Strong Dynamical Localization for the almost Mathieu model

François Germinet

UMR 8524 CNRS, UFR de Mathématiques, Université de Lille 1, F-59655 Villeneuve d’Ascq Cédex, France E-mail: germinet@agat.univ-lille1.fr

Svetlana Jitomirskaya

Department of mathematics University of California, Irvine 92697 Irvine CA, USA E-mail: szhitomi@uci.edu

January, 2000

Abstract

In this note we prove Strong Dynamical Localization for the almost Mathieu operator H_{θ,λ,ω} = −Δ + λ cos(2π(θ + xω)) for all λ > 2 and Diophantine frequencies ω. This improves the previous known result [22, 13] which established Dynamical Localization for a.e. θ and for λ ≥ 15.

1 Introduction and main result

In this paper we prove the strong version of Dynamical Localization for the almost Mathieu operator H_{θ,λ,ω}, acting on ℓ^2(Z), (H_{θ,λ,ω}u)(x) = u(x − 1) + u(x + 1) + λ cos(2π(θ + xω))u(x), x ∈ Z, (1) with λ > 2, ω ∈ R \Q , and θ ∈ T = [0, 1[. We shall also use the shorter notation H_θ instead of H_{θ,λ,ω}. More precisely our result holds for Diophantine frequencies ω ∈ R \Q , meaning that there exist c(ω) and 1 < r(ω) < ∞ such that ∀ j ≠ 0, |sin 2πjω| > c(ω) |j|^{r(ω)} . (2)

Pure point spectrum with exponentially decaying eigenfunctions for a.e. θ, λ > 2 and Diophantine ω was proved in [21]. While the latter property is often referred to as Anderson localization, the physical understanding of localization depends on the dynamical properties, particularly the nonspreading of initially localized wave-packets under the Schrödinger timeevolution. One, generally accepted, formulation of it is, for any q > 0, and ψ with fast decay at ∞, sup_t ⟨⟨|X|^q⟩⟩_{ψ,H,t} ≤ C_{ψ,q}, (3) where the moments of the position operator X are defined by ⟨⟨|X|^q⟩⟩_{ψ,H,t} = ⟨e^{−iHt}ψ, |X|^qe^{−iHt}ψ⟩, or if necessary using the initial state E_H (I)ψ rather than ψ, where E_H (I) is the spectral projector of H onto the interval I. One refers to the bound (3) as Dynamical Localization.

For ergodic families of operators H_θ, θ ∈ Θ (denoting by P the probability measure), the constant C_{ψ,q} may also depend on the parameter θ: sup_t⟨⟨|X|^q⟩⟩_{ψ,Hθ,t} ≤ C_{ψ,θ,q}. The following stronger form of (3) then makes sense.

Definition 1.1. We shall say that the family (H_θ)_{θ∈Θ} acting on a Hilbert space H is strongly dynamically localized, if, for any q > 0 and initial state ψ ∈ H that decays faster than any polynomial, there exists a constant C(q, ψ) < ∞ such that ∫ Θ dP(θ) sup_t ⟨⟨|X|^q⟩⟩_{ψ,Hθ,t} ≤ C(q, ψ). (4) If necessary we can restrict ourselves to an interval of energies I, and then work with the initial state E_{Hθ} (I)ψ instead of ψ. This will define Strong Dynamical Localization on the interval I.

While the pure point spectrum follows from the Dynamical Localization (see, e.g. [4]), an example in [8, 9] shows that Anderson localization (pure point spectrum with exponentially decaying eigenfunctions) may coexist with almost ballistic dynamics (which is the worst possibility, according to [27]). Therefore, proving Dynamical Localization requires going further in the proof of pure point spectrum. The Aizenman-Molchanov technique ([1] and ref. therein), wherever it works, leads naturally to a strong bound of the form (4). However, other treatments are needed for continuous or deterministic models. In [9], a property called SULE has been introduced. This property establishes a control on the size of the support of the eigenfunctions in terms of the centers of localization, x_{E,θ}, namely |φ^θ_E(x)| ≤ C_εe^{ε|xE,θ|}e^{−γ0|x−xE,θ |}, for any ε > 0 and it is shown to entail Dynamical Localization [9]. In [14] SULE has been derived for a large class of random Schrödinger operators to which the multi-scale analysis [12] of the form [10] applies. Thereby, Dynamical Localization was proved for those models. Very recently, in [5], this result has been strenghened to Strong Dynamical Localization, namely it is shown that for random Hamiltonians the property SULE in the form obtained in [14] actually implies (4). In [15], an even more straightforward argument is given. We mention that these results also apply to the random dimer operator [7], a discrete 1-D model where the Aizenman-Molchanov approach fails.

