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Abstract

This paper is a slightly modified, abridged version of the work [7]. It deals with some questions
made to the authors during the conference Analytic, Algebraic and Geometric Aspects of Differential
Equations, held in Bedlewo (Poland) during the second week of september, 2015.

We study analytic and formal solutions related to a singularly perturbed partial differential equation
and relate them by means of a multi-level Gevrey order asymptotic behaviour, with respect to the
perturbation parameter.
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1 Introduction

The main aim of the present work is to give answer to certain questions and fruitful mathematical
discussions held with some participants of the conference Analytic, Algebraic and Geometric
Aspects of Differential Equations (AAGADE), held in Bedlewo (Poland) during the second
week of september, 2015, where we presented the work [7]. For the sake of completeness and
clarity, we provide an sketch of the results in that work.

The main purpose in [7] is to study a family of singularly perturbed linear partial differential
equations of the form
(1)

("2 (tF+19,)%2 + ap) (M (F 10" + al)ﬁfX(t, z,€) = Z bigry (2, €)% (07005 X) (¢, 2, €),

(s,k0,Kk1)ES
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for given initial conditions
(2) (D1X)(t,0,¢) = ¢(t,e), 0<j<S—1,

where r; stands for a nonnegative integer (i. e. it belongs to N = {0,1,...}), and 9, s1, $2 are
positive integers. We also fix a1, as € C*. S consists of a finite subset of elements (s, kg, k1) € N°.
We assume that S > kg for every (s, ko, k1) € S, and also that b ., «, (2, €) belongs to the space
of holomorphic functions in a neighborhood of the origin in C2, O{z, €}.

The initial data consist of holomorphic functions defined in a product of finite sectors with
vertex at the origin.

The case for complex perturbation parameter € has also been studied when solving partial
differential equations; in particular, when dealing with solutions belonging to spaces of analytic
functions for singularly perturbed partial differential equations which exhibit several singularities
of different nature. On this direction, one can cite the work by M. Canalis-Durand, J. Mozo-
Fernandez and R. Schifke [2], S. Kamimoto [4], the second author [8, 9], and the first and
the second author and J. Sanz [5]. In this last work, the appearance of both, irregular and
fuchsian singularities in the problem causes that the Gevrey type concerning the asymptotic
representation of the formal solution varies with respect to a problem in which only one type of
such singularities appears.

The asymptotic behavior of the solution in the problem (1), (2) distinguish both singularly
perturbed irregular operators located at the head of the main equation, in the sense that different
Gevrey orders would appear relating asymptotically the analytic and the formal solution in
the perturbation parameter €. The main purpose of this work is to exhibit this interesting
behaviour of the asymptotics related. For this reason, we do not consider an equation (1)
in which nonlinear terms have been taken into consideration. In our opinion, the relevant
asymptotic phenomenon coming from the problem would not change, but computations would
become tedious and unclear.

We construct actual holomorphic solutions X (¢, z, €) of (1), (2) which are represented by the
formal solution

(3) X(t, z,€) ZHgtz—eE[[]]

5>0

where E is an adecquate complex Banach space. The solution is holomorphic in a domain of the
form T x U x €, where T and & are sectors of finite radius and vertex at the origin, and U is a
neighborhood of the origin. In the asymptotic representation several Gevrey orders will appear.

In these notes, we also present some improvements wih respect to the restrictions made
on the coefficients appearing in the equation, and the geometry in which the problem rests.
Moreover, we provide some details on the appearance of a higher number of operators appearing
at the head of the equation and the asymptotic dependence on this data.

2 Summary of the strategy followed and main results

In this section, we present the main results in [7] giving only some detail on the crucial points
for this notes. We refer to [7] for the complete details.
Let S > 1 be an integer. We also consider a nonnegative integer r; and positive integers
ro, 81,82, k. Let r := ;—Qk We fix a1, az € C* and a finite subset S of N3. For every (s, kg, k1) € S,
let by, x, (2, €) be a holomorphic and bounded function in a product of discs centered at the origin.
The problem (1) is studied for € in each of the elements in a good covering in C*.



