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ABSTRACT. We construct analytic and formal solutions for a family of g-difference-differential
problems, under the action of a perturbation parameter. This work is a continuation of the
study [10] focusing on a singularly perturbed g-difference-differential problem for which a phe-
nomenon of multilevel ¢g-Gevrey asymptotics has been observed, owing to the fact that the main
equation is factorized as a product of two simpler equations in so-called normal forms, each
producing one single level of g-Gevrey asymptotics. The problem under study in this paper is a
priori not factorizable. We follow instead a direct approach developed in the contribution [4] of
the first author based on successive applications of two g-Borel-Laplace transforms of different
orders both to the same initial problem and which can be described by means of a Newton

polygon.
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1. INTRODUCTION

This work is devoted to the study of a family of linear g-difference-differential problems in the
complex domain. It can be arranged into a series of works dedicated to the asymptotic study of
holomorphic solutions to different kinds of g-difference-differential problems involving irregular
singularities such as [7], [8], [10], [13], and [15]. There are other interesting approaches to this
problems in the literature. We refer to [20] as a reference, and contributions in the framework
of nonlinear g-analogs of Briot-Bouquet type partial differential equations in [21].

The main aim of this work is to study a family of ¢-difference-differential equations of the
form

(1.1) Q(0:)oqul(t, z,€)

d&+l dDQ +1
= (et Ry (@u(t, 7€) + ()P0, By (Bi)ult, 2, ¢
D—-1
+ Z eAetdzo-g,gt(cé(ta 2y G)Rg(az)U(t, 2, E)) + Uq,tf(t7 2y E)a
=1

where D, Dy, Dy are integer numbers larger than 3, ), Rp,, Rp, and Ry for { =1,...,D — 1
are polynomials of complex coefficients, and A, > 0, d;,dy > 1 are nonnegative integers for
every 1 <¢ < D — 1. The numbers dp, and dp, are positive integers, which would provide two
different ¢-Gevrey levels in the asymptotic representation of the solution of the problem under
study. ¢ stands for a real number with ¢ > 1.

We consider the dilation operator o,; acting on variable t, i.e. o,.(t — f(t)) := f(qt), and
the generalization of its composition given by

ot = f(1) = f(a"?),
for any v € R. We also fix positive integer numbers k1 and ko with
1 <k < ko

The function ¢(t, z, €) is of the form
p1

colt,z,6) =Y F N (m s Cpj(m,e))(et),
7=0

where F~1 stands for the inverse Fourier transform in m variable (see Proposition 3.6), and Cy ;
belong to some adecquate Banach space of functions. As a result, the function ¢;(¢, z,¢€) is a
holomorphic and bounded function on 7 x Hg x D(0,€g), where T is an open bounded sector
with vertex at the origin, and Hg stands for the strip Hg := {z € C : |Im(z)| < f'}, for some
B > 0. D(0,¢p) stands for the disc in the complex plane centered at the origin and with radius
€0 > 0. We will denote D(0,r) the closed disc centered at zero and radius r > 0.

The forcing term f(t, 2, €) is a holomorphic and bounded function on 7 x Hg x &, where £
is a finite sector wih vertex at the origin. Indeed, the variable e plays the role of a complex
perturbation parameter in problem (1.1). The nature of this function is important to understand
the multi-level phenomenon described in this work. More precisely, the construction of f(¢, z, €)
is as follows: given a sequence of functions (m — F,,(m,€)),>0 which are holomorphic functions
with respect to the perturbation parameter on D(0, ¢p) and belonging to an appropriate Banach
space of functions on the real variable m depending on the index n (see (4.6)), we assume the
formal power series F\(T',m,€) = . o Fn(m,€)T" is such that its formal g-Borel transformation

of order ki

Uy, (1,m,€) ZF (m,€) 1/k1)n(n 0/

n>0
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defines a holomorphic function on a neighborhood of the origin, say D(0, p), and can be extended
along direction 9, for 1 < p < ¢ — 1 with g-exponencial growth k;. We denote such extension

by \I/Z’i (1,m,€). Indeed, there exists an infinite sector of bisecting direction 9, Up,, such that

1 sm (’flw
(L+ [m)# 2 log(q)

valid for all 7 € (U, U D(0,p)) and m € R, for some Cyy, >0,8> B >0, u,d >0, a € R.
In addition to this, we assume Wy, (7, m,€) can not be prolongued to an entire function. More
precisely, we assume the formal ¢g-Borel transformation of order ks of F(T',m,€) has null radius
of convergence.

