H)^∗, (3.40) which is expected. Indeed, if the imaginary part of the dissipative operator H is a bounded operator, then formula (3.40) is well-known, e.g. [1].

4 Dilations

Since H is a maximal dissipative operator there is a larger Hilbert space K ⊇ H and a self-adjoint operator K on K such that one has P^K_H (K − z)^{−1}|H = (H − z)^{−1}, z ∈ C_+ . (4.1) The operator K is called a self-adjoint dilation of the maximal dissipative operator H. Obviously, from the condition (4.1) one gets P^K_H (K − z)^{−1}|H = (H^∗ − z)^{−1}, z ∈ C_− . (4.2)

If the condition ⋁ z∈C \R (K − z)^{−1}H = K (4.3)

is satisfied, then K is called a minimal self-adjoint dilation of H. Minimal self-adjoint dilations of maximal dissipative operators are determined up to a certain isomorphism, in particular, all minimal self-adjoint dilations are unitarily equivalent. The minimal self-adjoint dilation of a self-adjoint operator is the self-adjoint operator itself, thus of real interest is only the minimal self-adjoint dilation of the completely non-selfadjoint part of a maximal dissipative operator. Since H is purely maxim dissipative we are interested in the minimal self-adjoint dilation of H only.

Our next aim is to obtain an explicit description of the self-adjoint dilation of H. To this end we introduce the Hilbert space K given by

K = D_− ⊕ H ⊕ D_+ (4.4)

where D_± := L^2(R_±, C^2 ). Introducing the domain Ω̂

R_− R_+

R_− R_+ [a, b]

one can write the Hilbert space K as L^2(Ω̂, dx). Further, we define

⃗g := g_− ⊕ g ⊕ g_+ (4.5)

where g_−(x) := ( g^b_−(x) g^a_−(x) ) and g_+(x) := ( g^b_+(x) g^a_+(x) ) (4.6)

for x ∈ R_− and x ∈ R_+, respectively. Let us introduce the matrices K^a_± and K^b_± which are defined by

K^a_− := 1 α_a ( 0 0 1 κ_a ) and K^a_+ := 1 α_a ( 0 0 1 κ_a ) (4.7) as well as

K^b_− := 1 α_b ( 1 −κ_b 0 0 ) and K^b_+ := 1 α_b ( 1 −κ_b 0 0 ) . (4.8)

We note that

K^{a∗}_− K^a_− − K^{a∗}_+ K^a_+ = iE and K^{b∗}_− K^b_− − K^{b∗}_+ K^b_+ = −iE (4.9)

as well as

K^{b∗}_− K^a_− = K^{a∗}_− K^b_− = 0 and K^{b∗}_+ K^a_+ = K^{a∗}_+ K^b_+ = 0, (4.10)

where E := ( 0 1 −1 0 ) . (4.11)

Further we need the relation (l(g), f) − (g, l(f)) = ⟨Eg_b, f_b⟩ − ⟨Eg_a, f_a⟩ , (4.12) which holds for f,^1_m f, g,^1_m g ∈ W^{1,2}([a, b]) where

g_a =

(_1 2m(a) g ′(a) g(a) ) and g_b =

(_1 2m(b) g ′(b) g(b) ) . (4.13)

Similarly, one defines f_a and f_b. On the Hilbert space L^2(Ω̂, dx) we define a self-adjoint operator K which should play the role of a self-adjoint dilation of the maximal dissipative operator H. We choose the operator K in the form

−i^d_{dx} g^b_− ) g^b_−(0) −i^d_{dx} g^b_+ ( g^b_+(0)

−i^d_{dx} g^a_− ) g^a_−(0) −i^d_{dx} g^a_+ ( g^a_+(0) l(g)

(_1 2m(b) g ′(b) g(b) )

(_1 2m(a) g ′(a) g(a) )

where the problem is to find suitable boundary conditions such that the arising operator is self-adjoint. This is the content of the following theorem.

Theorem 4.1 Let V ∈ L^2([a, b]), ℑm(V ) = 0 and κ_a, κ_b ∈ C_+ . Then the operator K defined by

dom(K) := { ⃗g ∈ K : g_± ∈ W^{1,2}(R_±, C^2 ), g,^1_m g^′ ∈ W^{1,2}([a, b]) K^a_−g_a + K^b_−g_b = g_−(0), K^a_+g_a + K^b_+g_b = g_+(0) } (4.14) and K⃗g := −i d dx g_− ⊕ l(g) ⊕ −i d dx g_+, ⃗g ∈ dom(K), (4.15)

is self-adjoint.