Definition 1 Let (&;)o<i<y—1 be a finite family of open sectors such that & has its vertex at
the origin and common finite radius rg, == rg > 0 for every 0 < ¢ < v —1. We say this family
conforms a good covering in C* if & N &1 # O for 0 < i < v —1 (we put &, = &) and
Uo<i<v—1& = U\ {0} for some neighborhood of the origin U.

Definition 2 Let (&;)o<i<y—1 be a good covering in C*. For every 0 <i < v — 1, we assume
Ei={ecC:|e| <re, ¢ <arg(e) < bag},

for some rg > 0 and 0 < O1¢, < bog, < 2m. We write dg, for the bisecting direction of &;,
(016, +02¢,)/2. Let T be an open sector with vertex at 0 and finite radius, say rr > 0. We also
fixz a family of open sectors

0
Saangrr = {1 € C 3 1 < rbrr d; - ()] < ).

with d; € [0,27) for 0 <i<wv—1, and 6 > w/k, under the following properties:

# %—i—;rg(az), fOT’ every j = 0, ...,k82 —1.

1. Assumption (A): one has arg (d;)
2. Assumption (B): one has siro — sor1 > so > 0 and |arg(d;) — dg, j| > 09i, for j =

0,..,ks1 — 1, where 0g; 1= HZ=21 (0 ¢, — O1¢,), and dg, j = k%,l(ﬂ(Qj + 1) + arg(a1) +
S$1T2—S2T1 <6175i+0275i))
5 .

52
3. for every0 <i<v—1,t€T and € € &;, one has €'t € Sq, 0,rzr7-

Under the previous settings, we say the family {(Sdi,Q,rng)OSiSl/—lyT} s associated to the good
covering (&;)o<i<y—1-

Assumption (A) in the previous definition is concerned with the existence of d; € [0, 27) such
that the argument of every root of the polynomial 7 — (k7%)%2 4 as has positive distance to d;,
for every 0 <i¢ <v—1.

The first part in Assumption (B) is motivated by the next

Assumption (C):

2 S92
bog, — 016, < ———,
S1T2 — S2T'1

which guarantees the existence of possible choices for directions d; € [0,27) compatible with

Assumption (B), in the sense that

$1T2 — S2T

1
Qi f | (2 + 1) +anglar) + arg(e)|
1

52
for every T € Sdiﬁ,rgrw 7=0,....ks1—1,ee&and 0<i<v-—1.

The second part in Assumption (B) is related to the existence of d; € [0,27) such that the
argument of every root of the polynomial 7+ ¢ =517%(krk)1 4 q; has positive distance to d;,
for every 0 < ¢ < v — 1, independently of € € &;.

We also make the further assumption that for every (s, kg,%1) € S, one has S > kg > 1,
S > k1, and there exists an integer d,, > k such that s = ko(k + 1) + d.,, and that S >

Lb (6% + 50>J + 1, for some b > 1.



This last assumption allows to write the operators T°07° in such a way that the initial
problem is transformed into an auxiliary equation via a slightly modified formal Borel transform
(see [10] for the source of this idea and [6] for the properties held by this transformation).

Let (&i)o<i<v—1 be a good covering, and let {(Sdhg,rgw)ogigy_l, T} be a family associated
to that good covering. For every 0 < ¢ < v — 1, we study the Cauchy problem

(4)
(€2("10)™ + ag) (€7 (10" + a) 00Xt 2,6) = Y by (2, L (OO X3) (¢, 2, €),
(s,k0,Kk1)ES

for given initial conditions
(5) (D1X)(t,0,€) = ¢ij(t,e), 0<j<S—1,

where the functions ¢; ; are constructed as follows: for every 0 <7 <v—landall0 <j < S5—1,
let Wi ;(1,€) € O((Sq, U D) x &;), for some neighborhood of the origin D, and Sy, = {t € C*:
|d; — arg(t)| < 6/2}. Moreover, we make the assumption that

1 T
AN

for some My, o > 0. Also, we assume W; ; = W;11; in the domain (S4, U D) x (& N &i11), for
all0<i<v—1landevery 0<j<S—1. Let Ly, = [(),oo)eﬁdi. For every 0 <i < v —1 and
all 0 < j <S5 —1, we define

