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Abstract Using a technique introduced by Sergei Naboko, we analyze a generaliza-
tion of the parameter-controlled model of spectral transition, originally proposed by
Smilansky and Solomyak, to the situation where the singular interaction responsible
for the effect is characterized by the ‘full’ family of four real numbers with the
‘diagonal’ part of the coupling being position-dependent.
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1 Introduction

Many memories appear when thinking of Sergei Naboko, his charming personality
and sharp mathematical mind. Here we choose as a starting point one of his papers
[NS06] written with Michael Solomyak, in which he used his deep knowledge
of Jacobi operators to enrich our understanding of a model of spectral transition
originally proposed by Smilansky and Solomyak [Sm04, SmS05]. This model has
different physical interpretations, either as a model of an irreversible behavior on a
graph coupled to a caricature heat bath [Sm04] or as the two-dimensional Schrddinger
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operator with a singular interaction of a position-dependent strength [So04a, So04b].
It contains a parameter that controls its spectrum; it has a critical value at which
the spectral nature abruptly changes from a below bounded and partly discrete to an
absolutely continuous one covering the whole real axis.

The original model was modified in various ways. For instance, the harmonic con-
fining potential in (2.1a) below can be replaced by a more general function [So06a]
and the line on which the coupling is imposed can be replaced by a more general
graph [So06b]. Another modification consists of replacing the singular interaction
by a regular potential channel [BE14, BE17a]; the advantage is that one is able in
this setting to compare the quantum dynamics with its classical counterpart which
exhibits an interesting irregular scattering behavior [Gu18]. We note also that even
the basic model still poses open questions, for example, having in addition to the
discrete spectrum in the subcritical case also an infinite family of resonances the
behavior of which is not fully understood [ELT17].

A generalization going, so to say, in the opposite direction to [BE14, BE17a]
consists of replacing the ¢ interaction of the original model by a more singular
coupling. In [EL18] we did that with the interaction commonly known as 6’ [AGHH].
The aim of the present paper is to extend the conclusions to the situation where such
a singular interaction is of the most general type depending on four real parameters;
the mentioned & and 8’ coupling are now included as particular cases. We are going
to show that the effect of abrupt spectral transition is robust, however, it occurs
now on a hypersurface in the parameter space. The key element in our analysis of
the spectral transition is the link to spectral properties of a specific Jacobi operator
introduced in [NS06].

The paper is structured as follows. In the next section, we introduce our 4-
parameter model. Section 3 is devoted to the study of the quadratic form associated
with the Hamiltonian; we prove a lower bound for it. In Section 4, we obtain the recur-
rence system which defines the Jacobi operator associated to the problem. Section 5
includes the proof of self-adjointness of the Hamiltonian. In Section 6, the absolutely
continuous spectrum of the Hamiltonian is obtained, using the known properties of
another Jacobi operator, which differs from the Jacobi operator associated with the
system by a compact operator. Theorem 6.2 similarly to the previous results on &
and ¢’-coupling shows the abrupt change of the spectra of the Jacobi operator from
purely absolutely continuous to discrete depending on a real parameter depending
on the coupling parameters. Using this result, Theorem 6.3 studies the absolutely
continuous spectrum of the Hamiltonian. Finally, in Section 7 we obtain results on
the discrete spectrum, in particular, we compare the number of eigenvalues of the
Hamiltonian and the Jacobi operator (see Theorem 7.2) and find the asymptotic for-
mule for the number of eigenvalues (Theorem 7.3). The Appendix 8 includes some
technical results needed in Section 5.
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2 The model

The model we are going to discuss describes a quantum system the Hamiltonian of
which is the operator of the form

Y 1( o*¥ 5
Hopy¥(x,y) = —W(x, y)+ 3 (—a—yQ(x, y) +y P(x, y)) (2.1a)

with the general contact interaction with position-dependent coefficients supported
by the axis x = 0, characterized by choosing the operator domain as the family of
functions in the Sobolev space ¥ € H?((0,c0) x R) ® H?((—0,0) x R) satisfying
the boundary conditions

OF e e 2 s 2 0
T (043) = Zo(0-,3) = 2y((0+,3) + (0= 3)) + (T2 (04.3) + T (0-.),
(2.1b)

‘P(0+’ y) - IP(O_’ y) ==

N =

(F(0+,3) + 9(0-,3) + 2 G053 + T2 0-.)
@2.1¢)

with the parameters @, 8 € R and y € C. We note that the conditions defining the
general contact interaction are written in different ways [AGHH, Appendix K.1];
here we choose the form proposed in [EG99] which has the advantage that one easily
singles out the particular cases of ¢- and ¢’-interactions: the choice B =y = 0
leads to the original Smilansky-Solomyak model with the §-interaction on the x axis
[SmO04, So04a, So04b, SmS05] and @ = y = 0 yields its §’-modification discussed in
[EL18]. One of the features of those models was that the spectrum was independent
of the coupling constant sign. In the general case the mirror transformation, y — —y
can be compensated by a simultaneous change of the ‘diagonal’ parameters, @ — —«
and 8 — —f which thus leaves the spectrum invariant.

3 The quadratic form

A convenient way to deal with the operator (2.1) is to use the quadratic form method.

