Plane-like minimizers in periodic media: jet flows and Ginzburg-Landau-type functionals

Enrico Valdinoci^∗

Abstract

This paper is divided in three parts. In the first part, we consider the functional

J (u) = ∫ a_{i,j} (x) ∂_iu ∂_j u + Q(x) χ_{(−1,1)}(u) dx ,

for a_{i,j} and Q periodic under integer translations. We assume that Q is bounded and bounded away from zero, and a_{i,j} is a bounded elliptic matrix. We prove that there exists a universal constant M_0, depending only on n, the bounds on a_{i,j} and Q stated above, such that: given any ω ∈ R^n, there exists a class A minimizer u for the functional J for which the set {|u| < 1} is contained in the strip {x s.t. x · ω ∈ [0, M_0|ω|]}.

Furthermore, such u enjoys the following property of “quasi-periodicity”: if ω ∈ Q^n, then u is periodic (with respect to the identification induced by ω); if ω ∈ R^n − Q^n, then u can be approximated uniformly on compact sets by periodic class A minimizers.

The functional J introduced above has application in models for fluid jets and capillarity.

In the second part of the paper, we extend the previous results to the functional

G(u) = ∫ a_{i,j} (x) ∂_iu ∂_j u + F (x, u) dx ,

where a_{i,j} is Lipschitz and satisfies the same assumption mentioned above and F fulfills suitable conditions (roughly, F is a “double-well potential”). We prove that, for any θ ∈ [0, 1), there exists a constant M_0, depending only on θ, n, the bounds on a_{i,j} and F stated above, such that: given any ω ∈ R^n, there exists a class A minimizer u for the functional G for which the set {|u| ≤ θ} is contained in the strip {x s.t. x · ω ∈ [0, M_0|ω|]}. Also, u enjoys the property of “quasi-periodicity” stated above.

In particular, the results apply to the potentials F (x) = Q(x) (1 − u^2), and F = Q(x) |1 − u^2|^2, which have application in the Ginzburg-Landau model.

In the third part, we show how the results above contain, as a limit case, the recent Theorem of Caffarelli and de la Llave.

∗Department of Mathematics, The University of Texas at Austin, TX 78712-1082 (USA) and Scuola Normale Superiore, Piazza dei Cavalieri 7, I-56126 Pisa (Italy). Email: enrico@math.utexas.edu, enrico@math.sns.it

Acknowledgments

It is a pleasure to thank Professor Luis Caffarelli and Professor Rafael de la Llave: sator arepo tenet opera rotas. I am very indebted to Ovidiu Savin for many deep comments and suggestions. I would like to thank Xavier Cabré, Ki-ahm Lee, Monica Torres and Yu Yuan for useful discussions, y la Universitat Politecnica de Catalunya (Barcelona) e la Scuola Normale Superiore (Pisa) for their warm hospitality during my sojourn there.

PART I — Plane-like minimizers for jets of fluid

1 Introduction

In the first part of the present paper, we consider the functional

J_Ω(u) = ∫ Ω a_{i,j}(x) ∂_iu(x) ∂_j u(x) + Q(x) χ_{(−1,1)}(u) dx , (1.1)

We assume a_{i,j} to be bounded and periodic under integer translations (i.e. a_{i,j} (x + e) = a_{i,j}(x) for any e ∈ Z^n). We also assume the matrix a_{i,j} to be symmetric and positive definite: λ1 ≤ a_{i,j} (x) ≤ Λ1, with 0 < λ ≤ Λ < +∞. We assume that Q is periodic under integer translations, bounded and positive, say 0 < Q_{min} ≤ Q ≤ Q_{max} < +∞. In two dimensions, the functional above is a model for jets of incompressible, irrotational, inviscid fluids: the interested reader may see, for instance, [BZ] and [Se] for a classical introduction, and also [ACF1] and [ACF3] for recent developments. In particular, the first term in the functional (as shown, for instance, in Lemma 2.4 below) takes into account the Equation of continuity, while the second term (as shown in [AC]) expresses Bernoulli’s law on the free surface. The function u has the physical meaning of a stream function. The particular case a_{i,j} = δ_{i,j} corresponds to a homogeneous medium. The functional in (1.1) was also dealt with in the theory of minimal surfaces: see, for instance, [Md] and [CC].

The main result of the first part of the present paper is the following:

Theorem 1.1. There exists a universal constant M_0, depending only on n, the bounds on a_{i,j} and Q stated above, such that: given any ω ∈ R^n, there exists a class A minimizer u for the functional J for which the set {|u| < 1} is contained in the strip {x s.t. x · ω ∈ [0, M_0|ω|]}.

Furthermore, such u enjoys the following property of “quasi-periodicity”:

• if ω ∈ Q^n, then u is periodic (with respect to the identification induced by ω);

• if ω ∈ R^n − Q^n, then u can be approximated uniformly on compact sets by periodic class A minimizers.

We say that a minimizer is “class A” minimizer if the functional does not increase under any compact (but not necessarily small) modification (see Definition 7.5 below).

The proof of Theorem 1.1 will make use of the results of existence and rigidity of minimizers of [AC], the regularity result of [GG], several density estimates of [CC] and a geometric construction of [CL].

In the second part of this paper, we will extend the results of Theorem 1.1 to more general Ginzburg-Landau-type functionals (see below Section 8).

We remark that the results in the second part of the paper also contain the ones of the first part as a particular case. However, we preferred to treat the case of the “fluid jets” separately both because of its physical relevance and because some of the arguments are easier or more explicit in this case. Moreover, the main result of the first part (Theorem 1.1) is slightly stronger than the one proved in the second part (Theorem 8.1).

The detailed study of the functional J is also going to show some of the properties of the fluid jets interesting in themselves, as the growth from the free boundary and the regularity issues.

The scheme of the first part of the paper is the following: first of all, we consider the “compact” case in which ω ∈ Q^n. In Section 2, we recall some results of existence and regularity of constrained minimizers. In particular, minimizers are Hölder continuous, with a uniform control on the Hölder constant. We also point out that minimizers are indeed Lipschitz.

Also, minimizers satisfy the following rigidity property: if a minimizer takes value θ ∈ (−1, 1) at some point x, it must take both the values 1 and −1 at some point y, whose distance from x can be uniformly bounded.

In Section 3, we recall and derive some density estimates, stating, roughly, that, in some sense, both the sets where a minimizer attains value 1 and where it attains value −1 have “full dimension”, while the set where the minimizer is different from ±1 behaves like a set “of codimension one”.

In Section 4, we discuss the notion of “minimal minimizer”. In Section 5, we prove that the minimal minimizer satisfies the so called Birkhoff property. Roughly, the Birkhoff property states that the set where the minimal minimizer is in absolute value less than one cannot cross its integer translates. In Section 6, we state and proof an “abstract” Geometric Lemma. The density property will allow us to fit this Lemma into our purposes. In Section 7 we prove that, for rational frequencies, the minimal minimizer of strips wide enough is indeed unconstrained and hence class A. Finally, we extend the result to irrational frequencies.

Before starting with the technical statements and proofs, we would like to discuss a heuristic (absolutely non-rigorous!) “proof” of the existence of plane-like minimizers. For simplicity, we will consider now a two-dimensional case; given any vector v ∈ R^2, let us construct two “walls” in direction v and at distance M from each other. Let us consider a fluid flowing through the “pipe” given by these two walls (see the picture below). This fluid can be thought as being “constrained” by the walls.

In some part of the space, the fluid is probably not touching the constraining walls, while, somewhere else, it might stick to them.

Let us now consider bigger and bigger M’s, i.e. let us enlarge the pipe. Our “hope” is that, for a suitable (universal!) M, the fluid will not stick to the walls anymore. At this point, the fluid is actually “unconstrained”: we can remove the pipe and obtain a free “plane-like” fluid jet.

Obviously, some work needs to be done to make this argument rigorous, especially to show that M is indeed a uniform quantity, independent on the given direction v. This will be precisely the target of the following pages.

A jet of fluid “constrained between two walls”

2 Existence and regularity of minimizers constrained in a strip

In this section, we recall some known properties of existence and regularity of a minimizer for the functional J when we prescribe boundary values for u in a strip. The results of this section are an offspring of [AC] and [GG]. In the following, for a vector ω ∈ R^n and M ∈ R, we denote the strip of size M by

S^ω_M := {x ∈ R^n s.t. x · ω ∈ [0, M]} .

When ω ∈ Q^n, we can recover compactness by an identification of the space. Namely, we consider the following relation ∼ induced by ω:

x ∼ y iff x − y = k ∈ Z^n with ω · k = 0 . (2.1)

We will denote by S̃^ω_M = S^ω_M / ∼ the quotient space induced by such relation (which is topologically equivalent to the product of an (n−1)−dimensional torus and a real interval).

We also set X^ω_M := {u ∈ L^1_{loc}(S̃^ω_M ) s.t. ∇u ∈ L^2(S̃^ω_M )

with u(x) = 1 for any x s.t. ω · x = 0 and

u(x) = −1 for any x s.t. ω · x = M} .

We also denote by L^n the n−dimensional Lebesgue measure. In the sequel, we will assume M ≥ 10|ω|, in order to avoid a degeneracy caused by “too thin” strips.

We start by discussing the existence of such constrained minimizers:

Theorem 2.1 (Alt and Caffarelli). For any ω ∈ Q^n and for any M > 0, there exist an absolute minimum of J_Sω_M in the space X^ω_M . Such minimizer is periodic (with respect to the identification ∼).

Proof. The argument of the Existence Theorem 1.3 of [AC] goes through with obvious minor modifications. The assumption ω ∈ Q^n has been made in order to restrict ourselves to a compact domain, and have that J is finite when evaluated, for instance, on the admissible linear function.

With a little abuse of notation, we sometimes identify the functions in X^ω_M with their constant extension outside the strip S^ω_M . We also denote by M^ω_M the set of the minima found by Theorem 2.1.

Comparing J_Sω_M (u), J_Sω_M (min{u, 1}) and J_Sω_M (max{u, −1}), the reader may easily convince herself that we can assume the minimizers in M^ω_M to take value in [−1, 1].

From now on, in order to apply Theorem 2.1, we will restrict our attention to rational frequencies, i.e., if not differently stated, we will assume ω ∈ Q^n. This restriction will be dropped at the end of Section 7, by an approximation argument.

It is a standard consequence of Poincaré inequality that, indeed, u ∈ H^1_{loc}(R^n) (see, for instance [S]). Further regularity is addressed by the following

Theorem 2.2 (Giaquinta and Giusti). If u ∈ M^ω_M , then u is C^α for any α ∈ [0, 1). Furthermore, given any K ⊂⊂ S^ω_M , the C^α norm of u in K is bounded by a constant depending only on α, n, the bounds on a_{i,j} and Q and on dist (K, ∂S^ω_M ).

Theorem 2.2 follows, for instance, from [GG] or Theorem 7.6 of [G2]. The interested reader may also see Chapter 5 of [G] and, for a different approach, [DEF].

We now point out that, if the coefficients are Lipschitz, the minimizer is actually Lipschitz.

Theorem 2.3. Assume that the coefficients a_{i,j} are Lipschitz. If u ∈ M^ω_M , then u is Lipschitz. Furthermore, given any K ⊂⊂ S^ω_M , the Lipschitz norm of u in K is bounded by a constant depending only on n, the bounds on a_{i,j} and Q and on dist (K, ∂S^ω_M ).

Theorem 2.3 can be seen as an extension of the results by Alt, Caffarelli and Friedman to the functional in (1.1) under a more general assumption on the coefficients. The proof of Theorem 2.3 is deferred to the Appendix, for the reader’s convenience. We would like to remark that Theorem 2.2 is valid even if the coefficients a_{i,j} are only bounded, while for the proof of Theorem 2.3 we need the coefficients to be Lipschitz.

The proof of Theorem 1.1 will not use explicitly Theorem 2.3, but only Theorem 2.2. In particular, Theorem 1.1 does not require any regularity assumption on the coefficients.

We now point out the PDE-properties of the minimizers:

Lemma 2.4. Let u ∈ M^ω_M . Then: ∂_i(a_{i,j} ∂_ju) = 0 weakly in {|u| < 1}, ∂_i(a_{i,j} ∂_ju) ≥ 0 weakly in {u < 1}, and ∂_i(a_{i,j} ∂_j u) ≤ 0 weakly in {u > −1}.

