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1 Introduction

In the present work, we show the global well-posedness of the semi-relativistic, magnetic
Schrodinger-Poisson system on a finite domain. Such system is relevant to the description
of many-body semi-relativistic quantum particles in the mean-field limit (for example, in
heated plasma), when the particles move with extremely high velocities and interact with
an external magnetic field. Consider such semi-relativistic quantum particles localized in
domain Q C R? which is an open, bounded set with the Lebesgue measure |Q2| < oo and a
C? boundary. The particles interact by the electrostatic field they collectively generate. In
the mean-field limit, the density matrix p(¢) that describes the mized state of the system
satisfies the Hartree-von Neumann equation

: (1.1)

iOip(t) = [Hay,p(t)], 2€Q, t>0
—AV =n(t,z), n(t,z)=p(t,z,z), p(0) = py



satisfying Dirichlet boundary conditions, p(t,z,y) = 0 if 2 or y € 09, for ¢ > 0. The
Hamiltonian is given by

HA,V = TA,m+V(t,x) (12)

with the magnetic, relativistic kinetic energy operator

Tam =/ (—=iV + A2 +m2 —m (1.3)

defined by means of the spectral calculus. Analogously to [6], we assume that A(z) €
C'(Q,R?) and divA = 0. In the present work (—iV + A)? stands for the magnetic Dirichlet
Laplacian on L*(2), and m > 0 is the particle mass; see [4, 5] for a derivation of such
system of equations in the non-relativistic, non-magnetic case. Due to the fact that p(¢)
is a nonnegative, self-adjoint trace-class operator acting on L*((2), its kernel can, for every
t € Ry, be decomposed with respect to an orthonormal basis of L*(€2). The kernel of the
initial data py can be written in the form

po(x,y) = Z )\kiﬁo,k(x)iﬂo,k(y)- (1.4)

keN

Here {wo 4 }ren stands for an orthonormal basis of L*(2), with 1;]sq = 0 for all £ € N, and
coefficients

A= {/\k}kGN c o , A >0 , Z/\k = 1. (15)

keN

As proven below, there exists a one-parameter family of complete orthonormal bases of
L3(Q), {tr(t) bren, with ¥y (t)]|sq = 0 for all k € N, and for ¢ € Ry, such that the kernel of
the solution p(t) to (1.1) can be written as

keN

Notably, the coefficients A are independent of t, and thus the same as those in py, which is
because the operators —iH 4y and p(t) form a Lax pair in problem (1.1). When substituting
(1.6) in (1.1), the one- parameter family of orthonormal vectors {1y (t) }ren is seen to satisfy
the semi-relativistic, magnetic Schrodinger-Poisson system

z'% = Tpumtoe + VU, k€N, (1.7)
—AV[U] =n[V], W= {¢};2,, (1.8)
n[W](t,x) = Melvu(t, )], (1.9)



with initial data
wk(t:O,.T) :w07k($), k € N. (110)
Our potential function V[¥] is a solution of the Poisson equation (1.8). On both V[¥] and
(), for all k € N, we impose Dirichlet boundary conditions
Yp(t,z), V(x,t)=0,t>0, Ve . (1.11)

As we prove in Lemma 6 further down, solutions of (1.7)-(1.9) preserve the orthonormality
of {t(t) }ren. Let us introduce the magnetic Sobolev norms for functions:

. 1
Hsz =1 f 2@ + Il =iV + A2 £l 120 (1.12)

hNT.