Proof: We find (K⃗g, ⃗f) = ⟨ −i d dx g_−, f_− ⟩ + (l(g), f) + ⟨ −i d dx g_+, f_+ ⟩ , (4.16)

⃗g, ⃗f ∈ dom(K). One has ⟨ −i d dx g_−, f_− ⟩ = ⟨−ig_−(0), f_−(0)⟩ + ⟨ g_−, −i d dx f_− ⟩ (4.17)

and ⟨ −i d dx g_+, f_+ ⟩ = ⟨ig_+(0), f_+(0)⟩ + ⟨ g_+, −i d dx f_+ ⟩ . (4.18)

Inserting (4.12), (4.17) and (4.18) into (4.16) we obtain (K⃗g, ⃗f) − (⃗g, K ⃗f ) = (4.19) −i ⟨g_−(0), f_−(0)⟩ + ⟨Eg_b, f_b⟩ − ⟨Eg_a, f_a⟩ + i ⟨g_+(0), f_+(0)⟩ . Using (4.14) we find (K⃗g, ⃗f) − (⃗g, K ⃗f ) = −i ⟨ {K^a_−g_a + K^b_− g_b}, {K^a_−f_a + K^b_−f_b} ⟩ + (4.20) ⟨Eg_b, f_b⟩ − ⟨Eg_a, f_a⟩ + i ⟨ {K^a_+g_a + K^b_+g_b}, {K^a_+f_a + K^b_+f_b} ⟩ . By (4.10) and (2.3) one has (K⃗g, ⃗f) − (⃗g, K ⃗f ) = −i ⟨ {K^{a∗}_− K^a_− − K^{a∗}_+ K^a_+}g_a, f_a ⟩ − (4.21) i ⟨ {K^{b∗}_− K^b_− − K^{b∗}_+ K^b_+}g_b, f_b ⟩ + ⟨Eg_b, f_b⟩ − ⟨Eg_a, f_a⟩ .

Using (4.9) we obtain (K⃗g, ⃗f) = (⃗g, K ⃗f) for ⃗g, ⃗f ∈ dom(K) which proves the symmetry of K.

Next we are going to verify that K is self-adjoint. Let ⃗f ∈ dom(K^∗). It is not hard to see that in this case one has f_± ∈ W^{1,2}(R_±) and f,^1_m g^′ ∈ W^{1,2}([a, b]). It remains to show that the boundary conditions of (4.14) are satisfied. To this end we note that (Kg, f) = (g, K^∗f), g ∈ dom(K), and (4.19) imply

0 = −i ⟨g_−(0), f_−(0)⟩ + ⟨Eg_b, f_b⟩ − ⟨Eg_a, f_a⟩ + i ⟨g_+(0), f_+(0)⟩ . (4.22)

Using the boundary conditions (4.14) we find 0 = ⟨ K^a_−g_a + K^b_−g_b, f_−(0) ⟩ + (4.23) i ⟨Eg_b, f_b⟩ − i ⟨Eg_a, f_a⟩ − ⟨ K^a_+g_a + K^b_+g_b, f_+(0) ⟩ . Hence we get 0 = ⟨ g_a, { K^{a∗}_− f_−(0) − K^{a∗}_+ f_+(0) − iEf_a }⟩ + (4.24) ⟨ g_b, { K^{b∗}_− f_−(0) − K^{b∗}_+ f_+(0) + iEf_b }⟩ . From (4.24) we obtain

K^{a∗}_− f_−(0) − K^{a∗}_+ f_+(0) − iEf_a = 0 (4.25) and K^{b∗}_− f_−(0) − K^{b∗}_+ f_+(0) + iEf_b = 0 (4.26)

From (4.25) and (4.26) we deduce

f_a = iEK^{a∗}_− f_−(0) − iEK^{b∗}_+ f_+(0) (4.27) and f_b = −iEK^{b∗}_− f_−(0) + iEK^{b∗}_+ f_+(0) (4.28)

Now by a straightforward computation one verifies that K^a_−f_a = K^b_−f_b = f_−(0) and K^a_+f_a + K^b_+f_b = f_+(0) which shows that f ∈ dom(K). Hence K^∗ = K. △ In the picture representation the boundary conditions can be expressed as follows:

) α_bg^b_−(0) =^1_{2m(b)} g^′(b) − κ_bg(b) −i^d_{dx} g^b_− ( 1 2m(b) g ′(b) − κ_bg(b) = α_bg^b_+(0) −i^d_{dx} g^b_+

