(Gap opening in two-dimensional periodic systems

D.I. Borisov!' and P. Exner?

Abstract

We present a new method of gap control in two-dimensional periodic sys-
tems with the perturbation consisting of a second-order differential operator
and a family of narrow potential ‘walls’ separating the period cells in on direc-
tion. We show that under appropriate assumptions one can open gaps around
points determined by dispersion curves of the associated ‘waveguide’ system,
in general any finite number of them, and to control their widths in terms of
the perturbation parameter. Moreover, the distinctive feature of those gaps
is that their edge values are attained by the corresponding band functions at
internal points of the Brillouin zone.

1 Introduction

Spectral properties of second-order differential operators with periodic coefficients
are of considerable interest from more than one reason. On the one hand, it is an
interesting mathematical problem with a rich structure. At the same time such op-
erators are important in description of physical systems, in the first place crystals of
various types. To illustrate how involved these problem can be mathematically, it is
enough to recall the famous Bethe-Sommerfeld conjecture claiming that in system
periodic in more than one direction the number of open spectral gaps is finite [22].
The reasoning that led to it was so natural that the physics community adopted it
immediately, however, it took decades to establish its validity in a rigorous mathe-
matical way, cf. [7, 13, 17, 18, 19, 20, 21, 23| and references therein. Nowadays it is
done for a large number of systems including a more complicated behavior in some
borderline situations [3].

On the other hand, there are situation where intuition may mislead you. Tt
was widely believed, for instance, that band edges correspond to quasimomenta
laying at the boundary of the corresponding Brillouin zone or at the center of this
zone. Was this the case, the task of finding the spectral bands would be easier as
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the manifold to explore would have one dimension less. It was shown, however,
that such a claim does not hold generally in system periodic in more than one
direction [11] and this result also extends under additional assumptions to systems
periodic in one dimension [10]. The corresponding counterexamples used (discrete or
metric) quantum graphs rather than Schrédinger operators. For those an example of
dispersion curves with extrema in the interior of the Brillouin zone was constructed
in [6], while in higher dimensions the question remained up to now open.

This is not the only issue we are going to discuss here. Our goal in the present
paper is also to address another important problem, the gap control. Recall that
this question acquired importance recently in connection with the progress in the
physics of metamaterials, in other words, artificially prepared periodically struc-
tured substances. As the band structure plays decisive role in their conductivity
properties of the materials, one wants to know whether it is possible to open a gap
at a prescribed energy value and to control its width. Various models in which this
goal can be achieved have been constructed. In one dimension one can use, for
instance, an array of ‘cells’ connected by narrow ‘windows’ [1, 2|, a double waveg-
uide with a periodically perturbed ‘membrane’ [5] or a waveguide with a periodic
perturbation |4, 15]. An alternative way proposed is to place into a waveguide a
periodic array of small ¢’ traps [8].

In higher dimensions there are fewer results. Khrabustovskyi constructed a
model in which gaps can be opened with the help of a lattice of small ‘pierced
resonators’ [14] and in [9] a similar result was obtained by means of a lattice of
0" traps. The goal of this paper is to present a new method of gap control in a
two-dimensional system with a periodic perturbation described by a ‘small’ second
order differential operator consisting of raising high and narrow ‘potential walls’
in one direction. We compare this system to the family of parallel waveguides,
with the wall replaced by the Dirichlet condition, and show that under appropriate
assumption gaps may open around the points where the dispersion curved of the
waveguide cross, in general any finite number of them. Moreover, we are able to
control the gap width in terms of the perturbation parameter. Equally important,
the construction answers at the same time the question mentioned above: we show
that the edge values of the opened gaps are attained by the band functions at
internal points of the Brillouin zone.

Let us describe briefly the contents of the paper. In the next section we for-
mulate the problem properly and state our main results as Theorem 2.1. The rest,
Sections 3 and 4 is devoted to the proof.

2 Formulation of the problem and main result

Let # € R? be a point expressed through its Cartesian coordinate, x = (z,x2), and
let Ho be the negative Laplacian in R2. The operator H, is self-adjoint in Lo(R?)
with the domain WZ(R?). By I" we denote the rectangular lattice a;7Z x ayZ, where
ai, ag are positive real constants, and [0 := {x : 0 < x; < a1, 0 < x93 < ay} stands
for the corresponding periodicity cell.



Next we introduce the following operator in Ly(R?),
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with the domain W3 (R?), where A1, A; € C*(R?), Ay € C(R?) are real functions

periodic with respect to the lattice I'. The functions Ay, A; and Ay are assumed to

vanish in the vicinity of the boundary 0lJ. The operator L is obviously symmetric.
By V we denote a real function of the variable x, satisfying the conditions

suppV C [—as,a3], V € Cl—as,a3], V(xs) > cy >0 in[—ag,as], (2.2)

where a3 and ¢( are fixed constants. Let us note that the compact support assump-
tion is made here for convenience only, the argument would go through with slight
modifications without it as well.

The main object of our investigation is the operator in Lo(R?) defined as

H. = Ho+e" L+ 2V, (2.3)
To — pPag
V.=V — o2 2 .
L = Vi(x) Zv( - ) (2.4)
PpEZ
where € is a small real parameter and a € (%, %) is a fixed constant. It is easy to see

that the operator H. is self-adjoint on the domain WZ2(IR?). Moreover, the operator
‘H. is periodic with respect to the lattice I', and consequently, its spectrum has a
band-gap structure. The main aim of the present work is to study the existence of
the spectral gaps in the spectrum of H. for the parameter small € enough.