As stated above, the extension of Wy, (7, m, €) along different directions, 9, forp =1,...,¢—1
leads to ¢ different problems, concerning the direction of extension which is chosen. For each of
such directions, one defines

W2 (r,m, €)] < Ca,. T alog|r+ 6\) ,

o7 (t, z,€) == F Y(m — F°(r,m,€))(T),
where F° (T, m, €) consists of the consecutive action of two g-Laplace transformations, see Sec-
tion 3, of orders kg and k of Wy, (1, m,€). More precisely,

FDP(T,m, 6) = EZ;;)l/kz (T = \I/ZZ(T,?TL, 6))(T)’

and
) ) ?
o (1,m, €) 1= qu’l/n(T = 0" (1,m, €)),
where
111
K T kl /{2'

As a consequence, the problem (1.1) turns into ¢ different problems. Namely,

(1.2) Q(@z)awuap (t,z,€)

J 01 4 4 D2 41
= (et)™P10,4 Rp, (0,)u’ (t, z, €) + (et)"P2 o, IR, (O)u® (t, 2, €)

D-1
+ Z GAetdZUgft(Cg(t, 2, €)Re(0,)u(t, z,€)) + ot fP (1, 2, €),
=1

for every 0 < p < ¢ — 1. As a matter of fact, f°(¢, z, €) is a holomorphic and bounded function
on 7 x Hg x &,, where (€,)o<p<c—1 is a good covering of C* (see Definition 5.1).

Observe that two singularly perturbed terms on the right hand side of equation (1.2) are
distinguished. This point makes one difference with respect to the previous work [10] in which
only one term is distinguished, whilst the multi-level g-Gevrey asymptotic behavior comes from
the forcing term. Namely, we focused on families of g-difference-differential equations that can
be factorized as a product of two operators in so-called normal forms each enjoying one single
level of ¢-Gevrey asymptotics. In the present work,the appearance of these two terms would
cause the appearance of a multilevel ¢-Gevrey phenomenon in the study of the asymptotic
solution of (1.2) with respect to the perturbation parameter. However, a direct application of
g-Borel-Laplace summation procedure of order ko would fail, as it is observed at the beginning
of Section 4.2. For this reason, our approach is to follow a two-step procedure of summation of
the formal solution, which makes the two ¢-Gevrey asymptotic orders emerge.

The point of view we use here is similar to the one performed in the work of the first author,
see [4], and is related to direct constraints on the shape of the main equation via a possible
description by a Newton polygon. It is important to stress that this approach is specific to
the g-difference case. Namely, such a direct procedure for producing two different Gevrey levels
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in the differential case for the problem stated in the work [9] is impossible due to very strong
restrictions related to a formula used in the proof and appearing in [19], see formula (8.7) p. 3630.
In that case, only a proposal via factoring the main equation did actually work, as performed
in our joint work [11].

Let 0 < p < ¢ — 1. First, we apply g-Borel transformation of order k; to equation (1.2)
in order to obtain our first auxiliary problem in a Borel plane, problem (4.12). A fixed point
result in a complex Banach spaces of functions under an appropriate growth at infinity lead us
to an analytic solution, wZ’l’ (1,m,e€) of (4.12). More precisely, wZ’l’ (1,m, €) defines a continuous
function defined in (Up, U D(0,p)) x R x D(0, €), where Uy, is an infinite sector of bisecting
direction 0, and holomorphic with respect to the variables 7 and € in (U, UD(0, p)) and D(0, ),
respectively. In addition to that, it holds that this function admits x g-exponential growth at

infinity with respect to 7 in Uy, i.e., there exists C’wap > 0 such that
k1

1 K
”LUZI;(T, m,e)| < C“’Zf We—ﬁ\m\ exp <210g(q) log? |7 + 8| + alog |7 + (5\) ,
for all m € R and all 7 € (D(0,p) UU,,) and € € D(0,¢p). This result is described in detail in
Proposition 4.2.

A second auxiliary problem in the Borel plane is constructed by applying the formal ¢-Borel
transformation of order k2 to the main problem (1.2) and substitute the formal forcing term
obtained by \IJZ’; (1,m,€). The second auxiliary equation is stated in (4.30). A second fixed point
result in another appropriate Banach spaces of functions allow us to guarantee the existence of
an actual solution of the second auxiliary problem, wzz (7,m,€), defined in Sy, x R x D(0, ¢g)
and holomorphic with respect to 7 and € in Sy, and D(0, €p), respectively. Here, Sy, stands for
an infinite sector with vertex at the origin and bisecting direction ?,. Moreover, this function
satisfies

1 k
b4 <C oy Al 2 log? 1
[ (rms €l < C oo At P <210g(q) og” |7 + viog|7] |,

for some C o, > 0, and some v € R, valid for every (1,m,€) € Sy, xRx D(0,€p). This statement

k
is proved in I%roposition 4.4.

As a matter of fact, the key point in our reasoning is the link between the g-Laplace transform
of order k with respect to 7 variable of wZ’l’ and wZ’; . In Proposition 4.5, we guarantee that both
functions coincide in the intersection of their domain of definition. This would entail that the
function Eg;l /K(wg1 (1,m,€)) can be prolongued along direction 9, with g-exponential growth of
order ko, see Propoposition 4.5.

