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Abstract

We study a family of nonlinear initial value partial differential equations in the complex domain under
the action of two asymmetric time variables. Different Gevrey bounds and multisummability results are
obtain depending on each element of the family, providing a more complete picture on the asymptotic
behavior of the solutions of PDEs in the complex domain in several complex variables.

The main results lean on a fixed point argument in certain Banach space in the Borel plane, together
with a Borel summability procedure and the action of different Ramis-Sibuya type theorems.
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1 Introduction

This work is framed into the study of multisummable formal solutions of certain family of PDEs.
Multisummability of formal solutions of functional equations is observed in recent studies made
by some research groups in different directions, and a growing interest has been observed in the
scientific community. The present work belongs to these trends of studies, for which we provide
a brief overview.

Borel-Laplace summability procedures have been recently applied to solve partial differential
equations. In the seminal work [19], the authors obtain positive results on the linear complex
heat equation with constant coefficients. This construction was extended to more general linear
PDEs by W. Balser in [3], under the assumption of adequate extension of the initial data to
an infinite sector. More recently, M. Hibino [9] has made some advances in the study of linear
first order PDEs. Subsequently, several authors have studied complex heat like equations with

*The author is partially supported by the project MTM2016-77642-C2-1-P of Ministerio de Economia y Com-
petitividad, Spain

tThe author is partially supported by the project MTM2016-77642-C2-1-P of Ministerio de Economia y Com-
petitividad, Spain.



variable coefficients (see [5, 6, 21]). The second author [22], both authors [13] and the two
authors and J. Sanz [17] have also contributed in this theory.

Recently, multisummability of formal solutions of PDEs has also been put forward in different
works. W. Balser [4] described a multisummability phenomenon in certain PDEs with constant
coefficients. S. Ouchi [23] constructed multisummable formal solutions of nonlinear PDEs, com-
ing from perturbation of ordinary differential equations. H. Tahara and H. Yamazawa [24] have
made progresses on general linear PDEs with non constant coefficients under entire initial data.
In [20], G. Lysik constructs summable formal solutions of the one dimensional Burgers equation
by means of the Cole-Hopf transform. O. Costin and S. Tanveer [8] construct summable formal
power series in time variable to 3D Navier Stokes equations. The authors have obtained results
in this direction [14, 15].

A recent overview on summability and multisummability techniques under different points
of view is displayed in [18].

The purpose of the present work is to study the solutions of a family of singularly perturbed
partial differential equations from the asymptotic point of view. More precisely, we consider a
problem of the form

(1)
Q(az)atgu(ttha Z, 6) = (Pl(az’? E)U(t17t27 Z, 6))(P2(8Z7 6)U(t1,t27 Z, 6)) + P<t17t27 €, atu atga 82)

+ f(t17t27 Z, 6)7

under initial conditions u(t;,0, z,€) = u(0, to, z,€) = 0, and where Q(X) € C[X]. The elements
which conform the nonlinear part P;, P» are polynomials in their second variable with coefficients
being holomorphic functions defined on some neighborhood of the origin, say D(0, €y), continuous
up to their boundary.

Here, D(0, ¢y) stands for the open disc in the complex plane centered at 0, and with positive
radius €9 > 0. We write D(0, €g) for its closure.

Moreover, P stands for some polynomial of six variables, with complex coefficients, and the
forcing term f(t1,t2, 2, €) is a holomorphic and bounded function in D(0, p)? x Hpg x D(0,€),
for some p > 0, and where Hg stands for the horizontal strip

Hg/ = {Z e C: ]Im(z)| < ﬁ/},

for some 3’ > 0.

The precise configuration of the elements involved in the problem is stated and described in
Section 2.2.

This paper provides a step beyond in the study of the asymptotic behavior of the solutions
of a subfamily of singularly perturbed partial differential equations of the form (1). We first
recall some previous advances made in this respect, which motivate the present framework.

In [13], we studied under the asymptotic point of view the solutions of certain family of
PDEs of the form

Q(0,)0wu(t, z,€) = (P1(0z, €)ul(t, z,€)) (Pa(0z, €)ult, z,€)) + P(t,€,0, 0 )u(t, z,€) + f(t, z,€),

where the elements involved in the problem depend only on one time variable t. Our next aim
was to check whether the asymptotic properties of the solutions in this equation can be extended
to functions of more number of time variables, as stated in (1).



It is worth mentioning that, in the previous work [13], the linear part of the equation, ruled
by P(t,€, 0, 0,)u(t, z,€) was assumed to be more general than in the present configuration,
admitting an additional term of the form cy(¢, z, €) R(9,)u(t, z, €), where co(t, z, €) is given by a
certain holomorphic function defined on a product D(0, p) x Hg x D(0, ).

We decided not to incorporate this term in the present study for the sake of simplicity.
However, the results can be written with no additional theoretical difficulties by adding the
analog of such terms into the equation. As a matter of fact, the decision of not considering this
term in the present work is due to emphasize other fact: an outstanding phenomena occurred
when dealing with two complex variables, arriving at substantially and qualitatively different
asymptotic properties of the solutions attained.

In [12], we described a study of a family of equations of the shape (1) which showed a
symmetric behaviour with respect to the asymptotic properties of the analytic solutions with
respect to both time variables, as initially expected from the generalization of the one-time
variable case. More precisely, we proved the following result: given a good covering of C*,

{&p1 . p2 Yo<pi<ai—1 (see Definition 3) involving sectors of opening larger than 7/ks, there exist
0<p2<q2—1
sectors with vertex at the origin in C and finite radius, say 71 and 72, such that a family of

solutions {up, p,(t1,t2, 2, €) bo<p,<c;—1 of (1) is constructed. The function wy, p,(t1, 2, 2, €) turns
0<p2<e—1
out to be holomorphic in 71 x Ta X Hg: X &y, p,, for every 0 <p; < ¢ —1land 0 <py < g — 1.

In addition to this, we obtain in this previous work that the difference of two consecutive (in
the sense that they are related to consecutive sectors in the good covering) solutions wy, ,, and

Up: . Of (1) can be classified into two categories:

1. Those pairs ((p1, p2), (P, b)) € Uy, such that

My
sup Upypo (t1,t2, 2, €) — Upr 1y (t1, 12, 2, €)| < Kpe 1 €€ Epypp N Epl ol
(tl,tz,z)éﬂ XBXHB/
2. and those pairs ((p1,p2), (P}, p5)) € Uy, such that
Mp
Tk
sup Upypo (t1,t2, 2, €) — Upr iy (t1, 82, 2, €)| < Kpe 1972 € € Epy po NEpy -

(tl,tg,z)Eﬂ X'TQXHB/

Here, k1 and ko are different positive integers involved in the definition of the polynomials
appearing in the main equation, and K, M,, are positive constants.

The application of a two-level Ramis-Sibuya type result entails the existence of a formal
power series U(t1,t2,2,€) € F[[e]], where F stands for the Banach space of holomorphic and
bounded functions in the domain 7; x 73 X Hg, with the supremum norm. Such formal power
series is a formal solution of (1) and can be split in the form

ﬂ(t17t27 Z, 6) = a(tlatQ) Z, 6) + al(tla t27 Z, 6) + ﬂ?(tl)t27 Z, 6))

where a(ty,to, z,€) belongs to F{e}, and 4y, us € F[[e]]. Moreover, for all p; € {0,...,¢ — 1}
and py € {0,...,52 — 1}, the function uy, ,(t1,%2, 2, €) can be split analogously:

um,pz(tl,t% 2y 6) = a’(tlatQa Zs 6) + u1171,p2 (tlat% 2y 6) + uil,pg(tlat% 2, 6))

where € — ), p, (t1,t2, 2, €) is an F-valued function which admits a;(¢1,t2, 2, €) as its k;j-Gevrey
asymptotic expansion on &, p,, for j = 1,2, seeing ; as a formal power series in €, with



coefficients in F. In addition to this, and under the assumption that k; < ke, a multisummability
result is also attained. Under the assumption that

{(®Y,19), (1. 23)), ((p1. 3), (0. 93)) - -, (T, 05", P, p3"))} € Un,

for some y € N:={1,2,...}, and

gpf,py - Sﬂ/kl - U Ei i

p1,P3
0<j<2y

for some sector S;/, with opening larger than 7/k1, then it holds that @(tym, te, 2, €) is indeed
(K2, k1) —summable on & v p¥s being its (k2, k1)-sum given by u, v py Oon Ep?7p2

The role played by k:l and ko in the previous framework 1s completely symmetric. The
assumption k1 < ko is innocuous, reaching symmetric results in the case that ko < k1. In that
study, the principal part of any of the equations in the family studied is factorisable as a product
of two operators involving a single time variable, yielding a multisummability phenomena in the

perturbation parameter e.

On the other hand, in the present study, the sign of k1 — ko is crucial at the time of studying
the asymptotic behavior of the analytic solution. In fact, a negative sign provides less information
on the asymptotic behavior, which entails only Gevrey estimates whilst the positive one furnishes
more precise information, namely multisummability. Here is where the strength of the present

results holds. More precisely, we find a family of analytic solutions {up, p,(t1,t2, 2, €) }o<pi<c1—1
0<p2<c2—1
of the main problem under study, which are holomorphic in 71 x T3 x Hgr X &, p,, and such that

one of the following hold:

1. In case ko > ki, a formal power series 4(t1,t2, 2, €) € F[[e]], formal solution of (1), exists
such that for every (p1,p2) € {0,...,61—1} x{0,...,6— 1}, the function up, p,(t1,t2, 2, €)
admits (1, t2, 2, €) as its asymptotic expansion of Gevrey order 1/k; in &,, p, (see Theo-
rem 2).

2. In case that k1 > ko, a formal power series u(t1,to,z2,€) € F[[e]] exists, being formal
solution of (1), and such that u(t1, t2, 2, €) shows analogous properties as those described
in the family of equations in [12], i.e. multisummability of the formal solution with Gevrey
levels ki and k2 (see Theorem 3).

The present study is based on the following approach: after establishing the main problem
under study:

(2) <Q(8Z)8t2+eAltih@leleAthQ(?fQDQRDLDQ(az)+6A3td3 S Rp, (0. )) u(t, z, €)

= (P1(0z, €)u(t, z,€))(Pa(0,, €)u(t, z,€)) + Z B, 2t lltdl2 3511 3512 Ry, 1,(0:)ul(t, z,€)

0<i;<D;—1
71=1,2

+ f(t, z,€),

where k1,ko > 1, D1, Dy > 2, Al,dl,épl,Ag,Jg,SDQ,Ag,cig,gp?) are integer numbers, and for
all0 <1 < Dy —1and 0 <y < Dy — 1, we take nonnegative integers dll,cib,éll,cib, and
Ay, 1,, under the assumptions (5)-(7). Moreover, Q, Rp, p,, Rp, and Ry, ;, are polynomials with
complex coefficients, for all 0 < 13 < D;—1and 0 <y < Dy —1. The polynomials P;, P, present



coefficients which are holomorphic functions with respect the perturbation parameter on some
neighborhood of the origin, under assumptions (8)-(10). The forcing term f(¢1,t2, 2, €) is given
by some holomorphic and bounded function on a neighborhood of the origin with respect to
both variables and the perturbation parameter ¢, and some horizontal strip with respect to z
variable.

We search for analytic solutions of (2) given as a Laplace and Fourier transform of certain
function to be determined:

kik w1 VM (w2 \*2 g
(3) (t17t27z € 12 / / / Wk Uy, U2, M, E) <5t11) <€t22> ﬂﬂv
L4y JLa,

(27) (2m)1/2 Uz U

where L., = R ", for some appropriate direction vj € R, for j = 1,2. The problem of finding
such a function is equivalent (in view of Lemma 1) to solve an auxiliary convolution equation
in the Borel plane. More precisely, there is a one-to-one correspondence between functions
u(t1,ta, z,€) of the form (3), which solve (2), and functions w(7y, 72, m,€) admitting Laplace
transform with respect to the first two variables along directions d; and ds resp., and Fourier
transform with respect to m variable, which turn out to be solutions of a convolution equation
(see 23).

