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Abstract

This work is devoted to the study of a Cauchy problem for a certain family of ¢g—difference-differential
equations having Fuchsian and irregular singularities. For given formal initial conditions, we first prove
the existence of a unique formal power series X (t, z) solving the problem. Under appropriate conditions,
g—Borel and g—Laplace techniques (firstly developed by J.-P. Ramis and C. Zhang) help us in order
to construct actual holomorphic solutions of the Cauchy problem whose g—asymptotic expansion in ¢,
uniformly for z in the compact sets of C, is X (t,z). The small divisors phenomenon owing to the
Fuchsian singularity causes an increase in the order of g—exponential growth and the appearance of a
subexponential Gevrey growth in the asymptotics.
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1 Introduction
Partial differential equations of the form
(1) 22012 (20,)1 03 u(t, z) = F(t, 2,0, 0. )ult, 2),

S,r1,r € N:={0,1,...} and where F' is some differential operator with polynomial coefficients,
have been studied by the second author in [15, 18]. These equations belong to a class of partial
differential equations with both irregular singularity at ¢t = 0 in the sense of Mandai [21] (see
[6, 21, 22]) and Fuchsian singularity at z = 0 (see, for example, [1, 4, 9, 11, 20, 30]).

Departing from 1—Borel summable formal initial data in some direction d € R

(2) (99)(1,0) = (1) € Cl[f]), 0<j<S—1

one can construct the formal solution u(t,2) = Y < Um(t)2™/m! € (C[[t]])[[2] of (1), (2).

If 1y = 0, 4(t,z) is 1-Borel summable with respect to t in the direction d, if this is well
chosen, as a series with coefficients in the Banach space of holomorphic functions near the origin
(in z) with the supremum norm, see [18]. Whereas if r; # 0, the Gevrey order with respect
to t suffers increasement, caused by the presence of small divisors introduced by the Fuchsian
operator (z0,)™, see [15].



As a g—analog of the problem (1),(2) where 0; is replaced by the operator (f(qt)— f(t))/(qt —
t) for ¢ € C (which formally tends to 0; as |g| tends to 1), we consider the g—difference-differential
equation

(3) (20, + 1) (ta,)"? + )05 X (t, 2) Zbk (b0 )"k (DE XV (t, 2q~ ™)

with given initial conditions
(4) (22X)(t,0) = X;(t) e C[[f]], 0<j<S-1,

where S,mq ;,m1 1 are nonnegative integers for 0 < k < .S —1 and ¢ € C with |¢| > 1. o4 stands
for the dilation operator (o,X)(t, 2z) = X (qt, z), and by(2) are polynomials in z. As in previous
works [16], [17], the map (¢, z) +— (¢"0*t, zg~"™1*) is assumed to be volume shrinking, meaning
that the modulus of the Jacobian determinant |g|™0-+~™1.k < 1. We will always assume that
r1 > 0, while ro > 1.

Advanced/delayed partial differential equations have also been widely studied, see for exam-
ple [12, 13, 14, 23, 29, 32]. Some authors have considered the use of special functions trans-
forms for the study of the asymptotic properties of the solutions of g—difference-differential
equations [10, 24]. Our present work is a contribution to this area.

This Cauchy problem (3), (4) has a unique formal solution X (¢, z) = > >0 X (t)%, where
Xp(t) = Ym0 fmat™ € C[[t]], h > 0 (see Lemma 5). Our main result (Theorem 5) states the

construction of an actual solution X (¢, z) which is asymptotically represented by X (t,z) in some
sense to precise. For this purpose, we study the auxiliary Cauchy problem

(5) ((z@z + 1)1“1 T2y 1)85 Z bk 7m0,k 8k: )(T, quml,k)

with initial conditions
(6) (OIW)(r,0) =W;(r) €C[[t]], 0<j<S—1.

The g—Laplace transform is the key when reducing the study of (3), (4) to this auxiliary problem
(see Lemma 6). The g—Laplace transform we consider was introduced by J.-P. Ramis and C.
Zhang in [28], and in recent years it has been used with great success in the study of the
asymptotic properties of solutions of g—difference equations, see [8], in much the same way
as the classical Laplace-Borel transform has been applied to the asymptotic study of formal
solutions to differential equations and singular perturbation problems in the complex domain
(see the works of W. Balser [2, 3], B. Malgrange [19], J.-P. Ramis [26] or O. Costin [7]).

This new Cauchy problem (5), (6) is studied in two respects.

Firstly, we study the behabiour of the solution when departing from initial data W; being
holomorphic functions defined in a g—spiral V¢? = {v¢" : v € V, h € Z}, with g—exponential
growth (of order 2). Here, V' C C\ {0} is a well chosen bounded open set and ¢ is also well
chosen. In Theorem 2 we prove there exists a unique solution of (5), (6),

(7) =Y Walr h' ,

h>0

holomorphic on V¢% x C and of g-exponential growth (of order 1) in 7, in the terminology of [28],
uniformly for z in any compact set of C. The increase in the order may be seen as an effect of
the small divisors appearing in the problem.



Secondly, if one departs from functions W;, 0 < j < S — 1, which are holomorphic near the
origin, the coefficients in (7) turn out to be holomorphic functions in discs Dy, with radii tending
to 0 as h tends to infinity (see Theorem 4). Indeed,

1IN/ 1 \R mn 2
sup |0"Wh(1)] < Cl(T) <7X1> nlhl(h 4+ 1) =2 |q| , n,h>0.

TEEh B
Departing from initial conditions under both assumptions, one can apply the g—Laplace trans-
form on W), (see Proposition 3), obtaining holomorphic functions which are defined in a common
domain Ty 45, (see (9) for its definition) for all A > 0.

The main result (Theorem 5) states that, if one departs from well chosen formal initial
conditions X;, 0 < j < .S — 1, one can find a solution of (3), (4)

Zh
X(t2) = Y LW (B 5

h>0

which is holomorphic in 7y 45, X C, and such that given R > 0, there exist constants C,D>0
such that for every n € N, n > 1, one has
= P r1
X(t,z) — tm—‘ < CD"T(— 1))|q|" =12
| x(t.2) 303 " g < OO ot lap e P

for every t € Tx 469, 2 € D(0, R). Again one may note that the small divisors phenomenon has
caused the appearance of the term I'(1(n + 1)).