Theorem 3.1 The operator Hy g  is associated with the quadratic form given by
1
aq5,y[¥] =ao[¥] + ,E(bl [P] +b2[¥] +b3[¥]) for B#0,

0.0, %] = a0[¥] +by[¥] for B=0,

where
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- ‘P)dxd,
+2ay +2y|I y

ap+lyl?
batw] = [ LIy w0k 5) 4 #0- )P 0,
ba(¥] = [ yRe[y (P08, 5) + (0=, 3)(¥(0+.5) = ¥(0-5))] .
a
bal¥] = [ G190+ + 90- ) dy
and the domain D = dom ag of the form ay is
D ={¥eH"((0,00) xR) & H'((—00,0) X R) : ap['¥] < oo}.
Proof The quadratic form is given by the integral over R? of the expression
W(x,y)(HY)(x,y) where H is the symbol given by the right-hand side of (2.1a).

By integration by parts in both variables x, y and using the fact that ¥(x, y) g—f (x,y)
vanishes as x, y — +co we obtain

- oY - oY
Y] =ag[¥ Y(0+,y)—(0+,y) —= ¥(0—, y) —(0—,y) | dy.
oy (¥ =0 ]+ [ (#0003 F(04) = P(0-3) F20-) )
Introducing the shorthands

fr=PO0+y) +¥(0-,y), f:=¥(0+y) —¥(0-,y),
f-f{ = \P/(O+» y) + lPl(O_’ y) > f—, = \P,(O+’ y) - IP’(O_’ y)

one can rewrite the last integral as
1 Y F ot
5 (f+f—+f—f+)dy-
R

We start with the case S # 0. Rewrite the matching conditions (2.1b) and (2.1c)
as

I PP
f+ - ﬁ (f—+ 2f+)9
LYY Y ly|?
fi= Ff—+§ v

and substituting it into the above equation we arrive at

(a+

Ve
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aq.5.y[P] —ao[¥] = /R %[(am YIfel? +41f21* +4Re (v f2 )] dy

1
= E(bl ['] + b2 [¥] + b3[¥]).
For 8 = 0 the matching conditions (2.1b) and (2.1c¢) yield

Y ,_ @y Y 4
f-= —§f+, L= 7f+ + §f+,
so that | |
r o’ r ’ Q’y 7 ror’ r ’ (Yy
SRS+ FLD =5 (SRR D Rfle AL = AP
and as a result, we get a4,0,, [¥] — ao[¥] = b4[¥] which completes the proof. O

Next we state a simple lemma; if a proof is needed it can be found, for instance
in [EL18] as Lemma 5.

Lemma 3.2 For all ¢, d € C we have 2|Re (¢d)| < |c|® +|d|?.

The second simple lemma generalizes Lemma 3.2:

Lemma 3.3 Let 0, j = 1,2, 3 be the Pauli matrices and o the 2 X 2 identity matrix.
Let further u, v be complex two-component column vectors. Then for any w; € R we

have
> 1
Re [ﬁT : (Z wja,-) v| < (Il + ||V||2)(|a)0| + 0 + 02 +w§)
7=0

Proof Since the real part of a complex number is bounded by its modulus, we have

3 3 3
_T _T
Re[u ~(ija'j)~v u -(ij(r]-)-v ijaj
Jj=0 J=0 J=0

where the matrix norm is the operator norm. Using 2|ul|||v|| < |[u]/® + ||v]* we
complete the proof noting that the eigenvalues of the matrix

3 .
wo+ w3 W) — 1wy
ij(rjz .
w] +1iwy Wy — w3

7=0

arewoi,/w%+w§+w§. ]

For the following particular choice of parameters w;, j =0,...,3

< = [JulllIvll

s

w0:4+afﬁ+|'y|2, wlzaﬂ+|’y|2—4, w2=4Imy, w3 =4Rey 3.1)

we denote the matrix Zi-:o wjoj by Z. This matrix appears later in the text.
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Let the subspaces of D;, j = 1,2 consist of functions ¢/} € H!((~,0)) &
) () ()

z ) 283) = Span (?E])) where (sz)) are eigenvectors of .

Simple calculation yields up to a constant

H'((0, 00)) with (

K" = w3y — \Jw? + w0k + 0l = 4Rey — \/(aﬂ +lyP-4)2+16ly)2, (3.2a)

K =w; +iw, = aB+|y|> —4+4ilmy, (3.2b)
K? = w3+ \Jwt + 03+ 03 = dRey + (B + Y2 - 92 + 16y, (3.20)
K® =w +iw, =af+|y> —4+4ilmy. (3.2d)

The following lemma generalizes [EL18, Lemma 6]

Lemma 3.4 Forall § > 0 and ¢ € H'((=c0,0)) @ H'((0, 00)) it holds

S0P <= [ (WP + & (0F) dr.
On the subspaces of D j these inequalities are saturated for
% for x<O
= (j S(IK P+HKE )
g 0 =V : (3.3)
- for x>0

[6(”(_5./) |2+|K,(j) 12)

with j = 1,2 and the constants Kij ) given by (3.2).

Proof The proof is a minor modification of the one in [EL18, Lemma 6]. The result
follows from the positivity of the integrals f_(; | (x) — 6 (x)|? dx and /000 [y’ (x)+
8¢ (x)|? dx. The second part of the lemma can be verified by a direct inspection. O

With these preliminaries we can derive upper and lower bounds to the forms
involved:

Theorem 3.5 We have the following inequalities:

AraBrlyPl+ V(@B +lyP 472+ 160y
N 2V28

b; [¥] + b2 [¥] + b3 [¥] o[¥],

by [V Y.

