Some breathers and multi-breathers for FPU-type chains

Gianni Arioli 12 and Hans Koch 3

Abstract. We consider several breather solutions for FPU-type chains that have been found nu-
merically. Using computer-assisted techniques, we prove that there exist true solutions nearby,
and in some cases, we determine whether or not the solution is spectrally stable. Symmetry
properties are considered as well. In addition, we construct solutions that are close to (possibly
infinite) sums of breather solutions.

1. Introduction

We consider a system of interacting particles described by the equation
wzq‘j :(b/(qj'i‘l _q]) _(b/(QJ _Qj—l) _wl((b)a j € Z7 (11)

where ¢(z) = ¢oz? + %gng:g + Yoaz? and (z) = Lehoa? + T, with ¢3 and ¢4 not
both zero. If ¢ and v are given, then the parameter w simply fixes a time scale.

The equation (1.1) with ¢ = 0 is know as the Fermi-Pasta-Ulam (FPU) model: the
a-model if ¢4 = 0, or the S-model if ¢35 = 0. Models of this type have been studied
extensively in connection with the problem of equipartition of energy in systems with a
large number of interacting particles. Recent surveys can be found in [6,8,10,11].

Our goal is to construct solutions that are periodic in time, and in some cases, to
determine whether they are (spectrally) stable or not. By choosing the value w appropri-
ately, it suffices to consider solutions that are periodic with fundamental period 27w. We
are interested in solutions that decrease rapidly in |j|, also referred to as “breathers”, and
in solutions that are close to sums of such breathers.

Most of the existing work on breather solutions involves numerical computations or
other types of approximations. For simplicity, the computations often focus on solutions
that have a reflection symmetry

(jZQ7 (jj(t):wqa—j(t_ét)v j€Z7 tER; (12)

where o is an integer, w is one of £, and 6t € {0, 7}. Breathers that have such a symmetry
are commonly referred to as being site-centered if ¢ is even, or bond-centered if ¢ is odd.
Due to the translation-invariance of the equation (1.1), it suffices to consider o € {0, 1}.
Mathematical results concerning breather solutions are based mostly on perturbation
theory or variational methods, except for special choices of the potentials ¢ and v that
admit simple solutions of a special form. Surveys of rigorous results can be found in [9,10].
Numerical methods have typically a much larger scope and give more detailed infor-
mation; but they do not guarantee that the findings are correct, say up to small errors. In
this paper we give criteria that, if satisfied by an approximate solution ¢, guarantee the

1 Department of Mathematics, Politecnico di Milano, Piazza Leonardo da Vinci 32, 20133 Milano.

2 Supported in part by the PRIN project “Equazioni alle derivate parziali e disuguaglianze analitico-
geometriche associate”.

3 Department of Mathematics, The University of Texas at Austin, Austin, TX 78712.



2 ARIOLI & KOCH

existence of a true solution ¢ nearby. For the solutions described in the theorem below, the
error ||g—ql|oo is shown to be less that 27%°. Here, and in what follows, ||]|oe = sup; |5 lsc
and ||h;|lec = sup; |h;(t)|, for any bounded function (j,t) — h;(t) on Z x R.

Theorem 1.1. For each row in Table 1, the equation (1.1) with the given parameter
values (¢, 1, w) admits a 2m-periodic solution q that is real analytic in t, decreases at least
exponentially in |j|, and has norm ||q|lcc > 1. The entries 7 and w in Table 1 describe
symmetry properties. The solution q is symmetric or antisymmetric with respect to time-
reversal t — —t, depending on whether 7 = 0 or 7 = 1, respectively. An entry w = +
indicates that q admits a reflection symmetry as described by (1.2), with §t = 0.

The entries  and p in Table 1 define bounds on the domain of analyticity and decay
rate of the solution; see Section 3. The remaining entries will be described below.

Our proof of this theorem relies on estimates that are verified by a computer. After
writing (1.1) as a fixed point equation G(q) = ¢, we prove Theorem 1.1 by verifying that a
Newton-type map associated with G is a contraction near ¢q. This strategy has been used
in many computer-assisted proofs, including [7,14].

label b2 b3 b4 P2 on w w |o|T T p ¢ | stab
1 2720 1 0 2 1/2 | 0 | 32/5 | + |01 2 2 [ 8| U
2 2720 | 0 2 /2 | 0 | 32/5| — |01 2 2 | 16| S
3 1/8 0 1 /2 | 0 | 32/5 | + [1]1 2 2 | 15| S
4 1/8 0 1 /2 | 0 | 32/5 | — |1]1 2 2 [13] S
5 -1 0 | —27/16 | 1 1 325 | — |1|1]| 5/4 |5/4[19| U
6 -1 0 1 0 0 |256/5| — |1|1| 5/4 |5/4|11| U
7 -1 0 1 0 0 |256/5| + |1|1| 5/4 |5/4|11| U
8 -1/16 | 0 1 1 1/2(32/5 | — |1|1]17/16| 2 |16]| S
9 —1/16 | 0 1 1 |1/2(32/5 | + |0|1]|17/16| 2 |16 | ns
10 | —-1/16 | 0 1 1 |[1/2]32/5 | + |0|1]|17/16| 2 |16 | nu
11 | —27201 0 1 1 /2 32/5 | + |0|1|17/16| 2 | 6 | U
12 1 0 1 —1/2| 0 | 32/5 |nome | 1 [1] 9/8 |9/8|21| U
13 1/4 | 2 4 8 0 | 64/9 | — |1]0]| 9/8 |9/8[15] S

Table 1. parameter values and properties of solutions

Our choice of parameters covers several different situations. Attracting potentials ¢
and 1 are used for the solutions 1-4 and 13. The solutions 1-4 cover the 4 possible reflection
symmetries (bond-symmetry, bond-antisymmetry, site-symmetry, site-antisymmetry) with
0t = 0. A globally repelling ¢ is used for solution 5. The solutions 6 and 7 correspond to
typical mountain pass configuration for the functional I described below. For the solutions
8-11 we have a coercive potential ¢, which is repelling in a neighborhood of 0, while ¢ is
attracting. The opposite is the case for solution 12. Here we chose a solution with four
bumps with different fundamental time-periods. Finally, solution 13 is an even function of
time (while our other solutions are odd) and has a nonzero time-average.

The solutions 11 and 12 are shown in Fig. 1, at sites j € Z where ||¢;|lcc > 27'°|¢]|co-
The values for non-integer j are obtained by linear interpolation. Graphs for all solutions,
in the form of animations, can be found in [15].

Remark 1. If ¢ and ¢ both even, then —q solves the equation (1.1) whenever g does.
This applies to our solutions 1-12.
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In order to discuss the stability of these solutions, we write the second order equation
(1.1) for g as a first order equation for the pair u = [g], where p = ¢. The resulting
equation is in fact Hamiltonian, with the Hamiltonian function given by

H(g,p) = > 30))>+V(g), V(g)=w Z [¢(qj+1 —q;) +¥(q)| . (L3)

J

In other words, ¢; = 0, H and p; = —J,,H. The corresponding time-t map u(0) — u(t)
will be denoted by ©;. Since we are interested in breather solutions, it suffices to consider
initial conditions 1(0) whose components ¢(0) and p(0) belong to H = ¢*(Z). Let now u
be a 2m-periodic orbit in #2. Then each O is well-defined and differentiable in some open
neighborhood of u(0) in #2. Define ®(¢) to be the derivative D¥;(1(0)). We say that
the orbit u is spectrally stable if the spectrum of ®(27) belongs to the closed unit disk.
In fact, we can replace “unit disk” by “unit circle”, since the spectrum is invariant under
2z z and z — 2z~ !, due to the Hamiltonian nature of the flow.

The spectrum of the time-27 map for trivial solution u = 0 is easily seen to be the
set of all complex numbers e?™* for which z? is real and belongs to the interval bounded
by w29y and w2[¢hy + 4¢o]. It is not hard to see that this set X¢ also constitutes the
essential spectrum of the time-27 map ®(27) for our breather solution.

Remark 2. If u is an orbit for the flow generated by H, then so is t — u(t — ¢), for any
constant ¢. This implies e.g. that 11 is an eigenvector of ®(27) with eigenvalue 1.

Theorem 1.2. Consider the solution described in Theorem 1.1, associated with one of
the rows of Table 1. If the entry in the last column is a “S” or “U”, then the solution is
spectrally stable or unstable, respectively.

An entry “ns” or “nu” in Table 1 means that the solution appears to be spectrally sta-
ble or unstable, respectively, based on numerical results. We did not succeed in validating
these results, due to a limited ability of our methods to deal with continuous spectrum.
In particular, solution 9 appears to have an eigenvalue with the “wrong” Krein signature
embedded in the continuous spectrum. This is a notoriously difficult situation.

The first step in our proof of Theorem 1.2 is to show that it suffices to work with trun-
cated systems whose time-2m maps ®,,(27) are essentially matrices. This result should be
of independent interest. The spectrum of ®(27) outside X¢ consist of isolated eigenvalues
with finite multiplicities. In Theorem 2.13, we show that these eigenvalues are approxi-
mated by the eigenvalues of ®,,(27) for large n.

For the part of Theorem 1.2 that deals with spectral stability, we use ideas from [14],
where spectral (in)stability was proved for some solutions of a periodically perturbed wave
equation. The proof of instability is complicated by the presence of the above-mentioned
eigenvalue 1. As a consequence, our instability results are restricted to cases where the
continuous spectrum of ®(27) is either very narrow (solutions 1 and 11) or includes a
real interval (solutions 5, 6, 7, and 12). In the first case, linear instability is the result of
eigenvalues outside the unit disk. By standard results on invariant manifolds, this implies
e.g. that the solutions 1 and 11 are truly (not just linearly) unstable.
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Solution 3 and its spectrum are shown in Fig. 2. Spectrum that is not marked with
dots lies in the pink and gray arcs. The color indicates the Krein signature: red or pink
means positive, black or gray means negative. Blue (cyan) dashes mark the primary (non-
primary) separating values; see Section 4. Spectral plots for some of our other solutions
can be found in [15].