) α_ag^a_−(0) =^1_{2m(a)} g^′(a) + κ_ag(a) −i^d_{dx} g^a_− ( 1 2m(a) g ′(a) + κ_ag(a) = α_ag^a_+(0) −i^d_{dx} g^a_+ l(g)

From the picture one immediately sees that the boundary conditions are local ones. In order to show that K is a self-adjoint dilation of the maximal dissipative operator let us compute the resolvent of the self-adjoint operator K. Theorem 4.2 Let V ∈ L^2([a, b]), ℑm(V ) = 0 and κ_a, κ_b ∈ C_+ . Then the resolvent of K admits the representation

(K − z)^{−1} (f_− ⊕ f ⊕ f_+) = (4.29) i ∫_x −∞ dy e^{i(x−y)z} f_−(y) ⊕ (H − z)^{−1}f + iT_∗(z)^∗ ∫_0 −∞ dy e^{−iyz} f_−(y) ⊕ i ∫_x 0 dy e^{i(x−y)z} f_+(y) + ie^{izx}T (z)f + iΘ_H (z)^∗ ∫_0 −∞ dy e^{i(x−y)z} f_−(y) for ℑm(z) > 0 and

(K − z)^{−1} (f_− ⊕ f ⊕ f_+) = (4.30) −i ∫_0 x dy e^{i(x−y)z}f_−(y) − ie^{izx}T_∗(z) − iΘ_H (z) ∫_∞ 0 dy e^{i(x−y)z} f_+(y) ⊕ (H^∗ − z)^{−1}f − iT (z)^∗ ∫_∞ 0 dy e^{−iyz} f_+(y) ⊕ −i ∫_∞ x dy e^{i(x−y)z}f_+(y) for ℑm(z) < 0.

Proof: Let ℑm(z) > 0. We set g_−(x) := i ∫_x −∞ dy e^{i(x−y)z} f_−(y), (4.31) g(x) := (H − z)^{−1}f + iT_∗(z)^∗

∫_0 −∞ dye^{−iyz} f_−(y) (4.32) g_+(x) := i ∫_x 0 dy e^{i(x−y)z} f_+(y) + ie^{izx}T (z)f + (4.33) iΘ_H (z)^∗

∫_0 −∞ dy e^{i(x−y)z} f_−(y) Obviously we have g_− ∈ W^{1,2}(R_−) and ( −i d dx − z ) g_− = f_−. (4.34)

Setting h = (H − z)^{−1}f (4.35) and taking into account (3.8) one gets that

g(x) = h(x) + 1 W (z) (−α_bv_a(x, z), α_av_b(x, z)) g_−(0) (4.36)

which shows g ∈ W^{1,2}([a, b]). Hence

g^′(x) = h^′(x) + 1 W (z) (−α_bv^′_a(x, z), α_av^′_b(x, z)) g_−(0) (4.37)

which yields^1_m g^′ ∈ W^{1,2}([a, b]). Taking into account (2.4) and (2.5) we find l(g) − zg = f. (4.38) Obviously one has g_+ ∈ W^{1,2}([a, b]). A straightforward computation shows ( −i d dx − z ) g_+ = f_+. (4.39)

It remains to verify that ⃗g satisfies the boundary conditions (4.14). One gets

g_a = h_a + 1 W (z) ( α_bκ_a α_a^1_{2m(a)} v^′_b(a, z) −α_b α_av_b(a, z) ) g_−(0) (4.40) and g_b = h_b + 1 W (z) ( −α_b^1_{2m(b)} v^′_a(b, z) α_aκ_b −α_bv_a(b, z) α_a ) g_−(0). (4.41)

Since K^a_−h_a + K^b_−h_b = 0 and 1 W (z) K^a_− ( α_bκ_a α_a^1_{2m(a)} v^′_b(a, z) −α_b α_av_b(a, z) ) + (4.42) 1 W (z) K^b_− ( −α_b^1_{2m(b)} v^′_a(b, z) α_aκ_b −α_bv_a(b, z) α_a ) = I we immediately find that K^a_−g_a + K^b_− g_b = g_−(0). We note that g_+(0) = iT (z)f + Θ_H (z)^∗g_−(0). (4.43) Using (2.17) we compute that

K^a_+h_a = i W (z) ( 0 α_a ∫_b a dy v_b(y, z)f(y) ) (4.44) and K^b_+h_b = i W (z) ( −α_b ∫_b a dy v_a(y, z)f(y) 0 ) . (4.45)