The proof of this Lemma is elementary.

3 Density estimates

We will now recall some density estimates on the level sets of the minimizers. Similar density estimates play a crucial role in several results related to ours: see, for instance [CC] and [CL]. Here, the density estimates will be the tool to apply the Geometric Lemma we will present in Section 6. Several results of this section will be based on [CC].

Theorem 3.1. Assume u ∈ M^ω_M . Then:

(i) there exist positive constants c, r_0, r_1 (depending only on n and on the bounds on a_{i,j} and Q) such that J_{Br(x)}(u) ≤ c r^{n−1} ,

for any r ≥ r_0, provided B_{r+r1} (x) ⊂ S^ω_M ;

(ii) for any θ_0 ∈ [0, 1), for any θ ∈ [−θ_0, θ_0] and for any μ_0 > 0, if L^n(B_K (x) ∩ {u > θ}) ≥ μ_0, there exist positive constants c^⋆, r_0, r_1 (depending on n, K, μ_0, θ_0 and the bounds on a_{i,j} and Q) such that

L^n ( {u > θ} ∩ B_r(x) ) ≥ c^⋆r^n ,

for any r ≥ r_0, provided B_{r+r1} (x) ⊂ S^ω_M . Analogously, if L^n(B_K (x) ∩ {u < θ}) ≥ μ_0,

L^n ( {u < θ} ∩ B_r(x) ) ≥ c^⋆r^n ,

for any r ≥ r_0, provided B_{r+r1} (x) ⊂ S^ω_M .

We include the proof of this result in the Appendix (see in particular page 35): our proof is a variation of the one in [CC], where the result was proved in the case a_{i,j} = δ_{i,j} (we indeed simplify a bit the proof and correct some flawns). From (i) of Theorem 3.1, the following bound on the “width” of {|u| < 1} immediately follows:

Lemma 3.2. Let u ∈ M^ω_M . Assume that u(x̄) ∈ (−1, 1). Then, there exist r_0 and r_1 (depending only on n, the bounds on a_{i,j} and Q) such that u takes either the value 1 or −1 in B_{r0} (x̄), provided that B_{r0+r1} (x̄) ⊂ S^ω_M .

We would like now to deduce some other density estimates, that will be needed in the application of the Geometric Lemma in Section 6. To do this, we need some better control on the “width” of {|u| < 1} than the one obtained in Lemma 3.2: indeed, in Lemma 3.6 we will show that both the values 1 and −1 are attained in a universal neighborhood of any point in {|u| < 1}. This result will be a consequence of some properties of “rigidity” of minimizers, related to the “linear growth from the free boundary” proved by Alt, Caffarelli and Friedman. The following results will lead us to this target.

In order to compare the functional in (1.1) with the one dealt with, for instance, in [AC], we observe the following:

Lemma 3.3. Let u ∈ M^ω_M and let Ω be an open connected set contained in S^ω_M , with a Lipschitz boundary. If u does not take the value 1 in Ω, then u minimizes ∫ Ω a_{i,j} ∂_iv ∂_jv + Q(x)χ_{{v>−1}} ,

among all v ∈ L^1_{loc}(Ω) with ∇v ∈ L^2(Ω) and v = u on ∂Ω.

Analogously, if u does not take the value −1 in Ω, then u minimizes ∫ Ω a_{i,j} ∂_iv ∂_j v + Q(x)χ_{{v<1}} ,

among all v ∈ L^1_{loc}(Ω) with ∇v ∈ L^2(Ω) and v = u on ∂Ω.

The proof is straightforward.

Lemma 3.4. Let Ω be a Lipschitz domain. Let u be a minimizer of

J̃_Ω(u) := ∫ Ω a_{i,j}∂_iu∂_j u + Q(x)χ_{{u>0}} , (3.1)

among all the functions v ∈ L^1_{loc}(Ω) such that ∇v ∈ L^2(Ω) so that v = u on ∂Ω. Assume that J̃_Ω(u) < ∞ and that a_{i,j} and Q satisfy the hypotheses stated at page 2.

Then, for any x ∈ {u > 0},

dist(x, {u = 0}) ≤ Cu(x) ,

provided that B_{dist(x,{u=0})}(x) ⊆ Ω, where C is a positive constant, depending only on n and on the bounds on a_{i,j} and Q.

Proof. By scaling, we may assume x = 0 and dist (x, {u = 0}) = 1. Set ε := u(0). Since B_1 ⊆ {u > 0}, the first variation of the functional shows that ∂_i(a_{i,j}∂_j u) = 0 on B_1. Thus, by Harnack inequality, sup_B 1/2 u ≤ c^∗ε ,

for a universal constant c^∗.

Let φ be the radially symmetric function defined as follows: φ = 0 in B_{1/4}, φ = 2c^∗ε on ∂B_{1/2} and growing linearly on the rays of B_{1/2} − B_{1/4}. Set v := min{u, φ}. Then v is an admissible function, so ∫ B_{1/2}

a_{i,j}∂_iu∂_j u + Qχ_{{u>0}} ≤ ∫ B_{1/2}

a_{i,j} ∂_iv∂_j v + Qχ_{{v>0}} ≤ ≤ ∫ B_{1/2}

a_{i,j}∂_iu∂_j u + ∫ B_{1/2}

a_{i,j}∂_iφ∂_j φ + ∫ B_{1/2}−B_{1/4}

Qχ_{{v>0}} .

Since |∇φ| ≤ const ε and u > 0 on B_{1/4}, the previous inequality implies

ε^2 ≥ ∫ B_{1/2}

Qχ_{{u>0}} − ∫ B_{1/2}−B_{1/4}

Qχ_{{v>0}} ≥ Q_{min}|B_{1/4}| .

Lemma 3.5. Let Ω, u and J̃ be as in Lemma 3.4. Let x ∈ ∂{u > 0}. Then, for any r ≥ 0, sup_B

r (x)

u ≥ Cr ,

where C is a positive constant (depending only on n and on the bounds on a_{i,j} and Q), provided B_r(x) ⊆ Ω.

Proof. By scaling, we may assume x = 0 and r = 1. Since 0 ∈ ∂{u > 0}, for any ε > 0 there exists a point x_1 ∈ B_ε, so that u(x_1) > 0. We now construct a polygonal, starting as close as we wish to zero, along which u grows up at least linearly. Set d_1 := dist (x_1, ∂{u > 0}) ≤ |x_1| ≤ ε .

By Lemma 3.4, u(x_1) ≥ c^∗d_1 , (3.2) for a suitable constant c^∗. Let z_1 ∈ ∂B_{d1} (x_1) ∩ {u = 0}. Define ρ_1 := sup{ρ s.t. B_ρ(z_1) ⊆ B_1 and sup_B

ρ(z_1)

u ≥ c^∗ρ} .

By (3.2), ρ_1 ≥ d_1. Also, if B_{ρ1} (z_1) touches ∂B_1, then ρ_1 = 1 − |z_1| ≥ 1 − d_1 − ε ≥ 1 − 2ε ≥ 1 2 , if ε ≤ 1/4, so sup_{B1} u ≥ sup_B

ρ1 (z_1) u ≥ c^∗ 2 , and the claim would be proven. Thus, we may restrict ourselves to the case in which sup B_{ρ1} (z_1)

u = c^∗ρ_1 . (3.3)

Take x̃_1 ∈ B̄_{ρ1} (z_1) attaining the sup in (3.3). In fact, by Maximum Principle, x̃_1 ∈ ∂B_{ρ1} (z_1). We want now to show that there exist some universal δ > 0 such that sup B_{2ρ1} (z_1)

u ≥ (1 + δ) u(x̃_1) , (3.4)

provided B_{2ρ1} (z_1) ⊆ B_1. To prove this, assume sup B_{2ρ1} (z_1)

u < (1 + δ) u(x̃_1)

and define v(x) := 1 ρ_1 u(z_1 + ρ_1x) , ∀x ∈ B_2 .

Then ||v||_L∞_{(B2)} ≤

(1 + δ) u(x̃_1)

ρ_1

= (1 + δ)c^∗ , (3.5)

having used (3.3). Assuming δ ≤ 1, we get a uniform bound on ||v||_L∞_{(B2)}. So, by the Theorem of Giaquinta and Giusti (see [GG] or [G2]), v ∈ C^α(B_{3/2}) and

||v||_Cα_{(B3/2)} ≤ c̃ , (3.6)

for a universal c̃. Set w := 2v c^∗(1 + δ)

− 1 ,

so that ∂_i(a_{i,j} ∂_j w) ≥ 0 in B_{3/2} and w ≤ 1 because of (3.5). Also, by (3.6) and the fact that w(0) = −1, we deduce that L^n({w ≤ 0} ∩ B_{3/2}) ≥ const . Then, by De Giorgi Oscillation Lemma (see, for instance the Appendix of [C] or Theorem 4.9 in [HL] and references therein), we infer sup_{B1} w ≤ λ, for a universal λ ∈ (0, 1). In particular, since x̃_1 ∈ B̄_{ρ1} (z_1),

λ ≥ w ( x̃_1 − z_1

ρ_1 ) = 2 1 + δ

− 1 ,

which is a contradiction if δ is small enough. This proves (3.4). By construction, u(x̃_1) ≥ u(x_1). Hence, there exists a point x_2 ∈ B̄_{2ρ1} (z_1) (and in fact x_2 ∈ ∂B_{2ρ1} (z_1) by Maximum Principle) such that

u(x_2) ≥ u(x̃_1) + δc^∗ρ_1 ≥ u(x_1) + θ|x_1 − x_2| ,

for universal δ, θ > 0, provided that B_{3ρ1} (x_1) ⊆ B_1.

Iterating, we obtain a polygonal of vertexes x_1, x_2, . . . , x_k such that: for 2 ≤ j ≤ k, x_j ∈ ∂B_{3ρj−1} (x_{j−1}), |x_j − x_{j−1}| ≥ ρ_j and

u(x_j) ≥ (1 + δ)u(x_{j−1}) ≥ (3.7) ≥ u(x_{j−1}) + θ|x_j − x_{j−1}| , (3.8)

provided B_{3ρj−1} (x_{j−1}) ⊆ B_1. In particular, iterating (3.8),

u(x_j ) ≥ θℓ_j where ℓ_j is the length of the polygonal joining x_1, . . . , x_j . We want to prove that we can take j big enough, and make ℓ_j bigger than some universal quantity. This would finish the proof of the lemma.

Indeed, we must be able to iterate the scheme and find a suitable j^∗ such that |x_j∗ | ≥ 1/20. Otherwise, if |x_j| < 1/20 for any j, then ρ_j ≤ |x_j − x_{j−1}| < 1/10 for any j; and so B_{3ρj} (x_j ) ⊂ B_1 for any j, and iterating (3.7) we would get sup_{B1} u = +∞.

Therefore, ℓ_j∗ ≥ |x_j∗ | − |x_1| ≥^1_{20} − ε.

We can now sharpen the result of Lemma 3.2:

Lemma 3.6. Let u ∈ M^ω_M . Assume that u(x̄) ∈ (−1, 1). Then, there exist r_0 and r_1 (depending only on n, the bounds on a_{i,j} and Q) such that u takes both the values 1 and −1 in B_{r0} (x̄), provided that B_{r0+r1} (x̄) ⊂ S^ω_M .

Proof. By Lemma 3.2, u takes, say, the value −1 in B_{r0} (x̄). Without loss of generality, we assume r_0 ≥ 3/C, where C is the constant in Lemma 3.5. If u did not assume the value 1 too, using Lemmas 3.3 and 3.5, we get

2 ≥ sup_{Br}

0 (x_0)

u + 1 ≥ Cr_0 ≥ 3 ,

which is a contradiction.

We are now in position to improve the previous density estimates:

Lemma 3.7. Let u ∈ M^ω_M . Assume that x ∈ {|u| < 1}. Then, there exist positive constants r_0, r_1 and c, depending only on n and on the bounds on a_{i,j} and Q, such that

J_{Br(x)}(u) ≥ cr^{n−1} ,

for any r ≥ r_0, provided B_{r+r1} (x) ⊂ S^ω_M .