For each of the solutions ¢ described in Theorem 1.1, there exists a finite lattice
interval 7 ={j € Z:0 - < j—J </} which we call the “approximate support” of q.
The value of £ is given in Table 1.

Theorem 1.3. Consider a fixed choice of parameters (¢, 9, w,o,7,r,p) from Table 1,
excluding rows 5 and 13. Let m +— ¢ be a sequence (finite or infinite) of solutions of the
equation (1.1), associated with these parameter values, as described in Theorem 1.1 and
Remark 1. By considering translates, we assume now that the approximate supports Jm,
of these solutions are mutually disjoint. Assume in addition that the distance between any
two adjacent approximate supports is even. Then there exists a solution q of (1.1), with
the property that |g; — qj*||cc < 274 whenever j € J,y, for some m, and ||q;j|jco < 27°°
whenever j &€ 7, for all m.

The idea of the proof is of course to use that the breathers ¢ interact very little if they
are placed sufficiently far apart. This idea has been used e.g. in [4,12,13] to construct and
analyze extended solutions for the FPU model and other lattice systems. Notice however
that the notion of “sufficiently far” in Theorem 1.3 is specific and very mild.

Our proof of this theorem is based again on a contraction mapping argument. Here we
have to work with £°° type spaces; but since the interactions have finite range, the estimates
that are needed are not much stronger than what is required for our proof of Theorem 1.1.
Nevertheless, these estimates fail for the solutions 5 and 13. Instead of treating these cases
differently, we chose to exclude them from Theorem 1.3, just for simplicity.

We expect that a multi-breather ¢ is spectrally stable only in very special cases.
Assuming that the sets J,, are placed sufficiently far apart, each of the breathers ¢
will have to be spectrally stable. But this is not sufficient, since a system of N non-
interacting breathers has an eigenvalue 1 with multiplicity 2N. Under the influence of a
small interaction, all but 2 of these eigenvalues can move away from 1. It may be possible
to keep these eigenvalues on the unit circle by using time-translates ¢"(. — ¢,,) in the
construction of ¢, with properly chosen constants c¢,,. But this is outside the scope of our
current methods.

As mentioned earlier, FPU-type models are accessible to variational methods as well.
Time-periodic solutions of (1.1) with period 27 can be found as critical points of the
Lagrangian functional

27
Lo = [ |47 -vi)|a. (1.4
J
defined on a suitable Hilbert space of functions ¢ : S* — £2. We refer to [2,3] for early
results and to [9] for a survey. The coefficients ¢; and 1; determine the geometry of the
functional. In particular, the choice v» = 0 and ¢ < 0 < ¢4 yields a mountain pass
geometry. This is the first (and simplest) case that was considered with critical point
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theory, and it is the only case for which the existence of multi-breather solutions has been
proved variationally [4].

The remaining part of this paper is organized as follows. In Section 2 we consider the
time-27 map for an infinite chain and its spectral approximation by time-27 maps ®,,(27)
for chains of length 2n. Section 3 is devoted to the task of proving Theorems 1.1 and 1.3.
Our proof of these theorems requires estimates on approximate solutions. The same is
true for our proof of Theorem 1.2, which is given in Section 4. The instability proof (for
solutions 1 and 11) uses a perturbation argument. The stability proof (for solutions 2, 3,
4, 8, and 13) uses Krein signatures, and a monotonicity argument from [14], to control the
eigenvalues of ®,,(27). The estimates that are needed in Sections 3 and 4 are proved with
the aid of a computer; a rough description is given in Section 5, and for details we refer to
the source code of our programs [15].

Figure 2. Solution 3 and its spectrum.
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2. Infinite chains and approximations

After introducing some notation, we discuss spectral properties of operators in a class that
includes the linearized time-27 maps for exponentially decreasing time-periodic breathers.

2.1. Notation

By a chain ¢ we mean a real-valued function j — ¢; on Z. Complex-valued functions
will be considered only for spectral theory. If f is any real-valued function on R, then
f(q) denotes the chain with values f(q); = f(g;). We say that a chain ¢ is site-centered
(bond-centered) if ¢ has a symmetry (1.2) with ¢ = 0 (¢ = 1). This restriction to o = 0
and o = 1 is motivated mainly by computational simplicity.

Given o € {0,1}, we set

(Voq)j = @jto — Gjt0—1, (2.1)

for every chain ¢ and every integer j. This defines a continuous linear operator V, on
H = (*(Z). Tts adjoint is given by V* = —V;_,. The equation (1.1) can now be written
as

i=-K(@), K(g=w?[V;¢(Veq)+¢'(a)]. (2-2)

The corresponding first-order equation is

0=y, u:[g], Y(u):[_lg(q) (ﬂ. (2.3)

We note that the operator K is independent of the choice of ¢. Our reason for
considering two distinct versions of the lattice gradient is that Vy maps site-centered chains
to bond-centered chains, while V; maps bond-centered chains to site-centered chains.

Let now u be a fixed 27-periodic orbit for the flow (2.3), and define

a=w?¢"(Voq), B=w¢"(q). (2.4)

Consider an orbit 1 4+ v close to u. To first order in v, we have

b=Xwo, Xu Dy = [_f?(q) (I)] , (2.5)

where H(q) is the linear operator

def

H(q)v = DK (q)v = V;aV,v+ puv, veH. (2.6)

If ©; denotes the time-t map for the flow (2.3), then the time-t map for the flow (2.5) is
given by the linear operator ®(¢) = DO;(u(0)). Our goal is to analyze the spectrum of the
operator ®(2m).

Notice that H(q(t)) is 2m-periodic in ¢t and self-adjoint for each t. Furthermore, far
from the origin, where ¢ is close to zero, H(q) is well approximated by the operator

H(0) =aViVv, +j. (2.7)
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Here, @ = w™2¢9 and B = w™1)s.

In what follows, we consider operators of the type (2.6) and (2.7), where o and
can be more general 2m-periodic curves in H. But we will assume that @ = o — & and
= B — B decrease exponentially. To simplify notation, the remaining part of this section
is formulated for Vj only.

2.2. Some spaces

In order to discuss the spectrum of ®(27), we will need certain constructions for several
different Hilbert spaces. To avoid undue repetition, we start by considering a fixed but
arbitrary Hilbert space fj. The inner product in b will be denoted by (.,.). Here, and
in what follows, an inner product is always assumed to be linear in its second argument,
and antilinear in the first argument. Consider the vector space ¢g(Z,h) of all sequences
v : Z — b with the property that v; = 0 for all but finitely many j € Z. For every p > 0,
we define ),(h) to be the Hilbert space obtained as the closure of ¢o(Z, b)) with respect to

the norm
Wi, =@ 0),, (@), =Y cosh(2jp)(v;,v}). (2.8)
JjEZ

The equation
(U(p)v), = cosh(2pf) /0. veDu(h), jEZ. (2.9)

defines a unitary operator U(p) from $,(h) to $Ho(h). The Fourier transform Fuv of a
function v € Ho(h) is given by

Fo=0, (p)=) vje ¥, (2.10)
JEZ
The Fourier transform F defines a unitary operator from $q(h) = ¢?(Z,b) to the Hilbert
space [.2(Z, ) with the inner product

(9, )z = % é (90, F(@)Vdp,  T=[-mm. (2.11)

Consider now v € $,(h) with p > 0. Then the sum in (2.10) extends ¥ to an analytic
function on the interior of the strip

S,={peC:|Imy| <p}. (2.12)
Furthermore, the function ¢ ~ ©(p + ip) belongs to 1.2(Z, h), and
Il = 31190 +ip)|I7> + 5l19(. — ip)IIT2 - (2.13)

We will also need to approximate functions in §),(h) by functions that are supported in
Z, ={j €7Z:—n < j<n} for some positive integer n. To this end, define a projection

B, - 50(h) — Ho(b) by setting

(Pv); = {8‘7

if j € Zn,

otherwise, veN(h), jEeZ. (2.14)
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The following proposition is an immediate consequence of the fact that, if 0 < p < p, then
cosh(20n) (I ~ Py)oll, < cosh(2pn) (1~ P, o]l

Proposition 2.1. Let 0 < p < p. Assume that v € §),(h) is nonzero and satisfies a bound
|vll, < C|vll,. If n is sufficiently large, so that cosh(2pn) > C? cosh(2pn), then

cosh(2pn)(C% — 1) 12
— < . .
I = Fa)olly < (cosh(ZQn) — C? cosh(2pn) 1Enell, (2.15)

The subspace P,$,(h) of $,(h) can be identified with the Hilbert space ), ,(h) of
all functions v : Z,, — b, equipped with the inner product

(v,0"), = Z cosh(2p7)(vj, vj) . (2.16)
J€Lm,

Notice that £, (h) agrees with $o,(h) as a vector space, for any p > 0. The Fourier
transform ¢ = F,v of a function v € $¢ ,(h) is defined as in (2.10), but with the sum

ranging over j € Z, only. The Fourier transform F,, defines a unitary operator from
No.n(h) = %(Zn,h) to the Hilbert space ¢?(Z,,h) with the inner product

(g, Fle = |Z—1| S 9@, (@), Tn= . (2.17)

2n
IS

Notation 2.2. The operator norm of a continuous linear operator L on $),(h) or $,,(h)
will be denoted by || L||,.

2.3. The flow and its spectrum

Let H, = $,(C), using the inner product (z,2’) = 2z’ on C. Here, and in what follows, p
is a fixed but arbitrary nonnegative real number, unless specified otherwise.

