ON THE NUMBER OF EIGENVALUES OF THE DIRAC OPERATOR IN A
BOUNDED INTERVAL

JASON HOLT, AND OLEG SAFRONOV

ABSTRACT. Let Hy be the free Dirac operator and V' > 0 be a positive potential. We
study the discrete spectrum of H(a) = Hy — aV in the interval (—1, 1) for large values
of the coupling constant o« > 0. In particular, we obtain an asymptotic formula for the
number of eigenvalues of H («) situated in a bounded interval [\, 1) as o« — oo.

1. STATEMENT OF THE MAIN THEOREM

Let Hj be the free Dirac operator

3
0
Hy=—1 —
where ~y; are 4 x 4 selfadjoint matrices obeying the conditions

o i g
WRTIRE T Y21, i j =k
The operator H, is selfadjoint in the space L?*(IR?; C*), consisting of functions on R? that
take values in C*. The spectrum of H is the set o(Hy) = (—oo, —1] U [1, 00).

Let V > 0 be a bounded potential on R*. Define H(«) to be the operator

H(a) = Hy — aV, a > 0.

We will always assume that V' € L3(R?). In this case, besides having a continuous spec-
trum that coincides with o(Hy), the operator H («) might have a discrete spectrum in the
interval (—1,1). Choose A and p so that —1 < A < p < 1. We define N(«) to be the
number of eigenvalues of H(«) inside [\, p).

Our main result is the theorem below which establishes the rate of growth of N(«) at
infinity. The symbol f, denotes the positive part f, = (|f| + f)/2 of f, which can be
either a real number or a real-valued function.

Theorem 1.1. Let V' > 0 be a bounded real-valued potential such that

o0
V(z) = | (| ) (1 + o(l)), as || = o0,
€T v
where ® is a continuous function on the unit sphere and 1 < v < 4/3. Let —1 < A < pu <
1. Then for any q € (9/4,3/v),
lim o 3/v+4 / Nt 7 tdt =
a—r00
0 (1.1)

v

o / T(@@let+ w2 =1)" = (@)l + 0 1) i
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Remark. If N(a) ~ Ca®" as a — oo, then the right hand side of (1.1) becomes
v

3 - C'. Thus, the formula (1.1) determines the value of the contant C'.
The question about the number of eigenvalues of the Dirac operator in a bounded interval
1s considered here for the first time. This theorem is new.

Perturbations V' € L*(R?) were studied in [16] by M. Klaus and, later, in [4] by M.
Birman and A. Laptev. However, the object of the study in [16] and [4] was completely
different from N («), considered in this article. The main results of [16] and [4] imply that
if V € L3(R3), then the number N'(\, ) of eigenvalues of H (t) passing a regular point
A € (—1,1) as t increases from 0 to « satisfies

1

N a) ~ —a3/ Vide, as  a — oo. (1.2)
377'2 R3

In addition, M. Klaus proved in [16] that if V € L? N L3/2, then the asymptotic formula

(1.2) holds even for A = 1. In this case, N'(\, ) is interpreted as the number of eigenvalues

of H (t) that appear at the right edge of the gap as ¢ increases from 0 to a.

The crux of the problem. Observe that N(«) = N (i, o) —N (A, ). However, since the
expression on the right hand side of (1.2) does not depend on A, this formula only implies
that

N(a) = o(a?), as  «a — 0.

In order to obtain an asymptotic formula for V() one would need to know the second term
in the asymptotics of N'(\, ). The second term in (1.2) has never been obtained. This ex-
plains why the problem is challenging. Another reason why the problem is challanging
is that the Dirichlet-Neumann bracketing that is often used for Schrodinger operators can-
not be applied to Dirac operators. To prove Theorem 1.1, one needs to develop a new
machinery rich in tools that allow us to obtain the estimate of N («) stated below.

Theorem 1.2. Let 9/4 < q < 3 and let N («) be the number of eigenvalues of H(«) in the
interval [\, ). Then

/ N(a)a " da < C/ Vi(x)dx
0 R3
with a constant C' > () independent of V.

Theorems 1.1 and 1.2 involve averaging of the function N («). Averaging of eigenvalue
counting functions also appeared in the papers [27] and [28]. However, the operators that
were studied in these two papers are Schrodinger operators. These are the publications in
which one discusses a periodic Schrodinger operator perturbed by a decaying potential o'V
The same elliptic model is discussed in [25] , [26], and [29], but the asymptotics of N («)
is established in [25] , [26], and [29] without any averaging. To obtain such strong results,
one has to impose very restrictive conditions on the derivatives of V. The remaining papers
[1]-[3] [5], [6], [9], [11] -[15], [20], [24], that are devoted to Schrodinger operators, do not
even deal with N(«). Instead of that, they deal with the number A (), ) of eigenvalues
passing the point .

