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Abstract

We consider a nonlinear singularly perturbed PDE leaning on a complex perturbation parameter e. The
problem possesses an irregular singularity in time at the origin and involves a set of so-called moving
turning points merging to 0 with e. We construct outer solutions for time located in complex sectors that
are kept away from the origin at a distance equivalent to a positive power of |e| and we build up a related
family of sectorial holomorphic inner solutions for small time inside some boundary layer. We show that
both outer and inner solutions have Gevrey asymptotic expansions as € tends to 0 on appropriate sets of
sectors that cover a neighborhood of the origin in C*. We observe that their Gevrey orders are distinct
in general.

Key words: asymptotic expansion, Borel-Laplace transform, Fourier transform, Cauchy problem, for-
mal power series, nonlinear integro-differential equation, nonlinear partial differential equation, singular
perturbation. 2000 MSC: 35C10, 35C20.

1 Introduction

Within this paper, we focus on a family of nonlinear singularly perturbed equations sharing the
shape

(1) Q(0x)P(t,e)u(t,z,€) + Pi(t, €)Q1(0:)ult, z,€)Q2(0:)u(t, z, €)
= f(t,z,€) + Py(t,€,0¢, 0, )u(t, z, €)

where @, Q1,Q2, P, P, P» stand for polynomials with complex coefficients and f(¢, z, €) denotes
a holomorphic function near the origin regarding ¢ and € in C and on some horizontal strip
Hg = {z € C/|Im(z)| < B} for some >0 w.r.t z.

This work is a continuation of a study initiated in the contribution [14]. Namely, in [14] we
considered an equation of the form (1) in the case when P(0,€) is identically vanishing near 0
that corresponds to a situation which is analog to one of a turning point at t = 0 (we refer to
[21] and [6] for a detailed outline of this terminology in the context of ODEs). The requirements



imposed on the main equation forced the polynomial ¢ — P(t,€) to have an isolated root at
t = 0 whereas the other moving roots depending upon € stay apart from a fixed disc enclosing
the origin. Under suitable constraints, we established the existence of a set of actual holomorphic
solutions y,(t, 2, €), meromorphic at e = 0 and ¢t = 0, 0 < p < ¢ — 1, for some integer ¢ > 2,
defined on domains 7 x Hg x &,, for some prescribed open bounded sector 7" at centered at 0 and
E = {& }o<p<c—1 is some well chosen set of open bounded sectors which covers a neighborhood
of 0 in C*. Furthermore, for convenient integers a,b € Z we have shown that all the functions
ety (t, z,€) share w.r.t € a common asymptotic expansion §(t,2z,€) = Y., <o Un(t, 2)€” with
bounded holomorphic coefficients on 7 x Hg. This asymptotic expansion turns out to be of
Gevrey type whose order depends both on data relying on the highest order term of P, which
is of irregular type in the sense of [15] displayed as e2t%97™d? R(9,) for some positive integers
A, d,q,m > 0, R some polynomial and on the two polynomial P and P; that frame the turning
point at t = 0.

In this work, we aim attention at a different situation regarding the localization of turning
points that is not covered in our previous study. Namely, we assume that t — P(t,¢) does
not vanish at ¢ = 0 but possess at least one root leaning on €, a so-called mowving turning
point, which merges to the origin as € tends to 0 (see Lemma 1). Our target is to carry out
a comparable statement as in [14] namely the construction of sectorial holomorphic solutions
and asymptotic expansions of Gevrey type as e tends to the origin. Nevertheless, the whole
picture looks rather different from our previous investigation. More precisely, according to the
presence of the shrinking turning points, the solutions we construct by means of Laplace and
inverse Fourier transforms are only defined w.r.t ¢ on some boundary layer domains which turn
out to be sectors with vertex at 0, with radius that depends on some positive power of |¢| and
approaches 0 with e. Besides, we can exhibit another family of solutions of (1) provided that ¢
remains away from the origin on some unbounded sector with inner radius being proportional
to some positive power of |e[, tending to 0 with e.

In order to explain the manufacturing of these solutions, we need to specify the nature of
the forcing term f(¢, z, €) which is constituted with two terms, one piece is polynomial in t, e
with bounded holomorphic coefficients on any strip Hg & Hg with 0 < 8’ < 3 and the other
part represented as a function FPF (¢, z,¢) which solves a singularly perturbed nonhomogeneous
linear ODE of the form

Fy(—€Y0,) FOF (t, 2,€) = I, (t, 2, €)

for some polynomial Fy(x) with complex coefficients not vanishing at x = 0, some real number
v > 1/2 and Iy, some rational function in ¢,e and bounded holomorphic w.r.t z on Hg (see
Remark 1). This equation is of irregular type at t = co and regular at ¢ = 0 (we indicate some
text book on complex ODEs such as [2], [7] for a definition of these classical notions). According
to this last assumption, we stress the fact that the solutions described above actually solve a
PDE with rational coefficients in ¢,e and bounded holomorphic w.r.t z on Hg with a shape
similar to (1) as displayed in Remark 2.

Our first main construction can be outlined as follows. Under appropriate restriction on the
shape of (1), we can select a set £%° = {€>}o<j<,—1 of bounded sectors with aperture slightly
larger than 7/, for some ¢ > 2, which covers a neighborhood of 0 in C* and pick up directions
{u;}o<j<,—1 in R for which a family of solutions v"i (¢, z, €) of the main equation (1), for a specific
choice of = u; in the forcing term F 97 described above, can be built up as a usual Laplace
and Fourier inverse transform

u; € e U t izm
v (t, z,€) = e ). WY (u, m, €) exp(fe—fyu)e dudm
1‘.]'



along the halfline L,, = R e, for some real number ~yg, where WY (u,m,¢€) represents a
function with at most exponential growth of order 1 on a sector enclosing L,; w.r.t u, with
exponential decay w.r.t m on R and analytic dependence on € near 0. In addition, for each fixed
€ € £, the restriction (1, z) — v" (¢, z, €) is bounded and holomorphic on 7°° x Hg, where 7
stands for an unbounded sector with inner radius proportional to |e|Y~!" for some real number
0 <T <~ (Theorem 2). Furthermore, we explain why the functions e 700" (¢, z,€) own w.r.t €
a common asymptotic expansion Ot(e) =D 10 OMek whose coefficients Oy represent bounded
holomorphic functions on Hg which can be called outer expansions owing to the fact that it is
valid for any fixed value of ¢ in the vicinity of 0 as € tends to 0. Accordingly, we call v" (¢, z, €)
the outer solutions of (1). Besides, we can indicate the nature of this asymptotic expansion that
turns out to be of Gevrey order (at most) 1/7, ensuring that e~ 7% can be labeled as y—sum
of Oy(e) on £° N D(0,0¢) for some radius oy outlined in (146) (Theorem 3). We may notice
that this Gevrey order 1/ is substantially related to the Stokes phenomena stemming from the
solutions Fi (¢, z,€) of the ODE (19).

Now, we proceed to the description of what we call the inner solutions of (1). Submitted
to additional requirements on the coefficients of (1), we can choose a set £ = {&, }o<p<c—1 built

up with bounded sectors with opening barely larger than ﬁ for some integer k > 1 and real

number y > 2—1,{, for some ¢ > 2, which covers a neighborhood of 0 in C* and raise a set of real
directions {9, }o<p<c—1 such that for each direction u; coming up from one single outer solution
v, 0 < j <1—1, one can construct a family of solutions u® (¢, z,¢€) to (1), 0 < p < ¢ — 1, that

is represented as a Laplace transform of some order x and Fourier inverse transform

du

I (t, 2, €) = emo__ /+00/ wap’j(u m,€) exp(—(i)”)eizm—dm
) < (271')1/2 e Lap K s 1,y €t u

where the inner integration is performed along the halfline L, = R e for some positive

integer mg > 1, negative rational number o < 0 and where wr! (u, m, €) stands for a function

with at most exponential growth of order x on a sector containing L,, w.r.t u, with exponential
decay w.r.t m on R and analytic dependence w.r.t € in the vicinity of the origin. Besides, for each
fixed € € &, the projection (¢, 2) — u’J(t, z,€) is bounded and holomorphic on T¢ y—o X Hg,
for Tey—a = XeX™@ where X stands for some fixed bounded sector centered at 0. (Theorem
1). Moreover, we justify why the functions emouap{j (t,z,¢) admit w.r.t € a common asymptotic
expansion [7(e) = > iso [i€® with coefficients I} belonging to a Banach space of bounded
holomorphic functions on X x H, 5 that may be called inner expansion since it is only legitimated
for t on the boundary layer set 7¢,_, which shrinks to 0 with e. We can also specify the type

of asymptotic expansion which turns out to be of Gevrey order (at most) ﬁ As a result,

€mou®»I(t, 2, €) can be identified as yx—sum of /() on &, (Theorem 3). By construction, the
integer k crops up in the highest order term of the operator P, which is assumed to be of the
form eADt‘SD(“H)@fD Rp(0,) for some integers Ap > 1, dp > 2 and a polynomial Rp. The real
number Y is in particular related by a set of inequalities to the integers k,Ap,0p, the powers of
e and t in P, Pp, to the real number v and the forcing term f(¢, z,€). As outgrowth, we observe
that this Gevrey order ﬁ involves informations emanating from the moving turning points and
the irregularity of the operator P, at t = 0.

These so-called inner and outer expansions come into play in vast literature on what is
commonly named matched asymptotic expansions. For further details on this subject, we refer
to classical textbooks such as [3], [5], [8], [16], [17], [21]. We point out the recent work by A.
Fruchard and R. Schifke on composite asymptotic expansions, see [6], which provides a solid
bedrock for the method of matching and furnishes hands-on criteria for the study of the nature



of these asymptotic expansions which can be shown of Gevrey type with the same order for
both inner and outer expansions for several families of singularly perturbed ODEs. In our work,
we observe however an interesting situation in which the Gevrey order of the outer and of the
inner expansions turn out to be different in general (see the two examples after Theorem 3).
Nevertheless, we observe a scaling gap that prevents our inner and outer solutions to share a
common domain in time ¢ for all € small enough, see Remark 3. More work is needed if one
wants to analytically continue and match our inner and outer solutions. This stays beyond the
scope of our approach and we leave it for future inspection.

It is worthwhile noting that a similar phenomenon of parametric multiple scale asymptotics
related to moving turning points has been observed in a recent work [18] by K. Suzuki and Y.
Takei for singularly perturbed second order ODEs of the form

621/1,,(2, €)= (z— 6222)¢(z, €)

whose moving turning point z = 1/€? tends to infinity which turns out to be an irregular
singularity of the equation. In particular, they have shown that the power series part ¢ (z,¢€)
of its WKB solution 1+ (z,€) = exp(£1 [*\/zdz)@+ (2, €) presents a double scale structure of
Gevrey order 1/4 and 1 for all fixed z, in being (4, 1)—multisummable w.r.t € except for a finite
number of singular directions. Furthermore, a second example involving three distinct Gevrey
levels has been worked out by Y. Takei in [19].

The paper is organized as follows.

In Section 2, after recalling some ground facts about Fourier transforms acting on spaces of
functions with exponential decay on R, we disclose the main problem (8) of our study.

In Section 3, we build up our inner solutions. We start by reminding the definition and first
properties of our Borel-Laplace transforms of order & > 0. Then, we redefine some Banach
spaces with exponential growth on sectors of order x and exponential decay on the real line as
introduced in our previous work [14]. In Section 3.3, we search for conjectural time rescaled
formal solutions and present the convolution equation satisfied by their Borel transforms. In
Section 3.4, we solve this latter convolution problem within the Banach spaces mentioned above
with the help of a fixed point procedure. In the last subsection, we construct a family of actual
holomorphic solutions to (8) related to a good covering in C* w.r.t €, for small time ¢ belonging
to an e—depending boundary layer.

In Section 4, we shape our outer solutions. We begin with the description of basic operations on
classical Laplace transforms. Then, we introduce Banach spaces of functions with exponential
growth of order 1 on sectors and exponential decay on R which are a slender modification of the
ones described in Section 3. In Section 4.3, we seek for speculative solutions of (8) represented as
classical Laplace and inverse Fourier transforms and we exhibit a related nonlinear convolution
equation (116) in the Borel plane and Fourier space. In Section 4.4, we find solutions of (116)
located in the Banach spaces quoted above using again a fixed point argument. In the ending
subsection, for a suitable good covering in C* w.r.t € we distinguish a set of holomorphic solutions
to (8) for both large time and small time ¢ kept distant from the origin by a quantity proportional
to a positive power of |e].

In Section 5, we investigate the asymptotic expansions of the inner and outer solutions. We first
bring to mind the Ramis-Sibuya cohomological approach for k—summability of formal series.
Then, we discuss the existence of a common asymptotic expansion of Gevrey order ﬁ for the
inner solutions and of Gevrey order 1/ for the outer solutions on the corresponding coverings
w.r.t e.



2 Outline of the main problem

2.1 Fourier transforms

In this subsection, we recall without proofs some properties of the inverse Fourier transform
acting on continuous functions with exponential decay on R, see [10], Proposition 7 for more
details.

Definition 1 Let 8 > 0 and p > 1 be real numbers. We denote Eg ) the vector space of
functions h : R — C such that

h(m)ll (g, = ;%%(1 + [m|)* exp(Blml[)|h(m)]
is finite. The space Eg ) endowed with the norm ||.||(g, becomes a Banach space.
As stated in Proposition 5 from [10], we notice that
Proposition 1 Let Q1(X),Q2(X), R(X) € C[X] be polynomials such that

(2) deg(R) > deg(Q1) . deg(R) > deg(Q2) , Rf(im) #0,

for all m € R. Assume that p > max(deg(Q1) + 1,deg(Q2) + 1). Then, there exists a constant
C5 > 0 (depending on Q1,Q2, R, pu) such that

R(;m) _:O Q1(i(m —mq)) f(m — m1)Q2(ima)g(ma)dma||(g )

3) |l

< Gsl|f(m)]l g, llg(m)]] (5,

for all f(m),g(m) € Eg, ). Therefore, (E(g ), !|-1l(s,u)) becomes a Banach algebra for the prod-
uct x defined by

1 oo

frg(m) = Ram) ) Q1(i(m —ma)) f(m — m1)Q2(im1)g(mi)dm.

As a particular case, when f,g € Eg )y with 8> 0 and p > 1, the classical convolution product

+oo
£ g(m) = / Flm — m)g(m)dm:

—0o0

belongs to Eg ;.-

Proposition 2 1) Let f : R — R be a continuous function and a constant C > 0 such that
|f(m)| < Cexp(—p|m|) for all m € R, for some > 0. The inverse Fourier transform of f is
defined by the integral representation

1 Feo

P = Gy | Sm) espliam)dm

for all x € R. It turns out that the function F~'(f) extends to an analytic function on the
horizontal strip

(4) Hg = {z € C/[Im(z)| < f}.



Let ¢(m) = imf(m). Then, we have the commuting relation

(5) 0. F " (f)(z) = FH(9)(2)
for all z € Hg.
2) Let f,g € E(g ) and let (m) = Wf x g(m), the convolution product of f and g, for all

m € R. From Proposition 1, we know that ¢ € Eg ). Moreover, the next formula

(6) FHNEF o) (=) = FH(@)(2)
holds for all z € Hg.

2.2 Display of the main problem

Let ¢ > 1, M,@Q > 0 and D > 2 be integers. For 1 <[ < g, let k; be a non negative integer such

that 1 < k; < kg1 for 1 € {1,...,q—1}. For all 0 <[ < ¢, let m; be a non negative integer and

a; be a complex number not equal to 0. For all 0 <[ < M, we consider non negative integers h;,

p; and a complex number ¢; such that 1 < h; < hyyq for 1 € {0,...,M —1}. For all 0 <[ < @,

we denote n; and b; non negative integers such that 1 < b, < b1 for I € {0,...,Q — 1}. For

1 <1< D, we set nonnegative integers A, d; and 0; such that 1 < ¢; < dy41 forl € {1,...,D—1}.
Let Q(X), Q1(X), Q2(X), Ri(X) € C[X], 1 <1< D, be polynomials that satisfy

(7) deg(Q) = deg(R2p) > deg(R;), deg(Rp) > max(deg(Q1),deg(Q2)),
Q(im) #0 , Rp(im)#0

forallmeR,all1 <I<D-—1.
We focus on the following nonlinear singularly perturbed PDE

g M
®) O @™t +ape™)Q(:)u(t, z,€) + (Y cet")Q1(9:)ult, 2, €)Qa(d:)ult, 2, €)
=1 =0

Q D
= " bi(2)eith + FOF(t,z,6) + Y eAtM) Ry (0. )ult, 2, €)
§j=0 =1

We make the following crucial assumption on the integers m;, 0 < [ < ¢q. We take for granted
that

(9) nu)>7nh

for some Iy € {1,...,q}. Let P(t,e) = Y1, aye™t* +ape™. The roots of t — P(t,€) are called,
in our context, turning points of the equation (8), with analogy to the situation concerned with
ordinary differential equations. See [6], [21] for more details. In the next lemma, we supply
some information about the position of some roots of P.