Besides random, another important class of ergodic operators for which results on the pure point spectrum have been obtained is the class of quasi-periodic operators. As well as with the point spectrum itself, establishing Dynamical Localization in this case requires approaches that are quite different from that of the random case. There have been several new important localization results for quasiperiodic models recently: Anderson localization for the almost Mathieu operator with Diophantine frequencies [21], which is the operator studied in this paper, and even more recently, Bourgain-Goldstein [3] proved Anderson localization for a large class of one and two-frequencies potentials in the regime of positive Lyapunov exponents. Also, pure point spectrum was proved by Eliasson [11] for an even larger class of one-frequency potentials at high disorder. These models are natural candidates for dynamical strengthening.

From the dynamical point of view, for quasi-periodic models, the motion is knwon to be quasi-ballistic for a generic set of frequencies ω [6] (it was proved for Liouville frequencies and for the almost Mathieu model in [24]). Dynamical Localization (the a.e. θ version) for the almost Mathieu operator with λ ≥ 15, Diophantine frequencies, has been obtained in [22] by establishing SULE. A somewhat weaker version of Dynamical Localization was independently obtained in [13] by establishing some weaker property on the decay of the eigenfunctions. Both these proofs were, in a certain sense, “second iterations” of the proof in [19], and neither extends automatically to the general λ > 2 case, nor to the strong form (4). In this paper we achieve both these goals for the almost Mathieu model. Our main result is the following:

Theorem 1.1. Let λ > 2 and let ω be Diophantine. Then the family (H_{θ,λ,ω})_{θ∈T} is strongly dynamically localized.

We note that our proof can be adjusted to establish SULE. One can then adapt the approach of [5] and use our Lemma 2.1 in order to get the strong form of Dynamical Localization stated in Theorem 1.1. We, however, bypass the SULE condition and provide a more straightforward proof which is closer to the spirit of [13]. The idea is that the Strong Dynamical Localization of the family (H_{θ,λ,ω})_{θ∈T} can be obtained in a very natural way using the (usually rather unexploited) properties of the BKG eigenfunctions expansion [2] [26] [23]. The latter is developed for some families of random operators like Schrödinger and Classical Waves in [15]. In the particular setting of the present model (a discrete one-dimensional case with simple pure point spectrum) the arguments become even more direct, since one can skip the explicit use of that expansion in eigenfunctions by roughly reconstructing it “by hand”. See Section 2 for further comments.

Finally we make the additional remark that in the setting of quasi-periodic potential the result (4) - in comparison to (3) - has another physical interest. It has been argued by Piechon [25], for the Fibonacci chain, that after averaging the quantity ⟨⟨|X|^2⟩⟩_{ψ,Hθ,t} over the parameter θ one could get some ballistic motion. The argument relies on the idea that averaging over θ of the spectral measure μ_θ of H_θ yields the density of states, which is continuous (at least for the almost Mathieu model with Diophantine frequency: see [17] together with [21]). Then by Guarneri’s arguments [18] [24] ∫ T dθ (_1 T ∫_T 0 dt⟨⟨|X|^2⟩⟩_{ψ,Hθ,t} ) should behave like T^2. Theorem 1.1 then tells that this reasoning fails for the almost Mathieu model with Diophantine conditions.

Acknowledgements: it is our pleasure to thank D. Damanik, A. Klein, H. Schulz-Baldes, and P. Stollmann for usefull discussions. F.G. would also like to thank the hospitality of the UCI where this work has been done.

2 Proof of Strong Dynamical Localization

We shall denote by H_{[x,y],θ} the restriction of H_θ to the interval [x, y] with zero boundary conditions at x − 1 and y + 1, and by G^θ_{[x,y]}(E, ·, ·) the corresponding Green function, that is the inverse of H_{[x,y],θ} − E. We need the following definition.