By definition (3.3) we finally obtain K^a_+h_a + K^b_+h_b = iT (z)f. (4.46) Furthermore, from (3.29), (4.40) and (4.41) we find that 1 W (z) K^a_+ ( α_bκ_a α_a^1_{2m(a)} v^′_b(a, z) −α_b α_av_b(a, z) ) g_−(0)+ (4.47) 1 W (z) K^b_+ ( −α_b^1_{2m(b)} v^′_a(b, z) α_aκ_b −α_bv_a(b, z) α_a ) g_−(0) = Θ_H (z)^∗g_−(0).

By (4.43), (4.46) and (4.47) we finally get K^a_+g_a + K^b_+g_b = g_+(0) which completes the proof. △ From (4.29) we obtain P^K_H (K − z)^{−1}(0, f, 0) = (H − z)^{−1}f, f ∈ H, (4.48) for z ∈ C_+ and P^K_H (K − z)^{−1}(0, f, 0) = (H^∗ − z)^{−1}f, f ∈ H, (4.49) for z ∈ C_− . Hence the operator K is indeed a self-adjoint dilation of the maximal dissipative operator H. It can be shown that K is minimal.

5 Eigenfunction expansion

The self-adjoint operator K is absolutely continuous and its spectrum coincides with the real axis, i.e. σ(K) = R. Its multiplicity is two. Let us compute the generalized eigenfunctions ⃗ϕ(·, λ), λ ∈ R, of K. We set ⃗ϕ(x, λ) = ϕ_−(x, λ) ⊕ ϕ(x, λ) ⊕ ϕ_+(x, λ) (5.1) for x ∈ Ω̂ where ϕ_−(x, λ) = ( ϕ^b_−(x, λ) ϕ^a_−(x, λ) ) , x ∈ R_−, (5.2) and ϕ_+(x, λ) = ( ϕ^b_+(x, λ) ϕ^a_+(x, λ), ) , x ∈ R_+. (5.3)

From the equation (K ⃗ϕ)(x, λ) = −i d dx ϕ_−(x, λ) ⊕ l(ϕ(x, λ)) ⊕ −i d dx ϕ_+(x, λ) (5.4) = λ (ϕ_−(x, λ) ⊕ ϕ(x, λ) ⊕ ϕ_+(x, λ)) , x ∈ Ω̂, we find the equations −i d dx ( ϕ^b_−(x, λ) ϕ^a_−(x, λ) ) = λ ( ϕ^b_−(x, λ) ϕ^a_−(x, λ), ) , x ∈ R_−, (5.5) l(ϕ(x, λ)) = λϕ(x, λ), x ∈ Ω, (5.6) and −i d dx ( ϕ^b_+(x, λ) ϕ^a_+(x, λ) ) = λ ( ϕ^b_+(x, λ) ϕ^a_+(x, λ), ) , x ∈ R_+. (5.7)

The equations (5.5) - (5.7) have the solutions ϕ_−(x, λ) = ( C^b_− C^a_− ) e^{ixλ}, x ∈ R_−, (5.8) ϕ(x, λ) = C_av_a(x, λ) + C_bv_b(x, λ), x ∈ Ω, (5.9) and ϕ_+(x, λ) = ( C^b_+ C^a_+ ) e^{ixλ}, x ∈ R_+. (5.10)

The eigenfunctions have to satisfy the boundary conditions, cf. Theorem 4.1,

K^a_−ϕ_a(λ) + K^b_−ϕ_b(λ) = ϕ_−(0, λ) (5.11) and K^a_+ϕ_a(λ) + K^b_+ϕ_b(λ) = ϕ_+(0, λ), (5.12) where

ϕ_a(λ) =

(_1 2m(a) ϕ ′(a, λ) ϕ(a, λ) ) and ϕ_b(λ) =

(_1 2m(b) ϕ ′(b, λ) ϕ(b, λ) ) . (5.13)

A straightforward computation shows that

C_a = − α_b W (λ) C^b_− and C_b = α_a W (λ) C^a_−. (5.14)

This yields ϕ(x, λ) = − α_b W (λ) C^b_−v_a(x, λ) + α_a W (λ) C^a_−v_b(x, λ), x ∈ Ω (5.15)

where v_a(x, λ) and v_b(x, λ) the elementary solutions (2.6) and (2.7). Using the adjoint operator T_∗(λ)^∗, cf. (3.8), we find ϕ(x, λ) = (T_∗(λ)^∗C_−)(x), x ∈ Ω, λ ∈ R, (5.16) where C_− := ( C^b_− C^a_− ) (5.17)

