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ABSTRACT. In this short note we present very simple proof of the
famous Cartan homotopy formula

Lyw = diyw + i,dw.

THE PROOF

Let M be a smooth manifold, dim M = m, and let v,w be a smooth
vector field and a smooth differential k-form respectively.
Our aim is to prove the following Cartan formula

L,w = di,w + 1,dw.

Here L, is the Lie derivative and 7, is the interior product.

First we check the formula for each point € M such that v(z) # 0.
It is well known [1] that if v(Z) # 0 then in some neighbourhood of the
point Z there are local coordinates x = (z!,...,2™) such that in these
coordinates the vector field v is presented as follows v = 0;.

The corresponding flow has the form

g'(x) = (x' +t, 2%, ..., ™). (0.1)

By linearity of L,,d, 1, it is sufficient to check the Cartan formula for
the monomials of the following two sorts:
) w=a(x)dz' Ndz* N.. . ANdzi=1, 1<jp<...<jpe1 <my
and
2) y=bz)dx" A NdT 1< <. <D <m.
Consider the case 1); the case two 2) is carried out similarly.
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By direct calculation we obtain

m

. ) oa ) .
lyw = adx’* N ... ANdx?*t, digw = g mdxs ANdx?* NN dadR
x
s=1

and
m

Z—dw Adxt ANdx?t A LA daPeety

r=2
Tpdw = Z —dx Adx?t AL A daTEr

On the other hand by formula (0.1) it follows that

d . .
va‘_’gg a(x! +t,2%, . 2™)d(z +t) Ada AL A datk
t=0
o .
= G—;dx Adzit A LN dair

This proves the Cartan formula at each point of the set
F={xe M|v(x)#0}.

This set is open. By continuity, the Cartan formula remains valid in
the closure F.

The set N = M\F is open and v |y= 0. This implies that in any
local coordinates all partial derivatives of v vanish at each point of V.
Consequently, on the set N the Cartan formula takes the trivial form:

0=0.

The Cartan formula is proved.
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