Definition 2.1. Let γ > 0, k > 0, and E ∉ σ(H_{[x,y],θ}). A point z ∈ Z is called (γ, E, θ, k)- regular at energy E if there exists an interval [x, y], with |x − y| ≤ k, containing z and such that | |G_{θ[x,y]}(E, z, u)| < e_{−γk}, u = x, y. We also recall the following well known identity. Let z ∈ [x, y], E ∉ σ(H_{[x,y],θ}), and φ ∈ ℓ^2(Z) such that H_θφ = Eφ. One then has φ(z) = G^θ_{[x,y]}(E, z, x)φ(x − 1) + G^θ_{[x,y]}(E, z, y)φ(y + 1). (5) The proof of Theorem 1.1 relies on the following lemma:

Lemma 2.1. Assume that the hypotheses of Theorem 1.1 hold. Pick α ∈ (1, 2) and any s > α. Define γ_0 = ln^λ_2 > 0. Then there exist L^∗(α, s), and for all L > L^∗(α, s) and y ∈ Z a set Θ_L(y) of Lebesgue measure less than 9L^{−s+α} such that, for any θ ∉ Θ_L(y), the following holds for all E: ( L + 1 2 ≤ |x − y| < L^α ) =⇒ (either x or y is (γ_0/2, E, θ, L) − regular) . (6)

Lemma 2.1 above is a modified and improved version of Lemma 4 in [21]; it is also stated in a form that is closer to the core result of the multiscale analysis given in [10]. In section 3 we shall state another version of this Lemma 2.1: Lemma 3.1, which is closer to the one that can be found in [21]. We then show how to eploit the existing results to get Lemma 2.1.

The main difference between Lemma 2.1 and Lemma 4 in [21] (or equivalent lemmas in [19, 20]) is that Lemma 4 in [21] supplies a scale L^∗ that depends on θ and E. It is quite clear that one should be able to get rid of this double dependency in order to get the announced result, which was not possible in [21]. This is achieved in Section 3 below which is devoted to the proof of Lemma 2.1. The idea of Lemma 2.1 is to avoid the Borel-Cantelli Lemma systematically used in the previous proofs of Localization [19, 20, 21, 22, 13], and to work with finite scales L, supplying a set T\Θ_L (y) with Lebesgue measure close to one but not one, on which the conclusion (Line (6)) holds. The point is that this construction can be done for L large enough, large enough not depending on θ (nor E).

We finally point out that the Lebesgue measure of the set Θ_L(y) is independent of y. This is crucial for our proof of Strong Dynamical Localization (see e.g. Eq. (15)), and is due to the way we construct this set Θ_L(y) (see (18) below).

We turn to the proof of Strong Dynamical Localization: one has to handle sums of the form ∑ E^θ |φ θ E(x)φ^θ_E (y)|. The basic idea is that for suitable x, y (6) of Lemma 2.1 asserts that either φ^θ_E (x) or φ^θ_E (y) is exponentially small. The other one can then be bounded by 1 (since φ^θ_E ∈ ℓ^2(Z)). However, one then ends up with an infinite sum over the energies E^θ, which diverges. To overcome the issue of an infinite summation, it has been proposed in [5], in the setting of random operators, to use the more detailed informations concerning the exponential decay of the eigenfunctions proved in [14] (namely the property SULE mentioned above).

Below we use a quite different and more straightforward method that relies on ideas developed in [13]. We show that a very natural way to get a bound for ∑ E^θ |φ θ E (x)φ^θ_E(y)| is to replace φ^θ_E by the generalized eigenfunctions ~φ^θ_E that supplies the eigenfunctions expansion à la Berezanskii [2]. This has two crucial consequences. The first one is that the generalized eigenfunctions ~φ^θ_E are polynomially bounded, and this, uniformly in energy (| ~φ^θ_E (x)| ≤ (1 + |x|)^δ, see (8) below). The exponential decay of products of the form | ~φ^θ_E(x) ~φ^θ_E (y)| provided by Lemma 2.1 will not then be affected by that change. Second, and crucial, the sum over E^θ now converges. In other words, the loss of control on the eigenfunctions (| ~φ^θ_E(x)| ≤ (1 + |x|)^δ instead of |φ^θ_E(x)| ≤ 1) leads to a gain in the sum over E^θ. These three points (the definition of φ^θ_E and its two main consequences) are made more precise in respectively (7), (8) and (9) below.