The construction of the analytic solution of (1.2), u®#(t, z, €), is obtained after the application
of g-Laplace transformation of order ko and inverse Fourier transform, providing a holomorphic
function defined in 7 x Hgr x &,. This result is described in Theorem 5.3. The following diagram
illustrates the procedure to follow. For the attainment of the asymptotic properties of the
analytic solution we make use of a Ramis-Sibuya type theorem in two levels (see Theorem 6.4),
and the properties held by the difference of two analytic solutions in the intersection of their
domains, whenever it is not empty. The conclusion yields two different ¢-Gevrey levels of
asymptotic behavior of the analytic solution with respect to the formal solution depending on
the geometry of the problem. The final main result states the splitting of both, the formal and
the analytic solutions to the problem under study, as a sum of three terms. More precisely,
if F denotes the Banach space of holomorphic and bounded functions defined in 7 x Hg/, and
u(t, z, €) stands for the formal power series solution of (1.2), then it holds that

u(t, z,€) = a(t, z,€) + Uy (t, z, €) + u2(t, z, €),
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FIGURE 1. Scheme of the different Borel levels attained in the construction of the solution

where a(t, z,€) € F{e} and 4;(t, z,€), Ua(t, z,€) € F[[e]] and such that for every 0 < p < ¢ —1,
the function u° can be written in the form

W (t, z,€) = alt, z,€) + uy (t, 2, €) +uy’ (t, 2, €),

where € — u?p (t,z,€) is a F-valued function that admits @; (¢, z, €) as its g-Gevrey asymptotic
expansion of order 1/k; on &, and also € — u;” (t, 2, €) is a F-valued function that admits us (¢, z, €)
as its ¢-Gevrey asymptotic expansion of order 1/kz on &,. This corresponds to Theorem 6.6.

One common drawback in this paper and in our last contribution [10] compared to our prior
study [16] concerns the restriction on the coefficients ¢;(¢, z, €) which are only allowed to depend
polynomially on time. An analytic dependence would cause the appearance of convolution
operators when studying the auxiliary equations in the Borel plane and are more delicated to
handle. We postpone this for a future work.

For the sake of clarity, we enclose the following table on the different elements involved in the
construction of the solution of the problem.

Transformation | Solution Equation | Domain of analyticity
u(t, z,€) (5.1) Formal

F U(T,m,e) | (4.7) Formal

3 0

Byt ks wy (rm,e) | (412) [ R, 5 xR x D(0, e)

L w (r,m,e€) | (4.30) | Sb, x R x D(0, o)

L2 U(T,m,e) | (4.7) So, X R x D(0, ¢p)

F1 u®r(t, 2, €) (5.1) T x Hg x &,

The paper is organized as follows.

In Section 2.1, we define some weighted Banach space of continuous functions on the domain
(D(0,p)UU) x R with g-exponential growth on the unbounded sector U with respect to the first
variable, and exponential decay on R with respect to the second one. We study the continuity
properties of several operators acting of this Banach space. Section 2.2. is concern with the study
of a second family of Banach spaces of functions with g-exponential growth on an infinite sector
with respect to one variable and exponential decay on R with respect to the other variable. In
Section 3, we recall the definitions and main properties of formal and analytic operators involved
in the solution of the main equation. Namely, formal g-Borel transformation and an analytic
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g-Laplace transform of certain ¢-Gevrey orders, and inverse Fourier transform. In Section 4.1.
and Section 4.2, we study the analytic solutions of two auxiliary problems in two different
Borel planes and relate them va g-Laplace transformation (see Theorem 5.3). In Section 5,
we describe in detail the main problem under study, and construct its analytic solution and
the rate of growth of the difference of two neighboring solutions in their common domain of
definition. Finally, Section 6 deal with the existence of a formal solution of the problem, and
studies the asymptotic behavior relating the analytic and the formal solutions through a multi-
level g-Gevrey asymptotic expansion (Theorem 6.6). This result is attained with the application
of a two-level g-version of Ramis-Sibuya theorem (Theorem 6.4).

2. AUXILIARY BANACH SPACES OF FUNCTIONS

In this section, we describe auxiliary Banach spaces of functions with certain growth and
decay behavior. We also provide important properties of such spaces under certain operators.

Let Uy be an open unbounded sector with vertex at the origin in C, bisecting direction d € R
and positive opening. We take p > 0 and consider D(0,p) = {7 € C: |7| < p}.

We fix real numbers 8, u > 0, ¢ > 1 and « through the whole section. We assume the distance
from Uy U D(0, p) to the real number —§ is positive. Let k > 0. We denote D(0, p) the closure
of D(0, p).

The next definition of a Banach space of functions, and subsequent properties have already
been studied in previous works. Analogous spaces were treated in [7, 12], inspired by the
functional spaces appearing in [18]. We refer the reader to [10, 16] for some of the proofs of the
following results, whose enunciates are included for the sake of completeness.