Inserting (5.16) into (5.12) we find

C_+ = Θ_H (λ)^∗C_−, λ ∈ R, (5.18)

where C_+ = ( C^b_+ C^a_+ ) . (5.19)

Thus, we finally have

⃗ϕ^C− (x, λ) := C_−e^{ixλ} ⊕ (T_∗(λ)^∗C_−)(x) ⊕ Θ_H (λ)^∗C_−e^{ixλ}, (5.20)

x ∈ Ω̂, λ ∈ R. Using the well-known formula 1 x ± i0 = ∓iπδ(x) + P 1 x (5.21)

from distribution theory [34] we find 1 2π ∫_0 −∞ dx ⟨ ⃗ϕ^C− (x, λ), ⃗ϕ^{C′}− (x, λ^′) ⟩ = (5.22) 1 2π ∫_0 −∞ dx e^{ix(λ−λ′)} = 1 2 δ(λ − λ^′) ⟨ C_−, C^′_− ⟩ − i 2π P 1 λ − λ^′ ⟨ C_−, C^′_− ⟩

and 1 2π ∫_{+∞} 0 dx ⟨ ⃗ϕ^C− (x, λ), ⃗ϕ^{C′}− (x, λ^′) ⟩ = (5.23) 1 2π ∫_{+∞} 0 dx e^{ix(λ−λ′)} ⟨ Θ_H (λ)^∗C_−, Θ_H (λ^′)^∗C^′_− ⟩ = 1 2 δ(λ − λ^′) ⟨ Θ_H (λ)^∗C_−, Θ_H (λ^′)^∗C^′_− ⟩ + i 2π P 1 λ − λ^′ ⟨ Θ_H (λ)^∗C_−, Θ_H (λ^′)^∗C^′_− ⟩

where ⟨·, ·⟩ is the scalar product in C^2 . Since 1 2π ∫_b a dx ⃗ϕ^{C−} (x, λ) ⃗ϕ^{C′−} (x, λ^′) = (5.24) 1 2π ∫_b a dx(T_∗(λ)^∗C_−)(x) T_∗(λ^′)^∗C^′_−)(x) = i 2π P 1 λ − λ^′ ⟨ C_−, C^′_− ⟩ − i 2π P 1 λ − λ^′ ⟨ Θ_H (λ)^∗C_−, Θ_H (λ^′)^∗C^′_− ⟩

we find ( 1 √ 2π ⃗ϕ^C− (·, λ), 1√ 2π ⃗ϕ^{C′}− (·, λ^′) ) = δ(λ − λ^′) ⟨ C_−, C^′_− ⟩ . (5.25)

Setting ⃗ψ^−(·, λ, b) := 1√ 2π ⃗ϕ^eb (·, λ) where e_b := ( 1 0 ) (5.26) and ⃗ψ^−(·, λ, a) := 1√ 2π ⃗ϕ^ea (·, λ) where e_a := ( 0 1 ) (5.27)

one gets the following theorem:

Theorem 5.1 Let V ∈ L^2([a, b]), ℑm(V ) = 0 and κ_a, κ_b ∈ C_+ . Then the functions {ψ^−(·, λ, b), ψ^−(·, λ, a)}_{λ∈R} perform a complete orthonormal system of generalized eigenfunctions of K, i.e ( ⃗ψ^−(·, λ, τ ), ⃗ψ^−(·, λ^′, τ^′) ) = δ(λ − λ^′)δ_{τ τ} ′ , λ, λ^′ ∈ R, τ, τ^′ = a, b, (5.28) and their linear span is dense in K.

Since the eigenfunctions of the system behaves on R_− like free waves one calls it the complete system of incoming eigenfunctions. Let