Finally, we would like to mention the paper [10] which is related to the spectral theory
of Dirac operators. However, the problems discussed in [10] are very different from the
questions studied here.
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2. COMPACT OPERATORS

For a compact operator 7', the symbols s, (7") denote the singular values of 7" enumerated
in the non-increasing order (kK € N) and counted in accordance with their multiplicity.
Observe that s2(T) are eigenvalues of T*T'. We set

n(s,T)=#{k: sp(T)> s}, s> 0.
For a self-adjoint compact operator 7" we also set
ne(s,T)=#{k: E£X(T) > s}, s> 0.

where \,(T) are eigenvalues of 7". Observe that

ni(sl + 827T1 + Tg) < ni(sl, Tl) + ni(SQ,Tg), S1, 82 > 0.
A similar inequality holds for the function n. Also,
n(Slsg,TlTQ) < n(Sl,T1> +7’L(52,T2>, S1, Sg > 0.
Theorem 2.1. Let A and B be two compact operators on the same Hilbert space. Then for
anyr € N,
D A+ B) <Y A+ si(B),  ¥pe(0,1], 2.1
1 1 1
and
D Sh(AB) < sh(A)sh(B),  Vp>0. (2.2)
1 1

The first inequality was discovered by S. Rotfeld [22]. The second estimate is called
Horn’s inequality (see Section 11.6 of the book [7]).

Below we use the following notation for the positive and negative part of a self-adjoint
operator 7"

1
T = (T £ 7).

Theorem 2.2. Let 0 < p < 1. Let ¢ > p. Let A and B be two compact selfadjoint
operators. Then for any s > 0,

ny(s,A)+1

q / (net. A)=ni (e, B) e de < Bl Y sp(| A1 sen(A) — | B“7sgn(B) ).
s k=1
(2.3)
Moreover, if B < A, then
0o n4(s,A)+1
q/ <n+(t,A)—n+(t,B)>tq_1dt < Z Sz<|A|Q/psgn(A)—|B|‘I/psgn(B)>, Vs > 0.

k=1
A proof of Theorem 2.2 can be found in [28].
Let Hpand V' > 0 be two selfadjoint operators acting on the same Hilbert space. Assume
that V' is bounded. For A € R\ o(H), define the operator X by
Xy=W(Hy—N"'W, W=VV. (2.4)

Two points A and p are said to be in the same spectral gap of Hy provided [\, u] C R\
O'(Ho) .
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Proposition 2.3. Let 0 < p < 1. Let ¢ = p. Suppose the operators X, X,, are compact
for the two points A\ < p that belong to the same spectral gap of Hy. Then for any s > 0,

ny(s,X,)+1

g / (n+(t,Xﬂ)—n+(t,XA))tq_1dt< 3 sﬁ(\Xﬂ|q/psgn(Xu)—\Xﬂ‘””sgn()ﬁ)).
S k=1

Proof. Here one needs to use the fact that X, < X,. O

Let G, be the class of compact operators. Note that the condition
W|Hy — Xo| V2 € 6, for some Ao ¢ o(Hy), (2.5)

implies that operators (2.4) are compact for all A € R\ o(H,). Moreover, (2.5) implies that,

for each a > 0, the spectrum of H(«) = Hy— o'V is discrete outside of o( Hy) because the

difference of resolvent operators (H(«) — z)~! and (Hy — z) ™' is compact for Im z > 0.
The following proposition is called the Birman-Schwinger principle:

Proposition 2.4. Let Hy and V' > 0 be self-adjoint operators in a Hilbert space. Assume
that (2.5) holds for some \g. Let N'(\, «) be the number of eigenvalues of H(t) = Hy—tV
passing through a regular point \ ¢ o(Hy) as t increases from 0 to . Then

N o) =ny(s, X)), for sa=1,and W =+V. (2.6)

The idea of the proof of (2.6) is the following. First, one shows that A € o(H («)), if
and only if ! € o(W(H — \)~'W). This relation holds with multiplicities taken into
account. After that, one simply uses the definition of the distribution function n, (s, X).

Corollary 2.5. Let Hy and V' > 0 be self-adjoint operators in a Hilbert space. Assume
that (2.5) holds for some \g. Let N («) be the number of eigenvalues of the operator H(«)
in [\, p) contained in a gap of the spectrum o(Hy). Then

N(a) =ng(s,X,) —ni(s, Xn), sa = 1. (2.7)

Let p > 0. The class of compact operators 7' whose singular values satisfy

T = sh(T) < oo
k

is called the Schatten class G,,.

The following statement provides a Holder type inequality for products of compact op-
erators that belong to different Schatten classes.