]S%ao[
Forp+0
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4+aB+ |y + +]y[2—4)2+16]y|?
g [¥] (1 _4+aB+yl \/(Zoi/ﬂiﬁ YIF -4 Iyl )ao[‘I’]
S L[ [4+aB+ 1yl + V(e +]yP - 4)% + 16y |2
2 2V28

Forp=0

0.0, [¥] > (1 - %) a0l¥] = 5 (1 - %) 11

Proof We proceed a way similar to [EL18], where the bound for b; [¥] was obtained,
and to [So04b], where bounds for b, and b4 were found, cf. [So04b, Lemma 2.1] or
[EL18, Theorem 4] for more details. To get the first inequality, one has to estimate
the expression by [¥] +b, [¥] + b3 [V]. In view of the mentioned results, we can skip
a part of the computation related to the first two terms and focus on the form bz [¥]
only.

As in [EL18, So04b], we use the expansion of the function in terms of the
‘transverse’ basis,

YY) = ) Un()xn (), (3.4)

neNy

with the coefficients ¢, depending on the variable x only, where y;,(y) is the n-th
Hermite function, that is, the normalized harmonic oscillator eigenfunction referring
to the eigenvalue n + %, and Ny denotes the set of non-negative integers. We note that
the Ansatz (3.4) can be also used to analyze the model numerically as it was done in
[ELT17] for the eigenvalues and resonances appearing in the subcritical case.

The quadratic form ag can be in terms of the coefficient functions i,, written as

i) = Y [ (10008 + (n+ 0 () a, (35)
neNy
giving the bound
1 1
SUEEDY JUZERCEET

Moreover, one can use the well-known recurrent relation for Hermite functions,

Vi + Txne1 () = V20xn (3) + Vixn-1 (y) = 0. (3.6)

Using the Ansatz (3.4) in the definition of b3 [ ¥'] substituting subsequently for y y;, ()
from (3.6), we get
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bs[¥] = Z / YRe[y (T (04+) + Y (0-)) o () (¥ (04+) = ¥ (0=)) ()] dy

n,meNy

5 2 [ Rely (00 + 0 0-)

n ,meNy

(‘ﬁn(o"') - lﬁn(o_))( Vi + 1yt (Y) + \/ﬁ/\/n—l (Y))} dy.

Using the orthogonality of Hermite functions, fR Xm N xn(¥) dy = 6, we further
obtain

bs[¥] \f > Re{y [Virt 1 (Fiuet (04) + G (0-)) + Vit (a1 (04) + B (0-))
neNy

X (Wn(o"') - lﬁn(o_))}

= 3 Refy [VA(G(04) + 5 (0-) (o1 (04) = 101 0-))
\/5 neN

+ \/ﬁ(‘rl;n—l (0+) + l/_/n—l (O_)) (‘rl/n (0+) - ‘r/’n (O_))] }
= > V2nRe{Rey [§n (04)¢-1 (04) = 1 (0-)rn-1 (0-)]

neN

+ iImy [&n(o_)anl (0+) - lZ’n(o"')lﬁrh] (O_)] }

In the first term of the second equality, we have changed the summation index from
n to n — 1; notice that the sum now runs over N, not Ny. In an analogous way, the
other two terms entering the form a, g, [¥] can be written as

by W] +ba[] = 3 V2uRe | (§a(04) = 1 (0-) ($0-1(04) = Y1 0-))

neN
af +
N B |7I

(7 (04) + 7 (0=)) (-1 (04) + 11 0-)) |

—Zv— Re | SH B G 00101 (04) + 500001 (00)

neN

+ly)? -4
L vl

L (00 (0401 (0-) + 7 (00101 (09) |

The sum of all the three forms can be written elegantly using the Pauli matrices and
the identity matrix,

b1 [¥] + by [¥] + b3[¥] = Z ﬂRe [@" -Z-v], (3.7)

neN 2\/2
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l//n(0+)) andv = ('//n—l(o"'))’

where the notation is the same as in Lemma 3.3, u = (

wn (O_) d’n—l (0_)
and the numbers w; are given by (3.1). Applying now Lemma 3.3, we obtain
n
by %]+ b (] + b3 %] < 5 YL (14,00 + [0 (0-)
neN 4\/5

+ Y1 (00 + -1 (0-) )
x [l4-+aB + Pl + /(@B + y? - 4)% + 6]y .

We divide the sum into two parts and in the part containing i,,_; we raise the
summation index by one; in this way we get

bi[W] +ba[ W] +b3[¥] < > ‘/EZT ';“
neNy

x [4+aB + Iy Pl + /(@B + Iy2 - 4)% + 6]y .

(10 (OH)* + 1y (0-))

Furthermore, we employ the inequality Vi + Vo +1 < 2/n + % which yields

< [4+aB+ |yl + V(e + |y]2 —4)2 + 16]y[?
- 2V2

X 3 A+ 3 (W00 + W (0-)P).

neNy

bi[¥] + b2 [¥] + b3 [ V]

Applying now Lemma 3.4 with § = {/n + % we arrive at

< [4+aB+ |yl +V(aB +|y]> — 42 + 16]y[?
- 22

% 3y [ WP+ (e ] e

neNy

b [¥] + by [¥] + b3 [¥]

CJd+aB+ Y P+ V(B +yP - 4)2 +16]y?
= ao[V].
2V2

The obtained upper bound for by [¥] + by [¥] + b3[¥] leads to the lower bound
for a4 g,y [¥]. The second inequality follows from ag[¥] > %||‘I‘||2 which is a
consequence of (3.5).

The last inequality, the lower bound to a, ¢, [¥] for 8 = 0, follows from an upper
bound to by [¥] that can be obtained in a way similar to [So04b, Lemma 2.1] or
[EL18, Theorem 4] with the use of Lemma 3.2. m]
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The form a, g, [¥] is closed on D. First, the form ag[¥] is closed, as proven in
[BE17b]. The closedness of the full form can be obtained by the same reasoning as
in [BE17b, Proposition 2.2] using the bounds in Theorem 3.5; as in the said paper,
the argument applies only if the form is semibounded from below.