For every fixed value of the perturbation parameter €, (71,72, m) — wg(n,TQ,m, €) is ob-
tained as the fixed point of the contractive operator H, (see (33) for its definition) acting on some
Banach space of functions owing exponential decay at infinity on the Fourier variable, and defined
on some neighborhood of the origin for (71, 72) in C?, which can be prolonged to some neighbor-
hood of the origin together with an infinite sector of bisecting direction d; times an infinite sec-
tor with bisecting direction do; under certain concrete monomial exponential growth at infinity.
More precisely, wg(71, 79, m, €) is a continuous function in (D(0, p)USa, ) x Sg, x Rx D(0, €9)\ {0},
and holomorphic with respect to (71, 72) in (D(0, p) U Sg,) X Sa,, and on D(0,¢p) \ {0} with re-
spect to the perturbation parameter. In addition to this, there exist constants w, u, 8,v1,v9 > 0
such that

")

for every (11,72, m,€) € (D(0,p)USy, ) % Sq, x Rx D(0, ¢9) \ {0}. Laplace and Fourier transforms
make sense in order to get (3). At this point, we are able to construct a family of solutions

{tp, po (t1,t2, 2, €) Yo<pr<ci—1 of (2), where wup, p,(t1,12,2,€) is a holomorphic function defined in
0<p2<¢2—1
Ti x Ta X Hgr X &y, py, with T1 and T3 being finite sectors in C* with vertex at the origin, and

where {&p, p, fo<pi<a—1 conforms a good covering at 0 (see Definition 3).
0<p2<e—1

The distinction of k1 < ko and ky < ki provide Gevrey asymptotics or multisummability
results in Theorem 2, resp. Theorem 3. It is worth mentioning that these results lean on the
application of a cohomological criteria known as Ramis-Sibuya Theorem; resp. a multilevel
version of such result.

T2

+ 19

}71 ‘Q 7y (k1
|w,‘3(7'1,72,m, €)] <w(l+ |m|)~# € € exp <—ﬁ]m| + 1 ‘—
N R R ‘

The fact that a different behavior can be observed with respect to the variables in time
is due to the domain of definition of w,‘j with respect to such variables: a neighborhood of
the origin for (7,72) € C? which can only be prolonged up to a neighborhood of the origin
together with an infinite sector with respect to the first variable; whereas it can not be defined
on any neighborhood of the origin with respect to the second time variable, but it does on
some infinite sector. This causes the impossibility of application of a deformation path at the



time of estimating the difference of two consecutive solutions in order to apply the multilevel
version Ramis-Sibuya Theorem. With respect to the study of the main problem in [12], the
main difficulty at this point comes due to the fact that Case 1 in Theorem 1 of [12] is no longer
available.

We also find it necessary to justify the fact that wg can not be defined with respect to (71, 72)
in sets of the form

(4) S1 x (S2U D(0, p2)),

for some infinite sectors S1 and Sz, and for some po > 0. In order to solve the main equation, one
needs to divide by Py, (71, 72) (see (24) for its definition). However, as stated in Section 3.1.1, the
roots of such polynomial lie on sets of the form (4), for any ps > 0. Therefore, a small divisor
phenomena is observed , which does not allow a summability procedure. This occurrence has
already been noticed in another context in previous works: in the framework of g—difference-
differential equations [16]; in the context of multilevel Gevrey solutions of PDEs in the complex
domain in [15], etc.

The layout of the paper is as follows.

After recalling the definition and the action of Fourier transform in the first part of Section 2,
we describe the main problem under study in Section 2.2, and reduce it to the research of a
solution of an auxiliary convolution equation. Such solution is obtained following a fixed point
argument in appropriate Banach spaces (see Section 3.2), whose main properties are provided
in Section 3.1.

Section 3.1.1 is devoted to motivate the domain of definition of the solution, in contrast to
that studied in [12].

The first main result of our work is Theorem 1, where the existence of a family of analytic
solutions of the main problem is obtained. In Section 5.1 we recall the Borel summability
procedure and two cohomological criteria: Ramis-Sibuya Theorem, and a multilevel version of
Ramis-Sibuya Theorem. We conclude the present work with the existence of a formal solution
to the problem, and two asymptotic results which connect the formal and the analytic solutions:
Theorem 2 states a result on Gevrey asymtotics in a subfamily of equations; Theorem 3 states
a multisummability result in another different subfamily of equations under study.

2 Layout of the main and auxiliary problems

This section is devoted to describe the main problem under study. We first recall some facts on
the action of Fourier transform on certain Banach spaces of functions.

2.1 Fourier transform on exponentially decreasing function spaces

In order to transform the main problem under study into an auxiliary one, easier to handle,
we first describe the action of Fourier transform in certain Banach spaces of rapidly decreasing
functions.

Definition 1 Let 8,u € R. Eg ) stands for the vector space of continuous functions h : R — C
such that

1Al g,y = ngx(l + [m[)* exp(Bm|)|h(m)]

is finite. Eg ) turns out to be a Banach space when endowed with the norm ||.[|g -



The following result is stated without proof, which can be found in [13], Proposition 7.

Proposition 1 Let f € Eg ) with 8> 0, u> 1. The inverse Fourier transform of f

+00
11/2 / f(m)exp(izm)dm, xR,

F @) = G

can be extended to an analytic function on the strip
Hg :={z € C/|Im(2)| < B}.

Let ¢(m) = imf(m) € E(g,—1)- Then, it holds that 0.F ' (f)(z) = F 1(¢)(2), for z € Hg.

Let g € Eg, and put ¢(m) = Wf x g(m), the convolution product of f and g, for all

m € R. 1 belongs to Eg ). Moreover, we have F~(f)(z)F 1 (g)(z) = F 1 (¢)(2), for z € Hg.

2.2 Layout of the main problem

Let k1,ko > 1 and Dy, D2 > 2 be integer numbers. We also consider non negative integer
numbers dl,dj,Al,Aj,épl,SDj, for j € {2,3}. Forall 0 <13 < Dy —1and 0 <ly < Dy — 1,
let dy,, dy,, 0, dy,, Ay, 1, be non negative integers. We assume the previous elements satisfy the
next identities:

(5) — < 0p, < 0p,4
and d;, < 0j, 41, 512 < 5l2+1 foral0<i < Di—1land 0<1ly < Dy—1,
6) Ay +Ay—di—do—1+06p, +0p, =0 Az—d3+dp,—1=0
di=6p,(ki+1), hke+1+dj=0p,(ka+1) (j=2,3)
Moreover, for every 0 <[y < Dy —1and 0 <l < Dy — 1, we assume
(7) iy, >0, (ki + 1), di, > (0, — 1)(ka + 1),

Al17l2 > dp, k1 + (SD2 — 1)]4:2.

Let Q(X),Rp, p,, Rp, € C[X], and for 0 < {4 < Dy —1 and 0 < Iy < Dy — 1 we take
Ry, 1,(X) € C[X]. We consider polynomials Py, P, with coefficients belonging to O(D(0, €p)),
such that

(8) deg(Q) > deg(Rh,lQ)v
for 0 <]y <Dy —1and 0<Iy < Dy —1. Moreover, we choose these polynomials satisfying
(9) deg(Q) > deg(P;), j=1,2 Q(im) #0, meR,

deg(Q) = deg(RDs) = deg(RDl,DQ)'

More precisely, we assume there exist sectorial annulus Ep, o and Ep, p, p, such that

RDS (Zm) RD1,D2 (Zm)

1 ——— c F —— " c F
(0) Q(zm) € L'p;3 Qs Q(lm) € LDy,Dy,D3»



for every m € R. In other words, there exist real numbers 0 < r; < R; and a; < 3, for j = 1,2,
such that

(11) Ep,q:={rcC:r <|z| < Ry,arg(x) € (a1,51)},
Ep,.p,,q = {zr € C:ry < |z| < Ry,arg(x) € (az, f2)}.

Throughout the whole work, we denote the pairs of variables in bold letters: t := (t1,t2),
T := (T1,1), T := (11, 72), etc.
We consider the following nonlinear initial value problem

2

(12) (Q(82)8t2 et o) Bt 23§5D2RD1,D2(32)+653t§33ff3RD3(3z>> ult, 2, €)

= (P1(0:, €)u(t, z,€)) (P2 (02, u(t, z,6) + Y Azlzztdllt%aﬁna&%lQ(a) (t, 2, €)
0<1;<D;—
J=12

+ f(t, z,€)

with null initial data u(¢1,0, z, €) = u(0, t2, z,€) = 0.

The forcing term f(t, 2, €) is constructed as follows. For ny,ng > 1, let m — Fy,, »,(m, €) be
a family of functions belonging to the Banach space Eg ) for some 8 > 0, p > max(deg(Pr) +
1,deg(P,) + 1) and which depend holomorphically on € € D(0,¢y). We assume there exist
constants Ko, Ty > 0 such that

1

(13) ||Fn1,n2(ma E)H(g,u) < Ko(7

)m +n2
To

)

for all ny,ne > 1, and € € D(0,¢y). We deduce that

F(T,z,¢€) Z F Y m s Foy oy (m,€)(2)T] Ty

ni,na>1

represents a bounded and holomorphic function on D(0,Tp/2)? x Hg x D(0,¢) for any 0 <
B < B. We define

(14) f(t,z,€) = F(ety,eto, z,€).

Observe the function f is holomorphic and bounded on D(0,p)? x Hg x D(0,€y) where pey <
To/2.

We search for solutions of the main problem (12), which are time scaled and expressed as a
Fourier transform with respect to z variable, in the form

1 o )
u(t, z,e) = U(ety, eto, z,€) = 7 /_OO U (ety, eta, m, €) exp(izm)dm.

(2m)

The symbol U(T',m, €) satisfies the next equation.



. Ay—dy—d. i 55 20D; 20 ,
(15) <Q(2m)66T2+6A1+A2 dy d2T1d1T2dQ€6D1+5D28Tf18T52RD1’D2('Lm)

feBads T§3 €90 (9;];3 Rp, (zm)) U(T,m,e)

1 0 . .
= W / (P1(i(m —my),e)U(T,m —mq,e€))(Pa(imy, e)U(T,my,€))dm
—0
Y ety e gl o By (im)U (T, m, ¢
0<I;<D;—1

=12
+ F(z— F(T,z,¢))(m)

Our goal is to provide solutions of (15) in the form of a Laplace transform. Namely, we
search for solutions of the form

_(M1yky (%2 ko dUuo d
1o v m Q) = ks / wi(u1, ug, m, €)e (7)1 =(7)t2 Quz At
Lo,

)
L"/l u2 ul

where L., = R ", for some appropriate direction v; € R, for j = 1,2, which depend on Tj.
The function wg(T,m, €) is constructed in the incoming sections as the fixed point of a map
defined in certain Banach spaces, studied in the forthcoming sections. For j = 1,2, let Sy; be
infinite sectors with vertex at the origin and bisecting direction d;, such that L,; C Sg,. We fix
a positive real number p > 0.

In the present section, we depart from a function w,‘f T,m, €) continuous on (D(0, p) U Sy, ) X
Sa, X R x D(0,¢€) \ {0}, holomorphic with respect to (7,¢) in (D(0, p) U Sy, ) x Sq, x D(0,¢€),
and such that
2=

Lo [P 1 |22

(17)  lwi(r.m, )] < wa(l + |m]) e

T T
exp(va| =" + v 7 |)

for all 7 € (D(0,p) U Sq,) X Sa,, every m € R and € € D(0,¢) \ {0}.