2.1. First family of Banach spaces of functions with g-exponential growth and ex-
ponential decay.

Definition 2.1. Let ¢ > 1. We denote Exp((]k o the vector space of complex valued con-

a,p)
tinuous functions (7,m) +— h(r,m) on (Uy U D(0,p)) x R, holomorphic with respect to 7 on

Us U D(0, p) and such that

klog? |7 + 0|
AT ) | o gpap =  Sup  (1+[m])#e” ™ exp <_ —alog|r + 4| | [h(T,m)|
(k,B,1,0,p) eULID(0.p), 2 log(q)
meR

q
(k7ﬁ7“7a7p)7

The proof of the following lemma is straightforward.

is finite. The space (Exp (k.5 1,0,p)) 18 @ Banach space.

Lemma 2.2. Let (7,m) + a(1,m) be a bounded continuous function on (Uy U D(0,p)) x R,
holomorphic with respect to T on Ug U D(0, p). Then, it holds that

uamm>h<r,m>u(k,5,u,a,p)é( sup Ia(ﬂm)|> 1 )5y
T7eU4UD(0,p),meR

q
for every h(t,m) € E:Bp(kﬂy#’%p).
Proposition 2.3. Let v1,7v2,73 > 0 such that

7 + ks > 2.

Let a-, (1) be a continuous function on Uz U D(0, p), holomorphic on Ug U D(0, p), with

1
|y ()] < =
(L +[r[)m
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for every 7 € (U3UD(0,p)). Then, there exists C1 > 0, depending on k,q, ,v1, V2,73, such that
Ha'ﬂ( )7-720-(1 7"_/3 (Tam)H (k,B,pt,0,p) — <G Hf(T m)“ (k,B,p,,p)

a
for every f € Ezp(kﬁ’#’aﬁp).

Definition 2.4. We write E(g ) for the vector space of continuous functions h : R — C such
that

)3 = 50D 1+ ) exp(Blm) )| < .
It holds that (Eg ), [|[l(5,,) is a Banach space.

The Banach space (E(g ), [|[l(5,)) can be endowed with the structure of a Banach algebra
with the following noncomutative product (see Proposition 2 in [16] for further details).
Proposition 2.5. Let Q(X), R(X) € C[X] be polynomials such that

deg(R) > deg(Q),  R(im) # 0,
for allm € R. Let m +— b(m) be a continuous function in R such that
|b(m)| < 1/|R(im)|, m € R.

Assume that > deg(Q)+1. Then, there exists a constant Co > 0 (depending on Q(X), R(X), u)
such that

” f(m —mq)Q(im1)g(mq)dmy <y Hf(m)”(ﬁ,u) Hg(m)”(ﬁ,u) )

(B,1)
for every f(m), ( ) € E,py- In the sequel, we adopt the notation

“+oo
F(m) %@ g(m) = / £(m — ma)Qima )g(ma )dima,

—00
for every m € R, extending the classical convolution product x for Q = 1. As a result,
(E(gu)> lIll5,)) becomes a Banach algebra for the product *0Q defined by

F(m) "9 g(m) := b(m) f (m) x? g(m).

The next proposition is a slighted modified version of Proposition 3 in [16], adapted to the
appearance of two different types of growth of the functions involved, which force holding some
positive distance to the origin.

Proposition 2.6. Let b(m), Q(X), R(X) be chosen as in Proposition 2.5. We assume 1 < k < K
is an integer. Let cp(m) € Eg ) for h=0,...,p1. Let px(T,m) be the polynomial

h
Zch (q/FYR(=D)/2 € Eggl]-

For every f(r,m) € E:Ep( ) we deﬁne a g-analog of the convolution of order k of pr(1,m)

NN TNeY
and f(r,m) as
Q p1 Th _h
or(T,m) *q1/k f(r,m) == hz(:) W%(m) «Q (0,7 f)(T,m).

Then, the function b(m)ek (T, m) *22-1/;@ f(r,m) belongs to Eacp?ﬁi B
depending on p,q, o, k,k, Q(X), R(X),0d, such that

(B a,0) (

) and there exist C'3j, > 0,

Hb(m)(pk(Tv m) *(?;1/]€ f(Tv m) ) ||f(7—’ m)”(n,ﬁ,p,a,p) :
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Proof. Let f(r,m) € Exp?ﬂ Ba) From the very definition, we know that

||b(m)(pk (7_7 m) *21/k f(Ta m)”(m,ﬁ,u,a,p)
§10g2(\7' +9])

= sup (14 |m|)*efm exp (— 2" Tos(d)

s - alog(\war)) ib(m)
T7eU4UD(0,p),meR

X

p1 Th +00 -
> T [ e - QU i)y

h=0 (ql/k) 2 >

yields a bound in D(0, p). Let Uy be the complementary

The definition of the norm ||-[|(; 5, o,

of D(0, p) in Uy. From what precede we may take the supremum over Uy instead of Uy uD(0, p).