Proposition 2.6. Let T} € &, and T, € &, where p > 0 and ¢ > 0. Then T1'T5 € &,,
where 1/r = 1/p+ 1/q, and

1T Talls, < Thlle, 1 T2ls,-
A proof of this proposition can be found in [7].
Consider the following important example of an integral operator on L?(R¢):
(Yu)(z) = (27r)_d/2/ a(x)e™b(&)u(€)dE. (2.8)
Rd
If F is the Fourier transform operator, [a] and [b] are operators of multiplication by the
functions a and b, then
Y = [a] F*[D].
The symbol Q below is used to denote the unit cube [0, 1)%.
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Theorem 2.7. If a and b belong to LP(R?) with2 < p < oo, then Y € &, and
Ylls, < Cllallze[[0]] v
If0 <p<2and
2 (el gy + 181w (imy) < 005

n€za

thenY € G, and

1/p 1/p
1Y, < C( 2 Nallierm) - (20 10ligin)

nezd nezd

The constants in both inequalities depend only on d and p.
The proof of this theorem can be found in [6].

Let p > 0. Besides the classes &,, we will be dealing with the so-called weak Schatten
classes >, of compact operators " obeying the condition

|T]l5;, == sup s”n(s,T) < co.

s>0

It turns out that Y defined by (2.8) belongs to ¥, if @ € L and the other factor b satisfies
the condition

|67, := sup(s” measure{¢ € R?: [b(¢)| > s}) < oc.
w s>0
Such functions b are said to belong to the space L? (RY). The following result is the so-
called Cwikel inequality (see [8]).

Theorem 2.8. Let p > 2. Assume that a € LP(R?) and b € L?(R?). Then Y defined by
(2.8) belongs to the class ¥, and

Y, <Cllallzlblls,

with a constant C' that depends only on d and p.

3. PRELIMINARY ESTIMATES

For the sake of brevity, the norms in the spaces G, and L? will be often denoted by the
symbol || - ||,
Theorem 3.1. Let | > 1 be an integer number. Let p satisfy the condition p > li—ll. Let also

X\ =W(Hy—\)"'W

be the family of Birman-Schwinger operators with H, being the Dirac operator. Assume
that W € LP(R®). Then the operator

Thu =X, — X}
beloings to the Schatten class 6% and
ITllg < CIWIE, (3.1)

with a constant C' > 0 that does not depend on W .
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Proof. Itis easy to see that T}, , = X L — X! is a finite linear combination of operators of
the form

(wraw) (WraR W) (WRW)
where Ry = (Hy — A\)"' and n + m = [ — 1. If the factors TV were written before the
factors Iy and I?,,, then this term would be the operator
WQZR;L-FIRZL-H’

and Theorem 2.7 would imply an estimate that is similar to (3.1). We have to show that the
position of the factors does not matter too much.
For that purpose, we observe that

n—1

(WR)\W)TL = W|R,\‘(1+1/l)/2JA|R)\’(171/”/2W%Wl+% (WR)\W)
where J, = sign(R,). Consequently,

<WR>\W> " <H (ij | Ry |‘1j(1+1/l)/2J)\|R>\|1—Qj(1+1/l)/2Wl_2Tll_qj) ) Pan (-1
Jj=1

. 1—142j
with ¢y = 1land ¢; = ¢j_1 + z% = ll++1]

. Therefore,

3

(W RW) Wt 2, < T I R3] 002 gy
j=1

1+1—2;

with £ = p(l}i-l) (=142 + (1 +1-25)) = p(%Tl)' This leads to the estimate

L () - .
|(WRwW) Wt 5, < C TTIWIR/eD = clw/ (3:2)

J=1

Similarly, since

(WRHI/[/)m = WI”I—(;IP (H (W%—Pj |Ru|1_pj(1+1/l)/2ju|Ru|pj(1+1/l)/2ij))
j=1

with p,, = L and p; 1 = p; + l%, we obtain that

N (WRMI/V)mHT <cwip (3.3)

1 _ 2lm
where T = Rt

It remains to estimate the Schatten norm of the operator
B := W@tH1 Ry R, WP Tt = Wt Ry R, Wi
For that purpose, we write it as
W1+%RAR#W1+% _ WH% |R>\|(2n+l+1)/(2l)J}\’M|R#|(2m+l+1)/(2l)W1+12JTml
where
Tap = |Ho — )\|(2n+l+1)/(2l)R>\Ru|HO | @D/ @)

is a bounded operator.
Obviously,

2m

1Bl < HJA,MH HWl—&—fT"l|R/\|(2n+l+1)/(25)||M|||RM|(2m+l+1)/(2l)W1+z+1
(I+142n)

p(l+1)
(I+142m)




ON THE NUMBER OF EIGENVALUES 7

2(l+1+n+m) o

p(I+1) (l+1) Therefore,

with 1 =
»

2(n+m)

2+ T 2
1Bl < ClWll 7 =Wl 3.4

Observe now that

(3.5)

1 1 1 2
roT x p
Combining the relations (3.2) -(3.5), we obtain that

1Tl < CIIWIG
(]