Proof. By Lemma 3.6, Theorem 2.2 and Theorem 3.1

L^n ( B_r(x) ∩ {u > 9/10} ) ≥ const r^n and L^n ( B_r(x) ∩ {u < −9/10} ) ≥ const r^n .

Let a be the average of u in B_r(x). If a ≤ 0, ∫ B_r (x)

|u − a| ≥ ∫ B_r (x)∩{u>9/10}

(u − a) ≥ 9 10 L^n ( B_r(x) ∩ {u > 9/10} ) ≥ ≥ const r^n .

Analogously, if a ≥ 0, ∫ B_r (x)

|u − a| ≥ 9 10 L^n ( B_r(x) ∩ {u < −9/10} ) ≥ const r^n .

So, in any case, using Poincaré and Cauchy Inequalities: const r^{n−1} ≤ 1 r ∫ B_r (x)

|u − a| ≤ const ∫ B_r (x)

|∇u| ≤

≤ const √∫ B_r (x)

|∇u|^2 √ L^n ( B_r(x) ∩ {|u| < 1} ) ≤ ≤ const ( ∫ B_r (x)

a_{i,j}∂_iu∂_j u + Qχ_{(−1,1)}(u) ) .

Let us summarize some of the density estimates obtained in this section: Proposition 3.8. Let u ∈ M^ω_M . Assume that x ∈ {|u| < 1}. Then, there exist positive constants r_0, r_1, c and C, depending only on n and on the bounds on a_{i,j} and Q, such that: J_{Br(x)}(u) ≥ cr^{n−1} , L^n ( B_r(x) ∩ {u > −1} ) ≥ cr^n and L^n ( B_r(x) ∩ {u < 1} ) ≥ cr^n , for any r ≥ r_0, provided B_{r+r1} (x) ⊂ S^ω_M . Moreover, for any y ∈ S^ω_M , J_{Br (y)} ≤ Cr^{n−1} , for any r ≥ r_0, provided B_{r+r1} (y) ⊂ S^ω_M .

4 The minimal minimizer

Following the ideas developed in [CL], we now turn our attention to a special minimizer of J , namely the minimal minimizer. The minimal minimizer is defined by u^ω_M (x) := inf_{u∈MωM} u(x) .

By definition, for any u ∈ M^ω_M and θ ∈ R, {u^ω_M > θ} ⊆ {u > θ} . (4.1) We now want to prove that u^ω_M is still a minimizer: this will be accomplished in the following Proposition 4.3. For this, we need some easy auxiliary observation. Lemma 4.1. For any u, v ∈ L^1_{loc}(S̃^ω_M ) with ∇u, ∇v ∈ L^2(S̃^ω_M ), J_Sω_M (u) + J_Sω_M (v) ≥ J_Sω_M (min{u, v}) + J_Sω_M (max{u, v}) .

The proof is a straightforward computation.

Corollary 4.2. If u, v ∈ M^ω_M , then min{u, v}, max{u, v} ∈ M^ω_M .

Proof. Since J_Sω_M (u) ≤ J_Sω_M (min{u, v}) and J_Sω_M (v) ≤ J_Sω_M (max{u, v}), by Lemma 4.1 we deduce J_Sω_M (u) = J_Sω_M (min{u, v}) and J_Sω_M (v) = J_Sω_M (max{u, v}). Proposition 4.3. u^ω_M ∈ M^ω_M .

The proof of Proposition 4.3 is now a standard application of the Theorem of Ascoli and it is omitted.

5 Birkhoff property for the minimal minimizer

In this section, we prove a geometric property about the global behavior of the minimal minimizer. This property can be seen as a generalization of the so called Birkhoff property in Aubry-Mather theory (see [M], [Ma] and [MF]). A similar property has been pointed out in Proposition 8.1 of [CL] in the minimal surface setting.

If k ∈ R^n, we denote by T_k the translation by the vector k.

Definition 5.1. Let E ⊆ R^n, ϖ ∈ R^n. We say that E satisfies the Birkhoff property with respect to the vector ϖ if:

• for any k ∈ Z^n so that k · ϖ ≤ 0, T_kE ⊆ E; • for any k ∈ Z^n so that k · ϖ ≥ 0, T_kE ⊇ E.

Proposition 5.2. Let E ⊆ R^n. Assume that E satisfies the Birkhoff property with respect to ω. Then, there exists a constant ϱ, depending only on n, such that: if C(E) contains a ball of radius ϱ, then C(E) contains a strip of width 1 that intersects the ball.

The proof is elementary.

Proposition 5.3. Let θ ∈ R. Then, the set {u^ω_M > θ} satisfies the Birkhoff property with respect to ω. Namely:

• if k ∈ Z^n and k · ω ≤ 0, then {u^ω_M > θ} ⊇ {T_ku^ω_M > θ}; • if k ∈ Z^n and k · ω ≥ 0, then {u^ω_M > θ} ⊆ {T_ku^ω_M > θ}.

Proof. Set v := min{u^ω_M , T_ku^ω_M }. If k · ω ≤ 0, by Corollary 4.2, v is a minimizer in the strip T_kS^ω_M . By construction, T_ku^ω_M is the minimal minimizer in T_kS^ω_M . Thus, from (4.1), {T_ku^ω_M > θ} ⊆ {v > θ} ⊆ {u^ω_M > θ} .

Analogously, if k · ω ≥ 0, v is a minimizer in S^ω_M , so {u^ω_M > θ} ⊆ {v > θ} ⊆ {T_ku^ω_M } .

6 The Geometric Lemma

This section is devoted to the statement and the proof of a Geometric Lemma. The application of this “abstract” Lemma to our case will be given in Proposition 6.3. Lemma 6.1 (Geometric Lemma). Let β ⊂ E ⊆ R^n, μ and ν be Radon measures on R^n. Take x_0 ∈ β. Fix r > 0. Assume that there exist δ^′ ∈ (0, 1/10] such that:

(i) ∀x ∈ B_r(x_0) and ∀ρ ∈ [δ^′r, r/10], μ(B_ρ(x)) ≤ const ρ^n ;

(ii) ∀x ∈ β ∩ B_r(x_0) and ∀ρ ∈ [δ^′r, r/10]

ν(B_ρ(x)) ≥ const ρ^{n−1} ;

(iii) μ(E ∩ B_r(x_0)) ≥ const r^n;

(iv) ν(B_{2r}(x_0)) ≤ const r^{n−1}.

Then, there exists δ, depending only on n and on the constants involved in (i) − (iv) above, so that, if δ^′ ≤ δ, we can find x̄ ∈ B_r(x_0) such that

B_{δr}(x̄) ⊂ (E − β) ∩ B_{2r}(x_0) . (6.1)

A similar Lemma can be stated when assumption (ii) above holds when β is a dense subset of ∂E (for instance, the“reduced boundary”, as in the case of the minimal surfaces: see [CL] and, for instance, [G1] or [MM] for the theory of minimal surfaces). In the case studied in [CL], μ is the Lebesgue measure and ν is the Haussdorff measure on the reduced boundary. In our application, μ will be the Lebesgue measure and ν(B) := J_B(u^ω_M ). Namely, we will apply the Geometric Lemma to the sets E := {u > −1}, or E := {u < 1}, and β := {|u| < 1}. The hypotheses of the Geometric Lemma will be satisfied using the density estimates of Section 3.

The rough idea of the proof of the Geometric Lemma is the following. We first cover β with balls of radius δr: since β behaves like an (n − 1)−dimensional set, we need O(1/δ^{n−1}) of such balls to cover β. We then extend this cover to the whole set E: since E behaves like an n−dimensional set, we need O(1/δ^n) of such balls to cover E. Therefore, if δ is small enough, there is at least one ball in the cover of E that does not touch β.

The Geometric Lemma

In order to make the argument above rigorous, we need the following auxiliary covering argument:

Lemma 6.2. Assume the hypotheses (ii) and (iv) of Lemma 6.1. Fix δ ∈ [5δ^′, 1/2]. Then, there exists a family of points y_k ∈ β, k = 1, . . . , N, such that:

• B_{δr/5}(y_k) ∩ B_{δr/5}(y_h) = ∅ if k ≠ h;

• β ∩ B_r(x_0) ⊆

⋃_N

k=1 B_{δr}(y_k);

• N ≤ const δ^{−(n−1)}.

Proof. Take any y_1 ∈ β ∩ B_r(x_0). If β ∩ B_r(x_0) ⊆ B_{δr}(y_1), we can stop. Otherwise, take y_2 ∈ β ∩ B_r(x_0) not belonging to B_{2δr/5}(y_1). Iterating this procedure, assume to have a family of y_k’s such that y_k ∈ β ∩ B_r(x_0) for 1 ≤ k ≤ N, verifying B_{δr/5}(y_k) ∩ B_{δr/5}(y_h) = ∅ if k ≠ h. If β ∩ B_r(x_0) ⊆

⋃_N

k=1 B_{δr}(y_k), we stop; otherwise select y_{N+1} ∈ β ∩ B_r(x_0) outside ⋃_N

k=1 B_{2δr/5}(y_k).

We now estimate the “good” N for which we stop the procedure: in light of hypothesis (ii) of Lemma 6.1, ν (^N⋃ k=1 B_{δr/5}(y_k) ) = N∑ k=1 ν ( B_{δr/5}(y_k) ) ≥ const N (δr)^{n−1} .

Also, by construction, B_{δr/5}(y_k) ⊆ B_{2r}(x_0). Hence, hypothesis (iv) of Lemma 6.1 implies that ν (^N⋃ k=1 B_{δr/5}(y_k) ) ≤ const r^{n−1} .

These two inequalities show that N ≤ const δ^{1−n}.

We now address the proof of Lemma 6.1:

Proof. Consider a finite overlapping cover B of B_r(x_0), consisting in balls radius δr, with #B ≤ const δ^{−n}.

Since B is finite overlapping, any of the balls { B_{δr}(y_k) } 1≤k≤N

, constructed in Lemma

6.2 cannot intersect more than C̃ balls belonging to B, where C̃ is a universal constant.

Then, out of the collection B, only const δ^{−(n−1)} (at most) may intersect β ∩ B_r(x_0), since

#{B ∈ B s.t. B ∩ β ∩ B_r(x_0) ≠ ∅} ≤ ≤ #{B ∈ B s.t. B ∩ B_{δr}(y_k) ≠ ∅ for some k} ≤ C̃N ≤ const δ^{−(n−1)} . (6.2)

We now prove that, if δ is chosen suitably small, at least one ball B^∗ of the collection B must be contained in E − β. If not, ⋃ B∈B B = ( ⋃ B∈B B⊆C(E) B ) ∪ ( ⋃ B∈B B∩β≠∅ B ) ,

so, by (6.2) and hypotheses (i) and (iii),

const r^n ≤ μ(E ∩ B_r(x_0)) ≤ μ ( E ∩ ( ⋃ B∈B B )) ≤ ≤ μ ( E ∩ ( ⋃ B∈B B⊆C(E) B )) + μ ( E ∩ ( ⋃ B∈B B∩β≠∅ B )) =

= 0 + μ ( E ∩ ( ⋃ B∈B B∩β≠∅ B )) ≤

≤ ∑ B∈B B∩β≠∅

μ(B) ≤ const δ^{−(n−1)} (δr)^n ,

which is a contradiction if δ is small enough. Such ball B^∗ satisfy the desired property (6.1).

Following is the application of the Geometric Lemma to our case:

Proposition 6.3. Let u ∈ M^ω_M . There exist positive constants κ, r_0 and r_1, depending only on n and on the bounds on a_{i,j} and Q, such that: for any x ∈ {|u| < 1} and any r ≥ r_0, there exist z_1 and z_2, such that

B_{κr}(z_1) ⊆ {u = 1} ∩ B_r(x) , and B_{κr}(z_2) ⊆ {u = −1} ∩ B_r(x) ,

provided B_{2r+r1} (x) ⊂ S^ω_M .

Proof. Apply the Geometric Lemma to the sets E := {u > −1}, or E := {u < 1}, and β := {|u| < 1}. Take μ := L^n and ν(B) := J_B(u^ω_M ). The hypotheses of the Geometric Lemma are fulfilled in light of Proposition 3.8.