The paper is organized as follows. Section 2 provides information concerning the ¢—Laplace
transform. Section 3 is devoted to the study of a first auxiliary Cauchy problem in suitable
weighted Banach spaces of formal Laurent series. This is needed in the following Section. More
precisely, in the proof of Theorem 2. A second Cauchy problem in weighted Banach spaces of
formal Taylor series is stated Section 5, leading to Theorem 4. Finally, in Section 7, the solution
of the main problem is constructed, giving asymptotic properties (see Theorem 5). Some final
remarks on the nature of the solution in the special case that r; = 0, in which no small divisors
appear, are remarked.

We fix some conventions. C* stands for C\ {0}, and N for the set {0,1,2,---}. D(0,r)
denotes the open disc with center 0 and radius » > 0. Given a set V' C C and g € C, we define

V& ={vd":veV, hez), Vi ={vd":veV, heN.

2 A g—analogue of the Laplace transform and g—asymptotic ex-
pansion

In [28] and [31], the authors introduce the concept of a g—analog of the Laplace transform.
In this section, we recall this concept and some of its main properties. The proof of the next
Proposition is in the spirit of the one corresponding to the Proposition 3, so we only briefly
sketch the steps taken.

Proposition 1 Let g € C such that |q| > 1. Let V be an open and bounded set in C* and
D(0, po) a disc such that V N D(0,po) # 0. Let (F,||.||r) be a complex Banach space. We also



fiz a holomorphic function ¢ : Vg U D(0, pg) — F which satisfies the following estimates : there
exist C, M > 0 such that

(8) 1(ag™)l[s < Mlq™/*C™
for allm >0, all x € V. Let © be the Theta Jacobi function defined in C* by
@(l‘) — qun(nfl)/an'
nez

Let § >0 and A € VN D(0,pg). We denote by
. A
(9) Rags = {teC*/|1+ tqfk’ > 0,Vk € Z}, Trgsr = Rags N D(0,77).

The q— Laplace transform of ¢ in the direction A\g% is defined by

L0 =Y alan/6(L2)

meZ

forallt € Ty g5, ifr1 < I\g'/?|/C. Moreover, E;‘(<Z>)(t) defines a bounded holomorphic function
on Taqsr With values in T when r1 < [Ag"/?|/C. Assume that the function ¢ has the following
Taylor expansion

(10) o(r)=>_ %Tﬂ

n>0 q
on D(0, pg), where fp, € F, n > 0. Then, there exist two constants D, B > 0 such that

n—1

(11) 1£3(0)(8) = > fut™|le < DB|q[*" =D/ 2)g|"

m=0

for alln > 1, for allt € Ty g5, -

Remark: In the situation described by (11) it is said that £)(¢) admits the series > °_ fnt™
as ¢—Gevrey asymptotic expansion of order 1 (whenever the exponent of |¢| in the bounds is
n(n —1)/(2r) the order is said to be r). Analogously, a function that satisfies estimates such as
(8) is said to have g—exponential growth of order 1 in VgV,

If ¢(2) =), 50 anz" is an entire function such that there exists C' > 0 such that

|an| < Cexp(—(n —a)?/2)
for all n > 0 and some « > 0, then ¢ satisfies the estimates (8). For a reference, see [25].

Proof Since the Theta function ©(x) satisfies the g—difference equation ©(gz) = qz©(x) for all
x € C*, we get that

A A

A
(12) O(—=) = ¢"mTIAE)me (D)
t t t
for all t € C*. Moreover, from Lemma 4.6 of [27], there exists K1 > 0 such that
m —n(n—1)/2 q"A n
(13) ©(¢™A/1)| = K18 ) g =

nez



for all t € Ry 4.5, all m € Z. From this, we have that

A _K(K— A
(14) (©()] = Kadlg| D212 K

for all t € Ry 4.5

Let K > 0 be an integer. The estimates in (11) are achieved in two steps. As a first step, one
derives

(15) ZH mA/t jlle < Di(B) gl DR, € Tagan

for some fixed 0 < r; < |)\Hq]%/C, and positive constants Bj, D1, not depending on K. This
part of the proof rests on the estimates satisfied by ¢ (see (8)) and (14). In the second step, one
determines

K
(16) 1D @™ N)/O(d"A/t) = > fut"lle < Da(B2) gl *E=VRHIN, € Thgm,

m<0 n=0

for some constants By, Do > 0. This is made by means of a rearrangement of the elements in
the series above, and then by splitting the resulting expression in two parts, and taking into
account the Taylor expansion of ¢, (10), near the origin.

One can conclude from the estimates in (15), (16) and

1) o(a™N)/B(g™N/t) - ant” F <1 d(a™N)/O(g"Nt) — ant” llF + I Fxt™ |-
meZ meZ
Od

It is straightforward to check the following

Proposition 2 Let V' be an open and bounded set in C* and D(0,pg) be a disc such that

V N D(0,pg) # 0. Let ¢ be a holomorphic function on V¢~ U D(0, pg) with values in (F, ||.||r)

which satisfies the estimates : There exist C, K > 0, such that ||¢p(zq™)||lr < K|q|™/2C™ for

allm >0, all z € V. Then, the function m¢(7) = 7¢(7) is holomorphic on V¢~ U D(0, pg) and

satisfies estimates of the form (8). Let A € V.1 D(0,pg). We have the following equality
Ly(mo)(t) = tL£3(¢)(qt)

Jor allt € 7;\,%57T17 if 1 < ‘)‘QI/QV(CMD'

For convenience, we recall the following concepts.

Definition 1 A series f(t) = > n>o [nt"™ € C[[t]] is said to be g— Gevrey of order 1 if its so-called
formal q— Borel transform of order 1,

converges (i.e. it has positive radius of convergence).
The formal q— Laplace transform of order 1 of a series (1) =3, <o gnT" € C[[7]] is defined as

_ an(n—l)/antn’
n>0

so that these formal transforms are inverse of each other.