(6) (Wi j(1,€)] < Mo

k
) , (1,€) € (Sq; UD) x &,

.
e

u Ve d
<Z>z~,j(t,e)k:/L Wi(u, e)e () 22,
d;

u

for (t,e) € T x &. ¢;; turns out to be a holomorphic function in 7 x &;.
Under these settings, one is able to construct the solution of (4) with initial conditions (5).
We have X;(t, z,e) € O(T x D' x &), for some neighborhood of the origin D’ in the form

B
) Xi(t,z,6) = > Xis(t, 6)%,
B8>0 ’
where
w \k
(8) Xi,ﬁ(t, 6) = k’/ Wi”@’(u, e)ef(ﬁ) dj
La,

The elements (W; g(7,€))s>0 are constructed by a recurrence relation provided that the

formal power series W;(7, 2,€) = > 55 Wp.i(T, 6)%5' is a formal solution of

9) ((B7%)% + ag) ("% (k7¥)*t + a1)OSWi(T, 2, €)
Tk ™ kg ds
= Z brgr, (2, €)eT(57H0) <5 >/ (Tk—s)T_l(ks)m@lei(sl/k,z,e)?
(%) Jo
(s,k0,Kk1)ES L

Tk 7k 3 Srotk(xo=p) 1k ds
b A [T o w20 |

0 s

5n +k(kp—
1<p<ro-1 T (70 i p))



Figure 1: Roots of the polynomials at the head of (9) and domain §2(e).

for given initial data
(10) (PIW3)(7,0,€) = Wij(r,e), 0<j<S§—1.

Here, Ay,, € C. The previous equation is the result of applying formal Borel transform to
both sides in (4), bearing in mind its properties (see Proposition 3, [7]), and bearing in mind
Assumption (C) in order to rewrite the right-hand side of the main equation.

One can observe from equation (9) that a small denominator phenomenon appears when
calculating the coefficients W 5(7,€). The domain of definition depends on € and has to avoid
the roots of the two polynomials at the head of the equation. This implies the domain of
definition of the funtion 7 — W, g(7,€) depends on e € &;. Indeed, it is defined for 7 €
Qe) = Sq; U (D \ Qi(€)), where Q;(€) turns out to be a finite collection of sets of the form
{r € C: || > p(le|), | arg(r) — di| < 02}, where x € (0,7¢) — p(z) is a monotone increasing
function with p(x) — 0 when  — 0 (see Figure 1).

A fixed point technique allow us to conclude the existence of M, Zy > 0 such that

T T

67’

(11)  |Wiglre)| < MZ5p!

ET

1 k

—————55 XD <arb(ﬁ) ) , (1,€) € (Sq; UD) x &,
L+ 7]

with r5(8) = Zgzo 1/(n+1)°. The estimates in (11) yield (8) is well-defined for (¢,¢) € T x &;.

Theorem 1 Under the assumptions made, there exist K, M > 0 (not depending on €), such
that

M
SW\&H@M%WN%MSKW%—A>,
teT,zeD’ ||

for every e € & N &1, and some positive real number 7; which depends on i.

Proof This result corresponds to Theorem 2 in [7]. We give some detail at certain steps of
the proof. There are three different situations when estimating the difference of two solutions
defined in consecutive elements in the good covering.

w(2j+1)+arg(az)
kso

such directions as singular directions of first kind) nor d with |d; — arg(dg, ;)| < dy for
j=0,...,ks; (we will say these are singular directions of second kind) in between d; and
diy1, then one can deform the path d,, , — d,, to a point by means of Cauchy theorem
so that the difference X;11 — X; is null. In this case, one can reformulate the problem by
considering a new good covering combining & and &1 in a unique sector.

1. If there are no singular directions for j = 0,...,ksy — 1 (we will refer to



Figure 2: First case (left), second case (center) and third case (right) to be considered in
Theorem 1.

2. If there exists at least a singular direction of first kind but no singular directions of second
kind in between d; and d;y1, then the movable singularities depending on € do not affect
the geometry of the problem, whereas the path can only be deformed taking into account
those singularities which do not depend on €. In this case 7; := ra/so.

3. If there is at least a singular direction of second kind in between d; and d;y1, then the
movable singularities depend on €, and tend to zero. As a consequence, this affects the
geometry of the problem, and the path deformation has to be made accordingly. In this
case, T; :=T1/51.