If [ is an odd number, then
Ty, = | X, ['sign(X,,) — | X, ['sign(X,).
In this case, if p < 2/, then it follows from Proposition 2.3 that

/ N(@)a " da < zzsp/ CT ) = 20T 25)-
As a consequence, applying Theorem 3.1 with [ = 3, we obtain Theorem 1.2, saying that

0 [ Ny o < CIWIE, g€ /4.3

4. SPLITTING
For € > 0, we introduce two parts V; and V5 of the potential V' by setting
Viz if |z| <e-allv;
hwy = {VE@ T el <enaly
0 if |x| >e-all?,

and
Vo=V -V

Let N;(t) be the number of eigenvalues of the operator H, — ¢V} in the interval [A, i),
7 = 1,2. We want to show that

/N(t)t—q—ldtN/ Nl(t)t_q‘ldt+/ Ny(t)t~ 7 dt, as  a — oo.
0 0 0

We introduce X, by
Xy = Wi(Hy — A\)7'Wy + Wa(Hy — A) ™' W,
where W; = \/Vj for j = 1, 2. Note that
ny(t, X,) —ny(t, X)) = Ni(t) + No(t),  for 0<t<a

As we know from (2.3), for s = a™!,

af [ (el 260 = e X))o ta] < P17 4 T

cad+1 (41)

+ 3 s (x- %3,

k=1
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Here, the value of the parameter g is the same as in Theorem 1.2. The next proposition and
its corollaries show that the right hand side is of order o(a**~7) as & — oo. That allows
us to replace X and X, by the operators X and X, and claim that

/a Nt tdt = /OO <n+(t, X,) — n+(t,XA)))tq*1dt

-1

~ / (n+(t,Xu)—n+(t,)~(A))>tq_1dt, as a — oo.
a1

Proposition 4.1. Let p > 9/4 and ~y > 2. Assume that the support of the function Wy is
contained in the set
{z eR?: |z| >ea'” +1}.
Let also
_ S
R

Then there is an oy > 0 such that
1X3 = XRWoss < CIW (%™ + )7, for > ay,
with a constant C' > 0 independent of o and W

Proof. Let 6 be a smooth function on the real line R such that

{1 for ¢t <0;

o(t) =
0 for t>1.

Define 6, on R? by
Oa(z) = 0(|z] — ea*/).
Then, obviously, 8,W; = W; and 6,5 = 0. Using the identity
[B,A™'|= A [A, B] A,
we obtain that
Wi R\Wy = WiR\[Ho, 0] RAW> = W1 R} [Ho, [Ho, 0] RA\W2 =
= WlRi |:H07 [H(h [H07 |:H07 [H(h 9&]]}}}R§WQ

The middle operator [Hy, [Ho, [Ho, [Ho, [Ho,6a]]]]] is an operator of multiplication by a
bounded matrix-valued function supported in the layer

Qy = {z € R®: e’ < |z| <eal” +1}.
Therefore, the operator
Y := Ry[Ho, [Ho, [Ho, [Ho, [Ho, 04]]]]] Rx
belongs to the Schatten class G, at least for v > 2 and
1Y][s, < Covol €2 < C(e2a?" + 1), Vo > 0.

The operator X — X73 is a finite linear combination of operators of the form
Xn (WlRAWQ v WQRAW1>X;”
where Ry = (Hy — \) ' and n +m = 2.
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Repeating the arguments that lead to the estimate (3.2), we obtain

IXaw 2], < CTTIWIR? = ciwi” (4.2)
j=1
with r = ?2’—2. Similarly, we obtain that
W2 X3 < CIWIE” (4.3)
with 7 = 327”1.
It remains to estimate Schatten norms of the operators
Bio=W, 2RW,"?  and  Boy =W, *RW, ?

Obviously, it is enough to estimate only the norm of B, 5. For that purpose, we write it as
1+2 14+ 142 14m
B1,2 = Wl +3 RE\YRin +3 — Wl +3 |R>\‘(7L+2)/3Q)\|R“|(m+2)/3w2 +3

where
Q/\ _ |H0 . >\|(n+2)/3R§YR§\|HO . >\|(m+2)/3
belongs to &, and ||Q»|le, < C||Y e, -

Obviously,
1+% (n+2)/3 (m+2)/371/1+2
| Bralle < IIWHERAH2] oo lIRATHPWIE | s [1Qall,
with }/ = % + % Therefore,
B2l < CI|W|E(2a®” + 1) (4.4)

Observe now that L1 | 6 1 3
-+ -+ —=—-4+-—=-. 4.5)
r T x p v q
Combining the relations (4.2) -(4.5), we obtain that
1X3 = Xlgss < CIW 52 + 1)1/,

O

In fact we proved more: exactly the same arguments can be used to justify the following
statement.

