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Abstract

We consider a class of Schrodinger operators — referred to as Schrodinger opera-
tors over circle maps — that generalize one-frequency quasiperiodic Schrédinger op-
erators, with a base dynamics given by an orientation-preserving homeomorphism of
acircle T' = R/Z, instead of a circle rotation. In particular, we consider Schrédinger
operators over circle diffeomorphisms with a single singular point where the deriva-
tive has a jump discontinuity (circle maps with a break) or vanishes (critical circle
maps). We show that in a two-parameter region — determined by the geometry
of dynamical partitions and a — the spectrum of Schrédinger operators over every
sufficiently smooth such map, is purely singular continuous, for every a-Holder-
continuous potential V. For e = 1, the region extends beyond the corresponding
region for the Almost Mathieu operator. As a corollary, we obtain that for every
sufficiently smooth such map, with an invariant measure p and with rotation number
in a set S depending on the class of the considered maps, and p-almost all € T,
the corresponding Schrédinger operator has a purely continuous spectrum, for every
Hoélder-continuous potential V. For circle maps with a break, this set includes some
Diophantine numbers with a Diophantine exponent §, for any § > 1.

1 Introduction

We consider a class of Schrodinger operators H = H(T,V,z) on a space of square-
summable sequences (%(Z), defined by

(Hu)p == tp—1 + Upy1 + V(T"2)up, u € (*(Z), (1.1)
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where V' : T! — R is a potential function, 7' : T — T! is an orientation-preserving
homeomorphism of the circle T! = R/Z, and x € T!. For an overview of recent results on
spectral theory of Schroedinger operators over dynamically defined potentials the reader
is directed, e.g., to [4] (see also [13]).

When the rotation number p of 7' is irrational, this class of operators is a natural
generalization of the one-frequency quasiperiodic Schrodinger operators for which 7' = R,
where R, : * — 2 + p mod 1 is the rigid rotation. In this case, T" is topologically
semi-conjugate to the rotation, i.e., there is a continuous map ¢ : T — T*, such that
T oy =poR, Hence, if pis irrational, 7" o p = ¢ o R7, for every n € N, and we have
H(T,V,z) = H(R,,V o ¢,y), where z = ¢(y), y € T".

In some cases, the spectral properties of H(T,V,x) can be deduced directly from the
spectral properties of the corresponding Schrodinger operator over R,, using this identity.
In particular, if T is an analytic circle diffeomorphism with rotation number satisfying
Yoccoz’s H arithmetic condition [25], it follows from the theory of Herman [10] and Yoc-
coz [25] that ¢ is analytic, and the spectral properties of H (T, V, x), with V analytic [12]
follow directly from Avila’s global theory of one-frequency quasiperiodic Schrédinger op-
erators over rotations [1]. Although for circle diffeomorphisms 7" with Liouville rotation
numbers the conjugacy to the corresponding rotation can even be singular, certain spec-
tral properties of H(T,V,x), with potentials of the same regularity, are still analogous
to those of the one-frequency quasiperiodic Schrodinger operators over rotations with the
same rotation numbers.

In this paper, we initiate the study of Schrodinger operators over more general circle
maps. We are interested in rigidity properties of these systems, i.e., properties of these
systems that are the same in a large class. We are interested in the spectral phase diagram
of Schrédinger operators over circle maps and, in particular, the singular continuous phase.
Such a phase diagram emerges in one of most studied examples — the almost Mathieu
family — which corresponds to ' = R, and V(z) = Acos(2mz). It was conjectured
by Jitomirskaya [11] (Problem 8 therein), and proved by Avila, You and Zhou [2], that
the almost Mathieu operator has a purely singular continuous spectrum in the region
0 < L(E) < 8 and that L(E) = g is the boundary between continuous and pure point
spectrum, for almost all z € T!, where L(E) is the Lyapunov exponent and

B = B(p) := limsup i k"“, (1.2)

n—oo Qn

with k, and ’;—:, n € N, being the partial quotients and rational convergents of p € (0,1)\Q
(see section 2.2). It was shown in [12] that, in the same region, the spectrum is singular
continuous for Schrodinger operators H (T, V,z) with Lipschitz continuous potentials V'
over C'*BV_smooth circle diffeomorphisms T, for almost all z € T!, suggesting that
L(FE) = [ could be the boundary between continuous and pure point spectrum, in this
case as well. A natural question to ask is if the latter holds for Schrodinger operators



over general circle maps, for sufficiently regular potentials. The main result of this paper
provides a negative answer to that question.

Here, we focus on spectral properties of Schrédinger operators over circle diffeomor-
phisms with a singularity, i.e., smooth circle diffeomorphisms with a single singular point
where the derivative vanishes (critical circle maps) or has a jump discontinuity (circle
maps with a break). Over the last couple of decades, these maps played a central role in
the rigidity theory of circle maps — an extension of Herman’s theory on the linearization
of circle diffeomorphisms [9, 14, 15, 18|.

In the case of circle maps with a break at xy,, the type of singularity is characterized

by the size of the break
TL (-Ibr)
ci=y/ 1. 1.3

In the case of critical circle maps, we assume that in some open neighborhood of the critical
point z., the derivative of the map is of the order |z —z.|"7!, i.e., T'(x) = O(Jx — z.]"™!),
for some v > 1, and the type of singularity is characterized by the order of the critical
point v. We call a diffeomorphism with such a critical point, or with a break point,
a diffeomorphism with a singularity. A diffeomorphism with a singularity is said to be
C"-smooth if it is C"-smooth outside the singularity point.

We begin with a few more definitions. A number p € R\Q is called Diophantine of
class D(6), for some & > 0, if there exists C > 0 such that |p — p/q| > C/¢**°, for every
p € Z and ¢ € N. The set of all Diophantine numbers is denoted by D := Us>oD(d) and
the complement of this set in R\@Q is the set of Liouville numbers. If p € D(0) N (0, 1),
then limsup,,_, hif’;:l < 0 and, thus, S(p) = 0. We call a Liouville number p € (0, 1)

exponentially Liouville if 5(p) > 0 and super Liouwville if B(p) = oco. The set of all super
Liouville numbers will be denoted by S,.

Let

kop, ) k
Be = Pe(p) := limsup 2 +1, and S, = B,(p) := limsup 2

n—o00 4on n—oo {on—1

(1.4)

The following theorem, which is a corollary of the main results of this paper holds for
r>2and S = &, US,, in the case of circle maps with break, and for » > 3 and S = S,
in the case of critical circle maps. Here, Sy, is the set of p € (0,1)\Q such that Sy, = oo,
where [y, = Bue(p) := Se if the size of the break ¢ < 1, and By, = P (p) := B, if the size of
the break ¢ > 1. Since the rotation number p of T is irrational, 7" is uniquely ergodic [7].
We will denote by p the unique invariant probability measure of T'.

Theorem 1.1 For every C"-smooth circle diffeomorphism with a singularity T, with ro-
tation number p € S and the invariant measure p, and p-almost all x € T, the cor-
responding Schrédinger operator H(T,V,x) has a purely continuous spectrum, for every
Hélder-continuous potential V : Tt — R.



Remark 1 For C'*3V_smooth circle diffeomorphisms and a set S = Sz, an analogous
claim was proved in [12]. A map is said to be C**BY-smooth if it is C'-smooth with the
logarithm of the derivative of bounded variation.

Remark 2 The set S = S, U S, of rotation numbers for which the theorem holds in
the case of circle maps with a break contains not only Liouville numbers but also some
Diophantine numbers of class D(0), for any § > 1.

Ergodic Schrodinger operators are intimately related to a family of cocycles — dynam-
ical systems associated with each eigen-equation Hu = Fu. In the case of Schrédinger
operators over circle maps with irrational rotation numbers, the cocycle is given by

where A € SL(2,R), x € T!, y € R% If u = (un)nez is a sequence satisfying Hu = Fu,

then
(“nﬂ) = A,(z, B) < tn ) . where A,(z,E) = (E B Vl(T%) _01) (1.6)

Un, n—1

(uzil) = Fule. E) (5_01) ) (1.7)

where P, (z, E) =[]} Aj(x,E)=Ap1(x, E) ... Ao(z, E).

