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1 Introduction

Let us recall that a linear operator L acting from a Banach space E into another Banach
space F' has the Fredholm property if its image is closed, the dimension of its kernel and the
codimension of its image are finite. As a consequence, the problem Lu = f is solvable if and
only if ¢;(f) = 0 for a finite number of functionals ¢; from the dual space F*. Such properties
of Fredholm operators are broadly used in different methods of linear and nonlinear analysis.

Elliptic problems in bounded domains with a sufficiently smooth boundary satisfy the
Fredholm property if the ellipticity condition, proper ellipticity and Lopatinskii conditions
are fulfilled (see e.g. [1], [10], [12]). This is the main result of the theory of linear elliptic
problems. When domains are not bounded, such conditions may be not sufficient and the
Fredholm property may not be satisfied. For example, Laplace operator, Lu = Au, in R?
does not satisfy the Fredholm property when considered in Holder spaces, L : C?T*(R%) —
C*(R%), or in Sobolev spaces, L : H*(RY) — L?(R?).

Linear elliptic problems in unbounded domains satisfy the Fredholm property if and only
if, in addition to the conditions stated above, the limiting operators are invertible (see [13]).
In certain simple cases, the limiting operators can be explicitly constructed. For example, if

Lu = a(x)u” + b(z)u' + c¢(x)u, = €R



with the coefficients of such operator having limits at infinity,

4+ = $1—1>I:iloo CL(I), bi - :1:1—1>I:E<>o b(:[‘), “ = :1:1—1>I:E<>o C($)7

the limiting operators are given by:

Liu=asu” + by + ciu.

Since the coefficients are constants, the essential spectrum of the operator, that is the set
of complex numbers A for which the operator L — A does not satisfy the Fredholm property,
can be explicitly calculated by virtue of the Fourier transform:

Ae(6) = —ar& +byil+cy, LER.

Invertibility of limiting operators is equivalent to the condition that the essential spectrum
does not contain the origin.

In the case of general elliptic problems, the same assertions hold true. The Fredholm
property is satisfied if the essential spectrum does not contain the origin or if the limiting
operators are invertible. However, such conditions may not be explicitly written.

When the operators fail to satisfy the Fredholm property, the standard solvability condi-
tions may not be applicable and solvability relations are, in general, not known. There are
some classes of operators for which solvability conditions are obtained. We illustrate them
with the following example. Consider the equation

Lu=Au+au=f (1.1)

in R?, where a > 0 is a constant. The operator L here coincides with its limiting operators.
The homogeneous equation has a nonzero bounded solution. Hence the Fredholm property
is not satisfied. However, since the operator has constant coefficients, we can use the Fourier
transform and find the solution explicitly. Solvability relations can be formulated as follows.
If f e L*RY) and zf € L'(R?), then there exists a solution of this equation in H?*(RY) if
and only if

etz
f(z), ) =0, pESda a.e.
< . (2m)2 / 1) v

(see [23]). Here and further down S¢ denotes the sphere in R? of radius r centered at the
origin. Thus, though the operator is non Fredholm, solvability relations are formulated
analogously. However, such similarity is only formal because the range of the operator is not
closed.

In the case of the operator with a potential,

Lu = Au+ a(z)u = f,

the Fourier transform cannot help. Nevertheless, solvability relations in R?® can be obtained
by a rather sophisticated application of the theory of self-adjoint operators (see [15]). As



before, solvability conditions are formulated in terms of orthogonality to solutions of the
homogeneous adjoint problem. There are several other examples of linear elliptic operators
without Fredholm property for which solvability relations can be derived (see [13]-[23]).

Solvability conditions play an important role in the analysis of nonlinear elliptic prob-
lems. When the operators do not satisfy the Fredholm property, in spite of some progress
in understanding of linear problems, there exist only few examples where nonlinear non-
Fredholm operators are studied (see [5]-[7], [22], [23], [26]). In the present article we deal
with the nonlinear system, for which the Fredholm property may not be satisfied:

3uk

T Auy, + aguy, +/ Gr(r —y)Fe(ui(y, t), ua(y, t), ...,un(y, ), y)dy, 1<k <N. (1.2)
Q