It is immediate to check that, in agreement with Proposition 2, that for every g € C[[7]], we
have

~

(17) L4(rg)(t) = tLad(at)-

3 A Cauchy problem in a weighted Banach space of formal Lau-
rent series

With the help of the g—Laplace transform we will change our initial problem (3), (4) into
an equivalent one (5), (6) whose study will require the consideration of two auxiliary Cauchy
problems. The first of them, which emerges in this Section, will be crucial in the study of the
g—exponential growth of the coefficients of a solution of (5), (6). Although our equation involves
a complex number ¢ with |¢g| > 1, in this Section and in Section 5 we will be only concerned
with the value |g|, so we directly work with a real value ¢ > 1.

Definition 2 We consider the vector space Eq (1 x) of formal Laurent power series

h
x _
(18) V(§7 x) = Z Ul,hélﬁ € C[[éag 17$]]
l€Z,h>0 ’
such that ol .
L Ul,h lX
”V(f, x)”(T,X) = le;l:>0 qP(lyh)T W < oo,

where T, X >0, ¢ > 1 are positive real numbers and where

P = 12+ 3h—ih? if1>0,h>0,
’ —(1/2)h? if L <0,h >0.

The space (Eq (7. x), ||-|l(1,x)) is a Banach space.

Remark: Notice that we have a continuous inclusion (E, (7 x+, [|-||(7,x7)) = (Eq,(z,.x), |||l(1,x))
when 0 < X < X'.

We consider the integration operator d; ! defined on C[[¢,£7L, z]] by

1€Z,h>1

The main result in this Section, Theorem 1, rests on the following technical lemmas whose
proofs are omitted for simplicity.

Lemma 1 Let my,s,h1,he > 0 be nonnegative integers. Let T, X > 0. Assume that the
inequalities hold s+ hg > 2hy, my > s+ ha. Then, there exist C > 0 (depending q, s, hi,ha,m1)
such that ||2°(9;"2V)(¢" €, )|l irx) < CXEH||V (&, 2)||(1.x) for all V(€,2) € By (1, x)-

qm

Lemma 2 Let s,h; > 0 and Ty, Xog > 0. Then, there exists 0 < X1 < Xg and for all Ty > 0
satisfying ¢~ Ty < Ty < Toqgfhl, there exists a constant Cy > 0 (depending on q, s, h1, Ty, Xo)
such that ||x8V(qh1£7x)H(T1,X1) < Cl||v(£7x)||(To,X0) fO’)” all V(f,l’) € Eq,(TmXO)'



Lemma 3 Let ho > 0 and Ty, Xg > 0. Then, there exists 0 < X1 < Xg and for all T} > 0
satisfying Ty < Ty < Tpq"2/2, there exists a constant Cy > 0 (depending on q, ha, Ty, Xo) such
that Ha:;h2v(£7x)|’(T1,X1) < CQHV(gaw)H(TQ,XO) f07" all V(§7x) € IEq,(TO,Xo)-

Let S, mg , m1k, 0 < k < S—1 be positive integers. Let D the linear operator from C[[¢, £, z]]
into C[[¢, ¢, 7]] defined by

S—1
DV (& x) =0V (&) — > ar(@)(O5V)(qm0+E, /g™ ),
k=0

for all V € C[[¢, &7, 2]], where ay(z) = >ser, @kst” € Clz], with Ij; be a finite subset of N, for
0<k<S-1.

We make the following hypothesis.
Assumption (A) For all 0 <k < S —1, for all s € I}, we have

s—k>2mgy , myp>s+S—k.
Remark: This assumption can be weakened to be
s+S—k>2mop , mip=>s+95—k,

forall 0 <k < S —1, for all s € I, if one asks additional conditions on the growth properties of
the initial contidions in (4). This constraints would be related to the constant T" in E (1 x)-

We consider the operator A from C[[¢,£¢71, x]] into C[[¢, £, x]] defined by

AV (§,2)) = V(§,2) = D(9;°V (¢, 2) Zak (OE5V)(qmorE, /g™ )

for all V e C[[¢, 671, z]).

From Lemma 1, we deduce the following

Lemma 4 Let T > 0. Then, there exists X > 0 such that A is a linear bounded operator from
(Eq,(7,x), | - [l(7,x)) into itself. Moreover, we have that

AV (E 2)llrx) < *HV(& o), x);

Jor allV € Ey (1 x)-
From Lemma 4, we deduce the next

Corollary 1 Let T > 0. Then, there exists X > 0 such that D o 0;° is an invertible linear
operator from (Eq (7 xy, |||l(7,x)) into itself. In particular, there exists C > 0 such that

1D(8; 5b(&, 2))||(7,x) < ClIb(E, @)l (7.x)

for all b(§,z) € By (7 x)-



Theorem 1 Let S > 1 be an integer. For all 0 < k < S —1, let mox, my ) be positive integers
and ag(w) = 3 o, axsz® € Clz]. We make the hypothesis that the assumption (A) holds.

We consider the following functional equation

(19) A3V (&, ) Zak )R, /g

with initial conditions
(20) (DIV)(&0)=¢;(¢) , 0<j<S—1.

We assume that ¢;(§) € By (1. x,), for 0 < j < S—1, where Xo > 0 and T > 0. Then, there evists
X > 0 such that the problem (19) (20) has a unique solution V(§,x) € By (1 x). Moreover,
there exists C > 0 (depending on S,q,ar(x),mok,mi %, for 0 <k < S —1 and Xo,T) such that

V(& 2)lle,x) <CZH¢] Oll(r,x0)-

7=0
Proof A formal series V (¢, 2) € C[[¢,671, 2]] which satisfies (20) can be written in the form
V(& a) = 0;°U(& ) + (€, ) where
S—1 i

I 2) =) ¢;(9)=

|
=0 It

and U(¢,z) € C[[¢, 671, 2]]. A formal series V (€, ) € C[[¢,£71, 2]] is a solution of the problem
(19), (20) if and only if U (&, x) satisfies the equation

(21) D(9,°U(¢, 7)) = ~D(I(£, 7))
By construction, we have that

S—

S—1
k=0
From Lemma 2 (taking Tp = 71 := T') and the assumption (A), there exists X; > 0 such that

2R (q™0rE) € By (1.x1)

forall0 < k< S—1,allk <j <S-—1,all s € . Moreover, there exists C; > 0 (depending
on Iy,j,mo ,,Xo0,T") such that