Corollary 4.2. Letp > 9/4, v > 2 and

= 3P
6y+p
Let the operator T' () be a finite linear combination of products of three factors of the form
X; X, =123, (4.6)

where Xj‘[ are characteristic functions of some subsets of R3 (that might depend on o).
Assume that, at least for one of the three factors (4.6) in each product, the supports of x;
and X;r are separated from each other by a spherical layer of the form
{z eR?: ea’ +a<|z| <ea” +b}, with a <b.
Then there is an oy > 0 such that
IT()lgss < CIW (2™ + 1)V, for o> aq,
with a constant C' > 0 independent of o and W



10 JASON HOLT, AND OLEG SAFRONOV

As a consequence, we immediately obtain the next result, in which we use the notation
Ry = (HO — )\)71.

Corollary 4.3. Letp > 9/4, v > 2 and

= 3vp
6v+p

Let x; be the characteristic functions of the sets

{z eR?: ea’ —j < || <ea'” + 5}, j=1,2,3,
and Y, , be the operator defined by

Yaa = X3 Xox2Xaxa <W1R>\W2 + WQR,\W1>X1 + x2Xox1 (WlR,\W2+
4.7)
Wl Wi ) xaXaxz + xa (Wi RaWz + WaRa i ) Xaxa Xas.
Then there is an oy > 0 such that
1X3 — X3 = Yaallys SCIWS(E2® + DV, for a> ay,
with a constant C' > 0 independent of o and W.

Proof. One only needs to realize that the operator T'(a) := X} — X} — Y, , satisfies
conditions of Corollary 4.2. O

On the other hand, applying Cwikel’s inequality, one can easily show that
1Yaalls < C’/ x3(2)V3(z)dz < Ca?/v73 for o > a.
R3

In other words,
Sk (Y,\,a) < C.a?v 3kt for a > ag.

Consequently,
cad+1

> st (Vaa) < Coa®/v . (4.8)

1

Corollary 4.4. Let?L <q< % where v > 1. Then

/ (m_(t, X)) — n+(t,)~(,\))tq_1dt = o(a®/"79), as a — o0.

—1

Proof. Choose v > 3=~ and define p by

6 3 1
poa 7
Then p > 6/v. Therefore W € LP(R?). Using Rotfeld’s inequality, we obtain
cod+1 cod+1
> siP(x3 - X3) < >, s (Vaa) +[1X5 — X35 — Yx,alliﬁi- (4.9)

1 1

The inequality (4.9) estimates the last term on the right hand side of (4.1). It remains to
apply Corollary 4.3 and the relation (4.8). O
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5. OTHER CONSEQUENCES

The preceding discussion of the splitting principle, involves a decomposition of the space
R3 into two domains. It is easy to see that the same arguments work for all piecewise
smooth domains obtained similarly by scaling by a factor of «'/“. In particular, one of
the domains that we have alredy considered can be decomposed further into smaller sets.
Namely, let ); be bounded disjoint cubes contained in the region {z € R?® : |z| > e},
1 <j<n-—1 Let{¢, };L;ll be the characteristic functions of the cubes a'/*Q);. Define
¢, to be the characteristic function of the complement

{z eR®: |z| >eal/V}\ Uy o Q;.
Theorem 5.1. Let % <q< % where v > 1. Then

/oo <n+ (t; W2(H0 — 1W2 Zn+ If gb] HO — A)_lwqﬁj))tq_ldt _ O(OéS/V—q),

as o — 0Q.

To prove Theorem 5.1, it is enough to repeat the steps that were needed to prove Corol-
lary 4.4.

Clearly, to obtain an asymptotic formula for [, n. (¢, Wa(Hy— X) "' W,) ¢~ 'dt one has
to obtain an asymtotic formula for [°, n. (¢, ¢;W (Ho — X)W ¢; )t~ dt for each j. The
latter integral can be written as

| ettt =2 wo )it = a0 [T (o - 3w, ) o tar
«a 1

Observe now that, if

= W, for ‘I‘| > ]_,

then the maximum and minimum values of o V' on the cubes o'/ “(); do not depend on o
m; < aV(r) < M, forall o >¢” andall z € a”Q;.

The potential oV can be estimated by constant functions m;¢; and M;¢; on cubes o/ Q);.
So, due to the monotonicity of the counting function n,

n, (mi b3 (Ho — A>—1¢j> <n (L0 (Hy = ) Wo ) <y (ﬁ 65(Ho - A)‘%) ,

J
for any 7 > 0.
Consequently, it remains to obtain an asymptotic formula for the quantity

ni(t,¢;(Hy— \)"'¢;) as a— oo
for any fixed ¢ > 0. We are going to prove the following result.

