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Abstract

We investigate in detail an apparently unnoticed consequence of
special relativity. It consists of time dilation/contraction and fre-
quency shift for emitted light affecting accelerated reference frames at
astronomical distances from an inertial observer. The frequency shift
is non-cosmological and non-Doppler in nature. We derive the main
formulae and compare their predictions with the astronomical data
available for Proxima Centauri. We found no correspondence with ob-
servations. Since the implications of the new time dilation/contraction
and frequency shift are blatantly paradoxical, we do not expect to
find one. By all indications, we are dealing with a genuine, and not a
merely apparent, relativity paradox.
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1 Introduction

In the present paper, we focus on a consequence of special relativity that
seems to have gone unnoticed so far. It consists in time dilation/contraction
and consequent frequency shift for emitted light affecting accelerated refer-
ence frames at astronomical distances from an inertial observer. For these
effects to show up, high relative velocities (v < ¢) are not necessary. The
frequency shift derived hereafter is purely relativistic in nature. It has noth-
ing to do with the standard Doppler shift depending upon relative speed
nor with cosmological redshift. These effects derive from a straightforward
application of the Lorentz transformation of the time coordinate

= —— (1)

where t' is the time coordinate of a frame moving with constant velocity
v along the z-direction of a stationary inertial reference frame with time
coordinate t (and parallel coordinate axes). As usual, ¢ stands for the velocity
of light.

The phenomenon described here has already been discussed in [1], and it
is strictly related to the well-known Andromeda paradox [1, 2, 3, 4, 5].

In the following two sections, we derive the time dilation/contraction and
the frequency shift formulae. We shall show that these formulae also hold
when the distant light source is inertial and stationary, and the observer
accelerates. In section 4, we use these formulae to calculate the expected
frequency shift of the light emitted by Proxima Centauri and compare it
to the standard Doppler shift coming from the radial velocity imparted to
the star by orbiting planet Proxima Centauri b. The aim is to see whether
there are measurable consequences already for a relatively close astronomical
source.

In section 5, we shall discuss the import of these new time dilation/con-
traction and frequency shift phenomena. We show that despite the straight-
forward derivation, the predicted effects on the astronomical scale are loudly
missing. Owing to the intrinsic paradoxical implications of the derived time
dilation/contraction and frequency shift formulae, we expect not to find any
observable effect. The fascinating aspect is that such paradoxes appear to
have a genuine, and not a merely apparent, nature.



2 Quick derivation of purely relativistic time
dilation/contraction and frequency shift

Consider two reference frames S and S’. Initially, they are both inertial and
relatively at rest, with parallel coordinate axes. Frame S is the observer
frame, while frame S’ is the frame of the light source. Frame S’ is placed
at an astronomical distance d from S along its x-axis, with d = 1 ly. With
these initial conditions, S and S’ belong to the same plane of simultaneity,
and their t-coordinates are the same, t; = t].

Now, suppose that frame S’ starts to accelerate with constant acceleration
+a along the z-axis of frame S and maintains that acceleration until time o,
with final velocity a(ts — t1) < ¢. At that point, the system S’ is a Lorentz
system moving at a constant speed, and according to eq. (1), the instant ¢}
of " simultaneous with instant ¢, of S is now given by
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In eq. (2), we neglect terms containing the 2nd power of v/c. At time ¢,
the position of S’ relative to frame S is no more d but d + Ja(ty — t1)?, but
we neglect it being a(ty — t1)? < d.

Notice that, although the relative velocity a(te — ¢;) is much less than c,

—a(t2c_2t1)d in eq. (2) is not negligible because of the large

the simultaneity term
distance d.