@)
||f“§{;,(sz) = ||f“%2(9) + [[(—iV + A)f“%%m‘ (1.13)

Here, | —iV + A| denotes the operator \/(—iV + A)?2, and has the meaning of the relativistic

kinetic energy of a particle with zero mass in the presence of a magnetic field. The standard

Sobolev norms Hf||fql 0 and || f]|71(q) will be used when the magnetic vector potential A(x)
2

vanishes. The state space for our magnetic, semi-relativistic Schrodinger-Poisson system is
defined as

L:={(V,N)|¥={p}re, C H&A(Q)HH}‘(Q) is a complete orthonormal system in L*(§2),

A= IR, el M\ >0, keEN, Z)\k/ (=¥ + A)yl2dz < oo}
k=1 Q

For fixed A € ¢*, Xy > 0, and for sequences of square integrable functions ® := {¢;}3>, and
U= {¢y}2,, we define the inner product

(P, V)x, = Z NP, V) 2 ()

k=1

which induces the norm .
1210 = O Al dulFey)?
k=1
Let us introduce the corresponding Hilbert space
Xo={® ={g}il | ¢x € L*(Q), VE €N, [|®]|x, < oc}.

Our main result is as follows.

Theorem 1. Let A(z) € CY(Q,R?) and divA = 0. For every initial state (V(z,0),)\) € L,
there is a unique mild solution U(x,t), t € [0,00), of (1.7)-(1.10) with (V(x,t),\) € L. This
is also a unique strong global solution in Xq, i.e. W € C([0,00); Zq.a) N C([0,00); Xgq).
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Proving the global well-posedness of the Schrodinger-Poisson system plays a crucial role
in establishing the existence and nonlinear stability of stationary states, i.e. the nonlinear
bound states of the Schrodinger-Poisson system, which was done in the non-relativistic,
non-magnetic case in [8, 12], in the magnetic, non-relativistic case in [6], in the semi-
relativistic case without a magnetic field in [1] and [2]. The global well posedness of the
non-relativistic, magnetic Schrodinger-Poisson system in the whole R? was established in 7]
on the assumption that the vector potential A(x) is smooth and bounded. The problem in one
dimension was studied in [15]. The semiclassical limit of such system with the relativistic
kinetic energy was treated in [3]. The global well-posedness for a single semi-relativistic
Hartree problem in R* was proved in [9]. In the present article, we study the infinite system
of equations in a bounded set with Dirichlet boundary conditions, and, as distinct from [9],
we do not use the regularization of the Poisson equation. Furthermore, both the results of
9] and Theorem 1 above do not rely on Strichartz type estimates. Note that operator (1.3)
is crucial for the studies of the relativistic stability of matter in the presence of a magnetic
field (see e.g. [11]).

2 Proof of global well-posedness

We make a fixed choice of A = {\}52, € ¢!, with A\, > 0 and > ren A = 1, standing for
the sequence of coefficients determined by the initial data py of the Hartree-von Neumann
equation (1.1) via (1.6), for ¢t = 0.

Let us introduce the inner products (-, )y, , and (-,-)z, , which induce the generalized
inhomogenous magnetic Sobolev norms '

= 1 = 1
19llve0 == /\qukaz%(Q))Q and |9z, = (O Mllonllin )2
k=1 A k=1

and define the corresponding Hilbert spaces

1
You:={® ={gr};li | or € Hj4(Q), VEEN, [Py, , < oo}

and )
Zoa =A{P ={or}p, | ox € HIL(Q N HL(Q), VEEN, ||®z,, < oo}

respectively. Let us also introduce the generalized homogenous Sobolev norms
o o
. 1 1 . 1
1915, = QO Aelll =iV + A2 el 2i0))? and || @] 5, , == O Mll(=iV + A)l 7202
k=1 k=1

The notations [|®|y, , [[P|lvq, |P]lz,, [Pz, Will be used in the article when the magnetic
vector potential A(x) vanishes in €, analogously to Section 3 of [8]. Let us note the
following equivalence of magnetic and non magnetic norms.



Lemma 2. Assume that the vector potential A(z) € CHQ,R?) and the Coulomb gauge is
chosen, such that divA = 0.
a) Let ®(z) € Yo,a. Then the norms |||y, ,, [|®lly, .. [®lly, and [|®[ly, are equivalent.
b) Let @(x) € Zo,a. Then the norms || ®||z, 4, [Pz, ,, [ ®llz, and |||z, are equivalent.