By inserting terms that correspond to the ||.||(g ) norm of ¢;(m) and to the [|.||(x g,4,q,p) DOTM

of f(7/¢"'* m), there exists C, > 0, such that we can give the bound estimates
| |b(m)<pk (7_7 m) *gl/k f(Ta TTL) ||(/~c,ﬁ,u,a,p)

_Elog2(|7 +9))

<G sw (Ul ey (-5 25 7

TeUg,mER

—alog<|f+6|>) jb(m)|
Pl too s Blm—my| Ch(m —m1) sIh
x};)/oo (14 |m —mq])e ORI |7+ 4]
m rlog?(|7/q"* + 6
x(|f<q,f/k,m1>|<1+|ml|>~eﬂ' exp (— g (/T2 0) _ o oglr /" + )

2 log(q)

—B|m—ma| ; 2 h/k
" e ! [QEma)| _—gjm,| exp klog™(|7/q"" +4)
(L4 |m —ma ) (1 + |ma|)# 2 log(q)

By means of the triangular inequality |m| < |m — m1| + |m|, we deduce that

+ alog(|r/q"* +5)>> dm;.

(21) Hb(m)ﬂﬂk (T7 m) *21/k f(Ta m) H(/i,ﬁ,u,a,p) < é’ ’f(’]’, m) ‘ ’(n,ﬁ,,u,oz,p)
where
_Elog2(\7 +9])

N A p
(2.2) C=Cy sup (1+|m|) exp( 2" Tog(q)

s ~alog(r + 6|>) b(m)
Te€Ug,mER

P1 h +oo :
7| |QCim)|
x hz;) llenll s, (q/F)h(h=1)/2 /Oo (1 + |m —ma|)#(1 + \mly)udml

K log?(|7/q"* + 4]) Wk

_ 1 / )
X exp (2 Toe(d) + alog(|r/q""" + 6|)
By construction, there exist two constants £, > 0 such that

(2.3) 1Q(imy)| < Q1+ [my )@ |R(im)| > R(L + |m])2sD),

for all m € R. Using (2.3) and from Lemma 4 in [14] (see also Lemma 2.2 from [2]), we get a
constant Cy > 0 with

|Q(im1)|
L+ |m —m[)#(1 + [ma])

+0o0
(24) (1+ [ml)[p(m)| / :

dm
o

dmy < Cy

Q 1
< sup —(1+|m “_deg(R)X/
= meII)R f)f{( Imi) oo (T4 ]m —mq|)#(1 + |my|)n—des(@)
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provided that p > deg(@Q) + 1. On the other hand, we can write

K

h/k| _
2log(q)

(2.5) log?|7/q

K h h
log? 7| — 21 1 —)?log?
sy (1082 7] = 2 Yoglrltogt) + ()* 062(@)).

h
atog r/¢") = a (1og ] - F1ox(@) )

(From (2.2) and gathering the estimates (2.4) and the identities (2.5), we get the existence of
('3 such that

P1

~ ~ o~ o~ 2
(2.6) C < CiCaC3 > llenll g, g O/=1/R+ (1 /2-0) o
h=0
Finally, taking into account (2.1) together with (2.6) yields the result. O

2.2. Second family of Banach spaces of functions with g-exponential growth and
exponential decay. The second family of auxiliary Banach spaces has already been studied
in previous works, such as [10, 16]. We refer to these references for the proofs of the related
results.

Let S; be an infinite sector of bisecting direction d and let v € R.

Definition 2.7. We denote Exp‘(lk ) the vector space of continuous functions
(,m) — h(1,m) on Sy x R, and holomorphic with respect to 7 on Sy, such that

klog? |7|
2log(q)

is finite. It holds that (Exp‘(]kﬁ’uﬁy), Il(k,5,u,)) is & Banach space.

()l sy = sup (14 jml)Helm exp (— ~ulog m) Ih(r,m)|

TESy,MER

Remark 2.8. Let 0 < k1 < kg. For every f € Exp((}mﬁ%y), It holds that f € EXp((]nz,B,uw)’ and

Hf(7_7 m) H (k2,8,1,V) < Hf(T7 m) H (k1,8,1,v) *
The proof of the following lemma is a straightforward consequence of the definition.

Lemma 2.9. Let a(1,m) be a bounded continuous function on Sq x R, holomorphic on Sq with
respect to 7. Then,

la(r,m)f (T m) g gy < sup Nl m)[ 1 F(7,m) | g 0)

€Sg,meR
q
for every f(r,m) € Exp(kﬂ’#yy).
Proposition 2.10. Let 1,72 > 0 and v3 € R such that
(2.7) 7+ kv > 2.

Let a., (1) be an holomorphic on Sq, with

1
(14|
Then, there exists Cy > 0, depending on k,q,v, V1,72, 73 such that

lay, (7)] < TeSy.