Proposition 5.2. For any fixed t > 0,

3/2
ns (t, ¢;(Ho — X)) ~ 37 'a~ 043/”<(t_1 + A2 — 1)+ volQ; as o — oo.
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Proof. Note that
3/2

4 / _
gﬂ((fl + )2 — 1) —vol{¢ eR*: (VIEP+1-A)"">1}.
+
Taking into account the fact that ++/|£|? + 1 are eigenvalues of the symbol

3
A(§) = Z’ijj + %
1
of the operator f, we conclude that we need to prove that

0 (05(Ho = N)7'65) ~ e [0 ((Ho = N)1)ay| as amoo, ()

for U being the characteristic function of the interval (¢, 00). Since such a function ¥ can
be estimated from above and below by continuous functions of the form

0, if s<r
Uc(s) =< (s—1)/e, if T<s<7+e€
1, if s>7+e¢,

and the quantity
. ) 3/2
<(t +A2 - 1)+
depends on ¢ continuously, we only need to prove (5.1) for ¥ that are continuous and

vanishing near zero.
Any such function ¥ can be written as

U(s) = s°((s),
where ( is a continuous function on the real line R. Notice that, in this case,
0w (65(Ho = 2)7165) | < 1163(Ho = N ¢5113, €l < Ca¥[1C 1

Moreover,

660 ((Ho = N) ) 65| < Nl (Ho = A)lle, ol (Ho = N) 5l 5 € llso < Ca ¢l

Thus both sides of (5.1) can be estimated by C'a®”||(||s. The functional ||(||~ is the
L*-norm of the function on the interval [—L, .| where L = 1/(1 — |)\|). Since ( can be
uniformly approximated by polynomials, it is enough to prove (5.1) under the assumption
that ¢ is a polynomial. Put differently, it is enough to prove it for

U(s) =s", n > 5.

Denote B = (Hy — A\) ™!, x4 = ¢; and x_ = 1 — ¢,;. We are going to prove that

10 Bx )" = x4+ B"x+ lle, = o(a®"), as  a — 0. (5.2)

For that purpose, we write x B™x as

—

n—

X+B"x+ = (x+:Bx+)" + ) (x4 Bx+) x4 Bx-B" 7 x4 (5.3)

[
Il
o

While the norm of the operator y, B _ does not tend to zero, it is still representable in the
form

X+Bx- = T1+15, where ITy]| =0, and |T3||s, = o(a®™)), as a— occ.
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To see that, we define 75 to be the operator
Ty = Ox+Bx-9,
where 0 is the operator of multiplication by the characteristic function of the set
((auu + al/(?u))Qj) \ ((al/u _ a1/(2u))Qj)‘
Then the volume of the support of the function # does not exceed C'a® ?*). Therefore,
1Ty ls, < Ca®C) =o(a¥ ™) as o — .
On the other hand, we have the estimate for the integrtal kernel k(x, y) of the operator 77:
k(2. y)l < C(1—0(2))(L — O(y))e =

which implies that ||7}|| — 0 as & — oo because = and y are getting far away from each
other while

1/2
17 < (sup [ Ibteldy x sup [ i)
x y
Thus, we have the following estimate
IO Bx+ ) x4 Bx-B" 7 'xille, < Il(x+Bx+ ) TiB™ 7 'x ¢ |le, +
I(x+Bx+)'ToB" 7 'x i le, < HX“I‘BX“FHJG”,l||T1H||Bnijilx+HG(n—l)/(n—j—l)
+||X+BX+||J~TL ||T2H6n ||Bn_j_lx+||6n/(n_]‘_1) = O(ag/y)v as a — 00.
Combining this relation with (5.3) we obtain (5.2). O
As a consequence, we obtain

Proposition 5.3. For any constant M > 0, we have

lim o ~3/v+4 /_1 ny (at, M¢;(Ho — X) "¢ 9 dt =

a—r00
. " (5.4)
371 2vol Qj/ ((t*lM + )% — 1) tldt
1 +
Proof. Changing the variables at — ¢, we obtain
lim a‘3/”+q/ ny (at, M¢;(Hy — A)_lqﬁj)tq_ldt =
a— 00 a—1 (5 5)

a—r 00

lim 06_3/1/ /OO ny (t, M¢](HO — )\)_lqu)tq_ldt
1
The integrand on the right hand side can be estimated according to Cwikel’s inequality:
ny(t, Mo;(Hy—\)"'¢;) < Ct™? /3 05 (x)dx < Ca"t3vol Q.
R
Consequently, the limit on the right hand side of (5.5) can be computed by the Lebesgue

dominated convergence theorem. The relation (5.4) follows now from Proposition 5.2.
O

To state the next result, we need to introduce the notation

00 3/2
T(M,\) = 3_177_2/ ((t‘lM + )% — 1) tat
1 +
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Theorem 5.4. Assume that
®(0)