We also note that although the spirit of this construction comes from the BKG expansion, there is no need to develop this theory in its full generality in the present setting. Indeed, since in our case the spectrum of H_θ is known to be pure point and simple, one can define directly those polynomially bounded eigenfunctions ~φ^θ_E and work with them. The reader will find the general argument in [15] together with its application to classical waves and random Schrödinger operators. We finally point out that the general argument given in [15] allows one to get Strong Dynamical Localization directly, without proving Anderson Localization first.

We turn now to the proof and start with gathering the necessary ingredients. From [21] we know that under the hypotheses of the theorem the spectrum of H_{ω,λ,θ} is pure point for all θ in a set ~Θ of full Lebesgue measure [21]. In addition the spectrum is simple by a usual 1-D Wronskian argument. Let us denote by φ^θ_E the orthonormalized eigenfunctions of H_{ω,λ,θ}, with the energy E^θ, θ ∈ ~Θ. Furthermore, as in [13], define

~φ^θ_E := φ^θ_E /‖Bφ^θ_E ‖_ℓ2 , so that φ^θ_E = ‖Bφ^θ_E ‖_ℓ2 ~φ^θ_E , (7)

where B is the multiplication operator by b(x) := (1 + |x|)^{−δ}, δ > 1/2. Note that ~φ^θ_E is still in ℓ^2(Z). As briefly mentioned above, what makes those eigenfunctions of particular interest is the following: first, ‖B ~φ^θ_E ‖_ℓ2 = 1 so that uniformly in θ and in energy E^θ, the following holds : ∀ x ∈ Z, | ~φ^θ_E (x)| ≤ (1 + |x|)^δ. (8) Second, while considering a sum of the form ∑ n≥0 |φ^θ_E(x)φ^θ_E (y)| a factor ‖Bφ^θ_E ‖^2_{ℓ2} will come out, and one notes that for all θ ∈ ~Θ , ∑ E^θ ‖Bφ^θ_E ‖^2_ℓ2 = ∑ x∈Z b(x)^2 ∑ E^θ |φ^θ_E (x)|^2 = ‖b‖^2_ℓ2 < ∞. (9)

The last quantity is actually nothing but the mass μ(R ) of the spectral measure μ(Δ) := tr(BP (Δ)B) that appears in the BKG expansion formula [2, 26, 23].

The following Lemma shows how Lemma 2.1 together with the construction (7)-(9) provide the needed exponential decay of the quantity |⟨δ_x, e^{−iHθt}δ_y⟩|, with x and y sufficiently far from each other (but not too far!). In other words, Lemma 2.2 below shows how exclusion of singular boxes together with (7)-(9) supplies the key dynamical step that implies (Strong) Dynamical Localization.

Lemma 2.2. Let us pick L > L^∗(α, s) and y ∈ Z. Then there exists a constant C_1(δ, α, γ_0) < ∞, such that for any θ ∉ Θ_L(y) (given by Lemma 2.1), any E = E^θ, and for all x ∈ Z such that^{L+1}_2 ≤ |x − y| < L^α, the following holds:

|φ^θ_E(x)φ^θ_E (y)| ≤ C_1(δ, α, γ_0)‖Bφ^θ_E ‖^2_ℓ2 (1 + |y|)^{2δ}e^{−γ0L/4}. (10)

As a consequence, for some constant C_2(δ, α, γ_0) < ∞, and for all θ ∉ Θ_L(y), |⟨δ_x, e^{−iHθt}δ_y⟩| ≤ C_2(δ, α, γ_0)(1 + |y|)^{2δ}e^{−γ0L/4}. (11) Proof of Lemma 2.2.