7 The minimal minimizer is unconstrained and class A

Proposition 7.1. There exists M_0 > 0, depending only on n and on the bounds on a_{i,j} and Q, such that if M ≥ M_0|ω|, then the set {|u^ω_M | < 1} does not touch the upper constraint {ω · x = M}. Also, ∀α ≥ 0, u^ω_M = u^ω_{M+α}.

Proof. Let S be a strip of width 3 around the hyperplane L := {x · ω = M/2}. First of all, we will prove that there exists a strip H of width 1 parallel to the constraints and at distance universally bounded from L, on which

either u^ω_M = −1 or u^ω_M = 1 . (7.1)

For that, we consider two cases:

Case 1: there exists a point x^∗ ∈ S so that u^ω_M (x^∗) ∈ (−1, 1). Then, from Proposition 6.3 there exists a ball (whose radius is big if M is big), contained in {u^ω_M = −1} = C{u^ω_M > −1}. By the results in Section 5, we obtain a strip of width 1 intersecting such ball and contained in {u^ω_M = −1}.

Case 2: u^ω_M (S) ⊆ (−∞, −1] ∪ [1, +∞). By the continuity of u^ω_M , either u^ω_M (S) ⊆ (−∞, −1] or u^ω_M (S) ⊆ [1, +∞).

In any case, (7.1) is proved. With no loss of generality, assume also ω_1 > 0. Now we infer that it is not possible that u^ω_M | | H = 1: Otherwise, since the set {u^ω_M = 1} satisfies the Birkhoff property with respect to ω (see Section 5), we obtain that ⋃ j∈N T_{(−j,0,...,0)}H ⊆ ⋃ j∈N T_{(−j,0,...,0)}{u^ω_M = 1} ⊆ {u^ω_M = 1} ,

thus u^ω_M = 1 in the whole portion of space trapped between the lower constraint and H. But then we can consider the integer translation v := T_{(−1,0,...,0)}u^ω_M , which has the same energy as u^ω_M , contradicting the fact that u^ω_M is the minimal minimizer.

Therefore, u^ω_M | |_H = −1. Then, again, since the set {u^ω_M > −1} satisfies the Birkhoff property with respect to ω, for any j ∈ N,

T_{(j,0,...,0)}H ∩ {u^ω_M > −1} = ∅ ,

so u^ω_M = −1 in the whole portion of space trapped between the upper constraint and H.

In order to clearly state the next result, we introduce the following notation. If a > 0, we define S^ω_{M,a} := {x ∈ R^n s.t. x · ω ∈ [−a, M + a]} and X^ω_{M,a} := {u ∈ L^1_{loc}(S̃^ω_M ) s.t. ∇u ∈ L^2(S̃^ω_M ) with u(x) = 1 for any x s.t. ω · x = −a and u(x) = −1 for any x s.t. ω · x = M + a} .

Theorem 7.2. There exists a constant M_0, depending only on n, the bounds on a_{i,j} and Q, so that if M ≥ M_0|ω|, then the minimal minimizer u^ω_M is an unconstrained minimizer, i.e. for any a > 0 and any u ∈ X^ω_{M,a}, J_Sω_{M,a} (u^ω_M ) ≤ J_Sω_{M,a} (u).

Proof. Proposition 7.1 above establishes that the upper constraint {x·ω = M} is irrelevant. Hence, we have only to show that the lower constraint L_0 := {x · ω = 0} is not necessary either. Given a > 0, take k ∈ Z^n so that k · ω > a: for instance, if ω_1 ≠ 0, take k := A · sign(ω_1)e_1 with A ∈ N sufficiently big. And consider translations T_ku.

Remark 7.3. Following [CL], we would like to sketch an alternative geometric argument for proving that the minimal minimizer is unconstrained. Let ϱ be the constant in Proposition 5.2. We assume, without loss of generality, that ϱ, M/4 ∈ N and that all the components of ω are multiple of 4ϱ. Let us consider a non-overlapping covering of the strip S^ω_M . If K_ω is the number of cubes of side 4ϱ intersecting the plane {ω · x = 0}, we have that the number of cubes in the covering is MK_ω/4. On the other hand, let ν be the number of cubes in the covering whose dialation of a factor 1/2 intersects the set {|u^ω_M | < 1}. We want to prove that ν < MK_ω/4: from this, we would obtain the existence of a cube of side 2ϱ outside {|u^ω_M | < 1}. In the same way as above, this and the Birkhoff property would imply that the minimizer is unconstrained.

To show that ν < MK_ω/4, we first notice that, comparing with a one-directional linear function interpolating −1 and 1, one sees that J_Sω_M (u^ω_M ) ≤ constK_ω. And, by Lemma 3.7, if a cube Q of size 2ϱ intersects {|u| < 1}, then J_{2Q}(u^ω_M ) ≥ const. From these two estimates, it follows that ν ≤ constK_ω and so ν < MK_ω/4, provided that M is big enough.

A similar geometric construction has been used in [CL] for dealing with manifoolds with negative curvature.

Remark 7.4. From Theorem 7.2 and Theorem 2.2, it follows that, if M ≥ M_0|ω|, then, for any α ∈ [0, 1), ||u^ω_M ||_Cα_{(R}n_) ≤ C^⋆, for a suitable C^⋆, depending only on α, n and on the bounds on a_{i,j} and Q. More precisely, by Theorem 2.3, ||u^ω_M ||_C0,1_{(R}n_) ≤ C^⋆.

Definition 7.5. We say that u is a class A minimizer for the functional J if for any admissible function v, verifying v = u in C(K), we have J_K (u) ≤ J_K (v).

Notice that the definition of class A requires the functional not to increase under any compact (but not necessarily small) modification. This property was introduced for geodesics in [Mo], and it appeared also in Aubry-Mather theory.

Theorem 7.6. There exists a constant M_0, depending only on n, the bounds on a_{i,j} and Q, so that if M ≥ M_0|ω|, then the minimal minimizer u^ω_M is a class A minimizer.

Proof. Given a compact perturbation, we can always consider u^ω_M as periodic with a period larger than the diameter of the perturbation and (in light of Theorem 7.2) as a minimizer in a strip of width bigger than the size of the perturbation.

In order to prove Theorem 1.1, it suffices now to consider the case of an irrational frequency ω ∈ R^n −Q^n, since the rational frequency case was dealt with in the previous pages. An irrational frequency ω will now be handled passing to the limit rational frequencies ω_n approximating ω.

Namely, consider minimal minimizers u^{ωn}_M . By Remark 7.4 and the Theorem of Ascoli, u^{ωn}_M converges to some u_∞ uniformly on compact sets. Accordingly, u_∞ is a class A minimizer. This completes the proof of Theorem 1.1.

PART II — Plane-like minimizers for Ginzburg-Landau-type models

8 The Ginzburg-Landau-type functional

In the second part of this paper, we will deal with the functional

G_Ω(u) = ∫ Ω a_{i,j}(x) ∂_iu(x) ∂_j u(x) + F (x, u) dx , (8.1)

The assumptions on the coefficients a_{i,j} are analogous to the one in Part I. Moreover, we assume in this Part that the coefficients a_{i,j} are Lipschitz (indeed, the constants in the density estimates may depend, in this case, on the Lipschitz norm of the coefficients); F is supposed to be non-negative and bounded, periodic under integer translations of the x−variable, and F (x, 1) = F (x, −1) = 0. We also assume that inf_{|t|≤θ} F (x, t) ≥ γ(θ), where γ(θ) is a decreasing, strictly positive function in the interval [0, 1), and that there exist d ∈ [0, 2] and ℓ ∈ (0, 1) so that:

• F (x, t) ≥ const (1 − |t|)^d, if |t| ∈ (ℓ, 1);

• F is continuous in u, for |u| < 1; F_u is defined and in L^∞_{loc} for |u| < 1;

• if d > 0, F_u(x, u) is continuous for |u| < 1, and

F_u(x, −1 + s) ≥ const s^{d−1} , F_u(x, 1 − s) ≥ −const s^{d−1} ,

if s < ℓ;

• if d = 2, F_u(x, u) is decreasing for u near 1 and increasing for u near -1.

Important examples are given by the the potentials F (x) = Q(x) (1 − u^2) and F = Q(x) |1 − u^2|^2, with Q non-negative and periodic: indeed, functionals similar to the latter were introduced in [GL] for the study of phase transition problems occurring in superconductivity and later applied in superfluid models (see [GP]). For a discussion about phase transition models, see, for instance, [LL], p. 206. For a related “gradient penalization method” in the theory of phase transitions, see the discussion in [Gu], p. 188. See also [R], which is a translation of van der Waals’ pioneering work^1 and presents an interesting historical review.

The main result of the second part of the present paper is the following:

Theorem 8.1. There exists a universal constant M_0, depending only on n, the bounds on a_{i,j} and F stated above, such that: given any ω ∈ R^n, there exists a class A minimizer u for the functional G for which the set {|u| ≤ 99/100} is contained in the strip {x s.t. x · ω ∈ [0, M_0|ω|]}.

Furthermore, such u enjoys the following property of “quasi-periodicity”:

• if ω ∈ Q^n, then u is periodic (with respect to the identification induced by ω);

• if ω ∈ R^n − Q^n, then u can be approximated uniformly on compact sets by periodic class A minimizers.

1The Dutch original appeared in Verhand. Konink. Akad. Wetensch. Amsterdam (Sect. 1) 1 (1892), no. 8, 1–56; Jbuch 24, 967.

The reader may compare Theorems 8.1 and 1.1: notice, in particular, that in Theorem 1.1 it was possible to control the set {|u| < 1} in a uniform way and no regularity of the coefficients was required there.

The proof of Theorem 8.1 will use some of the machinery already developed in the first part of the paper. The main obstacle in shadowing the proof presented above consists in the fact that we do not expect in general to have the rigidity and non-degeneracy properties stated in Lemmas 3.4 and 3.5. Namely, for smooth potentials, the minimizers do not reach the values 1 and −1, so, in this case, we are not in presence of a free boundary. However, the arguments involving the minimal minimizer and the Birkhoff property still hold. Therefore, to extend the previous proof we have to obtain the density estimates that fit our purposes by another argument. The proof will go as follows: In Section 9 we discuss the existence and regularity of constrained minimizers. The arguments will be in analogy with the ones in Section 2; the main difference is that, in this case, we can not exactly prescribe the values on the boundary of the strip to be ±1: this will be replaced by the weaker constraint of requiring the function to be bigger than, say, 99/100 if ω ·x ≤ 0 and smaller that −99/100 if ω · x ≥ M. Obviously, the explicit choice of the values ±99/100 is by no means important.

In Section 10 we discuss the density estimates that we need. From this, it follows that the minimal minimizer is unconstrained and class A, provided that the strip is wide enough.

9 Existence and regularity of minimizers constrained in a strip

As in the first part, we first turn our attention to a rational frequency ω. The irrational frequency case will then be handled by a limit argument.

We recall now the equivalence relation “∼” defined in (2.1), and we define R̃^n := R^n/ ∼ (topologically, R̃^n is the product between an (n − 1)−dimensional torus and a real line). We consider the space of admissible functions

Y^ω_M := {u ∈ H^1_{loc}(R̃^n)

with u(x) ≥ 99/100 for any x s.t. ω · x ≤ 0 and

u(x) ≤ −99/100 for any x s.t. ω · x ≥ M} .

Following is the extension of the existence Theorem 2.1 we need:

Theorem 9.1. For any ω ∈ Q^n and for any M > 0, there exist an absolute minimum in Y^ω_M of the functional

G_{R̃n} (u) := ∫ R̃n a_{i,j}∂_iu∂_j u + F .

Such minimizer is periodic (with respect to the identification ∼).

Proof. Set u_0 := −^{2ω·x}_M + 1 in {ω · x ∈ [0, M]}, and continuously extend u_0 as a constant to R̃n. For any R > 0, define D_R := {ω · x ∈ [−R, R]} and D̃_R := D_R/ ∼ (topologically, D̃_R is the product between an (n − 1)−dimensional torus and an interval).