Here all a@; > 0 and € is a domain in R?, d = 1,2,3, the more physically interesting
dimensions. Problems of that kind appear in cell population dynamics. The space variable x
here corresponds to the cell genotype, uy(x,t) stand for the cell densities for various groups
of cells as functions of their genotype and time. The right side of system (1.2) describes
the evolution of cell densities via cell proliferation and mutations. Here the diffusion terms
correspond to the change of genotype via small random mutations, and the nonlocal terms
describe large mutations. In this context, Fj(uy, us, ..., uy, ) are the rates of cell birth which
depend on the vector function

u = (uy, ug, ..., uy) € RY (1.3)

and x (density dependent proliferation), and the functions G(x —y) show the proportion of
newly born cells changing their genotype from y to x. Let us assume that they depend on the
distance between the genotypes. In population dynamics the integro-differential equations
describe models with intra-specific competition and nonlocal consumption of resources (see
e.g. [2], [3], [8]). The existence of stationary solutions of (1.2) was studied in [22] via the
fixed point technique. Related to problem (1.2), we consider the sequence of iterated systems
of equations with m e Nand 1 <k < N

8uk

el Aug + aguy, + / Grm(r — y) Fr(ui(y, 1), us(y, t), ..., un(y, ), y)dy, ax >0. (1.4)
Q

For 1 < k < N, each sequence of kernels Gy ,,(x) — Gg(x) as m — oo in the appropriate
function spaces discussed below. Let us prove that under the appropriate technical conditions
each of systems (1.4) admits a unique stationary solution vector-function u(™ (x) € H?, the
limiting system (1.2) will possess a unique stationary solution u(x) € H? and u'™(z) —
u(z) in H* as m — oo, which is a so-called existence of stationary solutions in the sense
of sequences. The similar ideas in the sense of standard Schrédinger type operators were
exploited in [24] and [25]. The non Fredholm operators arise also when studying the
so-called embedded solitons (see e.g. [11]).



2 Formulation of the results

The nonlinear part of systems (1.2) and (1.4) will satisfy the regularity conditions analogous
to the ones of [22].

Assumption 1. Functions Fy(u,z) : RY x Q - R, 1<k <N are such that

N
ZF,f(u,a:) < Klulgy + h(z) for weRY, 2e€Q, (2.1)
k=1

with a constant K > 0 and h(x) : @ — R*,  h(z) € L*(Q). Moreover, they are Lipschitz
continuous functions, such that for any u™® e RN, z € Q,

Z(Fk(w, z) — Fp(u®,2))2 < Lju® — 0@ |px, (2.2)

N
k=1

where a constant L > 0.

Here and further down the norm of a vector given by (1.3) is

N

E 2
Uy, -

k=1

Evidently, the stationary solutions of (1.2) and (1.4), which exist under the appropriate
technical conditions, will satisfy the system of nonlocal elliptic equations

|u|py =

Au;ﬁ—/ Gr(x—y)Frp(ui(y), ua(y), ...,un(y),y)dy+agur =0, ap >0, 1<k<N. (2.3)
Q
and formeN, 1<k<N
Au,(cm) + / Grm(x — y)Fk(ugm) (y),ugm)(y), o ugffn)(y),y)dy + aku,(gm) =0, ap >0. (2.4)
Q

We denote
(fi(x), fo(x)) 2(00) ::/Qfl(x)fg(x)dx,

with a slight abuse of notations when these functions are not square integrable, like for
instance those used in the orthogonality conditions of Assumption 2 below. Indeed, if fi(x) €
LY () and f5(x) is bounded in €, then the integral in the right side of the definition above
makes sense. In the first part of the work we consider the case of Q = R? such that the
appropriate Sobolev space is equipped with the norm

N N
e, vy = D el = D _{lunllZage) + | AullZzg }- (2.5)
k=1 k=1
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We will also use the norm
N
HUH%Q(Rd, RN) = Z Hukui%w)-
k=1

The main issue for systems (2.3) and (2.4) above is that the operators —A — a : H*(R?) —
L*(RY), a; > 0 do not satisfy the Fredholm property, which is the obstacle when solving such
systems. The similar situations arising in linear and nonlinear equations, both self- adjoint
and non self-adjoint involving non Fredholm second or fourth order differential operators or
systems of equations with non Fredholm operators have been studied extensively in recent
years (see [15]-[27]). Let us make the following assumption on the integral kernels involved
in the nonlocal parts of (2.4).

L(RY) and

Assumption 2. Let m € N, Gi.(x) : R? — R, such that Gy .(x) € L
<I<N-1,leN

Grm(r) = Gi(z) in L*(RY) asm — co with1 <k < N, 1 <d<3andl
with N > 2.

