EIGENVALUE BOUNDS FOR STARK OPERATORS WITH COMPLEX
POTENTIALS

EVGENY KOROTYAEV AND OLEG SAFRONOV

ABSTRACT. We consider the 3-dimensional Stark operator perturbed by a complex-valued
potential. We obtain an estimate for the number of eigenvalues of this operator as well as for
the sum of imaginary parts of eigenvalues situated in the upper half-plane.

1. INTRODUCTION AND MAIN RESULTS

Let Hy be the free Stark operator
H(): —A—l—xl, (11)

acting in the space L?(R?). In the formula above, z; denotes the function whose value at a
point # € R3 coincides with the first coordinate of z. Since Hj is an unbounded operator,
one has to specify its domain of definition. For this purpose we simply mention that Hj is
essentially selfadjoint on C§°(R3). We study the spectral properties of the operator

H=Hy+V,

where the potential V' is a bounded complex-valued function, satisfying
|V (z)|"dz < oo, for some r > 0. (1.2)
R3

While the interest of mathematicians in the theory of non-selfadjoint operators of this type is
quite new, Stark operators with real potentials have been studied thoroughly in mathematical
physics for a long time. Among the classical results applicable to the self-adjoint case are
the theorems of Avron and Herbst [2] who considered scattering for the pair of operators H
and Hj in the case where V' is a short-range potential. In particular, it was established that
the spectrum of H is purely absolutely continuous and covers the real line R (besides [2], see
Herbst [10]). It was proved in [2], [10] and [37] that for a short-range potential V', the wave
operators

0, = s — lim et~ tHo,

as t — Fo0,

exist and are unitary. Further development of the methods used to study Stark operators led to
the theory of scattering of several particles in an external constant electric field (see the papers
[13] and [21]). Besides the results related to the scattering theory, the mathematical literature
on Stark operators contains numerous statements about the distribution of resonances in the
models involving a constant electric field. Here, we only mention the article [11] and the recent

paper [22], which can be also used for finding other relevant references.
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Let us now describe the main results of the present paper devoted to the non-selfadjoint
case. Under the condition (1.2), the spectrum o(H) of H coincides with the union of the
line R and the discrete set of complex eigenvalues that might accumulate only to real points.
We denote by {A;}32, the sequence of eigenvalues of H in C\ R enumerated in an arbitrary
order. The number of times an eigenvalue appears in the sequence {);}52, coincides with the
algebraic multiplicity of the eigenvalue. We will show that the condition (1.2) with r < 2

guarantees that
Z IIm \;| < oo.
J

Theorem 1.1. Let 4 < p < 5. Let V be a bounded complex-valued function satisfying the
condition (1.2) withr = p/(p—2). Then the eigenvalues \; of the operator H obey the estimate

; Tm | < cp[(/R VPP + (/R VPe-2ar) ], (13)

The constant C, > 0 in this inequality is independent of V.

As a consequence of the method used in the proof of Theorem 1.1 we will obtain the following
statement, where V' might decay slower than a potential satisfying (1.2) with r < 2.

Theorem 1.2. Let ¢ > 1 and 4 < p < q+ 3. Let V be a bounded complex-valued potential
such that

/ V() [P2dx < oo.
R3

Then the spectrum of H is discrete in C\ R and the eigenvalues \; of the operator H satisfy

the estimate
S Imle < Gy (/ V()| da
- R3

J
with a positive constant Cp, 4, > 0 depending only on p and q.

2q/(p—3)
) (1.4)

Remark. Estimates (1.3) and (1.4) also hold for eigenvalues of the operator —A + V' in
d=3.

The next theorem gives a very interesting bound on the number of eigenvalues of H in the
half-plane {A € C: Re\ < a} under the condition

V() [P2p(x)dx < oo (1.5)
R3
where the weight p is the exponentially growing as 1 — —oo function, given by

p(z) = (14 e PV (1 +|z1])> and p > 5. (1.6)

Functions V' satisfying the condition (1.5) decay exponentially fast in some integral sense in
the direction of the negative z;-axis. However, such potentials might decay slowly in other
directions. For instance, any function obeying

C
Vs s mp

s>0, C>0,



EIGENVALUE BOUNDS FOR STARK OPERATORS WITH COMPLEX POTENTIALS 3

satisfies (1.5) with p > 10/s. While the usual Schrédinger operator —A + V' perturbed by
such a potential might have infinitely many non-real eigenvalues in {A € C : Re\ < a},
our theorem says that the number of non-real eigenvalues of the Stark operator H in this
half-plane is still finite.

Theorem 1.3. Let 6 > 0 and p > 5. Let V' be a bounded complex-valued function satisfying
(1.5) with p(x) defined by (1.6) and let a > 0. Then the number N(«) of non-real eigenvalues
of the operator H situated in the half-plane {\ € C: Re X < a} obeys the estimate
2(1+6)
N(a) < Caps (/ |V(qj)|p/2p(a:)dx) , (1.7)
R3

where

Ca7p75 fnd Op76 r5n>161 [5_26(1+5)p(a+8) (jljjmf + (1 _|_ 52)62(1+6)p82>:| :

and Cp5 > 0 is a constant that depends only on p and ¢.

Im M\t
A4
A ¢
N(a) =5
Red < a
):2 /\.6
UC(H)
Re =« Re )\
A3 A7
As

FIGURE 1. Eigenvalues of H

Remarks. 1) A similar estimate holds for the number of resonances of H contained in
a region {A € C: —oo < ReX < a, —f < ImA < 0} (the constant in such an estimate
depends on the region).

2) The statement of Theorem 1.3 holds with p replaced by

plr) = (L4 e ) (1 + |z1])?,
where € > 0 is an arbitrarily small number. Obviously, the constant in the corresponding

estimate for the number of eigenvalues will be different. In particular, it will depend on e.

One can combine this theorem with the fact that all eigenvalues are situated in a disk of a
finite radius, to obtain an estimate for the total number of non-real eigenvalues.
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Theorem 1.4. 1) Let V € L>(R®). There exists a universal constant C' > 0, such that all
eigenvalues X € C\ R of the operator H are situated in the disk

A < 0(43(1 )|V () dz + ( : |V|2dx>1/2>4. (1.8)

In particular, the conditions (1.5) and (1.8) imply that the total number N of non-real eigen-
values of the operator H 1is finite

(1.5) and (1.8) = N <

and coincides with N (o), where o equals the right hand side of (1.8).
2) If H is the Stark operator perturbed by a potential

V € LY%(R?) N L°(R?), where ¢ < 3, (1.9)

then non-real eigenvalues \; of H are contained in a disk of a finite radius. In particular, if
V' satisfies both hypothesis (1.5) and (1.9), then H has finitely many eigenvalues in C\ R

(1.5) and (1.9) = N < 0.

Remark. In the same way, one can show that the condition V € L¥?(R?) with d > 3
implies that all non-real eigenvalues z; of —A + V are contained in a disk of a finite radius

and }; [Im,/z;] < oo (see [8]).

Let us say a couple of words about our approach to the problem. It is well known that eigen-
values of most important differential operators can be described as zeros of the corresponding
perturbation determinants, which depend analytically on the spectral parameter. The latter
observation allows one to turn the analysis of eigenvalues into the study of zeros of analytic
functions. Similar ideas were successfully used in the paper [8] by Frank and Sabin for the
study of the eigenvalues of the Schrédinger operator perturbed by a decaying potential. Among
other related papers are the articles [5], [7]. The problem pertaining to the Stark operator
is however more complicated compared to the one involving the usual Schrodinger equation,
simply because the free Stark operator is not diagonalized by the Fourier transformation.

We would also like to point out that the approach based on the study of the perturbation
determinant is not the only method of obtaining eigenvalue estimates in the non-selfadjoint
case. For instance, the authors of [6] and [27] use a completely different technique to estimate
eigenvalues of a Schrodinger operator.

Our present paper has a complicated structure. The proof of Theorem 1.1 is given in Sections
3 and 4. Theorem 1.2 will be proved in Sections 5, 6 and 7. The two following Sections 8 and
9 contain a proof of Theorem 1.3 establishing a bound for the number of non-real eigenvalues
contained in the half-plane {A € C: Re A < a}. The estimate (1.8) of the radius of the disk
containing all eigenvalues will be justified in the last Section 10.