(22) [12° 7% 65(a™ €)1, x1) < Cullds Iz, xo)-

We deduce that D(I(¢,z)) € Ey (7, x,) and from (22) there exists a constant C'| > 0 (depending
on q,ar(x),mok,mi i, for 0 <k < S —1and Xo,T') such that

aks s+ji—k 1 (. Mok
E oy e k:)'x ¢j (q f)
Elk

1
j=k s

S—1

(23) IDIE )l x1) < C1 Y 5, x0)-

7=0



From Corollary 1, we deduce that the equation (21) has a unique solution U(,z) €
Moreover, there exists a constant Cy > 0 (depending on g¢,ax(x),mo k,m1 , for 0 < k
such that

(24) U (& 2)[,x,) < Col[DU(E; ) (7,x,)-

Take Ty = Tp := T in Lemma 3. We derive there exists Xo < X such that 9;°U(¢,z) €
Eq,(1,x,)- Moreover, there exists a constant C3 > 0 (depending on ¢,5,7,X1) such that

(25) 10, U (&, 2)|l(7,x2) < C3l|U (& )|l (7,31

From Lemma 2 (with Ty = Ty := T), there exists X3 < Xp such that I(§,7) € Eg (1 x,)-
Moreover, there exists a constant Cy > 0 (depending on S,q,7,Xy) such that

X1):

Eqrx
<S-1)

S—1

(26) I11(€, )||(TX3)<C4ZH¢] M1, x0)-

7=0

Finally, the formal series V(¢,2) = 0;°U(€,z) + I(€, ), solution of the problem (19), (20),
belongs to E, (1 x,). Moreover, from the inequalities (23), (24), (25) and (26), we get a constant
Cs (depending on S,q,ai(x),mo j,m1 k, for 0 <k < S —1 and Xo,T) such that

S—1

V(& D)l < Cs 3 165 rx0)-

7=0

4 A Cauchy problem in analytic spaces of g—exponential growth

Let S > 1, r1,72 > 0 be integers. For all 0 < k < § — 1, let mg x,m1  be positive integers and
br(z) = Zsefk brsz® be a polynomial in z, where I, is a subset of N.

Lemma 5 For every choice of formal series X eC[[t], 0<j<S—1, the C’auchy problem

(3), (4) has a unique solution in the form of a formal power series X t,z) Z Xn(t h' , where
h>0
X}, € C[[t] for every h > 0.

Proof Let us put Xh(t) = > o fmat™ h >0, frun € C. The values fp,p, m > 0, 0 <
h < 8§ — 1, are given by the initial conditions. The coefficients fm,s, m > 0 can be found by
substituting X in (3) and looking at the coefficients of 2°. We can repeat this argument as the
second index in f,, ;, increases. O

With the help of the g—Laplace transform, we reformulate our problem. Consider the Cauchy
problem

(27) ((Zaz + )Tl 2 + 1 65 Z bk mO k 8kW) (7_, Zq—ml,k)

with initial conditions

(28) (BIW)(r,0) = W(r) € C[[]], 0<j<5S—1.
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Lemma 6 The formal series X (t,z) ZXh L where Xy, € C[[t]] for every h > 0, satisfies
h>0 !
the Cauchy problem (3), (4) if, and only if, the formal series W (1,2) ZB Xh — satzsﬁes
h>0 :

the Cauchy problem (27) (28) with W( ) = Bqu, 0<j<S—1.

Conversely, W(r,z ZWh h' , with W, € Cl[7]] for every h > 0, satisfies the Cauchy
h>0
problem (27), (28) if, and only if, the formal series X t,z) ZL’ Wh satzsﬁes the Cauchy

h>0
problem (3), (4) with Xj(t) = ﬁqu(t) for0<j<S-—1.

Proof It suffices to insert each series in the corresponding Cauchy problem and apply (17). O

Let V' be an open and bounded set in C*, and g € C with |¢| > 1. In the following result we
study the g—exponential growth of the coefficients of a solution to the Cauchy problem (27),
(28). We will depart from initial conditions Wj, 0 < j < S — 1, holomorphic in V¢*. We make
the assumption (A) in the previous Section, so that we may apply Theorem 1, and we also
suitably choose ¢ and V' in order to deal with a small divisors problem.

Theorem 2 Let the assumption (A) (of Section 3) be fulfilled by the sets Iy, and the integers
mo k,m1k, for 0 <k < S —1.

1) We make the following assumptions on q and on the open set V: q is of the form q = ]q\e'
with 0 = b’T for some b € N, b > 1. If we denote V' := {a" /x € V}, we assume that there
exists € € (O min{7/b,7/2}) such that

r . 27l
v (lL_JOS(—w+ T,Qs)) =0,

where S(d, @) stands for the unbounded sector in C with vertex at 0, bisected by direction d and
with opening .

2) The following assumptions on the initial conditions hold: Let T > 0. There exists a constant
Ko > 0 such that

12 ]. ].

1
(T) 1412

(29) sup\W(xq)\ < Kolq|* 1412

, sup |Wj(:cq*l)\ < KOTl
xeV

forall0<j<S5—1,alll>0.
Then, there exists a unique solution of (27), (28)

(1,2) = W(r,2) = Y _ Wi(7)

h>0

which is holomorphic on V¢* x C. Moreover, for all p > 0, there exist two constants C,T > 0
(depending on p,S,|q|,br(2),mok,m1k, for 0 <k < S —1 and T) such that
1
(30) sup  [Wi(ag,2)| < CKolal2" () . swp  [W(aq™!,2)| < CKoT!
z€V,2€D(0,p) T z€V,2€D(0,p)

for alll >0 (where Ko > 0 is defined in (29)).
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Proof From the hypothesis 1) in the statement, there exists 6 > 0 such that
(31) |(h+ 1) z™q 41| > 6

forallleZ,all h>0,all x € V.

Remark: Condition 1) in the previous statement could be replaced by a more general condition,
namely: Let ¢ and V' be such that (31) is verified for some 6 > 0 and for all [ € Z, all h > 0, all
x € V. However, we preferred to use 1) because of its easy geometrical interpretation.