Consider the space 7—[[2) of all pairs b = [5] with components v,v € H,. We will
identify H?2 with the space $),(C?) of sequences j — b; = [Zﬂ, using the inner product

(0;,0%) = 0,0 + 7;v/; on C*. On H2 we consider the operator

0 I N )
XO:|:—HO O]’ HO:@VOVO‘FB, (2.18)

where @ and 3 are fixed but arbitrary real numbers. Notice that the operator FHyF
on FH, is multiplication by the function hy,

ho(p) = 2a[1 — cos(p)] + 8. (2.19)

So the spectrum of the operators Hy : H, — H, and Xj : H?} — ’Hf) are given by R, and

iR},/ 2, respectively, where

R, =range(hy: S, = C), iR/*={z€C:—-2*€R,}, (2.20)
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and where S, is the strip defined in (2.12).
A straightforward computation shows that

1 -
ix, _ | cos(ty)  y 'sin(ty) y = Hé/Q. (2.21)

© Ty sin(ty)  cos(ty) ’

The choice of square root does not matter as this point, since cos(ty) and y*! sin(ty) are
even functions of y.

Let (j,t) ~— &;(t) and (j,t) — $;(t) be two functions on Z x R with the following properties.

Condition 2.3. The functions ¢&; and B]- are continuous and 2mw-periodic. Furthermore,

the sequences U(po)a(t) and U(pg)B(t) are bounded for some py > 0, uniformly in t. Here
U(po) denotes the multiplication operator as defined in (2.9).

This defines two families of compact linear operators on H, via pointwise multiplica-
tion: (&(t)v)j = &;(t)v; and (B(t)v)j = [, (t)v;. Define also

Hi(t)yv = Via(t)Vov + B(t)v,  teR. (2.22)
On ’Hf) we consider the flow given by the equation

%n(t):X(t)n(t), X(t):[_g(t) 5}7 H(t) = Ho + Hi(t). (2.23)

The corresponding time-t map v(0) — v(t) will be denoted by ®(¢). Clearly, ®(¢) is
bounded on 7—[,2) for each t € R. In order to get more detailed information on ®(t), we use
that ® can be obtained by solving the Duhamel equation

®(t) = e + / t =) X0 [X (5) — Xo] ®(s) ds. (2.24)
0

Notice that X (s)—Xo = Py H;(s)Py, where P; = [1 0] and P, = [0 1] are the operators that
assign to a vector v = [lﬂ in H% its component v € H, and v € H,, respectively. Since
H, is a continuous curve of compact linear operators, the integral in this equation defines
a compact linear operator. Thus, ®(¢) is a compact perturbation of e!*X°. In particular,
the essential spectrum of ®(27) agrees with the essential spectrum of e?"Xo which is

2¢ = exp(2miR)/? ). (2.25)

Notice that 2§ is included in the union of the unit circle and the real line. If ¥§ does not
cover the entire circle, then the complement of 3§ is connected. The same holds for 3¢, if
p > 0 is chosen sufficiently small.

Theorem 2.4. Let p > 0, and assume that the complement of 3¢ is connected. Then the
spectrum of ®(2m) : H2 — H> outside X consists of eigenvalues with finite (algebraic)
multiplicities. These eigenvalues can accumulate only at 37.

This theorem is a consequence of the following fact. A bounded linear operator with
essential spectrum X¢ has at most countable spectrum in the unbounded component of C\
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3¢, The spectrum in this component consists of isolated eigenvalues with finite (algebraic)
multiplicities. See e.g. the proof of Theorem 4.5.33 in [1].

2.4. Eigenvalues and eigenvectors

Multiplying both sides of the equation (2.24) from the left by e~ ¥, we find that the
family of operators A(t) = e ?X0®(t) — I satisfies the equation

At) = — /O B(s)[1 + A(s)] ds. (2.26)

where
B(s) = e X0 Py H, (s) PiesX0
_ [—yl sin(sy)H;(s) cos(sy) —y ‘sin(sy)H;(s)y !sin(sy) (2.27)
cos(sy)Hi(s) cos(sy) cos(sy)Hy (s)y~!sin(sy) :

The integral equation (2.26) for A can be solved by iteration,
> to t1 tn—1
A(to) = Z(—l)”/ dt1/ dty - - / dt,B(t1)B(ts) - -- B(ty). (2.28)
n=1 0 0 0

Denote by po the decay rate of the sequences &(t) and f(t), as described in Condi-
tion 2.3. Then the following holds.

Proposition 2.5. Assume that 0 < p < pg. Then H;(t) defines a compact linear operator
from Ho to H,. Furthermore, B(t) and A(t) define compact linear operators from HE to
’Hg. The bounds are uniform in t, if t is restricted to a bounded interval.

Proof. Using that U(p)~'VU(p) is bounded on H,, and that a(t)U(p) and B(t)U(p) are
compact on H,, we see that

H, (1)U (p) = V*&(t)U(p) [U(p) "' VU (p)] + B()U (p) (2.29)

defines a compact operator on H,. This proves the first claim.
Composing cos(ty) : Ho — Ho with Hy : Ho — H, and cos(ty) : H, — H,, we see
that
By 1(t) = cos(ty)Hq(t) cos(ty) (2.30)

defines a compact linear operator from Hg to H,. Similarly for the other components of
the operator B(t) defined in (2.27). Thus, B(t) is compact as a linear operator from H3
to 2. By (2.28) the same is true for A(t). QED

Corollary 2.6. Let 0 < p < po. Let v € HE be an eigenvector of ®(2m) with eigenvalue

A€ C\ X¢. Then v belongs to 12, and

b = [Al—e2™X0] T2 X0 4 (270 . (2.31)
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Proof. By assumption we have Ab = ®(27)v = e?™*0 [I 4+ A(27)|v, and thus
[AL—e*™X0]o = e?™ 0 A (27)p . (2.32)
By Proposition 2.5, the right hand side of this equation belongs to 7-[%. And A\ — 27 %o

has a bounded inverse on 7—[?, since A € 3¢. This proves the claim. QED

For completeness, we state a partial generalization of Corollary 2.6, which follows from
(the proof of) Proposition 4.3 in [14].

Proposition 2.7. Let A be an isolated eigenvalue of ®(2m) : HZ — H3. Then each vector
in the corresponding spectral subspace belongs to ’H?, for some p > 0.

2.5. Resolvent estimates

Consider now the case where 8 and 8 + 4a are both nonnegative. Define y = Hé/ 2 by
using a square root function that is analytic in C\ (—oo, 0]. Then a partial diagonalization
of Xy is given by

0 I —1 0 _
where 1 1/2 1/2 1 1/2 1/2
_ Yy Yy -1 _ Y iy~
A= E {_iyl/Q Z.y1/2 } ’ A= E {yl/2 —iy‘l/Q} : (2'34)

Definition 2.8. Let p; be the largest positive real number with the property that the
range of hy : S, — C is contained in C\ (—o0,0], whenever p < p;. For simplicity, we
assume from now on that pg < p;.

Clearly, if p < p1, then A and A~! define bounded linear operators on 7—[[2).
Proposition 2.9. Let 0 < p < p; and define C = ||A]|,||[A~!]||,. Then

C|le*™ o0 — 2ol > dist(z, 5)[of,,  veH), =2€C. (2.35)

Proof. Let u € H,, and consider the Fourier transform u for arguments ¢ + ix with
v,k € R and || < p. On this domain we have the bound

‘(ei%ihé/ L z)u) > dist (=, 22) | (2.36)

for any choice of the square root function. Using the identity (2.13), this implies the bound

| (eﬂ”y - zI)qu > dist (z, X5) |ull, - (2.37)
By (2.33) we have
—2miy __ 1 0 B -
c 0 : iy oy | = AT —2TAL (2.38)
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Let v € B, and v' = A~'v. Then

[ (2 — 2D+ (|7 = a0)/ [ = A" [0 — 2T v’

< A0 — o] -
Combining this bound with (2.37), we get
HAleiHe%XOU - ZUHi > dist(z, Z;)2||U’||i (2.40)
> dist (2, 22) | A 72|[v]|? .
This proves (2.35). QED

Consider the 2n-dimensional spaces H, ,, = $,.,(C) defined after Proposition 2.1. On
Ho,n we define a self-adjoint operator Hy , via the quadratic form

n—1

(v, Ho,nv) = @lvi—p —vn|* + @ Z V41 — Uj‘z + B{v,v), (2.41)

j=1—n

for v € Hp,n. Notice that Hy = ViV + B is invariant under translations. The operator
H , is invariant under translations as well, in the sense that it maps u to v precisely when
Hy maps the 2n-periodic extension of u to the 2n-periodic extension of v. Consider also
the operator X defined in (2.18). An operator Xo,, : Hg,, — M3, is defined analogously,
with Hy replaced by Hg .

Assume again that 5 and /3 + 4& are nonnegative. Consider the operator A defined in
(2.34). An operator A, : Hg,, — Hgm is defined analogously, using y = Héf.

Proposition 2.10. Let 0 < p < p1. Then there exists C' > 0 such that for alln > 1,

CHe27TX°U — zUHp > dist(z, X5) [|v]|,, be Hin, zeC. (2.42)

This proposition is proved in the same way as Proposition 2.9. Uniformity in n
follows from translation invariance: Hy , is diagonalized by the Fourier transform F,,, and
the Fourier multiplier is always the function hg.