In order to state our main result, we need to introduce additional notations. We
begin with the standard formula for the spectrum of the operator H.,

o(H.) = | J{EW(): 7O}, (2.5)

where 7 = (71, T2) is the quasi-momentum and

m

s
O* .= {TI 7] < —, || < —}
a1 a2

is the basic cell of the lattice dual to I', or in the physical terminology the Brillouin
zone. The symbols o (1) stand for the band functions, that is, these are the
eigenvalues of the operator H.(7) in Lo([J) with the differential expression

Ho(T) = —A+e"L+e 2 Vi(x) (2.6)

subject to the standard quasiperiodic boundary conditions, in other words, the
domain of the operator H.(7) consists of the functions u € WZ(O) which satisfy
the boundary conditions

elTjaju‘
xT

= ul
3=0 zj=a;’ z;



The eigenvalues Eék)(T) are supposed to be arranged in the ascending order with
RN . 72 9x2 .
the multiplicity taken into account. Let Ey € { %5, =% | be a point such that
2 2

1 orn\? w2 9 orm\?  4m?
Ey = E(gn’ )(To) = (7’0 + —) +— = E(()m’ )(7'0) = (To + a ) + 2 (2.8)
1 2

for some 7y € [ — ;—1, :—J and some integer n, m. It is easy to see that triples for

which the condition (2.8) is satisfied always exist, and moreover, we may suppose
without loss of generality that at least one of n and m is nonzero. It is also clear

that condition (2.8) holds also with 7, n, m replaced by —19, —n, —m. We denote

n \/§ i2mma . T
§P (@, 1) = 2, a1 e T 2 gin a—§$2
and
L(r) = — (18— —7'1>A11( )(1— — 7'1> —1—12 ( 8—A(m)> + Ap(z).
8:701 =1 aZL'j J
Next we define the functions
\Mu )| ki (11)ka(m1)
= k2(my) — k3( k 2.9
B+ (71) |k3 ) \/ (11) (1) — 2 (7_1) + ko (1), (2.9)
where
k1<7'1) _ _27T(n + m) 7 k'2<7'1) _ _Ml(?)(Tl) + M2(2)<7—1)
“ " 2 0 (2.10)
21 Mso (1) — My (T
]{33(7'1) _ —(n—m), k4(7’1) _ 22 ( 1) 5 11 ( 1)
a1
M(O)(Tl) _ Ml%( 71) Ml(g)(T1>
My (1) M. (7'1)
(w6, £(7) wo" ”)LZ (wé" ”, L™ 1,0
@, L(m)iY )LQ(D (5™, L™ ey )
2mn
=47 0
(1) - a1 1
M (1) = < 0 gz_lm+ﬁ) (2.11)
if ; >0, and
9 M(O) M(O)
k1<7'1) — 7T<n+m) -7, k2(7—1) — 11 (Tl) + 22 (7-1)’
ay 2
) M(O)( ) M( )( ) (2.12)
k3(T1) —a_ﬁ(m—n), ka(ry) = —2 . 2 B,
1

0 0
M2(1)<7'1) M2(2)

(w0 " Ly ™) ey W0 L ™)
((()_m’Q),E(Tl)¢é_n’l))L2(D) (¢6_m’2)75(71)¢é_m72))L2(D) |

(0) (0)
MO () = (Mn (1) My, EZ%)



_2m
MOy = (TR ) 2.13)

0 _Qer_lm + 7
if m; < 0. We observe that although the functions zb(()”’l) and w(()m’2) depend on 7y,
this is not the case for the above introduced functions and matrices. We put

Bri= max{B_(m), - (~70)}, B = min{By(n) Bi(~m)}.  (214)

By 71, we denote one of the values £7p, at which the maximum is attained in the
formula for ;. In the same way, by 77, we denote one of the values £75, at which
the minimum is attained in the formula for (,.
We define ©
T kl(Tl*,T)lMIQ (Tik,r) _ k4(7_1*,r)
[ko(rt | JR3(,) — kit R
* 0 * *
b (i) [ M1 (71)| ha(7,0)

k(o) /R (ri)) — k(7)) FaCid)

(2.15)
4]

The numbers

0)/ « 0) /%
M1(1)(T1,z/r) + M2(2)(T1,z/r) o (W(n +m) 1o )
— &by \ T/ 1,l/r

2 ai
2 1
Ml((l))<7'1*l )_Még)(ﬁkz ) — ’
0/ T 7/T 7T(,n‘ m) 0 * 2
+ ( ( / 9 - tl/r + |M1(2)<7—1,l/7">|
a1
are the eigenvalues of the matrix MO (7y, ) — 26, MW (77, ) and we denote by
1)
ey = ( l(ég) the associated eigenvectors orthonormalized in C2. Furthermore, we
lr
put
N\ o— — 8 max{|e(1)|2 |6(2)|2} N o= — 87 min{|e(1)\2 |6(2)‘2}
(V) T a3(V) Tl

which is well defined because (V) := ffig v(x)dx is positive by assumption.
Now we are in position to formulate our main result.