We consider the sequence of functions W, (7), h > S, defined as follows

mgykl

(32) WHS =) i Z b, ™0k q Wiy tk(zq")
l | Kkh
o nTmer ((h + 1)r1xr2q7"2 + 1) h2'qm1 kN2

for all h > 0, all | € Z, all x € V. One checks that the sequence Wy(7), h > 0, of
holomorphic functions on V¢?%, satisfies the recursion (32) if and only if the formal series
W(r,2) = > 10 Wh(T)% in the z variable, satisfies the problem (27), (28). From this we
deduce that the solution W, if it exists, is unique.

According to (29) and (32), we can recursively prove that the sequence (wyp)iez,n>0 defined by

(33) wy,p, = sup |Wh(aqu)|,
zeV

for all [ € Z, all h > 0, consists of positive real numbers. Due to (31), the sequence (w; 1)1ez,h>0
satisfies the following inequalities: There exists » > 0 (depending on mq j, V') such that

lh-l—S Z Z bk, [7]g™0F W gk
| kh
k=0 h1+ho=h,h1€lx 0 ha!lg|™ 472

forall l € Z, all h > 0.
We consider the sequence of real numbers (v; 1)1z, n>0 defined by the following recursion

|m0 Kl

34 U h+S Z Z 2 L L U
(34) ) h l‘q’ml,khz
k=0 h14-ho=h,h1E1}, 2

with initial conditions v; ; = w; j, for 0 < j < S —1, all [ € Z. By construction, we have that
(35) wyp < v

forall l € Z, all h > 0.

In the following, we put ag(z) = > .y, (|bks|r/6)a® for 0 <k < S—1 and we consider the formal

Laurent series V (£, 2) = >z 150 vl,hfl%. From the recursion (34), we get that V (&, z) satisfies
the following Cauchy problem

(36) Zak V) (Elgl™o*, /]g™)

with initial conditions

(37) (01V)(£,0) = w e

l€Z



12

From the hypothesis (29), we get that ¢;(£) belongs to Ejq| (1,x,), for all Xo > 0. By hypothesis,
the assumption (A) holds for the sets I, and the numbers mg x,m; . From Theorem 1, we deduce
that the unique solution V'(§,z) of the problem (36), (37) satisfies V/(§,x) € Ejy (1,x) for a real
number X > 0. Moreover, there exists a constant C' > 0 (depending on S,|q|,ax(z),mo k,m1 k,
for 0 <k < S —1and X(,T) such that

S—1
(38) IV E ) lirx) < C Y 5 (Oller,x0)-

j=0

l2

From the inequality P(l,h) < 5 — %2, forall l € Z, h > 0, and (38) we get that there exists a
constant C’ > 0 (depending on S,|q|,ar(x),mo ,m1k, for 0 <k < S —1 and X(,T') such that

22 1,1 2 1
< TR it 1) (= < Nal 75 TR (=)
(39) lvi,n| < KoC'lq| 2 [q| ™2 R (T) (X) , Jvoiwl < KoC'lgl 2 TMh (X)

for all I > 0, all h > 0, where K is the constant introduced in (29). From the inequalities (35)
and (39), we get that

21 274, P
sup (W (g, )] < KoC'lal = (2)(X lal /(2.

x€V,zeD(0,p) h>0
_ h2/9, P
sup  [W(ag ™, 2)| < KoC'T' (Y g™ /2(5)")
z€V,zeD(0,p) h>0
for all 1 > 0, all p > 0. So that the estimates (30) hold. O

5 Second auxiliary Cauchy problem

Our second approach to the auxiliary problem is to assume the initial conditions Wy, 0 < h <
S — 1, of (27), (28) are holomorphic in suitably small neighbourhoods of 0. Our purpose is
to obtain information on the rate of decreasing of the derivatives of the functions Wj, h > 0,
coefficients of the solution constructed in Theorem 2, near the origin. This will be done in the
next Section, where we will need the second auxiliary Cauchy problem we deal with in this
Section.

Definition 3 Let g > 1 be gwen. Let us consider the space Hp x) of formal power series

fCh
V(f,.f) = Z Ul,hglﬁ € C[[g,l’]]

1>0,h>0

such that N
290X
|V(§733)|I(T,X) = Z orn| T' " ﬂﬁ < 00,
1>0,h>0 ’

where T, X are positive real numbers.
The space (Hr x, | - |/(T,X)) is a Banach algebra.

Remark: We have a continuous inclusion (Hp, xv), | - |/(T X/)) = (Hr,x), | - ’(T X)) whenever
0<X <X\
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The procedure followed in this Section matches point by point with the one used in Section 3
so details are omitted. In this Section, only the second inequality of assumption (A) must hold.
It deserves pointing out that the series R(€) := Y ;0 2¢¢", involved in the following result,
belongs to Hr x) if and only if 7" < 1/2. -

Theorem 3 Let us consider the Cauchy problem

(40) V(¢ x) Z ci(w V(& x/lg|™*)

with initial conditions

(41) (OIV)(£,0) = ¢;(8), 0<j<S5-1,

and assume that ¢;(&) € Hirxg), 0 < j <8 —1, where Xg > 0 and 0 < T < Then,
there evists X1 > 0 such that the problem (40), (41) has a unique solution V (§,z) € Hp x ).
Moreover, there exists C > 0 (depending on S, q, Xo, T, and ci(x),my for 0 <k <S—1) such
that

m N[ =

S—1

V(& 2)irx) < CY165(Elirx0)-

7=0

6 Estimates for the derivatives of WW; near the origin

In the Cauchy problem (27), (28) we consider initial conditions W; which are holomorphic
functions respectively defined in open sets containing the closed disc

Dj={r:|r| <1/ +1)"/™)}, 0<j<85-1

(for the sake of brevity, we say that W, is holomorphic in D;). Then, Cauchy’s integral formula
for the derivatives allows us to obtain constants A; > 0 such that for every natural number
n > 0 we have max_.p |0"W;()| < Alnl. So, the assumptions in the following result are not
restrictive.