Lemma 1 Under the constraint (9), the polynomial t — P(t,€) has at least one root in the disc
D(0, |e|P) centered at 0 with radius |e|*F for some small enough real number up > 0 (depending
only on my, ki, 1 <1< q and my), provided that |e| is taken small enough.



Proof According to the restriction (9) we may assume that
mo > min]_ m; = {m;,,...,mj,}
for some 1 < js < gq, 1 <s < h, with j; < ... < j,. We can rewrite

q
Pi(t,e) = P(t,e)/e™n = Zalemﬁmﬂ'l tht 4 agem™ M = g, thi
=1
+ Z are™ Mtk 4 goemoTmi
le{l7"'7q}7l#j1

Let Py(t) = aj,t*1. Recall that, by construction, a;, # 0. We plan to show that
(10) [P1(t,€) — Po(t)| < |Po(t)]

holds for some appropriate p > 0, for all ¢ in the circle C(0, |¢|*) centered at 0 with radius |e|*,
provided that € is small enough. Actually, we will observe that the quantity sup,cc (g, je|n) | Py (t,€)—
Py(t)|/|Po(t)| tends to 0 as € tends to 0, which in particular yields the inequality (10). Indeed,
we can write

q
(1) Pt e) = BO/IRWI< D [l R 4 | e momn ¢ R
. p

le{lm bl !
q
- ¥ |2 efra—mantulki=kiy) ) 90 ) mo=—myy —kjy
1e{lgb i 0 @

for all t € C(0, [e|*). We take g > 0 (which depends only on my, ki, 1 <1 < ¢ and mg) such that
mo — My, —kj1u> 0, mp — myj, +M(kl _kjl) >0

holds, for all 1 <[ < g with [ # j;. Notice that such a p > 0 exists since, by construction,
mg > m;,, hence we can take u < (mo — mj,)/kj,. Furthermore, for [ ¢ {ji,...,jn}, we have
that m; —m;, > 0. Hence, if k; > kj,, then m; —mj, + pu(k; — kj,) > 0 holds for any > 0 and
if k; < kj,, then we may take 0 < p < (m; — m;,)/(kj, — ki). Likewise, for [ € {ja,...,jn} (in
case h > 2), my —mj, = 0 and k; — kj, > 0 since | > ji, therefore m; — mj, + pu(k; — kj,) >0
holds for any p > 0.

As a result, for |e| small enough, the right handside of the inequality (11) can be taken strictly
smaller than 1. Hence the inequality (10) holds. Now, we can apply Rouché’s theorem which
states that ¢ — Pj(t,e) and Py(t) have the same number of roots (counted with multiplicity)
inside the disc D(0, |e|*). In conclusion, t — Pi(t,€) possesses kj; roots inside D(0, |e[*) for ||
small enough. O

The lemma above ensures that (8) possesses at least one (movable) turning point which tends
to 0 as € tends to 0. Notice that this case is not covered by our previous work [14], where ¢t = 0
is assumed to be a turning point of the equation and all movable turning points depending on
€ remain outside a fixed disc enclosing the origin, see Remark 2 therein.

The coefficients b;(z) are displayed as follows. For all 0 < j < @, we consider functions
m +— Bj(m) that belong to the Banach space E(g ) for some p > max(deg(Q1)+1,deg(Q2)+1)
and 8 > 0. We set

(12) bj(2) = F~H(m = Bj(m))(z) , 0<j<Q,



where F~! denotes the Fourier inverse transform defined in Proposition 2. By construction,
b;(z) defines a holomorphic function on the horizontal strip Hg = {z € C/|Im(z)| < S} which is
bounded on every substrip Hg for any given 0 < 5’ < .

The function FUF(t, z,¢€) is a part of the forcing term given as an integral transform

13 For _ Lu) — 1)e*mdud

(13) (t,z,€) = enie ). o, wF(ujm)(exp(—Zu) —1e udm

where np > 0 is some integer, v > 1/2 is a real number and wg(7,m) is a function defined as
—kpr F1(T)

14 wp(T,m) = Cp(m)e Krm—2

(14) p(r.m) = Cr(m)e™ e LT

where Cr(m) belongs to the Banach space 3 ), Kr > 0 is a real number and Fi(7), F2(7) are
two polynomials with coefficients in C such that deg(F;) < deg(F>). The path of integration
Lo, = {ueY=19 Ju € [0, +00)} is chosen in such a way that it avoids the roots of Fy(r) and
with O € (—7/2,7/2).

We first assert that the function F% (¢, z, €) is well defined and bounded holomorphic in time
t on some e—depending neighborhood of 0, in space z on any strip Hg with 0 < 8’ < 3, provided
that e is not vanishing in the vicinity of the origin. Namely, let us select a real number &Y > 0
with cos(0r) > 69/Kr. We introduce the disc

Dp,. = {t € C/|t| < (—6Y + Krcos(0r))|e|"}.
According to the assumptions made above, one can sort a constant Cr, g, > 0 with

F1 (u)
F2 (u)

(15)

< CFl,F2
for u € Lg,,. Then, the next estimates

le|"* Cpy g, [T [T°
(277)1/122/_00 /0 |Cr(m)|exp(—Kprcos(0F))

le|"F Cpy 1y [|CF(m)] | (8, /+Oo
(27)1/2 —00

+oo
« (/ 676?r + G*KFT'COS(GF)CZT)
0

(16) |FO7(t,z,€)| <

(14 |m|)~*e=B=A)mlgm

t
X (exp(|6—7\r) +1)e ™G drdm <

hold for all t € Dp.c, € € D(0,¢p) \ {0}, for some €y > 0 and z € Hg, for any 0 < ' < 3. As a
consequence, (t,z) — FF(t,z, ¢) represents a holomorphic bounded function on D, x H, g for
any 0 < 8/ < B and € € D(0,¢) \ {0}.

In a second place, we check that F?F (t,z,€) represents a holomorphic function w.r.t ¢ on
some e—depending unbounded sectorial domain away from the origin, in space z on strips Hpg
with 0 < 8 < 3, for any given € belonging to some suitable bounded sector centered at 0. More
specifically, we consider an unbounded open sector Uy, centered at 0 with an aperture chosen
in a manner that it bypasses all the roots of the polynomial F5(7). Let 65° > 0 be a positive
real number. We sort a bounded sector £%° centered at 0 with opening contained in the range
(m/~,27), a positive real number §{° and suitable directions as < B taken in a way that there
exists some direction 0? (that may depend on € and t) satisfying eifF € Up,. and fulfills the next
demand

t s t 0o
(17) 0 +arg() € (~5,7) , cos(Of +arg()) > of

NN



for all € € £ and t belonging to the unbounded sector

Kp + 65°

= (e T/l > S | s < ang(t) < B}
1

Through a path deformation argument, we may observe that FUF (¢, z, €) can be rewritten as the
sum

€ oo t izm
FOF(t,2,€) = i /_OO /LA wr(u, m) exp(—e—,yu)e dudm

“+o0
/ / wr(u,m)e ”mdudm
Lo,

for all ¢t € e 2 € Hp with 0 < 8 < 8 and € € £®. As above, we can select a constant
Cry,r, > 0 for which (15) holds. Then, from the latter decomposition, we deduce that

- +00 +o0
(18) |FU%(t,z,€)| < (| d 172 CFL o </ / G

t
x exp(Kpr — lr cos(02 + arg( )))e*mlm(z)drdm

e[
+o0o +0o0
+ / / |Cr(m)| exp(—Kpr cos(@F))emIm(Z)drdm>
—00 0

n +o0
| FCFl,ngI)ClZ(m)Iw,m/ (1+ [m) e B=BIml gy

+ +
X (/ Ooe"sgo’”dr —i—/ ooe*KF’"COS(GF)dr)
0 0

holds for all ¢ € Tg3, z € Hp with 0 < B < B and € € £®. In particular, we see that

(t,z) — FUF(t, 2, €) represents a holomorphic bounded function on Ti x Hg for any 0 < B < B,
when € belongs to £°°.

Remark 1. Let us set

1 oo

. _ Fl(u)
izm g — Kru d
7(271_)1/2 . Cr(m)e m o, CRFy0p /L e Fou) U

cr(z) =

and expand F (u) = Zze:go(Fl) P yuF. According to the identities concerning the classical Laplace
transform coming next in Lemma 4, we can claim that FF (t, z, €) solves the next singularly
perturbed inhomogeneous linear ODE

deg(Fl) k'
(19)  F(=€0)F (t,z,€) = " ep(z) | D m — F(0)cr, ry.0p
k=0

Our choice for the piece of forcing term F7 (¢, z, €) can be considered as very specific. However,
for the sake of simplicity and clarity, we have taken it as an explicit solution of a inhomogeneous
basic singularly perturbed ODE which is irregular at ¢t = co and regular at ¢ = 0. But all the
forthcoming results disclosed in this paper may also work for forcing terms being solutions of
more general singularly perturbed ODEs sharing the same behaviour at ¢ = 0 and ¢ = oo as our
model.
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3 Construction of inner solutions to the main problem

Within this section, we build up solutions of the main equation (8) for time ¢ located on small
e—depending sectorial domains in the vicinity of the origin, whose radius is proportional to some
positive power of |e|.

3.1 Borel-Laplace transforms of order k

In this section, we review some basic statements concerning a k—Borel summability method of
formal power series which is a slightly modified version of the more classical procedure (see [1],
Section 3.2). This novel version has already been used in our most recent works such as [10],
[14].

Definition 2 Let k > 1 be an integer. Let (my(n))p>1 be the sequence

mg(n) =T <%) = /0 tete~tdt, n > 1.

Let (E, ||-||g) be a complex Banach space. We say a formal power series
o
X(T) =Y a,T" € TE[[T]]
n=1
is my—summable with respect to T in the direction d € R if the following assertions hold:

1. There exists p > 0 such that the my— Borel transform of X, B, (X), 1s absolutely conver-
gent for |T| < p, where

B, (X)(7 Z " e TE[[7]].

Q
k

2. The series By, (X) can be analytically continued in a sector S = {T € C* : |d—arg(r)| < 0}
for some § > 0. In addition to this, the extension is of exponential growth at most k in S,
meaning that there exist C, K > 0 such that

\‘Bmk(X)(T))]E < eI res

Under these assumptions, the vector valued Laplace transform of By, (X) along direction d is
defined by
X B (w/T)k du
Lo, (B (X)) (1) =k | B () ()T

L, U

where L., is the path parametrized by u € [0,00) —> ue’, for some appropriate direction
depending on T', such that L, C S and cos(k(y —arg(T))) > A > 0 for some A > 0.

The function L, . (B, (X)) is well defined and turns out to be a holomorphic and bounded
function in any sector of the form S,y pp = {T € C* : [T| < RYE |d — arg(T)| < 62}, for
some T <0 < T +26 and0 < R <A/K. This function is known as the my—sum of the formal
power series X (T)) in the direction d.
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The following are some elementary properties concerning the mg—sums of formal power
series which will be crucial in our procedure.
1) The function £4, . (B, (X))(T) admits X (T) as its Gevrey asymptotic expansion of order
1/k with respect to T in Sq9.r1/k- More precisely, for every 7 T < 61 < 0, there exist C, M > 0
such that

£t (B ZCLPTP < CM"T(1+ )\T]”
E
for every n > 2 and T' € S, 5 gi/x. Watson’s lemma (see Proposition 11 p.75 in [2]) allows us to
affirm that E‘fnk (Bym,, (X))(T) is unique provided that the opening ; is larger than ‘s

2) Whenever E is a Banach algebra, the set of holomorphic functions having Gevrey asymp-
totic expansion of order 1/k on a sector with values in E turns out to be a differential algebra
(see Theorem 18, 19 and 20 in [2]). This, and the uniqueness provided by Watson’s lemma allow
us to obtain some properties on m;—summable formal power series in direction d.

By * we denote the product in the Banach algebra and also the Cauchy product of formal
power series with coefficients in E. Let X7, X5 € TE[[ ]] be my—summable formal power series
in direction d. Let g1 > g2 > 1 be integers. Then X1 + XQ, X1 * X2 and T‘h@qQXl, which are
elements of TE[[T]], are m;—summable in direction d. Moreover, one has

‘ank (Bmk (Xl))<T) + Egnk (Bmk (XQ))(T) - /"‘;ink (Bmk (Xl + XQ))(T)v
Lo By, (X0))(T) # Loy (B (X0))(T) = Ly, (B, (X1 % X2))(T),

T L3, (B, (X1))(T) = L5, (B, (T 07 X1))(T),

for every T' € Sy 9 pi/k-
The next proposition is written without proof for it can be found in [10], Proposition 6.

Proposition 3 Let f(t) = Yons1 ot and §(t) = 37, 51 gnt™ that belong to E[[t]], where (E, ||-(z)
is a Banach algebra. Let k,m > 1 be integers. The following formal identities hold.

By (8"10, (1)) (1) = k7" By, (£(1))(7),

. Tk Tk ™ . 5
B¢ F)) = ey [ 64 B OV
k
and
By (F(1) % (1)) (7) = 7 / B (PN = 9)1%) B (1)) (/) s

3.2 Banach spaces with exponential growth and exponential decay

In this section, we recall the definition and display useful properties of Banach spaces as defined
in our previous work, [14]. We denote D(0, p) the open disc centered at 0 with radius p > 0 in
C and by D(0, p) its closure. Let Sy be an open unbounded sector in direction d € R and £ be
an open sector with finite radius rg, both centered at 0 in C. By convention, these sectors do
not contain the origin in C.
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Definition 3 Letv,p > 0 and 8 > 0,u > 1 be real numbers. Let k > 1 be an integer and x > 0

be some real number. Let e € £. We denote F‘iﬁ LX) the vector space of continuous functions

(t,m) — h(r,m) on (D(0, p)USy) xR, which are holomorphic w.r.t T on D(0, p)U Sy and such
that

‘ |h(7_7 m) ’ ‘ (V7ﬁ7/117X7K’75)

i 1+ Elx|2” T

= sup (1+ [m|)" exp(B|m|) —77— exp(—v[[")|h(7, m)|
7€D(0,p)USy,meR |7>< €

is finite. One can check that the normed space (F¢

(0 Bopixrine) |[[(v,8,,x,,¢)) @8 @ Banach space.

Throughout the whole section, we keep the notations of Definitions in this section.

The next lemma and proposition are kept almost unchanged as stated in Section 2 of [14] and
we decide to omit their proofs for avoiding overlapping with our previous work.

Lemma 2 Let ;3 > 0, 72 > 1 be integers and v3 € R. Let R(X) be a polynomial that belongs
to C[X] such that R(im) # 0 for all m € R. We take a function B(m) located in Eg ) and

we consider a continuous function a~, .(7,m) on (D(0,p) U Sq) x R, holomorphic w.r.t T on

D(0,p) U Sy such that
1

(1 +[7[<)7|R(im)]

a1 (T m)| <

for all 7 € D(0, p) U Sy, all m € R.

Then, the function € 73772 B(m)as, (T, m) belongs to F¢

. Moreover, there exists a
(V,B7#7X,R7€) ’

constant C1; > 0 (depending on v,k and 7y3) such that

20 372 B < C HB(m)H(B’“) XV2—73
(20) |[e7 78T (m)a‘Vl,H(Tvm)H(V,ﬁ,u,x,n,e)7 1m\6\

foralle € &.

Proposition 4 Let v;, 0 < j < 3, be real numbers with y1 > 0. Let R(X), Rp(X) be polynomi-
als with complex coefficients such that deg(R) < deg(Rp) and with Rp(im) # 0 for all m € R.
We consider a continuous function a, .(7,m) on (D(0,p) U Sq) x R, holomorphic w.r.t T on
D(0, p) U Sy such that

1
(L4 [r]*)[Rp(im)]

for all 7 € D(0,p) USy, all m € R. We make the next assumptions

| @y (T, m)| <

1
(21) S E1>0 220, > L

1) If 14+~3 < 0, then there exists a constant Cy > 0 (depending on v, k,72,7v3 and R(X), Rp(X))
such that

K

(22) |/€ ay o(r, m)R(im)r" / (7 — 8257 F(sY% m)ds| o)

< Col X220 £ (7 m) | 1. 0m6)
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for all f(r,m) € Fg/,ﬁ,u,x,n,d'
2) If 1473 > 0 and 1 > 143, then there exists a constant C% > 0 (depending on v, k,v1,72, 73
and R(X), Rp(X)) such that

K

(%)HemmﬁﬂmmwmﬁA (7 — 5257 F(sY%, m)ds| o)

< Cé|€|X"i(72+’Y3+2)—’YO—X’€’Yl | |f(7-7 m) ‘ |(u,6,u,x,/§,e)

fOT' all f(7_7 m) € Fg/’ﬁvyszv‘%ve)'

The forthcoming proposition presents norms estimates for some bilinear convolution operators
acting on the aforementioned Banach spaces.