4 The Jacobi operator

The second main step of our argument is the construction of the Jacobi operator
associated with H,, g . Let us begin with the case 8 # 0. First of all, we rewrite the
matching conditions (2.1b) and (2.1c) in an equivalent form [EG99],

oY _ Y 5

a—x(0+,y) = 4ﬂ[(a,8+|y| +4+4Rey)¥(0+,y)
+(aB+ |yl -4 - 4iImy)¥(0-,y)|,

oY Y a2 Y

a—x(O—,y)—w[( apf - |y|* +4 - 4ilmy)¥(0+,y)

+(—aB - |y|* =4 +4Rey)¥(0-,y)]

Mimicking the construction in [NS06, EL18] we use the Ansatz (3.4) and the recur-
rent relation (3.6), multiply both equations from the left by x,,(y) and integrate over
R obtaining thus conditions for the coefficient functions,

D (04) = —— [(@ + [yI? + 4 + 4Rey) (Yp-1 (O+) VT + st (04) Vo 7 1)
0x 4V2p
+(af +|yI* = 4 = 4Imy) (Wit (0=) Vit + e (0-) Vi + 1),
(4.1a)
e (0= (o =y 44y Wi 100V s OV
+(—af = lyI* — 4+ 4Re ) (Y1 (0-)Vim + i1 (0-)Vim + 1)].
(4.1b)
We seek solutions of the form
Gu(x,A) = ki (A,n) e Mx x>0, (4.2a)
Gn(x, A) = ko(A,n) e x <0, (4.2b)

where £, (A) = /n+ % — A, to the equation
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-, (x) + n+§—A dn(x) =0, neNy, (4.3)

with ¢, € H*(—0,0) & H*(0, co) satisfying the conditions (4.1). In the definition
of £, (A) we take the branch of the square root which is analytic in C\ [n + %, o0) and
for a number A from this set it holds

Re,(A) >0, Im¢,(A)-ImA<O.

Substituting the Ansétze (4.2) into (4.1) we get

=L (N k1 (A, n) = [(@B+|y]* +4 +4Rey) (ki (A,n - 1)Vn

1
2B
+hki(An+DVn+ 1)+ (B +|y)* —4 - 4ilmy)
X (ka(A,n— DV + ko (A n+ 1)V + 1)],

1

Ln(A)ka(A,n) = [(—aB = yI* +4 = 4ilmy) (ki (A,n - D)VaVn + 1)
4\28
+hki(An+1)+ (—aB - |y|? —4+4Rey) (ko (A,n— )Vn
+hky(An+ Vo +1)].

Adding and subtracting the previous two equations we get
2
{H(A) [kz(A’ n) - kl (A7 l’l)] = ‘\/_Tﬁ [(kl (A7 n-— 1) - kQ(A’ n-— 1))\/Z

+(ki(An+1) — ko (An+1)Vn+1]

. \/_%ﬁ[(kl(A,n “ 1)+ ka(A,n— 1)Vn

+(ki(An+1) + k(A n+1)Vn+1],
~Lu(A) [k1 (A, n) + ka (A, )] = \%ﬁ[(klm,n —1) = ka(A,n = 1)V
+(ki(An+1) —ka(A,n+1))Vn+1]

2
+
N af + |yl

2V28
+(ky(An+ 1) + ka(A,n+ 1) Ve + 1].

[(ki(A,n = 1)+ ko(A,n = 1))Vn

To simplify these relations, we define
Ci(n) =k (A, n) £ k(A n),

then the previous two equations can be rewritten as
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2 Y
e (G- (T V| (€= v+ Co e VT
" Ci(n)) %ﬁ(f%glz Cin=D\n+Ci(n+HVn+1

Computing the eigenvalues and eigenspaces of the matrix involved in the previous
equation and putting

~1/4
Con o= (n4 ) [~ 4yC () + (4= ap = Iy P + (@B + by = 47 + 161y ) Co(m)],
(4.4a)

1\ 74 2
Coz = (n+3) " [4yCo(n) + (= 4+ 0B+ Iyl + (@B + Iyl =92+ 161y ) C. ()],
(4.4b)

we find that C,,; satisfies the same equation as, for instance, in [EL18], namely

1/4 1/4 1/4

(n+1)!? (n + g) Cpar1 +24 (n + %) £a(A)Cpy + 02 (n - %) Cooty =0
4.5)

with u = u; given by

2V28
M1 = .
4+aB+ly? (@B +y> -4 +16]yP
Similarly, C, » satisfies the same equation, the only difference is that with u equals

now to
2V28
H2 = .
d+aB+ly+(aB+Iyl? - 4)?+16]y?

With the above mentioned symmetry (a, 8) — (—a, —8) in mind, we can without
the loss of generality take S > 0. Then we easily find that for @« > O it holds
ur = pp > 0, for @ < 0it holds u; < 0 < pp and for @ = 0O the parameter p;
diverges.