Theorem 4 Consider the Cauchy problem (27), (28). Suppose Wj(1), 0 < j < 8 —1, are
holomorphic functions in D; such that there exist constants T, K > 0 such that

1\» n! .
Trrel%>§|anwj(r)|gK(T) om0 =018 -1

Then there exists a formal solution of (27), (28), W(T,2z) = } 5 Wh(T)%}!L, where Wp, is a
holomorphic function in Dy, = {1 : |7| < 1/(2(h +1)"/™)}, h > S. Moreover, there exists a
constant X1 > 0 such that

LY N rin/r —j2
(42) sup [0"W;(r)] < 1 ()" (55 ) a4+ 177/l 772,

TED

for every m,j > 0, where Cy is a positive constant (depending on S,q,T,by(z) and myy, for
0<k<S-1)



14

Proof We look for formal series solutions of (27), (28) of the form W(r,z) = 3,50 Wa(7 )Zh—
what leads to the equalities

W, — b mo,k W,
(43) h+S Z Z kha T ho+k(T)

S e ((h + 1)r17-r2 + 1) h2!qm1,kh2>

for all h > 0. These equations recursively define in a unique way the sequence {Wj},>0, and
we easily see that W} is holomorphic in Dy, = {7 : |7| < 1/(2(h +1)"/2)}, h > 0. We aim at
estimating the rate of growth of the derivatives of W}, in Dj,.

Let ng be a natural number. Differentiating ng times in (43) we get

T
X

I Wiis(7) no! Mo,k 82 Wi, 1 (7)
(44) ——=—— = Yoo b Y 97 o ) T e
h! 20 bt b€l i 11115! ((h+ 1) 72 + 1) hylgmirhe
It is clear that
(45)
mo,k ll' mo k' _ 1
ah T — ] Mo,k —A1 HA2 )
(((h—Fl)”TTQ —|—1)) Z )\1!)\2!(m07k—A1)!T ((<h+1)T1TT2+1))

A1+A2=l1,A\1<mg i

Following the proof of Lemma 7 in [15], we get that for all Ao > 0, all 7 € Dy,

1 < /\2!2/\2+1(h—|— 1)%>\2

(46) ()| <

We take (46) into (45) and then into (44) so one has

™
"W, — h+1)=2"
’ h+S - S Z Z ‘bkh1’ Z 2l1+1 ( ) -

nolh!(h + S+ 1) 0 Iyt ha ey L (h+5+1)7"
(47) etk + 1> 02 Wia ()] |
(h+ 1) Ilhol(he + k + 1) 722 |g[mash2
Let us put
wn = sup AWl o w0
T ep, (b 1)rinolre

From (47) we deduce that

S—1
Wng,h+S 2: j: Wiy ho+k
ng,h+ S ‘bkh 2ll+1 2,h2+ .
nolh! ! Z Iyl hol|g|m1xh2
k=0 h1+ho=h,hi1 €I} li+la=no

Now we define a multi-sequence {v;p}; 5 by
VL h = W, [1>0,0<h<S5—1,
and by the following recurrence relations for ng > 0, h > 0:

S—1
Ung,h+S z : z : 2 : Vlg,ho+k
(48) no,h+ — ‘bkhl‘ 2l1+1 2,ho+ )
no!h! l2!h2!‘(]|m1’kh2
k=0 h1+ho=hh1EI} l1+1l2=ng
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It is clear that w;; < vy p for all [ > 0, all h > 0. Let us consider the functions

oo

2 s
R(é—) :Z2l+1€l :1_725’ and Ck(x) = Z |bks|x , 0<k<S—-1.
=0 s€ly,

Due to the recursions (48), one can check that the formal power series V (€, 2) = 37, 1>0 Lhelz
is a formal solution of the Cauchy problem (40), (41) with initial conditions

j wy, .
(O3V)(6:0) = ¢;(8) =D _ 7€, 0<j<S-1.
1>0
It is immediate to check that, for any Xo > 0, we have ¢;(§) € Hp x,) for 0 < j < S — 1. From

Theorem 3 and the fact that V (¢, 2) = D n,j>0 1}1’;—35”?—? is the unique formal solution of (40),
(41), we can find X; > 0 such that

j = Ung S C(T)n();)j”!j!q_] [Z (3 ‘(TXO} < Cl(;)n@;)jn!jllqrﬂﬂ-

for certain C,Cy > 0 (depending on S,q,cx(x),mq 4, for 0 <k < .S —1 and X,T"). We conclude
by the very definition of the multi-sequence {wy, ;}n.j>0- O

7 Analytic solutions of the Cauchy problem with Fuchsian and
irregular singularities

Let W}, be the initial data in the Cauchy problem (27), (28), and suppose they are subject to the
hypotheses of Theorem 2 and to the hypotheses in Theorem 4. Those results give us a sequence
of functions {W},}5>0, holomorphic in V¢* U Dy, for each h > 0, and such that the series

Iz:Wh(T)i

h>0

defines a holomorphic function on V¢?# x C which solves the Cauchy problem.
Moreover, from (33), (35) and (39) in the proof of Theorem 2 we know that

(49) sup Wi (rq')| < KoC'lal = lal = h1()! ()"
zeV
for all I,h > 0.
Let us choose A € V and 6 > 0. By (49) we see that every W}, verifies estimates as those in (8).
If we choose an integer n(h) in such a way that A" e Dy, then, according to Proposition 1,
the g—Laplace transform of W), in the direction A\g™™¢%, which clearly equals A¢Z, is given by

n(h)

Wt =3 Wa(q™Aq"™M) _ 3 Wi(g"™A)

ﬁ()]‘q (h) LN
m)\ n
meZ @(q g ) meZ @((IT)

so that it deserves to be denoted by £3(W},)(t). This function is well defined and holomorphic in
the set T\ nn) g.5,(n), Which is equal to T} g 5.,(n), whenever r(h) < A" M q'/2|T. We will show
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that these radii r(h) can be taken independent of h, equal to 7o = |A\¢"/2|T/|q| = |\¢~/2|T for
every h > 0, and we will obtain precise estimates for the corresponding ¢g—asymptotic expansions.
Let us assume that the function W} has the following Taylor expansion at 0,

(50) Wi(r) = n(J:zn ?)/2 "

n>0 q
where f,,, € C, n,h >0, and 7 € Dp,.