In order to construct the solution, we present a refined form of the problem. For that purpose,
we need some preliminary results. We make use of the following relations, which can be found
in [24], p. 40:

(18) Ty g = (T a1 ST Ay, T T (T o
1<p1<ép, —1

= (leﬁ_laTl)éDl + A5D1 (Th, Or,)

5p. (ka+1) bp. 5 - k2(dp; —p;) .
(19) T2D] 8T2DJ — (T2kz+1aT2) Dj 4 Z ASDj7pjT2 Dj—Pj (T2kz+1aT2)p,7
1<p;<ép,—1
5p. | F
= (T2’€2+16T2) Dj + ASDj (T, Op,)
for some real numbers A5D17p1a p1=1,...,0p, —1 and ASD. py Pi = 1,.. -,SDj —1, for j =2,3.
]7

We write Ap, (resp. lej, for j = 2,3,) in the place of A;;, (resp. ASDA) for the sake of
J

simplicity.
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We divide by € and multiply by Tfﬁ'1 at both sides of (15). Under the assumptions displayed
in (6) one may apply (18) and (19) in order to rewrite equation (15). This step is important
to exhibit the equations as an expression where some operators algebraically well-behaved with
respect to Laplace transform appear. The resulting equation is as follows:

(20)
(Q(im)T§2+18T2 + (T1]€1+18T1 )5D1 (TZkz—HaTQ )6D2 RDl,DQ (Zm) + (TQkQ—HaTQ)&D?' RD3 (Zm)) U(T7 m, 6)

- [_ (T1k1+16T1 )6D1 AD2 (TQ, aTQ )RDI D2 (Zm) - (T21€2+18T2 )5D2 ADl (Tla aTl )RD1 Do (Zm)

_ADI (Th 8T1 )ADz (T27 8T2)RD17D2 (Zm) - ADZﬂ (T27 8Tz )RD5 (Zm):| U(T7 m, 6)

Tk‘2+16—1 ) .
+ W / (Pr(i(m —my),e)U(T,m —mq,e€))(Pa(imy, e)U (T, my,€))dm;
— 00
+ Z Azl 15 —diy —d12 +d1, +612—1le1 le2 8611 8512 Rl1 I (zm)U(T, m, E)
0<1,;<D;—
=12

+ T e F (2 = F(T, 2, €)) (m).

The following result allows to establish a one-to-one correspondence between solutions of
equation (20), and an auxiliary equation in the Borel plane, (23). The last equation will be
presented afterwards, in this same section.

Lemma 1 Let U(T,m,e¢) be the function constructed in (16). Then, the following statements
hold:

. () (w22 dugy d
k: +18 ~U(T,m,€) = kiko / (k:ju?)wg(u,m, €)e (T1) <T2) ﬂﬂ, j=1,2.
Ly, L uz
k1
Uy my_ d
T U(T, m,€) = kiks / (ukr — s1) " lwk(si/kl ug, M, e)i
Ly, J L, 711 0 §
ug \ F1 2
X e_(ﬁ> _<T§> @%, m1 € N.
Uz U1
k.
ma ’U,SQ u22 ko 2_1 4 1/ko ng
15U (T, m,€) = kiks (ug? — s2) k2 T wi (u1, 85" 2, m, €)—
Ly JLyy \ T (%) 0 52
u k1 ko
o (f) (8) T duadm oy

/ U(T,m —my,e)U(T,m1,e)dm

_ k1, ko ;% ko kl
= k1ko uy us wk —31) , (ug® — s2)F2,m —my,e€)
L

w k w k
Ct)lcci(sl 782 , i, € ) 1 d81d$2> €7<Tii> 17(%) 2@%

(ukr — 31)31 (uk2 — 5989
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Proof

The first statement is a direct application of the derivation under the integral symbol. The
second and third statements are equivalent, so we only give details for the second one.

In order to give proof for the second statement, we first apply Fubini theorem at the inner
and outer integrals. That expression can be rewritten in the next form:

k;l—l k1
U m_q (* duy
A::/ "’1’“2/ / (b )R () A
L L L my Ui
S}/kl’,\/1 I ( k1 )

k171 V2

k
N _<%2) 2 dug dsq
, U2, MM, 6)6 2 )
Uz 81

X wg(s}/k
where Ly, ., = {re*1m :r >0} and L 1k = {re :r > |s1|"/*1}. We proceed by applying
1 y V1

two consecutive deformation paths at the inner integral in the previous expression: first, we
apply hy = ulfl, and then A1 — s1 = hy11. We arrive at

my h1y

1 -1 -1 :
A:klkg/ ——hf} e T dhy
Lkim r (%)

_871_(12)'“2

d 1/k1 Tkl Ty dUQ d81

X wi (87", u2, m,€e)e M _
Liyyy /Ly

The deformation path iy = s1’' followed by hyy = My yields
1

m1 o

1 |
hiy e M2dhys.

1 gm /
1B (%) Lkl'Yl 7k1arg(T1)

1

A=U(T,m,e)

A deformation path and the definition of Gamma function allow us to conclude that A =
U(T,m,e).

The proof of the third formula follows the same lines of arguments, involving Fubini theorem
and it is omitted for the sake of brevity. O

Remark: Lemma 1 provides the equivalence of existence of solutions of different equation
(20) and (23), related by Laplace transformation.
We define the operators

(21) o
Asp 1! [T 1/k ds
Asp, wi(T,m, €) = Z F@mi)/ (rhr — sl)‘le*pl*lkls’flwk(sl/ YT, m, e)s—,
1<pr<op, 1 P T PU o !
A“ 7'k:2 Tk2 <
- 5p..pj 2 5p. —pi—1 . 1/k dso
ASD_Wk(T,m,G) = Z F«SJJ)/ <T§2 — 82) Dj Pj kgsgjwk(Tl,SQ/ 2,m, 6)87,
J ~ — y
1§pj§5Dj*1 D; Dj 0 2

for j = 2,3. Observe that they turn out to be the my, (resp. mg,) Borel transform of the

operator Ap, (T1,0r,) (resp. jlpj (Tz,01,), for j = 2,3) (see Section 5.1 for more details on
this).
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In view of the assumption,described in (7), we define the natural numbers d;, , and dj, ,
by

(22) dll = 5l1 (kl + 1) + dl1,k1’ Czlz = (812 - 1)(k2 + 1) + dl27k27

forall0<l; <Dy—1land 0<Ily <Dy —1.
Taking into account Lemma 1, we see that U (T, m, €) satisfies (20), iff wd(7, m, €) is a solution
of the next equation.

(23) (Q(im) + R, p, im) (kyrf)P1 (ko$2)7P2~" 4 Ry (im) (kf?)7 7" ) o(r, m, )
Ap, (2)

- _(lef1)6Dl WRDth (im)w(77m7 6) (kQT )6D2 lADl (Tl)RD1 Do (zm)w(T,m, 6)
2To
Ap, (T2 . Ap, (12
- Ap, (Tl)ki(k?)RDl’DQ(lm)w(T’m’ €) — Bi(b)Rm(zm)w(T m,€)
279
-1 k1 rre
€ T 2
e [Pt [ [ tnm
(27T)2 ng( + N 0
1 1 dxgdsld'mldsQ
x w((rf = 1)1, (52— w2) "2, m — my, €) Pa(imy, €)w (81 7532 ;M €)
(" = s1)s1(52 — @2) 72
- - k1
Al —dl +4;,+0;,—1 . it
+ Z 1t 22 Rh,lz(zm)k T iy ry I diy ko
0<ly <1D2- 2 Tk ke
]: b
ng Tfl iy kg 1 gk 2_1. 6, & 6 o dsy dso
8 / / (lel - 31) k1 (7_52 - 52) ~2 k " llk l2 (Sfl )SSQ , M, 6)77
0 0 S1 82
-1 ’T'kZ 1
€ 2 1 ds
+/ (752 — s2)F2 Pne(1, 557 ,m, €) —,
koT (1 + %) 0 52

where ), is the formal my, -Borel transform with respect to 77 and the formal my,-Borel trans-
form with respect to Ty of F(T',m,¢), i.e.

TR
Y(T,m,€) = Z F”1”2m€)F(M)F(@)‘
ni,n2>1 1 2

Observe that 1y is an entire function with respect to 7. Moreover, regarding the construction
of 1k and (13), one has

“¢k(T7m’€)"(u,ﬁ,u,k,e)S Z ||Fn1,n2(mv€)||(5“u)

ni,ng>1
L e Tl i 1k T2k T2 72|
x(  sup |Lf o exp(—vi| =" — va| = Q)F(”—I)W)
7€(D(0,)US4, ) X Say) | | 2] L (32)

for all e € D(0, €0)\{0}, any unbounded sectors Sy, and Sy, centered at 0 and bisecting directions
di € R and da € R, respectively, for some v = (v, 1) € (0, +00)2.
Remark: According to classical estimates and Stirling formula, we observe that ¢y (7, m,€) €

Fd See Definition 2.

(v,B,1,k,€)°
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We write
(24)  Pu(r) = Q(im) + Rpy,p, (im) (ka7 )29 (kark2)0P2 =1 4 Rp (im) (ko7s2)°Ps 1,

3 Construction of the solution for a convolution equation

The main aim in this section is to provide with a solution of (23) which belongs to certain
Banach space of functions satisfying bounds in the form (17). Such function is obtained as a
fixed point of an operator acting on Banach spaces, introduced and studied in the incoming
section.

3.1 Banach spaces of exponencial growth

We consider the open disc D(0, p) for some p > 0. Let Sq; be open unbounded sectors with
bisecting directions d; € R, for j = 1,2, and let £ be an open sector with finite radius r¢, all
with vertex at 0 in C.

The following norm is inspired from that considered by the authors in [12]. It is an adecquate
modification of that described in [13], adapted to the framework of two complex time variables.

Definition 2 Let vi,v5, 8,1 > 0 and p > 0 be positive real numbers. Let ki, ks > 1 be integer

numbers and let e € £. We put v = (v1,12), k = (k1,k2), d = (d1,d2), and denote F{Ii/ﬁuke)

the vector space of continuous functions (7, m) — h(7,m) on the set (D(0,p) U Sy,) X Sg, x R,
which are holomorphic with respect to T on (D(0,p) U Sy, ) X Sq, and such that

(25) [[h(T,m) | 8 pu.ke.e)
14 [ZPR ] o |22k
17 € (3

T1 K T2k
= sup (1+ |ml) EY EY exp(Blm| — vi| =" — va|=|"*)|h(7, m)|
TE(D(0,0)USg, )% Sq, p p € €
meR
is finite. The normed space <F(‘f/5u koc) I[-[lv,8,,k,¢)) @8 @ Banach space.

We fix € € £, u,3,> 0 in the whole subsection. We also choose v = (v1,15) € (0,00)2,

d = (dy,d2) € R?, and k = (ky, k2) € N2,
We first state some technical results. The first one follows directly from the definition of the
norm of the Banach space.