Proposition 5 Let Rp(X),Q1(X) and Q2(X) belonging to C[X]| such that Rp(im) # 0 for all
m € R. Assume that

deg(Rp) > deg(Q1), deg(Rp) = deg(Q2)
and choose the real parameter p such that
(24) > max(deg(Q1) + 1,deg(Q2) + 1).

Let a(m) be a continuous function on R such that

1
la(m)| < m

for all m € R. Then, there exists a constant C5 > 0 (depending on Q1,Q2, Rp, 1 and k) such
that

7" ptoo
@) 11" atm) [* [ Qulitm = m) (" = ) m )
/ K 1 /
x Qa(im1)g((s)" ,ml)mds dmal|w,8,mx.m.0)
C3

= Jex L (T m) 8,055,019 (T ) 0,8, 1. x000)

fOT’ all f(Ta m)7 g(T7 m) S F(Cll/ﬁ,#,xv'iﬁ) ’
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Proof We follow similar steps as in the proof of Proposition 3 from [14]. By definition of the
norm, we can write

Tk “+00
(26) B = ||[*a(m) / / Qu(i(m — m)) (% — /)%, m — my)

. K 1
x Qa(ima)g((s")"/ 7ml)ﬁd‘gldmlH(Vﬂ,u,x,me)
’ ’2&

.
= sup (1+ \ml)“exp(ﬁ\ml) exp(—v|—[")la(m)|
T7€D(0,p)USg,meR ‘ € €

Tk “+00
x 7o /0 / {(1+ m — ma ) exp(Blm — ma )

K 112
1+ ‘TE;SJ ’7_/{ _ 8/‘
T T (" =) m—ma))
X
1+ i KN
{1+ fma )" exp(Blrma ) 77— exp(—v1 59 () /% m1)} x B(r,s,m,mq)ds'dm,|

lelx

where

exp(—=B|m — ma|) exp(=pB|mi|)|Q1(i(m — ma))||Q2(im1)|
(1 4+ |m —my|)*(1 4 [mq|)#
IS/|1/K‘|T‘ZX_S/‘1/H

B(r,s,m,my1) =

[

Ed ) 1
EECrr

exp(v ) exp(v

K__ o2 T vk
(1 + |T|e|><2sf<‘ )(1 + Ilfxgn) |€|XH

By definition of the norms of f and g and according to the triangular inequality |m| < |m —
mi|+ |mq| for all m,m; € R, we deduce that

(27) B < C3<€)Hf(7'7m)”(u,ﬁ,u,x,n,e)Hg(Tam)”(z/,,é’,u,x,n,e)
where
w l|2’{ Tk k—1
Cs(e) = sup (14 |m|) exp(—v|—[")|7]"" " |a(m)]|
7€D(0,p)USg,meR ’67 €
/Tlm /+°° |Q1(i(m — m1))||Qa(ima)| ()5 (|r|" — )M/~ 1
D fm—male (b fmal)e e g S a4 B
Kk _ K h/ 1
X exp(yw L dh'dm,.

o) T G =
We provide upper bounds that can be split in two parts,
(28) C3(e) < C31C32(e)

where

(29) iy = sup LMD" /*“ Qu(i(m —m)||@s(imy)]

mek |[Rp(im)| J_oo (14 [m —ma[)t(1+ ma|)#
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and
N (2 i L W
1+ L|2n 7| B 1
Coole) = sup et — R At
T7€D(0,p)USy |?x 0 (1 4 (‘T||E|;2Z)2)(1 N ‘(!‘LX);) (’T| _ h/)h/

By construction, we can select three constants Qi,9,R > 0 such that

(30) |Qu(i(m —m1))| < Q11 + [m — ma)EQ) | [Qy(imy)| < Q1 (1 + [y [)0eE@2)
|Rp(im)| > R(1 + |m‘)deg(RD)

for all m, m; € R. We deduce that

400 1
(31) C31 < 212 sup(1+|m|)u—deg(RD)/ : .

meR 1+ |m — mq|)#—des(@Q) (1 + |my|)#—des(Q2)

which is finite under the condition (24) according to Lemma 4 of [12].
On the other hand, with the help of the estimates (23) and (24) from [14], we conclude that
a constant Cs9 > 0 can be picked out (depending exclusively on k) with

(32) Cuale) < 232
el

We finish the proof by collecting (26), (27), (28), (29), (31) and (32) which leads to the statement
of Proposition 5. a

3.3 Construction of formal solutions

Within this section, we search for time rescaled solutions to (8) of the form
u(t,z,e) =€ "U(e, z,€)

where a € Q. One can check that the expression U (T, z, €) formally solves the next nonlinear
PDE

q
(33) (Z aleml_mo_alekl + ao)Q(az)U(T, 2, E)
=1
M

+ () e o M Q(0)U(T, 2,€)Q2(0)U (T, 2, €)
=0

D
= Z b;(2)e" =T 4 FOF (7T 2, ¢) + Z 6A1+0‘(5l_dl)_m°leRl(82)8?U(T, Z,€).

Q
=0 =1

J

We make the next further assumptions. We choose « such that
(34) AD+a(5D—dD)—m0:O
We suppose the existence of a positive integer k > 1 with

(35) dD:(sD(K—I-l) , dl=5l(/€+1)+dl7,ﬂ
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for some integers d; . > 1, for all 1 <1 < D — 1. With the help of the formula (8.7) from [20] p
3630, we can expand the following pieces of (33) in term of the irregular operator %10y,

(36) TP Rp(8,)U(T, 2, €) = TPV R (9,)U(T, 2, €) =

Rp(0) | (T"0r)°" + > Asp pT500 PUTHap)P | U(T, 2,€)
1<p<ép-1

for some real numbers As, ,, 1 <p <Jdp — 1 and

(37) T Ry (8,)U(T, 2, €) = TUrTH D0 R (5,)U (T, 2, €) =

Ry(0)T%x | (T op) + >~ Ag TP (T 0P | U(T, 2, €)
1<p<§—1
for well chosen real numbers Aj,, 1 < p < 6 — 1. Notice that, by convention, the sum
> 1<p<s,—1l-] appearing in (37) is vanishing provided that 6, = 1.
We now furnish the formal Taylor expansion of the part of the forcing term FOF (e 7T, z, )
with respect to T at T' = 0. Making use of the convergent Taylor expansion of exp(—Tu/e7™*)—1
w.r.t u at v = 0, we can write

(38) FOr(e T, z,€) =Y  Fulz,e)T"

n>1

where the coefficients F),(z, €) are expressed as an inverse Fourier transform

Fo(z,€) = F M (m = thp(m, €))(2)

_ Fi(u)u” 1
39 = "F Kru d C n
for all n > 1. Let us assume now, that the expression U(T), z,€) has a formal power series

expansion

(40) U(T,z,¢€) ZU (z,€)T

n>1

where each coefficient U, (z, €) is defined as an inverse Fourier transform
Un(z,€) = FH(m = wn(m, €))(2)

for some function m — wy(m, €) belonging to the Banach space E(s,) and relying analytically
on the parameter € on some punctured disc D(0,€p) \ {0} centered at 0 with radius ¢y > 0. We
consider the next formal series

wn(m, €) .
I'(n/k)

WH(T? m, 6) = "

n>1
obtained by formally applying a m,—Borel transform w.r.t T and Fourier transform w.r.t z to
the formal series (40). We also introduce ), (7, m, €) realized as a m,—Borel transform w.r.t T
and Fourier transform w.r.t z of the formal series (38),

(1,m,¢€) Zd)nme ﬂ)

n>1 K
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Under the restrictions (34) and (35), we check that wy(7,m,€) must satisfy some nonlinear
integral convolution equation by making use of the properties of the m,—Borel transform listed
in Proposition 3 and Fourier inverse transform discussed in Proposition 2, with the help of the
prepared expansions (36), (37). Namely, we get the next problem

q K ™ & d
(41) Q(im) D apemi—mo—eh T / (7% — 8) % Leon(sV/",m, €)= + agwa(T, m, €)
I=1 L) Jo 5
M U
_ _ T h_q
+ crett 2mo—ahy — / (TF —s)*
% o

§ 1 +o00
X (S/o W 3 Ql(i(m_ml))wn((s—s’)l/””,m—ml’e)

Q .
) . 1 ds no—obs T

X Qa(im1)w,((s)Y ,ml,e)dml(s_sl)slds) 5= E Bj(m)e" bﬂﬁ + Uy (1,m,¢€)
J=0 "

+ Rp(im) | (k7%)°Pw, (1, m, €) + Z A(;D,pTi
1<p<ép—1 L(op —p)
<p<ép

K

- D—-1
y / (% — S)JD_p_l(HS)pWN(Sl/R, m, 6)ds> + Z eAl+a(5l_dl)_m°Rl(im)
0 5 =1

T ™ ik ds
a. / (T —5) 7" 1(/{5)&@),@(51/%7 m, e)? + Z As, p
I'(=#) Jo 1<p<t;—1

K ™ dj, s+ (8 —P) d
T )/ (7% — s) Lt 1(ns)pwm(81/”,m,e)§>
0

x F( dz,n-&-fl((sz—l?)

As above, we assume by convention that the sum ;. 5 4[..] appearing in (41) vanishes
whenever §; = 1.

3.4 Analytic and continuous solutions of a nonlinear convolution equation
with complex parameter

Our principal aim is the construction of a unique solution of the problem (41) inside the Banach
space described in Subsection 3.2.

We make the following further assumptions. The conditions below are very similar to the ones
proposed in Section 4 of [10] and in Section 5 of [14]. Namely, we demand that there exists an
unbounded sector

SQaRD = {Z € (C/|z’ 2 TQRp s ‘arg(z) - anRD‘ < 77Q7RD}

with direction dg g, € R, aperture g r, > 0 for some radius r¢g g, > 0 such that

Q(im)

42

for all m € R. The polynomial P,,(7) = Q(im)ag — Rp(im)x®>79P% can be factorized in the
form

(43) P(7) = —Rp(im)s*PII25 " (7 — q(m))
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where

lapQ(im)| L — apQ(im) 1 27l
—|RD(2m)|/§6D ) eXp(\/il(arg(RD(im)/{(;D (SDK/ 5DK/

(44) a(m) = ( )
forall 0 <l <dpk—1,all meR. )

We select an unbounded sector Sy centered at 0, a small closed disc D(0, p) and we require
the sector Sg r,, to fulfill the next conditions.

1) There exists a constant M; > 0 such that
(45) 7= q(m)| = My(1+ |7])

forall 0 <1 < dpk — 1, all m € R, all 7 € SqU D(0,p). Indeed, from (42) and the explicit
expression (44) of g;(m), we first observe that |g;(m)| > 2p for every m € R, all0 <[ < jpr—1 for
an appropriate choice of rg r, and of p > 0. We also see that for allm € R, all 0 <1 < dpk —1,
the roots ¢;(m) remain in a union U of unbounded sectors centered at 0 that do not cover a
full neighborhood of the origin in C* provided that 7g r,, is small enough. Therefore, one can
choose an adequate sector Sy such that S;NU = () with the property that for all 0 <[ < dprx—1
the quotients ¢;(m)/7 lay outside some small disc centered at 1 in C for all 7 € Sy, all m € R.
This yields (45) for some small constant M; > 0.

2) There exists a constant Ms > 0 such that
(46) 7 = qi,(m)| = Maq, (m)]

for some Iy € {0,...,0pk —1}, all m € R, all 7 € S;UD(0, p). Indeed, for the sector S; and the
disc D(0, p) chosen as above in 1), we notice that for any fixed 0 < Iy < dpk — 1, the quotient
7/qi,(m) stays outside a small disc centered at 1 in C for all 7 € S;U D(0, p), all m € R. Hence
(46) must hold for some small constant My > 0.

By construction of the roots (44) in the factorization (43) and using the lower bound estimates
(45), (46), we get a constant Cp > 0 such that

Spr—1 -\ epty laoQim)] Spr—1
(47) |Pm(T)| > M; M| Rp(im)k D|(4’RD(’L'TTL)’/€6D7)5D (1+[r])°"
Spr—1 %6D|ao|5f’% 1 .
> MlD M, T (TQ,RD)(SDE ’RD(lm”
(K/(SD)‘sDN
. 1 +x (SDﬁfl 1
x (nin LHEDT g oo

1
= Cp(rq,rp) " [Rp(im)| (1 + |7|")*>~

for all 7 € SqU D(0, p), all m € R.

In a first step, we show that W, (7, m,€) belongs to F(Cf/ﬁ%x’me),

disc D(0, p), for 8 > 0, > 1 set above in (12), for k > 1 given in (35), for some v > 0 depending
on k, Kr and 0p prescribed in (13) and (14), provided that

for any sector Sy, any fixed

1
(48) y+a<x , XI€>§



19

hold. Notice that the second constraint of (48) will only be needed later on in Definition 4.
Indeed, since the halfline Ly, avoids the roots of F5(7), and from the fact that deg(F1) < deg(F3),
we get a constant Cr, g, > 0 such that

F1 (U)
FQ (u)

(49) = VP

for all uw € Lyp,.. We take a positive real number d; > 0 such that cos(fr) > §; and deduce the
estimates

n

— F (u) u™ “+oo .
Krut'l
(50) /LgF e BF Fz(u)adu < C’Fl,Fz/O exp(—KFrcos(GF))de
<C +oo Kpdyr) dr = C 1
>Up Ry 0 exp(— F 17“)5 r = Fl’FQ(KF(;l)

by definition of n! = f0+°° e "u"du, for n > 1. We deduce that
(51) (Wi(T,m, €)| < Cry €] |CR(m) | E(7, €)

where

1 |75 l" T 1 Pl
E(r,e) =) ( R il e D )
; Krd F(n//i) erte nZZO Krd F(HTH)
We now provide estimates for the function E(7,€).
We first recall that I'(a+z) ~ 2°T'(x) as x — 400, for any real number a € R, see [2], Appendix
B.3. We deduce that

n+1 n

)~ (C+D)FII(E + )

(52) I'(

as n — 4o00. Furthermore, we take b > 1 and a constant B, > 0 with
(53) (2 4+ 1)"% < B
K

for all n > 0. Gathering (52) and (53), we extract a constant C,, > 0 such that

1

1 b|7|
54 E < B,.C, 2T § n
( ) (T’ 6) - (KF(Sl) |€'y+a | s F(% + 1) KF51‘6‘7+0‘

for all 7 € C, all e € C*. At this point, we remind that the Mittag-LefHler’s functions Eg(x) =
Ym0 2"/I'(14Bn) with index 5 > 0 satisfies the next estimates : there exists a constant Eg > 0
with

Ey(a) < Ege™”

for all 2 > 0, see [2], Appendix B.4. We deduce the next bounds for E(r,¢€),

1 b 7]

< I V- L Y \K K
(55) E(T, 6) > BHCH(KF(S]_) El/n‘€7+a|exp((KF61) (|6"7+Oé) )
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for some constant Ey/,, > 0, for all 7 € C, all e € C*. Using (48), we get that

1
Kréy

il b ywclrl

(56) B(r.€) < BCul o) By 3 oxpl2 g 5V (3

)")

b e lml s
s, (W) )

7l 1 b 7]

A - o —— ek
1z PR ()

1 T |9
X ———(1 — 7 —
T U e

< BHOH( )2E1/5GKF,61,N

1
Kpoy
for all 7 € C and € € C* with |e| < 1, where

b
G — 1 2K o
KF,01,6 2‘;18( +T ) exp( (KF51

)"x").

Finally, collecting (51) and (56) yields the fact that U, (7, m,¢€) belongs to F(iﬂuxm) for all
the parameters specified as above.

In the next proposition, we disclose sufficient conditions for which the main convolution
equation (41) gets a unique solution in the Banach space F| (dy B xorise) described in Section 3.2,
for the parameters chosen as above.