Let us pick x, y as in the Lemma. We first replace the normalized eigenfunctions φ^θ_E by the generalized eigenfunctions ~φ^θ_E : |φ^θ_E(x)φ^θ_E (y)| = ‖Bφ^θ_E ‖^2_ℓ2 | ~φ^θ_E(x) ~φ^θ_E (y)|. (12) Now, from Lemma 2.1, if θ ∉ Θ_L(y), then at least one of x and y, with^{L+1}_2 ≤ |x − y| < L^α, is (γ_0/2, θ, L)-regular. Let us denote by u = x or y, the regular point, and v the other one. Then, applying the identity (5) to ~φ^θ_E at the point u, and taking into account the uniform polynomial bound (8), one has | ~φ^θ_E (u)| ≤ 2(2 + |u| + L)^δe^{−γ0L/2} ≤ C(1 + |u|)^δ(1 + L)^δe^{−γ0L/2}. (13) Then we use (8) to bound the second term ~φ^θ_E (v), and this leads to | ~φ^θ_E (u) ~φ^θ_E (v)| ≤ C(1 + |u|)^δ(1 + |v|)^δ(1 + L)^δe^{−γ0L/2}. (14) So, in any case, whether x or y is (γ_0/2, θ, L)-regular, one gets that for all θ ∉ Θ_L(y) | ~φ^θ_E (x) ~φ^θ_E(y)| ≤ C(1 + |y|)^{2δ}(1 + L)^{(α+1)δ}e^{−γ0L/2} ≤ C_1(δ, α, γ_0)(1 + |y|)^{2δ}e^{−γ0L/4}. Together with (12), this proves (10). Combining (10) with (9), we obtain |⟨e^{−iHθt}δ_x, δ_y⟩| ≤ ∑ E^θ | ~φ^θ_E (x) ~φ^θ_E(y)| ≤ C_1(δ, α, γ_0)(1 + |y|)^{2δ}e^{−γ0L/4} ∑ E^θ ‖Bφ^θ_E ‖^2_ℓ2 ≤ C_2(δ, α, γ_0)(1 + |y|)^{2δ}e^{−γ0L/4}. □ Proof of Theorem 1.1.

Pick some α ∈ (1, 2), and for any given q > 0, take s > α(q + 2). Lemma 2.1 then supplies a sequence of scales, L_1 = L^∗(α, s), L_{k+1} = (2L_k − 1)^α (so that if L_k =^{L+1}_2 then L_{k+1} = L^α), and for any y ∈ Z some sets Θ_{Lk} (y) such that (6) and consequently (10) hold between L_k and L_{k+1}, k ≥ 1. Hence one has for all t ∈ R , k ≥ 1 and x, y so that L_k ≤ |x − y| < L_{k+1}, ∫ T dθ ( |⟨e^{−iHθt}δ_x, δ_y⟩| ) ≤ C_2(δ, α, γ_0)(1 + |y|)^{2δ}e^{−γ0Lk/4} + 9L^{−s+α}_k . (15)

Indeed, splitting the integral in two pieces : the first one over Θ^c_{Lk} (y) and the second one over Θ_{Lk} (y), one has, from Lemma 2.1 that, provided L_k ≤ |x − y| < L_{k+1}, k ≥ 1, ∫ T dθ ( |⟨e^{−iHθt}δ_x, δ_y⟩| ) ≤ ∫ Θ^c_{Lk} (x) |⟨e^{−iHθt}δ_x, δ_y⟩|dθ + 9L^{−s+α}_k .

We used |⟨e^{−iHθt}x, δ_y⟩| ≤ 1 for the second term. Lemma 2.2 then yields (15). One can therefore end the proof of the theorem as follows: ∫ T dθ ‖ ‖ |X|^{q/2}e^{−iHθt}ψ ‖ ‖^2 ≤ ∑ y∈Z |ψ(y)| [ 2(|y| + L^∗(α, s))^q + |⟨e^{−iHθt}ψ, |X|^qe^{−iHθt}δ_y⟩| ]

≤ ∑ y∈Z |ψ(y)| 2(|y| + L^∗(α, s))^q + ∑ k≥1 ∑ L_k≤|x−y|<L_{k+1} |x|^q ∫ T dθ|⟨e^{−iHθt}δ_x, δ_y⟩| ,

where we used the fact that |⟨e^{−iHθt}ψ, δ_x⟩| ≤ 1. Then, by (15), ∫ T dθ ‖ ‖ |X|^{q/2}e^{−iHθt}ψ ‖ ‖^2 ≤ C(q, δ, α, γ0) ∑ y∈Z |ψ(y)|

(|y| + L^∗(α, s))^q + ∑ k≥1 (1 + |y|)^qL^{α(q+1)}_k [ (1 + |y|)^{2δ}e^{−γ0Lk/4} + 9L^{−s+α}_k ] .