2.6. Spectral approximation

The goal is to approximate the spectrum of ®(27) by the spectrum of operators ®,,(2m)
that are essentially matrices. Define a self-adjoint operator H,,(t) on Ho ,, via the quadratic
form

n—1

(v, Hy(t)0) = a1 n(B)|or—n — va* + Y a;(®)oj11 — vs]* + (v, Bv), (2.43)

j=1—n

where aj = &; +a and 3; = Bj + B for all j. Let us now identify Ho,n with P,Hg, where
P, is the orthogonal projection defined in (2.14). Then Hy, and H,, extend canonically
to Ho via the identities (2.41) and (2.43), respectively.
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In the canonical way we also define the vector field X ,, associated with Hy ,,, the time-
dependent vector field X,, associated with H,,, and the time-2w map ®,,(27) associated
with the vector field X,,. Notice that all these operators on H2 commute with P, and act
trivially on (I — P, )H3.

Proposition 2.11. Let 0 < p < po. Then ®,(27)v — ®(27)v for every v € H,,.

Proof. Since the operator norms of ®,(27) : H, — H, are bounded uniformly in n, it
suffices to prove that ®,(27)v — ®(2m)v for every v in some dense subset of H,. To this
end, choose p < p < po, and let v be a nonzero vector in H,. Define to(t) = ®(¢)v and
0, (t) = ®,,(¢t)v. The difference tv — tv,, is the solution of the equation

d
E(m —1,) =X — X,, = X(to —tv,) + (X — X,)t0,, (2.44)

with zero initial condition. Taking the inner product with to — tv,, yields the bound

1d
S glIv |7 < X pllto = 10,12 + [0 — 10, [, [|(X = X)ton]|,, (2.45)

or equivalently,
d
gl = onll, < [ X[l =10 l, + [[(X = Xn )], (2.46)

In order to estimate the last term in this equation, we use that ®(¢) and ®,(¢) define
bounded linear operators on 12, that ®(t)~' and ®,,(t)~! define bounded linear operators
on Hf,, and that their operator norms are bounded uniformly in & and in ¢ € [0, 27]. This
yields a bound

[von [, < Chlfvll, < Ciflofl, < Cafwall, (2.47)

for some constants C7 and C5. Here, and in what follows, a given bound on a quantity
that depends on n and ¢ is meant to hold uniformly in n and ¢ € [0, 27].

Using Proposition 2.1, we conclude from (2.47) that, for any given ¢ > 0, there exists
m > 0 such that ||(I — Py,)to,||, < ¢ for all n. Furthermore, ||(X — X,,)Py|, < e if nis
sufficiently large. Thus, we have a bound

1X = Xa)wall, < (X = X) (0= P, + (X = X)Prtoull, <ens (248)

with e, = 0 as n — co. Now pick a > || X||. Then (2.46) and (2.48) imply that

d —a
pris o (t) — 1, (8], <en- (2.49)
As a result, we have
|®(2m)o — @, (2m)v]|, = [ (27) — W0, (27)], < en2me?™ (2.50)

This proves the claim. QED
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After having shown that ®,(27) — ®(27) pointwise, we consider the problem of
convergence of eigenvalues and eigenvectors.

Proposition 2.12. Let 0 < p < pg. Assume that there exists an increasing sequence
k — ny of positive integers, a converging sequence k +— A\, of complex numbers, and a
sequence k +— vy, of unit vectors in H?, such that ||®,, (21)0, — A\gbill, = 0 as k — oo. If
A = limy Ay does not belong to ¥f, then A is an eigenvalue of ®(27), and some subsequence
of k + vy, converges in 7-[,2) to an eigenvector of ®(2m) for the eigenvalue .

Proof. Assume that A & ¥¢. We may also assume that A\, & X7 for all k. Let
E, = (bnk (27‘(‘)Uk — A\pDg . (2.51)

Using that @,,, (27) = ™0 [I + Ag(27)], we have

o = [\ — ezwxo,nk}—lezﬂxo,nk Ap(2m)05 + [Ap — ezwxo,nkrlEk_ (2.52)

By Proposition 2.10, the operators [)\k — eQTrXOv"k}_l are bounded on ’H%, uniformly in

k. Thus, the last term in (2.52) converges to zero as k — oo. If p < o < pg, then
A (2m)vy belongs to 7—[2 for each k, by Proposition 2.5. In fact, it is clear from the
proof of Proposition 2.5 that the sequence k — Ay (27)v;, is bounded in H2. Thus, some
subsequence converges in 7—[,27. To simplify notation, we take this subsequence to be k +—
Ag(2m)v). Then (2.52) implies that the sequence k — by converges in H2. Denote the
limit by v. Consider now the inequality

[@(27)0 — Abllg < [[@(27)0 — Dy (27) 0|0 + || Dy, (27)[0 — 01, ]l0 (2.53)
+ || Py, (27) 05 — ApOr[[o + A0 — Mg 0o - '

By Proposition 2.11, the first term on the right hand side tends to zero as k — oo. The
other three terms on the right tend to zero trivially. This shows that v is an eigenvector
of ®(27) with eigenvalue . QED

Denote by ¥, the spectrum of ®,(27) : H3 — H3. It includes one (if 3 = 0) or

two trivial eigenvalues exp (iz\/E ) with infinite multiplicity. The remaining part of >,
consists of eigenvalues whose multiplicities add up to at most 4n.

Theorem 2.13. Let A € C\ X§. Then ) is an eigenvalue of ®(27) : H3 — H3 if and only
if there exists a sequence of points A, € X,, that accumulates at .

Proof. The “if” part follows from Proposition 2.12, since we can choose a positive p < o
such that A lies outside 7.

To prove the “only if” part, assume that A is an eigenvalue of ®(27) : ‘HZ — H2.
By Corollary 2.6, the eigenvectors for this eigenvalue belong to H%, if p > 0 is chosen
sufficiently small. We may assume that p < pp.
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Choose r > 0 such that the closure of the disk D = {z € C : |z — A| < r} does not
intersect ¥ and contains no eigenvalue of ®(27) besides A. Then the spectral projection
associated with D of the operator A = ®(27) is given by

1

P(A,D) = —/ (21— A)"tdz, (2.54)
271 oD

where 0D denotes the positively oriented boundary of D. The goal is to show that the

corresponding projection for A = ®,,(27) is well defined and nontrivial, if n is sufficiently

large. To this end, define

c= hnrglo%f zlenafD Ulng | P, (2m)0 — 29|, (2.55)

where B is the unit ball in 7—[%. Assume for contradiction that ¢ = 0. Then we can find an
increasing sequence k — ny, a sequence k — A\ € 0D, and a sequence k — v, € B, such
that ||®,, (2m)b — Agxv||, — 0. By choosing a subsequence, if necessary, we can achieve
A — A € 0D. By Proposition 2.12, this implies that A is an eigenvalue of ®(27). But this
is impossible by our choice of D. The conclusion is that ¢ > 0.

Thus, there exists N > 0 that

@, (27)0 — z0]|, > gunup, :€dD, n>N, (2.56)

for all b € H?,. This implies e.g. that the spectral projection (2.54) is well-defined for
A = @, (2m). Here, and in what follows, we assume that n > N. Let now v € H, be an
eigenvector of ®(27) with eigenvalue \. By the second resolvent identity we have

1

(v, [P(®,(27), D) — P(®(27), D)]v), = i | fn(2)dz, (2.57)
where .
fn(2) = (0, (21 - ®,(27))  En(2)), (2.58)
and
En(2) = [®,(27) — ®(2m)] (21 — ®(27)) 0. (2.59)

The goal is to take n — oo. The bound (2.56) implies that the sequence n — f,, is bounded
uniformly on dD. Furthermore, we have ||E, (z)|lo — 0 for each z € 0D, as a consequence
of Proposition 2.11. By Proposition 2.10, this implies that f, — 0 pointwise on dD. And
by the bounded convergence theorem, it follows that the integral in (2.57) tends to zero as
n — oo.

Given that (v,P(®(27), D)v)o = ||b]|3 > 0, we conclude that (v, P(®,(27), D)v)o is
nonzero for sufficiently large n. This shows that @, (27) has an eigenvalue in D, if n is
sufficiently large. Since the radius » > 0 of D can be taken arbitrarily small, the assertion
follows. QED
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3. Existence of solutions

3.1. Localized solutions

In this section we prove Theorem 1.1, based on a technical lemma that will be proved later.
Adding 2q on both sides of the equation (2.2), we obtain

(W07 +42)a=—V;¢'(Voa) = ¥'(a), () = 9(z) - sz’ (3.1)
Formally, we can rewrite (3.1) as the fixed point equation G(q) = ¢, where
Gq) = —L7' Vot (Vo) +9'(@)] . L=w?0F + 2. (32)

For the domain of G we use one of the spaces 57 , defined below.
Given a real number r > 1, denote by A,. the Banach space of all 27-periodic functions
g : R — R that have a finite norm ||g||,,

=Y ghcos(kt) + Y gisin(kt),  lgll- =D _|gR]r" + > |gklr* . (3-3)

k>0 E>1 k>0 k>1

The even and odd subspaces of A, are denoted by A% and A, respectively. A straightfor-
ward computation shows that || fgll» < ||f]l-]lg|l-- Thus, A, and A? are Banach algebras
under pointwise multiplication. Notice that the functions in A, extend analytically to the
complex domain |Im(¢)| < log(r).

Next, consider the vector space of all chains j — v; € A, with only finitely many
nonzero values v;. Such chains will be called finite. Given ¢ € {0,1} and a real number

p > 1, we define B7 ) to be the completion of this space with respect to the norm

0lI7,, = > llogllep* =L (3.4)

JEZ

The even and odd (as functions of t) subspaces of B7, are denoted by BZ) and B,
respectively. A straightforward computation shows that

(3.5)

lwoll7, < lull? psup floslle, ol < p~ 2=l 0]l7,
J

In particular, B7 , and B7 })0 are Banach algebras under pointwise multiplication (uv); =
u;vj. Furthermore, chains in B , decrease exponentially. The operator norm of a contin-
uous linear operator L on B/, or BT will be denoted by ||L|| ,.