1=n—1

is the transfer matrix. Thus,

We define the Lyapunov exponent

n—oo

1
L(E):= lim [ L,(z,F)du, where L,(z,FE):= Hln | Pn(z, E)||. (1.8)

Due to submultiplicativity of P,(z, E), L(E) exists. Since T is ergodic, by Kingman’s
ergodic theorem, for almost every =,

L(E) = L(z,F) := T}Lrlgoéln | Pn(z, E)||. (1.9)

Different components of the spectrum of an operator H(T,V,z) are denoted by oy,

(absolutely continuous), oy, (singular continuous) and o,, (pure point). We also denote

by Spp(x) the set of eigenvalues of H(T,V,z), with o,,(x) = Sp,(x). Finally, we set H =

(*(Z), Hs.(x) the corresponding singular continuous subspace, and P4(x) the operator of
spectral projection on a Borel set A, corresponding to H(T,V, x).

For circle maps with a break, we have the following claim.



Theorem 1.2 Let T : T' — T' be a C***-smooth (¢ > 0) circle diffeomorphism with a
break of size ¢ # 1, a rotation number p € (0,1)\Q, and an invariant measure . For
p-almost all x € T, and any a-Hélder-continuous potential V : T' — R, a € (0, 1], we
have

(i) Spp(x)N{E:0< L(E) < amax{%ﬂbr\ Incl,26}} =0,

(1) Plp:0<1(B)<amax{} 8o nel26} (T)H C He().

For critical circle maps, we have the following claim.

Theorem 1.3 Let T : T' — T be any C"-smooth critical circle map, r > 3, with a
rotation number p € (0,1)\Q, and an invariant measure p. For p-almost all x € T, and
any a-Hélder-continuous potential V : T — R, a € (0, 1], we have

(i) Spp(z) N{E:0 < L(E) < 2a8} =0,
(1) Pipo<r(p)y<208)()H C Hoe(w).

Remark 3 The regions in the (8, L(E)) plane with purely singular continuous spectrum
in Theorem 1.2 and Theorem 1.3 extend beyond the corresponding region in Theorem 1.5
of [12] for circle diffeomorphisms and, for « = 1, beyond the corresponding region for the
almost Mathieu family (Theorem 1.1 of [2]).

Theorem 1.2 and Theorem 1.3 can be stated in a unified way, and the main result of
this paper can be formulated as follows. Let
Int,
Omax = lim sup M, (1.10)

n—oo Qn

where /,, = min |7,,(I)| is the length of the smallest renormalized interval of

[€Pny1,ICAL ™Y
partition P, inside the fundamental interval A(()n_l) of partition P, (see section 2.2).

Theorem 1.4 Let T : T' — T! be any C"-smooth, v > 3, circle diffeomorphism with a
singularity, with an irrational rotation number p € (0,1), and an invariant measure .
For p-almost all x € T, and any a-Hélder-continuous potential V : T' — R, a € (0,1],
we have

(i) Spp(x) N{E:0 < L(E) < admax} =0,
(i1) P{E:0<L(E)<adme} (T)H C Hae(T).

Remark 4 This theorem can be extended to circle diffeomorphisms with finitely many
critical or break points.



Remark 5 It seems reasonable to expect that for Schrodinger operators over sufficiently
smooth circle maps, in a large class of maps including circle diffeomorphisms with singu-
larities, for p-almost all x € T!, and sufficiently regular potentials, the boundary between
the continuous and pure point spectrum is given by L(E) = dyax, i.e., that the spectrum
is pure point with exponentially decaying eigenfunctions for L(E) > dyax-

The proofs of these theorems use tools of both spectral theory of Schrodinger operators
and one-dimensional circle dynamics. In the next section, we state a sharp version of
Gordon’s theorem, and introduce dynamical partitions of a circle and renormalizations of
circle maps that play an important role in our analysis. In section 3, we define two sets of
full invariant measure for circle maps with a break, and prove Theorem 1.2. In section 4,
we define a set of full invariant measure for critical circle maps, and prove Theorem 1.3.
In section 5, we give a proof of Theorem 1.4.

2 Preliminaries

2.1 A criterion for the absence of eigenvalues

In this section, we state a sharp version [12] of a theorem of Gordon [8] that has been used
to prove absence of point spectra of one-dimensional operators since the pioneering work
of Avron and Simon [3]. Such a sharp version was used in [2] to establish the singular
continuous phase for the almost Mathieu operator.

Consider a Schrédinger operator H on (?(Z) given by the action on u € (%(Z), as
(Hu)p = tpi1 + Up—q1 + V(n)uy,. (2.1)

As in (1.6), we can define the transfer matrix A,(F) and, as in (1.7), the n-step
transfer-matrix P,(E) = [[° A;(E). Let also P_,,(E) = [, (A;(E))~!. Let

i=n—1 i=—n

A(E) := limsup W

[n]—o0 n

(2.2)

Clearly, for bounded V, A(F) < oo, for every E.

Theorem 2.1 ([12]) Assume that there exists 5 > 0, and an increasing sequence of
positive integers q, diverging to infinity, such that the sequence {V(n)}nez in (2.1) satisfies

max [V (j) = V(j£g,)| <e . (2.3)

0<j<gn

If B > A(E), then E is not an eigenvalue of operator (2.1).



Proof. We give the proof of Theorem 2.1 for completeness of the presentation. Since F is

fixed, we will suppress it from the notation. Taking into account that P_,, = H?ial Ai:lqn

0 _ — )y 0 0
= (I 1 Aima) ™ = (B and Poy, = Ty, 1 A = (IT, 1 Aivg) Pa =
Péf”)Pqn, where PV = I Aq ik, and applying the telescoping identity', to P, and

i=n—1

(Pq(n_ q"))_l, and P, and P respectively, we obtain that, for any ¢ > 0, and sufficiently
large n, we have

1P-g, = Pyt < e, (2.4)
1 Pag,v = Py wll < 259017 0.

Assume there is a decaying u such that Hu = Fu. Let v = (up,u_;)? and assume
|v|l = 1. Then, for sufficiently large n we have max{||P,,v||, ||P-q. V||, || P2.v|} < 1/2.
Since, by the characteristic equation, P, — Tr P, I + Pq:Ll = 0, using (A.2) (assuming
¢ < f — A) and applying the characteristic equation to v, we obtain |Tr P, | < 1, for n
large enough. Applying another form of the characteristic equation, Pq2n ~Tr P, P, +1=0,
again to v and using (2.5), we obtain, for large enough n, || P, v|| > 1/2, which leads to
a contradiction. QED

Consider the Schrédinger operator (2.1) with V,, = V(T"x) where V : T! — R is a
bounded real-valued function on the circle and 7' is an orientation-preserving homeomor-
phism of a circle with an irrational rotation number p. Let the Lyapunov exponent L(FE)
be defined as in (1.8). We then have

Theorem 2.2 Assume that for some x € T', C > 0 and B > 0, there is a sequence of
positive integers q, — oo such that

sup |Visg, (z) — Vi(z)| < Ce P, (2.6)

0<i<gn
If L(E) < j3, then E is not an eigenvalue of the Schrédinger operator H(T,V, x).

Proof. In order to apply Theorem 2.1, it suffices to prove limsupy,_, w < L(E).
This follows from a result of Furman [6]. QED

For a sequence ¢, — 00, let

PR 1 ; i — T !
B = Blz) = lim it 2EPosice, 173 = Tk )™ (2.7)

n—o0 qTL

where z; = T"x.
Let opp, Pa,H,Hsc be as in Theorem 1.2 and Theorem 1.3.

1pn — ﬁn = Z?:_Ol An—l - Ai_;,_l(fii — Avi);{i_l - AVO



Theorem 2.3 Let V : T' — R be a a-Hélder continuous real-valued function on the
circle, with o € (0,1). Then, we have

(i) Spp(2) N{E:0 < L(E) < ap} =0,

(11) Ppocrcapy(®)H C Hae(2).
Proof. It suffices to prove part (i) of the claim, i.e., to exclude the point spectrum. Part
(77) of the claim then follows from Kotani’s theory [19, 20, 21], a-independence of the
absolutely continuous spectrum [22], and the minimality of 7', since the set {F : L(E) > 0}
does not support any absolutely continuous spectrum.