Equation (2) tells us that while for the inertial observer in S, an interval of
time At =t —t; has passed, the corresponding interval of time At' = ¢, — ]

elapsed in reference frame S’ is

At = At {1 - (ia)d} . (3)

2

It is worth noticing that the application of Lorentz transformations to
accelerated frames is a straightforward practice. For instance, it has been
used to provide a solution to the Bell spaceship paradox [6]. Even Einstein
used it in 1905 to derive time dilation for a clock moving in a polygonal or
continuously curved line [7]. In fact, in section 3, we provide a derivation of
our time dilation/contraction formula that makes use of and generalizes Ein-
stein’s derivation by extending it to systems subject to constant acceleration



for a short period of time. In the same section, a Minkowski diagram that
visualizes the origin of the effect is also given.

Now, suppose that during interval At’, the light source at rest in .S’ emits
a beam of light of frequency /. That means that N wave crests are emitted
with N = /At'. The same number of crests must then be received by the
observer in S exactly after the traveling time d/c, no matter how big d/c is.
Moreover, the observer in S will receive the N wave crests within the shorter
interval of time At because, for S, the whole emission process in S’ has taken
place within At (the traveling time d/c cannot affect that duration since d/c
is only a delay in receiving the wave train). That means that the observer
in S receives a beam of light of frequency v such that vAt = N = v/At', and
thus

(4)

It is useful for the subsequent derivations to define the dimensionless
quantity z as follows

v=1 [1 = (ia)d} .

c2

2= = — ) (5)

It is interesting to note that egs. (3) and (4) also hold if the source S’ is
inertial and stationary, and the observer S accelerates with acceleration +a.

As before, S and S’ are initially inertial and relatively at rest, and thus
t; = t}. Then, frame S accelerates with acceleration +a in the z-direction
until the instant t, and afterward moves at constant velocity +a(ty — t;).
From this moment onward, it does not matter which frame has accelerated
and which is actually moving (S with velocity +a(ty —t1) or S’ with velocity
Fa(ty —t1)). The Lorentz transformations are ‘memory-less’: in them, there
is no mathematical dependence on the past motion history of the reference
frames. Then, the relations that give t}, At’, and v for S are the same as
egs. (2) to (4). We shall see later that this result has interesting philosophical
consequences.

In the present and the following section, we have also adopted the same
assumption made by Einstein in [8], namely that acceleration a has negligible
physical effects on the rate of clocks in the accelerated frame. That is known
as the ‘clock hypothesis’ [9].



3 Detailed derivation of the time dilation/con-
traction formula

Here, we take Einstein’s derivation of the time dilation formula for a clock
moving in arbitrary motion (clock moving in a polygonal or continuously
curved line [7]) and apply it to the case of a system moving on a straight line
but subject to a uniform acceleration a for a short period of time. Hereafter,
without loss of generality, we assume that all the involved velocities are such
that v < c. We shall see that when acceleration a goes to zero, one recovers
the well-known Einstein’s time dilation formula. On the other hand, if the
distance between the inertial observer and the accelerating system is suitably
large, one recovers equation (3) of section 2.

Consistently with the previous section, primed quantities refer to the
moving system S’, while non-primed ones refer to the inertial (stationary)
system S. Moreover, S’ moves in the positive z-direction of S, and all the
three coordinate axes are parallel. Suppose that S’ initially moves with
constant velocity vy, and at time ¢t =t = 0, the origins of S and S” overlap.
Thus, the relation between the instants of time | of S and ¢; of S is given
by eq. (1) as follows

tl - vl(v21t1)
/ C
ty = ) (6>

since Ir = Ultl.

At instant ¢;, the system S’ starts to accelerate in the positive or negative
z-direction with constant acceleration a, and at instant ¢, returns to uniform
motion with the new constant velocity vy = vy & a(ty — t1).