C(λ) := ( C^b(λ) C^a(λ) ) , λ ∈ R. (5.29) In accordance with (5.20) we set ⃗ϕ^{C(λ)}(x, λ) := C(λ)e^{ixλ} ⊕ (T_∗(λ)^∗C(λ))(x) ⊕ Θ_H (λ)^∗C(λ)e^{ixλ}, (5.30) x ∈ Ω̂ and λ ∈ R. Obviously, the functions ⃗ϕ^{C(λ)}(·, λ) are eigenfunctions of K, i.e. K ⃗ϕ^{C(λ)}(·, λ) = λ⃗ϕ^{C(λ)}(·, λ). Moreover, one gets that 1 √ 2π ⃗ϕ^{C(λ)}(·, λ) = C^b(λ) ⃗ψ^−(·, λ, b) + C^a(λ) ⃗ψ^−(·, λ, a), λ ∈ R, (5.31) which yields ( 1 √ 2π ⃗ϕ^{C(λ)}(·, λ), 1√ 2π ⃗ϕ^{C(λ′)}(·, λ^′) ) = δ(λ − λ^′) ⟨C(λ), C(λ^′)⟩ . (5.32) By a family of orthonormal bases {e_1(λ), e_2(λ)}_{λ∈R} in C^2 we mean that the components of the vectors e_1(λ) and e_2(λ) are Lebesgue measurable functions such that ⟨e_τ (λ), e_τ ′ (λ)⟩ = δ_{τ τ} ′ for a.e. λ ∈ R. Using this notion one gets following corollary:

Corollary 5.2 Let V ∈ L^2([a, b]), ℑm(V ) = 0 and κ_a, κ_b ∈ C_+ . If {e_1(λ), e_2(λ)}_{λ∈R} is a measurable family of orthonormal bases in the Hilbert space C^2 , then the system of eigenfunctions { ⃗ψ^{(1)}(·, λ), ⃗ψ^{(2)}(·, λ)}_{λ∈R},

⃗ψ^{(τ )}(·, λ) := 1√ 2π ⃗ϕ^eτ^{(λ)}(·, λ), λ ∈ R, τ = 1, 2, (5.33) performs a complete orthonormal system of generalized eigenfunctions of K.

In particular, setting ⃗ψ^+(·, λ, τ ) := 1√ 2π ⃗ϕ^ΘH^{(λ)e}τ (·, λ), τ = a, b, (5.34) where

⃗ϕ^ΘH^{(λ)C}+ (x, λ) = Θ_H (λ)C_+e^{ixλ} ⊕ (T (λ)^∗C_+)(x) ⊕ C_+e^{ixλ}, (5.35)

x ∈ Ω̂, τ = a, b, C_+ ∈ C^2 , one defines a complete orthonormal system of eigenfunctions of K. Since the eigenfunctions behaves on R_+ like free waves one calls them the complete system of outgoing eigenfunctions. Using (5.31) one gets ( ⃗ψ+(·, λ, b) ⃗ψ+(·, λ, a) ) = Θ^t_H (λ) ( ⃗ψ−(·, λ, b) ⃗ψ−(·, λ, a) ) (5.36)

where Θ^t_H (λ) is the transposed matrix of Θ_H (λ), i.e., the matrix where lines and columns are interchanged. Since Θ^t_H (λ) = Θ_H (λ), λ ∈ R, we find ( ⃗ψ+(·, λ, b) ⃗ψ+(·, λ, a) ) = Θ_H (λ) ( ⃗ψ−(·, λ, b) ⃗ψ−(·, λ, a) ) . (5.37)

Using the incoming eigenfunctions we introduce the transformations

(Φ_−⃗g))(λ) =: ĝ(λ) = ( ĝ^b(λ) ĝ^a(λ) ) (5.38)

where ĝ^τ (λ) := ∫ Ω̂ dx ( ⃗g(x), ⃗ψ^−(x, λ, τ ) ) , τ = a, b. (5.39)

The operator Φ_− : K −→ K̂ = L^2(R, C^2 ) is unitary and is called the incoming Fourier transformation. The inverse incoming Fourier transformation Φ^{−1}_− is given by ⃗g(x) = ∫ R dλ ∑ τ =a,b ⃗ψ^−(x, λ, τ )ĝ^τ (λ), ĝ ∈ L^2(R, C^2 ). (5.40)

We note that Φ_−KΦ^{−1}_− = M (5.41)

where M is the multiplication operator by the independent variable λ on K̂, i.e.

dom(M) := { ĝ ∈ L^2(R, C^2 ) : λĝ(λ) ∈ L^2(R, C^2 ) } (5.42) and (Mĝ)(λ) := λĝ(λ), ĝ ∈ dom(M). (5.43)

Using the outgoing eigenfunctions one easily defines an outgoing Fourier transformation Φ_+ : K −→ K̂ = L^2(R, C^2 ).