Notations. We denote by C various possibly different constants whose values are irrelevant.
The upper half-plane {\ € C : ImA > 0} will be denoted by the symbol C,. By B and &,
we denote the classes of bounded and compact operators, respectively. The symbols &; and
S, are used to denote the trace class and the Hilbert-Schmidt class equipped with the norms
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|- |ls, and || - ||e,, respectively. More generally, &, denotes the class of compact operators K
obeying

p/2
K| = tr(K*K) <0, p>L
Note that if K € &, for some p > 1, then K € &, for ¢ > p and
IKe, < [IK]ls,-

For a self-adjoint operator 7' = T* the symbol Er(-) denotes its (operator-valued) spectral
measure.

2. PRELIMINARIES

Very often, eigenvalues of closed operators can be described as zeros of analytic functions.
The latter circumstance allows one to use known results on the distribution of zeros of holo-
morphic functions to obtain bounds on the eigenvalues of a given operator. In particular, the
eigenvalues of H coincide with zeros of the so called perturbation determinant D,,()), which
depends analytically on A.

The definition of D,,(\) requires that we find two functions W; and W5 having the properties

V:W2W1, ’Wl‘ == ’WQ‘,

and set

Yo(A) = Wi Ro(A\) Wy, Ro(A\) = (Hy — \) 71, Ae C\R. (2.10)
The condition (1.2) implies that Yy(\) is an Sg,- operator whenever r > 3/2 and Im\ # 0.
Therefore, we can define the determinants

D, (\) = det,, (I + Yo(N)), A e C\R, (2.11)

for integer n > 2r. The standard way to describe det,, (I + K) in terms of eigenvalues z; of a
compact operator K € &, is to define it as

n—1 m .m
det,(I + K) = H(l + 2;) exp(Z (_1—2]>, n > 2;

J m=1

det(I+ K)=[J(1+2)., n=L

j
The following relations can be found in Section 3 of the book [35]. If X|Y € B and both
products XY, Y X belong to G,,, then

det, (I + XY) = det, (I + Y X). (2.12)
The mapping X — det(/ + X) is continuous on &, which is guaranteed by the inequality
|det(I + X) —det(I +Y)| < | X = Y||g, et Xlert¥le: (2.13)

Moreover, there exists a constant C,, > 0 (see [9]) depending only on n such that
|det, (I + X)| < e“IXle, | vXx e6,. (2.14)

While the inequality in the proposition below is less known compared to (2.14), it is still a
very useful estimate of the n-th determinant.
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Proposition 2.1. Let n > 2. Then for any n — 1 < p < n, there exists a constant C,,, > 0
depending only on p and n such that

|det, (I + X)| < e ¥le X es, nx2 (2.15)
Proof. We need to show that
In(| detn (! + X)[) < Gyl X[[s,

with some constant C),,, > 0. For that purpose, it is sufficient to prove that

1ymym

n—1
Re In(1+2)+Re (= < ConlzlP (2.16)
m=1

m

for all z € C. The inequality (2.16) is obvious for very large and very small |z|. Therefore,
it holds for all z lying outside of a small neighborhood of the point —1. On the other hand,
the left hand side of (2.16) is negative if z is sufficiently close to —1. Consequently, it holds
everywhere. m

If an operator-valued function X : Q — &; is analytic on a domain Q C C and (I+X(2))! €
B for all z € Q, then the function F(z) = det(/ + X(z)) is also analytic and its derivative
satisfies the relation

F'(2) = F(2) Tr((] n X(z))_lX’(z)>, 2 eQ. (2.17)

Similarly, if an operator-valued function X : Q@ — &,,, (here, n > 2) is analytic on a domain
QcCc Cand (I + X(2)™! € Bforall z € Q, then the function F(z) = det,(I + X(z2)) is
analytic and its derivative equals

V)

n—

F'(2) = F(z) Tr((([ + X () — (—1)ij)X’(z)), zeQ. (2.18)

<.
Il
o

Let n > 2r be integer. We will show that if V' is a bounded function satisfying (1.2) with
r > 3/2, then Yy(\) is an Sy,-operator for all A € C \ R. The latter condition implies that
the function D, (\) is analytic on the open domain C \ R. The following statement is known
as the Birman-Schwinger principle (for more detailed description, see [7]).

Lemma 2.2. Let V € L®(R3) satisfy (1.2) with r > 3/2. Let n > 2r be integer. The point
A € C\R is an eigenvalue of the operator H if and only if X is a zero of D,(\). The algebraic

multiplicity of each eigenvalue X € o(H)\R coincides with the multiplicity of the corresponding
zero of the function Dy(-).

3. ESTIMATES OF THE NORMS OF THE BIRMAN-SCHWINGER OPERATOR

Let Hy = —A + x; be the Stark operator. We are going to use the representation of
exp(—itHy) as a product of different factors, one of which is exp(itA). One of such formulas
was discovered in [2] and is given by

o 3

*imleitAeﬁEe*l%’ ViteR. (31>

Another representation of exp(—itHy) is

—itHgp

€ =€

3
s 74t7 s . i
e itHoy T (6 'Lta:1/2€1tA€ Zt$1/2), VteR.
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What makes this formula useful is that the integral kernel of the operator e®® on L?(R?) is
given explicitly
—i37/4

i € i|z—yl?
() (z,y) = (4m)3/2€| uP /e t>0, (3.2)

z,y € R3. Now, we can work with Ry(A\) = (Hy — A\)™!, once we recall how to express it in
terms of e~ Indeed, let

R Q) = / e~ MH= N1 gt (3.3)
0

for all Re¢ > 0. If Im A > 0, then the integral in (3.3) converges (absolutely) in the operator-
norm topology. Moreover,

Ro(\) = iR(\,1).

It turns out that if Re > 3/2, then R(A, () is an integral operator that can be applied at
least to functions from C§°(R?). Before proving this fact, we introduce the following convenient
notation

A=X=27 (a1 + ),
which will be used throughout the paper.

Proposition 3.1. The operator e="*Ho is representable in the form
e*itHO _ e*i% (efitx1/261‘tA67ita:1/2)7 vVt eR. (34)

The integral kernel r¢(x,y, \) of the operator R(A, () equals
-3

_3m S 3 dt
e ' eﬂ|$_y|26_z’i—267,tl\t§—1_ ReC > 3/2, (35)

TC(-%ya )‘) = \/W ; $3/2°
forz,y € R3, Re¢ >3/2 and A € C,..

Proof. The formula (3.4) which implies (3.5) can be proved by direct differentiation. Indeed,
for any f € C5°(R?),

d it i ]
et x1/261tA671tx1/2) =
il !
_m71 <67it:v1/2€itAefit:p1/2> f+ Z-<efit:v1/2AeitAe—itx1/2> f— %<e*itx1/26itAI1€—it:v1/2> f=
il (e—it$1/26itAe—itlE1/2> f4i ( [e=#1/2 A] eitAe_it$1/2> - % <€_itzl/2 [, 2] e_ml/2> I

It remains to note that

, , 0 A o .
—itz1/2 _ —itw /2 2 A —9; A
[e 1 ,A] e 1w (Zt_axl +t /4), and [e ,xl} 22t—ax16 .