Thus, the relation between the instants of time ¢, of S” and t5 of S is now
given by

t2 . [vlj:a(tz—tl)}[v1t1+v1(tQ—tl)i%a(tQ—t1)2]
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where T = ’Ultl + Ul(tg — tl) + %a(tg - tl)z.
The interval of time At =t} — ¢} is thus equal to




[v1ia(t27t1)][v1t1+v1 (tgftl)i%a(bftl)z] U1 (’Ult1)
ty— il f — mh)

At = - - <. (8)
\/1 — [alty—t) oot

Now, it is not difficult to see that if we set @ = 0 in equation (8) and
do not neglect terms containing the 2nd power of v/c, we recover Einstein’s

time dilation formula
, v

On the other hand, if we set v1t; = d, with d equal to an extremely large
astronomical distance, and if we consequently adopt the natural approxima-
tions, vy (to —t1) = %a(tz —t1)? < vit; and W—g—“)? ~ Z—§ ~ 0 (we are now
neglecting again terms containing the 2nd power of v/c), from equation (8)
we arrive at the following relation

(10)

c2

At’:At[l—ﬂi],

which is equal to equation (3).

In short, we have replicated Einstein’s derivation of the time dilation for a
clock arbitrarily moving with respect to a stationary clock [7]. Like Einstein,
we started from the Lorentz transformation of the time coordinate. However,
we have plugged in the equation an explicit and simpler type of motion for
the moving clock: namely, the moving clock moves away from the stationary
one on a straight line at constant velocity v; for a time ¢;, and then, for a
time (to — t1), it accelerates with a low acceleration a. That is simpler than
Einstein’s motion in a polygonal or continuously curved line [7]. Therefore,
if special relativity holds for non-uniform motion in a “continuously curved
line”, it does hold also for a body slightly accelerating in a straight line. By
the way, what we have done so far is equivalent to mapping the considered
set-up onto a continuous sequence of events which are analyzed with respect
to instantaneous co-moving inertial frames.

In the remaining, we shall visualize the case with positive a on a Minkowski
diagram. To make the diagram easily readable, we shall assume, along with
the previous approximation v/c < 1, that the initial velocity v; of system
S’ is equal to zero, like in the case described in section 2. Thus, until time



Figure 1: Minkowski diagram of a body at astronomical distance d from a
stationary observer (system z-ct). The body is at rest until time ¢; (= t))
and then accelerates to the final constant speed a(to—t;) in At = to—t;. The
dot-dashed line is the world line of the body. Quantities are not to scale.
The magnitude of angle # has been greatly exaggerated for representation
purposes.



t1 (= t}), systems S and S’ are relatively at rest. Then, from t; to 3, sys-
tem S accelerates from 0 to final velocity a(t, — 1), as seen from stationary
system S.

As shown in Fig. 1, the dot-dashed line represents the world line of a
body placed at an astronomical distance d in the reference frame S’. Its
world line is initially vertical because, until time ¢; (= t}), both systems are
relatively at rest. Then, between time ¢; and t,, system S’ and the body in
it accelerate from 0 to final velocity a(ts — ¢;).

Within At = t5 —t1, the body’s world line gets bent to an angle # relative

to the ct axis such that tanf = 7 = @, and then it stays parallel to the
a(tgftl)

ct' axis of S’. Since ¥ = 22— < 1, neglecting 2nd order terms in v/c, the
unit lengths U of space-time axes of S and S’ can be taken as identical,

< ~U. (11)

With reference to Fig. 1, BA = cty — ct; = cAt and C'A’ = cty — ct| =
cAt'.

Since ¢ < 1 and 6 = 0, we have that C"A’ ~ C'A and ("B’ = C'B. Then,
cAt—cAt = BA~CO'A' ~ BA-CA=CB = dtanf = ¥ = {2-)d _ aAid
Thus,

aAtd
c

cAt — cAt =

At = At {1 - a—d} : (12)

4 Proxima Centauri

We now apply equation (5) to the light emitted by Proxima Centauri at
distance d = 4.251y (d ~ 4.02 x 10" m) to estimate the expected z and
compare it with the standard Doppler shift ascribable to the radial velocity
of the star imparted by orbiting planet Proxima Centauri b.

In the scheme of section 2, we assume Proxima Centauri to correspond to
frame S’, while we, the observers, are stationary in inertial frame S. More-
over, for the sake of derivation, we assume that we are on the orbital plane
of Proxima b, and the acceleration of the star is along the line of sight.