Consider a minimizing sequence u_k: by cutting off the values above 1 and below −1, we may assume −1 ≤ u_k ≤ 1. We may also assume G_{R̃n} (u_k) ≤ G_{R̃n} (u_0), hence ||∇u_k||_{L2(R̃n)} is bounded. From these facts and Poincaré inequality, it follows that ||u_k||_{L2(D̃R)} is bounded.

Therefore, we may assume that u_k converges to a suitable u in L^2(D̃_R) (and a.e.) and that ∇u_k converges to ∇u weakly in L^2(D̃_R), so that

lim inf

k−→∞ ∫ R̃n a_{i,j}∂_iu_k∂_j u_k ≥ lim inf_{k−→∞} ∫ D̃_R

a_{i,j}∂_iu_k∂_j u_k ≥ ∫ D̃_R

a_{i,j}∂_iu∂_j u , and ∫_~

D_R |F (x, uk) − F (x, u)| goes to zero by the Dominated Convergence Theorem.

The set of minimizers obtained via Theorem 9.1 will be denoted by M^ω_M (G). The minimizers whose existence has just been proven are C^α, for a suitable α ∈ [0, 1), with a uniform bound on the C^α norm in the interior: this follows from Giusti and Giaquinta’s Theorem (see [GG]). Also, in the case of smooth coefficients a_{i,j} and a smooth potential F , further regularity can be obtained by applying standard elliptic estimates to the Euler- Lagrange equation of the minimizers. Indeed, in this case, by inspecting the first variational of the functional, it is easy to see that minimizers verify

2∂_i(a_{i,j}∂_j u) = F_u .

10 Density estimates

Theorem 10.1. Assume u ∈ M^ω_M (G). Then:

(i) there exist positive constants c, r_0, r_1 (depending only on n and on the bounds on a_{i,j} and F ) such that G_{Br(x)}(u) ≤ c r^{n−1} ,

for any r ≥ r_0, provided B_{r+r1} (x) ⊂ S^ω_M ;

(ii) for any θ_0 ∈ [0, 1), for any θ ∈ [−θ_0, θ_0] and for any μ_0 > 0, if L^n(B_K (x) ∩ {u > θ}) ≥ μ_0, there exist positive constants c^⋆, r_0, r_1 (depending on n, K, μ_0, θ_0 and the bounds on a_{i,j} and F ) such that

L^n ( {u > θ} ∩ B_r(x) ) ≥ c^⋆r^n ,

for any r ≥ r_0, provided B_{r+r1} (x) ⊂ S^ω_M . Analogously, if L^n(B_K (x) ∩ {u < θ}) ≥ μ_0,

L^n ( {u < θ} ∩ B_r(x) ) ≥ c^⋆r^n ,

for any r ≥ r_0, provided B_{r+r1} (x) ⊂ S^ω_M .

The proof of this result, which is deferred to the Appendix, is a modification of the one in [CC], where the result was proved in the case a_{i,j} = δ_{i,j}. We now derive some easy consequences from the previous result:

Corollary 10.2. Fix θ_0 ∈ [0, 1). Assume u ∈ M^ω_M (G) and u(x) ∈ [−θ_0, θ_0]. Then, there exist positive constants c, r_0, r_1 (depending only on θ_0, n and on the bounds on a_{i,j} and F ) such that

L^n ( {u > θ_0} ∩ B_r(x) ) ≥ cr^n and L^n ( {u < −θ_0} ∩ B_r(x) ) ≥ cr^n ,

for any r ≥ r_0, provided B_{r+r1} (x) ⊂ S^ω_M .

Proof. Define θ^∗ := (1 + θ_0)/2. From the fact that u is Hölder continuous and (ii) of Theorem 10.1,

L^n ( {u > −θ^∗} ∩ B_r(x) ) ≥ cr^n and L^n ( {u < θ^∗} ∩ B_r(x) ) ≥ cr^n , (10.1)

so that

L^n ( {u > −θ^∗} ∩ B_r(x) ) − L^n ( {u > θ_0} ∩ B_r(x) ) ≤ ≤ L^n ( {−θ^∗ < u ≤ θ_0} ∩ B_r(x) ) ≤ 1 γ(θ^∗) ∫ {−θ^∗<u≤θ_0}∩B_r (x) F , thus, by (i) of Theorem 10.1,

L^n ( {u > −θ^∗} ∩ B_r(x) ) − L^n ( {u > θ_0} ∩ B_r(x) ) ≤ cr^{n−1} .

From this and (10.1),

L^n ( {u > θ_0} ∩ B_r(x) ) ≥ const r^n − const r^{n−1} ≥ const r^n ,

if r big enough.

In the sequel, following a standard notation in Geometric Measure Theory (see, for instance [G1]), we denote the perimeter of a Borel set E in an open set Ω as

P (E, Ω) := sup{ ∫ E div φ s.t. φ ∈ C^1_0(Ω, R^n) , |φ(x)| ≤ 1} .

The following result complete the density estimates we need in the second part of the paper:

Lemma 10.3. Fix θ_0 ∈ [0, 1). Assume u ∈ M^ω_M (G) and u(x) ∈ [−θ_0, θ_0]. Then, there exist positive constants c, r_0, r_1 (depending only on θ_0, n and on the bounds on a_{i,j} and F ) such that L^n ( {|u| < θ_0} ∩ B_r(x) ) ≥ cr^{n−1} ,

for any r ≥ r_0, provided B_{r+r1} (x) ⊂ S^ω_M .

Proof. Define

u^∗(x) := u(x) if |u(x)| < θ_0 θ_0 if u(x) ≥ θ_0 −θ_0 if u(x) ≤ −θ_0 . Using the Coarea Formula and the Isoperimetric Inequality (see, for instance, [G1], p. 20 and p. 25), we infer from Corollary 10.2 that ∫ B_r (x)∩{|u|<θ_0}

|∇u| = ∫ B_r (x)

|∇u^∗| ≥ ≥ ∫_{θ0}

−θ_0 ( P ({u^∗ < t}, B_r(x)) ) dt ≥

≥ const

∫_{θ0}

−θ_0 ( min { L^n ( {u^∗ < t} ∩ B_r(x) ) , L^n ( {u^∗ ≥ t} ∩ B_r(x)

)}_{(n−1)/n}) dt =

= const

∫_{θ0}

−θ_0 ( min { L^n ( {u < t} ∩ B_r(x) ) , L^n ( {u ≥ t} ∩ B_r(x)

)}_{(n−1)/n}) dt ≥

≥ const r^{n−1} .

Therefore, by Cauchy Formula and (i) of Theorem 10.1,

const r^{n−1} ≤ 1 A ∫ B_r (x)

|∇u|^2 + A · L^n ( {|u| < θ_0} ∩ B_r(x) ) ≤ ≤ const A r^{n−1} + A · L^n ( {|u| < θ_0} ∩ B_r(x) ) . Choosing A suitably big, this proves the claim.

Let us summarize the density estimates we developed towards the application of the Geometric Lemma:

Proposition 10.4. Fix θ_0 ∈ [0, 1). Let u ∈ M^ω_M . Assume that x ∈ {|u| < θ_0}. Then, there exist positive constants r_0, r_1, c and C, depending only on θ_0, n and on the bounds on a_{i,j} and F , such that:

L^n ( B_r(x) ∩ {|u| < θ_0} ) ≥ cr^{n−1} ,

L^n ( B_r(x) ∩ {u > −θ_0} ) ≥ cr^n and L^n ( B_r(x) ∩ {u < θ_0} ) ≥ cr^n ,

for any r ≥ r_0, provided B_{r+r1} (x) ⊂ S^ω_M . Moreover, for any y ∈ S^ω_M ,

L^n ( B_r(y) ∩ {|u| < θ_0} ) ≤ Cr^{n−1} ,

for any r ≥ r_0, provided B_{r+r1} (y) ⊂ S^ω_M .

Notice in particular that with the estimates developed above, we are in position to apply the Geometric Lemma discussed in Section 6. Hence, we obtain the following

Proposition 10.5. Fix θ_0 ∈ [0, 1). Let u ∈ M^ω_M (G). There exist positive constants κ, r_0 and r_1, depending only on θ_0, n and on the bounds on a_{i,j} and F , such that: for any x ∈ {|u| ≤ θ_0} and any r ≥ r_0, there exist z_1 and z_2, such that

B_{κr}(z_1) ⊆ {u ≥ θ_0} ∩ B_r(x) , and B_{κr}(z_2) ⊆ {u ≤ −θ_0} ∩ B_r(x) ,

provided B_{2r+r1} (x) ⊂ S^ω_M .

The reader can compare the result above with Proposition 6.3, and the results in Proposition 10.4 with the ones in Proposition 3.8. Note that all through this Section the constants in the estimates depend on θ_0 (i.e., roughly, on the value attained at the center). The results in Section 3 and Proposition 6.3 give slightly sharper results than the ones here, in the case of functional (1.1).

Notice also that the sets where we applied the Geometric Lemma here are E := {u > −θ_0} or E := {u < θ_0} and β := {|u| < θ_0}; also, the measure μ and ν appearing in the “abstract” Geometric Lemma will be taken here to be the Lebesgue measure and the restriction of the Lebesgue measure to the set {|u| < θ_0}, respectively.

In the following Proposition 10.6, we will apply Proposition 10.5 with θ_0 = 99/100, to get uniform bounds.

Proposition 10.6. There exists M_0 > 0, depending only on n and on the bounds on a_{i,j} and F , such that if M ≥ M_0|ω|, then the set {u^ω_M > −99/100} does not touch the upper constraint {ω · x = M}. Also, ∀α ≥ 0, u^ω_M = u^ω_{M+α}.

The proof of Proposition 10.6 is analogous to the one of Proposition 7.1. The rest of the proof of Theorem 8.1 follows exactly as in Section 7.

PART III — Back to the minimal surfaces

11 The result of [CL] as a limit case

Now we point out that the results of [CL] about plane-like minimal surfaces can be recovered as a limiting case of jet flows or Ginzburg-Landau minimizers.

Namely, we now turn our attention to the ε−dependent functional

G^ε_Ω(u) := ∫ Ω εa_{i,j} ∂_iu∂_j u + 1 ε F (u) dx . (11.2)

The assumptions on a_{i,j} and F will be the same as in Section 8 and ε > 0 is a small parameter^2.

It is known (see [Md], [B], [OS] and [CC]) that the minimizers u_ε of (11.2) converge (when ε −→ 0, up to subsequences) to a step function, and that the level sets of u_ε converge

2For simplicity, we take here F independent of x: a more general situation can be dealt with using the same techniques, following [B]

uniformly to an interface, which minimizes ∫ ∂^⋆U

√a_{i,j}ν_iν_j dH_{n−1}. Here, as customary, ∂_⋆U

denotes the reduced boundary of a Caccioppoli set U, and ν is its normal. This has the following geometric interpretation (see [BPV]): if we consider a Riemannian metric g on R^n, with a suitable choice of a_{i,j} , minimizers of ∫ ∂^⋆U

√a_{i,j}ν_iν_j dH_{n−1} are simply minimal

surfaces with respect to the notion of perimeter induced by g. Also, the non-degeneracy of g translates into the uniform ellipticity of a_{i,j} and, if g is periodic, the coefficients a_{i,j} are periodic as well.

Thus, the result we now address is the following:

Theorem 11.1. There exists a universal constant M_0, depending only on n, the bounds on a_{i,j} and F , but independent of ε, such that: given any ω ∈ R^n, there exists a class A minimizer u^ε for the functional G^ε, for which the set {|u^ε| ≤ 99/100} is contained in the strip {x s.t. x · ω ∈ [0, M_0|ω|]}.

Furthermore, such u^ε enjoys the following property of “quasi-periodicity”:

• if ω ∈ Q^n, then u^ε is periodic (with respect to the identification induced by ω);

• fixed ε > 0, if ω ∈ R^n − Q^n, then u^ε can be approximated uniformly on compact sets by periodic class A minimizers of G^ε.