Proof. Let us note that the statement b) of the lemma is the result of the part ¢) of Lemma
A.2 of [6]. By means of the part a) of Lemma A.2 of [6], we have

CilV fllzz@) < 1=V + A) fll2@) < Gl V2@

for f(x) € Hy 5(Q2), where Cy 5 > 0 are constants. Hence, for the quadratic forms

CH=AS, Nz < (=iV + A f, [z < C3(=AF, 2.

This implies that for the square roots of these operators we have

Ci(Iplf; fre < (| =iV +Alf, flre < Ca(lplf, [z,

where |p| denotes the operator /—A. Therefore, for the components of & = {¢x}72, we
obtain

1 . 1 1
Culllp2 dellzzi0) < Il =iV + Al dell120) < Colllp2 dellizi), k€N (2.1)

Without loss of generality, we assume that in inequality (2.1) we have C) < 1 and Cy > 1.
Then

1 . 1
Crllllpl2 okl 7o) + 10kl 720)] < Il =3V + A2kl 72(q) + CulldrlI72(q)
yields
C 2 2 ., keN. 2.2
CA AP CA (2:2)

Similarly, (2.1) gives us

. 1 1
1| =iV + A|2¢k||%2(9) + quk‘H%Q(Q) < O2H|p‘2¢k||%2(n) + quk‘H%Q(Q)

and therefore
o) 2, < Collpll? 4 k € N. 2.3
[k b = | kHH?(Q)’ (2.3)

Let us multiply both sides of (2.2) and (2.3) by Ax and sum over k € N. Thus, we arrive at

\% ClH(I)HYQ < ||CI)||YQ,A < V O2Hq)HYm

such that the norms |||y, , and ||.|ly, are equivalent. The equivalence of [|.[|y, and .||y,
norms was established in Lemma 2 of [1]. We multiply all sides of inequality (2.1) by A
and add up over k € N. This yields

VO[@lly, <[Pl , < V[ ®ly,,

such that the norms ||.[|y, , and [.|ly, are equivalent as well. O

b}



Let U = {9}, be a wave function and the magnetic, relativistic kinetic energy operator
acts on it T, ¥ = (1/(—iV + A)2 + m2 — m)¥ componentwise. We have the following two
technical statements.

Lemma 3. The domain of the magnetic, semi-relativistic kinetic energy operator is given
by D(Tam) = Zaa € Xa.

Proof. Let ¥ € Zq 4. Hence

1Wllzg0 = O Ml (=i + AullFay + [ellZze])? = QO MullerllZa@)? = 1¥]lxq
k=1 k=1

such that U € Xq. Let us estimate ||Tamtk[72) as

([(=6V + A)? + m2)iog, ) p2() + mP || kl[72(0) — 2m(V (=Y + A)? + m2p, i) 120
< (=Y + Allza i) + 2m7 Wl Z2i0) < c(m)[vell7, @)

where ¢(m) is a mass dependent constant. Thus

o0
ITam ¥l = D Al Tamtilfo) < c(m)| ], , < oo
k=1

—iT'A,m

Lemma 4. The operator T ,, generates the group e t t eR, of unitary operators on

Xq.

Let us rewrite our magnetic, semi-relativistic Schrodinger-Poisson system for z € () into
the form
U, = —iTa,,V + F[U(z,t)], where F[¥] := i 'V [U], (2.4)

—AV V] = n[V], where V|sq =0,
W] =3 At
k=1

and establish the following technical result.

Lemma 5. The map defined in (2.4) F : Zg s — Za,a is locally Lipschitz continuous.



Proof. Let W, ® € Zg 4 with U = {¢,}72,, & = {¢y}7>, and t € [0,T"). Then, according to
the result of Lemma 5 of [1],

IF[¥] = F[®]] 2, < CUIYIZ, + 1R11Z,)I1Y — |z,

The result of the lemma follows from the equivalence of magnetic and non magnetic norms
established in Lemma 2 above. 0J

From standard arguments (see for instance Theorem 1.7 of [13]) and Lemma 5 it follows
that our magnetic, semi-relativistic Schrodinger-Poisson system admits a unique mild solu-
tion W belonging to Zg 4 on a time interval [0,T), for a certain 7" > 0, satisfying the integral
equation

U(t) = e Tamty(0) + /t e~ Tamt=9) P (s5)]ds (2.5)

in Zg 4. Furthermore,
lim o |9 ()] 7, = o0

in the case if T" is finite. Let us also note that ¥ is a unique strong solution in Xq, such
that ¥ € C([0,7); Za.a) NCY([0,T); Xq). Below we will establish that this solution is in fact
global in time. First let us prove the following proposition.