Ha% ()10 f(T, m)H(kﬁ’M’V) < Cy || f(r, m)“(kﬂ,u,l/)

q
for every f € E:Ep(kﬂy#’y).
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Proof. For every f € Exp‘(]k 5, We have

las, (772005 F (T m)| 50

‘T|72

k log?
= sup (1+ |m|)*e’mlexp (— og” || |f(rq?,m)|

——— —vlog|T ) —
o T10g(q) ™) Ty

klog® |Tq"| klog?|Tq |
=2 1 vl 3 R = 1 Y3
X exp ( 2 102(q) vlog |Tq™| | exp 3108(q) + vlog |Tq™|

k’yg +2vy3 ’7- ‘ kys+y2

< sup q —— || f(r,m ) -
’TESd (1 —|— |7‘D’71 H ( )||(k767,u'7 )

The result follows from the condition (2.7). O

We may deduce from Proposition 3 in [16] the following proposition:

Proposition 2.11. Let b(m),Q(X), R(X),cp for h = 0,...,p1 and pi(T,m) be chosen as in
Proposition 2.6. For every f(1,m) € E:rp((]k i)’ it holds that b(m)pg (T, m)*gl/kf(T, m) belongs
to Exp((]kﬁu ) and there exist Cyp, > 0, depending on p,q,v, k,Q(X), R(X), such that

[pomyentr.m) 5 sm| ( ) 17 )l -

3. FORMAL AND ANALYTIC OPERATORS INVOLVED IN THE STUDY OF THE PROBLEM

The main properties of some formal and analytic transformations are displayed for the sake
of completeness. In this section, [E stands for a complex Banach space.

The definition and main properties of the g-analog of Borel and Laplace transformation in
several different orders can be found in [4, 18]. The proofs of the following results can be found
n [16].

Let ¢ > 1 be a real number, and k£ > 1 be a rational number.

Definition 3.1. For every a(T') = }_,,¢anT" € E[[T]] we define the formal g-Borel transform
of order k of a(T") by

n

PN . T
Bq;l/k(a(T Zanm € E[[7]].

n>0

Proposition 3.2. Let 0 € N and j € Q. Then, it holds

,TO'

R o i - j—
Byie(T?o5a(T))(1) = W%

=[Q

(B u(a(m))(m),
for every a(T) € E[[T]].

The g-analog of Laplace transformation as it is shown was developed in [5]. The associated
kernel of such transformation is the Jacobi theta function of order k£ defined by

n(n—1)
l/k Zq % " 5

ne”L

which turns out to be a holomorphic function in C*. It turns out to be a solution of the
g-difference equation

m m(m+1)

(3.1) Ou/k(grz)=q 2 20,/ (z),
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for every m € Z, valid for all z € C*. As a matter of fact, Jacobi theta function of order k is a
function of ¢-Gevrey growth at infinity of order £ in the sense that for every 6 > 0 there exists
Cyx > 0, not depending on d, such that

S k log? 2| 1/2
. > —
(3.2) ‘qu/k (m)‘ > Cy 10 €xp <2 Tog(d) ||/ =,

for z € C* under the condition that |14 2¢% | > 4, for every m € Z.
Definition 3.3. Let p > 0 and Uy be an unbounded sector with vertex at 0 and bisecting

direction d € R. Let f : D(0,p) UUy; — E be a holomorphic function, continuous on D(0, p),

such that there exist K > 0 and o € R with
klog? |z|
flx <Kexp<+alogw , x e Uy, |x|>p,
@)l Sy oozl o

and B
[f(x)lg <K,  xeD(0,p).
Set Tqt/k = logk(q) ano(l - W)_l. We define the ¢-Laplace transform of order k of f along

direction d by
1 flu) du

cl T)= u’
g1k (@)(T) Mg Jrg © gk (%) u

where Lq := {te’ : t € (0,00)}.

We refer the reader to Lemma 4 and Proposition 6 in [16] for the proof of the next results. The
algebraic property held by g-Laplace transformation would allow to commute some operators
with respect to it.

Lemma 3.4. Let § > 0. Under the hypotheses of Definition 3.3, we have that Ef}l;l/k(f(x))(T)

defines a bounded and holomorphic function on R ;5N D(0,r1) for every 0 <ry < q(%_o‘), where

id

. re
(3.3) Rdsiz{TEC .‘1"‘

)

> 4, foralerO}.

A different choice for d modulo 2wZ would provide the same function due to Cauchy formula.

Proposition 3.5. Let f be a function which satisfies the properties in Definition 3.5, and let
6 > 0. Then, for every o > 0 one has

xO’

T (Lh p f(@))(T) = L3, 4 <(q1/k)g(g_ma;" ) (1),

for every T € RN D(0,71), with 0 <ry < q(%_o‘)/k/Q.

ESl[S)

Another operator which is used through the work is the inverse Fourier transform.