Proposition 6 We take for granted that the next additional assumptions hold,
(57) xki+my—mo—ak; >0 |, 0p>1/k
forall1 <1 <gq,

(58) xbj+n;—ab; >0 , b >1
forall0 < j <Q,

dj . 1 1
; +5z)+Az+a(5l*dz)*m(J*Xfi(st*;)20 , 5D*;25l

(59) Xk (
for1 <1< D-—1 and

h 1 1
(60) Xfi(—l—i——)—i—ul—2m0—ahl—xm(5p——)—XZO

kK K
for all 0 <1 < M. Then, there exists a radius rq.r, > 0, ¢ > 0 and a constant @ > 0 such
that the equation (41) has a unique solution w(T,m,¢€) in the Banach space F(CLB i) which
is subjected to the bounds

Bopxokre) = T

[lwi(r,m, €]
for all e € D(0,€p) \ {0}, for any directions d € R chosen in such a manner that the sector Sy

respects the constraints (45) and (46) listed above.

Proof We enter the proof with a lemma that focuses on some shrinking map upon the Banach
spaces mentioned above and scales down the main convolution problem to the construction of a
fixed point for this map.
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Lemma 3 Under the approval of the constraints (57), (58), (59), (60) above, one can sort
the constant rg.r, > 0 large enough and a constant w > 0 small enough such that for all

e € D(0,¢9) \ {0}, the map H, defined as

K

q
—mo—« . T 7 K L. K ds
(61) HE(UJ(T, m)) = — Zalﬁml 0 le(Zm)_P(T)I“(kl)/O (7' — S) 'fl 1U}(Sl/ ,m);
=1 m K
_ i cle”z*QmO*ahl 77—5 /TH (Tﬁ — 8)%*1
2 ()T () s
s 1 +oo ) .
X <s/0 W . Q1(i(m —mq))w((s — s')l/ , M —my)
Q b
. 1 ds b, TV U, (1,m,€)
N1/k 1\ @e . n;—ab A R)
Qa4 ) B R T Pate)
+ Rp(im) Z A5D7PP ITH(S /TN (TF — 5)5D—p—1(/@s)l’w(51/n’ m)@
P m(T)T(6p —p) Jo s
D—1
+ Z 6A1+0¢(5z—dl)—moRl<Z’m)
=1
X T’Q/TH(T” —s)le’K_l(ms)‘;lw(sl/“ m)@ + Z As
Pm(T)F(dZT’K) 0 5 l<p<a-1 o

K

T

K T dy .+ (8;—D)
x T / (7 = 5) M a5, ) £
P ()T (2222222 Jo s

suffers the next properties.
i) The following inclusion

(62) H(B(0,)) C B(0,w)

holds, where B(0,w) is the closed ball centered at 0 with radius @ in F(duﬁuxm
D(0,¢€p) \ {0}.
ii) We observe that

) for all € €

1
(63) [[He(wr) — HE(w?W(%@mx,m) < 5”“’1 - wQH(V@mxm)

for all wi,we € B(0,w), for all € € D(0,¢) \ {0}.

Proof Firstly, we check the property (62). Let ¢ € D(0,¢) \ {0} and consider w(r,m) €
F(Cllf,ﬁ,u,x,n,e)' We select w > 0 with ||w(r, m)H(Vﬁ’M’X,K’e) < .
By taking a glance at Proposition 4 1), under (57), we get a constant Cy > 0 (depending on

v,k,Q, Rp and k; for 1 <1 < ¢) such that

K

m;—mo—ak . 7" T K LiNES ] 1/k ds
(04) [l QGim) 5T [ = s m) D s
Ca

< —#\fkaﬁmlimofaklHw(ﬂmﬂ
Cp (TQ»RD) ’pr

(V8,155 5,€) *
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Due to Lemma 2, under (58), we get a constant C; > 0 (depending on v, k,« and nj,b; for
0<j<Q) with
b,

oy, TV Cy |1B;(m)|(5,u) b
65 B.(m)e"—obi L < ) | b+ —ab;
( ) H ](m)€ Pm(T) H(Vﬁ#,Xﬁ’E) B )5;14 inmeR’RD(im” ’6’

Cp(rqQ.rp

From the estimates (51) and (56), we get a constant Cy, (depending on [|Cr(m)||,.),~, KF,
O, F1, Fy) such that

U, (7, m,€) Cy
T(T)H(V,B,p,,x,m,e) <

(66) |

: e

1 .
CP(TQJ?D) oD 1nfm€R|RD (Z’ITL)|
Using Proposition 4 2), we can take a constant C > 0 (depending on v, k and dp) with

K

RD(Zm) K ’ K —p—1 _p— K
(67) 1T [ = s sl
C/
< —2L|€|XHU’(T’ m)H(u,B,u,x,n,e)
CP(TQ:RD) ’pr

for 1 <p <dp —1 and in view of (59), we deduce similarly a constant C% > 0 (depending on
v,k,0p, Rp and dj, 0;, B; for 1 <1< D — 1) such that

K K

T d’{
(68) [Je@re 0=y im) T [ (0 ) S s

P
Cy (8 45)+ Ay +ab1—dy) —mo—xw(Gp— 1)
S - ’6|X’€ P 1 1Ta(0] 1 mo—XxXK(OD— Hw(7—7m)‘|(V,5,MaXﬁ7€)
Cp(rQ,rp)°r"
and
K " ), +5(5,—D)
(69) [JedtaCimd)=mop, (jm) T / (=) s (s m)ds 8 )
Pr(7) Jo
Cs s | 5y 4 A o(§1—dy) —mo—xr(6p— L
< —21’€’xn( 25401+ A (6 —di) —mo—xr(Sp ”)Hw(ﬂm)H(uBuxm)
CP(rQﬂD)m

for all 1 < p < §; — 1. Hereafter, we focus on estimates for the nonlinear part of H.. Namely,
we put

T ptoo
h(r,m) = TH_IRD(lim) /0 Q1(i(m — m1))w((7" — &)V/* m — my)

—00

x Qa(im1)w((s)*, my) ! S,ds'dml.

(=)
A glimpse into Proposition 5, allows us to catch a constant C3 > 0 (depending on p, k, Q1, @2, Rp)
with

Cs

(70) Hh(T, m)| (¥, B, 14yX 5 5€) < W

1w (7, m) 1 6
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On the other hand, bearing in mind Proposition 4 2), it boils down from (60) that there exists
a constant C%, > 0 (depending on v, k,dp and hy for 0 <1 < M) with

K

—omo— ™ , ’ hp_g 1
(1) 2ot Rptim) [ (7 = )% sl
/
< Ll|€|xn(%+£)+m—2mo—ahz—xn(ép—%)||h(7-, )] (1,8 1xr0)
Cp(rQ,rp) "

Clustering (70) and (71) yields

P K

T T hy
(72 el‘l—2m0—ah1/ (TH _ g w1
) e A

: (S /0 - Qu(i(m —ma)w((s — )%, m —my)

—0oQ
1 ds
. N1 /
<Qalim) () ) Pl
/
< et om0 DN, )2
Cp(rqQ.rp) "

Finally, we choose rg r, > 0 and @ > 0 in such a way that

q M
Co ky-+my —mo—ak C5Cs
(73) Y lal e T w1 Cal —
=1 Cp(ro.ry)°rT(%) =0 Cp(rq,r,) "0 T(3t)(2m)1/2
Q
hp 1 _ —ah— _1y_ C
y 66(/@( - +H)+,Ual 2mo—ah;—xk(dp K) Xw2 + 1# -
i=0 Cp(rq,rp) "~ T'(3)
B;i(m A obs C
. |f| ;i ( ];H(B',u) eécbfrny abj | #\I""" e’ + Z | Asp p]
infrer|Rp(im))| Cp(rq,rp) o~ inf,er|Rp(im)] 1<p<ép—1
" KP C, Xoo 4 - Cé’f&l
Lo —p) e SR (e
Cp(rq.rp)°r" i=1 Cp(rqQ.rp) P T ()
dj . 1 P !
XR(LE 15) 4 A+ a(§—dy) —mo—xr(Sp— L) K Gy
X € @+ Z ‘A(Sl’p T di, i +#(81—p) SR
1<p<ty 1 (=*—=—") Cp(rq.rp) "

d
XK (2 +8)+ A +a(8—d) —mo—xK(6p—1)
X € w<w

As an issue of the definition of H,, by collecting all the bounds (64), (65), (66), (67), (68), (69),
(72), we conclude that

(74) [[He(w(r,m))]

and the first claim (62) holds.

B o) S T

In a second part of the proof, we turn our effort to the verification of the affirmation (63).

Let wy (7, m),wa(7,m) belong to deﬁ%xﬁje) with

||w1(7-a m)| (¥, 8,16,X,5,€) <w , ||w2(7_’ m)”(u,ﬁ,u,x,n,e) <w
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Foremost, according to the estimates (64), we obtain a constant Cy > 0 (depending on v, x, Q, Rp
and k; for 1 <1 < q) such that

K

K T k d
(75) ||eml-m0—a’ﬂ@<z'm>P;(T) /0 (% — &) % ~(wi (s, m) —w2<sl/ﬁ,m))fnw,x,m
C
< 2 JepRtmmmo=aki| |y, (7 m) — wa (7, M) | (1,8 )
Cp(rQ,rp)°r"

Likewise, in agreement with (67), (68), (69) we can select a constant C% > 0 (depending on
Z/,KI,(SD,RD and dl,él,Rl for 1 < l < D — 1) fulﬁlling

K

RD(Zm) K T K —p— — K K
(76) ” P (7_) T /0 (T _S)(SD P 1Sp 1(11)1(81/ 7m) _wQ(Sl/ 7m)d8| (1,8, 14,X 5 K,€)
c, N
< ﬁ’d le(T7 m) - w2<77 m)H(V,B,u,x,n,e)
Cp(rQ,rp) "

for 1 <p<dp — 1, together with

K

K T d,.@
(77)  [JetrFeimd)=mo By (jm) pni(T) /0 (7 — 5) & 10

x (wy(sY%,m) — wa (s, m))ds|

(V8,145 5,€)

/
G etk x5y,

Cp (’erRD) *pr

IN

T, m) — wa(7,m)| ‘(V,@mx,m)
and

K

K T dy o +r(8;—p)
(78) ||€Al+a(5lfdl)fm0Rl (Zm) P;(T) A (T;q _ S)liﬁlpflspfl

x (wi(sY%,m) — wa (s, m))ds|

(V7/8?/'L’X7’{76)
C5 A
2 - ‘G‘XH(ZT-F(SZ)-FAVFO[(&—dl)—mo—xﬁ(ép—%)le(
Cp(rQ,rp) "

IN

T, m) — wa(7,m)| ‘(V,B,u,x,m)

for all 1 < p < §; — 1. We turn now to the nonlinear part of H.. As a groundwork, let us rewrite

(79) Qi(i(m —m))wi (7% = &")/%,m — m1)Qa(imy )wr ()", m)
— Qu(i(m — ma))wa (7" = )% m — my) Qa(im Jwa((s)) /%, ma)
= Quim —m)) (wi (7" = )% m = m) = wa((7 = )% m = my))
x Qa(imn)wi(()",m1) + Q1 (i(m — ma))wa (7" — )", m — m1)Qa(im1)

< (wn ()17 ) = wa ()%, )
For j = 1,2, we put

k—1

hi(r,m) _T_/Tﬁ o Q1(i(m — m1))w;((r" — )5, m — mq)
/ Rp(im) Jo J-x !

x Qa(imy )w;((s")*,my) _ds'dmy
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Focusing both on the factorization (79) and Proposition 5, we can find a constant C3 > 0
(depending on u, k, Q1,Q2, Rp) with

C3
(80) ||h1 (Ta m) — ha (7-7 m) ||(V,,3,u,x,/i,e) < Wﬂ |’UJ1 (7-7 m) H(V,,B,u,x,m,s) + ng (Ta m) | |(V,B,u,x,m,e))

X ||wy (1, m) — wa (T, m)H(u,ﬁ,u,x,w)

From (71) together with (80), we can pick up a constant C4 > 0 (depending on v, k,dp and hy
for 0 <1 < M) with

(81)
—2mp—a 7" . ™ K g 1 K K
||epe—2mo thD(zm)/ (7% — 5) % “Lsx L (ha(sY%,m) — ha(sY%,m))ds || (.5, xm.0
Pm(T) 0
/ h
< %‘e‘xn(;w%)ﬂq72m07ahlfxn(6pfi)||h1(7-7 m) — ha(T, m)”(l/,ﬁ,u,x,n,e)
Cp (TQJDLD) ’pr

ChC: hp 1 1
2-3 . ‘E‘Xﬁ(:+g)+m*QmO*ahl*X'f(f;D*;)*X
Cp (erRD) *pr

X (| ’wl (7_7 m)| |(V7B,M,X,K,€) =+ sz (7—7 ’ITL) | |(V,B,,u,x,n,e)) | |w1 (7—7 m) — W2 (7_7 m) ‘ |(V,ﬁ,u,x,n,e)

<

As a result, we choose rg r;, > 0 and @ > 0 obeying the next inequality

. M
Co kg +my —mo—ak CyC3
(82) Z |a] I 62]6 oAl 4 Z lci] i h
=1 Cp(rQ.rp) P T'(5}) =0 Cp(rq.r,) 0" T()(2m)!/2
v exn(%+%)+ul*2m0*ahl*><ﬁ(5D*%)*X2w + Z |As,
0 D>p
1<p<ép-1
54 C/ D-1 ! 55
X F(éﬁ ) e+ Z 21 d
b =PI Cp(rqrp)rr =1 Cp(rQry) T (5E)
dp 1 p ;
XH(2E +8)+ A8y —dy) —mo—xk(Sp— 1) K Cs
X € T Z |40l di,x+r(81—P) o
1<p<é,—1 I'(=*—=——") Cp(rq,rp)>"

d
Xﬁ(—l,;N +§l)+Al+a(617dl)fmofxn(6D7%) 1
X €q < 5

By assembling all the bounds (75), (76), (77), (78), (81), we attain the foreseen estimates (63).

At the very end of the proof, we now take for granted that the two conditions (73) and (82)
hold conjointly for the radii rg g, and @w. Then both (62) and (63) hold at the same time and
the Lemma 3 is shown. )

We consider the ball B(0,w) C F(Cf/ Bopixorne) just built above in Lemma 3 which is actually a

complete metric space equipped with the norm |[.|[,,5,,y,,c)- From the lemma above, we get
that #. is a contractive application from B(0,w) into itself. Due to the classical contractive
mapping theorem, we deduce that the map H. has a unique fixed point denoted wZ(T, m,€) in
the ball B(0, ), meaning that

(83) He(wf,f(T, m,€)) = wg(T, m,e€)
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for a unique w? (7, m, €) € F(”ll/’ﬁ%x’w) VB ) < @, forall e € D(0, €g)\

{0}. Moreover, the function w?(r,m, ¢) depends holomorphically on € in D(0, o) \ {0}.

Now, if one sets apart the terms Q(im)agw (7, m, €) in the left handside of (41) and
Rp(im)(k7%)°Pw,. (T, m, €) in the right handside of (41), we recognize by dividing with the poly-
nomial P,,(7) given in (43) that (41) can be exactly rewritten as the equation (83) above.
Therefore, the unique fixed point w(r,m, €) of H, in B(0,w) precisely solves the problem (41).

This yields the proposition. O

such that ||wd (7, m, €)| l¢

3.5 Analytic solutions to the main problem on boundary layers e—depending
domains in time near the origin

We return to the formal construction of time rescaled solutions to the main equation (8) under the
new insight on the main associated convolution equation (41) reached in the previous subsection.

We first recall the definitions of a good covering as introduced in [10].

Definition 4 Let ¢ > 2 be an integer. For all 0 < p < ¢ — 1, we consider open sectors &,
centered at 0, with radius €9 > 0 and opening ﬁ + & < 27 with § > 0 small enough such
that £, N Epp1 # 0, for all 0 < p < ¢ — 1 (with the convention that & = &y). Moreover, we
assume that the intersection of any three different elements in {Ep}o<p<c—1 is empty and that
U;;(l)gp =U\ {0}, where U is some neighborhood of 0 in C. Such a set of sectors {Ep}o<p<c—1
1s called a good covering in C* with aperture ﬁ

We now give a definition for a set of e—depending sectors associated to a good covering.

Definition 5 Let {£,}o<p<c—1 be a good covering with aperture ﬁ Let o € Q with a < x. We
choose a fixed open sector X centered at 0 with radius ox > 0 and for each € € D(0,¢p) \ {0},
we define the sector

Tox-a = {26z € X}

with radius ox|e|X=*. For each € € D(0,€p) \ {0}, we consider also a family of sectors

* 0
Sop0.0xlex =T € C/IT| < oxlel* [0, —arg(T)] < 5}

Jor some aperture 0 > =, where 0, € R, for 0 < p < ¢ —1 are directions which satisfy the next
constraints described below.

Let qi(m) be the roots of Ppn(7) defined in (44) and Sy,, 0 < p < ¢ — 1 be unbounded sectors
centered at 0 with direction 0, and small aperture. We assume that

1) There exists a constant My > 0 such that

(84) [T —q(m)| = Mi(1+7])

for all0 <1< épk—1, almeR, all T € Sy, UD(0,p), for all0 < p<¢—1.