The general solution of the equation (4.3) can be written in the form of linear
combination of functions corresponding to the above-mentioned eigenspaces ¢, =

(D 2
Cuany’ +Cpomy, where

(4.6a)

(4.6b)

77(1) _J(n+ 1/2)Y*(w; - 1lw% +w§ +w§) e n(Nx x5 0
(n+1/2)*(w; +iwy) eénM* x <0

0 = (n+ 1/ (w3 + Jw? + W} + w3) e M¥ x > 0
@ —
(n+1/2)Y*(w; +iw,) eén(Mx x<0

with w; as in (3.1). There exist constants C, C; not dependent on 7 so that

) < 17+ 12 1? < Ca(A) forall n e Ny 4.7)
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provided y # 0 or @f # 4. In the degenerate case y = 0 and 8 = 4 it holds u; = u»
and we have, for instance,

i = {(n+ 1/2)/4e=éa™x x50
n =

0 x<0”’
2 _ 0 x>0
In= = (n+1/2)Y*eénMx  x <0 -

The procedure for 8 = 0 is similar. We rewrite the coupling conditions as

(1 + %)\P(m, y) - (1 - g)‘P(O—,y) -0, (4.82)

v\ 0¥ v\ oY _ay
(1 - E)E(Oh y) - (1 + E)E(O—,y) = S [¥(0+,y) +¥(0-y)].  (4380)

From (4.8a) we infer that there exist a sequence of coefficients C,, such that

ki(A,n) = (n + %)1/4(1 - %)cn

ka(Am) = 1)1/4(1 7)0

) = + = + = )
2 n n 3 B n
where k;, j = 1,2, are the coefficients in the solutions ¢;, j = 1,2, of (4.2a)
and (4.2b). After multiplying (4.8b) by ¥, (y), integrating it using the orthogonality
of Hermite functions, and substituting for k;, j = 1,2, we obtain again the equa-

4+l

tion (4.5), now with the parameter in the middle term taking the value u := oo

This is the departing point for the spectral analysis.

5 Self-adjointness of the Hamiltonian

In this section, we prove that the Hamiltonian H,, g , is self-adjoint. The strategy of
our proof is inspired by the proof of [NS06, Thm. 4.1].

The vector ¥ can be using (3.4) identified with the sequence {y,, }nen, (further
denoted only by {¢,,}). The Hamiltonian H, g , defined in (2.1) can be alternatively
defined via its action

Ho gy {n}y = {47/ + (n+1/2)yn}.

and the domain D, g,. We say that the vector {{,} € D, g, if and only if
Yn € {u,u Mg, € H*(Ry)} = ‘W, conditions (4.1) are satisfied and Znen, =07 (x)+
(n+1/2)y,(x)]|* < co. This construction identifies the L>(R?) space of ¥ with the

space § = £2 ® L*>(R). Moreover, we define H%”&y =Hap, | D%’ﬁ’y, where the
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domain D?I’ﬁ,y C D, g,y consists of all , € D o g, with finite number of non-zero
elements.

Theorem 5.1 The Hamiltonian H, g ,, is self-adjoint and coincides with the closure

ofHaﬁy

Proof We give the proof for the general case. We proceed similarly to [NS06, Thm.
4.1]. First we prove that

*

0
Hop,=H ;"

(5.1)
The inclusion C is trivial. We will prove the opposite inclusion. Suppose {v,} C
Dom (H° , ") and H° , “{v,} = {wy,}. The definition of the adjoint operator

a.B.y
yields

/( —u! + (n+1/2)u), dx = Z /unwn (5.2)

neNy neNy

a.pB.y

Let us fix ng € N and take the element {u,} € D?I By such that for a fixed ng € Ny

it holds u,, = 0 for n # ng and u,, € W, u,, = 0 in the vicinity of x = 0. Then
equation (5.2) applied to all such {u,, } implies that if v € Dom (H([)x 5 y*), w, €W
and w, = —v// + (n+ 1/2)v, for all n € Ny. Moreover, w,, € I>(Ny) implies that

Sneny I = ¥ (0) + (0 + 1/2), (0> < co.
As the final part of the proof of the equality (5.1), we prove that the coupling
conditions (4.1) are satisfied for {v, }. We choose {u,,} such that for a fixed ng

Upyx1(0x) =0, M;O(Oi) =0, up,(0x)=hy, (532
u,(x)=0 foralln¢ {ng—1,n9,no+1}, (5.3b)

no+|(0+) ) Vn0+1 (h+) ( no— I(O+) ) \/n_() (/’l+)
(_ n0+1(0 ) 4\/§ﬁ > —uno_l(O ) 4‘/§ﬁ2 nl- (5.3¢)

Clearly, such {u,} satisfies (4.1) and belongs to D% By The equation (5.2) implies
by Green’s identity that

> 1, (1) (x) = 1t ()05, ()17 =0

neNy

From this, (5.3) and the hermiticity of the matrix X it follows that {v,, } satisfies (4.1).
This proves the equation (5.1).

In the second part of the proof, we find that the deficiency indices of the operator
H, g, are zero. We will prove that the only solution to the equation

Hyp,V-iV=0 (5.4)

is trivial. The equation (5. 4) is the equation (4.3) for A = i. For its general so-
lution V = {¢,} = {Cy, 177,, + Cnonn )} we have due to fRn(l)nf) dx = O that
I6nl? = 1C1 PlnV 1% +1Cn 221752 1% Hence one can deal with the two subspaces
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separately. Using this fact and (4.7), the construction of large n asymptotics of the
coefficients C, ; and C,, » follows similarly to [NS06]. In the rest of the proof, we
will use the abbreviation C,, for both C,, ; and C,, ». From Lemma 8.2 we obtain for
the particular cases the following asymptotics.
LB
1. For ? < 1 it holds |CE|> ~ n_l_m. The sequence C; is not in £2, hence
the corresponding solution does not belong to §. Furthermore, we use the
identity (8.3) for C,,. Its rhs vanishes for N — co. All the terms on the /As have
the same sign (note that Im ¢, (i) < 0), hence all C;,, = 0.