Since s is taken larger than α(q + 2), the sum over k converges, and since ψ decays faster than any polynomial, so does the sum over y. □

3 Proof of Lemma 2.1

We first need some further definitions in order to state the two lemmas that will imply Lemma 2.1. We denote by B(θ, E) the one-step transfer matrix of the eigenvalue equation H_{θ,λ,ω}u = Eu: B(θ, E) = ( E − λ cos 2πθ −1 1 0 ) . Then the k-step transfer matrix is given by M_k(θ, E) = B(θ + (k − 1)ω, E) · · · B(θ + ω, E)B(θ, E). The Lyapunov exponent γ(E) is defined as

γ(E) := lim_{k→∞} 1 k ∫ T ln ‖M_k(θ, E)‖dθ = inf_k 1 k ∫ T ln ‖M_k(θ, E)‖dθ. (16) By the subadditive ergodic Theorem (e.g. [4]) the limits exist and the second equality holds. Pick any s > α and let us define, for L ≥ 1

~Θ^{(1)}_L := { θ ∈ T | ∃|j| ≤ 2L^α, | |sin 2π ( θ + j 2 ω )| | ≤ 1 L^s } . (17)

Since for any fixed j ∈ Z, | |{θ ∈ T | | |sin 2π (θ + j_2 ω) | | ≤ L_{−s}} | | ≤ 2L_{−s}, one immediately gets

that | |~Θ^{(1)}_L | | ≤ 8L^{−s+α}. Then define the set of “bad” angles θ associated to L ≥ 1 and y ∈ Z as follows:

Θ^{(1)}_L (y) = ~Θ^{(1)}_L − yω. (18)

Obviously, one still has | |Θ(1)_L (y) | | ≤ 8 L^{s−α} . (19)

Lemma 2.1 will be a consequence of the following two lemmas.

Lemma 3.1. [21] Let ε ∈ (0, γ_0/2), α ∈ (1, 2), s > α and ω be a Diophantine irrational. Let L be a positive integer and assume that there exists a set Θ^{(2)}_L such that for all k ≥ L and θ ∉ Θ^{(2)}_L , ‖M_k(θ, E)‖ ≤ e^{k(γ(E)+ε)}. Then there exists L_1(ε, α, ω) such that for any L ≥ L_1(ε, α, ω) and any given y and θ ∉ ( Θ^{(1)}_L (y) ∪ Θ^{(2)}_L ) , where Θ^{(1)}_L (y) is given by (18), the following holds for all E: ( x and y are (γ(E) − ε, E, θ, L) − singular and |x − y| > L + 1 2 ) =⇒ |x − y| > L^α. (20) Lemma 3.2. [3, 16] Assume that ω is Diophantine. Then for σ < 1/2, there exists L(σ, ω) such that, for all E, k ≥ L(σ, ω) implies | | { θ ∈ Θ | | 1 k ln ‖M_k(θ, E)‖ − γ(E) | | ≥ 1 k^σ }| | ≤ e^{−k1−2σ} . (21) The reader will not find these two lemmas exactly stated in this form in respectively [21] and [3, 16] but they are very close to what has been proved there. In particular they do not require any new arguments, only a precise re-reading together with some slight modifications. For this reason we state Lemma 3.1 and Lemma 3.2 without a proof. However, we shall make below some comments in order to make precise what these required “slight modifications” are. We first show how to derive Lemma 2.1 and then turn to those comments.

Proof of Lemma 2.1.