In the case of the jet flows, the result is actually uniform in θ and no regularity of the coefficients is needed. In particular, sending ε to zero, we re-obtain the main result^3 of [CL]:

Theorem 11.2. Let g be a bounded metric on T^n. There exists a universal constant M (depending only on n and on the nondegeneracy of g), such that, given any ω ∈ R^n, there exists a codimension 1 surface contained in the strip {ω ∈ [0, M|ω|]}, which is class A minimal with respect to the perimeter induced by g. Also, if ω is rational, the surface obtained is periodic (with respect to the identification induced by ω); if ω is irrational, the surface obtained can be approximated locally uniformly by periodic class A minimal surfaces.

Following a notation introduced in the previous sections, we will denote by M^ω_M (G^ε) the set of minimizers among the admissible functions in the strip S^ω_M : see page 4 and 19 for details.

The proof of Theorem 11.1 readily follows from the work done in the first and second part of the paper, using the following rescaling: for any function u we define

R^εu(x) := u(εx) . (11.3)

Notice that the renormalization R^ε preserves the double-well potential and the ellipticity constants, but does not preserve integer periodicity. Therefore we can not apply the arguments involving the Birkhoff property to R^εu. Thus, we only uses the rescaling for extending the Geometric Lemma to R^εu, since this result did not use the integer periodicity. Then, apply the Birkhoff property arguments directly to u.

Remark 11.3. A natural question arising in this context is whether the minimal surfaces that are plane-like minimizers are always graphs.

3Theorem 11.2 was also proved by [Mo] and [H] in the case n = 2 and by [Ba] in the case n = 3.

The reader may easily convince herself that the answer to such question, in general, is no, just looking at a periodic metric on R^2 which is very small on a set with an “S” shape and very big elsewhere.

Analogously, one can construct examples of metrics whose plane-like minimizers for the functional (11.2) are not monotone in any direction.

APPENDIX

12 Proof of Theorem 2.3

The proof will be accomplished in several steps.

Lemma 12.1. Fix μ > 0. Let β ∈ (0, 1). Assume that v ∈ H^1(B_r), v ≥ 0, ∂_i(a_{i,j}∂_j v) ≤ 0, and v ≥ μ on ∂B_r ∩ {x_n ≤ (−1 + β)r} .

Then, there exists a constant θ ∈ (0, β), depending only on n, β and the bounds on a_{i,j}, such that: v(0, . . . , (−1 + θ)r) ≥ μβ/2.

Proof. By scaling, it is enough to prove the claim for r = 1. Set c^⋆ := 2n||a_{i,j} ||_W1,∞ . Let ψ be the solution of ∂_i(a_{i,j} ∂_jψ) = c^⋆μ in B_1, with ψ = 0 on ∂B_1. By elliptic estimates (see, for instance [GT], Theorem 8.16 and Theorem 8.27) |ψ(0, . . . , 0, (−1 + θ))| ≤ osc_{B1∩B2θ (0,...,0,−1)}ψ ≤ cθ^αμ , (12.4) for suitable constants c and α, depending only on n and the bounds on a_{i,j}. Define ϕ := μ[−(x_n + 1) + β] and ζ := ϕ + ψ . (12.5) We have ∂_i(a_{i,j}∂_j ζ) = −∂_ia_{i,n}μ + c^⋆μ > 0 . We now check that v ≥ ζ on ∂B_1. Indeed, if x ∈ ∂B_1 ∩ {x_n ≤ −1 + β}, ζ(x) = ϕ(x) ≤ μβ ≤ v(x) ;

on the other hand, if x ∈ ∂B_1 ∩ {x_n > −1 + β}, ζ(x) ≤ 0 ≤ v(x).

Hence, by Maximum Principle, v ≥ ζ in B_1. In particular, by (12.4) and (12.5), v(0, . . . , 0, −1 + θ) ≥ μ(β − cθ^α − θ) ≥ μβ/2, if θ is small enough with respect to β.

We would like to remark that an alternative proof of the Lemma above can be accomplished by using the boundary Harnack inequality. Lemma 12.2. Let u ∈ M^ω_M . Suppose that x_0 ∈ S^ω_M verifies dist (x_0, ∂S^ω_M ) > 2 dist (x_0, {|u| = 1}) .

Then, min{1 − u(x_0), 1 + u(x_0)} ≤ C dist (x_0, {|u| = 1}) , where C is a suitable constant, depending only on n, the bounds on a_{i,j} and F .

Proof. If u(x_0) = ±1, there is nothing to prove. Set U_± = 1 ± u, and d_0 := dist (x_0, {|u| = 1}).

We assume that min{U_+(x_0), U_−(x_0)} ≥ Md_0, and derive an upper bound for M. Notice that B_{9d0/10}(x_0) ⊂ {|u| < 1}, so by Lemma 2.4 and Harnack inequality inf B_{3d0/4(x0)}

U_± ≥ const · sup_B

3d0/4(x0)

U_± ≥ const Md_0 . (12.6)

Let y ∈ B_{d0} (x_0) ∩ {|u| = 1}. Without loss of generality, we may assume y = 0. We now denote, for short, B := B_{d0} and U := U_±.

Let v := v_± be the minimum of ∫ B a_{i,j}∂_iζ∂_jζ

among the functions ζ ∈ H^1(B) with ζ = U_± on ∂B. Hence,

const ∫ B |∇(U − v)|^2 ≤ ∫ B a_{i,j}∂_i(U − v)∂_j (U − v) = = ∫ B a_{i,j} ∂_iu∂_j u − ∫ B a_{i,j} ∂_iv∂_j v . (12.7)

By construction, V = V_± := ±(v − 1) = u on ∂B: hence by (12.7) and the fact that u ∈ M^ω_M , ∫ B |∇(U − v)^2| ≤ const ∫ B Qχ_{(−1,1)}(V ) − χ_{(−1,1)}(u) . (12.8)

By Maximum Principle and the fact that 0 ≤ U ≤ 2, we deduce that either 0 < v < 2 or v is constant on B.

In the latter case, since u ∈ M^ω_M , u must be constant in B: in particular u(x_0) = u(0) = ±1, and the claim is proven.

Thus, we can now restrict ourselves to the case 0 < v < 2 in B, i.e. −1 < V < 1. From (12.8), ∫ B |∇(U − v)|^2 ≤ const L^n({|u| = 1} ∩ B) . (12.9)

From (12.6) and Lemma 12.1, there is a suitable constant κ ∈ (0, 1) and a suitable point x^⋆ ∈ B_{κd0} so that v(x^⋆) ≥ const Md_0. Harnack inequality then implies

inf_{Bκd0} v ≥ const Md_0 . (12.10)

Set now v^∗(x) :=^1_{d0} v(d_0x), for x ∈ B_1. Let us now introduce the following barrier:

w(x) = c̄M(e^{−μ|x|2} − e^{−μ}) ,

with c̄ and μ suitable constants, properly chosen to satisfy

∂_i(a_{i,j}∂_j w) > 0 in B_1 − B_κ , w = 0 on ∂B_1 and w ≤ v^∗ on ∂B_κ , where the last relation can be fulfilled in light of (12.10). So, by Maximum Principle, v^∗(x) ≥ w(x) ≥ const M(1 − |x|) in B_1 − B_κ .

Recalling (12.10), we get v^∗(x) ≥ const M(1 − |x|) in B_1 .

Rescaling back:

v(x) ≥ const Md_0(1 − |x| d_0

) in B_{d0} . (12.11) We can now follow [AC], p. 112: Fix any y ∈ B_{d0/2} and consider the following transformation of B_{d0} such that y becomes the new origin:

T_y(x) := d_0 − |x| d_0 y + x ,

and set, for any function f, f_y(x) := f(T_y(x)).

For any ζ ∈ ∂B_1, define r_ζ := inf{r ∈ [d_0/8, d_0] s.t. U(rζ) = 0} , if this set is non-empty. For almost all such ζ we have

v_y(r_ζ ζ) =

∫_{d0}

r_ζ

∇(U_y − v_y)(ρζ) · ζ dρ ≤

√∫_{d0}

r_ζ

|∇(U_y − v_y)(ρζ)|^2 dρ · √ d_0 − r_ζ . (12.12)

By (12.11), for any r ∈ [0, d_0],

v_y(rζ) ≥ const M ( d_0 − | | d_0 − r d_0 y + rζ | | ) ≥ ≥ const M ( d_0 − d_0 − r d_0

|y| − r ) ≥ const M d_0 − r 2 , since |y| ≤ d_0/2. From this and (12.12)

M^2(d_0 − r_ζ ) ≤ const

∫_{d0}

r_ζ

|∇(U_y − v_y)(ρζ)|^2 dρ . (12.13)

Also, using polar coordinates and the definition of r_ζ , ∫ B_{d0} −B_{d0/4}(y)

χ_{{U=0}} ≤ const ∫ B_{d0} −B_{d0/8}

χ_{{Uy=0}} ≤

≤ const ∫ ∂B_1

∫_{d0}

d_0/8

χ_{{Uy =0}}(ρζ) dρ dζ = const ∫ ∂B_1

∫_{d0}

r_ζ

χ_{{Uy=0}}(ρζ) dρ dζ ≤

≤ const ∫ ∂B_1

(d_0 − r_ζ ) dζ .

From this, integrating both sides of (12.13), it follows that

const M^2 ∫ B_{d0} −B_{d0/4}(y)

χ_{{U=0}} ≤ ∫ ∂B_1

∫_{d0}

d_0/8

|∇(U_y − v_y)(ρζ)|^2 dρ dζ ≤

≤ const ∫ B_{d0}

|∇(U − v)|^2 .

Applying this result to two points y_1 and y_2 in B_{d0/2} so that B_{d0/4}(y_1) and B_{d0/4}(y_2) do not overlap, and summing up the two estimates, we obtain M^2 ∫ B_{d0}

χ_{{U=0}} ≤ const ∫ B_{d0}

|∇(U − v)|^2 .

Thus, recalling (12.9), and writing U = U_± explicitly: M^2L^n({U_± = 0} ∩ B_{d0} ) ≤ const L^n({|u| = 1} ∩ B_{d0} ) .

Since {|u| = 1} ⊆ {U_+ = 0} ∪ {U_− = 0}, we deduce that M^2L^n({|u| = 1} ∩ B_{d0} ) ≤ 2 const L^n({|u| = 1} ∩ B_{d0} ) .

Accordingly, recalling also (12.9), if M were too big, we get |u| < 1 in B_{d0} , which is a contradiction.

Theorem 12.3. If u ∈ M^ω_M , then u ∈ C^{0,1}(S^ω_M ). Furthermore, for any compact domain D well contained in S^ω_M with D ∩ {|u| = 1} ≠ ∅ , (12.14) there exists a suitable positive constant C_D, depending only on dist (D, ∂S^ω_M ), n and the bounds on a_{i,j} and F such that ||u||_C0,1 ≤ C_D . (12.15) Proof. First of all, we show that ∇u is bounded in D∩N , where N is a suitable neighborhood of ∂{|u| = 1}.

Indeed: if dist (x, {|u| = 1}) ≤^1_{10} dist (x, ∂S^ω_M ), we are under the hypotheses of Lemma 12.2, so that (setting B := B_{dist (x,{|u|=1})/10}(x) for short) sup_{x0∈B} min{1 − u(x_0), 1 + u(x_0)} ≤ const dist (x, {|u| = 1}) . (12.16)

Also, by Lemma 2.4, ∂_i(a_{i,j} ∂_j (1 ± u)) = 0 in B; therefore, by elliptic estimates,

|∇(1 ± u)(x)| ≤ const sup_B |1 ± u| dist (x, {|u| = 1}) . From this and (12.16), we deduce a bound on ∇u in D ∩ N .

This and standard elliptic estimates imply that u ∈ C^{0,1}(S^ω_M ).

We now prove (12.15): Take D^′ such that D ⊂⊂ D^′ ⊂⊂ S^ω_M , with

dist (D^′, ∂S^ω_M ) ≥ 9 10 dist (D, ∂S^ω_M ) .

With no loss of generality, we may assume D and D^′ to be connected. Fix any x ∈ D^′ and set r_0 :=^1_5 dist (D, ∂S^ω_M ). Consider a covering of D^′ with balls B_{r0} (x_j ), centered in D^′, with x_0 := x and x_j ∈ B_{r0/2}(x_{j−1}). Let k be the number of such balls: obviously, k depends only on n, D^′ and r_0, hence we may think k to depend only on n, D and dist (D, S^ω_M ).