2. For pi> > 1it holds |C*> ~ (\u?2 =1 — )20 = (V2 =1+ p)™"n".
Hence one solution exponentially grows and the other exponentially decays. The
growing solution is not in £, the decaying one is zero due to the identity (8.3).

3. For p = =1 itholds |CZ|? ~ n~1/2¢*2V21 The growing sequence is not in £2, the
decaying sequence vanishes due to (8.3).

Hence V = 0 and the operator is self-adjoint. O

6 Absolutely continuous spectrum

Having obtained the equation (4.5) having the Jacobi operator structure, we can
proceed in a way similar to that of [NS06, EL18] to obtain the absolutely continuous
spectrum of our model Hamiltonian. The proofs of the claims made below are non-
trivial, being based on the existence/nonexistence of subordinate solutions, but we
are not going to present them as the argument is a straightforward adaptation of the
particular cases treated in the mentioned publications, cf. especially Theorem 3.1
and Appendix A in [NS06].
To state the result, let us first introduce the needed operators:

Definition 6.1 Given a sequence {w,},ecn, the operators D = D{w,} of multi-
plication by a this sequence and of right shift S mapping £>(Ny) — £*(Np) act
as
D{wn} : {ro,r1,...} = {wore, wiry, ... },
S . {rg,rl,...} [ d {0,7‘0,1"1,...}.

Using them we define

Pi=D(dy), dp=n'(n+ )" (-5,
Y= D{(n+3)"L(M),
Yo =D{n+ %},
TN, p):=PS+S*P+2uY.
Jo(u) :=PS+S*P+2uYy.
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The Jacobi matrix corresponding to the equation (4.5) multiplied by (n + %)1/ *is
J (A, p). The difference J (A, 1) — (Jo(u) — uA) is a compact operator (see, e.g.,
[NS06]), hence we can study the absolutely continuous spectrum of the operator
Jo (). Its spectrum is determined by the value of the parameter u and its character
changes abruptly at u = 1.

Theorem 6.2 We have

o (Jo(w) = gac(Fo(p) =R for 0 <p <1,
o (Jo(1)) = gac(Jo(1)) = [0, 00),
o (Jo(w) = odise(Jo(u)) € (0,00) for u>1,
Mo (E, Jo(n)) =1 ae.on o(Jo(u))

where my denotes the multiplicity function of the absolutely continuous spectrum.

Repeating the reasoning of [NS06, Sec. 6-8] one can check that the spectrum of our
Hamiltonian is the union of spectra of the ‘free’ operator and that of the above Jacobi
operator:

Theorem 6.3 The spectrum of Hy oo is purely absolutely continuous, o-(Ho,0,0) =

[%, oo). For the ‘full’ operator we have

Oac (H(t,,B,’y) = Oac (HO,O,O)

o el )
ac
d+aB+lyP V(@B +IyP? -4 +16yP
2V2
0 ol Vg ). 0.
4+aB+ly?+(aB+Iyl> - 4)? +16]y?
My (E’ Ha,ﬁ,y) = My (E’ H(),O,O)
- el )
4+aB+ly? = (@B +yI> -4 +16]y]
2V2
+ e (B, 0 V25 ). B0,
4+aB+y?+(aB+Iyl? - 4)? +16]y?
4+ |y
Tac (Ha,(),y) = Oac (HO,(),()) U Oac (%(le)l)),
m (E H, o )—m (E H000)+m (E J)(M))
ac s a0, = Htac 5 ,0, ac s .
7 2V2a
The point where the expressions (4.6) equal to one, or where % =1ifg =0,

characterize the manifold in the parameter space at which the spectral transition
occurs.
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7 Discrete spectrum

We know from the particular cases of the § and ¢’ coupling that in the situation
naturally called subcritical, corresponding here to i > 1, the discrete spectrum is
nonempty whenever the interaction is ‘switched on’. Let us look at it now in more
detail. We denote by N,(4,A) := dim EA(1, o) and N_(1,A) := dim EA(-c0, 1)
the dimension of the spectral projection on the intervals (1, o) and (—o0, 1), respec-
tively; the symbol EA(-) denotes here the spectral measure of the operator A. These
quantities are introduced in the subcritical situation (u > 1) only.

To state the results we again need an auxiliary notion. By J(&) we denote the Jacobi
operator in £2(Ny) such that the only nonzero entries in its matrix representation are

W12

]n,nfl(g) = ]nfl,n(g) = 2(l’l+8)1/4(n 1 +8)1/4 , neN.

We will also employ another Jacobi operator in £2(Ny), denoted as Jo, not to be
mixed up with Jp(u) used above, with the non-zero entries

1

m, neN\{l}

jn,n—l = jn—l,n =

Then we have the following result:

Theorem 7.1 Let the numbers (4.6) satisfy uy > 1 or uy > 1, then

1
N,(E ~ 2. Hapy) = Ni(2) + Na(2)
holds for 8 # 0, where
Nj(g) ::N+(:uj’J(8)):N—(_:uj’J(‘g))’ j=1,2.

Furthermore, if § = 0 and HyP 1, we have

2V2a
2 2
4*\/_'7; (@) =N-(- 4;:}7' ).