Let us now define the operators

1 o0
R\, () = / e MH=NE g and Ry(N, ) = / p—it(Ho—N) =1 11
0 1
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Proposition 3.2. The operators Ri(A, () and Ra(A, ) are bounded if Re > 0 and Re( <0
correspondingly. Moreover,

R\, Q)]] < th, Re( >0 (3.6)
19001, O)l| < @ Re¢ < 0 (37)

The integral kernels of the operators Ri(A, ¢) and Ra(\, () equal

_;3m 1
¢ ; 43
64%|ac—y|26—z’i—262tAt§—1 dt

e 'a
P1($7Q7A7C>: \/W 0 mv

- 37
pa(z,y; A, Q) =

and

e "1 * 43 dt (38)
ﬁ|m—y|2€—zﬁezt[\t§—l_

(471')3 1 t3/2

for z,y € R® and X\ € Cy. There exists a finite C¢(p) > 0 depending only on ReCand p > 1
such that

[ 1@y O ar < Ci2), YRe¢ 2 and

(3.9)
2
; p —_ 2 < 2.
[ stegnpan < Ceo). Vo< s /2 Red <
There exists another C} > 0 depending only on Re ( such that
sup |o1(z, y; M, ¢)| < Cr, VRe( >3/2 and
o (3.10)

sup |pa(z, 43 A, Q)| < G, VRe( < 3/2.
[RTIDN

Proof. All statements of this proposition are trivial. One only needs to explain relations
(3.9), which follow from the fact that, as functions of A, the kernels p; and p, are Fourier
transforms of functions that could be estimated by =2y (t), where y is the characteristic
function of either [0,1] or [1,00). In this sense, proving the estimate involving ps is more
difficult, because, additionally, one needs to observe that t<=5/2x(t) belongs to L4[1, c0) with

¢=p/(p—1). =

The following result helps us to turn the information provided by (3.9) into the information
about the integral of the norms of the Birman-Schwinger operators.

Proposition 3.3. Let n(z,y,\) be a measurable function on R® x R3 x R such that

InlIZ,., = sup / (e, g VPN < 00, p>2. (3.11)
x7y

Let Ty be the integral operator, whose kernel is n(-,-,\). Finally, let Wi and Wy be two
functions from the space L*(R®). Then WiT\W, is a Hilbert-Schmidt operator for almost
every A € R. Moreover,

/RHWJAWQH%? dX < 0l [Z% p[Wallzs - [IWal[Z. (3.12)
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Proof. The case p = 2 is obvious. Let us assume now that p > 2. Then

p/2
L(L [ o Pnte. P Pasdy) " ir <
R \JR3
2 2 p/2-1 2 » 2
([ [ im@emwetraay)™ " [ ([ Wi@Pinte.o ) pWa)Pdedy) i
RS JR3 R \JRs
The statement of the proposition follows. m
Corollary 3.4. Let € € (0,1/2). Then

1
Wi (A, OWa| < — [[Whllze - [[WelL=, Re( = —¢, (3.13)

and

/R IWaBRa(h, OWal %, dA < Ce@)[[WAlls - [[WallZe,  Vp <

=2—c. 14
o0 Re ¢ e. (3.14)

Interpolating between the two cases considered in this corollary, we obtain the following
very important statement.

Lemma 3.5. Let ¢ € (01/2) and let 0 = (1 +¢)/2.

/ WA (A, D)W[[Z) AN < 770C, () |[WA 150 - (Wl [far VP < (3.15)

L.2/6 12/6> 1 .

Proof. Let us take an arbitrary measurable operator-valued function G(-) such that

—0
[Glhaws = ([ IIGOIES 1) 7 < oc.

0

For each A € R, the value G()\) is an operator in L2(R3). Set now g(A\) = ||G(\)|ls , and
2—0

Q(\) = g(\)!G(N). Then the S 2 -norm of Q) € S 2 equals 1 and g € LP%@(R). Now
we define
2p—(¢te)

70 = [ T 900, QW QUIIQUI 5 g5

Observe that, for any ¢t € R,

f—e+it) = / T [| W[99 (A, —& + it)[ W] 3 Q| Q| 4735 ] |g(\) |26~ d .
R
Hence, due to(3.13),
(e +it) < allp (3.16)

—9
Similarly, since the relation

2+t

Fe—crit = [ TIWAE R 2 < i) Wal QUL ] g ) i

implies the inequality

’6
,_

2+it p
F@—e+it)] < llgllE ", (/Rnwm BP0, 2 — < 4 i) Wl [, dn)

(9
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we obtain from (3.14) that

F@—e+it) < C2M)|gll} " ||W1||”‘9||W||”9. (3.17)

p—0

It follows now from (3.16) and (3.17) by the three lines theorem, that
] <12 )19l o 1WAl 3112l (3.18)
On the other hand,
£ = [ T[WRLDIWEIGO N

2/6—1
Therefore, (3.18) will turn into (3.15), once we take G(\) = w()\))|Wl|9‘{2()\, 1)|Ws| ()

with

1
Q(\) = |[W3|Ra (A, 1) W5 ~‘\W1|9‘{2 O\ D)|Wa|| and

W(A) = ||[Wh]Ra (N, 1)|Wal[| &2,

Sa/0

Observe now, that p/f in (3.15) is any number satisfying
2 4 4

< = .
1+5\9<( +e)(1—2) 1—¢e— 22

In particular, we can choose p/6 = 4/(1

. Thus, we obtain the following

Theorem 3.6. Let ¢ € (0,1/2), let p = li and let ¢ = ﬁ. Then there exists a constant
C(g) > 0 such that

[ IR WLl dA < CIWAIE, - Vel (3.19)
R

We work with the operator WiR; (A, ()W, in the same way. First, we formulate the following
consequence of Proposition 3.2.

Corollary 3.7. Let € € (0,1/2). Then
W11 (A, OWa| < é [Whlzee - [[Wal|ze, Re( =e¢, (3.20)
and
/R||W19%1(>\7C)W2||262 A\ < Core2)[[WA[Z - [[Wal[Z2,  ReC=2+e. (3.21)
Interpolating between these two cases, we derive the estimate
[ 1WA Ol a < AL, - 17l (322)

where 6 € (0,1) is the number satisfying the relation (2 + ) 4+ (1 — #)e = 1. Put differently
0 = (1 —¢)/2. Observe now, that

Thus, we obtain the following theorem.
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Theorem 3.8. Let € € (0,1/2) and let p = 1==. Then there ezists a constant C. > 0 such
that

/ [[WiRi (A, ) Wal[g, dA < Cel[WAl[7, - [[Wal[7,- (3.23)
R
Finally, since

Ro(A) = i[Ri(A\, 1) + Ra(N, 1)],

we conclude that the following assertion can be made about the Birman-Schwinger operators.

Theorem 3.9. Let £ € (0,1/2), let p = ﬁ and let ¢ = %5. Then there exists a constant
C(&) > 0 such that
[ IWiRa( -+ im)Wall2, ax < CE (WA - IWall + 1WAl - IWalE). (320
R

for any T > 0.

Theorem 3.9 would not be so useful in applications without the following result.
Proposition 3.10. Let a(-) be an analytic function on C, = {Im A > 0} satisfying
a(A) =1+o(|A|™") as |\ = ocin C,. (3.25)
Assume that there is a family of positive functions f. € LY(R), 0 < € < &y, such that
Inja(X +ie)| < f-(N), VA €R, Ve € (0,9). (3.26)

Then the zeros \; of a(-) in C, repeated according to multiplicities, satisfy

Zlm)\j — sup /f8 (3.27)

2m 0<e<eo

Proof. Consider first the function a.(\) = a(\ + i¢) for 0 < € < g5. Note that zeros of a.
are the points A; —ic. Consequently, the Blaschke product for a. in C; is

By = [ 2N
Im>\j>£ A - /\J

Since a.(A\)/B:()) is analytic and non-zero in C; = {Im A > 0}, the function log(a.(\)/B:()))

exists and is analytic there. For R > 0 we denote by Ci the contour which consists of the

interval [—R, R], traversed from left to right, and the circular part ' := {A € C : || =

R,Im A > 0}, traversed counterclockwise. Then

as()‘)
lo d\ =0,
/CR 5 B.(0V

and, therefore,

Re /_Rlog 256((?) dx + Re /FR log gi((i\\)) dA=0. (3.28)
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We note that |B.(x)| = 1 if z € R and, therefore,
a(z)

Re /_}; log ;i((xx)) dr = /_z In B.(x)
_ /R In |a.(z)| dz.

R

dx

(3.29)

(We denote by In the natural logarithm to distinguish it from the particular branch of the
complex logarithm log chosen before.) On the other hand, by (3.25) and B.(\) = 1+O(|A|™!)
(note that the zeros \; are contained in a bounded set as a consequence of (3.25)), both
log a.(A\) and log B.(\) are well-defined for all sufficiently large |A| and we have, for all suffi-

ciently large R,

(A
Re/ log a()) dA:Re/ log a-(\) d)\—Re/ log B-(\) dA.
FR Ba(A) FR FR

We conclude from (3.28), (3.29) and (3.30) that
R
Re/ log B.(\) dA :/ In|a.(z)| dx+Re/ log a. () dA
I'r -R Ir
for all sufficiently large R. We assume that |A\; —ic| < R for all j. Since

€—Im)\j

log B.(\) =20 +O0((\)7?),

Im )\j >e

we get

= —27 Z (e —ImX\;) + O(R™) as R — oo.