Theorem 2.1. Assume that the following inequalities hold,

1 ai

2 2
M () £ 0, (Tg+ ?) (7’0+ m) <0 and B < B (2.16)

Then there is an €9 > 0 such that for all € € (0,e0) the spectrum of the operator H.
has a gap (mi(€),n,(€)) with the edges that behave asymptotically as

m(e) = Ey 4 %6, + 5%/\% +0(*), n(e)=Ey+%8, + 6%)\% +0(e%), (217)



and the corresponding band functions Ey,.(e,7) of the operator H. attain their ex-
trema, i.e. the gap edges (mi(e),n.(€)) at the points 7. (€),

mTin E.(e,7) = E,(g,7:(2)), mTin Ei(e,7) = Ey(g,7(e)), (2.18)

for which the identities

Tl/r(5) = (Tl,l/rvTQ,l/r> + 8“(%/7, 0) + 0(51/2) (2.19)
N = Fea (71,0 [ MRy (71.0)) k’4(7'1,z)7
ks (r1) [/ ka(112)? = ki (i) kalT)
Ny = — For (71,0) [ MRy (73,0 B ka(71,)
' s (1.0) [/ Rs(r10)2 = K (71,) Fa(mir)’
are valid. Here 73, € {—2,0,2-} if |er | > ]er | and 7o, € {—5-, 50} if ]er | <
2], 1f [eV] = e, then TQT zs undetermzned For 1o, we have szmzlar relations,

namely o0 € {—2..0, = Zf|6l | < \el | and 70, € {— zf\el | > \62)|. If

) ag 2(127 2a2

]el | = ]el \, then 1o is undetermined.

Let us discuss briefly the meaning of this theorem. It states that once the
inequalities (2.16) are satisfied, the band spectrum of the operator #H. has a small
gap around the point Ej for all sufficiently small €. The edges of this gap are
attained by the values of the corresponding band functions at points 7; and 7,.; let
us denote the coordinates of these points by 7;/r), j = 1,2. The first coordinates
Tl(/]r) are close to +19 or —7y depending on which of these points the minimum and
the maximum in (2.14). The number 7y is defined by condition (2.8) and as we
see easily, varying numbers a; and ag, we can satisfy identity (2.8) for arbitrary
prescribed 79 and FEy. This means that we can open a gap around a prescribed
value Ej so that its edges are attained by the values of the corresponding band
functions at the points 73, with the first coordinate being close to the prescribed
To. On the second coordinate Tl(/i) we can not say much. The only information we
can provide is that the second coordinate is close to one of the values {0, j:;T—Q} or

{j:ﬁ} if |el(/12| # ]e§2)] Thus the points 7/, are close to one of the following points:
(£70, = - ), (£70, — = ) (£70,0), (£70, i), (Zl:’TQ,—%). In this list, the first two
points are located at the boundary of the Brillouin zone, the third one is located at
the middle line (7'1, 0), While the two last points are located at the intermediate lines

(71, %£55;). If \el = |el J»|» our analysis provides no information about localization

of TZ/T). In our opinion, this degenerate case could hide a situation, when the second
coordinate is close to some value different from those listed above.

We should also stress that if there are several triples (m,n, 7)) obeying (2.8)
with different values Ej, and for each of them there exists a corresponding gap in
the spectrum of H. with the above described properties. In particular, this implies
that choosing a; large enough, we can open arbitrarily many gaps in the spectrum
of the operator H..



3 Approximation of the band functions

This section is devoted to the preliminary part of the proof of Theorem 2.1. The
main idea here is to approximate the band functions Egk)(T) by similar band func-
tions corresponding to a simpler operator.

By Ho(m1) we denote the Laplacian in O subject to the quasiperiodic boundary
conditions of the type (2.7) on the ‘longitudinal’ boundaries of [J, j = 1, while on

vi=A{z: 0<a <a;, x2=0}U{z: 0<z1 <ay, 22 =az}

we impose the Dirichlet condition. Its eigenvalues and the associated eigenfunctions
are easily seen to be

n omn\?  w2p?
B ) = (n+ 20) + T8
a1
V2 ei<71+2‘;771n)981 sin Lz,

A/ Q109 a9

The main statement we are going to prove in this section is as follows.

U (2, 1) =

Lemma 3.1. Given any fized E, there erists eg > 0 such that for all € € (0,&0] and
all (n,p) obeying
E{"P(r) < E (3.2)

the estimates

|E®) (1) — B (m)| < Ce?, (3.3)

€
hold, where g® (7) are the band functions appearing in (2.5) and C is a constant
independent of €, u, n, p and 7 but dependent on E. The eigenvalues E((]n’p) in (3.3)

are assumed to be arranged in the ascending order counting the multiplicities and
this makes the correspondence between the superscripts k and (n,p) in (3.3).

The proof of this lemma consists of several steps; let us briefly describe them.

We begin with introducing one more operator Lo(0J) which we denote as Hy (7).
The differential expression for Hy (7) is given by formula (2.6) with £ = 0 and the
boundary conditions are quasiperiodic ones. Since the potential V' depends on x,
only, we can find the eigenvalues and the associated eigenfunctions of the operator
Hy (7) by separation of variables,

BP0 = (no+ Z0) (),
X 6%1 ] (3.4)
qz(v"’p) (z,7) = — el(”+ ) V) (9, 73),

NG

where A? and U are the eigenvalues and the associated eigenfunctions of the

operator
d2
Adlra) = =S+ & Ve in La(0.02) (35)

2
dzs



subject to the quasiperiodic boundary conditions. The eigenvalues )\ép ) are taken

in the ascending order counting the multiplicities and the associated eigenfunctions
are chosen being normalized in Ly(0, az).