Lemma 2 Let (1,m) + a(T,m) be a bounded continuous function on (D(0, p)USg ) X Sq, X R,
holomorphic with respect to T on (D(0, p) U Sq,) X Sa,. Then,

la(T, m)R(T, )|, 8,1,k,e) < ( ) sup a(r,m)\) (T, m) || 8,1,k
T€(D(0,p)USq, )X Sa,,mER

fO’f’ all h(Ta m) € ngaﬁvﬂvkve)'

Lemma 3 Let o = (01,02) € (0,00)2,7and assume thal aqy, is a holomorphic function of
(D(0, p) U Sq,) X Sa,, continuous up to (D(0,p) U Sq,) X Sq,, such that

1
(L+ [ [F)7 (1 + |7ofk2)o2”

a0k (T)] <

for every T € (D(0, p) U Sa,) x Sq,. We take 0 < &; < o; for j = 1,2. Assume that one of the
following hold:
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e 03>0 and 03+ 04 < 09 — 9,

° 0'3:]5—2—1 andUg-}-éSO’z—a’g,
where & > 1. Then, there exists C1 > 0, depending on k,v2,65,0¢, j = 1,2, £ =1,...,4, such
that

ko 1

- - T2 1
aaﬁk(T)TflleZUZk? / (7‘2k2 I IGE 852 ,m)dso
0

(V767/J’7k76)

< Cl|6‘k2(1+03+04702+52) Hf(T7 m)H(U,B“u,k,e) ,

for every [ € Fg,,ﬁ,u,k,e)‘

Proof There exists C1.1 > 0 only depending on o1, 09, k1, k2 such that

Cia

o1kl __o2ko
S T e

| @0 1 (T)71

for every T € (D(0,p) U Sy, ) x Sg,. We apply the definition of the norm of F(‘fj Bk, 1O arTive
at

ko 1

- ~ T 1
aa’k(7')7'flklTQUQk2 / (7'52 — 52)73s9* f (11, 352 ,m)dso
0

(v.B,1,k,€)
2 )
2
< Cl.l Hf(Tvm)H(u,B,u,k,e) 728551;‘; ‘L;‘ €xp <_V2 )? > (1 n |7-2|k2)02—&2
2 €
1
2|2 h*2 h
></ (72| —h)"”b‘”L2 exp ( vo—o— | dh.
0 1+ e e

The proof concludes with the steps providing a bound for Cs(e€) in the proof of Proposition 2
in [13]. O

An analogous result holds by interchanging the role of the time variables.

Lemma 4 Under the same hypotheses as in Lemma 3, assume that

e o3>0 and o3+ 04 <01 — 071,

. agzlf—l—l and03+k%§01—51;
where § > 1. Then, there exists C1 > 0, depending on k,v1,0j5,0¢, for j =1,2 and { =1...,4,
such that

k1 1

- - 1 1
at,’k(7')7'l°'“klTQUQk2 / (Tfl — 31)‘733‘1’4f(3f1 , T2, M) dS1
0

(v,B,1,k,¢€)

< Cl|€|k1(1+a3+a4—01+51) Hf(Tv m)”(u,,@,u,k,e) ,

for every f € F(Crlj,ﬂ,u,kvf)'
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Grouping the integral operators in Lemma 3 and Lemma 4 the following result is attained.

Lemma 5 Let o € (0,00)%. Assume that ay g is given as in Lemma 3. Let 0 < 6; < o; for
j=1,2, and 031, 032,041,042 be real numbers such that

e 03; >0 and o3 + 045 < 0 — 7y,

& 41 5
oagj_k—j—l andagj—kk—jgoj—a],

or 7 = 1,2 and where & > 1. Then, there exists C1 > 0 depending on k,v,0;,6;,03;,04; for
J 32955035504
7 =1,2, such that

o oy 1o
aa,k(T)Tflle§2k2/ / (71— 51)731 874 (757 — 52)79253% f (51", 53° , m)dsadsy
0 0

(V7B7u7k76)

< C%‘E’kl(1+031+U41_Ul+&1)+k2(1+032+042_02+5’2) Hf(Ta m)H(u,ﬁ,u,k,e) ’

Jor every f € F(‘i,ﬂ,mk@)'

The proof of Proposition 1 in [13] can be adapted with minor modifications to the Banach
spaces under study.

Lemma 6 Let o > 0. Assume that 1/ke < o < 1. Then, there exists Cy > 0 (depending on
v, k,72) such that

for every f(T7 m) € Fg’767ﬂak’7€)'

)
T2 = dSQ
/ (72 — 52 f(ry, 552 m) 252
0 592

k
< C’2|6| 272 ”f(Ta m)”(l/,ﬁ,,u,,k:,e) ’
(V757M7k76)

The symmetric statement of Lemma 6, obtained by interchanging the role of 7 and 7 is
derived straightforward from Lemma 6. We finally state the following auxiliary lemma.

Lemma 7 Let o and aq g be as in Lemma 3. Assume that Py, P>, R € C[X] such that
deg(R) > deg(Py), deg(R) > deg(P2), R(im)#0

for every m € R. Assume that 1 > max{deg(P1)+1, deg(P2) +1}. We take 6; < oj forj =1,2.
Then, there exists a constant Cs3 > 0 (depending on Q1,Q2, R, i, k,v) such that

ko k1
Ao k(T) 51k _&2ks /T"’ ks = /:: /Tl 2
) — 2 Pi(i(lm—m
H R(i?ﬂ) T Ty 0 (TZ 82) B 0 0 1(7’( 1))

1 1 1

1 1 ) = = dxodsidmyds
SR = s1) %0 (5 — 29) %2 m — ) Po(ima)g (st , 252 my) e

(7'{Cl — 51)81(82 — T2) T2

< Cslel [1Lf (T, m) g puke,ey 19T ) (0 5 ) 5

for every f(r,m),g(T,m) € F((f/,ﬁ,u,kve)'
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Proof We follow analogous estimates as in the proof of Proposition 3 in [13] to arrive at

) k1
a T) = ~ T2 1 [0 1T S2
o ke )Tallegsz / (7'562 — 59)F2 / / / Pi(i(m —mq))
0 —o0 J0 0
1 1

R(im) !

1 1 i £ L d:UQdSldmldSQ
xf((Tfl —s1)k1, (sgl — x9)*2,m —mq) Py(im1)g(sy, 252, my) o
(11" — s1)s1(s2 — 2)22
k I% hﬁ
R G el o e el {=| 1|z\h1) : B dhy
= | newwon 2 / (PP | ([ — B
€ 0 1 + |€|2k1 1 + \e|2k1

me(D(0,p1)USg,) (1 + [T1[F1)7

= 2]{:2 ko
143 2 [ e - ey
X Q_h k
(S“p o I W F Y S

|
1 1
ha—x2)*2 >
/ S ( 2 ) T dwadhy |y lg(r,m)]
— = _exp | T, m g(T,m )
ho—79)2 % 2 _ (v,B,1,k,€) (v,B,1,k,€)
0 14 %) 14 i (he = w2z

On the one hand, the expression |72|72%2 /(1 + |72|*2)?2 is bounded. Moreover,

2ko kg
14|z o k2 [172] a1
Ay = sup < | exp (—Vz =2 > / (|72|*> — ho) 2
™2€ 84, Z| € 0
(hy—2)"2 g
2—%2 zr
/32| €] exp <1/ h2 > |25| dCL‘thQ
—_— 2
0 1+ (h|2€|—2i7§)2 |e‘k2 1+ ‘6‘332%2 (h2 — 332)562

can be estimated following the same steps as in the study of upper bounds for C59 in formula
(35) of [13]. We get the existence of Cy1 > 0 such that Ay < C52]e|. It only rests to prove that

Aq is upper bounded, where

|

, 1
5 2k b (mfM—h)Fr hyl
Ay = sup e G Tl il /'“' R g dhy
neEpusy) (LHIMI7 2] o gy Il gy A (=R
€ €
= sup Ay

TlE(D(07p)USd1)
We distinguish two cases. First, we assume that |71| > C, for some C' > 0. Then, it holds that

|7y [1F

T+ )

is upper bounded, and by putting & = |71 /€| one can estimate A; from above by

<1 14 2?2 /°° dh
e Ty T (= WP+ A7)
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for some C' > 0. We apply Corollary 4.9 in [7] to conclude that

1+2? 5

N e
ALSSID T

LEZC

for some j; > 0. The previous expression is upper bounded by a positive constant. Second, in
the case that |71| < C, we have (1 + |7|*)7t > 1. We put = = (|71|/|€|)** to get that

sup fil <supz

n 1
1+ 22 /fﬂ (x —hy)® Ay dhy
71€(D(0,0)USa, ), <C a0 zl/k Jy

1+ (z—h)21+h2hi(z— M)

A partial fraction decomposition yields

N 1
/x (x —hy)* k!t dhy < Jk
o 1+ (@—h)?1+hile—I) = o5 g2 4y

x>0,

for some j; > 0, valid for k£ > 2. This concludes the existence of a positive upper bound for Ay,
and the proof follows from this point. O

3.1.1 Domain of existence for the solution

The purpose of this section is twofold. On the one hand, we motivate the fact that any actual
holomorphic solution w(7, m, €) of (23) is not well defined on sets of the form Sy, x (S4,UD(0, p2)),
for di,ds € R and any choice of po > 0.This is due to a small divisor phenomenon observed,
which does not allow to proceed with a summability procedure. On the second hand, we aim to
display geometric conditions on the natural domains in which the solution is defined.

In order to motivate that the natural domains of definition of a solution cannot be of the
form Sy, x (Sg, U D(0, p2)), for di,ds € R and py > 0, let po > 0. We rewrite the equation
Py, (7) =0 (see (24) for the definition of Pp,) in the form
(26) 7_5'92(52*1) _ ~ —Q(im) ~ _ .

Ry, 0y (im)ky P k22 0P8 4 Ry (im)ky s~y 20Ps =00

We put Tp = 7';2(513271), and write (26) in the form V(T5) = T3, where
5py—3py \ t

27) (D) = —Q(im) | Rpy.p, (im)ki ka2 2P0 1 R, (im)k3?s T, "7

Lemma 8 Let di,ds € R. Under the assumption that 6?3;6[1)2 € N\ {0}, there exists 71 € Sy,
Do —
such that the following statements hold:

1. VU is a map from E = D(0, (%)k2(6D2_1)) into itself.

2. V: E — FE is a shrinking map.
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Proof Let 7 € S3, with large enough modulus in such a way that

5Dy 9D,
P §p. 1T, P27
(28) RDI,DQ(Z'm)k;lDl k;Qszl +RD3(im)k2D3 2k176D1 > |Rp,(im)],
G

for every m € R and all Ty € Sg, U D(0, p2). Here, Sg, stand for the infinite sector defined by
k2(6p,—1)

Sg, = {Th € C* : 7, € Sy}, and pg = p§2(52_1). The assumption (10) on the geometry
of the problem and (28) yield
5y ~3p, -1
Q(im) N o 1Ty
(1) < 7y [F1900 Rpy,p, (im)ky " kg™ 4 Rpg(im)ky ~ oo,

1

9

|Q(im)| < <p2>k2(51321)

|n[*0 R, (im)| T\ 2
for large enough |71|. As a result, we get the fist statement in the result. We have

. 6pa—18p,—6
|Rp, (im)]ky"? %(%)

- 5p.—8p
ko (Gp,—1) 202
2

|Qim))|

W' (2)] < ,
(Im[*12P1 | Rpy (im)])?
< ngs_lgDB — SDQ (pz)kZ(SD32SD2+1) Q(im) 1 < 1
- SDQ -1 2 RD3(im) |7'1|2k16D1 -2’

)k2(SD2_1))

for every z € D(0, (%2 , m € R, and large enough |r|. We get that

1
U(T2) = W(Ty)| < sup [W'(2)||Te = To| < 5|T2 = T,
ZG[T2,T2/]

for every Ty, Ty € D(0, (%)k2(5D 2D The application of the mean value theorem entails the
second statement of the result. O

As a consequence of Lemma 8, we deduce that ¥ has a unique fixed point in F, hence, there
exists a unique solution of W (7%) = T for T € E, say 1. The solutions of (26) are the solutions

of 752(6[)2_1 = Ty. As a matter of fact, the kQ(SDQ — 1) roots of Ty belong the disc D(0, &).

Remark: Observe that, in the case that 5 Dy = 5 D, the equation W(Ty) = Th can be solved
directly in terms of 1. In this case, the ky(dp, — 1) roots of Pp,(T) = 0 lay on D(0, £), and we
can not define w(7,m, €) in any set of the form Sy, x (Sg, U D(0, p2)).

In the next paragraphs we display geometric conditions on the problem, which allow us to
attain lower estimates on P,,(7), defined in (24). On the way, the choice of directions d; and da
is made accordingly with the geometry of the problem.