Let α, ω, s and ε be as in Lemma 3.1. Lemma 3.2 will provide the control on ‖M_k(θ, E)‖ that Lemma 3.1 requires. Define Θ_k := {θ ∈ T | |^1_k ln ‖M_k(θ, E)‖ − γ(E) | | ≥^1_{kσ} } and Θ^{(2)}_L := ∪_{k≥L}Θ_k. Lemma 3.2 then provides a scale L_2(σ, ω, ε), such that for any L ≥ L_2(σ, ω, ε) one has a) |Θ^{(2)}_L | ≤ C_σe^{−L1−2σ} , and b) ∀ θ ∉ Θ^{(2)}_L , ∀ E, k ≥ L =⇒ ‖M_k(θ, E)‖ ≤ e^{k(γ(E)+k−σ)} ≤ e^{k(γ(E)+ε)}. (22) This means that Lemma 3.1 applies for L ≥ L_2(σ, ω, ε) and the set of phases Θ^{(2)}_L . Define Θ_L(y) := Θ^{(1)}_L (y) ∪ Θ^{(2)}_L . Thus one has for L larger than some L_3(σ, α, ω, ε, s) |Θ_L(y)| ≤ 9 L^{s−α} . Let us take ε small enough so that γ_0/2 ≤ γ_0 − ε. Then, since for all E one has γ(E) ≥ ln^λ_2 = γ_0 [4], (20) of Lemma 3.1 holds with the set of phases Θ_L(y), L ≥ L^∗(α, ω, ε, s) = max(L_1(α, ω, ε), L_3(σ, α, ω, ε, s)), but with the rate γ_0/2 instead of γ(E) − ε. This in turn implies Lemma 2.1. □

We now come back to Lemma 3.1 and Lemma 3.2.

Lemma 3.1 is a sort of intermediate statement between Lemma 2.1 and Lemma 4 of [21]. The difference between our Lemma 3.1 and Lemma 4 of [21] is slim but crucial. To get a control on the dependency on θ, the idea is to avoid the Borel-Cantelli Lemma that leads to a set Θ of full measure in [19, 20, 21, 22, 13], and to find for a given scale L a suitable non-resonant set of θ with a measure close to one. This will precisely be the set Θ^{(1)}_L (y) (see (18) and (19)). More technically we set Θ^{(1)}_L (y) is defined so that the conclusion of Lemma 13 in [21] holds for any scale large enough, uniformly both in x such that^{L+1}_2 ≤ |x−y| < L^α and in θ ∉ Θ^{(1)}_L (y). As one can see from its definition (18), the set of resonances Θ^{(1)}_L (y) where Lemma 13 of [21] fails does depend on y. The crucial point for our proof of Strong Dynamical Localization (see e.g. Eq. (15)) is that its measure does not depend on y.

Lemma 3.2 takes care of the (non) dependency on the energy E of the constant L^∗ of Lemma 2.1. Actually the proof of Dynamical Localization in [22, 13] could only handle values of λ ≥ 15 (and not λ > 2), in part, because of the lack of information on the rate of convergence in (16). The missing information is actually provided by the combination of the two recent works [3] and [16], which establish a large deviation theorem in the context of quasi-periodic potentials [3], and the continuity of the Lyapunov exponent γ(E) [16]. Indeed, the reader will easily convince himself that Lemma 3.2 above follows directly form Lemma 1.1 in [3] and Lemma 4.2 in [16]. However, the Diophantine condition that is used in [16] is stronger than the one we allowed ourselves in the present paper (see (2)). However, unlike in [16], we do not need sharp estimates on the speed of convergence of^1_k ∫ T ln ‖M_k(θ, E)‖dθ toward γ(E) (but just the uniformity in E). That means one can adapt the proof of Lemma 4.2 of [16], and get, under our assumption (2), that, for any fixed ε > 0 and E, | | | 1 k ∫ T ln ‖M_k(θ, E)‖dθ − γ(E) | | | ≤ C_ε k^{1−ε} , (23)

where C_ε is a constant uniform in E. Again getting (23) does not require any arguments but the one already contained in [16]. The estimate (23), together with large deviation Theorem (Lemma 1.1 in [3]) is then clearly sufficient to get Lemma 3.2.

References

[1] M. Aizenman, G.M. Graf, Localization bounds for an electron gas, J. Phys. A: Math.

Gen., 31, 6783 (1998).

[2] Ju.M. Berezanskii, Expansions in Eigenfunctions of selfadjoint Operators, Amer. Mat.

Soc, Providence, RI (1968).