If L < af, then v; = V(T'x) satisfy the assumption (2.6) of Theorem 2.2 for any 3
satisfying L < 8 < aB. The claim follows. QED

In order to prove Theorem 1.2, and Theorem 1.3, we need appropriate bounds on B ().

2.2 Dynamical partitions of a circle and renormalization

The quantity B (x) involves the information about the geometry of the dynamical parti-
tions of a circle. These partitions are obtained by using the continued fraction expansion
of the rotation number p € (0,1) of the circle map T'. Every irrational p € (0,1) can be

written uniquely as
1

I —

k2+k3+4..

P = [k17k27k37"']7 (2-8)

with an infinite sequence of partial quotients k,, € N. Conversely, every infinite sequence
of partial quotients defines uniquely an irrational number p as the limit of the sequence
of rational convergents p,,/q, = [k1, k2, ..., k,], obtained by the finite truncations of the
continued fraction expansion (2.8). It is well-known that p, /¢, form a sequence of best
rational approximations of an irrational p, i.e., there are no rational numbers, with denom-
inators smaller or equal to ¢,, that are closer to p than p,/g,. The rational convergents
can also be defined recursively by p, = k.pn_1 + pn_o and ¢, = k,qn_1 + ¢n_o, starting
with po=0,¢p=1,p_.1=1,q¢_1 =0.

To define the dynamical partitions of an orientation-preserving homeomorphism 7" :
T! — T!, with an irrational rotation number p, we start with an arbitrary point zq € T*,
and consider the semi-orbit z; = Tz, with i € N. The subsequence (z, )nen, indexed
by the denominators ¢, of the sequence of rational convergents of the rotation number
p, is called the sequence of dynamical convergents. It follows from the simple arithmetic
properties of the rational convergents that the sequence of dynamical convergents (z,, )nen,
for the rigid rotation R, has the property that its subsequence with n odd approaches
xo from the left and the subsequence with n even approaches xy from the right. Since



all circle homeomorphisms with the same irrational rotation number are combinatorially
equivalent, the order of the dynamical convergents of T is the same.

The intervals [z,,, zo], for n odd, and [z, z,,], for n even, will be denoted by Aé”).
We also define Agn) =T i(A[(]") ). Certain number of images of A(()n_l) and A(()n), under
the iterations of a map 7', cover the whole circle without intersecting each other except
possibly at the end points, and form the n-th dynamical partition of the circle

Po 1= {T(AF ) 10 <i < g} U{TH(ALY) 0 < i < gui}. (29)

Intervals A(()"fl) and A(()") are called the fundamental intervals of P,. These partitions are
nested, in the sense that intervals of partition P, ; are obtained by dividing intervals of
partition P, into finitely many intervals.

The n-th renormalization of an orientation-preserving homeomorphism 7" : T! — T*,
with rotation number p, with respect to partition-defining point zq € T*, is a function f,, :
[—1,0] — R, obtained from the restriction of 7% to Aé"fl , by rescaling the coordinates.
If 7,, is the affine change of coordinates that maps z,, , to —1 and z, to 0, then

fni=TpnoT™or 1. (2.10)

If we identify x¢ with zero, then 7, is just multiplication by (—1)"/ |Aén71)\. Here, and in
what follows, |I| denotes the length of an interval I on T*.

In the following, we will use the singularity point (i.e., the break point xy,, in the case
of circle maps with a break, or the critical point z., in the case of critical circle maps) as
the partition-defining point x;.

3 Schrodinger operators over circle maps with a break

3.1 Renormalizations of circle maps with a break

A C"-smooth circle diffeomorphism (map) with a break is a map T : T' — T!, for which
there exists 1, € T' such that T € C"([xpr, 1y + 1]); T(2) is bounded from below by a
positive constant on [zy,, z1,, + 1]; the one-sided derivatives of T" at xy, are such that the

size of the break,
T/_ (l‘br)
ci=y/ 1. 3.1

The following properties of renormalizations of C?**-smooth circle maps with a break,
with € € (0, 1), will be crucial to prove Theorem 1.2.

Let V := Var,em InT'(z) < o0.




(A) |In(T) (x)| <V, for all z € T' (at points where the derivative has breaks, both
left and right derivatives are considered);

(B) There exists K; > 0 such that || f,||c, < K3, for all n € N;
(C) There exists Ky > 0 such that f/(z) > Ks, for z € [-1,0], for all n € N;

(D) There exists K3 > 0 such that, for sufficiently large even n, if ¢ < 1, and odd n, if
c> 17 f;:(l') S _Kg, fOI‘ T € [—1,0],

(E) There exists K, > 0 such that, for sufficiently large even n, if ¢ > 1, and odd n, if
c<1, fl'(x) > Ky, for x € [-1,0].

Estimate (A), that we will refer to as Denjoy’s lemma, has been proven in [17, 23|.
Estimates (B), (C) and (D) have been proven in [14].

(
From the estimates proved in [14], we also have the following. Let a, = LA#

¢, = 0",

Proposition 3.1 There exists A € (0,1) such that f/(-1) — ¢! = O(a, + \") and
f1(0) = ¢ = O(ay, + A™).

We will also formulate and use the following lemma that is a generalization of a lemma
by Yoccoz [5]. Yoccoz’s lemma applies to C3-smooth negative Schwarzian derivative
diffeomorphisms (see section 4.1), and does not apply to renormalizations of circle maps
with a break, which approach fractional linear transformations. In the following lemma,
negative Schwarzian derivative condition is replaced by conditions (ii) and (iii). We give
a proof of this lemma in the appendix. Let k € N and let Ay, A, ..., Agiq be consecutive
closed intervals on an interval or a circle.

Lemma 3.2 Let | = AfUAsU---UAg and let f: 1 — Ay UA3U---UApq be a
C?**e_smooth diffeomorphism, € € (0, 1), satisfying f(A;) = Aip1. Assume that there exist
constants K, K', K" > 0 such that

@) Ifllcz < K
(i) the set B :=={z € I: f(z) —z < K'} is either an open interval or empty;
(iii) f"(z) > K", for every z € Bg.

If |Av], |Ag| > o], for some o > 0, then there ezists a constant C > 1, such that

1 1 A < 1

. 2
i 1= = 1] = Cmm{ k1= (3:2)

10



3.2 Concave renormalization graphs and set F of full measure

In this section, we construct a set of full invariant measure for which we have appropriate
control on the distances of dynamical convergents, i.e, control of the quantity B in (2.7),
in the case of circle maps with a break. The crucial facts behind these constructions are
that the graphs of the renormalizations f,, of circle maps with a break, for sufficiently
large n, alternate between being convex and concave and that, in the concave case, the
lengths of the intervals of the next level partition P, i, inside a fundamental interval
A(()n_l) of dynamical partition P, grow exponentially near the end points of this interval,
as the distance from these points increases as follows from Proposition 3.1.

Let (0,,)nen, be an increasing subsequence of 2N, if ¢ < 1, or an increasing subsequence
of 2N — 1, if ¢ > 1, such that the corresponding sequence (k,, 11)nen of partial quotients
diverges to infinity. In this section, we assume that such a subsequence exists.

The following proposition provides estimates on the derivatives of the concave renor-
malizations near the end points of the renormalization interval [—1, 0].

Proposition 3.3 For every € > 0, and sufficiently large n € N, |f. (z) — ;| <€, for
r € [-1,-14+06(¢)], and |f, () —c,,| <€, for x € [-O(e),0].

Proof. It follows directly from Proposition 3.1, since a,, decreases exponentially in k,, 1.
QED

Using this proposition, we can obtain estimates on the number of iterates of renormal-
izations in constant size intervals near the end points, and the size of the smallest interval
of partition P, 41 inside P, .