By (12.14), there exists k^∗ ≤ k so that B_{r0} (x_k∗ ) ∩ {|u| = 1} ≠ ∅ , while B_{r0} (x_j) ∩ {|u| = 1} = ∅ , ∀j < k^∗ .

It follows that dist (x_k∗ , {|u| = 1}) ≤ 2 9 dist (x_k∗ , ∂S^ω_M ) , so we can apply Lemma 12.2 and infer that min{1 − u(x_k∗ ), 1 + u(x_k∗ )} ≤ const r_0 . (12.17) Also, ∂_i(a_{i,j}∂_j (1 ± u)) = 0 in B_{r0} (x_j) for j < k^∗ because of Lemma 2.4. So, we deduce from Harnack inequality that const (1 ± u(x_{j+1})) ≥ 1 ± u(x_j ) .

Iterating, using (12.17) and recalling that x_0 = x, we get sup_{x∈D′} min{1 − u(x), 1 + u(x)} ≤ const r_0 . (12.18)

Take now ζ ∈ D, with |u(ζ)| < 1.

Two cases are possible: If

dist (ζ, {|u| = 1}) ≥ 1 3 dist (D, ∂D^′) , then ∂_i(a_{i,j} ∂_j(1 ± u)) = 0 on B_{dist (D,∂D}′_{)/3}(ζ) ;

thus, elliptic estimates imply that

|∇(1 ± u)(ζ)| ≤ const dist (D, ∂D^′) sup B_{dist (D,∂D}′_{)/3}(ζ)

|1 ± u| .

From this and (12.18), |∇u(ζ)| ≤ C_D.

On the other hand: If dist (ζ, {|u| = 1}) < 1 3 dist (D, ∂D^′) , as done before, we can apply again Lemma 12.2 and elliptic estimates (via Lemma 2.4) to get (12.15).

We are now in position to complete the proof of Theorem 2.3. If Int(S^ω_M ) ∩ {|u| = 1} ≠ ∅, the claim in Theorem 2.3 follows by Theorem 12.3. If, viceversa, Int(S^ω_M ) ∩ {|u| = 1} = ∅, by Lemma 2.4 ∂_i(a_{i,j} ∂_j u = 0 in Int(S^ω_M ), so the claim follows from standard elliptic estimates (for instance, Theorem 8.33 and Corollary 8.35 of [GT]).

13 Proof of Theorems 3.1 and 10.1

This proof is a variation of the one in [CC], where the result was proved in the case a_{i,j} = δ_{i,j} . Here, we simplify a bit the proof and correct some minor flawns of [CC]. Let g be a radial smooth function that is identically equal to −1 in B_{r−1} and takes value 1 on ∂B_r. Define u^⋆ = min{u, g}. Since u is a minimizer,

J_{Br} (u) ≤ J_{Br} (u^⋆) ≤ const ( ∫ B_r −B_{r−1}

|∇u^⋆|^2 + r^{n−1}) ≤

≤ const ( ∫ B_r −B_{r−1}

(|∇u|^2 + |∇g|^2) + r^{n−1}) ≤

≤ const ∫ B_r −B_{r−1}

|∇u|^2 + r^{n−1} .

Let us now cover B_r − B_{r−1} with balls B_1, . . . B_K of radius 2; obviously, one can take K ≤ const r^{n−1}. Let B^′_i be the ball concentric to B_i with radius 3. Then, from the estimate above and Caccioppoli Inequality,

J_{Br} (u) ≤ const ( K∑ i=1 ∫ B_i

|∇u|^2 + r^{n−1}) ≤

≤ const ( K∑ i=1 ∫ B^′_i

|u|^2 + r^{n−1}) .

Since |u| ≤ 1, this finishes the proof of (i).

We now prove (ii). Notice that it is enough to prove it for any θ close to −1. Indeed: assume the result to be true for θ^⋆ close to −1, and let θ ∈ [−θ_0, θ_0], with θ^⋆ ≤ −θ_0. Then

μ_0 ≤ L^n ( {u > θ} ∩ B_K ) ≤ L^n ( {u > θ^⋆} ∩ B_K ) , therefore, using the result for θ^⋆, our hypotheses on F and (i), we infer that

Cr^n ≤ L^n ( {u > θ^⋆} ∩ B_r ) ≤ ≤ L^n ( {u > θ} ∩ B_r ) + L^n ( {θ^⋆ < u ≤ θ} ∩ B_r ) ≤ ≤ L^n ( {u > θ} ∩ B_r ) + 1 inf_{u∈[θ}⋆_{,θ0]} F ∫ B_r F ≤ ≤ L^n ( {u > θ} ∩ B_r ) + Cr^{n−1} , and so L^n ( {u > θ} ∩ B_r ) ≥ Cr^n. From these consideration, in the rest of the proof, we may and do assume that θ is close to −1.

We distinguish three cases: Case 1: if 0 < d < 2. We define V(r) = L^n(B_r ∩ {u > θ}) , A(r) = ∫ B_r ∩{u≤θ}

F (x, u) .

We want to prove that C ( (V(r − 1))^{n−1n} + A(r − 1) ) ≤ ≤ V(r) − V(r − 1) + A(r) − A(r − 1) . (13.19) Indeed, if (13.19) holds, then, by induction, one sees that V(k) + A(k) ≥ Ck^n; recalling (i), we get V(k) ≥ Ck^n, for k big enough, proving (ii) – notice that we used here the hypothesis V(K) ≥ μ_0 to start the induction.

We now prove (13.19). Let h be an auxiliary function to be chosen later in such a way that −1 ≤ h ≤ 1, h = 1 on ∂B_r and h = −1 in B_{r−1}. We will denote by C suitable constants and by A a free parameter, to be chosen in the sequel. Let σ = min{u, h} and β = min{u − σ, 1 + θ} By Sobolev and Cauchy Inequalities, and the fact that ∇β vanishes outside {u − σ ≤ 1 + θ}, ( ∫ B_r

β^{2nn−1}

) n−1_n ≤ ≤ C ∫ B_r ∩{u−σ≤1+θ}

|β| |∇β| ≤

≤ CA ( ∫ B_r ∩{u−σ≤1+θ}

(a_{i,j}∂_iu∂_j u − a_{i,j}∂_iσ∂_j σ − 2a_{i,j}∂_i(u − σ)∂_j σ) ) + + C A ∫ B_r ∩{u−σ≤1+θ}

(u − σ)^2 . (13.20)

Integration by parts, together with the minimality property of u, implies ( ∫ B_r

β^{2nn−1}

) n−1_n ≤ ≤ CA [ ∫ B_r ∩{u−σ≤1+θ}

(F (x, σ) − F (x, u)) + +2 ∫ B_r ∩{u−σ≤1+θ} ( a_{i,j}∂^2_{i,j}σ (u − σ) + (∂_ia_{i,j} )∂_j σ (u − σ) )] + + C A ∫ B_r ∩{u−σ≤1+θ}

(u − σ)^2 . (13.21)

Since σ = h = −1 in B_{r−1}, the left hand side of (13.21) is bigger than C ( L^n(B_{r−1} ∩ {u > θ})

) n−1_n . We now estimate the right hand side of (13.21) in B_{r−1}, in which σ = −1: Notice now that, if θ is close to −1 and u ≤ θ, we have, by our assumptions on F , that

F (x, u) ≥ C (1 + u)^d ≥ C 2^{2−d}

(1 + u)^2 (13.22)

so that C A ∫ B_{r−1}∩{u≤θ}

(1 + u)^2 − CA 2 ∫ B_{r−1}∩{u≤θ}

F (x, u) ≤ 0

if we choose A suitably big. Therefore, the right hand side of (13.21) in B_{r−1} is negative and less than −C A(r − 1).

On the integration over B_r − B_{r−1}, we split the domain of integration. First of all, since θ is close to −1 and σ ≤ u, our assumptions on F imply that F (x, σ) ≤ F (x, u) if u ≤ θ. Thus, CA ∫ B_r −B_{r−1}

F (x, σ) − F (x, u) ≤ CA L^n({u > θ} ∩ (B_r − B_{r−1})) .

Also, recalling (13.22), C A ∫ B_r −B_{r−1}

(u − σ)^2 ≤ ≤ C A ∫ (B_r −B_{r−1})∩{u≤θ}

(u + 1)^2 + C A L^n({u > θ} ∩ (B_r − B_{r−1})) ≤ ≤ C A ∫ (B_r −B_{r−1})∩{u≤θ}

F (x, u) + C A L^n({u > θ} ∩ (B_r − B_{r−1})) .

Finally, we define, d^′ = max{1, d} and, for ρ ∈ [r − 1, r],

h(ρ) = 2(ρ − r + 1) 2 2−d′

+ − 1 . (13.23)

Notice that this setting is possible for our assumption on d. With this definition, we can complete the estimate on the right hand side of (13.21): Indeed, from a direct calculation one sees that, in B_r − B_{r−1},

|∇h| + |D^2h| ≤ C(ρ − r + 1)^{2(d}

′ −1) 2−d′ ≤ C(h + 1)d

′ −1 .

Also, in the set {u > σ} we have σ = h and then the last formula implies

(|∇h| + |D^2h|) · (u − σ) ≤ C(h + 1)^{d′−1} · (u − h) ≤ ≤ C (u + 1)^{d′} , (13.24) in (B_r − B_{r−1}) ∩ {u > σ}. Therefore, recalling that σ = −1 in B_{r−1}, splitting the domain of integration into the sets {u ≤ θ} and {u > θ}, using (13.24) and our hypotheses on F , we get ∫ B_r ( a_{i,j}∂^2_{i,j} σ (u − σ) + (∂_ia_{i,j})∂_j σ (u − σ) ) = = ∫ (B_r −B_{r−1})∩{u>σ} ( a_{i,j}∂^2_{i,j} σ (u − σ) + (∂_ia_{i,j})∂_j σ (u − σ) ) ≤ ≤ CL^n ( (B_r − B_{r−1}) ∩ {u > θ} ) + C ∫ (B_r −B_{r−1})∩{u≤θ}

(u + 1)^{d′} ≤

≤ CL^n ( (B_r − B_{r−1}) ∩ {u > θ} ) + C ∫ (B_r −B_{r−1})∩{u≤θ}

F (x, u) .

Collecting all these estimates, the proof of (13.19) follows. This finishes the proof of (ii) in the first case.

Case 2: if d = 2. We use suitable positive parameters Θ and T : we will fix Θ small enough and then choose T suitably large.

Let k ∈ N. We use a barrier function h = h_k ∈ C^2(B_{(k+1)T} ) so that −1 ≤ h ≤ 1, h = 1 on ∂B_{(k+1)T} , (h + 1) + |∇h| + |D^2h| ≤ C(h + 1) ≤ Ce^{−ΘT} (13.25)

in B_{kT} , and |∇h| + |D^2h| ≤ CΘ(h + 1) (13.26)

in B_{(k+1)T} . From the last formula and our assumptions on F , we deduce, if Θ is suitably small, |∇h| + |D^2h| ≤ √ ΘF_u(x, h) (13.27)

in B_{(k+1)T} . We postpone the explicit construction of such h to the end of the proof. Define θ^′ = θ − Ce^{−ΘT} ; if T is large enough, θ^′ > −1. Define also

σ = min{u, h} and β = min{u − σ, 1 + θ^′} .

As in (13.20)–(13.21), we have that ( ∫ B_{(k+1)T}

β^{2nn−1}

) n−1_n ≤ ≤ CA [ ∫ B_{(k+1)T} ∩{u−σ≤1+θ^′} ( F (x, σ) − F (x, u) + a_{i,j}∂^2_{i,j}σ(u − σ) +

+∂_ia_{i,j}∂_j σ(u − σ) )] + + C A ∫ B_{(k+1)T} ∩{u−σ≤1+θ^′}

(u − σ)^2 , (13.28)

where A is a free parameter, to be chosen suitably large in what follows. We now estimate the left hand side of (13.28). From (13.25), if T is big enough, we get θ − h ≥ (1 − θ_0)/2 in B_{kT} . Thus, the left hand side of (13.28) is bigger than CV(kT )^{n−1}n .