Notice that BO = B, 1 as Vector spaces. Our reason for choosing the o-dependent
norm (3.4) is that the reﬂectlon q +— ¢ defined by (1.2) is an isometry for this norm.

In order to solve the fixed point problem for G, we first determine (numerically) a
finite chain g that is an approximate fixed point of GG, and a linear isomorphism A of B, ,
that is an approximate inverse of I — DG(q). Then the map F defined by

F(h)=G(q) —q+h, qg=q+ Ah, (3.6)
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can be expected to be a contraction near the origin. Clearly, A is a fixed point of F if and
only if ¢ is a fixed point of G.

Consider now a fixed but arbitrary row in Table 1. Among other things, it specifies
a domain parameter 5 = (o, 7,7, p) identifying a space B,E’ pT, and a symmetry parameter
w. If w = =+, then we define R, - to be the reflection ¢ — ¢ given by the equation (1.2).
Otherwise, if w =“none”, then R, - is defined to be the identity map.

The following lemma is proved with the assistance of a computer, as described in

Section 5.

Lemma 3.1. For each set of parameters (¢,1,w,w,B,{) given in Table 1, there exists
a finite chain q, a linear isomorphism A of B?'", and positive constants €, K, § satisfying
e+ Ko < 4, such that the map F defined by (3 6) is analytic on BT and satisfies

IFOI7, <&, IDFMIT, <K,  heBsas, (3.7)

with Bsos as defined below. The support of G is the set {j € Z : 0 —{ < j < {}, and
Ah = h for every chain h that vanishes on this set. Furthermore, q is invariant under Ry,
and A commutes with Ry .

The set Bsas in the equation (3.7) is a special case of the following. Given real
numbers u,v > 0, we define B, , to be the set of all chains h € B7'" with the property
that

Yol <o YT byl <y Y i lepP T <0l (3.8)

j<o—t o—L<j<t j>0

Notice that Bs s includes the closed ball in B;" y of radius 4, centered at the origin.

Proof of Theorem 1.1. First, we note that ¢ and ) are even whenever 7 = 1. Thus, the
right hand side of (3.1) belongs to B = B?'" whenever ¢ € B. Furthermore, 12 — (wk)?
bounded away from zero for all integers k > 7. This implies that L : B — B has a bounded
inverse. Thus, G is well-defined on B and analytic (in fact polynomial). The same is true
for the map F, since A is bounded.

By the contraction mapping theorem, the given bounds imply that F has a unique
fixed point h. € BT with norm < 4. Now g. = ¢+ Ah, is a fixed point of G and thus
satisfies the equatlon (2.2).

It is straightforward to check that G commutes with R = R, . Since A commutes
with R as well, the same is true for the map F. Here, we have used also that ¢ is invariant
under R. Thus, given that h, = klgilo F*¥(0), it follows that h, and ¢, = G + Ah, are

invariant under R. QED

We note that an alternative to the map G considered here would be the map G, defined
by
G(q) = L7 [Ved (Vod) +9"(@)], L= + 2V, Vo + 2, (3.9)

where ¢~>(x) = ¢(x) — %(bgazg. The inverse of £ involves a lattice-convolution with an
exponentially decreasing kernel (for suitable values of ¢, 12, and w). This kernel can be
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computed explicitly, but its nonlocality complicates the analysis significantly; especially
the construction of multi-breather solutions.

3.2. Combining solutions

In this subsection we give a general result that will be used later to prove Theorem 1.3.
This part is independent of previous sections, which allows us to adapt the notation to the
problem at hand.

In what follows, if we write a Banach space Y as a direct sum of subspaces,

Y =PV, (3.10)
k

then the norm on this space is assumed to satisfy

lylly = sup lyelly s uk = Pry, (3.11)

where P, denotes the canonical projection from Y onto Y. Let now Y be a direct sum as
in (3.10), where the index k runs over the set of all integers.
For each integer k, let fx be a C! mapping on Y3 ® Yii1. We extend fr to Y by

setting fi(v) = fx(Yk,Yr+1). Define

Fr) =3 f), Fw=3 ., Fu=> i, (3.12)
k

k<n k>n

forally e Y.

Notation 3.2. Here, and in what follows, Z/ denotes a pointwise sum, meaning that its
m-th component converges in Y,,, for each m.

Notice that, for the sums in (3.12), each component P,, Z;c fx(y) is a sum of at most
two nonzero terms.

For odd integers n, let X,, C ,..,, Yx and Z, C @, ,, Y be subspaces that carry
norms |.||x, and |.||z,, respectively, and that are complete for these norms. We also
assume that X,, N 7, =Y, and

[ynllx, = lunllz, = lunlly s yn€Yn  (nodd). (3.13)

In the remaining part of this subsection, we always assume that n is an even integer,
unless specified otherwise.

Define H,, = X,,_1 @ Y,, & Z,,4+1. So a vector h € H,, admits a unique representation
h=2n_14+Yn+ 2n41 With x,_1 € Xsu—1, yn € Yy, and 2,41 € Z,,41. We will also use the
notation h = (Tp—1, Yn, Zn+1)-

Remark 3. We think of h = (2,,—1, Yn, 2n+1) as representing a chain with “center” y,,,
left-tail z,_1, and right-tail z,,1. The idea is to take F' locally of the form (3.6), with ¢
and A depending on n. The goal is to show that F' has a fixed point near the origin in Y.

We now impose conditions on the function F' that can be checked separately for each
of the spaces H,,. Let €, K, be positive integers satisfying ¢ + K < §. Assume that

IPEO), e IPciFy O, , <2y [PariFF Oz, < e (3.14)

-1 —

HZn+1
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In addition, assume that F, defines a ¢! function on X,,_1 @Y, that F, defines a C!
function on Y,, ® Z,, 41, and that

| P DE(h) |5, -y, < K, (3.15)

whenever ||hl],, <.

In order to formulate our last assumption, we write F, as a function of two arguments,
the first in X,,_; and the second in Y,,. Similarly, we write F as a function of two
arguments, the first in Y,,, and the second in Z, ;1. Assume that

| Prc1DF (Zn—1,Yn)|lx, qovnoy, , < %K’

(3.16)
"Pn—l—lDFyT(yna ’Zn‘i‘l)HYn@Zn{»l‘)Yn«l»l < %K’

whenever ||hl;, <9.

Proposition 3.3. Under the assumptions described above, which includes the condition
e+ K <6, the map F : Y — Y has a unique fixed point in the closed ball of radius § in
Y, centered at the origin.

Proof. If n is odd, then
1PaF(O)lv,, < 1PaFa_1(0)]lv, + [[PaFi1 (0)lv,, < 56 + 3¢, (3.17)

by the second and third inequality in (3.14). Combining this with the first inequality in
(3.14) yields
IEO)[y = SuglanF(O)llyn <e. (3.18)
ne

Let now u be a fixed but arbitrary vector in Y with norm |Ju|| < 6. Our goal is to estimate
DF(u). Notice that

PnDF(u)U = PnDYn_lfn—1<un—17 un)vn—l + PnDYnfn—l(un—laun)vn

(3.19)
+ PnDYnfn(uTu un—l—l)vn + PnDYn_H fn(un; un—l—l)vn—l—l P

for all uw,v € Y and all integers n. Here, Dy, denote the partial derivative operator with
respect to the component in Y.

Consider first the case where n is even. Setting z,_1 = Un—_1, Yn = Up, and 2,41 =
Un+1, the vector h = (-1, Yn, 2n+1) has norm ||h|%, < . So by (3.19) and (3.15), we
have

[P DE W)y v, S P DEF(Zn-1,Yn: 2n41) 30 -y < K. (3.20)

Next, consider the case when n is odd. Setting y,—1 = Un—1, Tn = 2p = Upn, and Y41 =
Un+1, We have
| P DF(u)ly Sy, < ||PnDqu—1(?Jn—1a Zn)’|yn_1®zn—>yn

B o (3.21)
+ [P DF, (T, Ynt 1) xpevy g —ve < 5K + 5K,
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by (3.19) and (3.16). Combining (3.20) and (3.21) yields

IDE@)ly v = sup |PuDF(w)]ly v, < K. (3.22)
neZ
The claim now follows from the contraction mapping theorem. QED

3.3. Multi-breather solutions

In this subsection, we consider a fixed but arbitrary choice of parameters (¢, ¥, w, T, 0,7, p)
that is represented by one of the rows 1-4 or 6-12 of Table 1. The claim in Theorem 1.3
is that we can produce solutions that look like strings of breather solutions. To simplify
notation, consider first the case of a bi-infinite string, indexed by Z.

For any given integer m, we choose one of the maps F for the given parameters, as
described in Lemma 3.1. This involves an approximate fixed point ¢ of G and an operator
A. We note that, if ¢ is a possible choice for the finite chain ¢ mentioned in Lemma 3.1,
then —gq is an equally good choice. Here we allow either choice.

Let A" = A—1. After choosing an integer J,,,, we set ¢ = T, gand A}, =T}, A’TJ_TJ.
Here T’y denotes translation by J, that is, (T;h); = h;_ s for all j. Using the positive integer
¢ from Table 1, define J,, ={j € Z: 0 — ¢ < j— J,, < {}. This is the set that we referred
to as the approximate support of the breather ¢ in Theorem 1.3. It includes the support
of g™.

We may assume that the sequence m +— J,, is increasing, and that Jy = 0. Assuming
furthermore that dist( 7, Jm+1) is positive and even for all m, we define

F(h)=Gh)+Y G(h+q™ + A, h) = G(h) — @™ — 43,h] . (3.23)

The sum in this equation converges pointwise, at each integer j € Z, since (A),h); = 0
whenever j lies outside the support of ¢".