We write

Pm(T) ko(6p,—1) <RD1 DQ(/I:m) 6p, 0p,—1 ki1dp RDg(im) 6p,—1 k2(8p,—dp )>
- =14+ 2 — kT T Py —=k 73 T 3 27 .

Q(im) 2 Q(im) 1 7 ! Q(im) 2

We distinguish different cases.
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1. In case that 71 € D(0, p1), for some small enough p; > 0.

1.1. If » € D(0, p2), for small enough ps > 0. Regarding (10), there exist rth&Q, TBS,Q >
0 such that

k2(502—1) RD17D2 (Zm) 8p, 1 0p,—1 ki1dp RD3 (Zm) 6p.—1 k2(8p,—dp.,)
7143 1 k 2 1 7]{: 3 3 2
" ( QGm) T Qm) "

kQ(SD 71) 1 op SD —1 kiép 1 SD —1 kQ(SD 73[) )
<py 7 <TD1,D2,Q’“1 L T R s oo L S O S IS

1
4
for every m € R, every 71 € D(0, p1), and 75 € D(0, p2). We conclude that

‘ Bn(T)
Q(im)

for some positive constant C1, common for all m € R, 7, € D(0, p1), and 7o € D(0, p2).

(29) > Cl)

1.2. Assume that 7o € Sg,, with |72| > pg, for some fixed py > 0. We write

Rp, p,(im) 6p,  dp,—1 ki6p,  Rp,(im) 3p,—1 ks(3p,—~5p,)
5 k 1k 2 T 1 + 3 k 3 T 3 2
Qim) Tt 7 ! Q(im) 2
RDS(’Lm) SD371 k2(3D3*SD2)
= — . 1+ A(m, 1)),
Q(zm) 2 2 ( ( ))
where

) 6p, ,0p,—1 kidp
A(m, 7) o= D010 (m) by ky © 7

Rp, (Zm) k"fDS»flTQkQ (5D37‘§D2) '
From the assumptions made in (10), we get that

6py 0D, —1
kit ks

k15D1
1 P

1
opy—1 k2(0py,—0py
2 P

’A(m7 T)’ S TlDl,DQ,Dg

for some r}jh Dy.py > 0. Taking small enough p; > 0, we can write
1+ A(m, T) = pmremm,
with pn, + close to 1 and 6, + close to 0, uniformly for every m € R and all 5 € Sg,, with

|T2| > po and 71 € D(0, p1).
Therefore, we have

Pm(T) SD -1 RD (Zm) kQ(SD —1) i0
— 1 k 3 e 3 7 m,T
Qm) T Qm) 2 P
Let 79, be the roots satisfying
ka(py=1) _ -1 Q(im) o~

2k - ng?’ilpm,‘r RD3 (Z’ITL) ’
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for k =0,...,ka(6p, — 1) — 1. We select the sector Sy, in such a way that if 7 € Sy, then it
can be expressed as o = pezerg,k for some fixed k, some € close to 0, § # 0, and any p > 0. We
get

Pm(T) _ kQ(SD 71) i@kQ(SD 71) _ ]CQ(SD 71) i@kz(sD 71) 1
Q(im) =1—-p 37 Ve 3 =p 3 e 3 + ka(SDgil) .

Now, there exists C; > 0 such that

_pi0k2(bpy—1) + ~1 >
ko (Bpg—1) | =
p
for every p > 0. By construction, we also have ka(SDa*l) = |7'2\’”(5’3371)/|7'2,k|k2(5’3371). We

deduce the existence of Cy > 0 such that ka(SDs*l) > C2|Tg|k2(SD371).
As a result, we see that

> C1C2\T2lk2(SD3_l)7

(30) ‘P m(T)

Q(im)

for every 1o € Sy, with || > pp and 71 € D(0, p1), for some small enough p; > 0.

2. Assume that 71 € Sg, with |71| > p1 for some fixed p; > 0, and 72 € Sy, .

We select Sy, in such a way that for 71 € S4, one can write
k3 (8q, —8py,) ) 1
“Esp, < Rp,(im) > 190,
) Y

7 = &er, R, p.(im
1,72

(here, we have chosen any particular 1/k1dp, root), for some & > 0 and 6; close to 0, when
Ty € S4,. Since |11| > p1, we have that & > v > 0 for some fixed v; > 0.

Remark: This factorization is a particular case of a so-called blow up in the desingular-
ization procedure. We refer to the excellent textbook of Y. Ilyashenko and S. Yakovenko [11],
Chapter 1, Section 8, for an introduction to the geometric aspects.

We write
P (1) ka(6p.—1) k16p, Rps(im) [ 6p, . dp,—1 kstl
m. =1+ 7-22( py—1) 11 Dy Ds' lel k2D2* 6191k15D1 + 36151)
Q(im) Q(im) g

Again, taking into account (10) one can select a sector Sy, which additionally satisfies

. . Sp,—1
1 RD3(Zm> 0Dy 19D5—1 0,k S 2 3
_ ki Yk, ? WD 4 = N >(C >0,
k2(5D3—1) k16D1 Q(Zm) ( 1 2 € + é_kl(SDl) -
T2 & 1

for some C' > 0, valid for every m € Sg,, and & > v1 > 0. As a result, we get

P (7)

Q(im)

> C|§1‘k15D1 ‘7.2’7@(5%*1)

o) |

RDl,D2 (Zm)

= Ofn 2701 [y faipa =) | B
3

9

’ > O|ry[}1901 |7y 22— 1)

for some C' > 0 and all m € R.
As a summary, we have achieved the following result.
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Proposition 2 There exist di,da € R and p1 > 0 such that for every m € R and all m €
D(0,p1) U Sq,, 72 € Sq, one has

‘ Bon(T)
Q(im)

for some C > 0, and where f(7) is defined by

(32) > C(L+|m ™)’ f (),

f(r) = { (14 [ral*2)Ps =t if || < p

(1+ |mo|f2)0027L if  |m| > pr.

Remark: Without loss of generality, we may assume that p; < p, where p > 0 is the radius
of the disc of holomorphy with respect to the first time variable appearing in Section 2.2.

3.2 Fixed point of a convolution operator in Banach spaces

The main purpose of this section is to obtain the existence of a fixed point on certain operator
defined in a Banach space. It will allow us to construct the analytic solution of the main problem
under study, (12).

For every € € D(0,¢p) \ {0}, we consider the operator H. defined by

(33) He(w(T,m))
—(k17}")°P1 Ap, (1)

RDl,D2 (im)w(Ta m) AD1 (Tl)RD1,D2 (im)w(Tv m)

Pu(T)  korf ~ Pulr)
AD2 (T ) 1 ADS (T )
Pm(T)ADx D gt oupa(ime(rm) = 5oy TQRDS (im)w(T,m)
1 e 1 Tfl 7'22 B 1% (m—m
T Pu™) @) kot (1+2) o / ) / / / Bl 1):€)

dIL‘Q d81 dm1 d82

1
X (7 — s1) P (52— 22) P8, m — my) Py, eluo(s 7Y, 2 ’”“)(T'ﬂ s1)s1(s2 — 22)a
1 T S1)S1\S2 — X2)T2

k
1 A 7 s T- 1
—dy, —dp, 48, +8;,—1 . 1
+ iz (T) Z €=nle (51 lo 15} lo thlQ(zm) a a
o x o () ()
Jj=1,
kg kl d d
2 1 k1 _q laky _q § 6 51, 8 = dsy dsg
/ / (bt — o) B e ) TR e e (o017 ) 01052
0 0 S1 S2
k
-1 T2 1
€ 2 1 d52
" | s S sm o 2
o Py (7)T (1+,}) 0 s

Proposition 3 Assume that the hypotheses (5)-(10) hold. There exist w,&, R > 0 such that if

lon(rs M)l g <& max{Ri, Ra} < R,

, where Ry, Ry are the geometric conditions determined in (11), for all € € D(O €0) \ {0}. Then,
the operator H, defined in (33) admits a unique fized point wk(T m,€) € F( ) such that

< w, for all e € D(0,€p) \ {0}.

B,k

Hwk T7m’6 H (v,B,1,k,€)
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Proof Take di,ds € R and p; > 0 determined in Proposition 2. First, we apply Lemma 2 and
Lemma 3 to get that

k15D1

R ) 2 _ =
) | [ o o e

" 0 (v.B.p.k0)

1 Rp,.p,(tm
< rolis UP C}(zin‘ lw(T M) 0 g ke o
for every 1 < po < 5D2 — 1.
In view of Lemma 2 and Lemma 4 we have
ka(5p,—1) Rp, p,(im) ! 1
35) ey ERR S [ (s ] )
m 0 (’45#»"’76)
¢ frof2(Bpa D)
< — su

< sup - Jw(T,m)| :
C raeSay (1+ |rofh2)PP2 71 me [Q(im)) v B

for every 1 < p; <dp, — 1.
Moreover, from Lemma 2 and Lemma 5 we have

e, BB m _
(36) 7’1 Dl’DQ / / —_ 5D2 —p2—1 sh2™ 1(7{“1 —31)5131_1’1_137171 !
Cl RD D zm
xw(sit, sk ds1dso < — sup # w(r,m
( vt wipke C mer| Q(im) ot mllepueo-

forevery1§p1§6D1—1and1§p2§<§D2—1.
We apply Lemma 2 and Lemma 3 to get

)
1 7 s
CORF <T>/ (752 = 82)°05 7PN o (71, 8% m) dsy
m 0 (V7/B7M7k7€)
Cq 1
< = -
- C :;é% Q(Zm)’ HW(T’m)H(Vﬂ,u,k,e)’

for every 1 < p3 < 5D3 — 1.
Regarding Lemma 2 and Lemma 7, we deduce that

N

1 L
xw((rf* = s1)*1, (Sz—xz)k2 m —my)Py(imy, €)w (81 , g%, my)

dxgdsl dm1 dSQ

('

Cs

maxmer|Q(im)]

— 51)s1(82 — x2)x2

< el

2
(T )16 50k
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We apply Lemma 2 and Lemma 5 to get

(im) Aty Ypky 4 os 1 6,1
(39) L kl/ / L_g) R 1(752_52) = 18111 §2iz
1 Rl1 12 m
Xw (s s m)dsidsg < = p ’ (T m)” .
b 2 ’ (V:67N7k3,6) C Q(/L 75’/% 75)

for every 0 <1; < Dj —1, for j =1,2.
Finally, the application of Lemma 2 and Lemma 6 yield

(40)
1 /< = s (o8 )2 D sup el [l m)|
Tom =S T1, 857, € S*S T, m
(V7ﬁuuak:76)
Take small enough @, £, eg > 0 and assume that
R ; Rn. (i
sup W’SR and sup M‘gR,
meR Q(im) mer | Q(im)
in such a way that
A-
(ay BmEE Mspy il USRS sl
¢ ~ (o, —p2) c _, F(ép, —p1)
1<p2<ép,—1 1<p1<ép, -1
CiR Z Z ‘A5D1 il ’ASDQ D2 |
¢ 1<p1<0p, ~11<py <G, —1 L'(0p, —p1) T(ép, — p2)
CiR | A5 ; ’ 1 1 1
|<pa<ipg -1 I'(6ps — p3) mek |QUm)| (27)3 koT'(1+ 1)
. . 81y 4 01,1
& Ay 15=0D, k1—6pykotka—1 Ry, 1, (Zm) ky 'k,
o Z 0 ) diy K diy i w
0<1;<D; meR | Q(im) T <#) T ( ]2fl 2)
j=1,2
C 1
+ ! sup - ¢ < w.
Clar (1+ ) e [QGm)

Taking into account (34-40) and (41), we get that H.(D(0,w)) C D(0,w). Here, ﬁ(O,w)
stands for the closed disc of radius w centered at the origin in the Banach space F( Buike)