2) There exists a constant My > 0 such that

(85) 7 — q,(m)| = Ma|qi, (m)]

for some ly € {0,...,0prx — 1}, allm € R, all T € SapUD(O,p), forall0 <p<¢-—1.
3) For all0 <p<c¢—1,allec &, andt € Tcy—q, we have that

(e
€e€te pr,e

7QX|E|X .
We say that the family of sectors {(Sy, 6,0x|e[x J0<p<s—1, Tex—a} @8 associated to the good covering
{Epto<p<o-
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In the next main first outcome, we build a family of actual holomorphic solutions to the
principal equation (8) that we call inner solutions. These solutions are defined on the sectors &, of
a good covering w.r.t €, on e—depending associated sectors 7¢ y_o W.r.t £ and on some horizontal
strip Hg w.r.t z. Furthermore, we can oversee the difference between any two neighboring
solutions on the intersections &, N &€,41 and ascertain that it is exponentially flat of order at
most yx w.r.t e.

Theorem 1 We look at the singularly perturbed PDE (8) and we assume that all the prior
constraints (7), (9), (12), (13), (14), (34), (35), (42), (48), (57), (58), (59) and (60) hold. Let
{& Y o<p<c—1 a good covering in C* with aperture ﬁ be given, for which a family of open sectors
{(SDWQ,QX‘E\X)OSpfg—Ia Tex—a} associated to this good covering can be distinguished.

Then, there exist a radius rq r, > 0 large enough and €9 > 0 small enough, for which a
Jamily {u®® (t, z, €) }o<p<c—1 of actual solutions of (8) are built up. Furthermore, for each € € &y,
the function (t,z) — u®(t, z,€) defines a bounded holomorphic function on Tey—o X Hpg for any
given 0 < 8/ < 3, for all 0 < p < ¢ — 1. Moreover, the functions (z,z,€) — €™0u’r (xeX™, 2 ¢€)
are bounded and holomorphic on X x Hg x &, for any given 0 < 5/ < 3,0 <p <¢—1 and are
submitted to the next bounds : there exist constants Ky, M, > 0 and o > 0 (independent of €)
such that

M
B0) et s - a2 0] < Ko 8
reXN ,0),2€ B!

foralle € Ey1NEy, all0 < p < —1 (where by convention u® = u®).

Proof As shown above in Section 3.4, the series

(T,m,€) Z¢nm € € EgpllTl]

n>1 /K)
is convergent for all 7 in C, for all € € D(0,¢p) \ {0}. Moreover, it is subjected to the next

bounds
| % T
71+| |2,{e p(V|:X| )

for some constant ¥ > 0 (independent of €), for all 7 € C, all € € D(0,¢€p) \ {0}. We deduce that
the formal series

(W7, m, €)] < Wle[" (1 4 [m])™" exp(—f|m])

O (T,m,€) =Y thn(m, )T € Eg ) [[T]]

n>1

is m,—summable in all directions d € R according to Definition 2 and hence defines a convergent
series near 1" = 0. In order to get its radius of convergence, we can express it as a m,—sum

(T, m,€) = I‘J/L U, (u,m,€) exp(—(%)“)dj

u

for any halfline Ly = R+e‘/jld, with direction d € R. From Definition 2, we can check that
T+ ®,(T,m,¢) defines a Eg ,)—valued holomorphic function on a disc D(0, Ale[X), for some
A > 0 (independent of ¢), for all e € D(0,¢) \ {0}.

Now, we select a good covering {&,}o<p<c—1 in C* with aperture ﬁ and a family of sectors
{(53,.0,0x|elxJo<p<s—1, Te,x—a} associated to this covering according to Definition 5. Proposition
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6 allows us to choose for each direction 9,, a solution wzp T,m, €) of the convolution equation

(41) which is located in the Banach space F.”

(1,Bo 1,56 and thus suffering the next bounds

- | T
(87) Wi (rm, €)] < @ (1 + |m]) ™ exp(=Blm|) - exp(v|<|")
1 + |ET(| €x
for all 7 € D(0,p) U Sy,, m € R and € € D(0,¢) \ {0}, for some suitable @ > 0. In particular,

: 0 : . . .
these functions wy” (7, m, €) are analytic continuation w.r.t 7 of a common convergent series

we(T,m,€) = 7; WT" € Eg it}

which defines a solution of (41) for 7 € D(0, p). As a result, the formal series

Qu(Tym,€) =Y wn(m, )T € Eg,y[[T]]

n>1

turns out to be m,—summable in direction d, according to Definition 2, for all € € D(0, ¢y) \ {0}.
We set
U, du

(58) O (T = [ i (um,e)expl ()

as the m,—sum of Q. (T, m,€) in direction d,, with L, = R+eﬁ'y C Sp,- This map defines a
E(3,,)—valued holomorphic function w.r.t 7" on a sector

Sopo.alex ={T € C* [T < Alel* [0, —arg(T)| < 0/2}

for some 6 € (%, T 4+ Ap(S;,)) (where Ap(Sy,) stands for the aperture of the sector S;,) and
some A > 0 independent of €, for all e € D(0,¢) \ {0}.

According to the formal identities enounced in Proposition 3 and by virtue of the properties
of the m,—sums with respect to derivatives and product (within the Banach space Eg ) en-
dowed with the convolution product x described in Proposition 1) we notice that the function
Q,af (T, m, €) must solve the next equation

q M
1
(89) Qim)(>_ aem=mom Tk 4 ag) O (T, m,e) + (D cle“l_2m°_°‘thh’)W
T
=1 =0
+00 Q
. 0p . 0p _ n;—abjb;
X Q1(i(m — m1))Q (T, m — my, €)Qa(imy) A (T, my, €)dmy = Y Bj(m)e™ T
oo =

+ ®u(T,m, €) + Rp(im) | (T%T'0r)P + > Ag), TP (T a0)P | QF (T, m, €)

1<p<ép—1
D—1
+ Z 6A1+a(5z*dz)*moRl(im)sz,n ((TH+13T)51
=1

+ > Ag IO (TP | QR (T, m€)
1<p<é—1
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In the next step, we introduce
U (T, z,€) = F ' (m — QF (T, m,€))(2)

which defines a bounded holomorphic function w.r.t 7" on Sy, g Ajejx; W.r.t z on Hpg for any
0 < p' < pandall e € D(0,¢e) \ {0}. Besides, by construction, we observe that the function
F defined in (13) can be expressed as

FOP(eT, 2,€) = F L (m +— ®.(T, m,€))

which represents a bounded holomorphic function w.r.t 7" on the disc D(0, Ale[X), w.r.t z on
Hg for any 0 < ' < g and all € € D(0,¢) \ {0}.

Bearing in mind the basic properties of the Fourier inverse transform described in Proposition
2 and taking notice of the expansions (36) and (37), we extract from the latter equality (89) the
next problem satisfied by U% (T, z, €), namely

q
(90) (3" aem™ o RTR 1 40)Q(8.)U (T, 2, €)
=1

M
(3 =2 el TGy (9,)U% (T, 2, €)Qa(D:) U (T, 2,
=0

Q D
_ Z bj(z>€nj—o¢bijj + o (E_aT, z, 6) + Z eAl-‘rOc((sz—dl)—monl Rl(az)al;l Uor (T’ z, 6)
§=0 =1

Finally, we put
(91) u® (L, z,€) = € ™OU (e, 2, €)

that constitutes a bounded holomorphic function w.r.t t on 7¢y—o and w.r.t z on Hg for any
0 < B’ < B, for each fixed € € &, according to Definition 5. Furthermore, by direct inspection,
one can check that the function (z, z,€) — €™0u’ (zeX~ %, z,¢€) is bounded and holomorphic on
X x &, x Hg for any given 0 < 8’ < 8 and fixed 0 < p < ¢ — 1. Moreover, u®(t, z, €) solves the
main equation (8) where the piece of forcing term (¢, z) — F? (t, z, €) represents in particular
a bounded holomorphic function w.r.t ¢ on the disc D(0, Ale[X™®), w.r.t z on the strip Hg for
any given 0 < 3’ <  and fixed € € D(0,¢) \ {0}.

In the last part of the proof, it remains to justify the bounds (86). According to the con-
struction given above, we observe that for each 0 < p < ¢ — 1, the function €™0u® (xeX™%, 2, €)
can be written as a m,—Laplace and Fourier inverse transform

+oo
_ K 2 U o du
92 €M’ (zeX™ 2, € :/ / wl (u, m, €) exp(—(—=)")e"*"™" —dm
(92) et =ohm [ e en-Grmen s
where L., = R eVl C Sy,- The steps of the verification are similar to the arguments

disclosed in Theorem 1 of [10] but we still decide to present the details for the benefit of clarity.
Namely, using the fact that the function u — wy(u, m,¢€)exp(—(z5)")/u is holomorphic on

D(0, p) for all (m,e) € R x (D(0,€e0) \ {0}), its integral along the union of a segment starting
from 0 to (p/2)e?»+1 an arc of circle with radius p/2 which connects (p/2)e?7+1 and (p/2)e! "



30

and a segment starting from (p/2)e? to 0, is vanishing. Therefore, we can write the difference
€MoyPr+l — €M09% a5 a sum of three integrals,

(93)  €moqlrtt(zeX ™, z,e) — ™0 (zeX T 2 €)

+0o0 d
D (e e g U
= o (u,m, €)e” (&) M dm
1/2 »
Ly/a, p+1
+o0 d
u ko U
(u,m,e)e” (&) e*™—dm
1/2 U
p/2 Yp
+0o0 d
(Y & g u
(u,m, €)e” (&)™ —dm
(2m) 1/2 u
/2 TP Vp+1

where Ly, | = [p/2,+oo)e'z'7p+1, Ly, = [0/2,400)e™ and C,o . . is an arc of circle
with radius connecting (p/2)e'"” and (p/2)e"’+1 with a well chosen orientation.

We give estimates for the quantity

+oo u m @
1/2/ / Wit (u, m, €)e” ()" e sdm

p/2 Yp+-1

By construction, the direction 7,41 (which depends on eXz) is chosen in such a way that
cos(k(Ypy1 — arg(eXx))) > 61, for all e € £, N &1, all x € X, for some fixed §; > 0. From the
estimates (87), we get that

r

+o0 i
—Blm|_leX
(94) L < (2r 1/2/ /p @ (1 + |m[) e ™ 1+ ()2~

T cos(k(Yp+1 — arg(€X@))) .\ _mim(z) AT
X exp(v (|€|X) ) exp(— X e " dm
Ko Foo / oo ) r
< — e~ B=B0ml gy — exp(— (= — v)(—=)")dr
<am ) e T P e m )
+o0 , +o0 x(k—1) 5—% — V)krreL
e A S (o (T
(2m)1/2 Jo o2 (2 —v)r(5) |e[x |z |e[x
2k ||X" Y o1 (p/2)"

(27.‘-)1/2 (6 ﬂ,)( 1 eXp(—(|x|H B V) |€|Xn )

)r(5)"
2Kw |e[x(r=1)

RCIE R

for all z € X and |[Im(z)| <’ with |z] < (5‘2”)1/“ for some 62 > 0, for all € € £, N Ep1.

(p/2)"

)

xp(—02

In the same way, we also give estimates for the integral

oo u mdu
(5"
1/2/ / (u,m, €)e”(oz)" ¢t " —dm|.

Lp)a, Tp

Namely, the direction 7, (which depends on eXz) is chosen in such a way that cos(k(y, —
arg(eXx))) > 61, for all e € £,NEp 41, all x € X, for some fixed §; > 0. Again from the estimates
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(87) and following the same steps as in (94), we deduce that

2k |ex(x=1)

(2m)1/2 (B — B') o2k ()"

for all z € X and |Im(z)| < ' with |z] < (Jfﬁ)l/”, for some dy > 0, for all € € £, N Epy1.

(0/2)“)

< =0
(95) I < P02 e

Finally, we give upper bound estimates for the integral

oo U du
(250" 24
1/2/ / (u, m, €)e (o) ¢t —dm

p/2 VP> Vp+1

By construction, the arc of circle C,/5, . ., is chosen in such a way that cos(x(0 —arg(eXz))) >
01, for all 0 € [vp, Yp+1] (fvp < Ypt+1)s 0 € [Ypt1,Vp) (i vp41 < p), forallz € X, alle € E,NEp41,
for some fixed §; > 0. Bearing in mind (87) and the classical estimates

LIRS

sup s exp(—mas) = (
5>0 m2

for any my > 0, ma > 0, we get that

0 n<gtm [ |f " \m|>“eﬁm1+f§3)%
y exp(y(ﬁ/‘i)n)exp(_cos(/i(9|;<zT§(eX:c)))(g)n) o—mIm(=) gg| g,
< Gmie / :° e M dm x |y, vpﬂui/‘i exp(—("’iljy)(fﬁ/,i)“)
X eXp(—(I;hHQ_ ) (’pe/;)ﬂ)
26w |Yp — Ypril sup JUr (s exp(_(|£|1“ —v) (@)N)

T 2mVA(B = B) s20 2
2’{w|'7p _7p+1| 2/’% 1/k —1/k 02 /
< @i ) e R
for all z € X and |Im(z)| < g’ with |z| < (Jfﬁ)l/”, for some dy > 0, for all e € £, N Epy1.
Finally, gathering the three above inequalities (94), (95) and (96), we deduce from the
decomposition (93) that

e |x(~—1)
<27r>1/2 (B — B)oar(B)"
Q&W‘VP PYP-H‘ 2/75 1/ne—l/nex _53 % K
e 25— 5 ) P ()

(0/2)”)

|efx~

T exp(—02

|emOulrHt (2eX T 2 €) — €M0uP (2eX T, 2, €)| <

for all x € X and |Im(z)| < p' with |z| < (52641ru)1/k’ for some dy > 0, for all e € £, N Epya.

|
Therefore, the inequality (8 6) holds. O
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4 Construction of outer solutions to the main problem

In this section, we construct solutions of the main equation (8) for ¢ in a large sectorial domain
outside the origin and we provide constraints under which their domain of holomorphy in time
can be extended to some e—depending domains in the vicinity of the origin.

4.1 Classical Laplace transforms

In this little subsection, we report some identities for the usual Laplace transform of holomorphic
functions on unbounded sectors involving convolution products and derivations. The next lemma
has already appeared in our previous work [13] and is classical in reference textbooks such as

[1].

Lemma 4 Let m > 0 be an integer. Let wi(7), wa(7) be holomorphic functions on an unbounded
open sector Uy centered at 0 with bisecting direction d € R such that there exist C, K > 0 with

jw; ()| < Cexp(K]7]) , j=1,2
for all 7 € Uyg. We denote

wy * wa(T) = /OT w (T — s)wa(s)ds

their convolution product on Ug. We pick up an unbounded sector D centered at 0 for which
there exists 01 > 0 with

d+ arg(t) € (—m/2,7/2) , cos(d+ arg(t)) > 01,
for allt € D. Then the following identities hold for the Laplace transforms

m!

/Ld 7" exp(—tT)dr = sl 8t(/Ld w (1) exp(—tT)dr) = /Ld(—T)wl(T) exp(—tr)dr,

/L () exp(—7)dr = /L (7)) / wa(7) exp(—tr)dr)

Lq
where Lg = Rye Cc UgU {0}, for allt € DN {|t| > K/61}.

4.2 Sets of Banach spaces with exponential growth and decay of order 1

In this subsection, we study a slightly modified version of the Banach spaces mentioned in
subsection 3.2 of this work in the particular situation of functions with exponential growth of
order 1 on unbounded sectors in C and exponential decay on R. Although the proofs of the
next lemma are proximate to the ones of the statements disclosed in Subsection 3.2, we decide
to present them for the sake of clarity and convenience for the reader.

Definition 6 Let U; be an open unbounded sector with bisecting direction d € R and £ be an
open sector with finite radius rg, both centered at 0 in C. Let v,p >0 and >0, > 0,u > 1
be real numbers and let € € £. We define E(dl/,ﬁ,,u,,l—‘,e) as the space of continuous functions
(r,m) = f(r,m) on (D(0,p) UUy) x R with values in C, holomorphic w.r.t T on D(0, p) U Uy,
with

T T
Lf(r,m)l|wpure = sup (1 + |m|)*e” (1 + | *) exp(=v| I f(r,m)]
T7€D(0,p)UU4,meER € €

is finite. It turns out that the normed space (Egv,ﬁ,u,F,e)’ [Ilv,8,u1,)) i a Banach space.
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d

Remark: Compared to the space Fuﬁ L)

mentioned above, the functions from Eflu 5
do not need to vanish at 7 = 0.

w,le)

Lemma 5 Let y2 > 0 be an integer. Take B(m) € Eg, for some real numbers 8 > 0 and

w > 1. Then, T72B(m) belongs to Efluﬂul“e) for any real numbers v > 0,I' > 0 and € € &.