Proposition 3.4 For every e > 0, if

N, = Card{Tgn(A;::Lann) Cl-1,-146i=0,... k41 —1}, 33
Ny = card{r,, (A" ) C(—€,0][i =0,... ky41— 1}, '

q0n71+iq0n
then Nl = %kan-i-l + O(G)k’gn_H and N2 = %k’gn_H + O(E)k‘gn_;,_l.

Proof. To be specific, let us assume that N; > Ny; the proof in the opposite case is
similar. From Proposition 3.3, we have

70, (A )] < O((c + 8(e)™), (3.4)

and
Ton (A st i, )| 2 O = O()™), (3.5)
Since, by the Denjoy estimate (A), |7, (A" )| = @(‘Tan(A((;:)fw(kaﬁrl)qgn)’)’ we have

N1—Ny = O(€)k,, +1. Since N1+Ny = k,_ 1, and the number of intervals Tan(A(U") )

dop—1 +i(Io'n

11



[—1,—1+€)U(—¢,0],fori=0,...,k,, 11— 1, is bounded by a constant, the claim follows.
QED

Corollary 3.5 For every € > 0, and sufficiently large n € N,

— )3 (14+0() ko1 < ; (on) ) < La-e(€)ks,+1
O((c,, —€)2 ) < OSiSIIEE,grl |T0"(AQUn—1+ZQGn)| < O((cy, +€)2 ).
(3.6)

Let € > 0. Let 7, € (0,1/2), n € N. For n € N, let

T i= {1 € Prpar [ 1€ AT NAT™, 7, ()] < (g, + ) onst | (3.7)
Let .
E.o:= U I, and E,;:=T(E,o), for i=1,...,q, — 1 (3.8)
IEITL,O
We define
qﬂnfl
E,:= | B (3.9)
i=0
and
E =limsup E,, = ﬂ U E;. (3.10)
n—o00 n>1j>n

Let (1,)nen be a sequence such that the series Y~ In(2n,) diverges. It suffices to take
n, =n € (0,1/2). In particular, n,k,, 11 — 00, as n — 0.

Proposition 3.6 For sufficiently large n € N, u(E,) > 1 — 2n,.

Proof. For sufficiently large n, the number of the elements I of partition P,, ., inside
of A(()U"_l)\A(()U"H), that do not belong to E, g is smaller than 2n,k,, .1 — 2. Otherwise,
there exists Cy > 0 such that, for € > 0 not larger than that of Proposition 3.3, a O(¢)-
neighborhood of at least one of the end points of [—1, 0] contains at least n,k,, 1 —Co—1
rescaled intervals 7, (I) with I € P, 41 and I € A" NAL™ but I ¢ Z.o. Here,
we have also used the fact that the number of such intervals I with 7, (I) N (=1 +
O(e),—O(€)) # 0 is less than 2Cy, for some constant Cy > 0. Since the length of these
rescaled intervals increases exponentially in these e-neighborhoods near the end points —1
and 0, as one moves away from the end points, with rate at least c;nl — ¢, the length of
the largest of them would be at least

(1+ (g = Co, )€ — €2)Mhants

(Co,, €)M st (et — )i =C0Th = (c; 1 — e)Co+1

On

> 0(e), (3.11)
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for sufficiently large n, if € > 0 has been chosen small enough, which leads to a contradic-
tion.

Since the partition P,, consists of ¢, “large” intervals A" = Ti(AL ™) for
t =0,...,9,, — 1, each of which has invariant measure ,u(Agf"_l)) and q,,—1 “small”
intervals Aga”) = Ti(AéU”)), fori=0,...,¢,,-1 — 1, each of which has invariant measure

,u(A[()U") ), and since the interval A(()U"_l) consists of the union of k,, ;1 disjoint (except at
") € P, +1,fori=0,...,k, +1 — 1, each of which has

. . (o
the end points) intervals A ™ ;. -

invariant measure p(AY™), and AP ¢ AP | we have that the invariant measure of
the complement of F, is

HES) < (20ako, 1 = 200, 1(AS™) + o, f( AT ) + g5, apn(AF™), (3.12)

and, hence,
B(ES) < 200k 1100, tH(AS™) < 200G, 111(AFY) < 21 (3.13)
Here, we have also used that ¢,, 1 < ¢,,. The claim follows. QED

Proposition 3.7 u(E) = 1.

Proof. Each “large” interval of partition P; is partitioned into k;; “large” intervals and
one “small” interval of partition P;;;. Each “small” interval of partition P; is a “large”
interval of partition P;,;. This partitioning occurs in an identical way as the partitioning
of the whole circle T!, which is the only interval of partition Py. For a fixed m € N, the

ratio (o)
LL(E??L N A0£rm ) -

= = |Ef]| (3.14)
p(AT™)
where Ej is defined analogously to (3.9) and (3.8) for the rotation Rj, with the rotation
number p = [k,, 42, ko 43, .|, . =N —m, 65 = 0, — O, and with
iﬁqo = {Aq&ﬁ_1+i(}'&ﬁ : A((]::)fl-‘riqgn < In,O; 0 S 1 S kgn+1}, (315)

for all n € N.

Following the same reasoning as at the end of the proof of Proposition 3.6, we ob-
tain that the Lebesgue measure of the complement of Ej, |ES| < 2n,, for 7 € N, this
immediately gives us, for a fixed m € N,

w(E; N E;,) = | E5|u(E;,) < 2nau(Es,), (3.16)
and, thus,
p(UjsnEj) = 1= p(Ny=nES) > 1= [ (2n)). (3.17)
i=n

If the sequence 7; is such that the series > 72 In(2n;) diverges, u(U;>,E;) = 1, for any
n € N. The claim follows. QED
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3.3 Distance of dynamical convergents

In the following, we consider the class C'*BY of orientation-preserving homeomorphisms
of a circle T', C'-smooth outside a singularity point xo € T!, with an irrational rotation
number and bounded variation V := Vargen InT'(§) < oo. In particular, C'-smooth
circle maps with a break belong to this class. The following proposition holds for all
intervals [y C Aé"fl) such that Iy € P,.1, and the corresponding intervals I; = T%(Iy),
© € Z. The point that defines the partitions P, is chosen to be the singularity point xo.

Proposition 3.8 If T is a C'*BY orientation-preserving circle homeomorphism with a
singularity at )gg € T, with an irrational rotation number, there exists C; > 0 such that

|| < Cy |A(n IA&]'”\ foralli=0,...,q,—1, and all n € N.
Proof. Fori=0,... — 1, there exist (;_1 € I,_1 C Af” Y and &1 € A U such that
\Iz'| _ TU-)] _ T(Gi-1) i (3.18)

N N A CING

This implies the estimate
IZ T/ 71— T, 71— I’l—
i (1 e T el 51

|Ai | (& ) ‘Aifl ’

By iterating this inequality, we obtain that, for some (;,¢; € A§"_1)

|I| <H< LT - T’(ﬁj)l) [lol (3.20)

mingem 77(§) |Aé”—1)|
Using the obvious mequahty 1+ 2 < e”, we obtain
I; T'( 1
|A ‘ m1n£€T1 T ) AT
Since, for 7 =0,...,q, — 1, the intervals Ainfl do not overlap except possibly at the end
points, we have
qn—1 gn—1
Z T'(G) = T € maxT'(€) 3 I T'(G) = mT'(&)] < Vmax T'(¢),  (3.22)
- S
p

where V' = Vargem InT7(§). Since T" is bounded both from below and from above by
positive constants, the claim follows. QED

Let I, = maxeem [T — €|, If T is a C**BY orientation-preserving circle homeomor-
phism, the Denjoy estimate (A) implies (see Lemma 2 in [23]) that, for some C' > 0,
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(F) I, < CA\", where A = —1

1+e—2V"

Proposition 3.9 If T is a C*™-smooth (¢ > 0) circle diffeomorphism with a break of
size ¢ € RT\{1}, then there exists Cy > 0 such that, for all x € E, there are infinitely
many n € N such that

[T — x| < Co|l A" (c,, + €)kensr, (3.23)
where A§~U"_1) s an element of partition P,, containing x.