The first step in the proof of Lemma 3.1 is to estimate the differences between
the eigenvalues E‘(;L ) (1) and Eé"’p ). A precise formulation of the sought result is
formulated in the following lemma.

Lemma 3.2. Given any fixed F, there is an €9 > 0 such that for all € < g9 and all
all (n,p) obeying (3.2) the estimates

|ETP (1) — ES™P(1)| < Ce3, (3.6)
hold, where C' is a constant independent of €, p, n, p and 7 but dependent on E.

At the second step, we estimate the differences between the band functions E® (1)
and E‘(,"’p) and this will lead us to the statement of Lemma 3.1.

The proof of Lemma 3.2 consists again of two parts, which we present below as
separate Subsections 3.1, 3.2. The second part of the proof of Lemma 3.1 will then
follow in Subsection 3.3.

3.1 Approximation of the resolvent of A.

To begin with we consider the operator
d2
_d_:)sg

subject to Dirichlet condition at the interval endpoints. Our aim is to show that
A. converges to Ay as € — 0 in the norm resolvent sense and to estimate the
corresponding convergence rate.

Given an f € Ly(0,as), we denote u. := (A.(72) —i)_lf, ug := (Ag—1)"'f, and
Ve = U, — Ug. We write the boundary value problems for u. and wug, multiply the
equations by v. and integrate the obtained expressions by parts over (0, ay). This
standard procedure yields the following integral identities,

./4() = in LQ(O,GQ) (37)

_3 .
(Vufsa VU&‘)LQ(O,CLQ) +e 2 (‘/Euaa UE)Lg(O,az) - 1(u87 Us)Lg(O,az) = (fa Ua)Lz(O,az)a (38)
(VUO; vv&)LQ(O,az) - Ue(o) (emw%(@) - UB(O))
— i(ue, U€>L2(0,a2) = (f, UE)L2(0,G2)'

Subtracting these relations from the each other, we get
. _3
HVUsH%Q(om)—1\|Us\|ig(0,a2) +€72(Vave, Ve) Ly (0,a0)
-3 0N (LiT2a
= — &7 2(Voug, 0e) 1(0,02) — ue(0) (€™ ug(az) — up(0))

an consequently, by virtue of conditions (2.2) we obtain
3
102133 (0.02) < 2C€ 2 [0l (s Ve | Lasiy + 2lue(0)] (Jup(O)] + fug(az)]), (3.9)
Sei={x: 0<zy<aze}U{r: as—aze <xs < as}, C:=maxV(xy).
€2

To proceed with estimating in (3.9), we shall need the following auxiliary result.

8



Lemma 3.3. The functions ug, u., and v. satisfy the inequalities
| (0)] + Jug(a2)l] < ClIfllLo(0,02)
3
[uolLacse) < Ce2([flLa(0.02);
3
[0 Logse) < Ce3][ £ La(0.a2)

1
|u6(0)| < Ce1 ”f||L2(07(12)

for all € small enough, where C s a constant independent of € and f.

3.10
3.11
3.12
3.13

N TN TN N
~— ' e’

Proof. Throughout the proof the symbol C' stands for various positive constants
independent of z, €, f, v, up, and u. the values of which are not essential. Using
standard smoothness improving theorems, we infer that

[uollwz0,a0) < ClS N L2002 (3.14)
Hence, by the embedding of W3 (0, as) into C[0, as], we get
|ug (0)] + [ug(az)| < Clluollwz(,a) < CllFllLo0,a2)

which proves (3.10). Since the function ug vanishes as xo = 0 by assumption, for
almost all 25 € [0, ase] we have

o (3) = / A dt, () = — / (x(t)dy(t))' dt, (3.15)

where x = x(t) is a fixed infinitely differentiable cut-off function equal to one if
t < % and vanishing for ¢ > 2% The first of these relation implies by virtue of
Cauchy-Schwarz inequality that

T2
fuo(22) < s / (1) 2 dt,
0

and since zo < ase holds by assumption, we arrive at the estimate

ase ase ase ase
/’U0<$2)|2da§2 </$2d$2/‘u6‘2d;€2 <C€2/”u6($2)HI2/V21(0,a2) dxs
0 0 0 0
3 2
<O [luglliy 0.0z

which in combination with (3.14) yields (3.11).
Next we write the integral identity for u. analogous to (3.8) employing now this
function as the test one,

_3 .
||VU€H%2(O,Q2) te Q(Vsuaus)m(om) - 1||u6||%2(0,a2) =(/, ue)Lz(O,aQ)’

In view of condition (2.2) this implies
3
e llfys 0,00) + 052 el sy < 20 Mo ltte | 20,00 (3.16)

9



Thus we find
[uellwi 0,a2) < 201 f1£2(0,02) (3.17)

and 1,
uell Locse) < 2¢ *e1 ] £l Lo(0,0)- (3.18)

This estimate in combination with (3.11) and the definition of v. yields (3.12).
It remains to prove (3.13). To this aim we denote

SFi={ze: 0 <y < aze}

and use integration by parts to rewrite the norm in question as follows,
ase aze
Hua”ig(s:) = / luc|? dxy = age|u-(0)|* + 2 /(age — x9) Rewzul day
0 0
= aze|u.(0)* + 2 /(age — x9) Reuzul das.
S