I) Let a, > 0, 1 < k <1, assume that Gy, ,(x) € L*(R?), such that xGy, () — 2G(x)
in LY(RY) as m — oo and for allm € N

(Geme. =) d (26)
km(T), =0, =1. 2.6
V 2w L2(R)
eipx
<Gk7m(x)’ d) =0, pe Sdaw d=2,3. (27)
(2’/‘(’)5 LQ(Rd)

II) Let a = 0, 1 +1 < k < N, assume that 2*Gy,,,(x) € L*(R?), such that *Gy, () —
22Gh(x) in LY(R?) as m — oo and for allm € N

(G}am(%), 1)L2(]Rd) =0 and (Ghm(x),.TS)Lz(Rd) = O, 1 S S S d. (28)
Let us use the hat symbol throughout the work to designate the standard Fourier transform,

such that )

Gr(p) = - Gr(z)e P dr, pec R (2.9)
(2m)2 Jre
Thus |
1GeP) oo ey < — 1Gr(@) || 21 ra)- (2.10)
(2m)2
Let us define the following auxiliary quantities for m € N
Crm 2Crom
My = maX{H m(P) , ‘ P Cinlp) } 1<k<l (2.11)
pT —ag Lo (R4) p — ag Loe (R4)
Crom —
My = maX{H k. 2(])) , ' Gr.m(p) }, [+1<k<N. (2.12)
) Lo (RY)




Similarly, in the limiting case we have

_ .
M, = max{ ’ Cjk(p) , ’ pf’“(p) } 1<k<l. (2.13)
Pm= Gk llpeemey P77 @ llLoo(re)
N -
p Loo(RY) Lo (Re)

Clearly, expressions (2.11) and (2.12) are finite due to Lemma Al in one dimension and
Lemma A2 for d = 2,3 of [21] under Assumption 2 above. This enables us to define for each
m €N

M, == maxMy,, 1<kE<N (2.15)

with My, given by (2.11) and (2.12). Analogously, for the limiting case due to Lemmas Al
and A2 of the Appendix of [27] we define

M :=maxM;, 1<k<N, (2.16)
which is finite. Our first main statement is as follows.

Theorem 3. Let Q =R? d =1,2,3, Assumptions 1 and 2 hold and for all m € N we
have ﬂ(QW)%MmL < 1—¢ for some 0 < e < 1. Then each system of equations (2.4) admits
a unique solution u™ (x) € H*(R?, RN), the limiting system of equations (2.3) has a unique
solution u(z) € H*(RY, RY), such that u'™ (z) — u(z) in H*(R?, RY) as m — co.

The unique solution of each system (2.4) u'™ (z) is nontrivial provided the intersection of
supports of the Fourier transforms of functions suppFXO,\x) N supp@kﬂm 1 a set of nonzero
Lebesgue measure in R for some 1 < k < N. Similarly,/ﬂe unique solution of the limiting

system (2.3) u(z) does not vanish identically if suppFy(0,x) N supp@k is a set of nonzero
Lebesque measure in R? for a certain 1 < k < N.

The second part of the present work deals with the studies of the analogous system on
the finite interval with periodic boundary conditions for the solution vector function and its
first derivative, namely on 2 = I := [0, 27]. We assume the following about the integral
kernels present in the nonlocal parts of system (2.4) in such case.

Assumption 4. Let Q =1, m € N, Gy n(z) : I = R, Gy (z) € L>(I), such that
Grm(x) = Gi(z) in L>®(I) as m — oo with Gy, (0) = Ggm(27), 1 <k < N, where N >3
and 1 <l <qg<N-1, [,geN.

I) Let ap > 0 and ap # n*, n €Z for 1 <k <.

II) Let a, = n3, ni, € N and

eiinkx
Grm(x), =0, [+1<k<q. 2.17
< k() \/%)LQ(I) ! (2.17)



III) Let a, = 0 and
(Gem(2), )2y =0, g+1<k<N.
Let Fy(u,0) = Fy,(u,27) foru e RN and k=1,...,N.

We introduce the Fourier transform for functions on the [0, 27| interval as

2 —inT
Grn = G
k, o k(ml)\/%

and define the following auxiliary expressions for m € N

de, neZ

2
P, ;= max Gemon m , 1 <k<ZL
’ n? — ag || n? —ay ||,
G n’G
Pon = max{ i 2 Skmn } I+1<k<q
== N lgee == e lgeo
Gk,m,n
Pk,m = Inax n2 ) Gk,m,n ) q+ 1 S k < N.
1o 1o
In the limiting case, we will use
G e
P, == max _Tkn Tk , 1 <k<L
77,2 — A Joo n2 — ag [oo
G n’QG
Pk::max{% s D) k,n2 }, l+1§]€§q
== M oo == M flgeo
Gkn
P, := max ; , Grn , ¢g+1<k<N.