ImA;>e

On the other hand, by (3.25),
Re/ log a.(A\) dX\ = o(1) as R — o0.
I'r
Moreover, by (3.26),

/_ln]a6 )| dx < /fg / f-(A

Relations (3.31), (3.32), (3.33) and (3.34) imply

Z(Im)\ —€)y _/fg 5= Sup /fa

j 27T 0<e<ep

Inequality (3.27) now follows from (3.35) by the monotone convergence theorem.

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)
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4. PROOF OF THEOREM 1.1
It is sufficient to consider the case V € C§°(R?). We apply Proposition 3.10 with
CL()\) = det5(f + WlRo()\>W2)

and f.(\) = C||[W1Ry(X + ie)WgHép where C' is the constant from (2.15) with n = 5 and
4 < p < 5. Note that the zeros of a(\) are eigenvalues of H.
We use Theorem 3.9 to conclude that

/Rfa(/\)d)\ < C[</]RS |V|P/2dg;>2 n </RS |V|Q/2dx>2p/q].

where ¢ =4/(1 4 €) and € € (0,1/5] is such that p = 4/(1 — £). Also, it is established in the
last section that Yy(\) satisfies the following estimate.

Theorem 4.1. Let Im\ > 0. Then for any p > 11, there exists a positive constant C, > 0
depending only on p such that

YoWlls, < —2 1 V) 4.36
Yol < i ([ (0 lalrvPae) ™ (436)

It is clear from this theorem that a(\) = 1+ O(|A\|7%/4), as |\| — oc. So, all conditions of
Proposition 3.10 are fulfilled, and therefore, Theorem 1.1 follows. m

5. NON-INTEGRAL BOUNDS FOR THE BIRMAN-SCHWINGER OPERATOR
Another consequence of Proposition 3.2 is the following statement

Proposition 5.1. Let ¢ > 0. Let W and W be two functions on R3. Then

1
[[WiRR1 (A, Q)Wa]| < EHW1HL°0HW2HL°°, Re(=¢

1 (5.37)
Wi (X, OWell < ZlIWille=][Welz=,  Re¢ = —e.
Moreover, there is a constant C. > 0 such that
MR (A, OWelle, < CfWAl[2|[Wall2, ReC=3/2+¢, (5.38)
[IW1Ro (A, OWalle, < CfWAl[L2|[Wall2,  Re¢=3/2—e.
The standard interpolation ( that has been used already in this paper) leads to
Theorem 5.2. Let e € (0,1/2). Let Wy and Wy be two functions on R3. Then
Wi\ D Wallsy < Cel Wil [Wall 2o, 0 =2(1—€)/3, (5.30)

[WiRe(A\, DWalls, ; < ColWill ol Wallpzs, 0 =2(1+¢)/3.

2/6

Finally, applying the triangle inequality, we obtain
Corollary 5.3. Let € € (0,1/2). Let Wy and Wy be two functions on R3. Then there exists a
positive constant C(g) > 0, such that

IWiRo(\Wells, < C(e) (IIWallzo[[Wallzo + [[Wallzal[Wal|24),

where  p=3/(1—¢), q=3/(1+¢). (5.40)



14 EVGENY KOROTYAEV AND OLEG SAFRONOV

6. INTERPOLATION FOR Im A > 0.

Our starting point is the formula

R\ () = / e MHOm gy, (6.41)
0

where Re ¢ > 0. If Im A > 0, then the integrals in (6.41) converge (absolutely) in the operator-
norm topology. Moreover,

Ro(\) = i (M, 1).
We remind the reader that the integral kernel r¢(z, y, A) of the operator R(A, ¢) equals

eﬁ\xfy\ fz— ztAt( 1 dt (642)

(2,9, 0) = ———
relx,y, = ’
¢ Yy (47‘(’)3 o t3/2

A=X—2" 2 +y), z,y €R® and X eC,.

Proposition 6.1. The operator R(A, () is bounded if Re( > 0 and Im A > 0. Moreover,
there exists a positive constant C: > 0 depending only on Re(, such that

Ce¢

where

A < —, ) 4
OO < e Re¢ >0 (6.43)
There ezists a finite C; > 0 depending only on Re ¢ such that
N2 1/2 Ce
( [ Ire(r. .2+ i) d/\> < mem VRe(>2 (6.44)

There exists another C~’C > 0 depending only on Re( such that

C
sup |TC<I,Z/, )\)l |I/\|—RCeC3/2’ VRe( > 3/2. (645)

T,Y,A

Let us now turn this information into the information about the Birman-Schwinger opera-
tors.

Corollary 6.2. Lete >0 and 7> 2+¢. Then

G

W[ oo - [[Wal[ e, Re( =¢, (6.46)

and

| 2 ¢,
</]|W19Q(A+27,C)W2||262 )< Wl [Wallse, VReC=7 (647)
R

Interpolating between the two cases considered in this corollary, we obtain the following
very important statement.

Lemma 6.3. Let 0 <e <1, 7>2+4+candlet@ =(1—¢)/(r —¢). Then

2/6 c202 e 2/6 2/
HW1 (A + iy, YWs|[s,, dA WHVWHW | Wall 2 (6.48)
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Proof. Let us take an arbitrary measurable operator-valued function Q(-) such that

2—0

QU = ([ 1IRWIIET, ) * <o,

For each A € R, the value Q(\) is an operator in L*(R3). Now we define
= : = 14 2rgee
FQ) = [ Te[[Wi|[ =R\ + 4y, QW == QN)|Q(N) [T JdA.

R

Observe that, for any ¢t € R,
f(e+it) :/Tr[|W1|1”e£R(A+z’7,e+z‘t)|W2|1“sQ(A)|Q( )|—1+i@ e ’e>]dA

R

Hence, due to (6.46),
[fle+it)] < — ||Q||dual (6.49)

Similarly, since the relation

T—e+tit

flr+it) = / T[] TR + iy, 7 4 )W T Q)IQ T TR JdA,

implies the inequality
T—e+tit T—etit /2
17+ i8] < QIR ([ NI+ i i Wl 5 [, 0)

we obtain from (6.47) that

, 1/6 16
o +it) < e LA AT (6.50)
It follows now from (3.16) and (3.17) by the three lines theorem, that
Crl 902
FOIs =7 1@l W] 3 121 5 (6.51)

On the other hand,
£(1) = [ IR+ iy DIl y
R

2/6—1

Therefore, (6.51) will turn into (6.52), once we take Q(\) = ‘\Wlliﬁ()\ + i, 1) |[Ws| Q*(\)

with

-1

Q) = [WARO+ i, 1) Wl - Wi RO+ i3, 1) W

It is more convenient to formulate Lemma 6.3 in the following way.

Theorem 6.4. Let p > 4 and v > 0. Then there exists a constant C, > 0 depending only on

p such that
Cp
P

/R W R\ + i) Wallh, dA < 2, - [ Wal 2. (6.52)

Another consequence of Proposition 6.1 is the following statement
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Proposition 6.5. Let ¢ > 0 and let 7 > 3/2 +¢. Let Wy and W be two functions on R>.
Then there exists a constant C. > 0 such that

e
Tl

Moreover, there is a constant C. > 0 such that

[IWAR(A, QW2 < (Wil e [[Wal| £oe, Re(=¢ (6.53)

[IWiR1 (A, OWalle, < (Wille2[[Wall2,  Re¢ =T (6.54)

|Im)\‘773/2 |
The standard interpolation ( that has been used already in this paper) leads to
Lemma 6.6. Let ¢ € (0,1), 7 > 3/2+c and 0 = (1 —¢)/(T —¢). Let Wy and Wy be two

functions on R3. Then
Cl 909

IR DWallswo < 1 Smsare]

(Willpzso][Wall 20 (6.55)

Put differently, we obtain

Theorem 6.7. Let p > 3. Let Wi and W5 be two functions on R3. Then there exists a positive
constant C, > 0, such that
C,

[[W1iRo(A\)Wallg, m

WAL [[WallL (6.56)

7. PROOF OF THEOREM 1.2

In this section, we establish some bounds on the sums of the powers of imaginary parts of
the eigenvalues of the operator H. First, we prove the following statement which could be
viewed as a generalization of Theorem 1.1.