Let us now estimate the right hand side of (13.28). First of all, we consider the contribution in {u ≤ θ}. Let us observe that, since −1 ≤ σ ≤ u ≤ 1,

(u + 1)^2 − (σ + 1)^2 − 1 2 (u − σ)^2 =

= (u + σ) (u − σ) + 2(u − σ) − 1 2 (u − σ)^2 =

= (u − σ) ( 1 2 u + 3 2 σ + 2) ≥ 0 ;

accordingly, in {σ < u ≤ θ},

F (x, u) − F (x, σ) =

∫_u h F_u(x, ζ) dζ ≥ ≥ C ∫_u h (ζ + 1) dζ = C [ (u + 1)^2 − (h + 1)^2 ] ≥ ≥ C(u − h)^2 . (13.29)

Consequently, choosing A suitably large and recalling (13.27), the contribution of the right hand side of (13.28) in {u ≤ θ} is controlled by ∫ B_{(k+1)T} ∩{σ<u≤θ} ( F (x, σ) − F (x, u) + C √ ΘF_u(x, σ)(u − σ) ) . (13.30)

We now show that this quantity is indeed negative. Since we ruled out θ to be close to −1, we have that F and F_u are monotone in (−1, θ). Hence, in {σ < u ≤ θ}, F (x, σ) − F (x, u) is negative and, furthermore,

|F_u(x, σ)(u − σ)| ≤ |F (x, σ) − F (x, u)| .

Since we assumed Θ to be small, we have shown that the quantity in (13.30) is negative.

Let us now bound the right hand side of (13.28) in {u > θ}. First, we notice that this term has no contribution in B_{kT} : indeed, from (13.25),

B_{kT} ∩ {σ < u ≤ σ + 1 + θ^′} ⊆ B_{kT} ∩ {σ < u ≤ θ} .

Thus, the right hand side of (13.28) is bounded by ∫ (B_{(k+1)T} −B_{kT} )∩{u>θ} ( F (x, σ) − F (x, u) + (σ + 1)(u − σ) + (u − σ)^2 ) , (13.31)

and this term can be bounded by

L^n ( {u > θ} ∩ (B_{(k+1)T} − B_{kT} ) ) . Collecting all the estimates, we get

C(V(kT ))^{n−1n} ≤ V((k + 1)T ) − V(kT ) .

Let us now define α_k = V(kT )−V((k −1)T ). Notice that ∑ 1≤j≤k αj = V(kT ) and therefore C( ∑ 1≤j≤k

α_j )^{n−1n} ≤ α_{k+1} .

By induction over k, one easily gets that α_k ≥ ck^{n−1} and thus V(kT ) ≥ ck^n, which is the desired result for the case d = 2.

We now construct explicitly the barrier introduced at page 33. Define the following functions Φ : [0, 1] −→ R, Ψ : [1, (k + 1)T ] −→ R:

Φ(ρ) = 2e^{Θ[ 38 ρ6− 108 ρ4+ 158 ρ2−(k+1)T ]} − 1 and Ψ(ρ) = 2e^{Θ[ρ−(k+1)T ]} − 1 .

By explicit computations,

Φ(1) = Ψ(1) , Φ^′(1) = Ψ^′(1) and Φ^{′′}(1) = Ψ^{′′}(1) .

Thus, the function h̄ agreeing with Φ in [0, 1] and with Ψ in [1, (k+1)T ] belongs to C^2([0, (k+ 1)T ], R). Define h(x) = h̄(|x|). Notice that

|Φ^′(ρ)| ≤ CΘρ(Φ + 1) , |Φ^{′′}(ρ)| ≤ CΘ(Φ + 1) (13.32)

in [0, 1] and |Ψ^′(ρ)| + |Ψ^{′′}(ρ)| ≤ CΘ(Ψ + 1) (13.33)

in [1, (k + 1)T ]. Moreover,

(h + 1) + |∇h| + |D^2h| ≤

≤ (h̄ + 1) + ( 1 + 2 |x| ) |h̄^′| + |h̄^{′′}| . (13.34)

By means of (13.32), we bound the right hand side of (13.34) in B_1 by C(Φ + 1) ≤ Ce^{Θ(C−(k+1)T )}. Similarly, in B_{(k+1)T} − B_1, using (13.33), we bound (13.34) by C(Ψ + 1) ≤ Ce^{−ΘT} . This proves (13.25). In a similar way, one can prove (13.26). This finishes the proof of the case d = 2.

Case 3: if d = 0. This will be treated similarly to Case 1, but we will be able not to take derivatives of the coefficients (so that the results in Part I do not depend on any regularity of a_{i,j}). Defining σ and β as in Case 1, by Sobolev and Cauchy Inequalities, the ellipticity of the coefficients and the minimality of u, we deduce that ( ∫ B_r

β^{2nn−1}

) n−1_n ≤ ≤ C ∫ B_r ∩{u−σ≤1+θ}

|β| |∇β| ≤

≤ CA ( ∫ B_r ∩{0<u−σ≤1+θ}

(|∇u|^2 − |∇σ|^2 − 2∇(u − σ) · ∇σ) ) +

+ C A ∫ B_r ∩{u−σ≤1+θ}

(u − σ)^2 ≤

≤ CA ( ∫ B_r ∩{0<u−σ≤1+θ}

(Ca_{i,j}∂_iu∂_j u − |∇σ|^2 + 2(u − σ) Δσ) ) + + C A ∫ B_r ∩{u−σ≤1+θ}

(u − σ)^2 ≤

≤ CA [ ∫ B_r ∩{0<u−σ≤1+θ}

|∇σ|^2 + (F (x, σ) − F (x, u)) + +2 ∫ B_r ∩{u−σ≤1+θ}

(u − σ) Δσ ] + C A ∫ B_r ∩{u−σ≤1+θ}

(u − σ)^2 .

The reader may compare this with (13.20) and (13.21). Defining h as in (13.23), we immediately get ∫ B_r ∩{u>σ}

|∇h|^2 ≤ C L^n ( (B_r − B_{r−1}) ∩ {u > σ} ) ≤ ≤ C L^n ( (B_r − B_{r−1}) ∩ {u > θ} ) + C ∫ (B_r −B_{r−1})∩{u≤θ}

χ_{(−1,1)}(u) .

From this and the estimates developed for Case 1, the recursive relation (13.19) readily follows. This finishes the proof of the case d = 0.

The proof of Theorems 3.1 and 10.1 is completed.

Bibliography

[AC ] Alt, H. W.; Caffarelli, L. A. – Existence and regularity for a minimum problem with free boundary, J. Reine Angew. Math. 325 (1981), 105–144.

[ACF1 ] Alt, H. W.; Caffarelli, L. A.; Friedman, A. – Asymmetric jet flows, Comm. Pure Appl.

Math. 35 (1982), no. 1, 29–68.

[ACF2 ] Alt, H. W.; Caffarelli, L. A.; Friedman, A. – A free boundary problem for quasilinear elliptic equations, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 11 (1984), no. 1, 1–44.

[ACF3 ] Alt, H. W.; Caffarelli, L. A.; Friedman, A. – Jets with two fluids. I. One free boundary, Indiana Univ. Math. J. 33 (1984), no. 2, 213–247.

[Ba ] Bangert, V. – Laminations of 3-tori by least area surfaces, Analysis, et cetera, 85–114, Academic Press, Boston, MA, 1990.

[BZ ] Birkhoff, G.; Zarantonello, E. H. – Jets, wakes, and cavities, Academic Press Inc., Publishers, New York, 1957.

[BPV ] Bellettini, G.; Paolini, M.; Venturini S. – Some Results on Surface Measures in Calculus of Variations , Ann. Mat. Pura Appl. (4), 170 (1996), 329–359.

[B ] Bouchittè, G. – Singular perturbations of variational problems arising from a two-phase transition model, Appl. Math. Optim. 21 (1990), no. 3, 289–314.

[C ] Caffarelli, L. A. – The obstacle problem, preprint, 1998.

[CC ] Caffarelli, L. A.; Córdoba, A. – Uniform convergence of a singular perturbation problem, Comm. Pure Appl. Math. 48 (1995), no. 1, 1–12.

[CL ] Caffarelli, L. A.; de la Llave, R. – Plane-like minimizers in periodic media, preprint, mp arc 00-368.

[DEF ] Dolcini, A.; Esposito, L.; Fusco, N. – C^{0,α} regularity of ω-minima, Boll. Un. Mat. Ital. A (7) 10 (1996), no. 1, 113–125.

[G ] Giaquinta, M. – Introduction to regularity theory for nonlinear elliptic systems, Birkhäuser Verlag, Basel, 1993.

[GG ] Giaquinta, M.; Giusti, E. – On the regularity of the minima of variational integrals, Acta Math. 148 (1982), 31–46.

[GT ] Gilbarg, D.; Trudinger, N. S. – Elliptic partial differential equations of second order. Second edition, Springer-Verlag, Berlin-New York, 1983.

[GL ] Ginzburg, V.; Landau, L. – On the theory of superconductivity, Zh. Èksper. Teoret. Fiz. 20 (1950), 1064–1082.

[GP ] Ginzburg, V. L.; Pitaevskiĭ, L. P. – On the theory of superfluidity, Soviet Physics. JETP 34/7 (1958), 858–861.

[G1 ] Giusti, E. – Minimal surfaces and functions of bounded variation, Monographs in Mathematics, 80. Birkhäuser Verlag, Basel-Boston, Mass., 1984.

[G2 ] Giusti, E. – Metodi diretti nel calcolo delle variazioni, Unione Matematica Italiana, Bologna, 1994.

[Gu ] Gurtin, M. E. – On a theory of phase transitions with interfacial energy, Arch. Rational Mech. Anal. 87 (1985), no. 3, 187–212.

[HL ] Han, Q.; Lin, F. – Elliptic partial differential equations, Courant Lecture Notes in Mathematics, 1. New York University, Courant Institute of Mathematical Sciences, New York, 1997.

[H ] Hedlund, G. A. - Geodesics on a two-dimensional Riemannian manifold with periodic coefficients, Ann. of Math. 33 (1932), 719–739.

[LL ] Landau, L. D.; Lifshitz, E. M. – Statistical physics, Oxford University Press, Oxford, 1938.

[MM ] Massari, U.; Miranda, M. – Minimal surfaces of codimension one, North-Holland Mathematics Studies, Amsterdam, 1984.

[Ma ] Mather, J. N. – Invariant subsets for area preserving homeomorphisms of surfaces, Mathematical analysis and applications, Part B, pp. 531–562, Adv. in Math. Suppl. Stud., 7b, Academic Press, New York-London, 1981.

[MF ] Mather, J. N.; Forni, G. – Action minimizing orbits in Hamiltonian systems, Transition to chaos in classical and quantum mechanics (Montecatini Terme, 1991), 92–186, Lecture Notes in Math., 1589, Springer, Berlin, 1994.

[Md ] Modica, L. – The gradient theory of phase transitions and the minimal interface criterion, Arch. Rational Mech. Anal. 98 (1987), no. 2, 123–142.

[Mo ] Morse, H. M. – A fundamental class of geodesics on any closed surface of genus greater than one, Trans. Amer. Math. Soc. 26 (1924), no. 1, 25–60.

[M ] Moser, J. – Minimal solutions of variational problems on a torus, Ann. Inst. H. Poinc. Anal.

Non Lin. 3 (1986), no. 3, 229–272.

[OS ] Owen, N.; Sternberg, P. – Nonconvex variational problems with anisotropic perturbations, Nonlinear Anal. T.M.A. 16 (1991), 705–719.

[R ] Rowlinson, J. S. – Translation of J. D. van der Waals’ “The thermodynamic theory of capillarity under the hypothesis of a continuous variation of density”, J. Statist. Phys. 20 (1979), no. 2, 197–244.

[Se ] Serrin, J. – Mathematical principles of classical fluid mechanics, 1959 Handbuch der Physik, Springer-Verlag, Berlin-Göttingen-Heidelberg.

[S ] Simader, C. G. – Sobolev’s original definition of his spaces revisited and a comparison with nowadays definition, Boundary value problems for elliptic and parabolic operators (Catania, 1998). Matematiche (Catania) 54 (1999), suppl., 149–178.