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

—~

2.24)

(2.25)

Evidently, expressions (2.20), (2.21) and (2.22) are finite by virtue of Lemma A3 of [21]

under Assumption 4 above. This allows us to define for each m € N

P, -=maxPy,, 1<E<N

(2.26)

with Py, given by (2.20), (2.21) and (2.22). Similarly, in the limiting case by means of

Lemma A3 of the Appendix of [27] we define
P :=maxP, 1<k<N,

which is finite. Let us use here the corresponding functional space

H*(I) = {v(z) : [ = R | v(x),v"(x) € L*(I), v(0)=v(27), v'(0)=1'(2m)},

(2.27)



aiming at ug(z) € H*(I), 1 < k < I. We introduce the following auxiliary constrained
subspaces

e:l:ink$
V2T

with the goal of having ug(z) € HF(I), [+ 1 < k < ¢q. Finally,

HXI) = {ueH2(I)\ (v(x), ) :0}, nk €N, 1+1<k<gq,
(1)

HA(I) = {v € H(I) | (v(a), )2y = 0}, q+1<k<N.

Our aim is to have ug(z) € H2(I), ¢+ 1 < k < N. The constrained subspaces defined above
are Hilbert spaces as well (see e.g. Chapter 2.1 of [9]). The resulting space used for proving
the existence in the sense of sequences of solutions u(z) : I — RY of system (2.3) will be the
direct sum of the spaces given above, such that

Hf(], RN) = @2:1H2(I) @Z:zﬂ HI?(I) @{c\[:q—l—l Hg(I)'

The corresponding Sobolev norm is given by

N
||U||%Ig(1 RN) T Z{HukH%Q(I) + Hug’|%2(1)}
k=1

with u(z) : I — RY. Another useful norm here is

N
’|UH%2(1, RN) -= Z ||“k||%2(1)'
k=1

Our second main result is as follows.

Theorem 5. Let Q) = I, Assumptions 1 and 4 hold and for allm € N we have 2/7P,, L. <
1 — ¢ with some 0 < e < 1. Then each system of equations (2.4) possesses a unique solution
u™ (x) € H2(I, RYN), the limiting system of equations (2.3) admits a unique solution u(x) €
H%(I, RY), such that u'™ (z) — u(z) in H2(I, RY) as m — oo.

The unique solution of each system (2.4) u'™(z) is nontrivial provided the Fourier co-
efficients G mnFr(0,2), # 0 for some k = 1,..., N and some n € Z. Similarly, the unique
solution of limiting system (2.3) u(x) does not vanish identically if Gy, Fr(0,z), # 0 for
some k=1,..., N and some n € 7.

Remark. We use the constrained subspaces HZ(I) and HZ(I) involved in the direct sum
2

d
of spaces H*(I, RY), such that the Fredholm operator. —oa ny : HX(I) — L*(I) and
d2
R HF(I) — L*(I) have trivial kernels.

We conclude the article with the studies of our system on the product of sets, where
one is the finite interval [ with periodic boundary conditions as before and another is the
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whole space of dimension not exceeding two, such that in our notations = I x R? =
0,27] x RY, d = 1,2 and z = (2,2, ) with z; € [ and z; € R% The total Laplace operator

in such context will be

A ‘ 62 d 62

=t Y
2 2
Owy L= Oxl

The appropriate Sobolev space for the problem is H?(£2, RY) of vector functions u(x) : Q —
RY such that for k=1,....N

0 0
we(@), Aug(z) € LHQ), up(0,21) = up(2m,21), 2(0,2,) = 22X (21, 2,)
@xl 83:1
with 2, € R? a.e. It is equipped with the norm
N
HUH%I?(Q RN) T Z{H“kH%?(Q) + ||Auk||%2(g)}'
k=1
Another norm used here is given by
N
lull 720, mvy == D lusllZe)-
k=1

Similarly to the whole space case studied in Theorem 3, the operators —A — a : H*(Q2) —
L*(Q), ax > 0 do not possess the Fredholm property.

Assumption 6. Let m € N, Gy p(2) : Q@ = R, Gin(x) € L),
Grm(7) = Gr(x) in L*(Q), m — oo,
forz, € R a.e. Gpon(0,71) = Gpm(2m,21) € L®(RY), such that
Grm(0,21) = Gr(0,21), Grm(2m,21) — Gp(2m,21) in L>®(RY), m — oo
and Fy(u,0,2,) = Fp(u,2m,2,) forz, € R a.e., u e RN, d=1,2 and k =1,..,N. Let
N>3and1 <Il<qg<N—1withl,qe N.