Moreover, there ezists a constant By > 0 (depending on ~o,v) such that

(97) 172 B(m)|[ (g ur.c) < Bul| B(m)|](g,)le] 2.
Proof By definition, we can write

m T
98) [T B(m)l|wpure = sup (1 + [m[)*e”™ | B(m)|(1 + | )
re€D(0,p)UU4,meR €

T T —
X eXp(—VI:FI)lefp\wlelwZ < HB(m)Il(ﬁ,u)(Sgg(l +a?)e” ) || 2
Tz

from which the lemma follows owing to the fact that an exponential function grows faster than
any polynomial. O

Lemma 6 Let v1,72,73 > 0 be real numbers. We assume that

(99) MN<v+y+1l, 11 >9s.

Then, there exists a constant By > 0 (depending on ~1,v2,vs,v) such that
1 /7 _
(100) oy [ = o7 fssmdsl g < Bl £ (o) el O DT
0

for all f(T,m) € E?yﬁ,ﬂfﬁ)'

Proof By factoring out the pieces composing the norm of f(7,m), we can rewrite the left
handside of (100) as

1 T
(101) A== [ (= s s m)dsl i

T T
= sup (14 |m)*e”™ (14 |5 *) exp(—v| )
7€D(0,0)UU4,meR € €

1 T
x Tw/o {0+ Im) e (14 | ) exp(—v] ) (s m) } Alr,s,m, €)ds

where i
1 exp(v|x])
T+ flyeel 1+ TP

A(T,s,m,€) =

(1 — 8)12573,

As a result, we obtain

(102) A < Boa ()| f(m,m)||w,8,u,1,0)
where
h
T T 1 7] eXP(”@)
Bor©= _sw (14| 3P exp(-| T | (1| — hY=h>d.
rE€D(0,p)UU4 e’ e Jo 1+(#)2
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We perform the change of variable h = |¢|" A’ inside the integral part of Ba1(€) and get the next
bounds

1
(103) Bai(e)=  sup (1+|lr|2)GXP(—V|%|)M7!6|F(””3“)
T€D(0,p)UU4 € € (W’dl—‘)’}’l
\‘T|‘F i 7] I(yatyat1)—T ) 1
T = (L gy py g < Y2+y3+1) T 1 —vz 1 o
<L TR e < Sl e 5 Gle)

where

T el/h/ , , ,
G(z) = ————(x — )72 (R")3dh’.
@ = [ gt = 1)
In the last part of the proof, we need to study the function G(z) near 0 and +oo. In order to
investigate its behaviour in the vicinity of the origin, we make the change of variable h' = zu
inside G(z), getting

rxu
(1 —w)”?u"du.

1
— pr2t+y3+l €
(104) Gz)== /0 T+ (2u)?

From the first constraint in (99), we deduce that G(x)/z? is bounded near 0. For large values
of =, we proceed as in Proposition 1 of [11] and split G(x) into two pieces

G(z) = Gi(x) + Ga(z)

where
T vh'

x/2 , S e
Gl(SU):/O m@—h)w(h) dn, Gz(x):/x/zl-i-(h')Q(

Since v2 > 0, we notice that (z — h')72 < 272 for 0 < b’ < /2. Therefore,

x— W)2(h)Bdh

z/2 v3+1
Gi(z) < x”e”‘ﬂ/ (WY1Bdh = xwevw/?%.
0 v3+1

Accordingly, we get that

1
2\ —vx
(105) 21;[1)(1 +z%)e EGl(x)
is finite. On the other hand, we check that 1+ (h/)? > 1 + (z/2)? for /2 < h/ < z. Hence,
1
P —
G2(2) < T 6@
where

x
Gai(z) = / M (W) (@ — B')2dK
z/2
Bestowing the estimates (18) in [11], we get a constant K31 > 0 (depending on v, 2,7y3) such
that
Gai(z) < Kgqae”™

for all x > 1. It follows that
1
1 1 2\ —vx
(106) 21;11)( +a)e pery Ga(x)

is finite provided that the second constraint from (99) holds. Finally, collecting (101), (102),
(103), (104), (105) and (106) yields the estimates (100). O
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Lemma 7 Let Q1(X),Q2(X) and Rp(X) belonging to C[X| with Rp(im) # 0 for all m € R

and

(107) deg(Rp) > deg(Q1) , deg(Rp) > deg(Q2).

Besides, we choose the real parameter p > 1 with p > max(deg(Q1) + 1,deg(Q2) + 1). Then,
there exists a constant Bs > 0 (depending on p,Q1,Q2, Rp) such that

T +oo
(108) N [ [ Qutitm = mi)) (= s.m = ma)Qatim s, s
< Bolel! 7m0l )l .
for all f(r,m),g(T,m) € E(d

V7/B?/’L)F’E) ’

Proof As above, by setting apart the terms stemming from the norms of f and g, we can
reorganize the left handside of (108) as follows

T —+o0
(109) K:HRD(lim)/o/_ Qu(i(m — m))f(r — s,m — my)

. T T
X Q2(imy)g(s, m1)dsdmil|w,g,ur.e) = sup (1 + m|)e”™m(1 + |T|2) exp(—v|=x)
7€D(0,p)UU4,meR € €

E— o m —my |)Hellmmal |T_S|2ex I f(r—s,m—m
i o [ (e (T exp(-n T ) e = s.m )

s s
x {(1+ [ma|yHefimi(1 + Igp\z) exp(—v| 5 )g(s,m1) }K(7, 5, m, m1)dsdmi]
where

K(r,s,m,my) =

e—Blm—m1|,—Blmi| . ) exp(v|7*]) exp(v| F|)
(T = ma (L gy 107 = 7))@ W') A+ 15

According to the triangular inequality, |m| < |m — mq| + |m| for all m,m; € R, we get that

(110) K < B31Bsa(e)|| f(1,m)|| w510 19(Ts M)l (0. 1.7,0)
o [m" [ 1Qu(i )IQa(imy)|
(14 |m o 1(i(m —my o (imy
Bs, = ;
0= 2 i o (0 =L
and ’
T T 1 1
B0 _an (415D / o
R T R L

Since Bs 1 = (31 in formula (29), we deduce from the bounds (31), that Bs is finite. Besides,
by operating the change of variable b’ = |¢|'h inside the integral piece of B3a(€), we observe
that

Kl

(111)  Bsa(e) = sup  (1+|=)" [ "
7€D(0,p)UU € 0

1
L+ (&

‘?

dh < |e|" sup B
T it <1l s Baa(a)
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where
1 1

B —a+a?) [ dh.
32(7) = “C)/O 1+ (z— h)21+h?

In accordance with Corollary 4.9 of [4], we get that sup,> Bsa(x) is finite. Gathering (109),
(110) and (111) furnishes the result. O

4.3 Construction of formal expressions solutions of the main equation as
classical Laplace and Fourier inverse transforms

Within this subsection, we search for solutions of the main equation (8) expressed as integral
representations through classical Laplace and Fourier inverse transforms

112 Lo [ w L yuye ™ dud

(112) v(t, z,€) = W/_OO L (u,m, €) exp(—(g)u)e udm
for some real number vy € R, where v > 1/2 is the positive real number introduced in formula
(13) and L, = ]RJFeﬁ” is a halfline with direction u € R. Our prominent goal is the presentation
of a related problem satisfied by the expression W (u, m,€) that is planned to be solved in the
next subsection among the Banach spaces introduced in the previous subsection.

Overall this subsection, let us assume that the function W (7, m,€) belongs to the Banach
space Eflu,ﬁ,#,r,e) for some positive real numbers v, 5 > 0, u > 1 and 0 < I' < ~, with € belonging
to some punctured disc D(0,¢€p) \ {0}. The unbounded sector Uy is properly chosen in a way
that it avoids the roots of the polynomial F5(7) introduced in the expression (14). According
to Lemma 4 and Proposition 2, we can check that the expression v(¢, z, €) given in (112) is well
defined for all t € C, e € D(0,¢p) \ {0} and u € R such that

u+arg(t/e’) € (—m/2,7/2) , cos(u+ arg(t/e’)) > &

for some §; > 0, provided that |t| > £|e|7_r and z € Hpg.
We make the following assumption

(113) dp >d; , dp>kj , dp>by , dp=>h

for 1<i<D-1,1<5<¢q0<k<Qand << M. Moreover, the real numbers v,y are
selected in such a way that

(114) AD:’yéD—")/Q.
We divide (8) by %7 and we focus our attention on the next problem

q
(115) (O @™t + agemtP)Q(0.)u(t, 2, €)
=1

M
+ (O et mI0)Q1(0:)u(t, 2, €)Q2(D:)u(t, 2, €)

=0
Q
= "bj(2)eth 0 4 I FOF (£ 2 €) + €190 T00)P Rp (0. )v(t, 7, €)
D—-1

+ ) LI N Ry (3. )u(t, 2, €)
=1
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By means of the identities displayed in Lemma 4 for the classical Laplace transform and in
Proposition 2 for the Fourier inverse transform, we see that v(t, z, €) given by (112) solves the
equation (115) if the related function W (7, m, €) solves the next nonlinear convolution equation

1 emito T
(116) Z (dp — ]fl — 1) evldp—ki) Q(im) /0 U S)dD_kl_IW(Sa m, €)ds
=1

M
ag €m0+’YO . T dp—1 q EMZ‘I'Z’YO
(1)l oo Q(zm)/o (1 —8)*P~ "W (s, m,€)ds + lz: dp — T — 1)l dp—hn)

X/OT(T_S)dD—hl—l 1>1/2 /_:O/OsQl(i(m_ml))W(s—s’,m—ml,e)

(2m
Q

X Qa(im1)W (s',mq, €)ds’'dmyds = Z
5=0

_l’_

1 €

dp—bj—1
(dp — bj — 1)l ev(dp=b; )B (m)r 7

b1 Ao

—7)0p j
+ Y (r,m,e) + (—7)°PRp(im)W (1, m, e —i—lz; (dp — dl—l ) er(dp—di+6)

Ry(im)
’ — §)o= =L (_ )W (s, m, €)ds
<[ = syt ) W )

where

1 €"F T _ -
T(T,m,G) = mgwdD (/O (T — S)dD le(s,m)ds — 7-dD I/L

4.4 Construction of actual solutions of some auxiliary nonlinear convolution
equation with complex parameter

wr(u, m)du)

o

The major purpose of this subsection is the construction of a unique solution of the problem
(116) located in the Banach spaces introduced in Subsection 4.2.

We first select an unbounded open sector Uy with bisecting direction d € R taken in a way that
it does not contain any root of the polynomial F»(7) appearing in the expression (14).

In an initial step, we prove that Y(7,m,¢)/7°° Rp(im) belongs to E(V,B;LFE)’ for > 0 and
i > 1 set above in (12), for some v > 0 (depending on Kp, I and ¢y), with 0 < T' < ~, for all
e € D(0,€) \ {0} granting that

(117) dp>1+d6p , 6p>0, np+I'(dp—1—-9p)—~dp >0

hold. As a primary task, we check that the function wg (7, m) belongs to E(V Bule)" Indeed,
since Uy is taken as above and from the fact that deg(F)) < deg(Fz), we get a constant Cp, g, > 0

with

‘ < C'Fth
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for all U; U D(0, p), for some p > 0 selected small enough. We deduce the next estimates

T T
wr (7, m)l(w,8,u,0,6) = sup (1 + [ml)e™ (1 + | ) exp(—v| )
T7eU4UD(0,p),meR € €

e FA(T)
X |Cr(m)e™ 7 oS

T T T
<|ICrm)|Crr,  sup  (1+|51?) exp(—v| ) exp(Krlel"| )
TeUgzUD(0,p) € € €

<||Cr(m)I|(8,1)CFy, R Sglg(l +2?) exp((—v + Krle|"))

which is finite accepting that |¢|' < v/Kp. Next in order, from Lemma 6, we get a constant
Bs > 0 (depending on dp, dp,v) with

€nF 1 T dp—1
(118) HE’YdD 7_5DRD('L.m) 0 (T - 5) UJF(Sg m)d‘sH(V,ﬁ,u,F,E)
1 le[""

*inf uer|Rp(im)] |e[rdp

< |07 |wp (7, M) (1,6 070
taking into account that dp > dp and dp > 0 which follows from (117). In order to keep the
norm in (118) bounded w.r.t € near 0, we make the assumption that np+I'(dp —dp) —ydp >0
which again results from (117).

Now, we focus on the second piece of Y(7,m,€). Namely, using Lemma 5, we obtain a
constant By > 0 (depending on dp,dp,v) such that

€nF TdD—l_‘sD/ Fy(u)
119 _—— wr(u, m)du <B e Kru du
(119) Hewd[, RoGm) i, F(u, m)dul|o,5,ur,6) 1] s Fo(u) ’

CEM)|l(5,)  |e]™F e[ (dp—1-30)
inf,er|Rp(im)] |e[79p

when dp —1 — dp > 0 which is part of (117). Besides, we ask the norm in (119) to be bounded
w.r.t € in the vicinity of the origin which turns out to be an effect of (117).

In the forthcoming proposition, we display suitable conditions under which the main convolu-

tion equation (116) possesses a unique solution rooted in the Banach space Efly BTe) described
in Subsection 4.2, for a convenient choice of its parameters v, 8, u, ' given just above.

Proposition 7 We accredit that the next further constraints hold
(120) dp—k;—1>0 , 0p>0, op<dp—k; , m+v+ L —~)(dp—k)—Tép>0
foralll <1 <gq,

(121) dp>1, ép>0 , ép<dp , mo+~ 0+ (I'=~)dp—Tdp >0,

forall0 <1< M,

(123) dp—bj—1>6p , nj—v(dp—1b;)+I'(dp—bj—1—35p) >0
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forall0 <5 <Q,
(124) dbp<dp—di+6& , bp>0 , Ni+v+T—v)(dp—d+6)—Tdp>0

aslong as1 <1< D—1.
Then, there exist two constants wy > 0 and {1 > 0 small enough, such that if
| Ry (im)|

12 7 < ) 1 S ) B S ) S 5
(125) la;l <G 5 el <G s (IBe(m)llgp <G 5 [ICr(m)[(5,) < G SUp e im)

w
=

‘_Clv

for0<i<q,0<j <M, 0<k<Qandl <1< D-—1, then, the equation (116) has a
unique solution W(r,m,€) stemming from the Banach space Egluﬁure) which 1s governed by
the bounds

(126) W, m, )l pre) < @1

for all e € D(0,¢€p) \ {0}, for any directions d € R taken in such a manner that the sector Uy
fulfills the constraint proposed at the beginning of this subsection.

Proof We depart from a lemma that aims attention at a shrinking map acting on the Banach
spaces quoted above and downsizes our main convolution problem to the existence and unicity
of a fixed point for this map.

Lemma 8 Taking for granted the constraints (120), (121), (122), (123), (124) presented above,
one can adjust a constant wy > 0 small enough and a constant {1 > 0 taken in a way that if the
smallness condition (125) hold, then for all e € D(0,¢e0) \ {0}, the map G, prescribed as

7 : et Q(im) 7 dp—ki—1 d
127) Ge( — sydo—hi—Ly (s,
(127)  Ge(w ; dD—kl—l 1 erdn—n) RD(z Y=y /(T s) w(s,m)ds
ao emot0 / dD 1
d
+ (dD _ 1)' 6"/dD RD Zm 6D 0 (Sam) S

et+270

M
+ZZ dD_hl_l (dp—h)

_ TT—SdD_hl_l i i(m—mi))w(s—s,m—m
Tt Jy T gy L, ) = myute =)
X Qa2 (imy)w(s’, my)ds'dmyds

B XQ: 1 € Bj(m) tir=bi—1 Y(r,m,¢€)
dp —

=~ bj — 1)l 1@p=b;) Rp(im) (—7)%»  Rp(im)(—7)op

— At Ry(im) 1
Z (dp — dl—l W erdp—dita) Rp(im) (— 7‘)6D

=1
X/ (1 — s)= U= (50t (s,m)ds
0

undergo the next properties.
i) The next inclusion

(128) Ge(

Dd |

(0 ?Dl)) C B(O,wl)
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takes place, where B(0,t1) stands for the closed ball of radius wy centered at 0 in the space
Eziv,ﬁ,u,Fye)’ for any € € D(0,¢0) \ {0}.
ii) The ensuing shrinking constraint

(129) 1Ge(w1) = Ge(w2)]

1
wonre < gllwr —wallesure

holds for all wy,ws € B(0,w1), all e € D(0,¢) \ {0}.