Using next (3.18) and Cauchy-Schwarz inequality together with the fact that the
norm [lug||z, s+ is bounded by (3.17) we arrive at the bound

3
a35|u5(0)|2 < ||Ua||i2(s€+) + 2a35||us||L2(sj)HulaHLg(sj) < Ce> ||f||2L2(o,a2)

which implies (3.13). Note that in view of the quasiperiodic boundary conditions
|uc(as)| satisfies the same inequality. O

The proven lemma allows us to proceed with the estimate in (3.9) arriving thus
at the inequality

1
1032 (0,00) < CETN I La0,0):
where C' is here and in the following is a constant independent of € and f. This
yields )
[0ellwp0,02) < CEF I f]L20,02);

which is in view of the definition of v. equivalent to the estimate

ool

H(Ag(TQ) i) = (A — 1)

< Ces, (3.19)
Lg(O,ag)—>W21 (0,a2)

in which || - || £,(0,00)=W2(0,05) denotes the norm of an operator acting from Ly(0, as)
to W21 (07 CLQ).

3.2 Approximation of the eigenvalues of A.

Let us now complete the proof of Lemma 3.2. The estimate (3.19) and formula
(3.4) for E‘(,n’p) imply immediately that the eigenvalues E‘(/n’p) converge to E™"). In

particular, given E > 0, there exists €9 > 0 such that for all ¢ € (0,¢0] all the

10



eigenvalues E"P) (1) with (n, p) such that E"") () does not obey (3.2) satisfy the

lower bound B

EVT(r) > 5.
Consider next the eigenvalues E5"7)(7) that do obey (3.2). There are finitely many
of them and our aim is to prove estimate (3.6) for each pair (n,p) for which the
inequality (3.2) is satisfied.

The main idea to achieve this goal is to construct the asymptotic expansions of
AP as e — +0. Here we employ a standard approach consisting of two steps. At
the first step, we construct the asymptotic expansions formally using the method
of matching asymptotic expansions [12]. The next step consists of justifying the
formal asymptotics by estimating the error term. We fix m and adopt the following
Ansatz for A?’),

NO(0) =N+ m) + Al (m) +... AW =T (3.20)
2 2

The asymptotics for the associated eigenfunction g (x9,72) is constructed as a
combination of ‘external’ and ‘internal’ expansions. The former reads as

VP (22, 75) = WP () + 20V (25, 1) + e WP (20, 7) + ..., (3.21)
2
2
\I/ép)<l'2) — \/_ sin 7Tp.T27

\/G_Q a2

while the internal expansion is constructed as follows,

(€ 2, m2) = €72 (D0Y) (E.7) + W) (61m) - ). (3.22)

T 1 Ty —a 1
£:—2 for 0 <y <22 and &= 2 2 for Qg — 262 < 19 < Qo.

€ €

To be explicit, the external expansion is employed to approximate the eigenfunction
outside small neighborhoods of the points x5 = 0 and x2 = ay, while the internal
refers to the behavior in the vicinity of the mentioned points. The form of the
Ansatz (3.22) ensures that the quasiperiodic conditions are satisfied.

The final approximation for the eigenfunction %) is obtained by matching the
two expansions as follows,

1

P (29, 7) =W (22, 72)x (257 2) x (a2 — 22)e™

N[

)

+ \Ifipl)n (xzafl, 7'2) (1 — X(xga’%) (3.23)

+ \Ijipl)n((l’g —ap)e !, 7'2) (1 — X((a2 — :132)5_%)>,

where x = x(t) is an infinitely differentiable function that is equal to one for ¢ > 2
and vanishes for ¢ < 1. We substitute expansions (3.20), (3.27), (3.22) into the
eigenvalue equation

d? 3
(__ + 5_2Vs> \I,ép) — APy

2 3 €
dzs

11



and identify the coefficients at the same powers of €. This yields the equations

_dQ\I]ép) () (P) (»)\;(P)
v =70 + 270 in (0, az), Be{i1}, (3.24)
and

20y
— pin 0 in R, (3.25)

dg?

20
- dgzm VO, =0 i R. (3.26)

The expanswns (3.21), (3.22) are to be matched in the intermediate zones, namely
for e3 < Ty < 2¢3 and Ay — 263 < To < A9 — e2. The asymptotic behavior of
the external expansion as x93 — 0+ and xy; — as— should coincide there with the
asymptotic behavior of the internal expansmn as & —> +00. To be more precise, we
match in this way the expansion 6_172‘702\11( and \Dgl In view of the definition of

U this yields

n°

\/_Wp

O (2y) = Ty + O(z3), Ty — 0+,
a2
m\/_ﬂ.
\Ifép)<l'2) = ( ) p(i[)g — &2) + O((ag — 1'2)3), XTo — Qo—,
a2
e T2 = | —inmy + O(23), xg — 0+,
e‘iTﬂ? = e_iﬁaQ (1 — 17'2(.1'2 — GQ) + O((ZEQ — (12)2)), To — O‘|‘,
U (25) = TP (0) + O(xs), s — O+, a2m)
\I/,(gp)(flfg) = \I//(Bp)<a2) + O(CLQ — [Eg)7 To — A9—,
where (5 € {%, 1}. The matching conditions are
v (&) =T (0) +o(1), § = +o0,
27 2
\I](p) _ \Ij(p) —imasg . (328)
%,in(g) - l ((12)6 + 0(1)7 § — —0Q,
UL = f”pﬁ +U17(0) +o(1), § = +oc,
a;
2 m\/ (3.29)
U6 = (( UVETPe 4 00 (a )) e g o(l), € —oo.
@2
The only solution to equation (3.25) satisfying (3.28) is a constant, that is
v (O =K, K= 0P(0) = e 20 (ay), (3.30)
27 2 2



and the second identity is to be regarded as the solvability condition. The general
solution to equation (3.26) is given by the formula