1) Assume for 1 < k <1 we have nj < aj, < (ng+1)% ny € ZT =NU{0}, z, Gpm(z) €
LY(Q), such that x) Gy () — 21 Gr(z) in LY(Q) as m — oo and

ein;m eiimzrl
(Gk,m(.Tl,.TL), T oz )LQ(Q) =0, |n|<ng d=1, (2.28)
einx1 eipr_ )
<Gk,m($1,lﬂl), Vi o )L2(Q) =0, pe SW’ In| <ng, d=2. (2.29)



II) Assume for 1 +1 < k < q we have ay = ni, ny € N, 2% Gpm(z) € LY(Q), such that
22 Gn(x) = 23 Gi(z) in LY(Q) as m — oo and

=0, [n|<m—-1, d=1, (2.30)

einT1 eii\/ﬂi*TLQIL )
L2(Q)

(ka(xl,xﬁ, T T

6in$1 eip;rl
Grom(z1,71), =0, pes? . nl <ng—1, d=2, 2.31
( F ( ! J_) \/ﬁ 27T )LQ(Q) p V ”i—”2 ‘ ‘ —= 'k ( )
( ( ) ezl:ink;m ( ) ezl:mka:l ( )
Gk,m xy1,T] ), ) - Oa (Gk,m xTy1,T] ), xl,s) - 07 2.32
vV 2T L2(9) vV 2 L2(Q)

for1 < s <d.
IIT) Assume for ¢ +1 < k < N we have a, = 0, 22 Gin(x) € LY(Q), such that
22 Ghom(x) — 23 Gi(z) in LY(Q) as m — oo and

(G}am(%), 1)L2(Q) = 0, (Ghm(%), xl,s)Lz(Q) = O, 1 g S g d. (233)

Let us use the Fourier transform for functions on such a product of sets, namely for d = 1,2
and k=1,.., N

~ 1 , 2 ,
Grn(p) = d+l/ dee_”’“/ Gr(ry, v )e ™ dr,, peRY neZ  (2.34)
(2m) 2 Jrd 0
Thus |
HC?hn(P)Hpr1=:SUIkpeRanezﬂC?hn(p)|SS———SQ%;HC?kHLWQy
T

For the technical purposes, we define the following quantities for m € N

Grmn 24 n?)G
Ry, ., := max k—(m , (p” + 1) Grmn(p) , 1 <k<I (2.35)
’ p2 -+ TLQ — Qg L, p2 + TLQ — ag Lee,
é m.n 2 2 é m,n
Rmﬁ:mm{——ﬁ;@%- | ) Chnn(p) },l+1§k§q (2.36)
’ P>+ 1% = ni|l e pPAn?—ni e
é\ m,n =~
Rm,:mm{'J%;%z o Grmn(p) } g+1<k<N. (2.37)
PoA I g, L5,

In the limiting case, we have

Gk,n(p)
p2 + n? — ag

(p* + 1) Gn(p)

)

Ry = max{’

} 1<k<l. (2.38)
Lo

(p* +1%)Gron(p)

Gk,n(p) H

p?+n?—ni

Ry = max{

},l+1§k§q (2.39)
L;l'op
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Gk‘,n(p)
p2 + TL2

Gk;,n(p)

)

oo
Lnap

Ry = max{‘

Assumption 6 along with Lemmas A6, A5 and A4 of [21] yield that the expressions given
by (2.35), (2.36) and (2.37) are finite, which enables us to define for each m € N

}, g+1<k<N. (2.40)
L;’Zop

R, = maxRy,,, k=1,..,N

with Ry, given in (2.35), (2.36) and (2.37). Analogously, in the limiting case by virtue of
Lemmas A6, A5 and A4 of the Appendix of [27], we define the finite quantity

R :=maxR,, k=1,...,N.
The final statement of the work is as follows.

Theorem 7. Let Q =1 xRY d = 1,2, Assumptions 1 and 6 hold and for all m € N
we have ﬂ(QW)%RmL < 1—¢ for some 0 < e < 1. Then each system of equations (2.4)
admits a unique solution u™ (x) € H*(Q, RN), the limiting system of equations (2.3) has a
unique solution u(x) € H*(Q, RY), such that u™ (x) — u(x) in H*(Q, RY) as m — oo.

The unique solution of each system (2.4) u(™ (x) is nontrivial provided that the inter-
section of supports of the Fourier transforms of functions supme)n(p) N suppakvmvn(p)
is a set of nonzero Lebesque measure in R? for some k = 1,..., N and for some n € Z.
Similc@,\the unique solution of limiting system (2.3) u(x) does not vanish identically if

suppF(0,2),(p) N supp@km(p) is a set of nonzero Lebesque measure in R? for a certain
k=1,..,. N and for some n € 7Z.