R

V(z) for lz] > 1, (5.6)

where ® is a continuous function on the unit sphere. Then

lim o~/v+a / e (W (Hy — X)"Wa) #Adt = / T(@O)|e| ™, \) dz.  (5.7)
a~1 |z|>e

a—0o0

Proof. Let m; and M; be the maximum and the minimum values of V' on the cube @);.
Then, according to Proposition 5.3, we have

o0 3/2
37 %vol Q]/ ((t_lmj + )% — 1> tdt <
1 +

lim o 3/v+4 / ny (&, ¢;W(Ho — ) 7' W)t dt < (5.8)

a—0o0

o0 3/2
37 %vol Q]-/ ((t*le + )% — 1) 1 dt,
1 +

by the monotonicity of the counting function n, . Taking the sum over j on the three sides
of (5.8) and using Theorem 5.1, we obtain that

a—00

E T(my;, \)volQ; < lim a_3/”+q/ ny (6, Wa(Ho — X) 7' Wa)t971dt <
1
Jj=1 @

> T(M;, A)vol Q.
j=1

It remains to realize that the left and the right hand sides are the Riemann sums of the
integral on the right hand side of (5.7). O

Obviously, the condition (5.6) of the last theorem can be replaced by the assumption that
the right hands side is only the asymptotics of V.

Theorem 5.5. Let V' > 0 be a bounded real valued potential such that

Viz) = ()

R

(1 + 0(1)), as |z| — oo,
where ® is a continuous function on the unit sphere. Let 9/4 < q < 3/v and v > 1. Then

lim 0~/ / 0y (£, Wa(Hy — N) -1 TWy)t0dt —

1 2 > 1 2 3/2 1 (59)
=31 t—d(0 TN -1 dx )t dt.
. / (/wg(( O)fel 423 —1) " do)
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6. THE END OF THE PROOF

Proposition 6.1. Let V' > 0 be a bounded real valued potential such that
®(0)

" el

Vi(x)

(1+0(1)>, as |z] = o0,

where ® is a continuous function on the unit sphere. Let 9/4 < q < 3/v and v > 1. Let
also —1 < A < pu < 1. Then

lim sup @3/y+q/ <n+(t, Wi(Ho — 1)~ Wh) = ny (t, Wi (Hy — A)ilwl))tqfldt

a—00 -1

4ed—va
3—vq

12 ]|cc-

N

6.1)

Proof. It is enough to apply the estimate established in Theorem 1.2 with V' replaced by
the potential V. O

Corollary 6.2. Let V > 0 be a bounded real valued potential such that
d(0
V(z) = ()

il

(1—{—0(1)), as |z| — oo,

where ® is a continuous function on the unit sphere. Let 9/4 < q < 3/vand v > 1. Let
also —1 < A < pu < 1. Then

s (] e -1

— (7 R(0) 2| + N2 — 1)1/2)dw)tq—1dt < 6.2)

lim infa_g/”+q/ <n+(t,Xu) - n+(t,)~(,\)>tq_1dt,
a1

a—0o0

while

: —3/v+q = \ % g—1 4P
lim sup « <n+(t,Xu) —n+(t,X,\)>t dt < - | ®] oot
a—00 a1 vq

S /100 ( /| (@l 1 63

—((tr @)z + V) — 1)1/2)dx)tq-1dt.

Theorem 6.3. Let V' > 0 be a bounded real valued potential such that
d(0
V(z) = (9)

b

(1 + 0(1))7 as lz| = oo,

where ® is a continuous function on the unit sphere. Let 9/4 < q < 3/v andv > 1. Let
also =1 < A < pu < 1. Then
lim o~/ / (0 (1. ) = e (1,200) ) o

0171

a—00

_ 32 /100 (/RS [((t—lcb(e)p:r” + )2 - 1)?;/2— (6.4)

((t—1<I>(9)|:cI‘” + )5 - 1)1/2] da:)tq—ldt.
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Proof. According to Corollary 4.4, X, and X x 1n (6.2) and (6.3) can be replaced by the
operators X, and X,. After this replacement, we can pass to the limitase — 0. O

Theorem 1.1 is now a consequence of Theorem 6.3.

REFERENCES

[1] S. Alama, M. Avellaneda, P. Deift, and R. Hempel: On the existence of eigenvalues of a divergence-form
operator A + AB in a gap of 0(A) Asympt. An. 8 (1994), no. 4, 311-344.

[2] S. Alama, P. Deift, and R. Hempel: Eigenvalue branches of the Schrodinger operator H — AW in a gap
of 0(Hyp), Comm. Math. Phys. 121 (1989) no. 2, 291-321.

[3] M. Birman: Discrete spectrum in gaps of a continuous one for perturbations with large coupling con-
stants, Adv. Sov. Math. 7 (1991), 57-73.

[4] M. Birman and A. Laptev: Discrete spectrum of the perturbed Dirac operator, Ark. Matematik 32
(1994), no. 1, 13-32.

[5] M. Birman and V. Sloushch: Discrete spectrum of the periodic Schridinger operator with a variable
metric perturbed by a nonnegative potential, Math. Model. Nat. Phen. 5 (2010), no. 4, 32-53.