Proposition 3 In the situation assumed in this Section, there exist constants B(h), D(h) > 0
(to be specified) such that

(51) Lo (W)(¢ nE:l Fmnt™| < D(R)B(h)"|g|" "~V t["

for alln > 1, for allt € Ty g4 sr,-

Proof

According to the estimates (42) in Theorem 4, we can write

(52) | n];m{ eyl b \ O"Wi(0)] < a(%)"(i)%mm 1)nn/r2|g|~h/2 = () A(h)"

for every n, h > 0, where we have put, for short,
1 \h

(53) Oy = a5 ) a2 A = L R0
1

For each h > 0 we define my, := max{m € Z : |¢"\| < 2A } so that

1
(54) g A[A(R) < 3 m < my,.

Also, we recall from Theorem 3 that 7' < 1/2, so A(lh) < ! -, and we deduce that
2(h+1)72

(55) q"\ € Dy, m < myp,.
Moreover, by the very definition of my,, we have that

—log(2|\|A(R))
log(|ql)

1
> .
~ 2[AA(R)

(56) mp + 12>

| ‘mh—i-l

)

Let K > 0 be a fixed integer. Firstly, we give estimates for )
(49), (12) and (14), we get

Wi(g™A)/©(g™A/t). Using

m>myp,

Wi(g™\) C/Koh' K| | K1) /2] K |t] m( L \h k24
< - ' J—

X
for all m > my, all t € Ry 4. For every t € T 45, We have |t| < rg < T|/\|]q\*1/2. Using (56),
we obtain that

I . 1\m 1 1 2\ A(R)
— < )" = < :
Z <T‘AHQ‘1/2) — Z ( ) 1 — |q’—1 ‘q|mh+1 — ‘—1

m>mp, m>mp, |q‘ 1- |q
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hence

1

X

higl—h2/ac L
ST < T ) lal ™

(57) ) lal

A(h)h)(

m>mp

for all t € Ty ¢.6,r0-
In a second step, we give estimates for the sum > . Wh(q™\)/O(g"\/t) — Zr[fzo fant",
where the f,,}, are defined in the Taylor expansion (50). Taking into account (50) and (55), we
can formally write

h L h
_z%q" (m;n o( mm)

n=

for all t € C*.
From (58) and (52), we deduce that

(59) | ) Wah(g™\) /(g /t) — anht"|<A(> B(t)

m<mh n=0

where

Aty = EeDYol m)\/t (Z C(h qu))

m<mp, >K+1

and

N " (™))"
B(t) = 3 CMAN" | 3 gl )

for all t € C*.
We give estimates for A(¢). Taking into account (54) and (13), we deduce

Ch)A(h) Al g™
— 1= A)[gm A K161 — g7

C(h) K| |K(K-1
60 < ————A(h (K=1)/2)¢ K

A(t) A(h)N g F D2 K

for all t € Ry 45
In the next step, we get estimates for B(t). From (13), we have that

O™\ > Kydlg| <012 LA

for all m > my,, all t € R) 4,5. This yields

1 mh—l—l
(g™ \)"| |A[" K41 ((K+1)K/2 w1 (geren)
> <
(61 O] = K 5(|)\|) al g

1— L
m>mp, [qF+HT—n
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From |g|5*1™" > |¢| for 0 < n < K, if we write (‘(1|Kﬁ)mh+1 = (‘q‘n}hH)KH(\qwhH)” in
(61) we get

o 1
K16(1 = [q]71) [ A][gmntt

B(t) < K+1|q‘ (K+1) K/2|t|K+1 Z QA |)“|Q‘mh+1)

n=0

By (56) we know that 2A(h)|A||g|™ ! > 1. For every real number x > 1 we have

K K /5

n < n K-n _ K
E " < E <n>m x (2z)
n=0 n=0

and we deduce that 3% (2A(R)|N||g[™ 1) < (4A(R)|A]|g/™ 1)K, Also, we have [t| <
IA¢~Y2|T whenever t € Ty 450, and (K + 1)K/2 = K + K(K — 1)/2. Gathering all these
facts and using (56), we deduce that
tIC(h)

< 4
= Rl A

2[A[TA(h)C(h) K| | K(K=1)/2(, K

R) gD |g| < E-D/2)

B(t) (h)|g)" g D28 K

(62)

for all t € Ty g.6.r0-

Finally, using the estimates

1> Wih(g™N)/O(g"A/t) — anht <Y Wal@™N) /(g /t) - anht\

meZ m<mp,

+1 Y Wald™ /6" /1)

m>mp,

we deduce from (57), (59), (60), (62) that

(63) 1LY (W)( an wt"| < Dy(h)By(h)X|q| XKD K
n=0

for all K >0, for all t € T} 4,6,r,, With
(64) Bi(h) = Bi(h+1)"/"2,  Di(h) = Ba(h + 1)"/"2hIBY|q|"*/4,

where Bi, By and B3 are positive constants that do not depend on h. In order to conclude, it
suffices to write, for K > 1,

K-1
1Ly Wh)(8) = D funt"] < 1L5(Wh)( an nt" |+ | frent™ ],
n=0 n=0

and take into account (63) and (52). According to the expressions (53) and (64), one obtains
the estimates (51) with

(65) B(h) = Ay(h + 1)r1/r2, D(h) = As(h + 1)T1/T2h!A§b’q‘—h2/47

where A1, As and Ag are again positive constants that do not depend on A.

We are ready to obtain our main result.
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Theorem 5 Suppose X;(t) = Ym0 fm,it™ € C[[t]], 0 < j < .S —1, are given initial conditions
for the Cauchy problem (3), (4), and let

. R b 2h
X(t2) =D Xu®) 5y = > D fmat™

h>0 ’ h>0m>0

be the only formal series solution of the problem (see Lemma 5). We suppose that the series
Xj(t), 0 <j<8S—1, are qg—Gevrey of order 1, and that their formal q— Borel transforms
of order 1, Wj(t) = l’;’qu(T), which are holomorphic functions around 0, indeed satisfy the
assumptions of Theorems 2 and 4. We also assume that the rest of hypotheses of Theorem 2 are
satisfied. Let

Zh
W(Tv Z) = Z Wh(’r)ﬁ
h>0

be the solution of the Cauchy problem (27), (28), corresponding to the initial conditions Wj,

0<j<85—1. Then, we have that:

Zh

1) The function X(t,z) = ZEZ,\(Wh)(t)ﬁ is holomorphic in Ty g5r, X C.
h>0 ’
2) The function X (t,z) solves the Cauchy problem (3), (4).
3) If ry > 1, given R > 0 there exist constants C > 0, D > 0 such that for everyn € N, n > 1,
one has

n—1 h
m= AT n(n— n
(66) [X(0.2) = 30 funt™ 53] < OO (n 1))lgl" "D
h>0 m=0 :

for every t € Tx 450, 2 € D(0, R). . )
If r1 =0, given R > 0 there exist constants C > 0, D > 0 such that for everyn € N, n > 1, one
has

n—1 h
mZ N n(n— n
(67) X(t,2) =30 Y fat™ | < CD g2
h>0 m=0 .

for every t € Ty g6, 2 € D(0, R).