In order to see how this fits into the framework discussed in the preceding subsection,
consider a fixed term in this sum, indexed by m. Let n = 2m. Consider the translated
space By, = Ty, BT with norm |[|h[[5, = ||T;;hH:p. To every chain h € B,, we associate
its left-tail = € B,,, center y € B,,, and right-tail z € B, by setting

o= d i< [y i < <gm. _[hi Hi20n g0y
J 0 ifj>g., 7 0  otherwise, J 0 ifj<igt,

where j, = 3[max(Jm—1) +min(J,,)] and j,; = 3[max(J) + min(Jp41)]. Denote by P,
the projection h — y and set Y,, = P,,B,,. The ranges of the projections h — x and h > 2
are denoted by X,,_1 and Z, 41, respectively. In addition, we define Y,,_; and Y, to be
the one-dimensional subspaces of B,, spanned by all chains supported in {j-} and {j}},
respectively. On H,, = X,,_1 ® Y,, ® Z,,_1 we choose the norm

1hll3¢, = max{||zls, s [|Ylls, » |2]ls, | (3.25)
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The goal now is to apply Proposition 3.3. The following is meant to be a continuation of
Lemma 3.1.

Lemma 3.4. Consider one of the rows 1-4 or 6-12 in Table 1. In addition to the properties
of F described in Lemma 3.1, the bounds (3.15) and (3.16) with n = 0 are satisfied for
each h € Bs gs. Furthermore, § < 27° and §||A[|7 , < 246,

For the proof of these estimates, we refer to Section 5. Based on this lemma, we can
now give a

Proof of Theorem 1.3. . Consider first the case of a bi-infinite string. Then we may
assume that the index set is Z, and that the sequence m — J,,, has the properties mentioned
before (3.23). The goal is to verify the assumptions of Proposition 3.3. The parameters
(¢, ,w,0, 7,7, p) are assumed to be fixed.

By translation invariance, it suffices to verify the conditions (3.14), (3.15), and (3.16)
for n = 0. Due to the projections that appear in these conditions, F' can be replaced
by the map F associated with § = ¢° and A = Ay. Notice that the set Bs o5 defined
by (3.8) includes the closed ball in Hy of radius d, centered at the origin. Thus, under
our assumption that (3.15) and (3.16) hold for h € B; s, these bounds hold whenever
|hll2, < 9, as required by Proposition 3.3. The first inequality in (3.14) follow from the
first inequality in (3.7). The other two inequalities in (3.14) are satisfied trivially in our
case: jgc is at a distance > 2 from the support of any of the chains ¢, so PjﬂFOi (0) =0.

Proposition 3.3 now implies that F' has a locally unique fixed point h € Y. Clearly,
the chain

q_h+2 ™4 Al h (3.26)

is a solution of the equation (2.2). Here we are using Notation 3.2.

Notice that g™+ A, h is supported in J,,, for each m. For j in between those supports,
we have |g;(t)| = |h;(#)] < ||h|ly <. Consider now j € Jy. If h® denoted the fixed point
of the map F associated with ¢ = ¢ and A = Ag, and if ¢° = ¢ + Ah® denotes the
corresponding solution of (1.1), then

|45 — a5 = [(A(h = %)) | < 1Al [ Po (R = 1) ||, < 28] 4117, (3.27)

for all j € Jy. The same bound holds of course for j € 7,, and any m. This concludes
the proof of Theorem 1.3 for the case of two-sided infinite strings m — ¢™. The proof for
one-sided infinite strings and for finite strings is similar, so we omit it here. QED

4. Spectral estimates

Our goal is to reduce the proof of Theorem 1.2 to estimates on finite-dimensional systems.

4.1. Instability

We first consider the task of proving spectral instability. Let H = ¢?(Z). The simplest
cases are the solutions 5, 6, 7, and 12, where the set 3§ defined by (2.25) includes a real
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interval containing the point 1. These solutions are spectrally unstable, since X is the
essential spectrum of ®(27) : H2 — H2, as was described before (2.25).

In the other cases we use a perturbation argument, involving an approximation ®,(27)
for the map ®(27). First, we need a uniform bound. Let (j,t) — o;(t) and (4,t) — 5;(t)
be bounded functions on Z x R that are continuous in the time variable t. Consider the
flow on H? given by the equation

a0 = Xov, n:m, X:[_(jq H, Huv=V*aV,v + fu. (4.1)

Here av and v are defined by pointwise multiplication. Assume that we have enclosures
la,af] 3 a;(t) and [B;, B8] 2 B;(t) that are valid for all j and all ¢. Define

¢ = ymax{|da; + B —1[, 4o + B — 1]} (4.2)

Proposition 4.1. Under the above-mentioned assumption, the time-t maps ®(t) for the
flow (4.1) satisfy the bounds ||®(t)| < el for all ¢.

Proof. Let v = v(t) be a fixed but arbitrary solution of the equation (4.1). Using that
|H —I|| < 2¢, we have
lol* = (v, (X + X*)o) = (v,I— H)v) + (v, (I - H)v)
< [IT—Hl[[[olI* < 2¢]o]*,

(4.3))

and thus d¢||v|| < c||v]], for every ¢ € R. By integration we obtain
[2(6)o(0)]| = [[o@)I] < eM[v(0)]]. (4.4)
This holds for arbitrary initial conditions v(0) € H2. Thus, || ®(¢)| < el as claimed. QED

For simplicity, assume now that @ = o — & and 8 = 3 — j3 satisfy the Condition 2.3,
with 8 and 3 + 4a contained in [0,1). Then the spectrum of ®(27) off the unit circle
consists of isolated eigenvalues with finite multiplicities.

Consider another operator H° of the same type, for sequences a® and ¢ that have
the same asymptotic limits & and B.

Proposition 4.2. Let of and $F be real numbers, such that {a(t), a;(t)} C [o, o]
and {B3(t), B;(t)} C [Bs, 0] holds for all j and all t. Let i be a real number larger
than 1. Assume that the time-2mr map ®,(2m) associated with H® has an odd number
of eigenvalues (counting multiplicities) in the half-plane Re(z) > p, and that p is not an
eigenvalue of ®,(27). If in addition,

2me”™||H (t) — HO(t)||||(®o(2m) — ) 71| < 1 (4.5)

for all t € [0,27], with ¢ given by (4.2), then ®(27) has an odd number of eigenvalues in
the half-plane Re(z) > p.

Proof. For 0 < k < 1 define H® = (1 — k)H° + kH. Denote by A, the time-2 map
associated with H”. Our goal is to show that

|(Ax — Ao) (Ao — )| < 1, 0<k<1. (4.6)
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Then each A, — p = [I+ (A, — Ao)(Ao — ) '] (Ao — p) has a bounded inverse, implying
that no A, has an eigenvalue u. Since the eigenvalues of A, off the unit circle depend
continuously on s and come in complex-conjugate pairs, this implies that each operator
Ay has an odd number of eigenvalues in the half-plane Re(z) > u. So the claim made in
Proposition 4.2 follows form the bound (4.6).

What we need now is a bound on A, — Ag. Denote by 7 the flow-map for H* from
time s to time t. These maps satisfy the equation

t
o =Y+ / ) Py[H"(s) — H°(s)| P ®% . ds, (4.7)

where P; = [1 0] and P, = [0 1] are the the operators from H? to H that are described
after (2.24). By Proposition 4.1 we have ||®f .|| < eclt=sl for each k. Taking norms in (4.7)
we get

t
log, — @0, < / =) || % (s) — HO(s)|[e>~) ds (4.8)
In particular,
| A, — Aol < 2mke®™ sup [[H(t) — H°(t)]]. (4.9)
0<t<2m
When combined with the assumption (4.5), this yields the desired bound (4.6). QED

Our choice of H° will be described in Subsection 4.4.

4.2. Separating sets and monotonicity

Next, we consider the task of proving spectral stability. We adapt an approach that was
introduced in [14]. Roughly speaking, the goal is to find two simple approximations H +1
for the operator H defined in (2.6), such that H~! < H < H'. If we can control the
time-2m maps P®4(27) associated with the family of operators H® = %H‘l + %Hl,
in a way that will be explained below, then we can also control the time-27w map ®(27)
associated with H. And as described at the end of this subsection, we can reduce this to
a finite-dimensional problem. Here, and in what follows, the parameter s always ranges
over the interval [—1,1].

Let H be a finite-dimensional Hilbert space. Consider the Hilbert space H? of all pairs
b = [?], equipped with the inner product (b,v’) = (v,v’) + (v,/). A linear operator on
H?2 is said to be symplectic if it is “unitary” for the quadratic form

G(b,0") =i(v, V) —i{v,v'), b0 € H?. (4.10)

We are interested in the parameter-dependence of eigenvalues that lie on the unit
circle. Let s — A, be a continuous curve of symplectic operators on H?. Let v, be
eigenvector of A, with eigenvalue Ay, both depending continuously on s. If A4 lies on the
unit circle and is simple, for some value s = sg, then the same is true for s near sg. The
reason is that, by symplecticity, the spectrum of A, is invariant under complex conjugation
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z + z and under inversion z — z~!. More can be said by using the the Krein signature of
05, which is defined to be the sign of

G(0s,05) = =2 Im(vg, vs) . (4.11)

It is straightforward to check that G(bg,0s) vanishes unless g lies on the unit circle.
According to Krein theory, the only way that A\g can move off the unit circle, as s is varied,
is for A to collide with an eigenvalue (for an eigenvector) of opposite Krein signature.
This motivates the following

Definition 4.3. Let A = SU(0, 00), where S denoted the unit circle in C. Consider a finite
subset Z of S\ {1} that contains at least two points. This set defines a partition of A\ Z
into connected sets. The set containing 1 will be referred to as the “cross”. The other
sets in this partition are subsets of S and will be referred to as “arcs”. Given a symplectic
operator A, We say that Z is a separating set for A, if all eigenvalues of A that lie in the
same arc have the same (nonzero) Krein signature. Furthermore, we impose that the cross
contains exactly two eigenvalues of A, and that Z contains no eigenvalues of A.