Theorem 7.1. Let p > 4. Let V € LP/?(R®) be a bounded complex-valued potential. Then
there exists a positive constant C, > 0 depending only on p, such that for any v > 0, the
eigenvalues \; of the operator H satisfy the estimate

D (ImA; —7)4 < M / V(z ,p/zdx : (7.57)

J

Proof. Tt is sufficient to consider the case V € C5°(R?). We apply Proposition 3.10 with
a()\):detn<I+Y0()\—|—i7)>, n—1<p<n,

and f.(A) = C|Yo(A +i(y + ¢€))|[g, where C is the constant from (2.15). Note that a point
A € C, is a zero of a()) if and only if A+ 47 is an eigenvalue of H. Note also that Theorem 6.4
implies the inequality

[ £vir<

It is also clear that a(\) =1+ O(|A|” 5/4) as |)\] — 00. So, all conditions of Proposition 3.10
are fulfilled. Therefore, Theorem 7.1 follows. m

2
) |P/? dm

Proof of Theorem 1.2. Tt is enough to consider the case V € C§°(R?). First, we observe
that according to Theorem 6.7, there exists a positive constant ¢, > 0 depending only on p
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2/(p-3) | '
such that [Im);| < ¢, [fw |V (z)[P/? dx] for all j. Now we multiply (7.57) by 7472 and

2/(p—3)
integrate the resulting inequality with respect to v from 0 to v = ¢, [ Jas \V(z)[P/? dx

S _ 2 70 C B
> / (Im A; — )47 2dy < [ V() |2 d-’f} / — Ly, (7.58)
~ Jo R3 o
j
A simple change of the variable in the corresponding integral leads to the equality

| =iy = g [0t (7.59)
0 0

8. RESOLVENT OPERATOR. REVISED

Let Hy = —A + x1 be the free Stark operator. The representation
o—itHo _ —ity <6—itx1/2€itAe—it:c1/2> VieR

also implies that the closure of e**1e=*H° can be written in the form described below.

Proposition 8.1. Let Re z > 0. Then the operator e >0 maps D(e=*10) onto a subset of

D(e**). Moreover, if K(z) is the closure of e*®'e=*10 then K(z) is bounded and
(K(2)f,9) = e ((eZAe_m/Q)f, 62”“/29), Vf g€ CP(R?), VYV Rez>0. (8.60)
Note that (8.60) could be formally written in the following (dubious) form
oo — o <e’”1/QeZAe’m/2>, VRez>0. (8.61)

However, the factors in this product are unbounded operators and, therefore, this equality
needs a justification.

Proof. The formula (8.60) follows from the observation that the quantity (e >0 Ey, (a,b) f, g)
depends analytically on z for any —co < a < b < oo, f € L*(R?) and g € C5°(R?). On the
other hand, for the same a, b, f and ¢, the quantity

23 —
(7755 e T Byy(a,b)f,e )

depends analytically on z in the right half-plane {z : Rez > 0}. Due to the fact that it is
also continuous up to the boundary of the half-plane, we obtain from (3.1) that

23 _
(70 By (a,0) f,9) = (¢ 755 e T Bya,b)f,eg),  Rez>0,

—Zx1

simply because this relation holds for z = it where ¢ is real. Setting u = e™**1g, we obtain

el

_ .3
(e* Epyy(a,b) f, e u) = (eZAﬁQWe?EHO(a, b)f, u), Rez > 0, Vu € C°(R?).

One can drop the spectral projection Eg,(a,b), under the condition that f € D(e~*). The
resulting relation will immediately imply that e=*° f € D(e**1) and

zx1 ,—zHo 2A—2z2 82 Eid
e“e f=e 1es f, Rez > 0.
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The latter relation leads to (8.60), because

23 23

T (eZA_Z2%f, g) = e (e e /2 f /2 g) Y f,g € C(R?). (8.62)

The next statement follows from (8.62).

Corollary 8.2. Let Re z > 0. Then the operator e**e~**1/2 maps C3°(R?) onto a subset of
D(e*®/2). Moreover,

23

ez (e 2e*he /) f = K (2)f, VfeCP(R?), VRez>0. (8.63)

As we see, e”'H0 is not a continuous operator. However, (the closure of) the product
e**1e=#Mo could be viewed as a bounded operator for all Rez > 0, due to the fact that A is
negative.

Observe now that for any —oco < a < b < o0, the product of the resolvent operator
Ro(A\) = (Hy — A\)7! and the spectral projection Fg,(a,b) can be written as the sum of two
integrals

1 00
Ro(A\) sy (a,b) = / BN B (. D)t + i / DN (0 p)dt (8.64)
0 0
While the first integral converges for all A, the second integral in the right hand side of (8.64)

converges (absolutely) in the operator-norm topology only for ImA > 0. We will often drop
the projection Ey,(a,b) and write formally that

1 00
Ro(\) = / e tHO=N gy 4 / e ==Y gt (8.65)
0 0

Remark. One can also represent the product of the resolvent operator and the spectral
projection in the following form

Ro(N\)Epy(a,b) = / e =N By (a,b)dt + i / e~ HDH=N Py (a, b)dt
0 0
for any € > 0. The resulting formula leads to the statement mentioned in one of the remarks

following Theorem 1.3. Its proof is a counterpart of the argument of this section.

Proposition 8.3. Let Wi and Wy be two C5°(R3)-functions. Let Im X\ > 0. Then

1
WlROO\)WQ _ / 61t3/12 <<Wl€—tr1/2)etA(e—tx1/2W2)>etAdt+
0

i /oo p(1Hit)?/12 ((Wle—(1+it)x1/2>e(1+it)A(6—(1+it):v1/2W2>> oA gp.
0
(8.66)
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Proof. Let K(z) be the closure of e#*1e~##0 (initially defined on D(e *#0)). One can easily
prove that ||K(z)]| < e®)°/3 for all Rez > 0. Also (8.63) leads to
Z3
12 ((e =2 W) e (e #1/2Wy)) = (Wie ™)K (2)Ws, ¥V Re z > 0.

Therefore, it is sufficient to show that
1
Wy Ro(A\) W) = / ((Wle_m)K(t)M@)e”dtJr
0
i / ((Wle’(””)“)f((l +z't)W2)e(1+“)Adt.
0
The latter follows from the definition of K(z). Indeed, for any —oco < a < b < o0,

WiRo(A) B (a, b)Wa = /1((W1€_m)K(t)EHo(aa b)WQ)e”dH

i / ((Wle*“”t)xl)f(u+z‘t)EHD(a, b)W2>e(”“>*dt.
0

It remains to pass to the limit as a — —oo and b — oo. The limit exists in both sides in the
strong operator topology sense, i.e. one needs to apply operators to an arbitrary vector and
then pass to the limit. =

We will show now that the two terms in the right hand side of (8.66) could be viewed as the
values of two families of operators To(\, () and (A, () at ¢ = 1. In particular, we will have

Yo(A) = To(A, 1) + T\, 1).

These families Tp(A, ) and T(A,¢) will depend on (¢ analytically, which will allow us to
interpolate.

Let us deal with the first term in the right hand side of (8.66). Assume that W; and W,
are C§°-functions on R3. In order to use an interpolation, we introduce the family of bounded
operators

1
(3:0()\’ C) _ 642_1 / 6t3/12 (Wle—tx1/2etA6—tCC1/2W2> et)\tc_ldt.
0
depending analytically on the parameter (. Set also

TN Q) = (L4 o)) TV TOTN QA + |aa]) V9 0<e<], 7>5/2,
and define P(z) = 1+ e /2, It is easy to see that if Re( = ¢ € (0, 1), then

=00l < LHED

Let us denote the kernel of the operator To(\, ¢) by v(z,y; A, (). Recall again that the integral
kernel of the operator ' on L?(R?) is the function

IPWA[L - [[PWal| L. (8.67)

1
() (@, y) = (At vl t >0, (8.68)
where z,y € R?. Obviously, the function
21 1 : -1
ISR <4ﬂT>3 0 t3/2 ’ .