6 Concluding remarks

In a forthcoming paper [19] we intend to use dissipative Schrödinger-type operators as ingredients for Schrödinger-Poisson systems. Such an application in mind let us make some remarks. Firstly, to include electro-magnetic radiation effects in the model one has to extend the considerations to dissipative potentials, i.e. ℑm(V (x)) ≤ 0, x ∈ [a, b]. Hence, we have to construct self-adjoint dilations K for Schrödinger-like operators with dissipative boundary conditions and dissipative potentials. This will be done in a subsequent paper. Secondly, we note that the self-adjoint dilation K of H is not semi-bounded from below. This observation has the unpleasant consequence that we can regard the operator K only very conditionally as a physical Hamiltonian since, in general, such Hamiltonians have to be semibounded from below. To overcome this disadvantage one can use boundary conditions which depend on the spectral parameter λ. In particular, one can consider instead of (1.2) and (1.3) a family of maximal dissipative operators {H(λ)}_{λ∈C +} defined by

dom(H(λ)) = { g ∈ W^{1,2}([a, b]) :^1_{m(x)} g^′(x) ∈ W^{1,2}([a, b]), 1 2m(a) g ′(a) = −κ_a(λ)g(a),^1_{2m(b)} g^′(b) = κ_b(λ)g(b) } (6.1) and (H(λ)g)(x) = (l(g))(x) g ∈ dom(H). (6.2)

If κ_a(λ) and κ_b(λ), λ ∈ C_+ , are suitable Nevanlinna functions, then one can prove that there is a larger Hilbert K ⊇ H and a self-adjoint operator K defined on K, such that

P^K_H (K − λ)^{−1}|H = (H(λ) − λ)^{−1}, λ ∈ C_+ . (6.3)

With respect of (4.1) the operator K can be called the dilation of the family {H(λ)}_{λ∈C +} . In contrast to the present case it is possible that this dilation K is semibounded from below.

Finally, we note that in application to Schrödinger-Poisson systems and to semiconductor physics the necessity arises to extend all considerations to dimensions two and three which generates new difficulties with respect to dilations and eigenfunction expansions.

Acknowledgements

The second author thanks the Deutsche Forschungsgemeinschaft for financial support.

References

[1] Adamyan, V. M.; Neidhardt, H.: On the absolutely continuous subspace for non-selfadjoint operators; Math. Nachr. 210 (2000), 5-42.

[2] Allakhverdiev, B. P.: On dissipative extensions of the symmetric Schrödinger operator in Weyl’s limit-circle case; Dokl. Akad. Nauk SSSR Vol 293 (1987), 777-781.

[3] Allakhverdiev, B. P., and Maksudov, F. G.: On the theory of the characteristic function and spectral analysis of a dissipative Schrödinger operator; Dokl. Akad. Nauk SSSR 303 (1988), No.6, 1307-1309.

[4] Allakhverdiev, B. P.: Schrödinger type dissipative operator with a matrix potential; Spectral theory of operators and its applications No.9, 11-41, “Élm” Baku 1989.

[5] Allakhverdiev, B. P.: On dilation theory and spectral analysis of dissipative Schrödinger operators in Weyl’s limit-circle case; Izv. Akad. Nauk SSSR, Ser. Mat. 54 (1990), No.2, 242-257.

[6] Allakhverdiev, B. P.: On the theory of non-selfadjoint operators of Schrödinger type with a matrix potential; Izv. Ross. Akad. Nauk, Ser. Mat. 56 (1993), No. 2, 193-205.

[7] Allakhverdiev, B. P., and Canoglu, A.: Spectral analysis of dissipative Schrödinger operators; Proc. R. Soc. Edinb., Sect. A, Math 127 (1997), No. 6, 1113-1121.

[8] Ben Abdallah, N., Degond, P., Markowich, P. A.: On a onedimensional Schrödinger-Poisson scattering model, Z. Angew. Math. Phys. 48 (1997), No. 1, 135-155.

[9] Ben Abdallah, N.: On a multidimensional Schrödinger-Poisson system for semiconductors; Preprint MPI 96.04, Toulouse 1996.

[10] Ben Abdallah, N.: A hybrid kinetic-quantum model for stationary electron transport; J. Stat. Phys. 90 (1998), No.3-4, 627-662.

[11] Foias, C.; Sz.-Nagy, B.: Harmonic analysis of operators on Hilbert space; Akadémiai Kiadó, Budapest, North-Holland Publishing Company, Amsterdam-London, 1970.

[12] Frensley, W. R.: Boundary conditions for open quantum systems driven far from equilibrium; Reviews of Modern Physics 62 (1990), No. 3, 745-791.