Proof. For every x € FE, there are infinitely many n, such that « € FE,. Further-
more, there exists an element /; of partition P, inside F,; C Ag»a’rl), for some j =
0,...,¢s, — 1, such that z € I;. It follows from the definition of £, o and Proposition 3.8
that there exists x € E,, ;, such that I; = [x,T%»x] and |[;| < Cl|A§-‘T"—1)|(can + €)Mmkon+1,
Therefore,

o = x| < |T%x = x| < C1|AS" V(g + )b, (3.24)

Since, by the mean value theorem, there exists ¢ € I; such that
Tong = Ty + (T%)(¢)(z — x), (3.25)

using the Denjoy estimate (A) and the first inequality in (3.24), we obtain the following
estimate

[T — x| < (T%) (O — x| + [T x = x| + |z — x| < (e +2)|T%"x — x|. (3.26)
The claim now follows using the second inequality in (3.24). QED

Let ; = T'x and let [; := [x;_,, , x;], if n is even, and I; := [z;,2;_,,], if n is odd. Let
xo € T, x; = TVx0, and let A

D (xg) i= [Ty, x;), if m is even, and A"V (xo) ==
[xj, T9=1x,], if n is odd.

Proposition 3.10 If T is a C'™BY orientation-preserving circle homeomorphism with a
singularity at xo € T, with an irrational rotation number p € (0,1), and x € A;n_l)(x()),
then there exists C'3 > 1 such that

1] < GIAT D () |A(n”z;'X0),, (327)
foralli=0,...,q, — 1.
Proof. It follows from the mean value theorem that, for : = 0,...,¢q, — 1, 7 # ¢, — J,
there exist & € A"V (x;_g.) UA™ (x,_,.) and ¢; € A" (y;_,.), such that
| £i] _ T (Li41)| _ | Li41] T'(G) (3.29)

AV 0G—a)l 1T AL Ogma))] 1AL (G| TE)
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This implies the estimate

I I T'(¢) — T'(&
(n—1’> | < (n—‘nm (H | (C\%’(é)\(m)' (3.29)
A (Xj—ga)| |Ai+1 (Xj—qn)| v
For ¢ = ¢, — j, the same estimates hold, just that &; is not necessarily a point in

Agn_l)(xj_qn) U Agn)(Xj_qn), but just some point & € T'. Namely, if I,,_; contains the
singularity point xo, /g, —; and I, ;41 can be divided into two subintervals, such that the
ratios of lengths of the corresponding subintervals equals the values of 7" at some points
in these subintervals. Therefore, the ratio |I,,_j11|/|1,,—;| is between the minimum and
maximum value of 7" and such a value is achieved at some point &, _; on the circle.

By iterating the latter inequality, we obtain

4 < Lo 1 exp (""i ITG) - T’(g@\) . (3.30)

A g0l 187 minger: [1'(¢)]

1 J

Since the intervals A,En_l)(xj_qn), for i =0,...,q, — 1, belong to the same partition of a
circle, for k =1,...,q, — 1, we obtain
I; 1 T’
Ll (masen ) )
AT (G=a)l 1A (x0)] minger: [T"(¢)]

Factor 3 appears by using again the first inequality in (3.22), using the triangle inequality
taking into account all possible orderings of the points (, and & (e.g. (iyg, , < & <
itgn » < (), and estimating the term

|1nT,<an—j) - lnT,(gqn—j” <|In T/(an—j) - th'(on_jﬂ + |lnT’(§;n_j) —In Tl(f%—j)’a
(3.32)

where 7 . is any point in Aéﬂfl)(XO). The claim follows. QED

Proposition 3.9, Proposition 3.10 and Denjoy estimate (A) imply the following lemma.

Lemma 3.11 If T is C*™-smooth (¢ > 0) circle diffeomorphism with a break of size
c € R"\{1}, with an irrational rotation number p € (0,1), then there exists Cy > 0 such
that, for all x € E, there are infinitely many n € N such that, for alli=0,...,2q,, — 1,

‘in — l’i_qdn| S C4lan_l(60'n + G)nnka"'H . (333)

Proof. For ¢ = ¢,,, the claim holds directly from Proposition 3.9, with Cy > Cb.
Proposition 3.9 and Proposition 3.10 together imply (3.33) for ¢ = 0,...,q,, — 1, with
Cy > C5C5. Using the Denjoy estimate (A), the bound (3.33) can be extended to i = ¢,, +
1,...,2q,,—1, with Cy > CyCse", since |Titq,, —Ti| < ev\xi—xi,qan |, fori =1,...,¢,,—1.
QED
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3.4 Convex renormalization graphs and set € of full measure

In this section, we construct another set of full invariant measure for which we have
appropriate control on the distances between points of an orbit and their dynamical
convergents, i.e, control of the quantity 4 in (2.7), for circle maps with a break.

Let (0y,)nen, be an increasing subsequence of 2N — 1, if ¢ < 1, or an increasing sub-
sequence of 2N, if ¢ > 1, such that the corresponding sequence k,, 1 of partial quotients
diverges to infinity. In this section, we assume that such a subsequence exists. Let (7, )nen
be any sequence of positive numbers converging to zero such that the sequence n,k,, 11
diverges to infinity as well, and n"" converges to zero, as n — oo. Consider partitions P,
defined with the partitions deﬁmng point xq being the break point xy,.

Proposition 3.12 If T is C*™-smooth circle map (¢ > 0) with a break of size ¢ # 1 and
wrrational rotation number, then there exists a constant € > 1, such that, for sufficiently
large n,
1 1
min{i + 1,k,, 41 —i}> —

fori=0,... ks 11— 1.

o 1
<7, (A( "

< 3.34
qopn— 1+7’q‘7") - IIllIl{Z + ]-7 kO’n"Fl - 2}27 ( )

Proof. For sufficiently large n, renormalizations f,, of C?T¢-smooth circle maps with a

break, and intervals 7, (AEI‘Z:L tige,)s for i =10,... k, 11 — 1, satisfy the assumptions of
Lemma 3.2. Clearly Tgn(Aé‘Z"L i) = fn(Tan<A§Z:),l tig,, ) and if follows from prop-

erty (C) that, for sufficiently large n, renormalizations f,, are C***-smooth circle diffeo-

((IZ:L tigs, ). 1t follows from the Denjoy estimate (A)

that there exists o > 0 such that the lengths of 7,, (AZ™ ) and Tgn(A(gnilJr(ko 1o,
are of the same order and at least o, due to property (E). Condition (i) follows from
property (B). Convexity property (E) assures conditions (ii) and (iii). The claim follows
directly from the assertion of this lemma. QED

morphisms on [—1,0] D U§i76+1_17—0n (A

For each n € N, let

1
U I, nO _{[G,})Un+l|ICAo'n 1\A(O'n+1) ’To-n< )|§—2},

(3.35)
and let .
i =T(€,0), for i=1,...,¢, —1. (3.36)

)

We define

qopn —

U i (3.37)
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and

¢ :=limsup &, = (][ J & (3.38)

n—00 n>1j>n
Proposition 3.13 pu(€&) = 1.

Proof. It follows from Proposition 3.12 that, for sufficiently large n, the number of the
elements [ of partition P,, .1 inside of Ag’"il), that do not belong to €&, is bounded

from above by Csn,k,, 11, for some C5 > 0. Since the invariant measure of the intervals
T N[N (=1), f2 (—1)]) is independent of ¢ and equal to M(Aéon)), fori =1,..., kg 11,

and AL ¢ T W (=1), fL (=1)]), for i = Ky, 41 + 1, we have

On »Jon

O5nnkan+1:u(A((]0n))

1(€no)/ (7, ([=1,0])) > 1 — kanﬂ,u(AéUn)) n M(AéonJrl))

By the invariance of the measure y, u((‘in,i)/u(Aga”_l)) > 1 — C5ny,. Since

Gop—1 Qop—1—1
ST AT 4 ST pAT) = g (AT ) 4 g (A7) =1, (3.40)
1=0 1=0

Gon 1 < o, and p(AT™) = (11 ([=1, f,,(—=1)])), we have

ka +1
¢,) > (1-Cmy)————. 3.41
H(€) 2 (1= Com) =" (3.41)

Since p(Uj>,€;) > p(€&;), for any ¢ > n, and pu(&;) — 1 as i — oo, it follows that
p(Uj>n€;) = 1, for any n € N. The claim follows. QED

Repeating the steps of the previous section, analogously to Lemma 3.11, we can prove
the following.