20 EVGENY KOROTYAEV AND OLEG SAFRONOV

satisfies the inequality
w(z,y; A, Q)] € Croc(1 4 BNP(2)P(y)|[Wi(x)| - [Waly)] for all Re¢ >3/2. (8.70)

It turns out that v decays as |A\| — oo in the half-plane {\ : Re\ < a} for any a € R. In
order to obtain an estimate that shows such a behavior of v, we write v in the form

W () Wa(y) /1 ooyl o —2 () (dLM) tdt
A/ (4m)3 0 dt 7 327
for z,y € R? and A € C, \ {0}. Integrating by parts in (8.71), we obtain
v(z,y; A Q) =
2_1 1 2 4 —1
e( W]_(:E)WQ(?./) / e%|$—y|2+%+t/\<2—l(xl + y1> + <§ _ C)t—l o ‘.’L' B y‘ +1 >t< dt+
/()3 0 2 4¢2 t3/2
+6<2_1W1<$>W2(y) e%|xfy\2+é+A
A/ (4m)3

v(z,y,\, 2) = (8.71)

(8.72)
for 7,y € R® and A € C,. The formula (8.72) (combined with the inequality (8.70)) leads to
the estimate

Lemma 8.4. Let Py(z) = (1+ |x1])(1 +e~/2). There exists a positive constant C, > 0 such
that

1 + eRe)\
v(z,y; A, Q)] < CTﬁpl(l‘)Pl(y)\Wl(fc)’ Wa(y)l,  Re(=7>5/2  (8.73)
Corollary 8.5. The Hilbert-Schmidt norm of the operator T.(\, () satisfies the estimate
(1 + eRed)

||S*<)\, OHGQ < CT ||PW1||L2 . ||PWQ||L2, RGC =7 > 5/2 (874)

1+ [Nl
Interpolating between (8.67) and (8.74) we obtain

Proposition 8.6. Let p > 5 and let P(z) = 1 + e /2. Then the &,— norm of the operator

T«(\, 1) satisfies the estimate

(1 + eRe)\>p
CEARE
Proof. We use (8.67) with 0 < ¢ < 1 and (8.74) with 7 > 5/2. The previously used

interpolation technique leads to (8.75) with p = 2/6 where 6 € (0,1) satisfies the relation

e(1—0)+70 = 1. Put differently, § = (1 —¢)/(7 —¢), which implies that p can be any number
greater than 5. m

1%.(X Dlls, < Gy IPWAILs - [[PWallL (8.75)

This proposition immediately implies

Proposition 8.7. Let V be a complez-valued function on R3 and let p > 5. Assume that W,
and Wy satisfy the relations Wy = |V|Y/2 and V = W W,. Then the &, — norm of the operator
To(\, 1) satisfies the estimate

(1 + eRe)\)p

P <
T DI, < G g

(/Rg(l e (L4 lel)zlvlp/zda:f. (8.76)
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Similarly, one can deal with the second term in the right hand side of (8.66). Following the
steps of our work with the first term in (8.66), we introduce the operators

T\, ) = @/ e—z‘<t}§>3 (Wl6—(1+it):c1/2€(1+it)A€—(1+it)x1/2W2)e(1+it))\t<—1dt
0

for Re( > 0. First, we observe that the following statement holds true.

Proposition 8.8. Let ¢ € (0,1). Let Wy and Wy be two functions on R3. Let ¢(z) = e~1/2.
Then

Re A+ ((Im \)—+1)2

(&
~JOWh || Lo |[|W0Wa||Le,  for all Re( =ce. (8.77)

Proof. One only needs to estimate the integral

e (t—4)3 ) X g2
/ |€—z 5 e(l—l—zt))\tC—l {dt _ eRe)\ / e 13 G_ﬂm)\tg_ldt.
0 0

1T Ol < Ce

Assume that Im A > 0. Then

Rex [0 =341 g Rex [ _tlmage1 C.ele
e e 12 e t=7Hdt < Ce e Tt < —.
0 0 (ImA)g

If Im A < 0, then

S 2 1 2 S 2
—3t241 _ —3t241 _ —3t241
eReA / e" 12 e tIm Ate ldt < eReA / e" 12 e tIm )\ts ldt eReA / e" 12 e tIm Adt.
0 0 1

Both integrals in the right hand side can be estimated in a very simple way:

1 2
—3t241 _
/ o5t tlm)\te 1dt< Cse(Im)\)_7
0

and

e SIS R T (Im )2
e 12 e "Mt < e 12 e "t < Ce'MY,
1 —0o0
[
One can also provide a proof of the following statement.

Proposition 8.9. The integral kernel of the operator (A, () is the function

e TWy (z)Wa(y) /oo eﬁ‘x_we*i#ei(t*im tg_lbdt ’
(47)3 0 (t — )32

where the agreement about the choice of the branch of (t —i)3/? is that (t —i)*/?| _, = e™™™/%,

Proof. We use (8.61) to obtain

n(z,y; A, ) _3./°° {(t—i)A— 2= (/ iBla—y) —it—DI? 75\ 1¢-1
——— 0 = (2m) "’ et 12 Py g \imVIP dp)tC dt.
W)~ 2, .

Now, the statement of the proposition follows from the fact that

n(x,y; X, ¢) =

o—i3m/4 pa=n vyl

(4m)3 (t — i3

(27)~ / ¢iPa—) =il g5 _
R3
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Note that
n(z, y,A C

Wi o m/

Consequently, we can state the following result.

ReA o]

Ve

(1 3t (1 3t%)

2 e

Proposition 8.10. Let 7 = Re( > 3/2 and let ¢(z) = e="/2. Then

n(z, y; A, ) ‘
Wi(a)Wa(y) !~ 7 (14 (ImA)4 )7

Proof. Let Im A < 0. Then by the Schwarz inequality,

VV(:E %%/Ii‘v C ) < C ReA(/OO 6$672t1m)\ dt)l/2 < CTeReAJrQ(Im)\)Q_'
1 2 0

If Im A > 0, then

ehe A+2(ImA)2

V(@)Y (y)- (8.78)

eReA ReA

n(z,y; A, Q) ets /Oo —tIm A 47—1 €
— | S e t"dt < C; .
W1 (:B)Wg(y)‘ (47r)3 0 (Im )\)T

Corollary 8.11. Let 7 = Re( > 3/2 and let ¥(z) = e=*/2. Then
pReA+2(Im))2

ST YVAL
Interpolating between (8.77) and (8.79), we derive

1T, Olfe, < WA 2 [[ W[ 2. (8.79)

Proposition 8.12. Let p > 3 and let ¢(z) = e~"1/2. Then there exists a constant depending
only on p such that

eRe AF2((TmA)—+1)2
(1+ (ImA)4)

Finally, combining (8.76) and (8.80), we obtain by the triangle inequality that the &,-norm
of Yp(\) could be estimated as follows:

1T Dlle, < Cp WAl Lo || Wal| Lo (8.80)

Theorem 8.13. Let V be a complez-valued function on R and let p > 5. Assume that W,
and Wy satisfy the relations Wy = |V|1/2 and V= W1Ws. Then the &,— norm of the operator
Yo(A) satisfies the estimate

14+ ePRe epRe A-2p(ImA)2

PLL+ A2 +(1+(Im/\)+)p}(/R3(1+6_w1/2)p(1+|$1|)2|V|p/2dx> . (8.81)

9. JENSEN’S INEQUALITY FOR A FUNCTION ANALYTIC IN A CORNER AND ITS
APPLICATIONS

Yo(Mlls,

Here we prove the following result about zeros of an analytic function.
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Proposition 9.1. Let € > 0 and o > 0 be two positive numbers. Let a(z) be an analytic
function on the domain Q = {z € C: Rez < a+e¢e, Imz > —¢}, having the asymptotics
a(z) =1+ o0(|z|7?) as |z| = oo in Q. Assume also that

1 pRez 2p(Imz)2 +pRez | 14§

(1 + ePie?) L€ > M
(1+]z))* (14 (Imz)y)

for some M >0, , p>5 and d > 0, which are independent of z. Then the number N of zeros
of a(z) in the domain {z € C: Rez < a, Imz > 0} satisfies

e+ (L eR)tron) ] (9.83)

Ina(2)] < ( if 2eq, (9.82)

N < E_ZCI,(; . M[e(1+5)p(a+e)(
where Cp 5 > 0 is independent of o, € and M.