Regarding the situation in which only singular directions of first kind appear, one can deform
the integration path for the integrals along direction d; and d; 4 in (8).
For every e € &N &;+1 and t € T one has

_(L)k du
XiJrl“B(t’ 6) — Xi,g(t, 6) =+k Wi+1,f3(u, 6)6 te" /) —
LPO/QsdiJrl u
u kd u kd
_]‘C/ Wi p(u, ee (i) u+/ Wiiv1,8(u, e)e(ar) 22,
Ly /2,4, u C(po/2,di,di+1) U

Here, po > 0 such that pg € D', L, j2.4,,, = [%0,4—00)6‘/?16[”1, Lyoj2.4; = [%,+%)6ﬁdi and
C(po/2,d;,diy1) is an arc of circle with radius py/2 connecting ,00/2@‘ﬁd“rl and ,00/26\/?1di
with a well chosen orientation. Moreover, W; ;1 g denotes the function W; g in an open domain
which contains the closed path (Lq,.; \ Ly, 2,4,,,) — C(po/2,di,dit1) — (La; \ Ly /2,4,), in which
W; 3 and Wiy g coincide. This is a consequence of the construction of the initial data in our
problem.

In the third situation, an analogous argument can be followed. One has to substitute pg by
the function € — p(|¢]).

The result follows from here after usual estimates.

O

The classical definition of Gevrey asymptotics on functions with values in complex Banach
space are considered to describe the asymptotic behaviour relating the analytic and the formal
solution of the mein problem under study.

Definition 3 Let (E,|-||g) be a complex Banach space and € be an open and bounded sector
with vertex at 0. We also consider a positive real number c.



We say that a function f : £ — E, holomorphic on £, admits a formal power series f(e) =
> k>0 arpe® € E[[e]] as its a—Gevrey asymptotic expansion if, for any closed proper subsector
W C & with vertex at the origin, there exist C;, M > 0 such that

< CMY N1V,
E

for every N > 1, and all e € W.

For the existence of a formal power series in € and the asymptotic relation to the analytic
solutions, we make use of a novel version of Ramis-Sibuya theorem in two levels and Theorem 1,
in order to conclude with the main result in [7]. For a classical reference on this result, we
provide [3] as a reference.

Theorem 2 Under the previous assumptions, there exists a formal power series
(12) X(t,z,¢€) ZH[gtz—eE[[]]
B8>0

where E stands for the Banach space of holomorphic and bounded functions on the set T x D’
equipped with the supremum norm, which formally solves the equation

(13)
(€2 (" 10)% + ag) (" (1 0) + a)OZ X (tz,€) = Y Doy (2,65 (00 X) (L, 2,€).
(s,k0,k1)ES
Moreover, X can be written in the form
(14) X(t,z,€) =alt,z,€) + X' (t, z,¢) + X2(t, 2, ),

where a(t,z,€) € E{e} is a convergent series on some neighborhood of € = 0 and Xt z,e),
X2(t,z,¢€) are elements in E[[e]]. Moreover, for every 0 < i < v — 1, the E-valued function
e — X;(t, z,€) constructed in (7) is of the form

(15) Xi(t,z,€) = a(t, z,€) + X (t, z,€) + X2(t, 2, €),

where € — Xij(t, z,€) is a E-valued function which admits Xf(t, z,€) as its 7j-Gevrey asymptotic
expansion on &;, for j =1,2.

Corollary 1 Observe that r1/s1 < r2/s2. If one assumes the existence of ig € {0,...,v — 1}
such that &, has opening larger than mwsa/r2, such that every index in the set Is, ;s, = {io —
01y ves G0y -y B0 + 02} satisfies 2. in the proof of Theorem 1, for some 61,2 > 0 and also

gio g S7r51/7’1 g UhEL;l’i’@ gha

where Sy, /r, stands for a sector with vertex at 0 and opening larger than ws1/11, then the
decomposition in (14) and (15) is unique. In terms of [1], X(t,z, €), as a formal power series
in €, with coefficients in E is (ro/se,r1, s1)—summable on &, and its (ro/sa,11,81)—sum is the
function X, (t, z,€) on &;.

A practical situation has been considered in [7].



3 Some additional comments and further work

We focus our attention on Assumption (B), which is considered for geometric reasons, as we
pointed out before. We now provide an alternative approach to avoid the assumption siro —
S911 > 89, following different strategies.