Proof Foremost, we focus on the first property (128). Namely, let € € D(0,¢p)\ {0} and consider
w(T,m) € E?D,B,u,r,e)' We take @y > 0 with [[w(7,m)]|,8,u,r. < @1
Bearing in mind Lemma 6, we get a constant By > 0 (depending on v,d0p,dp, ki, for 1 <1 < q)

with

Mt Q(im) T dp—k—1
(130) HEV(dD—kl) RD(im)T(SD /0 (T - S) D—Rl w(s,?ﬂ)ds‘ (v,8,1,T,€)

; mi+o0
< By sup QML el
mek | Rp(im)] |e[y(dp=Fi

) |€|F(dD*kl)*F5le
for all 1 < I < ¢, submitted to (120). Likewise, we get a constant By > 0 (depending on
v,0p,dp) with

Mot Q(zm)
€Yo Rp(im)ToD

(131) | / (r — 80V, m)ds| g pr

] mo+70
< B, sup 12 I

I'dp—Tép
SUP [Rp(im)] Jepdo =

counting on (121). Now, we put

h(r,m) = RD(lim) /OT _;OO Q1(i(m —my))w(t — s, m — my)Qa(imy)w(s’,my)ds' dm;.

From Lemma 7, under the constraint (7), we get a constant Bs > 0 (depending on p, Q1, Q2, Rp)
such that

Hh(Tv m) | ’(V,,B,N,F,E) < B3‘6‘F‘ ’w(T’ m)‘

2

(U’/B7!’L7F7€)

In accordance with Lemma 6, we deduce a constant By > 0 (depending on v,dp,dp, h; for
0 <1< M) with

ett2 1 T doh—1
(132) HEV(dD—hl) J S /0 (7'— 8) D—h h(S,m)dSH(V,B,p,F,e)
€[22 R b TS |€e[M1F290  ap—h)-Tap T
S 32m|6| ( D l) DHh(T, m)| (V»B:H:Fﬁ) S B2BSW|€| ( D l) D’€| w%

in agreement with (122). Hereafter, we concentrate on the inhomogeneous terms. Namely,
according to Lemma 5, we get a constant By > 0 (depending on v,dp,dp,b; for 0 < j < Q)
such that

€ Bj(m) rir=bi-1
ey(debj)RD(im) 79D ||(V757M7F76)

(133) |

1 e D(dp—bj—1-5
<B - |IB; _ BT e P(dp—b; D)
< 15,1%%'}%[)(2‘171) [B;(m)]] (5. o) le]
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taking notice that (123) happens. On the other hand, under the assumptions (117), we have seen
above that there exists a constant By > 0 (depending on wg, 0p,v,I',v,np,dp,dp, Rp(im)) for
which

Y(r,m, e)

(134) | G

—llw,gure0 < BrllCr(m)ll s,

for all e € D(0,¢) \ {0}. At last, we provide estimates for the remaining convolution terms.
Specifically, Lemma 6 yields a constant By > 0 (depending on v, dp,dp,d;, 0; for 1 <1< D —1)
such that

Art+o R ( ) 1 T
€ 1\tm dp—d;—1 .6
e(dp—di+81) Rp(im) 5D/O (1 —s)ip=di—1g lw(s,m)ds]\(yﬂ%ne)

. A+
< B2 su |Rl(lm)| | | 1o | |F(dD*dl+6l)*F6Dw1
mek | Rp(im)| [ep@o=dcta)

(135) |

for 1 <1< D — 1, under the requirement that (124) holds. Finally, we select both w; > 0 and
¢1 > 0 satisfying (125) in such a way that

|Q(im)| g P(dp—k)~Top

q
|a]
(136) —— B
’ ; (dp — k= D)7 ek [Rp(im)] )@= 0

. +
I \aol By sup |Q(zm)! f(y)no 70 rdensle
(dp — D! er [Rp(im)| eng 0
M +270
\Cz\ €' (dp—h)~Top T2
+Z 1 23233 dp—hy) €0 €owi1

Q .

]‘ i 603 F(debjflfép)

+ZO dD—b _1) Bl Sup‘ ( )H’B‘y(m)H(’B’“)EO"/(dDi—b])eo
]:

meR
D—1 )
1 |Ri(im)]
+ Br||Cr(m)lg + D B2 sup o
B ;(dD—dl—l)! U | Rp(im)]
EOAH_’YO I'(dp—di+6;)—T'ép

X —————¢€ w < .
E'Y(dD*leF(Sl) 0 L=
0

From the very definition of G,, by compiling the bounds (130), (131), (132), (133), (134), (135),
we recover the inclusion announced in (128).

In the next part of the proof, we target the shrinking restriction (129). Namely, let us choose
w1 (7, m) and wa (7, m) in the space Egyﬁ’#’ne) inside the ball B(0, w1).

Ahead in position, according to the bounds (130), (131) and (135), we get a constant By > 0
(depending on v,dp,dp, k; for 1 <1 < g and d;,0; for 1 <1 < D — 1) for which

€ml+’YO Q(zm)

(137) Hev(dp—kz) Rop (im) 790 /0 (r — 8)4=R=L (yyy (5, m) — wa(s,m))ds||(1,8,.1,)

; my+70
< 32 su ’Q(Zm)‘ ’ | ‘F(dD—kl)—DSDle(T’m)

— m
2, TR i) a7 walnmllesara
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holds for all 1 < < ¢, together with

Mo+ Q(Zm) T _
(138) || b RD(im)T5D/0 (1 — 8)P = wi (s,m) — wa(s,m))ds|| (1.5 1.0
Q(im e|mot0 _
=hg rLzD(wf)’r | \LWD €l "7 s (rym) = walr m) lwsro
and

EAH-VO Rl(im) 1 T o
1) HEV(dD_d’H’) Rp(im) 7*513/0 (m = 8) =M (wy (s,m) — wa(s,m))ds]| (5.1 0
|R;(im)| |€‘Az+70
<B
o 2:;% |RD(im)| \5\7(dpfdl+5l

) ‘dmdDilerSl)iF&D | |w1 (7—7 m) — w2 (T’ m) ‘ |(1/,6,,u,1",e)

for 1 <1 < D —1. We concentrate now on the nonlinear part of G.. In a similar way as we
have proceed for the map H. in the proof of Lemma 3, we may write as a preparation the next
identity

(140) Q1 (i(m — my))wi(s — s, m — m1)Qa(im)wi(s',m1)
— Q1(i(m — mq))wa(s — ', m — m1)Qa(im1 )wa(s’,my)
= Q1(i(m —my)) (wl(s — s m—mq) —wa(s—s,m— ml)) Qa(imy)wy(s',my)

(
+ Q1(i(m — my))wa(s — s',m — m1)Qa(imy) (wi(s', m1) — wa(s',my))

For j = 1,2, we assign

1 i too / 3 / /
hj(t,m) = W/o /_Oo Q1(i(m —mq))w;i(T — s, m — my)Q2(imy)w;(s’, my)ds dmy.

Keeping in view the latter factorization (140), accordingly to Lemma 7, under the assumption
(7), we get a constant B3 > 0 (depending on u, Q1,Q2, Rp) with

1ha (T, m) — ha(7,m)|| g, < Bslel"|lwi(r,m) — wa(r,m)||5,r.6)

X (| |w1 (Tv ’I’)’L) | ‘(V,ﬁ,,u,F,E) + | |’UJ2 (7_7 m)‘ |(V,B,M,F,e)) .

As a result, with the help of the first inequality of (132), we can select a constant By > 0
(depending on v, dp,dp, h; for 0 <1 < M) such that

et 1 T dr—hi—1
(141) |e’Y(dDhl)T5D/O (1 — 8)®2~ M"Y (hy(s,m) — ha(s,m))ds|| (v s.ur.e)

€290 rdp—h)—T6
: BZW\E\ (@D =h)=E0D| |y (7,m) = ha(7,m)|| g 0re)
€|mit270 N
< BzB3| ’|’l(dD—hl) €[TR~ ey (7, m) — wa (7, )| (1,810

X (w1 (ry m)lw g r.0) + wz(mm)llwpre)
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We adjust both @ > 0 and ¢; > 0 with (125) in a manner that

q . mi+y0
|y |Q(im)| € T(dp—k)~Tp
142 ; dp — k; — 1) 32 Sub ’RD(Zm)’ O(dD ) ‘0

meR

+ ABQ s 1Q(im)| eyt P
(dp = D! e [Rp(im)] g °
2 +270
il 66” I(dp—hy)—Tép T
' lz; (dp — by — 1)!(2m)1/2 BQB?’WG() € 21
D—1 .
+ ;Bg su M
=1 (dp —d; —1)! meR IRp(im)]

Ai+0
X 60 F(dedl‘i’él)*FéD < 1/2
£/(dp—di+d) 0 - '
0
By grouping the above estimates (137), (138), (139) and (141), we are led to the shrinking
constraints (129).
In order to complete the proof, let us allow the two conditions (136) and (142) to mutually
occur for well selected w; > 0 and ¢; > 0. Then, both (128) and (129) are conjointly verified.
O

Take the ball B(0,t;) C EZ}} BuTse) just built above in Lemma 8 which furnishes a complete
metric space endowed with the norm ||.||(,,3,,1,)- From the lemma above, we get that G is a
contractive map from B(0,w) into itself. Due to the classical contractive mapping theorem,
we deduce that the map G, has a unique fixed point denoted W(7,m, €) in the ball B(0, <),
meaning that

(143) ge(Wd<7'7 m, 6)) = Wd(Tv m, 6)

for a unique solution W(r,m,¢€) € E(dV767M7F7€) such that ||W4(r, m, Nl (w,8,u,1.) < @1, for all € €
D(0,¢€0)\{0}. Moreover, the function W% (7, m, ¢) depends holomorphically on ¢ in D(0, o)\ {0}.

If one sets apart the term (—7)°?Rp(im)W (7, m,€) in the right handside of (116), we
notice that (116) can be scaled down to the equation (143) above using a mere division by
(—7)°P Rp(im). As a result, the unique fixed point W9(r,m, ¢) of G, in B(0, w) precisely solves
the problem (116). The proposition 7 follows. O

4.5 Analytic solutions to the main problem on large ¢—depending sectorial
domains in time

We go back to the speculative solutions to the main equation (8) displayed in Section 4.3 under
the new light shed on the related nonlinear convolution equation (116) in Section 4.4. We
first provide the definition of the set of e—depending associated sector and directions to a good
covering.

Definition 7 Let v > 2 be an integer. For all 0 < j < ¢ —1, we consider an open sector £;°
centered at 0, with radius €° > 0 and opening % + &5 < 2w for some real number & > 0. We
assume that the family {Sfo}ogjgb_l forms a good covering in C* with aperture 7/~. For all
0<j<ut—1, let u; be a real number belonging to (—m/2,m/2) sorted in a way that there exists
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an unbounded sector Uy, centered at 0 with bisecting direction w; and appropriate aperture not
containing any root of the polynomial F5(T) introduced in the formula (14). Let v > 0 be fized
as above at the beginning of Section 4.4.

We assume that one can select a real number 65° > 0 and A, 520 > v/67° such that for all
0<j<:—1 alec&>, all t € T>®, where

T ={t e C/|t| > Awgfo]eﬂfr , Qoo < arg(t) < Poot

there exists some direction ujA € R (that may depend on € and t) with exp(iujA) € Uy, that

satisfies the next requirement

t T t
A A
uy + arg(g) € (—5, 5) , cos(uj +arg(5)) > 07°,
for suitable fized angles oo < Boo-
If the above constraints hold, we claim that the family of e—depending sector and directions

{72 {ujto<j<i—1} is associated to the good covering {E2° o< j<i—1-

In the forthcoming second main outcome of this work, we construct a set of actual holomor-
phic solutions to the principal equation (8) which we name outer solutions. These solutions are
well defined on the sectors £7° of a good covering w.r.t €, on an associated sector T>* wrtt
and on an horizontal strip Hg w.r.t z. Moreover, we can control the difference between any two
consecutive solutions on the crossing sector £7° N &P, and confirm that it is exponentially flat
of order at most v w.r.t e.

Theorem 2 We focus on the singularly perturbed equation (8) and we take for granted that
all the aforementioned constraints (7), (9), (12), (13), (14), (113), (114), (117), (120), (121),
(122), (123), (124) hold. Besides, we choose a good covering {€7°}o<j<i—1 with aperture Z for
which an associated family of a sector T>° and directions {u;}o<j<,—1 can be singled out.

Then, there exists a constant (1 > 0 for which we assume the restriction (125) to take place.
As a result, for each 0 < j <1 —1, one can build up an actual solution v*i(t,z,€) of (8), where
the piece of forcing term (t,z) — F97(t,z,¢) needs to be specified for Op = u; and represents
a bounded holomorphic function denoted (t,z) — FYi(t,z,€) w.r.t t on T>°, w.r.t z on a strip
Hg, for any given 0 < ' < 3, when € belongs to 55?0.

Moreover, for each € € £, the function (t,2z) — VY (t, z,€) is bounded and holomorphic on
T2 x Hg for any given 0 < ' < 8, 0 < j <1 — 1. Besides, for each prescribed t € T, where

(144) T ={t € C"'/ax < arg(t) < B},

the function (z,€) — € °v% (L, 2, €) is bounded holomorphic on (€7° N D(0,0¢)) x Hg, for any
gwen 0 < B < 5,0 < j <t—1 and suffers the next upper bounds: there exist K;, M; > 0
(independent of €) such that

M|t
(145) sup |e 0v"tL(t, z,€) — € VY (t, z,€)| < Kjexp(— ] |)
ZEHB/ €

foralle € €2, NEF N D(0,04), for 0 <j <t —1 (where by convention v* = v* ), where

Lo*égo)w%r\t\ﬁ

(146) o= (

for some positive real number 65° > 0 chosen in a way that 05° < 67° holds.



45

Proof We select a good covering {€7°}o<j<,—1 in C* with aperture = and a family of sectors

and directions {7.>, {u;}o<j<,—1} associated to this covering according to Definition 7.
As a result of the estimates (134), we observe that the function Y (7, m, €) must be governed
by the next bounds

[

(147) (7, m, €)] < Brl|Cr(m)l[ (g, (1 + [m])~" exp(—ﬁ\ml)lRD(im)\jP eXP(V\ElpD

14|

for all 7 € Uy, UD(0,p), all e € D(0,¢0) \ {0}. By construction, we observe that the piece of

forcing term t~9P FY (¢, z, €) for the specific value 0 = u; as described in Subsection 2.2 may

be written as a usual Laplace/Fourier inverse transform along the halfline L a of Y(7,m,€) as
J

follows N
1 o .
t7IDFY (L, 2, €) = i /Oo /L R Y (u, m,€) exp(—(%)u)ezzmdudm.
Y

Furthermore, Proposition 7 permits us, for each direction u;, to build a solution named Wi (7, m, €)
of the convolution equation (116) which is stemming from the Banach space EEZ BTe) and is
therefore submitted to the next bounds

(148) (WY (1, m, €)| < @1(1 + |m])He PIm!

for all 7 € D(0,p) UUy,;, m € R, e € D(0,¢) \ {0}, for some well chosen w; > 0. In particular,
these functions WY (7,m,€) are analytic continuations w.r.t 7 of a common function set as
T = W (r,m,€) on D(0, p). We define v (t, z, €) as a usual Laplace and Fourier inverse transform

U €’ e U t izm
v (t, z,€) = ez ) . ), R WY (u, m, €) exp(—(g)u)e dudm.
llj

By construction, each function (¢,z) + t~ P F%i(t,z,¢) and (t,z) — v“(t,2,€) represents a
bounded and holomorphic map on the domain 7° x Hg/, for any given 0 < ' < f, for any
fixed € € £7°, according to Definition 7.

Refering to the basic properties of the classical Laplace and Fourier inverse transforms dis-
closed in Proposition 2 and Lemma 4, we notice that the function (t,z) — v% (¢, z, €) actually
solves the equation (115) and hence the equation (8) after multiplication by 47, where the
expression FO (t, z, €) needs to be specialized for p = u; and subsequently be replaced by the
function FY(¢,z,¢€), for all € € £7° and (t,2) € 7> x Hg. Furthermore, by direct inspection,
we can check that for each ¢ € 7°°, the function (e, z) — € 700" (¢, z, €) is bounded holomorphic
on ££° x Hy, for any 0 < " < 3 provided that |¢| < oy, for oy defined in (146).