Lemma 6. Suppose for the unique mild solution (2.5) of the magnetic, semi-relativistic
Schradinger-Poisson system (1.7)-(1.10) att = 0 the functions {{(x,0)}32, form a complete
orthonormal system in L*(Q)). Then, for any t € [0,T), the set {y(x,t)}2, remains a
complete orthonormal system in L*(Q). Moreover, the Xq-norm is preserved: ||[¥(z,t)|x, =
H\Il(xvo)HXm te [OvT)

Proof. By means of (1.7), we obtain

d ) )
E(W, )2y = —t((Tagm + Vo )i, Vi) 2 + 1(¥r, (Tam + Vo)) 12 = 0.
This gives us

(¢k($,t)>¢l(x>t))L2(Q) = (wk(x>0)a¢l($,0))L2(Q) = 5k,z, k,l € N.

Here 0;; denotes the Kronecker symbol. Thus, for k € N

1k (s Oy = N19( 0) 1 Z20)-



Therefore, for ¢t € [0,7"), we have the preservation of the Xg-norm, namely

(s 8)]lxe = <Zkkll¢k(%t)lliz<m> = (ZMH%(%O)HE(@) = [[%(, 0l xq-

k=1 k=1

[N
[N

For the unique given solution W(¢) of our magnetic, semi-relativistic Schrodinger-Poisson
system on [0,7T), we arrive at the time-dependent one-particle Hamiltonian

Hav, (t) = Tam + Vul(t, ),

where the potential Vi solves —AVy (¢, ) = n[¥(t)] with Dirichlet boundary conditions, see
(1.2). The properties of Vi are discussed in more detail in Lemma 8 below. Accordingly,
the components of W(t) satisfy the non-autonomous magnetic, semi-relativistic Schrédinger
equation 0y (t, x) = Ha v, (£)r(t, x), for k € N, on the time interval [0,7"). Therefore, by

means of Theorem X.71 of [14], there exists a propagator, denoted as e~ Jo Havy (M7 gichy
that for t € [0, 7)),
U (x,t) = e ik Havg (Mdry, (2,0), k € N. (2.6)
Consider an arbitrary function f(z) € L?(Q2). Obviously, we have the expansion
fx) = Z(f(y), Ur(y,0)) 2@ ¥k (x, 0)

k=1

and analogously
e o v (7 f () =y (et Hava 9 £ (4) 4y (y, 0)) p2gey e (. 0).

k=1
Therefore, by virtue of (2.6) we derive the expansion

k=1
fort €[0,7). O

Moreover, we establish the conservation of energy for the solutions to the magnetic,
semi-relativistic Schrodinger-Poisson system in the following sense.

Lemma 7. For the unique mild solution (2.5) of the Schrédinger-Poisson system (1.7)-(1.10)
and for any value of time t € [0,T) we have the identity

1 1
> NNTE ()12 + SIVVIE(z, 11720

keN

1 1
= Z Nl TR ok (2, 0) | 720y + §HVV[‘I’(37, 0)]l1Z2 -
keN



Proof. The complex conjugation of the Schréodinger-Poisson system (1.7) gives us

O - _
—i% = TA,mwk + V[w]wk, k € N. (27)
We add the k-th equation of the original system (1.7) multiplied by %, and the k-th
equation of (2.7) multiplied by % and arrive at
0t o 9,
EHTA,mwkHLQ(Q) + QVW]EWH de =0, kel
Hence, multiplying by A\;, and summing over k, we obtain
0 1 0
keN
It can be easily verified that
0 9 0
STV Ol =2 [ VIV O) [t (e, )ds
By substituting this identity into (2.8), we complete the proof of the lemma. O

With the auxiliary statements proven above at our disposal, we may now prove our main
result, Theorem 1.