WO = WO + K W) = / (I ERR T CEN

In view of the formulase

/\5 — 2|V (2)dz = £(V)§ £ (2V), & — +o0,

(3.32)
(V) = /V(z) dz, (2V) = /zV(z) dz,
R R
and conditions (3.29) we obtain
K. K. —1)m\/2 .
vyee =Y Dy go = G e
2 a 2 a2
2 2
arriving thus finally at
1 2 1 — (=1)me—ima2 1 4+ (—1)me—ir2az
Ky = LYz (Chrern) (L (CDme)

[N

z (V) %% ’ \/5%
The solvability condition of problem (3.24), (3.30), (3.33) for ‘I/

A

) is obtained in the
standard way: equation (3.24) should be multlphed by \If and integrated by parts
twice over (0, ay). This gives an expression for )‘;
2
| 27T2p2‘]_ . (_1)m€7i7'2a2
(T2> - = 3
a3(V)
The corresponding solution to problem (3.24), (3.30), (3.33) for \I/(f) reads as

) i

(3.34)

ol e~
=%

—

/\(1 )(75) ]
g (x9,T2) = (prg cos W—pxg + 3 sin W_pr) + K% cos W—pxg. (3.35)

3 \/ﬂ AU NV as as as
(p)

This solution is orthogonal to Wy~ in Ly(0,as2) as a consequence of the assumed
normalization of the perturbed eigenfunction.

To justify the obtained asymptotics (3.20), (3.21), (3.22), (3.23), the standard
argument can be used. Namely, in the same way as above we construct sufficiently
many terms in the expansions so that the truncated series of (3.20), (3.23) solve
the eigenvalue equation up to an error of order 0(5%). Then we apply Vishik-
Lyusternik’s lemma, see, for instance, [16, Sect. III.1.1, Lemma 1.1] or |24, Sect. 9,
Lemma 13| which this gives the sought asymptotics,

M (r) = N + O(e2),

£

where the error term is uniform in 7. The obtained expansions together with
formulae (3.4), (3.1) complete the proof of Lemma 3.2.
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3.3 Approximation of band functions Eg(k)

The goal of this subsection we complete the proof of Lemma 3.1. The key point
will be the following estimate,

[(He(r) = 1) = (Ho () = 1) a@owpo) < Ce, (3.36)

where C' is a constant independent of € and 7. Once this inequality is established,
it infers a statement similar to Lemma 3.1. Specifically, estimate (3.36) yields that
to any fixed F there exists an €9 > 0 such that for all ¢ < gy and all (n,p) obeying
(3.2) the estimates

|E® (1) — BESP(r)| < Ce® (3.37)

hold, where C' is a constant independent of €, u, n, p, and 7 but dependent on
E where the eigenvalues Eén’p ) are assumed to be arranged in the ascending order
counting the multiplicities. Estimate (3.37) and Lemma 3.2 prove Lemma 3.1. The
rest of this subsection is thus devoted to proving inequality (3.36).

Given an f € Ly(0O), we denote w, := (H. —1)7'f, wy := (Hy —1)71f, and
w = w. —wy. We write the integral identities for w. and wy employing w as the
test function,

_3 .
(VU/V, vw)LQ(D) +e€ Q(Vawv,w)Lz(D) - 1(wVaw>L2(EI) = (faw)Lg(El)a

_3 o .
(V’LUE, vU))LQ(EI) +e 2 (‘/;wa7 w)Lz(D) +e€ b(wsa w) - 1(w67 w)LQ(D) = (f7 w)LQ(D)7

2 ow. Ow 2 ow
h(we, w) := (Ail—s,—) +1i (A-—E,w)
Zzl " 0257 0z ) 10y Z—; AN

[2¥} J=

2
. ow
i (wg’ Aja_xj) La(@) e e

J=1

Subtracting the first two identities from each other and employing the representation
h(we,w) = h(w,w)+, we obtain

_3 o . (6%
IVwlZ, o) + &2 (Vew, w)1a0) + b (w, w) —iwl|L, @) = —e*b(wy,w).  (3.38)

In view of the assumed positivity of the function V., a similar identity for wy with
the test function wy,

_3 .
IVwy 1,0 + &> (Vewy, wv) ) — illwll,0) = (f, wv) o),

implies the apriori estimate

||wva21(g) < COlfllzam s (3.39)

the symbol C stands again for various inessential constants independent of ¢, T,
and f. This allows us to estimate the right hand in (3.38) as

elb(wy, w)| < Ceflwy lnp o lwllng - (3.40)

14



The real part of left-hand side in (3.38) can be estimated from below as
_3 o «
IVwlL, o) + 72 (Vew, w) a0y + b (w, w) Z[Vw|[L, @) +e™h(w, w)

1 o
>§”va%2(5) — Ce|w||2, o).