Lemma 3.14 If T is C***-smooth circle map with a break (¢ > 0) with an irrational
rotation number p € (0,1), then there exists Cg > 0 such that, for all x € €, there are
infinitely many n € N such that, for alli=0,...,2q,, —1,

1
(/r’nko'n“l‘l)2 '

|7 — Tig,, | < Colo,—1

(3.42)

3.5 Singular continuous phase

Proof of Theorem 1.2. If L(E) < amax{30|Inc|, 28}, then either L(E) < $af|Inc|
or L(E) < 2af. Assume first that L(E) < afy|Inc|. Then the rotation number p is
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such that S, > 0, and there is an increasing sequence o, of even numbers if ¢ < 1, or of
odd numbers if ¢ > 1, such that Gy, = lim,,_, k;:“. Let € > 0 and 1 < 1/2 be such that

n

L(E) < anBu| In(minf{c, ¢!} + €)| and let 5, € (n,1/2), for n € N. We use this € and
these sequences to construct the set E, as in section 3.2. By Proposition 3.7, u(E) = 1.
For every x € E, by Lemma 3.11, there are infinitely many n, such that estimate (3.33)
holds. This implies § > 78| In(min{c, ¢™'} + €)|. Hence, L(E) < «f3, and the claim
follows from Theorem 2.3.

If L(E) < 2af, then 8 > 0, and there is an increasing sequence (0, ),en Of either
odd or even numbers such that 8 = lim,_, hl];"—"“. If (0,)nen 18 a sequence of even
numbers if ¢ < 1, or of odd numbers if ¢ > 1, then Opr = 0o and the claim holds for
the set F, as discussed above. We assume that (0,),en is an increasing sequence of odd
numbers if ¢ < 1, or of even numbers if ¢ > 1. In that case, we choose a sequence (7,)nen
of positive numbers converging to zero such that 7,k,, .1 diverges to infinity, and 12—@
converges to zero, as n — co. We use these sequences to construct a set of full measure
¢ as in section 3.4. For every x € F, by Lemma 3.14, there are infinitely many n, such
that estimate (3.42) holds. This implies 3 > 2. Hence, L(E) < af3, and the claim again
follows from Theorem 2.3. QED

4 Schrodinger operators over critical circle maps

4.1 Renormalizations of critical circle maps

A C"-smooth critical circle maps is a C"-smooth orientation-preserving homeomorphism
T :T' — T, for which there exists a point . € T' such that 7"(x.) = 0; Varge; InT7(§) <
00, for every compact interval I C T such that z. & I; and Alt|"~! < T'(z.+t) < BJt|" !,
for some A, B,v,e > 0, and every [t| < e.

To prove Theorem 1.3, we will use some properties of critical circle maps that follow
from real a priori bounds. Let T be a C®-smooth critical circle map with an irrational
rotation number. The following estimates have been proved in [5].

(a) There exist constants s, 35 € (0, 1) such that, for all n € N,

A('n-‘rl)
n < Al("_l) < 0, 0 <i< qy; (4.1)

1

(b) There exists Ky > 0 such that || f,|lc, < Ky, for all n € N;

(¢) There exists Ky > 0 such that f/(z) > K302, for x € [-1,—¢], for all n € N;
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(d) There exists K3 > 0 such that, for sufficiently large n, Sf,(z) < —Kj, for x € [—1,0),

where Sf := % — % (J}—/,/)Q, is the Schwarzian derivative of f.

Constants sz, 500, K1, Ko, K3 are universal, i.e., they do not depend of the map T, for
sufficiently large n, but only on the order of the critical point. Estimate (a) (with non-
universal constants »; and ), reflecting the bounded geometry of these maps, follows
from Swiatek’s estimates [24|. Estimate (b) follows, in part, from Denjoy’s lemma, which
was, for critical circle maps, proved by Yoccoz [26].

Proposition 4.1 If T is C®-smooth critical circle map with an irrational rotation num-
ber, for sufficiently small € > 0 and sufficiently large n € N, the set F(e) = {z €
[—1,0], fu(2) — 2 < €} is either an open interval or empty. Also, there is 6 > 0 such that
the distances from points —1 and O to the set F(e) are larger than 0. Furthermore, there
exists C > 1 such that, for sufficiently large n € N,

1 1
—1 < To—n(A(n)

V<ce 4.2
min{i + 1, knyq — )2 ~ n-ri0n) S min{i + 1, kpyq — )2’ 42)

forio=0,... k1 — 1.

Proof. For sufficiently small ¢ > 0, the constant size intervals near —1 and 0 do not
belong to F(e), due to (a) and (b). Assume that for some small € > 0, F(e) is not empty.
For every = € F(e), f/(x) must be close to 1; otherwise, since by (a) f is bounded, the
graph of f,, would intersect the diagonal, which is impossible, since the rotation number
of T is irrational. Furthermore, f/(x) must be positive and of order 1. Namely, if it
were of order 1 and negative, the graph would again intersect the diagonal. If it were
small, then it follows from the negative Schwarzian derivative property (d) that f(z)
would be negative and with magnitude of order 1 and, again, the graph would intersect
the diagonal.

Clearly, F(e) cannot be a union of more than one interval. Namely, if this were the
case, there would be some region between such two intervals where the f/(x) is negative
and consequently, there would be a point y such that f/(y) = 0 and f(y) > 0 (since
fl(x) changes sign from negative to positive at y). Since y/,(y) > 0, due to (¢), this would
violate property (d).

For sufficiently large n, renormalizations f, of C®-smooth critical circle maps, and
intervals Tn(Aé:)_lJr(iH)qn) = fn(Tn(AéZ)_Ian), fori=0,..., k41 — 1, satisfy the assump-
tions of Lemma 3.2. We have already verified conditions (ii) and (iii). Property (b) verifies
assumption (i). Properties (a) and (b) also assure that 7,(AY” ) and Tn(ASZL ki —1)gn)
are of length at least 0. Bounds (4.2) follow directly from this lemma. QED
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4.2 Set £ of full measure

In this section, we construct a set of full invariant measure £ for which Theorem 1.3 holds,
i.e., we have appropriate control on the distances between points of an orbit and their
dynamical convergents, for critical circle maps.

Set £ is defined analogously to set € for circle maps with a break, introduced in
section 3.4, with a sequence (0,)nen chosen as follows. Let (0,)nen, be any increasing
subsequence of N such that the corresponding sequence k,, 1 of partial quotients diverges
to infinity. We will assume that such a subsequence exists since if the sequence of partial
quotients is bounded, then 5 = 0. Let 1, be any sequence of positive numbers converging
to zero such that n,k, 41 diverges to infinity as well and the sequence lf;ﬂ converges to
zero, as n — oo. Consider partitions P, defined with the partitions dedﬁning point Yo
being the critical point z..

For each n € N, let

On— (o2 1
Enoi= |J I Juo= {fepmluwé“ A, |ran<f>|s—},

2
I€Tn 0 (Ko, +1)
(4.3)
and let .
Eni =T"(&p), for i=1,...,¢, —L (4.4)
We define
qon_l
Ev=J & (4.5)
i=0
and
€ :=limsupé&, = ﬂ U g (4.6)
n—oo n>1j>n
Proposition 4.2 u(€) = 1.
Proof. The proof is analogous to that of Proposition 3.13. QED

4.3 Distance of dynamical convergents

To estimate the distance between points on an orbit and their dynamical convergents for
critical circle maps, we cannot apply directly the procedure of section 3.3 for maps with
breaks, since the distortion is not bounded in this case.

Let ¢ > 0 be the half-width of the neighborhood around the critical point x., where
T has the desired power law behavior (see the beginning of section 4). We consider two
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classes of intervals

Fi={ACTHAN (z. — €/2, 2.+ ¢/2) = 0},

4.7
Fo:={ACTHA C (2, — €,3. + €)}. (4.7)

Since the length of the intervals of partitions P, decrease exponentially with n (due to
(a)), for sufficiently large n, every interval of partition P, belongs either to F; or to Fs.