We note that the separating sets defined in [14] were allowed to contain the point 1.
But we only considered partitions of S\ Z, since we did not allow bifurcations at 1. Here,
the cross associated with Z is needed to control a pair of eigenvalues near 1, independently
of whether these eigenvalues lie on S or not. Recall that the true system has an eigenvalue
1, and by symplecticity, this eigenvalue has an even multiplicity. When considering finite-
dimensional approximations, this eigenvalue can split into multiple eigenvalues near 1.

Using the above-mentioned fact about the Krein signature, say in the form of Propo-
sition 2.9 in [14], we immediately obtain the following.

Proposition 4.4. Let Z be a finite subset of S\ {1} that does not contain any eigenvalues
of Ag for any s. Assume that one of the operators As has the following property: Z is a
separating set for A, and all eigenvalues of As belong to A. Then each of the operators
A has this property.

Let (s,t) — H?(t) be a continuous family of linear operators on H, indexed by [—1, 1] x
R. Consider the flow on H? defined by the equation

B0 (t) = X4 (t)o(t) Xs(t):[_;s(t) H. (4.12)

Assume in addition that each operator H*(t) is self-adjoint. Then a straightforward com-
putation shows that the time-t maps ®(t) for this flow are symplectic. In what follows, we
also assume that H*(t) is 2w-periodic in ¢. Then the map ®4(27) is of particular interest.

The monotonicity property that we mentioned earlier can be stated roughly as follows.
Assume that -L H*(t) is positive for all s and all t. Then the eigenvalues of ®,(27) that
have negative (positive) Krein index move (counter)clockwise on S, as s is increased.

Formally, this follows from an explicit computation [14]. To make this statement more
precise, we need to avoid collisions of eigenvalues of opposite Krein signatures. And for
simplicity, we restrict now to affine families

H*=H"+sD, sec[-1,1], (4.13)
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that are strongly increasing, in the sense that D > 0. Here, and in what follows, if C' = C(t)
and D = D(t) are curves of self-adjoint linear operators on H, then we define D > C or
C < D to mean that there exists € > 0 such that D(t) — C(t) — €l is a positive operator
for all t.

An eigenvalue of ®4(27) that lies on the unit circle can be written as A = €. The
real number 7 will be referred to as a Floquet number for ®4(27).

Proposition 4.5. (monotonicity) Assume that the family of operators A = ®4(27) sat-
isfies the hypotheses of Proposition 4.4. Consider the eigenvalues of A that lie in the arcs
determined by Z. Then the corresponding Floquet numbers 11,m2,... can be labeled in
such a way that each ny, is a real analytic function of the parameter s. Furthermore, if the
Krein signature of Ay, is positive (negative) then L is negative (positive).

This proposition is a consequence of Proposition 4.4, and of Lemma 3.6 in [14].

Consider now a situation where H-! < H < H!, as mentioned at the beginning of
this subsection. Since we can interpolate first between H~! and H, and then between H
and H', Proposition 4.5 suggests that each Floquet number for ®(27) can be bounded
from above and below by the corresponding Floquet numbers of H~! and H'. This is
indeed the case, but the following suffices for our purpose.

Proposition 4.6. Assume that H=! < H < H'. Let Z be a finite subset of S\ {1} that
does not contain any eigenvalues of ®4(27), for any s. Assume that, for some value of s,
the operator A = ®4(2m) has the following property: Z is a separating set for A, and all
eigenvalues of A lie on A. Then A = ®(27) has the same property.

The proof of this proposition is similar to the proof of Corollary 3.8 in [14], so we omit
it here.

Remark 4. By Proposition 2.12, it suffices to consider the operators Hy defined by
(2.43), if k is chosen sufficiently large. The results of this subsection will be applied with
H = Hj,. Choosing H = Hg,, with n > k, the time-2r map ®(27) leaves H? invariant,
and its spectrum does not depend on n.

4.3. Verifying separation

Motivated by Proposition 4.4, consider the task of verifying that Z does not contain any
eigenvalues of Ay = ®4(27) for any s. It is worth noting that this task simplifies if we first
verify that Z is a separating set for A_1, and that all eigenvalues of A_; lie on A. To see
why, notice that every arc I' defined by Z can be assigned a signature: the signature of
the eigenvalues of A_; that lie in I'. We may assume that Z is “minimal”, in the sense
that adjacent arcs have opposite signatures. Consider now a point z € Z, and let I' be
an arc that has z in its boundary. As s is increased, starting from —1, the eigenvalues of
Ag in I' all move either toward z, or they all move away from z. In the first case, we call
z a “primary” point of Z. In the second case, any eigenvalue that could possibly enter I'
through z must have the same signature as I', so z lies on the boundary of the cross. Thus,
if we verify that the eigenvalues of A, avoid all primary points of Z, as s is increased from
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—1 to 1, and that A; has the same number of eigenvalues in the cross as A_1, then all
points in Z are being avoided.

We describe now a method for proving that a given point e?™" on the unit circle is not
an eigenvalue of any of the operators ®4(27). Consider first a fixed value of the parameter
s. Assume that H? is a self-adjoint linear operator on H that depends continuously and
27-periodically on time t. Let v be an eigenvector of ®,(27) with eigenvalue \ = €27,

and let v be the first component of v. Then the function w = e~y is 27-periodic and
satisfies the equation (9; + in)?w = —H®%w, or equivalently,
M,(n)w =0, My(n) = (k+n)* - H®, k= —io;. (4.14)

Here H%w is defined pointwise by the equation (H®w)(t) = H*(t)w(t). If n is real, then
M, (n) is self-adjoint as a linear operator on the Hilbert space $) = L?([0, 27], H) with the
inner product

(w,w) = 1/0 "), w (1)) dt (4.15)

™

To be more precise, the domain of M (n) is the set of all functions w € ) with the property
that kw belongs to $). Then M,(n) is a Fredholm operator on ), and in particular, the
spectrum of Mg (n) consists of isolated eigenvalues with finite multiplicity. It is straightfor-
ward to show that the eigenfunctions of M (n) are continuous, and that any nonzero vector
w in the null space of M,(n) yields an eigenvalue v of ®,(27) with eigenvalue A = 2™,
For details we refer to [14].

We need the above only for operators H® in an affine family (4.13), where (Dw); =
djw; for a bounded sequence j — d; of positive real numbers. Consider the affine family
H* = H® + sD for s € [-1,1]. With M,(n) as defined in (4.14), our goal is to show that,
for some given 1 € R, none of the operators M;(n) with s € [—1, 1] has an eigenvalue zero.

It is convenient to replace M(n) by a bounded linear operator M(n) as follows.

Definition 4.7. For every integer k, define 8, = max(1,|k|)~!. Denote by 0 the (unique)
continuous linear operator on $) with the property that for each j, if w;(t) = e** for
all t, then (Qw);(t) = Ore’*® for all t. If M is any linear operator on ), then we define
Muw = M 60w, whenever w € § and 6w belongs to the domain of M.

Clearly, M,(n) has an eigenvalue zero if and only if M,(n) has an eigenvalue zero.
The operators 0(k +1)20 and D are trivial to represent. The operator H? is less easy to
handle. But it is compact, so we approximate it by a simpler (finite rank) operator HO.

In order to show that €™ is not an eigenvalue of ®,(27), it suffices now to verify the
hypotheses of the following lemma.

Proposition 4.8. [14] Consider parameters values —1 = so < s1 < ... < 85, = 1. Let
C > ||H® — H°||. Assume that the operator M, (n) = 6(k -+ n)20 — H® — sD has no
eigenvalues in [—C, C], and that

(Sj - Sj_l)HDH <20, (416)

for j =1,2,...,m. Then none of the operators M(n) has an eigenvalue zero.
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4.4. Proof of Theorem 1.2

Before we can apply Proposition 4.6, we need to find useful upper and lower bounds of the
form HY — D < H,, < H° + D on the operators H,, defined by the equation (2.43). To be
more precise, such bounds are needed only for sufficiently large n. Thus, let first determine
upper and lower bounds on the full operator H, given by (2.6). Instead of H(q(t)), we
write here H(t) or just H. We assume that §; > 0 for all j.

The space considered here is H = (?(Z). We start by defining a self-adjoint truncation
H?° of the operator H. After fixing a cutoff j. > 0, H? is defined by the quadratic form

W, Hv) = > ajenlp—vlP+ D (8= Bl + By,  (417)

0—Jx<J<Jx 0—Jx<J<Jx

where o and 3 are the functions defined in (2.4), and where 3 = w™21),. The truncation
error £ = H — H° is then given by

()= > ajeplvj—vlP+ DY (8= Bl (4.18)
. o j<O—ju §>j. or j<o—j.

)

J

that includes {0, «;}. In addition, we determine an interval [a_, aZ ] that includes {0, o }

whenever j < 1 — j, or j > j. — 0. And we choose constants v~ < 0 < 4 such that

In order to estimate £, we determine for j = j, and for j = 0 — j, an interval [aj_, Q

v <dag+B;-B<vf,  ifj<o—j.orj>j.. (4.19)
Now define N o
Zaj_s+1 if j =74,
4 e s
tqF = { 2= HI=omge (4.20)
vy if j<o—jeorj>j.,
0 ifo—j. <7 <7s.

Using the trivial inequality |z — y|? < 2|z|? + 2|y|?, we find that
-D~ <€&< D",  D* =diag(d* +e), (4.21)
for any € > 0. Finally, define

H*=H+sD, H°=H°+i(Dt-D7), D=3i(D"+D"). (4.22)
Then D > 0 and
H'=H°-D <H<H°+D"=H", (4.23)

It is straightforward to check that the same holds if H is replaced by any of the operators
H,, with n sufficiently large.