Proof The argument follows closely [So04b, Thm. 3.1] and [EL18, Thm. 10]. We
will give the proof for 8 # 0, the procedure for 5 = 0 is similar. We remind that the
subspaces D; C D, j = 1,2, defined in Section 3, are the subspaces of functions for
which the Jacobi equation holds with y;, j = 1,2, cf. the formul (4.4a)-(4.4b). By
the variational principle,

1
N_(z - &, H(l,O,'y) = N+(

N-(3 =& Hapylp, ) = maxreg, () dim &,

where & (&) is the family of all subspaces £ C D such that
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a0,y [¥] = (3 = &) IPI17, g2y <O (7.1)

We define
M = Y [ (WP + e o) ax,

neNy

where i, (x) are the coefficient functions of ¥ in the decomposition (3.4). As argued

in [EL18], the norm ||¥|. = +/||'¥Y||2 satisfies the parallelogram law, hence it is
induced by an inner product, namely

@)= Y [ 108,00+ (14 ()8, (0) .

neNy

Next we define the subspaces D j(&) € D;, j = 1,2 consisting of the functions
7.(J)

n+e&

¥ which are projections of ¥ with the components P, and the coefficient

sequence {P,}> € £2(Np), where IZE/Jn)-Ts‘ are the functions defined in (3.3). In the

further text, we drop the subscript/supperscript j, where it is not necessary. One
can check easily that the functions PnJr\,— are normalized in such a way that

~ n+e&
||LP||£ = ”{Pn};o 0”[2, and that

P, = ,’lx:’ X)+(n+e nx:n+sx dx.
‘/(lﬁ()lﬁr+g() ( Win QW s ( ))
Integrating by parts, one finds

Pry = Y (0 1 (0-) = Y (04 (04)

(}’l+8)1/4

VIKL [ + K2

The expression on the left-hand side of condition (7.1) can be rewritten as

= (Y (0H)Ks +y (0-)K-) (7.2)

1 1
a5y [¥] - (5 - e) 1153 gy = I + (b1 1]+ o [¥] +bs[¥]) - (7.3)

To deal with the second term on the right-hand side, we use formula (3.7). Let us as-
sume that the functions ¥, ¥, belong to a given D s D ie)j= 1: 2 ; we want to check
that the mentioned expression will not change if we substitute ¥, = {Pnl/;m} in-
stead of ¥ = {¢,}. Using the values of Jxm(0+), Jxm(O—) from (3.3) and P,
from (7.2) we have
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(n+8)l/4 (K+)
VIK. P+ K2 \K-
1

* (n+&)4|K, | + [K-|?
B 1 (K+ 0).(1 1)_(12+ 0).(¢,,(0+))
TR +IKP N0 K\ L0 K] (ya(0-))

where ‘-> denotes matrix multiplication. We have used

00t 09K = (1) -5 2 ) (5707).

)= )6

Both the coefficient functions ¢, and i, belong to D ;, hence we can write

Un(0+)) _ K,
(wnw—)) = On (K) ’

where O, is a normalization constant, the value of which is not important. Defining

Mo 1 K, 0)\(11 12+9
TKPR K20 K- (1 1) 0 K-

and writing M for the Hermitian conjugate of this matrix, the equation we have to
check in order to justify the claim we made about the second term in (7.3) simplifies

to
2 K+ f 3 K+ 2 K+ f K+
[eR (K) MM (K) =104l (K) Z(K)
which is not difficult to verify, for instance, using Mathematica.

In the rest of the proof, one can proceed in a way similar to that of [EL18, So04b].
If we replace ¥ by ¥, in (7.3), the first term does not increase, because p g lisa
projection of the function . The second term is not affected by the change, as argued
previously, thus the inequality (7.1) holds true for ¥ as well.

Consider two subspaces F, 7’ € & such that # ¢ ¥’ and ¥ € D j(&). Should
there be an element ¥ € D ; orthogonal to D (&), then we would have P,, = 0 for all
n € N which in turn implies b [¥] + by [¥] + b3[¥] = 0. In such a case, however,
the inequality (7.1) would not hold, which is a contradiction. Consequently,

@m(()ﬂ) _ _ L
| UM LSTASTS

1 .
N_ (E - &, Ha,ﬁ,'lej) = maX(FE&j(s),‘FEf)j(s) dim¥ .

For each ¥, € D(&) we have
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||ki'g||i+é<bl [¥] + bs[¥] + b3 [])

«f U9\ . (Y1 (04)
=2, P+ ), (wn(o )) Z(wn_fm—))l

neNy n EN

Using next the relation

1/4

(k) [0 _(nte)
fr =8 ) (‘MO—)) K2 +TK P

which follows from (7.2), the fact that the matrix X can be diagonalized using the
unitary matrix composed of its eigenvectors with the eigenvalues 2\/5,8,11]‘.1 , and the

fact that we have restricted ourselves to the subspace D (&) corresponding to one of
its eigenspaces, we can rewrite the above expression as

- 1 _
IPells+ 5 (0u %]+ bl ] +ba[WD) = D 1Pal +2445" D fnn-1 (8 Re (PuPo-y)

neNy neN
— el + 17 B2 &)
= (I+1;'J(#)g, 8),

where g = {P,,} € €>(Np). The claim of the theorem now follows from the decompo-
sition of the operator H, g , to the subspaces D ; in combination with the spectrum
of J(&). O

Next we proceed in analogy with [So04b, Theorem 3.2] and [EL18, Theorem 11].
One cannot apply the previous theorem directly to the case € = 0, because j; 9 = oo
Restricting the quadratic form to the subspace of g = P, with Py = 0, however, the
limit & — 0 leads to the operator Jy introduced in the opening of this section. The
price we pay for this restriction is the possible change of the number of eigenvalues
by one. This leads to the first main result about the discrete spectrum.