Proposition 3.6. Let [ € Eg ) with 8 > 0, up > 1. The inverse Fourier transform of f is
defined by

1 o0
FUE) = G [ Sm)expliam)dim
for all x € R. The function F~1(f) extends to an analytic function on the strip
Hy = {= € C/|m(2)]| < BY.
Let ¢(m) =imf(m) € Eg,—1). Then, we have

0. F (f)(2) = FH(9)(2)
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for all z € Hg.

Let g € Eg,,y and let ¢p(m) = Wf * g(m), the convolution product of f and g, for all
m € R.

¢From Proposition 2.5, we know that ¢ € Eg ). Moreover, we have

FHHEF H9)(2) = FH)(2)
for all z € Hg.

4. FORMAL AND ANALYTIC SOLUTIONS TO SOME AUXILIARY CONVOLUTION INITIAL VALUE
PROBLEMS WITH COMPLEX PARAMETERS

Let 1 < k1 < kg and D, Dy, Dy > 3 be integers and define k1= kl_l — k2_1. Let ¢ > 1 be a
real number. We also consider the positive integer numbers dp,,dp,. For every 1 </ < D —1
we consider nonnegative integers dy,dy > 1 and Ay > 0. We assume that

(4.1) 6 =1, dp < dp41,
for 1 < /¢ <D — 2. We also assume that
-1 -1
(4.2) Ay > dy, @+1 > 4y, dp, _ & > 60— 1, dp, >0y — 1,
ko K ) 2

for every 1 < /¢ < D — 1, and also
(4.3) kidp, > kodp,.
Let Q(X),Ry(X) € C[X] for 1 <¢ < D —1 and Rp,, Rp, € C[X], such that

(4.4) deg(Rp,) = deg(Rp,),

and

(4.5)  deg(Q) > deg(Rp,) > deg(Rr), p—1>deg(Rp,), Q(im)#0, Rp,(im)#0,
for some p > deg(Rp,) +1 with j = 1,2, forallm e R, 1 </ < D — 1.

We consider sequence of functions m — F,(m,e€) for n > 0 belonging to the Banach space
Es,,,) for some 3 > 0, depending holomorphically on € € D(0,¢p), for some ¢ > 0. We also

consider m — Cy(T,m,e) = 31, Cyj(m,e)T7, for 1 < £ < D —1 in Eg,)[T], depending
holomorphically on € € D(0, ¢y). We moreover assume there exist Cr, Ty > 0 such that

LN 4k n(n—1)/2
(46) |Eallig < Cr <TO> /Ry DR s

We define the formal power series in Eg ,)[[1]
T m,e€) ZF m,e)T

n>0

We consider the following initial value problem

(4.7) Q(im)ogrU(T,m,€)

+1 +1
—Tleaq’;; Rp, (im)U(T,m,€) + T%20,2 " Rp,(im)U(T,m, e)

1 too
Z Ap— dZTde (( )1/2 C’Z(T,m—ml,e)Rg(iml)U(T,ml,e)dm1>

+ ogrF(T,m,e).
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Proposition 4.1. There exists a unique formal power series

(4.8) U(T,m,e) ZU m,e€)
n>0

solution of (4.7), where the coefficients U, (m, €) belong to Eg ), for 8 > 0 and p > deg(Rp,)+1
Jj € {1,2}, given above and depend holomorphically on € € D( ,€0)-

Proof. We plug the formal power series (4.8) into equation (4.7) to obtain a recursion formula
for the coefficients U,,, for n > 0. We have

Q(im)Uyp(m,€)q" =

d&%*l n—d d&+1 n—d
Rp, (im)Unde1 (m, €)q< " )( » + Rp, (im) UndeQ (m, f)q( "2 )( P2)

D—1
1 +eo .
+ Z eAz*deq(nfde)(Se Z W N Cg?m (m —my, G)Rg (Zml)Unz (ml, e)dml

ni+ns=n—dy

+ E,(m,e)q"

for every n > max{dp,,dp,, max;<<p_1 de}. Here Cy,, =0 in the case that n; > p;. Due to
F, € Eg,,) for every n > 0 we get Uy, € E(g ) by recursion. O

4.1. Analytic solutions of a first auxiliary problem in the ¢g-Borel plane. We proceed to
multiply at both sides of equation (4.7) by T*' and then apply the formal g-Borel transformation
of order ki with respect to T'. Let ¢, ¢(7,m, €) be the formal ¢g-Borel transform of order k; of
Co(T,m,€) with respect to T, and Wy, (7, m,¢€) the formal ¢g-Borel transform of order k; of
F (T, m, €) with respect to T. More precisely, we have

7.71

Pry £(T, 10, €) Zanme (gl /Fyn(n=1)72"

o
(4.9) Uy, (T,m, €) ;}F m,e€) (e

Assume that Wy, (7,m,€) above, which defines a holomorphic function on D(0,Tp), due to
(4.6), with values in the Banach space E(,) can be analytically prolonged along direction
d € R in the sector Uy, with g-exponential growth of order k. More precisely, we have