Remark 5. The function H° that is used in our computer-assisted proof differs from
(4.17) in the sense that «; and f; are replaced by function af and 7 that are very
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close to a; and f3;, respectively. The value of € > 0 in the definition (4.21) is chosen to
(over)compensate for the resulting error.

Notice that a chain v that is supported at a single point j < o — j, or j > j, is an
eigenvector of H*, with eigenvalue

ps =B+ 32y —e) + (7T +e). (4.24)

The corresponding eigenvalues of ®(27) need to be considered as well in our application
of Proposition 4.6. In ‘H they have infinite multiplicity, but when considering H,, in place
of H, only the eigenvalues with eigenvectors in P,H are relevant. In order to compute
their Krein signature, write us = —n2?. Then the corresponding eigenvalues for X are
+ins. So we need ps < 0 in order for ®4(27) to be spectrally stable. Assume that 75 > 0.
Using (4.11), one easily finds that the eigenvector for the eigenvalue €™ of ®,(2m) has
a negative Krein signature, while e 2™ has a positive Krein signature.

The following two lemmas are proved with the assistance of a computer, as described
in Section 5.

Lemma 4.9. For each of the solutions 2, 3, 4, 8, and 13, there exists a family of operators
s — H* as described above, satisfying H=' < H, < H' for large n. In addition, there
exists a common separating set Z for both ®.(2x), a finite rank operator H®, a constant
C > 0, and parameter values —1 = sop < 1 < ... < s, = 1, such that the hypotheses of
Proposition 4.8 are satisfied, for every primary point €™ in Z.

For the definition of a primary point in Z, we refer to Subsection 4.3.

Lemma 4.10. For each of the solutions 1 and 11, there exist real numbers oF, BF, and
@ > 1 such that the hypotheses of Proposition 4.2 are satisfied, with H° as described
above.

We note that the separating set Z described in Lemma 4.9 is determined by computing
accurate bounds on the eigenvalues of the time-27 maps ®11(27) associated with the
operator H*'. The nontrivial part of ®1(27) is just a 2k, x 2k, matrix, where k, =
2j. +1 — 0. It is obtained by integrating the flow t = X0 associated with the second
order equation © = —H*!y.

In order to make this part of our programs [15] more transparent, let us write down
the equations that are being integrated. To simplify notation, consider the operator H® in

place of H¥!. After a change of variables (indices) g = Vk—j. —1+0, the equation ¥ = —H°v
becomes
G = 0k—j, Grt1 — (Qp—j,—1 + 0h—j, + Bri—j.—145)9k + Uh—j. —19k—1, (4.25)

for 1 < k < k., and
g1 =a1-j.92 — (1—j. + B—j.4s)91,

. (4.26)
Gk, = —(0j,—s + Bj. ) gk, + 5, —sGr,—1-

Based on Lemmas 4.9 and 4.10, we can now give a
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Proof of Theorem 1.2. . Consider first one of solutions 2, 3, 4, 8, and 13, that we
claim to be spectrally stable. By Lemma 4.9, we can apply Proposition 4.8 to conclude
that none of the points in Z is an eigenvalue of any of the operators ®4(27). Here, we
have also used the argument given at the beginning of Subsection 4.3, which shows that it
suffices to check the primary points. Now we can apply Proposition 4.6, with H,, in place
of H, for n sufficiently large. It shows that Z is a separating set for @, (27), and that all
eigenvalues of ®,,(27) lie on A. Taking n — oo along a suitable subsequence, we conclude
from Theorem 2.13 that all eigenvalues of ®(27) lie on the unit circle and are bounded
away from 1, with the possible exception of two eigenvalues on the closure of the cross
determined by Z. But we already know that ®(27) has an eigenvalue 1, as mentioned
in Remark 2, and this eigenvalue must have an even multiplicity by symplecticity. This
implies that all eigenvalues of ®(27) lie on the unit circle.

Next, consider one of solutions that we claim to be spectrally unstable. As mentioned
at the beginning of Subsection 4.1, it suffices to consider the solutions 1 and 11. In these
cases, Lemma 4.10 and Proposition 4.2 imply that ®(27) has at least one real eigenvalue
larger than 1. This concludes the proof of Theorem 1.2. QED

5. Computer estimates

In order to complete our proof of Theorems 1.1, 1.2, and 1.3, we need to verify the assump-
tions of the Lemmas 3.1, 3.4, 4.9, and 4.10. The strategy is to reduce each of these lemmas
to successively simpler propositions, until the claims are trivial numerical statements that
can be (and have been) verified by a computer. This part of the proof is written in the
programming language Ada [16] and can be found in [15].

The following is meant to be a rough guide for the reader who wishes to check the
correctness of our programs. The first part of the above-mentioned reduction is organized
by the main program Run_Al1. It divides the given task among five standalone procedures.
The first is Approx_Fixpt, which is purely numerical and computes the finite-rank part
A’ = A—T of the operator A that appears in (3.6). The approximate solution ¢ is read from
the data directory, and the necessary parameters are specified in the Ada package Params.
(If desired, Approx_Fixpt can be used also to improve the quality of the approximate
solution.) Now that the map F is well-defined, the procedure Check Fixpt is called to
verify the assumptions of Lemma 3.1 and Lemma 3.4. At this point, we have an enclosure
for the fixed point ¢ of G. Enclosures for chains in 577 are represented by the data type
FChain, using enclosures of type CosSin1 for functions in A7. Data associated with ¢
that are needed later, such as the functions «, 3, and upper bounds on the numbers d;.—L
defined in (4.20), are computed and saved by the procedure Save Data. This procedure
also determines a bound NPD on the operator norm ||H — H?|| that appears in (4.5). Bounds
on the maps ®41(27) and on its eigenvalues are determined by the procedures Phi2Pi and
Eigen. For the solutions that are expected to be unstable, Eigen also calls the procedure
ScalVectors.Phi.Check Unstable to verify the the assumptions of Lemma 4.10. For the
solutions that are expected to be stable, Run_A11 calls the procedure Separation to verify
the assumptions of Lemma 4.9.
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The next steps in the reduction process require specialized knowledge and tools, so
each of the above-mentioned procedures first instantiates a few specialized Ada packages
and then hands the task to some procedure(s) that are implemented in those packages. An
Ada package is simply a collection of definitions and procedures, centered around a few
specific data types. In particular, the package CosSins1 and its child CosSins1.Chain
implement basic bounds involving the data types CosSinl and FChain, respectively. The
type CosSinl is equivalent to the type Fourier that is used and documented in [4]. Our
type FChain is in essence an array of CosSini, indexed by J ={j € Z:0—¢ < j < /(}. IfQ
is an FChain specifying an enclosure for a chain ¢ € BT, then the components Q,—, and Qy
consist of error bounds on the tails (..., ¢,—¢—1,¢o—¢) and (q¢, go+1, - - .), respectively. The
remaining components Q; define enclosures for the functions ¢; € A7, with 0 — ¢ < j < L.
In our programs, ¢ is named JEMax. And the cutoff j, < £ used in (4.17) is named JAst.

As can be seen in Check Fixpt, the specialized bounds that are needed in the proofs
of Lemma 3.1 and Lemma 3.4 are implemented in the child package CosSins1.Chain.Fix.
This includes bounds GMap and DGMap on the maps G and DG, respectively. Simi-
larly, the proof of Lemma 4.9 is organized by the procedure CheckEta in the package
CosSinsl.Chain.Pairs.FlokM. As the package structure indicates, bounds defined in
CosSinsl.Chain.Pairs.FlokM are reduced in stages to bounds defined in CosSins1, and
those reduce further to bounds on data of type Scalar, etc. Following these instructions,
a computer ends up with a finite number of basic numerical operations, which are carried
out with rigorous upper and (if necessary) lower bounds.

All this is described in full detail by the source code of our programs [15]. But
some remarks may be in order concerning the choice of algorithms. Whenever an implicit
equation needs to be solved, our approach is the same as for the equation G(q) = q. After
determining an approximate solution ¢, we use the contraction mapping theorem for a
Newton-type map F to obtain a rigorous bound on the error ¢ — ¢. This approach is used
e.g. to obtain bounds on the eigenvalues A\; of the symplectic matrix for the nontrivial
part of ®4q(27) or ®,(27), after determining a polynomial whose roots are the numbers
%Ak + %)\,;1. The computation of the matrix itself is entirely explicit: here we use a Taylor
method to integrate the nontrivial part of the vector field X1 (for Lemma 4.9) or X, (for
Lemma 4.10) associated with the operators H° + Dy or H?, respectively, described in
Subsection 4.4. See also the comments after Lemma 4.10. Verifying the assumptions of
Lemma 4.9 is an explicit computation as well. Here, “computing” an object means finding
a rigorous enclosure (specified by finitely many representable numbers) for that object.
To prove that the operator L = Msj (n) described in Proposition 4.8 has no eigenvalue in
[—C, C], we simply compute the inverse of L and check that ||[L~"| < C™ for some positive
integer n (a power of 2). A more detailed description of the algorithms used to integrate a
vector field and to compute eigenvalues can be found in [14], where we considered a similar
spectral problem.

We will not explain here the more basic ideas and techniques underlying computer-
assisted proofs in analysis. This has been done to various degrees in many other papers,
including [7,14]. As far as our proof of the Lemmas 3.1, 3.4, 4.9, and 4.10 is concerned, the
ultimate reference is the source code of our programs [15]. For the set of representable num-
bers (Rep) we choose either standard [18] extended floating-point numbers (type LLFloat)
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or high precision [19] floating-point numbers (type MPFloat), depending on the precision
needed. Both types support controlled rounding. Our programs were run successfully on
a standard desktop machine, using a public version of the gee/gnat compiler [17]. Instruc-
tions on how to compile and run these programs can be found in the file README that
is included with the source code [15].
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