Now, let wy,wy € F(Vﬁ%k’e), with |\wj(7',m)||(yﬁ7u,k76) < w. We now prove that

1
(42) IHe(wr) = Helw2)ll @ g0 < 5 lwr = w2ll om0

At this pomt the classical contractive mapping theorem acting on the complete metric space
D(0,w) C F( k) Suarantees the existence of a fixed point for . Let us check (42).
Analogous estimates as in the first part of the proof yield
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(43)
k‘15D1 . ko ) )
R T2 B 1 1
1 D1,Do (lm) / (7‘52 — 52)5D2—P2—181272 l(wl (7_17 852 7m) B w2(7_17 852 ’ m))d32
P (T) 0
(V,B,,U,,k,ﬁ)
Rp, p,(im)

< = - wi(T,m) —wa (T, m
T C per|  Q(im) lor(7,m) = wo T, m)ll 0,54 1c) -

for every 1 < py <4 D, — 1. Also Lemma 2 and Lemma 4 yield

(44)

k1

5p,—1) R ) T 3 1 1

T§2<5D2 1 Bpi.p, (i) T / (TR — )0 P P () (650 1o, m) — w517, To, m))dsy
P (T) 0

(v,B, .k .€)
C T k2(5D2—1)
_G I

=~ = sup -
C T2E€Sdy (1 + ‘T2|k2)6D271 meR ’Q(Zm”

lwi(T,m) — w2 (T, M) (1 5 k) »

for every 1 <p; <Jp, — 1. Lemma 2 and Lemma 5 guarantee that

g R _
(45) || DI’DQ i / / — 9)D2 P21 sh2H(rh g )0pi Pl gl
i &
><(<,¢)1($1 ,82 22 m) —wi(stt, 5% m))dsidsy
Wﬁwk@
Cc? Rp, p,(im)
< — sup W lw(T, M) g ke -

o Cme]R

forevery1§p1§6D1—land1§p2§<§D2—1.
We apply Lemma 2 and Lemma 3 to get

1 752 < B T 1
(46) / (152 — 82)°Ps P31 B3N (1) (7y, 85 ,m) — wa(T1, 852, m))ds2
0

P (T)

(V’ﬁ7u7k76)

< G sup
- C meR

] o1 (m,m) — wa(rs )l

1
Q(im)
for every 1 < p3 < 5D3 —1.

In order to study the convolution operator, we need to give some details on the procedure.
Put

Wi = wi((m — sl)l/kl, (s9 — x2)1/k2 m—my) —wa((m — sl)l/kl, (s2 — xg)l/]”,m —my),

and Wy := wl(sl/kl,xé/]”, my) — wg(sl/ ' ;/l@,ml). Then, taking into account that

(A7) Pi(i(m —ma), )wi((m1 — s1)%1 (55 — 22)Y/%2 m — my) Py(ima, €)wr (7%, 22/*2 my)
— Pi(i(m —m1), wa (11 — 51)F1, (59 — 22) %2/ — my) Py(imy )wQ(si/’“,a:;/’”,ml)
= Py(i(m — ma), ) W1 Pa(imy, e)wy (/% 23/ my)

+ Pr(i(m —mq), wa((11 — 5% (s — 22) %2 m — my) Py(imy, €)W,
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and due to Lemma 2 and Lemma 7, we proceed with analogous estimates as in (38) to get that

ko
(48) 6_1 7-{’31 /T2 7'2 - 82 k2 / / / Pl m ml) )
P (7) 0
" 1 1
X (wi((ry" = s1)™, (52— 952)'°2 m —m) —wa((rf" = s1)1, (s9 — w2) "2, m — my))
R E & dzadsidmyd
XP2(im17€)(w1(8fl ,xSQ,ml) - wg(sfl 73;;2 ,my)) - L20510M 1052
(" = s1)s1(52 — 72) 72
Cs
= ‘e‘mameR\Q(imﬂ (”wl(T’ M), g,p0e0) HOJQ(T?m)H(y,IB,u,k’E)) lwi(7,m) —wa (T, M) (1 3 kere)

Finally, we apply Lemma 2 and Lemma 5 to get

Ay kg dg,ky 5 —1 & . —
(49) kl/ / _ 81 k1 1(7_532 _ 82) ko 18111 182l2 1
11
(wl(sl ,52 ¥ m) — wa(s,h, 857, m))dsidsy
(V)B 123 k E)
1 Rl N/ m
< G sup [P0 o () — )
for every 1 <1; < Dj —1, for j = 1,2.
We choose small enough w, ¢y > 0 and assume that
R . R (i
sup Dl’D,Q(Zm)’ <R and sup IM‘ <R,
meR Q(im) mer | Q(im)
to satisfy
5p, CiR [A5p, 0] Gp,1CIR Asp,
G Y ety e
1<p2<ip,—1 (0D, — p2) 1<p<op,—1 P TP
CiR Z Z ’A(le »P1 ‘ ‘ASDQ P2 |
I'(ép, — 5. —
T G 110025,y 00~ PO T, — 1)
CiR A5, sl 1 1 1
1<p3<dp,—1 L(0p; —ps) mek [Q(Im)] (2r)z kaI'(1 + E)
- . 81y 5 01—
C Ay 1, —0p, k1—3p, ka+ka—1 Ry, 1, (im kitky?
+61 Z € l11,lg =0D1 R1—0Dy R2+kK2 sup ll,lg‘( )‘ _ 1 .
0<1;<Dj—1 mer| Q(im) | (7l21k1> r ( li’le)
7=1,2
1
< —.
-2

Then, (42) holds, and the proof is complete.

The following is a direct consequence of the previous result.
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Corollary 1 The function wg(T,m, €), obtained in Proposition 3 is a continuous function in

(D(0,p)USqg,) x Sa, X Rx D(0,¢0)\ {0}, and holomorphic with respect to T in the set (D(0, p)U
Sa,) X Sa, and on D(0,€p) \ {0} with respect to the perturbation parameter €. Moreover, it turns
out to be a solution of (23), which satisfies there exists w > 0 such that

i 2|

Lo [P 1 |22

T T
(50)  |w(m.m,6)| < w(1+|m])™* exp(=Blml + w1~ " + o] Z[2),

for every (T,m,€) € (D(0,p) U Sy,) x Sy, x R x D(0,¢) \ {0}.

4 Family of analytic solutions of the main problem

In this section, we consider the main problem under study, namely (12), under the conditions
(5)-(7) on the parameters involved, and also on the geometry of the problem, (8)-(10). In order
to construct the analytic solution of the problem, we recall the definition of a good covering in
C*.

Definition 3 Let 1,52 > 2 be integer numbers. Let {Ep, p, }o<pi<a—1 be a finite family of open
0<p2<¢a—1
sectors with vertex at 0, and radius €g. In addition to this, we assume the opening of every

sector is chosen to be slightly larger than 7/ky in the case that ki < ko, and slightly larger than
w/k1 in case ky < kj.
We assume that the intersection of three different sectors in the good covering is empty, and

Uo<pi<a—1Eprps = U\ {0}, for some neighborhood of 0, U € C. Such set of sectors is called a
0<p2<c2—1
good covering in C*.

Definition 4 Let ¢1,52 > 2 and {&p, p, to<pi<a—1 be a good covering in C*. Let T; be open
0<p2<c2—1
bounded sectors centered at 0 with radius r7; for j € {1,2}, and consider two families of sectors

as follows: let
Sopy01corr, = 111 € C*/|Th| <eorpy , [0y, —arg(T1)| < 61/2},

= {TQ S (C*/|T2| < €r1 |0p2 — arg(TQ)\ < 92/2},

0py,02,€0775

with opening 0; > m/k;, and where Dpl,ﬁm ER, forall0<p1 <g—1and 0 <py < ¢ —11s
the couple of directions di,d> € R mentioned in Proposition 2, whenever &y, ,, is the domain of
definition of the perturbation parameter €.

In addition to that, the sectors Sapl 01,6077, and Sﬁp27927607"'7’2
—1,0<pa<qe—-1,teTh xTa, and € € &, p,, one has

are such that for all 0 < p; <

€t € Sgpl 01,c0m7, and €ty € Sﬁp2,92,607"72'

We say that the family {(Sa,, 01 ,c0rr; Jo<pi<ai—1, (S5 0<pe<ca—1, T1 X T2} is associated to

the good covering {Ep, ps to<pi<ci—1-
0<p2<¢2—1

po 02,6077, )

Let 1,62 > 2 and {&p, p, }o<pi<c—1 be a good covering in C*. We assume the family
0<p2<¢2—1
{(S,, ’gl’EOTTl)ogplggl_l, (Sﬁpg,b’z,eor@)0§P2§<2—1’ T1 x T2} is associated to the previous good cov-
ering.
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The existence of a solution wi(7,m, €) of the auxiliary problem (23) turns out to provide an

actual solution of the main problem via Laplace and Fourier transform, in view of the constraints
satisfied by wi(,m, ), see (50). More precisely, for every 0 < p; < ¢ and 0 < py < ¢ — 1, the
function

(51)

]{31]{72 +oo a ? (ML yky _(22\kg du2 du1
Up, po(t, 2, €) pl’ P2 (uy, ug, m, €)e (G (&) e —=——dm,
271' (2m)1/2 L L Uz U

Tp1 Tpo
is holomorphic on the domain (7; N D(0, ")) x (T UD(0,h")) x Hg' X Ep, py, for any 0 < g <
and some b/ > 0.

The first main result of the present work is devoted to the construction of a family of actual
holomorphic solutions to the equation (12) for null initial data. Each of the elements in the family
of solutions is associated to an element of a good covering with respect to the complex parameter
€. The strategy leans on the control of the difference of two solutions defined in domains with
nonempty intersection with respect to the perturbation parameter e. The construction of each
analytic solution in terms of two Laplace transforms in different time variables requires to
distinguish different cases, depending on the coincidence of the integration paths or not.

Theorem 1 Let the hypotheses of Proposition 3 hold. Then, for every element &, p, in the
good covering in C*, there exists a solution up, p,(t,z,€) of the main problem under study (12)
defined and holomorphic on (T1 N D(0,h")) x (T2 U D(0,h")) X Hgr X Ep, p,, for any 0 < 5/ <
and some h' > 0.

Moreover, for every two different multiindices (p1,p2), (P}, p5) € {0,...,s1 =1} x{0,..., 60—
1}, one of the following situations hold:

o Case 1: &y p, NEy = 10.

o Case 2: Epypo NEY 1 7# 0. The path L., coincides with L’Yp/ but L, does not coincide
2
with va, . Then, it holds that
1

Mp

t,z,e)| < er_k\kl ,

(52) sup |Upr o (E5 25 €) — upy 1 (
te(TiND(0.1")) X (TaND(OW")) =€ H

for every € € &y p, N Eyy - In that case, we say that ((p1,p2), (P}, p3)) belongs to the
subset Uy, of {0,...,61 — 1} x{0,...,6 — 1}.

o Case 3: Epy po NEY 1 # 0. Neither, the path L., coincides with LVP, , nor L, coincides
2
with L,yp, . Then, it holds that
1
(53)

My My
sup |Upy po (E; 2, €) =y (B, 2, €)] < K max {e lel¥1 e JelF2 } ’
te(TiND(0,n"))x (T2ND(0,h")),2€H g/

Jor every € € Ep, py NEY 11 -

Proof The existence of the solution uy, j, (t,z,€), for every 0 < p; < ¢ and 0 < py < ¢ —11is
guaranteed from the construction described previously.
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We now give proof for the second statement of the result, namely, the existence of an exponen-
tial decay to 0, with respect to the perturbation parameter, of the difference of two consecutive
solutions in the good covering, uniformly with respect to (¢, 2).

The proof is close to that of Theorem 1 in [12], but for the sake of clarity, we give a complete
description.