Within that approximation and assuming a circular orbit, the projected
position r(t) of Proxima b relative to Proxima Centauri can be written as



r(t) = rocos(wt), where ry = 7.3 x 10° m is the planet semi-major axis and
w = 2% with orbital period 7' = 11.18d = 9.7 x 10°s. The mass of Proxima b
is estimated to be Mp,, = 9.6 x 10?* kg, and the mass of Proxima Centauri
is estimated to be Mp,c = 2.4 x 10* kg. All the astronomical data has been
taken from [10].

The maximum value of Proxima b acceleration is given by ap,, = |7(t)|maz
= row? ~ 0.306 m/s?. The maximum value of Proxima Centauri acceleration
is then obtained through the third law of dynamics, Mp,.c-ap.c = mprp-apryp,
giving ap,c = g2t ap,p ~ 1.21 X 1075 m/s%.

Thus, the maximum absolute value of z is

/
_ o d
P E 2t 54 % 1078, (13)

c2
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Let us compare this value with the maximum radial Doppler shift within
the same approximation. The maximum value of Proxima b radial ve-
locity is given by vp.p = [F(t)|lmae = Tow =~ 4.7 x 10*m/s. The maxi-
mum value of Proxima Centauri radial velocity is then obtained by applying
the conservation of linear momentum, Mp, ¢ - vp.c = Mprp - Uprp, giving
Uprc = E}I;:gaprb ~ 1.9m/s.

Thus, the maximum absolute value of zpgyper = 2 (for v < ¢) due to
the standard Doppler shift is

v—1 UprC

~7.7x107°. (14)
C

|Z|max Doppler —

I//

5 Discussion

In sections 2 and 3, we have shown that the derivation of egs. (3) and (4)
is straightforward and sound. However, as anticipated by the calculations in
the preceding section, these new relations bring several issues with themselves
that we shall discuss.

First and foremost, with the case of the relatively close Proxima Centauri,
the maximum frequency shift due to eq. (4) is expected to be three orders of
magnitude larger than the maximum Doppler shift due to its radial velocity
(egs. (13) and (14)). Unfortunately, no such phenomenon has been found in
any observational data so far.

Moreover, as the distance d between the emitting source and the Earth
increases, the frequency shift should become more and more dramatic, let
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alone the fact that for suitably large d, we could have in fact negative fre-
quency v and At'. As far as this author knows, that has no immediate
physical meaning.

A further problem comes from the case in which the light source always
remains stationary in an inertial frame (frame S’ inertial) while the observer
accelerates (frame S accelerating). As we have already shown at the end of
section 2, equations (3) to (5) are still applicable to this case. Thus, suppose
we are in that situation and now receive a light signal emitted with frequency
V' by a source stationary in an inertial frame distant d = 6 billion ly from us,
therefore a signal emitted 6 billion years ago. The point is: what would be
the frequency v of the light signal that we detect now? According to eq. (4),
the frequency v also depends upon our acceleration a relative to the emitter
at the epoch of the emission, then the actual value of v is doomed to remain
indeterminate. Six billion years ago, we did not exist as observers, not to
mention the state of motion of our reference frame relative to the source back
then. We have no doubt, though, that we do receive a definite frequency.

How can all this be settled? This last conundrum suggests that the prob-
lem may reside in the simultaneity term —%; of the time coordinate trans-
formation (1), particularly its dependence upon distance x.

In the end, our findings appear to be yet another relativity paradox. As
usually happens with special relativity, every new paradoxical result, pro-
vided that it is formally correct, is always considered physically real and an
inescapable consequence of special relativity, however counter-intuitive and
lacking experimental confirmation it may be.

With the present case, though, we believe there is something different
going on. Here, we have macroscopic proofs (on the astronomical scale) that
something is not working as expected in the machinery of special relativity,
not from a mathematical but a physical point of view. We have no simple
solution to this paradox. However, we believe that the problem is in itself
real and worth to be described and discussing.
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