[6] M. Birman and M. Solomyak: Estimates of singular numbers of integral operators, Advances in Math-
ematical Sciences 1977, No 32, issue 1, 17-84.

[71 M. Birman and M. Solomyak: Spectral theory of self-adjoint operators in Hilbert space, Second Edi-
tion, Izdatelstvo Lan (2010)

[8] M. Cwikel: Weak type estimates for singular values and the number of bound states of Schrodinger
operators, Ann. of Math. (2) 106 (1977), no.1, 93-100.

[9] P. Deift and R. Hempel: On the existence of eigenvalues of the Schrodinger operator H — AW in a gap
of 0(Hp), Comm. Math. Phys. 103 (1986), 461-490.

[10] W.D. Evans, R. T. Lewis, H. Siedentop, and J.P. Solovej: Counting eigenvalues using coherent states
with an application to Dirac and Schrodinger operators in the semi-classical limit, Ark. Mat., 34
(1996), 265-283.

[11] F. Gesztesy, D. Gurarie, H. Holden, M. Klaus, L. Sadun, B. Simon, and P. Vogl: Trapping and cascading
of eigenvalues in the large coupling constant limit, Comm. Math. Phys. 118 (1988), 597-634.

[12] F. Gesztesy, and B. Simon: On a theorem of Deift and Hempel, Comm. Math. Phys. 116 (1988), 503-
505.

[13] R. Hempel: On the asymptotic distribution of the eigenvalue branches of the Schrodinger operator
H + AW in a spectral gap of H, J. Reine Angew. Math. 399 (1989),38-59.

[14] R. Hempel: Eigenvalues in gaps and decoupling by Neumann boundary conditions, J. Math. An. Appl.
169 (1992) no. 1, 229-259.

[15] R. Hempel: Eigenvalues of Schrodinger operators in gaps of the essential spectrum - an overview,
Contemp. Math., 458, AMS, Providence, RI, 2008.

[16] M. Klaus: On the point spectrum of Dirac operators, Helv. Phys. Acta. 53, 453-462.

[17] M. Klaus: Some applications of the Birman-Schwinger principle, Helv. Phys. Acta. 55, 49-68.

[18] E. Lieb: Bounds on the eigenvalues of the Laplace and Schrodinger operators Bull. AMS 82 (1976),
751-753.

[19] E. Lieb: The number of bound states of one-body Schrodinger operators and the Weyl problem, Geom-
etry of the Laplace operator (Proc. Sympos. Pure Math. 1979) pp. 241-252.

[20] A. Pushnitski: Operator theoretic methods for the eigenvalue counting function in spectral gaps, Ann.
Henri Poincare 10 (2009), 793-822.

[21] M. Reed, and B. Simon: Methods of Modern Mathematical Physics 1V. Analysis of Operators, Aca-
demic Press, New York, 1978

[22] S. Yu. Rotfeld: Remarks on singular numbers of the sum of totally continuous operators, Funct. An.
Appl. 1 (1967), no. 3, 95-96.

[23] G. Rozenbljum: The disctribution of discrete spectrum for singular differential operators, Dokl. Akad.
Nauk SSSR 202 (1972), 1012-1015; Soviet Math. Dokl. 13 (1972), 245-249.

[24] O. Safronov: The discrete spectrum of selfadjoint operators under perturbations of variable sign
Comm. PDE 26 (2001), no 3-4, 629-649.

[25] O. Safronov: The discrete spectrum of the perturbed periodic Schrodinger operator in the large cou-
pling constant limit , Commun. Math. Phys. 218 (2001), no. 1, 217-232.



ON THE NUMBER OF EIGENVALUES 17

[26] O. Safronov: The amount of discrete spectrum of a perturbed periodic Schrodinger operator inside a
fixed interval (A1, A2), Int. Math. Not., 2004, no. 9, 411-423.

[27] O. Safronov: Discrete Spectrum of a Periodic Schrodinger Operator Perturbed by a Rapidly Decaying
Potential, Annales Henri Poincare 23 (2022), 1883-1907.

[28] O. Safronov: Eigenvalues of a periodic Schrodinger operator perturbed by a fast decaying potential, J.
Math. Phys 63, no. 12 (2022).

[29] A. V. Sobolev: Weyl asymptotics for the discrete spectrum of the perturbed Hill operator, Adv. Soviet
Math. 7 (1991), 159-178.

DEPARTMENT OF MATHEMATICS, SCIENCE, NURSING, AND PUBLIC HEALTH, USC LANCASTER,
476 HUBBARD DR, LANCASTER, SC 29720, USA

DEPARTMENT OF MATHEMATICS AND STATISTICS, UNCC, 9201 UNIVERSITY CITY BLVD, CHAR-
LOTTE, NC 28223, USA
Email address: jholt@mailbox.sc.edu, osafrono@uncc.edu