Case 2: Assume that the path L,,, coincides with L%,Q, and L., does not coincide with

L, ,. Then, using that u; — prl o2 (u1,u2, m,€) exp(—(;—ll)kl)/ul is holomorphic on D(0, p)

1
for all (m,e) € R x (D(0,¢p) \ {0}), and every uz € L, , one can deform one of the integration
paths and write

~ k1 ~ kq
3y d —(“—1) duy 0py 0 —(“—1) duy
I:/ wy " (ur, ug,mye)e \) — — wy P (ug, ug, mye)e N/ ——
L

U U
Tp1 1 L“/pfl 1
in the form
0py,0 (21 Ry dug
/ Wkpl = (UlaUZama 6)6 (etl)
U
LPl/277p1 1
Vpy,0 (X1 \ky du1
_/ D2 (4 g, m, ) ) a
LPl/Qﬁlp/ 1
oy 0 _ (M yk1 dug
+ wy, 7 (ur, ug, m, €)e I
C U1

P1 /27717/1 1

where Ly, j9, = [p1/2, +o00)edr Lpl/Qﬁp,1 = [p1/2,400)e "t and Cpl/Qﬁp,l 1, 1S an arc of circle

connecting (py/2)e ?1 and (py/2)e"1 with the adequate orientation. The positive real number
p1 is determined in Proposition 2.

We get the existence of constants Cm,pﬁ s My, >0 such that

M /
|z | P1.p)
€

22 eXP(V2|%|k2)e_ ™1

=G ]

(1+ fml) e

1,P] prl ,5102

for t; € 71N D(0, 1) and € € Ep, p, N Ey py and ug € Lo, We have

(54) ‘upl,Pz (t, 2, 6) = Upt ply <t7 Z, 6)’

kik OO
< oot ([ 1t lmy el g )

/ A p v 2 ) exp(— (2 kQ)
L. 14|42k 217 ety

Tp2

M
_ T p1p)

du
2 e lel*1

Uz

The last integral is estimated via the reparametrization uo = re7r2 V=T and the change of variable

r = |e|s by .
/ ! e 25" s,
0 ]. + 82

for some dy > 0, whenever ty € To N D(0,4').
The estimates given in the enunciate of Case 2 follows from here.
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.
~.?
~

C/)/%,,r e

Figure 1: Path deformation in Case 2

Case 3: Assume that neither L, ~p, Coincides with pr, , nor L, coincides with L , .
1

~ p2
Owing to the fact that u; — wkpl e (u1,ug, m,€) exp(—(g—ll)kl)/ul is holomorphic on D(0, p)

for all (m,e) € R x (D(0,¢0) \ {0}), and every ug € L,, we deform the integration paths with

respect to the first time variable and write

Up, po(t, 2, €) — Ut ot (t,z,€) = J1 — Jo + J3,
where

k1ks 53 (MR _(M2yky dus duy
(9)1/2 wkplv P2 (UI’UQ’m, 6)6 (5t1) (etQ) M iy S22 2L
27T L’Yp a1JL

Tpg ¥ TR U2

kqko a,a, (M1 k(M2 ko dusg duq
- (2m)1/2 (w1, uz, m, €)e G e gy =2 2L
’Y/ 1 L

UQ ul
el . b 0 ky du
J3 = (2711_)12/2/0 (/_ (/L wzpl,ﬁpz (u1, up, m, €)e (2 )k2 AUz

(%
Tp2 2

)
U2 u1
'Ypl2

D/D/ u2 ko du . (K du
vh dug 1 duy
—/ wkl 2(uy,u2, m,€)e () e#mam | e ()
L

where 2 e? is such that 6 is an argument between Yp, and . The path Lo, (resp. pr,l 1)
consists of the concatenation of the arc of circle connecting Z-e' with 2”1 (resp. with 2 )
and the half line [4e"1,00) (resp. [&-e prl,oo)).

We first give estimates for |J1|. We have

2p; 0 ko dug —p - | %] u1 g
e m e B CE <my  (1 mle expal 21)
Tpo €
2 )] (58 2
X ————exp(r2 |— le \et2) || —=
/L (1 + [ [ ¢ U2

- || up i
< wap1,5p2cp2(1+ im[)""e Blmll T |L‘2k1 eXp(”ﬂ?‘ Y,
€
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N
N

Figure 2: Path deformation in Case 3

for some Cp, > 0, and ty € T5 N D(0,k'). Using the parametrization uy = re2V~1 and the
change of variable r = |e|s. Using analogous estimations as in the Case 1, we arrive at

R

p,1

|J1‘ S Cp,le_ Elkl )

for some Cyp,1, Mp1 > 0, for all € € &, p, NEY, 41,
z€H B
Analogous calculations yield to

where t; € 1N D(0,R') and ty € TN D(0, 1),

R

p,

|J2‘ < Cp,Qe_ ok )

for some Cp2, Mp 2 > 0, for all € € &, p, NEY, 41,
z€e€H B
In order to give upper bounds for |J3|, we consider

where t; € 1N D(0,7') and ty € TN D(0, 1),

0y, 0 (M2 kg dug 0,00, —(22yk2 dusg
/ wy T (ur, ug, my €)e (G5)™ a2 wy b2 (ur, uz, m, €)e (G5)™ a2}
L L

(2 u
Tp2 2 ’Ypl2 2

Since u; belongs to the disc D(0, p1), we know that the function

3 _(M2yke 1
ug w,afl’a”(ul,u%m, €)e (G5
U2
is holomorphic on the disc D(0, p). In this framework, one is able to deform the integration path
in order to write the difference as the next sum
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Vs D (42 kg dug
/ w7 (ug, uz, m, €)e (&) 22
u
LP1/27"/p2 2
0p, ;0 — (X2 yko dusg
—/ W (ug, ug, m, )e () 52
U
Loz, 2
Vpy D — (22 k2 dug
—I—/ wy, " (ur, ug, m, €)e (7, 242,
C U2

2, )
p1/ 'Yp’g Tpo

We get the previous expression is upper estimated by

., |4 UL |k Mp2,P/
w0p1a5p20p27p/2(]‘+|m|) e ﬂ|m|1+|571|2k1 eXP(V1|?| Yexp | — |€|k22 )
€
for € € Epy po N Epy s t2 € TN D(0, '), uy € [0, p1/2¢%]. We finally get
ki > 11— Blm| y—m|Im(2)|
1 < 55 Comats o, ([ 1+ ml) e e dm

p1/2e" Ey uy uy \ M1
X R 2Lk _(a)
</o T s oPl= e |

We conclude that

uniformly for (t1,t2) € (71 N D(0,h")) x (T2 N D(0,h”)) for some h” > 0, and z € Hg for any
fixed 8’ < 8, where Kp, 3, Mp 3 are positive constants.
O
Remark: Observe that, in case that the path L., coincides with L, ,, but L, does not
1 Py P2

coincide with L%, , then it is not possible to obtain estimates on the difference of two solutions
2

in the form exp(—M/|e|*?), as it happens in Case 2. The reason is that we can not deform the

3 0
Op1:0py Dp/17 P2 (

path L., — va,2 since the function w, (1,m,€) and wy, T,m,€) are not holomorphic

on a disc centered at 0 respect to 7.

5 Asymptotics of the problem in the perturbation parameter

5.1 k—Summable formal series and Ramis-Sibuya Theorem

For the sake of completeness, we recall the definition of k—Borel summability of formal series
with coefficients in a Banach space, and Ramis-Sibuya Theorem. A reference for the details on
the first part is [1], whilst the second part of this section can be found in [2], p. 121, and [10],
Lemma XI-2-6.

Definition 5 Let k > 1 be an integer. A formal series

X(@e=Y" %ej e F[[e]]
j=0
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with coefficients in a Banach space (F,||.||r) is said to be k—summable with respect to € in the
direction d € R if

R i) there exists p € Ry such that the following formal series, called formal Borel transform of
X of order k
ajTj

m € F[[r]],

[e.e]
Bu(X)(1) =)
§=0
is absolutely convergent for |T| < p,

ii) there exists 6 > 0 such that the series B(X)(7) can be analytically continued with respect
to T in a sector Sqs = {7 € C* : |d — arg(7)| < §}. Moreover, there exist C > 0, and K > 0
such that
IBE) (@)l < e

forall T € S45.

If this is so, the vector valued Laplace transform of order k of Bj(X)(7) in the direction d is
defined by
LIBUX)) ) = | Br(X)(w)e™ W/ kub1du,
L,
along a half-line L, = Re"" C Sy U {0}, where v depends on € and is chosen in such a way
that cos(k(y — arg(e))) > 91 > 0, for some fixed d;, for all € in a sector

Spomik ={€€C : el <RYF | |d—arg(e)| < 0/2},

where T < 0 < T 42§ and 0 < R < 0;/K. The function £{(By(X))(e) is called the k—sum of
the formal series X (¢) in the direction d. It is bounded and holomorphic on the sector Sa.0.R1/k

and has the formal series X (€) as Gevrey asymptotic expansion of order 1/k with respect to e
on S, g gi/e. This means that for all 7 <601 <0, there exist C, M > 0 such that

n—1
d % ap n n n
||£5 (B (X)) (€) — pZ::O HGPHF < CMTT(1+ )lel

for all n > 1, all € € Sy, g/x-

Multisummability of a formal power series is a recursive process that allows to compute the
sum of a formal power series in different Gevrey orders. One of the approaches to multisumma-
bility is that stated by W. Balser, which can be found in [1], Theorem 1, p.57. Roughly speaking,
given a formal power series f which can be decomposed into a sum f (z) = fi (2)+...+ fm(z)
such that each of the terms f](z) is kj-summable, with sum given by f;, then, f turns out to be
multisummable, and its multisum is given by fi1(z) + ...+ fin(2). More precisely, one has the

following definition.

Definition 6 Let (F,||-||z) be a complex Banach space and let 0 < ko < ki. Let £ be a bounded
open sector with verter at 0, and opening lf—l + 81 for some d1 > 0, and let F be a bounded open

sector with vertex at the origin in C, with opening k% + dg, for some d3 > 0 and such that € C F
holds.

A formal power series f(€) € F|[e]] is said to be (k1, ko)—summable on £ if there exist fale) €
F(le]] which is ko—summable on F, with ka-sum given by fo : F — F, and fi(e) € F[[e]] which
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is k1—summable on &£, with ki-sum given by f1 : € — F, such that f = f1 + fg. Furthermore,
the holomorphic function f(e) = fi(€) + fa(€) on € is called the (ki,ko)—sum of f on E. In
that situation, f(€) can be obtained from the analytic continuation of the ko— Borel transform of
f by the successive application of accelerator operators and Laplace transform of order ki, see
Section 6.1 in [1].

We recall the reader the classical version of Ramis-Sibuya Theorem for the Gevrey asymp-

totics as stated in [10] in the framework of our good covering {&,, p, to<pi<c—1, given above in
0<p2<c2—1
Definition 3.

Theorem (RS) Let 0 < ki < ko be integer numbers. Let (F,||.||r) be a Banach space over C and

& 0<pi<ci—1 be a good covering in C*, such that the aperture of every sector is slightly larger
P1,p2 JUSp1s61
0<p2<¢2—1
than m/ky. For all0 < p; < —1,0 < py < —1, let Gp, p, be a holomorphic function from

Ep,po into the Banach space (F,||.|[r) and let the cocycle Oy, py)(p, pt)(€) = Gy po(€) — Gy (€)
be a holomorphic function from the sector Z,, Eprpa N 5p37p§ # () into E. We make
the following assumptions.

p2),(ph.ph) —

1) The functions Gy, p,(€) are bounded as € € &, p, tends to the origin in C, for all 0 < p; <
st—1and all 0 < py < ¢ — 1.