Proof. The function log(a(z)) it is not analytic in €2, due to the possibility of having zeros
of a(z) in Q. To get rid of the zeros, we introduce the following Blaschke product:

a4 (i—1)e)? —(z—a+(i—1)e)?
B(Z)_1;[(z—a+(i—1)e)2—(2j—a—(1+2’)5)2’

where z; are zeros of a(z). It is easy to see that the function loga(z)/B(2)] is analytic on €,
because B(z) vanishes exactly at the points z = z;. On the other hand, |B(z)| = 1 for all z
that belong to the boundary of €.

Let Cpr={z€ Q: |z —a| = R}, let Ig be the interval {z € Q: —VR?2 —c2 < Rez—a <
e, and Imz = —¢}, and let Ji be the interval {z € Q : Rez = a+¢, and — ¢ < Imz <
VR? — €2}, Define I'r = Cr U Ig U Jg as a traversed counterclockwise contour. Then

/1“ logla(z)/B(2)|(z — a+ (i — 1)e)dz = 0.

Consequently,

lim Re/c log[B(z)/a(2)](z — a+ (i — 1)e)dz = 5131—{20 log la(z)|(z — a+ (i — 1)e)dz+

R—o0 Ir

lim log |a(2)|(z — a+ (i — 1)e)dz,
R—o0 Jr
which implies that
lim Re/ log[B(2)](z —a+ (i — 1)e)dz = ]%im log la(2)[(z — o+ (1 — 1)e)dz+
Cr — 00

R—o0 In

(9.84)
lim log |a(2)|(z — a+ (i — 1)e)d=.

R—o0 Jr

On the other hand, due to the expansion

9

log[B(2)](z — a + (i — 1)e) = —;Z SIm(z —a+ (i -1+ 01/,  as [z = oo,
J

the limit of the integral in the left hand side can be easily computed. Namely,

lim Re/o log[B(2)](z —a+ (i — 1)e)dz = WZIm (zj —a+ (i —1)e)*.

R—o0
J
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Therefore,

R—o0

lim Re/ log[B(2)](z —a+ (i —1)e)dz =27 Z(Im zj +¢)(Rez; — (a +¢)) < —2me®N.
Cr r
Taking into account the condition (9.82), we obtain from (9.84) that

a+te 1 yd 1+6
27T€2N < M/ ﬁ —+ 62p€2€pt> |t — — €|dt+
1 & eplate) plate) ,2pt2 | 145
M/ re 4 © ‘ ) (t +e)dt.
(14 |a+ €+ it])? (L+t, )P

(9.85)
Note that

0o 1+ ep(a—&-a) 6p(o¢+a)62pt2, 1468
- + > t+e)dt <
/ <(1+|Oz—|—€+lt’)2 (14t )P (t+e)
1+ e(1-1—5)1)(04-"-6)
d,p [

+ Rt (] 4 o 4 e2p(1+6)8252)}

(a+¢e)%
and . t
a+te 1 P 145
/ (M—6.W+62P52€Pt) |t_04—5|dt<
—00 — 1
(L4 et ate)  ooisme (4s
Cp";[ JSESY; + 2o 1t )p(o‘+€)],

Consequently, (9.85) can be written in the form

21N < s, - M[6(1+5)p(o¢+€)<al__+|—2;: F(1 62)62(1—1—5)1)52)]‘
5

The proof is completed. [ |

We now can apply this proposition to the function
a(z) = det, (I + Yo(2)).

where n is such that n — 1 < p(1 + §) < n Let’s remind the reader that according to The-
orem 8.13 combined with the inequality (2.15), there exists a positive constant C,s > 0
depending on p and § such that (9.82) holds with

2(1+9)
M= Cpa( [ (e P v pian)
R3
Thus, Theorem 1.3 follows from Proposition 9.1.

10. INDIVIDUAL EIGENVALUE BOUNDS. PROOF OF THEOREM 1.4

Here we obtain an estimate of the Hilbert-Schmidt norm of the Birman-Schwinger operator
that allows us to say something about the location of eigenvalues of H in the complex plane.

Let Hy = —A + x; be the free Stark operator. We are going to use the representation of
exp(—itHy) as a product of different factors, one of which is exp(itA). Namely,

. 3 . . .
e itHy __ e i3 (6 1t:1:1/2€1tA€ Zt$1/2>’ VteR.
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On the other hand, the resolvent operator Ry(\) = (Hy — A)~! can be written as the integral
Ro(\) =i / e~ HH=N gt
0

If ImA > 0, then this integral converges (absolutely) in the operator-norm topology. We
remind the reader that

A=X— 2_1(5131 + yl).
Proposition 10.1. The integral kernel 7"0(3: y, \) of the operator Ro(\) equals
ei\/K\ac—y|

47r|x—y| \/(4m)3 /

for x,y € R3 and X € C,..

_it La dt
ro(z,y,\) = el y‘ ‘12— 1)6“”\— (10.86)

$3/27

Proof. Indeed, since
Ro(\) = Z/ o—its <6—z’tz1/2€itA€—itz1/2> et
0

we come to the conclusion that

3

Ro(N) = z/ o—itw1 /2 it —ita1 /2 itA gy +i/ (e—i% _ 1)<€—itm1/26itAe—it:c1/2>eit)\dt. (10.87)
0 0

It remains to observe that the two terms in (10.86) are the integral kernels of the operators
in the right hand side of (10.87). =

The following estimate plays a key role in the arguments of this section.

Lemma 10.2. Let W1 and Wy be two functions from the space L3>(R3). Then

2
// W) F[Waly Mdy < C2||[Wh |33 [Wal|3s. (10.88)
R3 JR3

|z —yl?

47T
where C' > 0 s independent of W1 and W5.

Proof. Note that the function Wi (x)Ws(y)/(4r|z — y|) is the integral kernel of the operator
T = Wi(—A)"'Ws. According to the Cwikel-Lieb-Rozenblum inequality (see [4],[28] and [34]),
the number n(s,T") of singular values of T' lying to the right of s > 0 satisfies the relation

n(s, T) < Cs™32|[Wh| 357 | Wa |25

with a constant C' > 0 independent of W; and Ws. In particular, it implies the bound
|T|] < 02/3HW1HL3|]W2HL3. It remains to note that

|W1 | |W2( )

17|
dzdy = ||T||&, = 2/ n(s,T)sds.
0

R3 JR3

n

Corollary 10.3. Let Wy and Wy be two functions from the space L*(R3). Then
Wi (=A=' Wallg, < CPIIWAl|Z:|IWallZs, YA eCy,

where C' is the same as in (10.88).
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Proof. The function e?V*=l /(47x|z — y|) is the kernel of the operator (—A — A\)~!. Conse-
quently,

Wi ()2 Wa(
Wa(~A = NI, < W@FIWa) g,

: R3 JR3 |z —yl|?

|
Let us now introduce the following convenient notations
n(A, z,y) = T el y' i 1)6“‘@,
and
(A @, y) = po(A, 2,y) — po(A @, y),
where
1 X
o(\, . — N T

In these notations,

TO(‘ray7)‘) = /’LO()\7'TJy) + ,U/1<)‘7I7y) + M(Auxvy)

This representation of the integral kernel leads to the corresponding decomposition of the
resolvent operator

Ro(A) = To(A) + F1(A) + F(N).
We also need to introduce the characteristic function y,(z) of the set {x € R? : |x] < |A]/2}.