Case 1: Assumption (B.1) s179 — so11 < —$7.

Under Assumption (B.1), one can interchange the roles of the operators involved at the head
of the main equation in (4), namely "2 (£*+10;)%2 +-ay and €1 (tF719,)%1 +a;. We consider r := T
and put T := €"t. After this change of variable, one rewrites the equation obtained by means of
the idea in [10], as before. The operators T°0;° can be rewritten so that the properties of formal
Borel transform applied at both sides of the transformed equation lead to an auxiliary problem
within the Borel plane. We omit all the details here because they follow analogous arguments
as in the former construction. After this procedure, one gets the next problem, instead of (9):

(16) (6T2_82rk(/€7'k)82 + a2)((ka>51 + al)afWi(T, 2, €)

Tk T k kg 1 1/k ds
D T el e e (S R AL
I‘(—*'”O) 0 s
k

(SzKOJ{l)ES

k T+ S +k(ro—p) d

T KQ 0—P _ S

+ > Aﬁova/ (rF =)= % 1(k5)pa§1Wz‘(31/k7276)?
1<p<ro—1 T(%) 0

Regarding Assumption (B.1), parallel results to Lemmal and Lemma 2 in [7] can be proved.
More precisely, Lemma 2 in [7] reads as follows:

Lemma 1 Let 0 < i < v —1 and e € &. Under Assumption (B.1), there exists a constant
Cs > 0, not depending on €, such that

1
6r2—52rk(k7-k:)82 + as

< (o,

for every T € Q(e).

Indeed, this lemma holds under the less restrictive condition sire — sor; < 0. By means of a
fixed point argument (analogous to that in Section 3 in [7]) we guarantee a formal solution of
(16) under initial conditions (10) in the form W;(7,z,€) = >~ 550 Wai(7, 6)%’ ans such that (11)
holds.

In Theorem 1, the situations to handle differ. Indeed, the singularities of first kind and
of second kind interchange their roles: singular directions w for j =0,...,ks; — 1
become fixed singular directions not depending on € € &; for any fixed 14, i.e. of first kind; whilst
divections d; € [0,27) with |d; — arg(de, ;)| < 2 for j = 0, ..., ks turn into movable singular
directions with respect to € € &;. If there exist a singular direction of first kind but no singular
directions of second kind in between d; and d;;1, we define 7; := r1/s1. If there is at least a
singular direction of second kind in between d; and d;;1, then we put 7; := ra/ss.

Then, Theorem 2 holds under Assumption (B.1) with the same enunciate.

Case 2: Assumption (B.2) syre — sor; = 0.

It is worth mentioning this particular case because under Assumption (B.2), the geometry
of the problem changes. There is no longer a distinction between singularities depending on the



Ne)

perurbation parameter and fixed singularities, only remaining the fixed ones. Indeed, r := 2 =
;le‘ The same procedure leads to the auxiliary equation

(17) ((ET%)%2 + ag) ((kT%)% + a1)0SWi(r, 2, €)

)

k Tk o
= > b (m e ) / <T'“—s>T°—1<ks>”°a§1Wi<sl/’aw%
0

Or
(s,k0,Kk1)ES r <TO
k Tk E) k —
T k rotk(ro—p) 4 1k ds
+ Z A"‘”vap B / (7_ - 8) k (ks)paflwi(s / ,2,6)7 )
T ( K0+k(“0*P)) 0 S
1<p<ro—1 g

which can be solved by a fixed point theorem, leading to a unique Gevrey order appearing
in the asymptotic representation of the solution of (4). More precisely, one has

Theorem 3 There exists a formal power series X(t,z,e) in the form of (12) which formally
solves (13). Moreover, for every 0 <1i < v —1, the E-valued function € — X;(t, z,€) constructed
in (7) admits X (t,z,€) as its r1/s1-Gevrey asymptotic expansion on &;.

Corollary 1 is reduced to the existence of an index 0 < ig < v — 1 such that the opening of
the sector &, is larger than 7s; /r;. In this case, X , as a formal power series in € with coefficients
in E is r;/s;-summable in &, by Watson’s lemma.

Case 3: Assumption (B.3) 0 < s172 — so11 < S2.