2) The functions @(p17p2)(p/17p/2)(6) are exponentially flat of order 1/k; on Zpr p2) ) for
al 0 < pi,p) <q—1, and 0 < pg,p’Q < ¢ — 1. This means that there exist constants
C. > 0 such that

P1,P2,0] 05 Ap1 \D2,P1 P

—-A /lelk1
H@(p1,p2)(p’1,p’2)(€)HF < Cp1,p2,p’1,p’2€ p1.p2.P) Ph

for all e € Z all0 <p1,p) <1 —1 and 0 < po,ph < g — 1.

P1,p2),(P1.P5)7
Then, for all0 < p; <vi —1 and 0 < py < g3 — 1, the functions Gy, p,(€) admit a common
formal power series G(e) € F[[e]] as asymptotic expansion of Gevrey order 1/k;.
A novel version of Ramis-Sibuya Theorem has been developed in [25], and has provided
successful results in previous works by the authors, [14], [15, 12]. A version of the result in two
different levels which fits our needs is now given without proof, which can be found in [14], [15].

Theorem (multilevel-RS) Assume that 0 < ko < ki are integer numbers. Let (F,||.||r) be a

Banach space over C and {&p, p, }o<pi<a—1 be a good covering in C*, where all the sectors have
0<p2<e—1
an opening slightly larger than w/ky. For all0 <p; < —1 and 0 < py < ¢ —1, let Gp, p, be a

holomorphic function from &y, p, into the Banach space (F, ||.||r) and for every (p1,p2), (P}, 1h) €
{0,.. ., =1}x{0,...,c2—1} such that &y, p,NEy r # U we define Oy, ) () py) (€) = Gy ps(€) —
Gy, (€) be a holomorphic function from the sector Zgy, b,y (o ph) = Eprpa N Epy py, into F. We
make the following assumptions.

P} ,05

1) The functions Gp, p,(€) are bounded as € € &y, p, tends to the origin in C, for all 0 < p; <
Gi—1and0<ps <¢—1.

2) ({0,...,61 — 1} x {0,...,5})% = Uy Uly, UlUy,, where
((P1,P2), (pllvpé)) € Uo Zﬁ 5?17172 N gp’l,p’Q = ®7
((p17p2)7 (pllvpl2)) € ukl lﬁ gm,pz N gp’l,pg 7& 0 and

- k1
, e Am,pz,p'l,p’z/lel
1,P2,P71,Po

19 lp <G,

p1,02),(P],ph) (€)

fO?“ all e € Z(PLPQ)’(PILP/Q)'
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((p17p2)7 (pllvpl2)) € ukz lﬁ gm,pz N gp’l,p’2 7& (b and

—_A ko
1O 1,p2), 0 04) (NIE < Copy s € pran /1

for all € € Zp, o), (v} 1) -
Then, there exists a convergent power series a(e€) € F{e} and two formal power series

G (€), G?(e) € F[[e]] such that Gy, p,(€) can be split in the form

Gprpa(€) = al€) + Gy, p, (€) + G,y (€),

P1,p2

where ng,m (€) € O(Epy.po>F), and admits GI(e) as its asymptotic expansion of Gevrey order
1/kj on &y, p,, for j € {1,2}.

Moreover, assume that

{(@Y,9), (o1, ), (03, 0), 03, 93)), -, (T P32 ), (07, p3"))}

s a subset of Uy, , for some positive integer y, and

Eptpy S Sn/ky & U gp{,pé’
0<j<2y

for some sector Sy, with opening larger than 7w/ko. Then, the formal power series G(e) is
(k1, k2)—summable on Ey v and its (ki, kz)—sum is Gy v (€) on Ew .

5.2 Formal solution and asymptotic behavior in the complex parameter

The second and third main results state the existence of a formal power series in the perturbation
parameter ¢, with coefficients in the Banach space F of holomorphic and bounded functions on
(Ti N D(0,h")) x (T2 N D(0,h")) x Ha, with the norm of the supremum. Here h”, T;, 75 are
determined in Theorem 1.

It is worth observing the different asymptotic behavior of the analytic solutions of the prob-
lem depending on k; and ko. More precisely, in case that ky < ko, Theorem 2 shows a Gevrey
estimates occurrence, whilst ks < k1 displays a multisummability phenomenon; in contrast to
the results observed in [12], where multisummability is always observed.

Theorem 2 Let ko > k1. Under the assumptions of Theorem 1, a formal power series

it z,€) = Y Hp(t, 2)e™ /m! € F[e]

m>0

exists, with the following properties. u is a formal solution of (12). Moreover, for every p; €
{0,...,51 =1} and pa € {0, ..., 60— 1}, the function up, p,(t, z,€) admits u(t, z,€) as asymptotic
expansion of Gevrey order 1/ki. This means that
N-1 m N
sup Upy s (8,2,€) = > hn(t,2)— | < CMNT (14 —=)|¢Y,
tE(TiND(0,h)) x (ToND(0,h")) =€ H g1 = m! k1

for every € € &, p, and all integer N > 0.
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Proof Let (up, p,(t, 2, €))o<p,<c;—1 be the family constructed in Theorem 1. We recall that
0<p2<¢2—1
(Ep1 p2)o<pi<ai—1 is a good covering in C*, with all its components being finite sectors of opening
0<p2<¢2—1
slightly larger than 7 /k;.

The function G, p,(€) 1= (t1,t2,2) = Up, po (t1, 12, 2, €) belongs to O(Ep, ., F). We consider

{(p1,p2), (P}, p5)} such that (p1,p2) and (p},ph) belong to {0,...,¢1 — 1} x {0,...,¢ — 1},
and &, p, and &y are consecutive sectors in the good covering, so their intersection is not
empty. In view of (52) and (53), one has that A, 5,) (ot p) (€) = Gpy ps(€) — Gy 1y (€) satisfies
exponentially flat bounds of Gevrey order ki, due to Uy, coincides with {0,...,¢1} x {0,...,%}.
Ramis-Sibuya Theorem guarantees the existence of a formal power series G(¢) € F[[¢]] such that
Gp, p, admits G (e) as its Gevrey asymptotic expansion of order ki, say

(%Fﬂw@:meai

m>0

Let us check that 4(¢, z, €) is a formal solution of (12). For every 0 <p; < ¢ —1,0 < py < ¢ —1,
the existence of an asymptotic expansion concerning Gy, p»,(€) and G(¢) implies that

(55) lim sSup ’afum,pz (ta 2y 6) - HE@)’ =0,
€0,€€8p1 vy (t,2)€(T1ND(0,h")) x (12ND(0,h")) x H g

for every ¢ € N. By construction, the function wp, ,,(t, z,€) is a solution of (12). Taking
derivatives of order m > 0 with respect to € on that equation yield

Aoy o 0
(56) Q(0.)dy, + Z M (eA2)1320,7 Rp, 0y (0:) 0 up, py (£, 2, €)

mi1+meo=m

ST (R 8,% Ry (0:)0  upy o (E, 2 €)

mi1+meo=m

— m! m m .
T S Ao )

mi1+ma=m mi1+miz=mi

X ( Z L8m21p2(a )agnzzuphm (t7zv€)>

mo1!mas!
ma1+ma2=ma2 21 22

m! dy, dy, 01 8 -
+ Z < Z !86 1( AV l2)t llt lgatlha 12R11712(8z>85 Qup1,p2(t,z,e))
j

+8’6rnf(t7z76)’

for every m > 0 and (¢, z,¢) € (1N D(0,R”)) x (TaND(0,h")) x Hgr x Ep, p,. Tending € — 0 in
(56) together with (55), we obtain a recursion formula for the coefficients of the formal solution.
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m! 70 a0
(57)  Q1(0-)Qs(0:)0s, Oy, Hn(t, 2) + mt?@? Rp,,p,(0:)H,,,_,(t,2)
+ mtf(% 3 RD3 (8Z)Hm_53 (t, Z)

— m! mi
B Z mllmg! ( Z m11|m12 a Pl(aZ’O) m12( Z))

mi1+mo=m mi1+miz=mi

ma mM21
x ( Z m21|m22 0" Py(0z, 0) Hiny (8, Z))

ma1+maa=ma2

|
m. l l 51 (Sl
Y O O Ry (0 i, (82)
0<h<D (m = Aupp)
<l1<D1,0<12<D>

+ 0 f(t,2,0),

for every m > max{maxlgllgphlgzglb All7l2,A2,A3}, and (t,Z,G) S (7—1 N D(O, h//)) X (7’2 N
D(0,h")) x Hg. From the analyticity of f with respect to € in a vicinity of the origin we get

(O )(8,2,0)

m!

(58) f(t,z,e) = Z

m>0

for every € € D(0,¢p) and (¢, z) as above. On the other hand, a direct inspection from the
recursion formula (57) and (58) allow us to affirm that the formal power series 4(t,z,e) =
> m>0 Hm(t, 2)€™ /m! solves the equation (12). O

Theorem 3 Let k1 > ko. Under the assumptions of Theorem 1, a formal power series

ity ta,2,€) = Y hm(t1,ta, 2)e™ /m! € F[[e]]

m>0

exists, with the following properties. 4 is a formal solution of (12). In addition to that, 4 can
be split in the form
ﬂ(tv 2 6) = a(t? 2 6) + ﬂ1(t7 2 E) + ’[LQ(t) 2 E)a

where a(t, z,€) € F{e}, and G1,02 € F[e]]. Moreover, for every p1 € {0,...,¢1 — 1} and psy €
{0,...,62 — 1}, the function up, p,(t, z,€) can be written as

upl,pz(t7z76) :a(t )+u (t )+u (tvzae))

p1,p2 P1,p2

where € — u%hpz (t,z,€) is an F—valued function which admits 4;(t, z, €) as its kj— Gevrey asymp-
totic expansion on &y, p,, for j =1,2.
Moreover, assume that
0,0 1.1 1.1 2 2 2y—1  2y—1 2y 2
{((p1,p2), (p1,p2)), ((P1,P2), (PT,P2)), - - ((p1y apzy ), (ply’pr))}

s a subset of Uy, , for some positive integer y, and
Epy py S Sryky © U gp{,pé’
0<j<2y
for some sector Sy i, with opening larger than w/ka. Then, u(t, z,€) is (ki, k2)—summable on

Epy py and its (ky, ko) —sum is uyy v (€) on E .
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Proof Let (up, p,(t, 2,€))o<p,<c;—1 be the family constructed in Theorem 1. In this case, we
0<p2<c2—1
have

0+ Uy, :=10,...,60 — 1} x {0,...,60 — 1} \ Uy, ,

and the opening of the sectors in the good covering are of opening slightly larger than 7 /k;.

The function G, p,(€) 1= (t1,t2,2) = Up, po (t1, 12, 2, €) belongs to O(Ep, ,,F). We consider
{(p1,p2), (P}, p5)} such that (p1,p2) and (p}, p5) belong to {0,...,¢1 — 1} x {0,...,¢0 — 1}, and
Epy ps and Spfl pl, are consecutive sectors in the good covering, so their intersection is not empty. In
view of (52) and (53), one has that A, 1) (pt p) (€) 1= Gp, p, (€) =Gy (€) satisfies exponentially
flat bounds of certain Gevrey order, which is k; in the case that {(p1,p2), (P}, p5)} € Uk, and
ko if {(p1,p2), (P}, P5)} € Uy,. Multilevel-RS Theorem guarantees the existence of formal power
series G(€), G1(e€), Ga(e) € F[[¢]] such that

and the splitting
Gphpz (E) = CL(G) + G;n,pg (6) + G;Q)l,pg (6)’

for some a € F{e}, such that for every (p1,p2) € {0,...,¢1 — 1} x {0,...,62 — 1}, one has that

Cf'zl,l’m(e) admits ézln,m(e) as its Gevrey asymptotic expansion of order k1, and G2 (¢) admits
G12>1 1, (€) as its Gevrey asymptotic expansion of order k2. We define

Gle) =t ilt,z,e) = Hm(t,z)%.

m>0

Following analogous arguments as in the second part of the proof of Theorem 2, we conclude
that 4(¢, z, €) is a formal solution of (12). O
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