Proof of Theorem 1. The proof follows from the blow-up alternative and the conservation
laws. Let us recall that the mild solution of the Schrédinger-Poisson system (1.7)-(1.10) is
given by (2.5). We apply the norm ||.||; , to both sides of (2.5), which yields

t
1)l 20 < lle™ 2 0(0)]l 4, + /0 le™ 4D 0 (s)] 4, ,ds.

Hence,
t
(O] 2o, < 10l 2 +/ HETW ()] 2, ,ds-
0
In the proof of Theorem 1 of [1], it was shown that
1] 2 < CHPIT, I 2,

By virtue of the equivalence of the magnetic and non magnetic norms established in our
Lemma 2 above, we obtain

IF 1]l , < CINEIS, 1911 2, ,- (2.9)

9



The energy conservation established in Lemma 7 above gives us the boundedness of the
quantity
1
keN

by the amount of the initial energy of our magnetic, semi-relativistic Schrodinger-Poisson
system. Since the ||.||x, norm is conserved for our unique mild solution according to Lemma
6, we have the boundedness of the quantity

D N(V(=iV + A+ m2y (2, 1), i (2, 1)) 2

keN

for t € [0,T). Because \/(—iV + A)2 +m? > | —iV + A] in the sense of the quadratic forms,
we derive the boundedness of

. 1
WIS, = > Al =iV + A2 ey, t€[0,T)

Yo,
keN

for our unique mild solution. Then (2.9) yields
IEM N 2,0 < Coll¥ll 2,40

where Cj is a positive constant obtained by virtue of our conservation laws discussed above.
This gives us

t
MO PR (O] P, +Co/ W () 2, s
0
By the Gronwall’s lemma,
1)z, , < €)1, tel0,T).

Therefore, by virtue of the blow-up alternative, our magnetic, semi-relativistic Schrodinger-
Poisson system is globally well-posed in Zg 4. O

We conclude the article with addressing the properties of the scalar potential function
involved in our magnetic, semi-relativistic Schrodinger-Poisson system.

Lemma 8. For (V,\) € £ we have
Ny \ = ZAkW)kF c LQ(Q)
k=1

Let Vy, » denote the Coulomb potential induced by ny x, such that
—AVya(r) =nga(r), € Vya(r)=0, =z
Then Vy(x) € HYH(Q) N H(Q).

10



Proof. Clearly, by virtue of the Schwarz inequality we have the upper bound

2
H”daﬂ’i? Z ARA /Wk )P s (@) Pda < (Z)\k /Wk ]%la:) )

k,seN keN

By means of the Holder’s inequality,

/ka(xﬂ“dxé </Q\wk(x)|6dx> 5.

Let us use the standard Sobolev inequality (see e.g. p.186 of [10])
IV fllz2@) = sl fllzs),
where ¢, > 0 is a constant. This along with the Diamagnetic inequality

/\(—z’V+A)f\2dxz/|V\f||2dx
Q Q

(see e.g. p.179 of [10]) gives us

[ <2 [ wivaipae < 2019+ Al
Q

Therefore,

% E
B S Ml (09 & Al = “

S keN

H 1 s

I all22q) <

such that ny ,(z) € L*(2). Then, by means of our Poisson equation we have AV, , € L*().

Let {1 }ren denote the set of the Dirichlet eigenvalues for the negative Laplace operator
on L*(Q), such that u) > 0, &k € N and 1 is the lowest eigenvalue. Thus, since Vj ) =
(—A) "y, we have the estimate

1
[Viall2) < EHW,AHL%Q) < o0.
1

Furthermore, since Vj;  vanishes on the Lipschitz boundary of our bounded set (2 as assumed,
Vi Is a trace zero function in H*(§2). Let us also note that Vi, \(xz) € L=(Q) C H*(Q) by
virtue of the Sobolev embedding. O
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