Lemma 10.4. Let V, Wi and W3 be three functions on R? such that V. = W)yWi, and
|Wi| = [Wa|. Let F1(N\) be the integral operator on L*(R3) with the kernel uy(\,x,y). Let
Cy be the best constant in (10.88). Then

29/4(, 2/3
< 3/411/13/2
W31 W = Wi Wl < gz ([ (1 VP

Proof. Note that due to the fact that square of the Hilbert-Schmidt norm of an operator is
the integral of the square of its kernel, we have

W11 (M) Walle, < 2[[WiBo(0)Walls, < 2Co|[Wi|[rs||Wal|zs.
The statement of the lemma follows from the simple fact that
25/4 1/3
_ _ < - 3/4 3/2
I3 (1=l + 171 = 0l < e ([ (1 )4V )

The proof is completed. [ |

Lemma 10.5. Let §1()\) be the operator with the kernel puy (N, x,y). Let A € C, \ {0}. Then

1

3/2
oW iS 1 (M Waxalle, < Ar(1+ |/\|)1/4 </R3(1 + 21) |V|dx>.
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Proof. 1t is easy to see that the kernel u, satisfies the estimate

(T )+ D)™ (10.89)

(@) (A 2, 9)xa(y)] < m

Indeed, since
ei\/K|x—y| ei\/X|z—y\

A - - A=X— 2
pi(A, @, y) e —y|  drlr—y|’ (71 +41)/2,

we obtain that

VA=W lz—yl
Az — y| S 167|\|1/2

for (|z1] + |y1|) < |A|. The latter implies that

(@) (N 2, 9)xa(y)] < [z1 + y1l,

fo@mO s oaml < ¢ for PI<1
That proves (10.89) for |A\| < 1. The estimate (10.89) in the case |A| > 1 follows from the
inequality
V2 1
167| A[1/2 4 (1 + A4
The statement of the lemma immediately follows from (10.89) and the definition of the Hilbert-
Schmidt norm. n

71+ y1| < 21 4+ |4, for [N > 1.

Corollary 10.6. Let §1()\) be the operator with the kernel pi (), x,y). Let Cy be the best
constant in (10.88). Let A € C; \ {0}. Then

29/4C, 2/3 1
W W < - v 3/411713/2 - 3/2|1/ '
|| 1%1()0 2||62 A (2 |/\|)1/4 </R3(1 |l’1|) | | dl‘) 471’(1 |>\|)1/4 (/R3<1 |l’1|) | |d$>

Let us now consider the operator WiFo(A)Ws, where §o(\) is the operator with the integral
kernel po(A, x,y). According to Theorem 12 of the paper [8], we can state the following:

Theorem 10.7. Let A € C\ [0,00). The &,-norms of the operator Wi§o(A\)Wa satisfy the
estimates

[[WiZo(MWsls, < Co A7) W] L2 | W | 2o,
with 3/2 < ¢ <2 and p=2q/(3 — q). In particular,

1/2
Wi Zo (M Walls, < cwl/‘*(/ VPdz) (10.90)
R3
where the positive constant C' is independent of V and \.

Finally, we are going to obtain an estimate for the Hilbert-Schmidt norm of the operator
W1 F(A\)Ws. Let p be the function

p(A, 2, y) =

oo yl it _ 1)emﬁ
$3/27

\/_

where 2,y € R and A € C,.
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Proposition 10.8. There exists a universal constant C' > 0 such that
L+ [z])*(1 + |y])*
@A

Proof. First, note that the function (A, z,y) is bounded by a constant independent of the
variables A, x and y. The latter implies that one needs to prove (10.91) only for |[A| > 1. For
this purpose we set 5 = |A|'/? and write ,u()\ x,y) as the sum of two integrals

3 o dt
A \r y|2 %2 . 1) ztA_+
B 64%|w—y\2 <€_i% . 1>eitA dt

\/(47)3 8 12

The second integral can be easily estimated by C/|A|'/4, while the first integral equals
ol ( ity _ 1>€4t<x1+y1>/2
zt)\ d

>n/ 47r)3 / t3/2
as |A| = oo. Now we observe that
J ef;\x—yP(e—i% _ 1>€—it<x1+y1>/z

dt 13/2
and integrate the expression in the right hand side with respect to ¢t from 0 to 5. As a result,
we will obtain that

O\ 2, y)| < COAz =y + (o + [ + DIAT2 + AV for A > 1,
which definitely implies that

Oz, ) S Ol =y + for |+l +1), for [A] > 1.

O, y)] < O

for all v,y € R* and ) € C,. (10.91)

(10.92)

at+ o/,

|| <@ e =y + ol + ] + 1+ %)

It remains to note that |z —y|? +|z1| + |y1| + 1 < (1+]z])%(1 + |y|)®. The proof is completed.
n

Corollary 10.9. Let F(A\) be the operator on L*(R®) with the integral kernel u(\,x,y). Let
Wi, Wa € C§°(R?) be two functions such that |Wy| = |Ws| and let V.= W W,. Then

C 4
WE N Walls, < W/Rs(H 24V (@) da, (10.93)

where C' is the same as in (10.91)

Corollary 10.10. There ezists a universal constant C' > 0, such that all eigenvalues A € C\R
of the operator H are situated in the disk

pve<e( [ vl vlds+ ([ via)”).

Moreover, there is a universal constant C; > 0 such that the condition

[a+ihivea ([ vra)” <e
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implies that the spectrum of H coincides with the real line R.
Proof. Tt is very well known that all non-real eigenvalues of H are situated in the set
{xe CAR: YoMl = 1)}
Obviously,
Yo = [[WiRo(\)Wa|| < [[Wigo(A)Walls, + (W11 (M) Walle, + [[WiS (M) W2l|e,-
On the other hand, according to Theorem 10.7 combined with Corollary 10.3,

[IW1Zo (M) Ws||s, < CW[(/W |V|2dm>1/2 N </R3 |V|3/2dx>2/3]

Due to Corollary 10.6, we also have

1 2/3
< 3/2 3/411713/2 _
I8 Walloy < Oy [( [ a2 Vlae) + ([ (0 fan v )]

Finally, Corollary 10.9 gives us the estimate

WS (M Wslle, < (14 |z))*V (z)| da.

o .
(L4 AN Jrs

Consequently,

IV < gy L O b V@l de+ ([ vpas) ™.

The latter implies both statements of Corollary 10.10. [ |

As a consequence of the method, we obtain the following estimate with a very short expres-
sion in the right hand side:

Theorem 10.11. Let ImA > 0. Then for any p > 11, there exists a positive constant C, > 0
depending only on p such that

Cp p 2 1/2
1Yl < 1oz ([ 1+ lalpviar) ™ (10.94)
Proof. 1t is enough to note that

Lastapweldes ([ vea) " <o ([ a+iapvea)”

Let us prove that that all eigenvalues of H are contained in a disk of a finite radius under
the condition V € L9%(R?) N L>°(R?) where ¢ < 3. First, we find € so that ¢ = 3/(1 +¢) and
set p = 3/(1 — ). Without loss of generality, we can assume that € is very small.

According to (6.56),

[[WiRo(M)Walls, < C(||W1||LP||W2||LP + ||W1||Lq||W2||Lq>7 VAeC\R

Choose 0 > 0 so small that Co(|[Wy||e + [[Wi|[ze +|[Wal[zr + [[Wa||La + 20) < 1/2. Let now
W; be bounded compactly supported approximations of W; having the property that

IW; = Wil + ||[W; — Wil|pe < 6.
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Then
[[WiRo(A) W = Wi Ry(M)Walls, < C5<HW1HL2 +Willps + [[Wal[r2 + [[Wa|[ s +25>- (10.95)

The right hand side in (10.95) is smaller than 1/2. Set now Yy(A\) = WyRo(A\)Ws. Then
according to the methods that led us to (10.94),

1YoM)le, = O(AITYY,  as Al = oo (10.96)
It remains to note that ||Yp(\)]] < 1 + [[Yo(N)[|. =

We provide an extensive list of mathematical articles [1]-[3], [10]-[24], [26], [29]- [31], [33],
[36], [37] containing the important work on Stark operators, which are operators with the
potential corresponding to a constant electric field, and the work related to the study of the
Stark effect. Our list includes the titles of the books [32] and [35] containing the relevant
theory of Schrédinger operators and perturbation determinants. Finally, the paper [25] is
mentioned because it indicates the possible direction of the related follow up research.
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