In what follows, we will need an estimate on the number of intervals of partition P,
of class F. For € > 0, let I. C T' be an interval of length ¢ > 0, with one of the end
points being the partitions defining point xg.

Proposition 4.3 There is § = d(e) > 0, approaching zero, as € — 0, such that for every
n € N, the cardinality

card {A"Y C L)i=0,... g, — 1} < 6qn. (4.8)

Proof. Let N € N be the largest number such that I, C AE)N_I). Since the partitioning of
each of the gy intervals AZ(»NA) by the higher level partitions follows the same pattern —
a “large” interval of partition P; is divided into k;,; “large” intervals and a “small” interval
of partition P;,1; a small interval of partition P; becomes a “large” interval of partition
Piy1 — it is not difficult to see that, for each n > N, the number of intervals Ag"il) of
partition P, inside of I, is less than ¢,/qy. Since gy — 00, as € — 0, the claim follows.
QED

The following proposition holds for all intervals Iy C A(()n_l) such that Iy € P,.1 and
Iy C &y for sufficiently large m € N, and the corresponding intervals I; = T%(Iy), i € Z.

Let Vi = Vi(e) := Varger\ (s.—e/2,204+¢/2) InT"(§). Notice that Vi — oo, as ¢ — 0.

Proposition 4.4 IfT is a C®-smooth critical circle map with an irrational rotation num-
ber, there ezists C; > 0 and d; = 61(¢) > 0, satisfying 61 — 0 as ¢ — 0, such that

1Ll 1l
AT Al

7

In < Vi + Crd1¢n, (4.9)

foralln e N and all1=0,...,q, — 1.
Proof. Fori=0,...,q,— 1, there exist (;_; € L1 € A"V and &, € A"" such that

Ll Tl TGe) M|
A" @) &) A

(4.10)
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By iterating this inequality, we obtain that, for some (; € I; and §; € Ag»”*l),

i—1 i—1 i—1
L Il pTie) () TQ)
’Agn_1)| |A((Jn_1)| =0 (&) |Agn_1)| =0 (&) =0 (&)
A Yer A Ver,
By taking the logarithm of this identity, we obtain
1 1o : : m TG
In —— —1In — | < |InT'(;) —InT'(&)| + |In —>1. (4.12)
AT Ay Z : ] H (&)
A Ver Al Ver

Since, for : = 0,..., g, — 1, the intervals Ag-"fl) do not overlap, except possibly at the end
points, we have

| 1] |£o]
In ACD) —In APD) < Vi + Cr01¢n, (4.13)
i 0

where C7,0; > 0, and 0; — 0 as ¢ — 0. Here, we have used that, for some C7 > 0, and
all j such that Ag-n*l) € F,

" T(E))
The latter estimate follows from the following considerations. The interval [ is a constant
fraction of |A(()n_1)| away from z., as follows from Proposition 4.1, given that [, C &,
for sufficiently large m € N. Due to the power-law behavior of 7" in (z. — €, z. + €), the

‘1 () < (4. (4.14)

middle value point & is at least a constant fraction of \A(()nfl)] away from each of its end
points (and x., in particular). Every other interval Ag-n*l) € Fo,for j=1,...,q, — 1,
is at least a constant fraction of its length away from z.. This follows from (a) and (b),
and the fact that the lengths of the intervals A(()"fl) and A(()") are of the same order. So,
although the distortion of ratio is not necessarily bounded and we have no estimate on
the position of (; inside of Agn_l), for all j = 0,...,¢, — 1, the points (; and §; are
comparable distances away from the critical point, i.e., there is a constant Cs > 0, such
that |(;/¢;] < Cs. Estimate (4.14) follows from power-law behavior of 7" near z.. QED

Let 1, be the maximal length interval of partition P,.

Proposition 4.5 If T is a C3-smooth critical circle map, then there exists Cy > 0 such
that, for all x € £, there are infinitely many n € N such that
A7)

J

qu'nx —x < C 6V1+C761q0'n—

: (4.15)
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where A§0n71) is an element of partition P,, containing x.

Proof. For every x € £, there are infinitely many n, such that x € £,,. Furthermore, there
exists an element [; of partition P,,; inside &, ; C A;U"_l), for some j =0,...,q,, — 1,
such that x € I;. It follows from the definition of &, and Proposition 4.4 that there

exists x € &,;, such that I; = [y, T9%»x] and |[;| < eV1+C751‘1"|A§-0"71)|(77nkan+1)_2. Then,
on—1 _
o — x| < [T9onx = x| < O AL (kg 1) .
Since there exists ¢ € I; such that

Ting = Tny + (T%)(()(x — x), (4.16)
we obtain the following estimate
[Tz — x| < [T x = x|+ |z — x|+ (T ) (O)]x — x]. (4.17)

If T is a C®-smooth critical circle map, by (b), we have (T)'(§) = fl.(1,(£)) < Ky, for
all £ € T'. The claim follows. QED

Let z; = T'x and let [; := [z;_,,, 2], if n is even, or I; := [z;,7;_,,], if n is odd. Let
xo € T, x; = T9x0, and let A5n71)<X0) = [T 'x;, x;], if n is even, or Ag'n*l)(XO) =
[xj, T%=1x;,], if n is odd. The following proposition holds for all intervals I,, C Ay”*l) (Xo0)

such that I, € P,q1 and I, C &, ; for some m € N, and the corresponding intervals
L=T""(1,),i€Z.

Proposition 4.6 IfT is a C3-smooth critical circle map with an irrational rotation num-
ber, and x € Ay‘*l)(Xo), there ezists C1g > 0 and dy = d2(e) > 0, satisfying 0o — 0, as
e — 0, such that

| 1| g, |

In —— —In —— < Vi + Cip02Gn, (4.18)
AT P0Gl AT (o)l
forallt=20,...,q,—1.
Proof. It follows from the mean value theorem that, for ¢ = 0,...,q, — 1, there exist
&el; c A" (v, and ¢ € A"V (x;_,.), such that
I; T-YI; I; T (¢
| Z| o | ( 7»"!‘1>| | 7»+1| (CZ) (419>

A )l 1T AL OGma))] 1AL ()| (&)

This implies the identity

—1
|| | Lg..| T (%)
_ R . (4.20)
’AE 1)(X]*Qn)’ |A‘(1n 1)(X]7Qn)’ g T/<€k>
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Thus, we obtain

|1

gn—1
Ll | o ur) - nrie)

In —In———
n—1 n—1 -
AP el 1A (o)
Al(cn_l)(x]'—thz)e}-l
qn—1
1" (k)
+ In . 4.21
2 R A
Al(cn_l)(Xj*qn)E]:2
Since the intervals Agnil)(Xijn), fort=0,...,q, — 1, belong to the same partition of a
circle, for k =1i,...,q, — 1, we obtain
|]i| |Iq |
In —1In = S ‘/1 + Cloégqn (422)
n—1 n—1 ’
AP el 1A ()]
for some Cg, 0o > 0, such that d, — 0, as € — 0. Here, we have again used estimate (4.14).
The claim follows. QED

Proposition 4.5, Proposition 4.6 and property (b) imply the following lemma.