Using this result, (3.40), and taking the real and the imaginary part of (3.38), we
get

[wllZ, o) < O fllollwllwg @)
1 o o
S1Vulli e = Cellwli,e < Cellflo vl

and consequently,
lwllwy o) < Ce|fll Lo
which finally proves (3.36).

4 Proof of Theorem 2.1

Now we are in position to prove our main result, Theorem 2.1. In view of Lemma 3.1,
the band functions EX(7) converge to the eigenvalues E\"" as e — 0+. Consid-
ering a small fixed neighbourhood of the point Ej, we immediately conclude from
Lemma 3.1 that there are constants C; > 0, Cy > 0 such that as |73 — 70| < C1&°,
the segment [Ey — Cye®, Ey + Cse®] contains no eigenvalues of the operator H. ()
except exactly one pair of them converging to Eén’l)(T) and Eém’Q)(T), respectively,
as € — 0+. Let us analyze the behavior of these two eigenvalues.

We first rewrite the eigenvalue equation by changing the eigenfunction ¢ —

el(m@itm2z2)y), - Thig leads to a new equation

He(r)e = By, (4.1)

where H, is a self-adjoint operator in Lo([J) with the differential expression

H(r) = 22: (i;—% — Tj)2 — & (i;—x1 — ﬁ) Ay () (iaa_:cl — ﬁ)

j=1

+ie® Z <Aj(x) 0 a—Aj(x>) +eAg(x) + £ Vo()

o5, o,

subject to periodic boundary conditions on the boundary oCJ.

Next we introduce an auxiliary parameter t setting 71 = tg + €“t and we denote
the perturbed eigenvalues in question by EZ(¢). The parameter ¢ ranges over some
segment [—C, C] for a sufficiently large C. The associated eigenfunctions of the
operator H. are denoted by W¥(z,t). We are going to construct the first terms in
the asymptotic expansions of EZ(t). This will be done using the same scheme as
in Subsection 3.2 taking into consideration the presence of the perturbation €L in
the operator.

15



We adopt the following Ansiitze for the eigenvalues E= (¢, 75),
EX(t,73) = Eg+ e*XE(t) + 2 AF(t, ) + . .. (4.2)

The asymptotics for the associated eigenfunctions are again constructed as a com-
bination of the external and inner expansions. The former is introduced as
UE (2,t,7) = V(2 t, 1) + e*VE (2, t, ) + 2 U (2,8, 1) + . .. (4.3)
2

£,ex

where

UE(2,t,m) =

\/\a/% <CT:|z:(t’ Tz)@b(()n’l)(ﬂﬁ,n) + cE(t, Tg)@bém’z) (z, Tg)) , (4.4)

and cj[(t, T) are constants to be determined. The inner expansion is of the form

+
\Ija,in

(2,t,75) = g%\p:;in(g, 21, t, ) + e T (6 2t ) (4.5)

where the variable ¢ is the same as in (3.22). The approximation for the eigenfunc-
tions is defined via the external and inner expansion matching as in (3.23):

UE(z,t,72) :\D:ex(L t,TQ)X(SBQg_%)X((aQ — :)32)5_%)
+ ‘I’si,in ($26_1, x1,t, 7'2) (1 — X($2€_%)) (4.6)
+ \I/:in((xg —ag)et, xy,t, 7'2) (1 - X((ag — x2)5_5)>.

We substitute Ansétze (4.2), (4.3), (4.5) into equation (4.1) and collect the coeffi-
cients at the same powers of €. This gives the equations

T
HoUT — B0t = Mo, (4.8)
2 2 2

- )
HoUE — B0 =2t (ia— - 7‘0) UF — L(70)VE + \EUT, (4.7)

both in [, where the differential expression

~ ) a 2 ) 8 2
HO = (18_x1_7_0) +<16_1‘2_72)

has to be amended with boundary conditions. On the lateral boundaries we postu-
late the periodic ones,

+
— 8\116

0 (9951

OV
q]:tl = W:ﬁ:l . B
B r1=0 B r1=a1 axl

: Be{a 3}, (4.9)

Tr1=ai

r1=

recall that § € {%, 1}. In contrast, Dirichlet boundary condition are assumed for

v

UE =0 on 7. (4.10)

The boundary condition for ¥T on v will be determined later, by matching with
2

the inner expansion.
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Remark 1. The homogeneous Dirichlet condition for W have been postulated
from the following reason. We could have assumed that this function has some
unknown values on v to be determined by the matching with the inner expansion
as it was done in Subsection 3.2. Then one would have to introduce an additional
term E%JFO‘\IJ&TQ in the external expansion and terms e*U.; + E%JFO‘\IJTJFQ . in the
inner expansQion. Matching of W2 with these extra terms then impliQes that this
function has to vanish on v and all these extra terms are zero. With this fact in
mind we adopt from the beginning the homogeneous Dirichlet condition on ~ for
U obtaining in this way a simpler Ansatz for the perturbed eigenfunctions.