Remark. Note that in the work we deal with real valued vector functions by means of the
assumptions on Fy(u,x), Ggm(x) and Gi(x), k =1,..., N involved in the nonlocal terms of

systems (2.4) and (2.3).
3 The Whole Space Case

Proof of Theorem 3. By virtue of Theorem 3 of [22], each system of equations (2.4) possesses
a unique solution u™(z) € H?*(R?, RY), m € N. System (2.3) has a unique solution
u(z) € H?(R?, RY) as a result of Lemmas A1 and A2 of the Appendix of [27] in dimensions
d =1 and d = 2,3 respectively along with Theorem 3 of [22].

We apply the standard Fourier transform (2.9) to both sides of systems (2.3) and (2.4).
This gives us for k =1,..., N and m € N

i(p) = (2m) SEDID) o) 4 GranP) i (1)

p? — ay p? — ay,

(3.1)

11



with ]?k(p) and ﬁm(p) denoting the Fourier transforms of Fy(u(z),z) and Fy(u™(z), )
respectively. Evidently, we have the upper bound

ék,m(P) _ @k(P)
pP—ap  p*—ay

—

™ (p) — T(p)| < (27)

d
2

| fi(p) |+

Lo (RY)

Gk,m(p)
p? — ay

d
2

| frm(p) — Fe(p)l.

Loo(R4)

+(27)

Hence

PP —ap p?—ay

d
2

luy™ — wg]| 2y < (27) | Fy(u(x), )| L2y +

Loo(R4)

Gk,m(p)
p? — ay

+(2m)? | Fe(u™ (@), 2) = Filu(e), @) 2cae.

Loo(RD)

By means of inequality (2.2) of Assumption 1, we have

N
St (@), ) — Fi(u(e), 2)[2ugay < L™ — ull e, gy (32)
k=1

Note that u{™ (z), up(z) € H*(R?) € L®(R?), k =1,...,N, d < 3 by means of the Sobolev
embedding. Hence, we obtain

N

Hu(m) - u”i?(Rd, RV) < 2(2m)? Z
k=1

2

Gim(p)  Gr(p)

p? — ay p? — ay

1 Fx (u (), 2) |72 ) +
Loo(R4)

+2(27T)dM31L2HU(m) - UH%Q(Rd, RNYs

such that
22" || Grmp) _ Cilp) ||
(m) _ 2 < ;1 _ F 2

u u 2 ~ k u\x ,I 2 .

D = I LTI
By virtue of inequality (2.1) of Assumption 1, we have Fy(u(x),z) € L*(RY), k= 1,...,N
for u(x) € H*(R?, RY). Thus,

u™(z) = u(z), m— oo (3.3)

in L?(R?, RY) due to Lemmas Al and A2 of the Appendix of [27] for d =1 and d = 2,3
respectively. Obviously, for k=1,...., N and m € N

~ d 2G 7 o 4 20 . ’\m
pzuk(p):(zﬂ)2w7 ™ (p) = (2m) G 2(p)fk, ()
Pk p°—ag

12



Therefore,

P*Gem(p)  P*Gilp)
pPP—ax PPy

| (p)]+

Loo(R4)

p?u™ (p) — p*in(p)| < (27)?

| frm(P) — Fe(0)].
R9)

oo
By means of (3.2) we obtain for k =1,..., N

d

m 2Gm 2
HAul(c )~ Augl|p2ray < (27)2 P"Grm(p) _bp k()

p? — ay p? — ay

| Fr(u(x), ) || 2may+
Lo (Rd)

p2Gk,m(p)
p? — ay

+(27)" LIut™ — ul 2, ).
Lo (Rd)
Therefore, by means of Lemmas Al and A2 of the Appendix of [27]ind =1 and for d = 2,3
respectively along with (3.3), we arrive at Au™(x) — Au(z) in L2(R?, RY) as m — oc.
Norm definition (2.5) yields that u™(z) — u(z) in H*(R?, RY) as m — oo.

Suppose the solution u™ (z) of system (2.4) discussed above vanishes a.e. in R? for some
m € N. This will contradict to the assumption that the Fourier images of Gy ,,(z) and
Fi(0,2) do not vanish on a set of nonzero Lebesgue measure in R? for a certain 1 < k < N.
The similar reasoning holds for the solution u(z) of the limiting system of equations (2.3)

discussed above. [ ]

4 The Problem on the Finite Interval

Proof of Theorem 5. Evidently, for 1 < k < N, we can estimate |G (0) — Gx(27)| from above
by

|Gr(0) = Grm(O)] + |Grm(2m) = Gr(2m)| < 2[Grm(7) = Gi(2) || ooty = 0, m = 00

as assumed, such that Gy(0) = Gi(27). Clearly, under the stated conditions we have
Grm(z) € LYI), m € N and Gy (z) — Gi(z) in L'(I) for k = 1,...,N as m — oo.
By means of Theorem 5 of [22], each system (2.4) admits a unique solution u™(z) belong-
ing to H2(I, RY) with m € N. System (2.3) possesses a unique solution u(z) belonging to
HZ(I, RY) due to Lemma A3 of the Appendix of [27] along with Theorem 5 of [22].