Remark: Due to the estimates (66) and (67), we may say that the function X (t,z) admits

2h

the series Z Z fm,htmm as g—asymptotic expansion of order 1 in ¢, uniformly for z in the
h>0m>0

compact subsets of C. It may be noted that, because of the small divisors problem we have

dealt with, a new factor appears in the estimates, in terms of the Eulerian Gamma function.

The value 71 /r2 may be thought of as a sub-order, or a second-level order, in the asymptotic

expansion.

Proof 1) In view of (51), for n = 1, and (65) we have that
L3Wa)(t) = foul < DB < Ax(h+1)*"/™ Ah1Af|q| ™/ r

for every h > 0, every t € T 45r,- On the other hand, by (52) we have that

1\* _
fonl < Cr(7) el ™72
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for every h > 0. So, we conclude that there exist A4, A5 > 0 such that
1£2(W) (1)) < AsALRl|q| /4

for every h > 0, every t € T 45r,- Then, for z € D(0, R) we have

h
DLW 7] < D7 As(AsR) gl < o,
h>0 ) h>0

so that the series converges and the function it defines is holomorphic in 7y 44, X C.
h

2) Since the series tho Wh(ﬂ%

a solution of the Cauchy problem (3), (4) by Proposition 2.
3) For every n > 1, every (t,2) € T g6, X D(0, R), the sum

n—1 Zh
Z Z fm,htmﬁ

h>0m=0

is a solution of (27), (28), one can guarantee that X (¢, z) is

is convergent, as we see from (52). One may take into account (51) and (65) and write

n—1 h
X2 =YY fat™ | < Y ley WA Z fm, htm|

h>0 m=0 h>0
< ApAflg D ”\t\"Z(h A
h>0
A ny  |n(n— n ri(n T —(h—1)2
o = Al R ST R ARy g 0
h>1

In case r1 = 0, the conclusion easily follows, since the last sum is convergent and independent
of n. In case r; > 1, we follow an idea of B. Braaksma and L. Stolovitch [5]. Let £ > 0, and
let v be a contour that goes from coe™ ™ to —e along the negative real axis, then it turns once
around 0 in the positive sense, and it goes from —e to coe’™ again along the negative real axis.
For p := 7“(:};1) h”

> 0, Hankel’s formula allows us to write T(F1) = 2m f efss~r=1ds, so that

the sum in (68) may be written as

(69) T S (g myhg -1 / ehsg—n1 g

21
h>1

T 1
_ (:LL+ ) Z/Sy1|q‘(h1)2/4(A3R65)h ds.

21
h>177

We consider now the entire function F(z) = >, g|~(h=D*/42h 2 € C. The series converges
uniformly in every closed disc. Observe that as s runs over =, its real part remains bounded
above, and the same is valid for the modulus of As3Re®. So, we may write

F(A3Re®) =Y |q|~"=D"/* (A3 Re®)"
h>1
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uniformly in v, and the dominated convergence theorem ensures that

() 3 /

s~ g "IN (A Ret)" ds = / s lalm Y (As Ret) ds
h>17

v h>1
:/3_“_1F(A3Res)ds.
gl

Moreover, F'(AzRe®) remains bounded as s runs over v, say by M > 0, and it is easy to obtain,
estimating on each of the three parts of 7, that

2T M < M#
et T uer’

M
—p—1 s
(71) ’/78 F(AsRe®) ds| < 275“ +

where M > 0 is some suitable constant independent of k. Gathering (68), (69), (70), (71) and
from the definition of u one can conclude. O

Remark: The case r; = 0, as it may be seen in the last Theorem, deserves some attention, since
the Fuchsian singularity at z = 0 does not appear any more. The most important consequence
of this fact is the disappearance of the small divisors phenomenon we had in general.
Moreover, the condition 1) in Theorem 2, concerning the argument of ¢ and the set V', can be
relaxed. Indeed, the estimates (31) hold if one assumes that there exists § > 0 such that

dist(V™2¢™2 {—1}) > 6,

where dist is the Euclidean distance between two sets in C. For example, this is valid when
V is such that there exist Ry, Ry with 0 < Ry < |2™2| < Ry for all z € V, and suppose that
Ry < |q|Ry and |g[" Ry < 1 < |¢|"2U VR, for some j € Z.

In Theorem 4 all the functions W), are holomorphic in a common disc, say D, and there exists
a constant X7 > 0 such that

s (01;(7) < O () () it =

for every n,j > 0. The proof of Proposition 3 admits some simplification, and one obtains that

n—1
LX) = 3 Frunt™] < AhlAR|q| /4 A7 || = D/2 g,

m=0

for every h > 0, n > 1. Finally, no sub-order appears in the g—asymptotic expansion of the
solution X (¢, z).

Some examples of equations solved in the present work:
Let S = 2, moo = 1, mio = 5, mo1 = 0, mi1 = 2 with IO = {2,3} and Il = {1} We fix
boz; bos, b11 € C.

If we take 71 = 0 and ro = 1, the equation (3) turns

t02X (qt, 2) + 0°X (t, 2) = (boa + boz2)2°tX (qt, 2q~°) + b1120. X (t, 24 2),
whilst for 71 = 1 and 79 = 1, the problem considered is

t202 X (qt, 2) + t02X (qt, z) + 02X (t, 2) = (boa + bosz)2*t X (qt, 2¢7°) + b1120, X (t, 27 2).
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