In view of the condition (4.10), the solvability criterion for problem (4.7), (4.9),
(4.10) reduces to the orthogonality of the right-hand in the equation to the functions

oY and ™ in Lo(0O). These requirements can be written as the system of linear
equations,

MB)CE(E) = \E(1)CE (1), M(t) = MO (75) — 2t MO (7). (4.11)

Hence AL are the eigenvalues of the matrix M and C* are the associated eigen-
functions. Since the matrix M is Hermitian, we can choose the vectors C* to be
orthonormal in C2. It is straightforward to find the eigenvalues \Z explicitly,

M) ) (s )

2 aq

. . ) L (412)
(Moo )

2

Let us next determine the boundary conditions to be imposed on U on the
2

boundary . We substitute expansions (4.5) and (4.2) into eigenvalue equation
(4.2), pass to the variable &, and collect the coefficients at the same powers of ¢.
This leads us to the equations for the coefficients of the inner expansion,

dQ\I]:lt in
2\Ijitin + .
- déj +VV¥y =0 in R. (4.14)

We expand the functions ¥, U and UT as x5 — 0+ and x5 — as—,
2

UE(z,t) = qﬁ(ir(xl,t):z:g + O(x3), g — 0+,
UG (x,t) = ¢(ji_(331775)(3?2 —az) + O((z2 — a2)?), To — ag—,

Oy (01, 1) = 3 (cE (T 26 (1))
af ag

17



2 lﬂx Tm . .
&*(mlﬂf) = \/_ﬂ— (— Ci@) 2 ! —+ 2C (t)e 2@1 1) e 17'2a2’

1 3 n
aja;
\I’i:(l’,t,TQ) = O(x3), x2— 0+,
qji(l’,t, 7'2) O(fﬂg — CLQ), To — Q9—,
\Ilg,c(a:,t, ) = \IIEE(QH, 0,t,72) + O(xs), x2 — 0+,

W;(x,t,rg) = \I’:ﬁt(l'l,ag,t,Tz) + O(z2 — az), 2 —a—, Pe{5 1}

Rewriting these formulae in the variable £, by matching condition we conclude that
the coefficients of the inner expansion should behave at infinity as follows,

\Ij:fin(gaxlatﬂ-?) = \Ij:f(xlvoath2> + 0(1)7 § — +00,
2 2

\IJj (&, z1,t,70) = \If:%t(xl,ag,t,Tg) +o(1), &— —oo, (4.15)
Ui (& w1t 1) = @y (21, 1)E + O(1), € — +oo,
UE (6,6 7) = 6 (o0 DE +0(1), € o 10
Problem (4.13), (4.15) is solvable if and only if
\I/:%t(xl, 0,t,79) = \I/:%t(xl,ag,t,Tg) =: qb:%t(l'l,t,Tg) (4.17)
and its solution reads as
Ui (§ x1,t,72) = ¢;f(331>t772)- (4.18)

Next we proceed to equation (4.14) writing its solution as

¢%<$1,t,7'2)
11n(£7x17t 7_2) T/‘é_’z’v(z) dZ+T1(l'1,t,7')£+T0<.’L‘1,t,7'2),

where Ty, T} are functions independent of £&. The behavior of the function \Ill in
infinity can be expressed using formulse (3.32); comparing the result with (4 16),
we get

o7 o1
S H+Ti=65,,  —F (V) +Ti=d_,
which determines quf,
Qbi o ¢:|:_
¢:£(951>t772) = %' (4'19)

The solvability of the problem determined by boundary conditions (4.9), (4.10),
(4.17), (4.19) is obtained in the standard way, that is, equation (4.9) is multiplied
by zb(()n’l) and wém’Q) and integrated twice by parts over [ taking the indicated
conditions into account. This yields AT in the form of the following expression

2

al

272
ME(t, 1) = —
5( 72) am%(V)/
0

— = (€ 0)° o s + (650 s ).

+ :27n :2m™m

‘ 2
ch(t)e e (1 4 i) 4 o, (t)e Far (] — eime2) | gy

n

(4.20)
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The justification of asymptotics (4.2) can be done in the same way is in Subsec-
tion 3.2: we need to construct sufficiently many terms in the expansion to get an
error of order O(¢?®) and then we can apply the Vishik-Lyusternik’s lemma. Fi-
nally, this allows us to conclude that the asymptotic expansions of the eigenvalues
Ex(t,73) are
EX(t,75) = Eo + " NE(t) + €205 (8, 75) + O(2*) (4.21)
2

uniformly in ¢ and 75. In order to complete the proof of Theorem 2.1, it is sufficient
to calculate the extrema of the leading terms in the above asymptotics and compare
them mutually.

Let us inspect the behavior of the said eigenvalues with respect to ¢t and 7. By
straightforward calculations one can check that the extrema of the functions \ are
given by the formulae

min A (1) = A(ty),  maxA(t) = A (t-),  AJ(te) = Bi(0),

P ()| MY ()] ka(no)
ks (r0) [/ k2 (70) — K2(10)  Fa(0)”

where (3 are the functions from (2.9). It follows immediately from formula (4.20)

that for each t, the extrema of Ai(f,7,) are attained at the points 7, = —=,
1 az

2
T, =0,mn=_27Iif i (t)| > |cE(t)| and they are attained at the points 7, = +o

if [cE(t)] < |cE(t)]. If |cE(t)] = |¢E(¢)], the function AT (t,72) is independent of 7.

Finally, we have

Hgn )\J%r(t, ) = —% max {(c:(t))Q, (c;(t))z},
max )\g(t, Ty) = —% min {(C;(t))z, (c;(t))Q}.

Comparing now the minimum of EX and the maximum of E_, we see that under
the assumptions of Theorem 2.1 there is a gap (7:(¢),7.(¢)) in the spectrum of the
operator H. with the properties described in the statement of this theorem.
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