[3] J. Bourgain, M. Goldstein, On nonperturbative localization with quasi-periodic potential, Preprint (1999).

[4] H.L. Cycon, R.G. Froese, W. Kirsch, B. Simon, Schrödinger Operators, Springer-Verlag (1987).

[5] D. Damanik, P. Stollman, Multi-scale analysis implies strong dynamical localization, Preprint (1999), or see mp-arc 99-461.

[6] S. De Bièvre, G. Forni, Transport properties of kicked and quasi-periodic Hamiltonians, J. Stat. Phys. 90, 1201-1223 (1998).

[7] S. De Bièvre, F. Germinet, Dynamical Localization for the random dimer model, to appear in J. Stat. Phys. (2000), or see mp-arc 99-250.

[8] R. Del Rio, S. Jitomirskaya, Y. Last, B. Simon, What is Localization?, Phys. Rev. Lett.

75, 117-119 (1995).

[9] R. Del Rio, S. Jitomirskaya, Y. Last, B. Simon, Operators with singular continuous spectrum IV: Hausdorff dimensions, rank one pertubations and localization, J. d’Analyse Math. 69, 153-200 (1996).

[10] A. von Dreifus, A. Klein, A new proof of localization in the Anderson tight binding model, Commun. Math. Phys. 124, 285-299 (1989).

[11] L.H. Eliasson Discrete one-dimensional quasi-periodic Schrödinger operators with pure point spectrum, Acta Math. 179, 153-196 (1997).

[12] J. Fröhlich, T. Spencer, Absence of diffusion with Anderson tight binding model for large disorder or low energy, Commun. Math. Phys. 88, 151-184 (1983).

[13] F. Germinet, Dynamical Localization II with an Application to the Almost Mathieu Operator, J. Stat Phys. 95, 273-286 (1999).

[14] F. Germinet, S. De Bièvre, Dynamical Localization for Discrete and Continuous Random Schrödinger Operators, Commun. Math. Phys. 194, 323-341 (1998).

[15] F. Germinet, A. Klein, Strong Dynamical Localization for random operators and application to classical waves in inhomogeneous media, in preparation.

[16] M. Goldstein, W. Schlag, Hölder continuity of the integrated density of states for quasiperiodic Schrödinger equations and averages of shifts of subharmonic functions, Preprint (1999).

[17] A. Y. Gordon, S. Jitomirskaya, Y. Last, B. Simon, Duality and singular continuous spectrum in the almost Mathieu equation, Acta. Math. 178, 169-183 (1997).

[18] I. Guarneri, Spectral properties of quantum diffusion on discrete lattices, Europhys.

Lett. 10 (1989), 95-100; On an estimate concerning quantum diffusion in the presence of a fractal spectrum, Europhys. Lett. 21 (1993), 729-733.

[19] S. Jitomirskaya, Anderson localization for the Almost Mathieu Equation: A Non pertubative Proof, Commun. Math. Phys. 165, 49-57 (1994).

[20] S. Jitomirskaya, Anderson localization for the Almost Mathieu Equation: II. Point Spectrum for λ > 2, Commun. Math. Phys. 168, 563-570 (1995).

[21] S. Jitomirskaya, Metal-Insulator transition for the Almost Mathieu Operator, to appear in Ann. Math.

[22] S. Jitomirskaya, Y. Last Anderson Localization for the Almost Mathieu Equation, III.

Semi-Uniform Localization, Continuity of Gaps, and Measure of the spectrum, Commun. Math. Phys. 195, 1-14 (1998).

[23] A. Klein, M. Seifert Generalized eigenfunctions for waves in inhomogeneous media, Preprint (2000).

[24] Y. Last, Quantum Dynamics and Decomposition of Singular Continuous Spectrum, J.

Funct. Anal 142 (1996), 406-445.

[25] F. Piechon, Anomalous Diffusion Properties of Wave Packets on Quasiperiodic Chains, Phys. Rev. Lett. 76, n^o23, 4372-4375 (1996).

[26] B. Simon, Schrödinger semi-groups, Bull. Amer. Math. Soc. Vol.7, n^o3, p.447-526 (1982). [27] B. Simon, Absence of ballistic motion, Commun. Math. Phys. 134, 209-212 (1990).