Theorem 7.2 Let 3 # 0, yt; > land py < 1. Then|N_(3,Hq g.y) — Ni(u1,Jo)| < 1;

the analogous relation holds if the roles of uy, uy are interchanged. If both

Ui, 12 > 1, we have |N (2, a.B,y) — Ni(ui,Jo) = N+(;12,Jo)| < 2. On the other
4y ? 4+lyl?

Za;z;l for B =0 and t/za > 1 the inequality |N (2, Huo0,y) —N+( +7 Jo | <1

olds.

Finally, let us look how the cardinality of the discrete spectrum behaves when the
coupling parameters approach the critical values.

Theorem 7.3 We have the following asymptotic formulee:

(i)IfO< B <2V2and a — L N(';\'r 5 —(ly]*=4) = V2(2V2 = B)| as the

left limit, then p; — 1+ and N—(z, Hopy) ~ _4‘5\}—1'
M1
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(i) If B> 2V2 and o — } #@_ﬁ) (> -4) - \/5(2«/5—/3)] as the left
1

imi 1 ~1
limit, then u, — 1+ and N_(5,Hq p.,) Py
(iii) If y = 0 and aff = 4, B > 22, then iy = p» and N_(%,Hd"g,y) ~ W

£
2V2

in the limit B — 2V2+.
. 1/4 P; 4 | 2
(iv) If B = 0 then N—(3. Ha05) ~ 3 [t holds as T

Proof One can check directly that for a nonzero S satisfying the assumption we have

o aB+lyP -4 _N@B+lyP-4H2+16ly2 2V2
Hio = + +— >
’ 2V28 2V28

in the limit

L R T S _pl-
5 lvaavig Y V2(2v2 ﬁ)l

and to proceed as in [EL18, Thm 13] and [So04b, eq. (3.10)]. Specifically, by [So04b,
. . N 1 .
Thm 3.3], the Jacobi operator J spectrum satisfies N, (u, Jo) —4\5\/; asu — 1+4;

by Theorem 7.2 we then obtain the claims (i) and (ii). The relation y; = u» in claim
(iii) can be easily verified under the condition y = 0 and a8 = 4, the rest follows
from Theorem 7.2. Finally, claim (iv) follows from the last part of Theorem 7.2. O
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8 Appendix: Asymptotics of solutions of the Jacobi equation

In this appendix, we give technical results on large n asymptotics of the solutions
of the equation (4.5). First, we give without the proof the result by Birkhoff and
Adams [Ela99, Theorem 8.36] on the asymptotics of a more general system. A
misprint was corrected according to [NS06].

Theorem 8.1 Let the Jacobi equation

Cn+1)+pi(n)C(n)+pr(n)C(n—-1)=0 8.1)
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have the following large n expansion of the functions py and p>
pi(n) =Y am™, pa(n)= Y bin, by #0.
j=0 j=0

Let A be the roots of the quadratic equation 2>+ agA+ b = 0. Then the system (8.1)
has two linearly independent solutions C*(n) with the following large n asymptotics.

1. For A, # A_ it holds

ajds +b1
C*(n) ~ Atn™,  dy= ————" .
(1) ~ Az =7 Gods + 2bo
2. For A, = A_ = A it holds
—2b, 1 b
Posi ~ " +5yn K’ §=2 aodi , = — 4 —
(1) ~ A%V n 2bo “= 37 20,

We use the previous theorem for finding the asymptotics of the solutions of the
equation (4.5). We slightly generalize [NS06, Lemma 3.3], allowing u to be negative.

Lemma 8.2 Let 1 € R and A € C\(%, o). Then the system (4.5) has two linearly
independent solutions C3; with the following large n asymptotics

_ly_idu
1. For u* < 1it holds C: ~ (u+ i1 — p2)*n * V=2,
_1l, A
2. For p? > lit holds C& ~ (—p+ 2 — 1) n > 2Vt

3. For u = 1it holds CE ~ (—1)"e*2V-An =174,
4. For p = —1 it holds CE ~ e*?V=An p=1/4,

Proof The results follows directly from Theorem 8.1. The system (4.5) is a particular
case of the system (8.1) with

ap=2u, ar=-p(l+A), bo=1, by=-1.

Using these values we obtain the quadratic equation A% + 2uA + 1 = 0 with the roots

Az = —p +/u? — 1. In the first two cases, we use the first case of Theorem 8.1 with

d, = _% _ % u(—px\u2=1)
,u(—,ui\/;ﬁ)ﬂ

Theorem 8.1 since 1. = -1 fory=1and A, =1 for u = —-1. O

. In the latter two cases we apply the second case of

The following lemma is taken from [NS06, eq. (3.20)].
Lemma 8.3 The solutions C,, of the equation
Qn+lCrL+l + PnCn + QrLCn—l = 0, ne NO (82)

with Q,, € R, Q¢ = 0 satisfy the identity
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N

D IC P Im P, = —Qna1 Im(Cy 41 Cy) -
n=0

Proof The identity follows from multiplying (8.2) by C,,, taking the imaginary part
and taking the sum of n from O to N. O

Its corollary is also inspired by [NS06], however, its form is slightly different than
in the mentioned paper.

Corollary 8.4 Solutions of the equation (4.5) satisfy

N 1/4
2 ) 1C P (n+1/2)2 I £, (A) = ~(N +1)1/2 (<N+ 1)* - %) Im (Cn+1Cn) -
n=0

(8.3)

Proof Taking in the Lemma 8.3 the values Q, = n'/?(n* — 1/4)!/* and P, =
2u(n + 1/2)'72¢,(A), which correspond to (4.5) multiplied by (n + 1/2)'/4, the
result follows. O
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