In the remaining part of the proof, we aim attention at the bounds (145). The lines
of arguments are bordering those given in Theorem 1 in order to yield the estimates (86).
Namely, the first task consists in splitting the difference e~ 709"+ — ¢ 70y%+1 into a sum of
three integrals that are easier to handle. More precisely, owing to the fact that the function
u — W(u,m,e€)exp(—(%)) is holomorphic on D(0, p), for all (m,e) € R x (D(0,¢€) \ {0}), its
integral along a segment connecting 0 and (p/2)e?i+1, followed by an arc of circle with radius
p/2 joining (p/2)e™i+1 and (p/2)e™ and ending with a segment with edges located at (p/2)e™s
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and 0, is vanishing. As a result, we can expand the next difference

+oo
(149) € u%+1(t, z,€) — e VY (¢, 2, €) 1/2/ / W4 (u, m, €)
.7+

1

t 4
X exp(— (—v)u)e”mdudm

400 t )
1/2/ / WY (u, m, €) exp(— (g)u)ezzmdudm

+oo |
(277)1/2/_ / W (u, m,e) exp(-(ﬁ%)u)ezzmdudm

where Lp/27uj4\+1 = [p/2,—|—c>o)ei“jA+17 Lp/&uf‘ = [p/2,+0)é’ ¥ and O /28 stands for an arc

J+1
of circle with radius joining (p/ 2)6“‘]’A and (p/ 2)eiuJ'A+1 with an appropriate orientation.

We provide upper bounds for the first integral
+o00 . ‘ '
j izm
J1 = 1/2 / / WHH (u, m, €) eXp(—(Z)u)e dudm
p/2, u

In accordance with the above estimates (148) and with the constraints disclosed in Definition 7,
we check that

1 too eo 1 r
150) J g/ / w1 (14 |m|) e M exp(vi—s
WO h=omm ), ), = T (2 )

X exp(——r cos(u + arg( i)) exp(—mlIm(z))drdm

< w1/+00 e~ (B=B0ml gy +Ooexp(— (— =+ 11 5o ))dr
~(@em)2 ) o2 € |F et
2w, 1 p 1t] oo
= exp(—z(——= + —9
(2m)/2(B — ') —#MGL‘L@?O (=51 |e| e[ v )
21 le |7 (_Béooﬂ)
= @@ =g ol T 2% (e

for all € € 77, NEP, with [e[ < oy. In a similar manner, we can furnish estimates for the second
integral

o0 t .
Jy = 1/2/ / WY (u,m, €) exp(— (E)u)elzmdudm :

Namely, we can show that

2731 | |’y

(@m)2(5 — 5) o501t

for all e € £77; N E2°, assuming that [e] < oy.

(Lo il

151 < 1)
(5) JQ— 22|€|’Y
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At last, we target the third integral along an arc of circle

—+o0 t )
J3 = 1/2 / / W (u, m,e€) exp(—(g)u)elzmdudm

/2u u]+1

Calling again to mind the bounds (148) and the constraints discussed in Definition 7, we observe
that

1 oo | rui, 1 p/2
(152) Js< —— / / o1 (14 |ml)e=fiml L (P2
(27T)1/2 —00 uf 1+ (%)2 ‘dr

X exp(—(ﬂg) cos(0 + arg(i))e_mlm(z)BdO dm
€72 €7 2

wlp/2 — m A P |t| o9
(%)1/2/ (BB 1m] g, | — u5 ]exp(—i(——| ARl )
wip A p o3
< _r
- (27r)1/2(ﬁ _ /8/ ’u]+1 U; ]exp( 92 ’dvlt’)

for all e € €771 N E, when |e| < oy

In an ultimate step, we gather the three above inequalities (150), (151), (152) and conclude from
the splitting (149) that

_ . _ _ 4oy |e|” P |t]
Y0 5, U541 t _ Y0 U5 t < 7,5007
€ v (7Za€) € v (7Za€)|— 271'1/2 ’ 500t Xp( 22 67)
|
w1p A A p O3
+ @0 25— 3) ’“j+1 — ujexp(—5 M”’t’)
for all e € £77) N &P, granting that le| < op. As a result, the inequality (145) shows up. O

5 Gevrey asymptotic expansions of the inner and outer solu-
tions
5.1 The Ramis-Sibuya approach for the k—summability of formal series

We first remind the reader the notion of k—summability as defined in classical textbooks such
as [1], [2].

Definition 8 Let k > 1/2 be a real number. A formal series

i(e) = > ael € Fld]
j=0

whose coefficients belong to the Banach space (F,||.||r) is called k—summable with respect to €
in the direction d € R if

i) one can choose a radius p € Ry such that the following formal series, called formal Borel
transform of a of order k
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is absolutely convergent for |T| < p,

ii) there exists an aperture § > 0 such that the series By(a)(T) can be analytically continued
w.r.t T in a sector Sg5 = {7 € C* : |d — arg(7)| < d}. Moreover, there exist two constants
C,K > 0 with

1B4(@)(r) |l < X7

forall T € S45.

If these constraints are fulfilled, the vector valued Laplace transform of order k of By(a)(7) in
the direction d is introduced as

L{BU@)) = [ Bu@ e ki,
L’Y

along any half-line L, = R e C Sa,s U{0}, where v may depend on € and is chosen in such a
way that cos(k(y — arg(e))) > d; > 0, for some fixed 1, for all € in a sector

Sporm =1e€C el < RYkE | |d —arg(e)| < 0/2},

where T < 0 < F+26 and 0 < R < §;/K. The function £{(By(a))(e) is then named the k—sum
of the formal series a(t) in the direction d. It turns out to be bounded and holomorphic on the
sector S,y i/ and has the formal series a(e) as Gevrey asymptotic expansion of order 1/k with
respect to € on S, g p1/k. In other words, for all 7 < 61 <0, there exist C, M > 0 such that

n—1
o n n n
1£5(Br(@))(€) = > ape’|lp < CM"T(1+ 7l
p=0

forallm > 1, all e € S’d7917R1/k.

The next cohomological criterion for k—summability of formal series with coefficients in
Banach spaces (see [2], p. 121 or [7], Lemma XI-2-6) is accustomed to be called Ramis-Sibuya
Theorem in the literature. This result appears as a fundamental tool in the proof of our third
main result (Theorem 3).

Theorem (R.S.) Let (F,||.||[r) be a Banach space over C and {€,}o<i<c—1 be a good covering
in C* with aperture w/k < 27 (as displayed in Definition 4). For all 0 < p < ¢ —1, let G)
be a holomorphic function from &, into the Banach space (F,||.||r) and let the cocycle Op(e) =
Gp+1(€) — Gp(e) be a holomorphic function from the sector Z, = E,41 NE, into F (with the
convention that E = & and G. = Gy). We make the following assumptions.

1) The functions Gp(€e) are bounded as € € &, tends to the origin in C, for all0 <p <¢ —1.
2) The functions ©p(e) are exponentially flat of order k on Z,, for all0 < p < ¢ —1. More
specifically, there exist constants Cy,, A, > 0 such that

19p(e)ll < Cpe™ /1"

forallec Z,, all0 <p <¢—1.

Then, for all0 < p <wv -1, the functions G,(€) represent the k—sums on &, of a common
k—summable formal series G(e) € F[[€]].
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5.2 Parametric Gevrey asymptotic expansions of the inner and outer solu-
tions of our main problem

In this last subsection, we show that both inner solutions (constructed in Section 3) and outer
solutions (built up in Section 4) of our main equation (8) have asymptotic expansions in the
small parameter € near the origin. These asymptotic expansions have the special feature to be
of some Gevrey types relying on data involved in the shape of equation (8) and it is worthwhile
noting that these two types turn out to be distinct in general. We are now in position to state
the third main result of our work.

Theorem 3 We consider the singularly perturbed PDE (8) and we pretend that all the foregoing
constraints, by merging the ones from both Theorem 1 and Theorem 2, listed as follows (7), (9),
(12), (13), (14), (34), (35). (42), (48), (57), (58), (59). (60) and (113), (114), (117), (120),
(121), (122), (123), (124), (125) hold conjointly.

1) Let us consider a good covering {Efo}ogjg_l with aperture % for which an associated family
of sector T>° and directions {u;}o<j<,—1 can be picked up. For each fized value of t belonging
to the sector T (see (144)) and 0 < j < 1 — 1, we view the function (z,€) — e v (¢, z,€),
built up in Theorem 2, as a bounded holomorphic function named Og(e) from £2°N D(0, a¢) into
Oy(Hpr) (which stands for the Banach space of bounded holomorphic functions on Hg equipped
with the sup norm). Then, for each 0 < j < 1 —1, Ol(€) is the y—sum on &N D(0,01) of a
common formal series

Oile) = Y Orwe® € Oy(Hpg)[[e]]-
k>0

In other words, for all 0 < j <1 — 1, there ewist two constants C;, M; > 0 such that

n—1
(153) sup |e 0% (8, 2,¢) — 3 Oppe®| < CGMIT(L+ )lel”
ZEHB/ k=0 i

foralln > 1, all € € £° N D(0, o).

2) We select a good covering {Ep}to<p<c—1 with aperture ;7 for which a family of open sectors
{(8%,,0,0x |elxJo<p<s—1; Tex—a ) associated to it can be singled out. Then, Theorem 1 asserts that
for each direction u;, 0 < j < v — 1, one can construct a family of holomorphic functions
{u®9(t, 2, €)Yo<p<c_1 solving the main equation (8) where the piece of forcing term FOF (i, z, ¢)
is asked to be specialized for 0p = u;. For all 0 < p < ¢ — 1, we regard the map (x,z,€) —
€m0y’ I (zeX™% 2, €) as a bounded holomorphic function called IP7(e) from &, into Op((X N
D(0,0)) x Hg') (which represents the Banach space of bounded holomorphic functions on (X N
D(0,0)) x Hg endowed with the sup norm). Then, for all 0 < p < ¢ —1, each IPJ(e) is the
xrK-sum on &, of a common formal series

ey =" I € 0,((X N D(0,0)) x Hy)[[e]l.
k>0

Equivalently, for each 0 < p << — 1, there exist two constants Cy,, M, > 0 such that

n—1
(154) sup €m0yl (£eX™% 2 €) — Zfiek] < CpMyT(1+ i)\e\”
z€XND(0,0),2€H g k=0 XK

foralln>1, all e € &,.
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Proof Let us concentrate on the first item. We consider the family of functions {v" (¢, z, €) }o<j<,—1
constructed in Theorem 2. For each prescribed value of t inside the sector 7°° and all 0 <
J <t—1, we set Gj(e) :== z — € 0% (¢, z,€) which defines a bounded holomorphic function
from Ej‘?o N D(0,0¢) into the Banach space F of bounded holomorphic functions on Hg: out-
fitted with the sup norm. Bearing in mind the estimates (145), we deduce that the cocycle
0j(e) = Gj+1(e) — Gj(e) is exponentially flat of order v on Z; = £7°NEYY; ND(0,0¢). According
to Theorem (R.S.) stated in Section 5.1, there exists a formal power series G(€) € F[[¢]] for which
the functions G;(e) are the y—sums on £° N D(0,04), for all 0 < j <¢— 1.

We next focus on the second item. For each fixed direction u;, 0 < j < ¢ — 1, we consider
the set of functions {u®(t, z, €) }o<p<c—1 introduced in Theorem 1 for the choice of the forcing
term FY(t,z,¢) in the main equation (8). For all 0 < p < ¢ — 1, we define this time G)(e) :=
(z,2) — €m0urJ(zeX™% 2, €) that represents a bounded holomorphic function from &, into F
which stands now for the Banach space of bounded holomorphic functions on (XND(0,0)) x Hg
supplied with the sup norm. Keeping in view the estimates (86), we find out that the cocycle
0,(¢) := Gpi1(e) — Gp(e) decays exponentially with order yx on the crossing section Z
Ep+1 N Ep. In agreement with Theorem (R.S.) outlined above, there exists a formal power series

G(e) € F[[e]] admitting the maps G)(e) as its yx—sums on &, for all 0 < p < ¢ — 1. This ends
the proof of Theorem 3. a

In order to illustrate the theorem enounced above, we provide two examples of the main
equation (8) satisfying conjointly the constraints outlined in Theorem 1 and Theorem 2.

Examples. We take ¢ =1,M =0, =0 and D = 2.
1) We first consider a situation for which x = 1. We select the powers of ¢ and € in the coefficients
of (8) as follows

m0:5,m1:4,k‘1:2,u0:2,h0:2,n0:5,b0=1,A2:3,d2:4,52:2,
Al :3,d1 :3,51:1.

In this setting, we choose k = 1,y = 6,I' = 1,99 = 0,y = 3/2,a = —1 and np = 5. Notice that we
cannot sort y smaller than 6 due to the inequality (60). For these data, one can check that all
the constraints asked in Theorem 3 (combining the ones of Theorem 1 and 2) on the coefficients
of (8) w.r.t t and e are fulfilled. For this special situation, the main equation (8) is displayed as
follows

(a1€M? 4+ ape®)Q(0,)ult, 2, €) + coet>Q1 (D, )u(t, 2, €)Qa (0, )u(t, z, €)
400 t .
_ 5 izm
=bo(z)e t+ 1/2/ /L m)(exp(— 3—/2u) — 1)e"*"dudm
+ 102 Ry (0. )ul(t, 2, €) + 130, R1 (0 )ul(t, 2, €)

This last equation can be divided by € but not by any positive power of t. The resulting
equation is still singularly perturbed with an irregular singularity at ¢ = 0 and carries two
movable turning points which coalesce to 0 as e tends to the origin.

2) The second example concerns the case k = 2. Namely, let us pick out the powers of ¢ and
in the following manner,

m0:9,m1:8,k1:4,u0:2,h0:4,n0:9,b0:3,A2:5,d2:6,(52:2,
Ay =6,dy =4,6, = 1.
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Under this choice, we set K = 2,y = 12,' =5/2v90 = 1,y = 3,a = —1 and np = 11. As in the
first example, there is some lower bound for y that cannot be taken less than 12 according to
(60). Under these conditions, all the requirements needed on the coefficients of (8) w.r.t ¢t and
¢ demanded in Theorem 3 are favorably completed. In this case, (8) is written as follows

(a1%t* + ape”)Q(0:)u(t, = 6) —l—coe t1Q1(9.)u(t, z,€)Q2(d. )ul(t, z, €)
+o0 t )
= bo(2)e%t 1/2 / /L wr(u,m exp(—e—?’u) — 1)e"*" dudm

+ 1902 Ry (0. )u(t, 2, €) + S0, R1 (8. )u(t, 2, €)

As above, one can factor out the power €2 from the equation but not any power of t. The new
equation obtained remains singularly perturbed in ¢ with an irregular singularity at ¢ = 0 and
still possess four turning points which merge at 0 as € reachs the origin.

Remark 2. According to the first remark disclosed in Section 2.2 which states that the forcing
term FYi (¢, z, €) solves the special ODE (19), we observe that forall0 < j <:—land 0 <p <¢—1
both outer solution v% (¢, z,€) constructed in Theorem 2 and related inner solution u®(t, z, €)
defined in Theorem 1 actually solve the next singularly PDE which displays a similar shape as
the main equation (8) but possesses rational coefficients in time ¢ and parameter e,

F(—€70y) ((Z are™th 4 age™)Q(0,)ult, z, e))

=1

+ F2 e”@t ( chémt Ql ) (t,Z,E)Q2<8z)u(t,2,€))

Q deg(F1)
e ol b; ng k!
Z b] JFQ —€ 8t)t 7 4+ € CF(Z) Z Fl km — FQ(O)CFLFQMJ-

+ ZeAlFQ(—aat) (tdlaf’Rl(az)u(t,z,e)) .
=1

Remark 3. Let the constraints of Theorem 1 and Theorem 2 hold mutually. Select some
integers 0 < j <¢—1and 0 < p < ¢—1 for which £°NEp # (). Then, for any fixed € € EFNEp,
the outer solution v% (¢, 2, €) is well defined for all ¢ € 7.°° and the inner solution u®(t, z, €) for
all t € Tcy—q, provided that z € Hg/. But it turns out that

(155) TN Tex—a =10

subjected to the fact that |e| is taken small enough. Namely, let us first notice that
(156) x—a>~vy-—T.

According to (114), (34) and (35), we get that

(157) v¥op — Yo = adpk + my.

Bearing in mind (121) and (35), we deduce

(158) mo+70 = (v —T)op(k+1) +T'ép.
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As an offshoot of (157) and (158), we obtain
vop > adpk + (v —T)op(k+ 1) +Top.
Since dp, k > 1, we can factor out §p and k in this last inequality in order to obtain
0>a+~v—T.

Since x is assumed to be a real number larger than i, we deduce that (156) must hold. In
particular, we deduce that

A, oo
px et < =l T < Ay el

for all |¢| small enough. This implies the empty intersection (155).

As a result, we observe some scaling gap in time ¢ between these two families of solutions.
We postpone for future investigations the study of possible analytic continuation in time ¢ and
matching properties between the inner and outer solutions constructed above.
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