[13] Gajewski, H.: On the existence of steady-state carier distributions in semiconductors. In Probleme und Methoden der Mathematischen Physik, Teubner-Texte Math. 63, Teubner-Verlag 1984, pp 76-82.

[14] Gajewski, H.; Gröger, K.: On the basic equations for carier transport in semiconductors; J. Math. Anal. Appl. 113 (1986), 12-35.

[15] Kaiser, H.-Ch.; Rehberg, J.: About a one-dimensional stationary Schrödinger-Poisson system with Kohn-Sham potential; Z. Angew. Math. Phys. 50 (1999), No.3, 423-458.

[16] Kaiser, H.-Ch.; Rehberg, J.: About a stationary Schrödinger-Pois-son system with Kohn-Sham potential in a bounded two- or threedimensional domain; Nonlinear Anal., Theory Methods Appl. 41A (2000) , No. 1-2, 33-72.

[17] Kaiser, H.-Ch.; Rehberg, J.: About some some mathematical questions concerning the embedding of Schrödinger-Poisson systems into the drift-diffusion model of semiconductor devices. In B. Fiedler, K. Gröger, and J. Sprekels, editors, Equadiff 99 Proceedings of the International Conference on Differential Equations, volume 2, pages 1328-1333. World Scientific, 2000.

[18] Kaiser, H-Ch.; Neidhardt, H.; Rehberg, J.: Macroscopic current induced boundary conditions for Schrödinger-type operators, WIAS- Preprint 630, Weierstrass-Institute for Applied Analysis and Stochastics, Berlin 2001.

[19] Kaiser, H-Ch.; Neidhardt, H.; Rehberg, J.: Towards dissipative Schrödinger-Poisson systems: carrier and current densities. In preparation.

[20] Kato, T.: Perturbation theory for linear operators; Springer-Verlag, Berlin 1966.

[21] Landau, L. A.; Lifschitz, E.M.: Quantenmechanik, Akademie- Verlag, Berlin 1971.

[22] Lange, H.; Toomire, B.; Zweifel, P. F.: An overview of Schrödinger Poisson problems, Rep. Math. Phys. 36 (1995), No. 2-3, 331-345.

[23] Markowich, P. A.: The stationary semiconductor device equations;

Springer-Verlag, Wien-New York 1986.

[24] Markowich, P. A.; Ringhofer, Ch. A.; Schmeiser, Ch.: Semiconductor Equations; Springer-Verlag, Wien-New York 1990.

[25] Nier, F.: A stationary Schrödinger-Poisson system arising from the modelling of electron devices, Forum Math. 2 (1990), No. 5, 489-510.

[26] Nier, F.: Formulation variationelle des systems Schrödinger-Poisson en dimension d ≤ 3, Journal Equations Deriv. Partielles, St.-Jeans-De- Monts 1992, No. XVIII (1992).

[27] Nier, F.: A variational formulation of Schrödinger-Poisson systems in dimension d ≤ 3, Commun. Partial Differ. Equations 18 (1993), No. 7-8, 1125-1147.

[28] Nier, F.: Schrödinger-Poisson systems in dimension d ≤ 3: The whole space, Proc. R. Soc. Edinb., Sect. A 123 (1993), No.6, 1179-1201.

[29] Pavlov, B. S.: Self-adjoint dilation of the dissipative Schrödinger operator and its resolution in terms of eigenfuctions, Mat. S., 102(144) (1977), 511-536.

[30] Pavlov, B. S.: Dilation theory and spectral analysis of non-selfadjoint differential operators, Transl., II. Ser., Am. Math. Soc. 115 (1981), 103- 142 ; translation from Proc. 7th. Winter School, Drogobych 1974, 3-69 (1976).

[31] Pavlov, B.S.: Spectral theory of non-selfadjoint operators, In Proc.

Int. Congr. Math., Warszawa 1983, Vol.2, 1011-1025 (1984).

[32] Pavlov, B. S.: Spectral analysis of a dissipative singular Schrödinger operator in terms of a functional model. Partial differential equations

8, 95-163, in Partial Differential Equations VIII. Encycl. Math. Sci. 65, 87-153. (1996)

[33] Pavlov, B. S.: Irreversibility, Lax-Phillips approach to resonance scattering and spectral analysis of non-selfadjoint operators in Hilbert space, Int. J. Theor. Phys. 38 (1999), No.1, 21-45.

[34] Vladimirov, V. S.: Generalized functions in mathematical physics.

Mir, Moscow 1979.