Lemma 4.7 If T is a C3-smooth critical circle map with an irrational rotation number
p € (0,1), then there exists C1; > 0, V =V(e) > 0 and § = 6(¢) > 0, satisfying V — oo
and 6 — 0, as € — 0, such that, for all x € £, there are infinitely many n € N such that,
foralli=0,...,2q, —1,

1

V+5q0n .
(Mnko,+1)?

|£L'Z‘ — l‘i_qan| S Cl1lgn_1€ (423)

Proof. For ¢ = q,,, the claim holds directly from Proposition 4.5, with C}; > C,
YV >V and § > C70;. Proposition 4.5 and Proposition 4.6 together imply (4.23) for
i=0,...,q,, — 1, with Cjy > Cy, V =2V}, § = C76; + C1962. Using the Denjoy estimate
(T (&) = f1(1.(€)) < Ky (that follows from (b)), for all £ € T, the bound (4.23) can be
extended to i = ¢,, +1,...,2¢,, — 1, with C1; > CoKCy, since |Ti4q,, —2i| < Ki|zi—2i—y,, |,
fori=1,...,q,, — 1. QED

4.4 Singular continuous phase

Proof of Theorem 1.3. If L(FE) < 2af3, then 8 > 0, and there is an increasing
sequence (0, )nen such that 5 = lim,, ln];“—”“. Furthermore, there exist § > 0 such that

L < 28— 5) as well. Let 7, be any sequence of positive numbers converging to zero
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In 77n

such that 7, k,, +1 diverges to infinity and converges to zero, as n — co. We use these
sequences to construct the set &£, as in sectlon 4.2. By Proposition 4.2, u(£) = 1. For
e > 0, by Lemma 4.7, there exist C1; > 0, § = d(¢) > 0 and V = V() > 0 such that, for
every x € &, there are infinitely many n, such that estimate (4.23) holds. We assume that
e > 0 has been chosen such that § < 4. This implies 5 > (28 — §). Hence, L(E) < af,

and the claim follows from Theorem 2.3. QED

5 Proof of Theorem 1.4

For C***-smooth circle diffecomorphisms with a break, the claim follows from Theorem 1.2,
taking into account Corollary 3.5 and Proposition 3.12. If L(E) < adax, then, there exists
0 > 0 such that, for every ¢ > 0,

| )40k
L(E) < a(limsup [ 1nO((¢o, —¢) )

n—+00 4oy,

— ), (5.1)

where o, is a sequence of even numbers, if ¢ < 1, or odd numbers, if ¢ > 1, or L(E) <

. IOk
a(lim sup [In kg 41|
n—00 don

numbers, if ¢ > 1. For sufficiently small € > 0, either L(E) < s, or L(E) < 2af3. The
claim now follows from Theorem 1.2.

— ), where o, is a sequence of odd numbers, if ¢ < 1, or even

For C3-smooth critical circle maps, the claim follows from Theorem 1.3, taking into
2
account Proposition 4.1. If L(E) < adpax, then L < alimsup M. Hence, L(F) <
n—oo

2a3 and the claim follows from Theorem 1.3. QED

A  Proof of Lemma 3.2

Let ¢* be a point such that f’(¢*) = 1. Such a point exists, for sufficiently large k, since,
by assumption, the first and the last intervals are of the same order, and on the interval
By (which is non-empty for sufficiently large k), the function is convex. We will perform
an affine orientation-preserving change of variables

y=h(z) = (¢~ ¢ (A1)

that maps ¢* into 0 and normalizes the second derivative of f there. Under this change
of variables f is transformed into g = h o f o h~! which satisfies ¢'(0) = 1 and ¢”(0) = 2.
Let k := ¢(0) = min,{g(y) —y}. Since f is C*™*-smooth, so is g, and from (A.1), we have

l9(y) — (k +y+y>)| < €yt yehn[-1,0], (A.2)
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where € > 0.

Lemma A.1 ([16]) Suppose that, for a sequence of real numbers {s;};>0, there exist
€, >0 and a € (0,1) such that |s;y1 — (s; — s?)| < €1]s]*T, for everyi > 0. Then, there
exist constants Dy > 0 and dy € (0,1) such that, as long as sg € (0,d,], the estimate

1 Dy
Si — - gl = 7 —1\1+a (Ag)
i+ s, (1+sy)
holds, for every ¢ > 0. Moreover, there exists Dy > 0 such that
1
S; — S; :—1+6Z, A4

where |0;| < Dasg, for all i >0, as long as so € (0, dy].

Lemma A.2 ([16]) Suppose that, for a sequence of real numbers {s;};>0, there exist
2, &3 >0 and Kk, € (0,1) such that

1. |S()| S Q:QK,
2. |sit1 — (K + s + s7)| < E3s;]*T, for every i > 0.

Fiz arbitrary €, > 0 and define N = k=2 tan (€, 2@+ ). Then, there exist constants
D3 > 0 and dy € (0,1) such that, as long as k € (0,ds], the following estimate holds for
every 0 <1 < N,

|s; — vk tan(yV/ki + ag)| < D3(v/ktan \/EZ')1+L<“2+1>’ (A.5)

where ag = tan~(so/\/k). Moreover, there exists Dy > 0 such that

Si+1 — S; = (—(1 + 5,), (A6)

K
cos \/Ki)?
a(a+1) .
where |0;| < Dyr2@F ) | for all 0 <i < N, as long as k € (0, dy].

Proof of Lemma 3.2. Let a and b be the left and right end points of I. ¢ty = h(a) and
ti = gl<t0), i.e., tl = h(fl(a))
Since k = g(0), there exists a unique number i, satisfying 0 < i. < k such that ¢; €

[0, k). Let i = i. — [f Y2 tan~' k20| and i, = i, + [x Y2 tan~! x~ 207]. Combining

tan~' L = Z —tan'z with tan ' 2 = z + O(z?),  — 0, it is easy to derive the following

asymptotic formula

1" 2@ = g,{—% — ke + O(k 256 ), Kk — 0. (A7)

_1 _
K~ 2 tan
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To obtain the desired estimates for 7; < i < i,, we can apply Lemma A.2. To obtain the
estimates for i; < i < i, we can apply this lemma to s; = —(t;,_;—k), where 0 < 7 < i.—1;.
It immediately follows from this lemma that, for ¢; <17 < i,

Ki?

i?(cos(v/k(ic —i—1)))?

It is not difficult to check that the function x(y/ki) = W{% is monotonically in-

creasing on i; < i < i.. This follows from the fact that the function \/ki tan(y/k(i.—i) —1)
: - tan(VR(ic—i—1)) 10 ey 1—y/mitan(Ve(ic—i—1))
has maximum when /ki = Triand (Va7 and, therefore, x (Vi) = o (/R T)
(cos(v/k(ie —1 — 1)) 11 + tan®(y/k(i. — i — 1))7' > 0, for 4 < i < 4. Since i, =
By Ok 2") = %/{_% + O(k2") as k — 0 (Lemma 3.19 in [15]) and, from asymptotic

11—«

formula (A.7), 4, = KT+ O(k~ 2 ) and

(14 0s—i—1)- (A.8)

liv1 —ti = Sip—i — Sig—i—1 =

Vv

2
K]

cos(v/k(i. — iy — 1))

the function ool \/En(ififl)))? is bounded and the claim follows for ¢; < i < i.. Here, we

— 1, as Kk —0, (A.9)

have also used the fact that, since the second derivative of f is bounded both from above
and from below by positive constants, the lengths of the intervals [t;_1, ;] and A; are of
the same order. Similarly, we can obtain the desired estimates for i, < i < 1,, by applying
Lemma A.2 to s; = t; 14, where 0 < ¢ < i, — i,.

For 0 < i < 4; and 7., < ¢ < k, we can obtain the desired estimates by applying
Lemma A.1. This is a consequence of the convexity and the fact that it follows from

1 a(a+1)
(A.5), using the (A.7), that t;, = KT + O(k7= 207 ) and, similarly, t; = KT +
1, afatl)
O(inaﬂ(%a)). We first obtain the estimates for 0 < 7 < 4;. For 0 <@ < 4 — j, let
s; = —t;y;. For sufficiently large k, and some fixed large j, so € (0, d;]. Since, for such i’s,

Kk < const.|t;y [>T, it follows from (A.2) that s; satisfy the assumptions of Lemma A.1.
We can apply this lemma for 0 < i < i, — j. The estimate (A.4) immediately gives us the
desired bounds for 1 <4 < 4;. Similarly, by defining s; = t;_;_;, for 0 <14 <4, —7, for some
large j, we again have sy € (0,d;], for sufficiently large k. Since x < const.|ty_;—;|*T®,
it again follows from (A.2) that s; satisfy the assumptions of Lemma A.1. The estimate
(A.4) of Lemma A.1 immediately gives us the desired estimates for k — j,. <i < k. QED
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