As it has been pointed out, the condition sa < s179 — sor1 in Assumption (B) is of geometric
nature. It is imposed to guarantee the existence of rays from the origin which do not cross
the movable singularities appearing at the head of the equation. One may substitute the good
covering by any other consisting of sectors with small enough openings.

Case 4: Assumption (B.4) —s; < s172 — s9r1 < 0. Can be studied in the same way as Case
3.

Regarding the geometry of the problem involved, one can consider a more general problem
under study, which can be solved analogously. A first approach could be to study the equation

(€72 (tFFL0y) 52 4-ag) ™2 (€ (1P 110,) 51 +a) )™ I X (8, 2, €) = Z bigry (2, €)% (05005 X) (1, 2, €),

(87HO 7”1)68

for any positive integers my, ms.

This more general consideration does not change the configuration of the problem. Indeed,
one can follow the same arguments to arrive at the auxiliary equation (9) in which the head of
the equation has been substituted by

((l’m'k)52 + ag)™? (erl_slrk(krk)sl + al)mlﬁfWi(T, 2,€).

It is straight to check that no additional assumptions have to be added, because the roots of
the polynomials ((k7%)%2 4 a9)™? coincide for any positive integer ms. Also, the same holds for
the polynomial (¢"~51"%(k7*)%1 4 a;)™ for any positive integer m. The direction d; at positive
distance to the roots of both polynomials can be chosen independently of m; nor msy. The
problem can be solved following the same arguments as in [7]. The main result can be rewritten
word by word.



10

A more general approach to this one could be to consider more than two singularly perturbed
terms at the head of the equation. More precisely, one may consider the equation

(€ (tFH18,) % + ap)™ (€1 (EFH19,)%h=1 4 ap_1)™ .. (€ (F18) + a1)S X, (t, 2, €)

= Z brgr, (2, )5 (0O X;) (¢, 2, €),

(8,k0,K1)ES

for some integer h > 2, a; € C*, and where r; stands for a nonnegative integer whilst s;, m;
are positive integers for every j = 1,...,h. Under this situation, one chooses the indices
{h1,...,he} € {1,...,h} such that rp,/sp, coincide for every p=1,.... ¢ and rp,/sp, > 1p/5p
for every p € {1,...,h} \ {h1,..., he}. We write 7/5 := 1y, /s, for any p € {1,...,¢}.

An analogous procedure can be followed in this situation. We do not enter into details
for the sake of clarity, but it is worth mentioning that, under an appropriate geometry for
the problem, several Gevrey orders appear in the asymptotic study of the equation. More
precisely, the analytic solution can be split in several terms, in the shape of (15) and the formal
solution can be written in the form of a sum of the same number of terms as the formal one.
One of the terms in the analytic solution admits the corresponding one in the formal solution,
as its Gevrey asymptotic expansion of order 7/s in each of the domains of definition of the
perturbation parameter. The asymptotic expansions have to be considered as in Theorem 2,
with coefficients of the formal power series, and functions with values in the Banach space E.
This term corresponds to the fixed singularity appearing in the auxiliary equation, in the Borel
plane. The roots to be avoided are all the roots of the polynomials (k7")%» + a, = 0, for
p=1... 0

Regarding the remaining terms at the head of the equation, corresponding to (€"» (t*+19;)% 4
ap)™, for p € {1,...,h} \ {h1,...,he}, one observes the phenomenon of movable singularties
described in Theorem 2 at each term. The geometry becomes more complicated and one has to
choose the direction d; so that it avoids all singularities.

More precisely, Assumption (A) and Assumption (B) are substituted by the following ones.

Assumption (A): Forevery 0 <i <v—landp € {1,...,¢} one has arg(d;) # %}:g(ah“)
for every j =0,...,ksp, — 1.
Assumption (B): For every p € {1,...,h}\{h1,...,h¢} and p=1,..., ¢, one has spry,, —

Sh,Tp > 8p > 0 and |arg(d;) — de, ;| > 62ipu for j = 0,... ks, — 1, where 62, =
SpTh, —Sh,Tp 1 . SpThy, —Sh,Tp (01,5, +02¢;
72,48}1#8; (b2, — O1e,), and dg, ; , , = H(ﬂ@] +1) + arg(ap) + lshu i ( . ))
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