Let us apply Fourier transform (2.19) to both sides of systems (2.3) and (2.4). This gives
usforneZ and 1 <k <N

G n n m G m,n m,n
uk,n:‘/Qﬂ' k, fk, ’ u}i’n):1/zwlﬁvim7 m € N (41)

n? — ay n? — ay

13



with fi,, and fi ., standing for the Fourier images of F(u(z),x) and Fj(u™(z), ) respec-
tively under transform (2.19). This allows us to derive the upper bound

Gk m,n Gk,n

’u( Gk,m,n
k,n n2 —

‘fk,m,n - fk,n‘ .
lOO

—ap  n?—agl|,

Hence

Gk,m,n Gk,n

lul™ (x) — wp (@) 20y < | Fe(u(@), )l 2+

n?—a, n?-—a

[

kmn

+V2r | Fy(u™ (x), 2) — Fi(u(z), 2)|| 20)-

[

ne — ag

Inequality (2.2) of Assumption 1 gives us

N
DI F (™ (@), 2) = Fi(u(), 2)|32) < L™ = ull 2, zy). (4.2)

Note that by virtue of the Sobolev embedding we have u,(gm) (z), up(z) € H*(I) C L>=(I), 1 <
k < N. Clearly,

2

1P (u@), 2)l72+
[

Gk ,m,n Gk,n

||u( UHL2(I RNy = 4”2

n?—a, n2-—a

+47TP§1L2||U(m) - UH%Q(I, RN)-
Thus

2

1P (u(z), 2) 172

lOQ

Gk‘,m,n Gk,n

T2

N
47
(m) _ 4112
Ju u”L?(I, Ry < 22— o) Z

2
n —a n
k=1 k

Obviously, Fj(u(z),z) € L*(I), k = 1,...,N for u(z) € H?(I, RY) via inequality (2.1) of
Assumption 1. Then by virtue of the result of Lemma A3 of the Appendix of [27], we arrive
at

u™ (z) = u(z), m — oo (4.3)

in L2(I, RY). Apparently, forn € Z, meN, 1 <k <N

2
n*up, = \/QWM7 nQu,ST;) _ /_27T]c171—nfk7nn

n? — ay n? — ay,
Hence,

2
n Gk ,m,n n Gk n n Gk,m,n

In? ukn n*ug,| < V2 | frm| + V2m

[

n?—a, n®—a

‘fk,m,n - fk',n‘a
loo
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such that via (4.2)

2
n kan n Gk,n

(m)
- uk < V2 - Fi(u(x), z)|| 20+
H de L2 n2 — ay, n? — a ZOOH (u(z), )L 05)
/ n2kan m
tvam r Llul = ull g2, mv)-
loo

By means of the result of Lemma A3 of the Appendix of [27] along with (4.3), we obtain

d2
ul™ () — @u(x) m — 00

d2
da?

in L2(I, RY). Thus, u™ (x) — u(z) in the H2(I, RY) norm as m — co.

Suppose u(™ (x) vanishes a.e. in I for some m € N. Then we will arrive at the contradic-
tion to the assumption that the Fourier coefficients Gy, ,, Fx (0, x), # 0 for some k = 1,..., N
and a certain n € Z. The similar argument holds for the solution u(z) of the limiting system
(2.3) discussed above. |

5 The Problem on the Product of Sets

Proof of Theorem 7. Clearly, for 1 < k < N, the norm [|G(0,21) — G(27, 1) oo (re) can
be bounded from above by

1Gr(0,21) = Gem(0, 2 1) oo ay + [|Grm (27, 21) — Gi(2m, 21) || Loomay = 0, M — 00

as assumed, such that G1(0,2,) = Gy(2m,z,) for z; € R? a.e.. By virtue of Theorem 7 of
[22], each system (2.4) possesses a unique solution u™(z) € H2(Q, RY), m € N. System
(2.3) admits a unique solution u(z) € H?(2, RY) as a result of Lemmas A6, A5 and A4 of
the Appendix of [27] along with Theorem 7 of [22].

Let us apply Fourier transform (2.34) to both sides of systems (2.3) and (2.4). This gives
usfork=1,..N, n€Z, peR? d=1,2, meN

d+1 @k,m,n(p)ﬁ,m,n(p)
D) Gy ) = (20)"

p2+n2—ak

ak,n(p) = (27T) ) (51)

with ]?kn(p) and fkmn(p) denoting the Fourier images of Fy(u(z),z) and Fj(u™(z), )
respectively for £ = 1,..., N under transform (2.34). This enables us to derive the upper
bound

Crmn(0)  Gralp)

p2+n2—ak p2+n2—ak

| fron(p)]+

oo
L3y

‘ak,m,n(p) - ak,n(p)‘ S (277')7

15



Gk,m,n(p)
p2 + n2 — Qg

d+1

+(2m) 2

|ﬁ€,m,n(p) - ﬁc,n(p) |

L P
Hence for k=1,.... N

ék,m,n (p) _ Gk,n (p)
p2+n2—ak p2+n2—ak

d+1

lui™ (x) — wp(2)|| 20y < (27)F

[£% (u (@), 2) | 2+

oo
L3y

HFk(u(m)(x),a:) — Fi(u(x), )| L2()-

Inequality (2.2) of Assumption 1 yields

D E (D (@), 2) = Fy(u(x), 2) 3200y < Lu®™ (@) = u@)|| 20, my)- (5.2)
k=1

Note that due to the Sobolev embedding we have u,(gm) (z),ur(z) € H*(Q) C L=(Q), k =
1, ..., N. Evidently

N

||“(m) - “Hi?(ﬂ, RNy = 2(27T)d+1 Z
k=1

2

Gk,m,n (p) . Gk,n (p)
p2+n2—ak p2+n2—ak

1 Fe(u(@), ) 720+
L

+2(2m) ™ R LP|jut™ — UH%Q(Q, RN)-
Therefore, we obtain

2

ék,m,n (p) ék,n(p)

2(27T)d+1 N
(m) _ 4112 kSl —
Ju u”L?(Q, RN) = Z P2 +n2—a, p>+4n?—a

T e(2—¢) —

1Fi(u(@), )20

oo
L3

Evidently, Fy(u(x),x) € L*(Q), k =1,...,N for u(z) € H*(Q, RY) due to inequality (2.1)
of Assumption 1. By virtue of the results of Lemmas A6, A5 and A4 of the Appendix of
27], we derive

u™(z) = u(z), m— oo (5.3)

in L*(Q2, RY). Obviously,

(P + 1*) ik nn(P) — (P° + 1)tk (p)] <

< (277_)# (p2 + n2)ak,m,n(p) o (p2 + n2)ék,n(p) ‘.]?k: (p)‘+
p2 -+ n? — ag p2 -+ n? — ag Lge, "
a1 || (P + 12) Grnn () n >
2 2 . — n .
+(2) o R, L%op‘fk,m,n(p) frn(P)]




Via (5.2), this gives us
| Auf™ (@) = Aug(@) ]| 20 <

a || (02 + n2)Grmn() (% +n2)Grn(p)
< 2 2 k] k] _ k] F
< (2m) p? +n? — ay p? +n? — ay, L%QPH w(u(@), )| 2o+
w1 || (92 + 12) G n(P)
2 2 b b L (m) _ .
+(2n) Pr—a g [u"™ () — u()|| 20, mY)

By virtue of (5.3) along with the results of Lemmas A6, A5 and A4 of the Appendix of [27],
we obtain
Au™(z) = Au(x), m — oo

in L?(Q, RY). Thus, we arrive at
u™ () = u(z), m— 0

in H2(Q, RY). Suppose u™(x) vanishes a.e. in  for some m € N. This gives us
the contradiction to the assumption that there exist £ = 1,..., N and n € Z, such that

supp@kmn(p) N suppFy(0, ), (p) is a set of nonzero Lebesgue measure in RY. The similar
argument is valid for the solution u(x) of limiting system (2.3) considered above. |

6 Discussion

Let us conclude the work with a short discussion of biological interpretations of our results.
All tissues and organs in a biological organism are characterized by the cell distribution with
respect to their genotype. Without mutations all cells would possess the same genotype.
Due to mutations, the genotype changes and represents a certain distribution around its
principal value. The stationary solutions of such systems yield a stationary cell distribution
with respect to the genotype. Existence of these stationary distributions is an important
property of biological organisms which allows their existence as steady state systems. We
prove the existence of stationary solutions in the space of integrable functions decaying at
infinity. Biologically this implies that the cell distribution with respect to the genotype
decays as the distance from the main genotype increases. Our results show what conditions
should be imposed on cell proliferation, mutations and influx to arrive at such distributions.
In the context of population dynamics, our results apply also to biological species where
individuals are distributed around some average genotype. In this case, the existence of
stationary solutions corresponds to the existence of biological species (see [4]).
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