(410) H\Ilkl (T7m7€)H(f€7,B,H/,Oé,P) - C\Ijkl < OO7

for some C\pkl > 0. Observe from (4.6) that Cr tends to zero when C‘Ifkl does. We also assume
that ¥y, can not be prolongued to an entire function. More precisely, we assume that for every
positive constants Cr and Ty there exists ng > 0 such that for every n > ng one has

- [ 1\" a(n—
(4.11) Cr (To) (q"/F )" =2 < Fy(my )l 5.,

for e € D(0, €9).
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In view of the properties of the ¢-Borel transformation of order k1, we arrive at the equation

' k1 _ 74D, +k1
(4.12) Q(Zm)( 1) k=D w, (T,m, €) = Rp, (Zm)< 1k )(dD1+k1)(le+k1—1) wg, (T, M, €)
q gt/ 2
dp,+k1 dr. (L -1 k1
. T2 Da\%ky & T
+ Rp,(im) (py ThD)(dp, th1 1) 0 q,T < ’ l)wlﬂ (1,m,€) + W\Ijkl (m,m;€)

(q1/h) : (g"/k) ™

D-1 de+k1 S, _q 1
Ag—d T Tk R

D e Z( 1/k1)£d@+k1><gz+klfl> Par ((27r)1/2 Pt (7115 €) g1y Wi (T’m’€)>
=1 q

where wg, (1, m, €) stands for the formal g-Borel transformation of order k; with respect to 7.
Observe the appearance only of negative powers of the dilation operator in one of the terms in
the sum of the right-hand side of the equation.

We assume an unbounded sector of bisecting direction dg, Rp, € R exists,

SQ.Rp, = {Z € C:|z[ 2 rQrp,, arg(2z) — do,rp, | < vQ,Rp, }
for some TQ.Rp,+VQ,Rp, > 0, in such a way that

Q(im)

- E ,
Rp, (zm) Q,Rp,

for every m € R. We factorize

Pm,l(T) = Q(len(g EV (dRDiE,L?)Zl) Thi-1) e
(ql/k1) 15 (ql/kl) by le !
in the form
, dp,—1
Rp, (im)
Pm71(T) == (dplih)(le +k1—1) H (T o qe(m)),
(ql/kl) 2 /=0

with
2ime Q(Zm) 1/dp, le;%lfl
7) q 1 )

— Dy
i) = R Gim

for every 0 < ¢ < dp, — 1. Let Uz be an unbounded sector, and p > 0 such that the following
statements hold:

1) There exists M; > 0 such that |7 — ge(m)| > M;i(1 + |7|) for every 0 < ¢ < dp, — 1,
m € R, and 7 € Uy U D(0, p). An appropriate choice of TQ,Rp, and p yields |g/(m)| > 2p
for every m € R, and 0 < ¢ < dp, — 1. In the case that VQ,Rp, is small enough, the set
{ge(m) :m € R,0 < ¢ < dp, — 1} stays at a positive distance to Uy, and it can be chosen
with the property that |g,(m)|/7 has positive distance to 1 € C for every 7 € Uy, m € R
and 0 < /¢ <dp, — 1.

2) There exists My > 0 such that |7 — g, (m)| > Mz|ge, (m)| for some ¢y € {0,...,dp, — 1},
m € R and 7 € Uy U D(0, p). This is a direct consequence of 1), for some small enough
My > 0.
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The previous conditions yield the existence of Cp > 0 such that

(4.13) [P (7)]

d
> M, "

1y B (im) (1 )P < Qim)| >1/le ot
2 —_ .
(ql/kl) (le-Hq)(le +k1—1) |RD1 (wn)]

> Cp(rq.rp,) "1 | Rp, (im)|(1 + |7])47 7,

for every 7 € Uy U D(0, p), and m € R.
The next result states the existence and uniqueness of a solution of (4.12) in the space

Exp'g& Bojcp)’ provided its norm in that space is small enough.

Proposition 4.2. Under the Assumptions (4.1), (4.2), (4.3), (4.4) and (4.5), there exist
TQ,Rp, > 0, a constant w > 0 and constants sp, sy > 0 such that if

forall1 <€ < D—1and 0 < j < p1, uniformly for e € D(0,¢p), then the equation (4.12)
admits a unique solution wgl (1,m,€) € Exp! with ngl (t,m, e)H < w, for every

(K,811,0,p) (CNCNTRN)!
e € D(0,¢).

Proof. Let € € D(0,¢y) and consider the operator H. defined by

Rp,(im) 7aD, dp (L,i)
! = 2D 2\ %y %
Helulr,m) = Pm21(7) (q\/* )<dD2*’“1><dD2+krl> or - w(mm)
b q 1 2
D-1 4 o )
Ap—d T =% R

+ e~ Ogq, 1 <k€7—7m,€*‘2 ’U)T,m)

52221 Pm,l(T)(ql/kl)W q,7 (27T)1/2(P 1,( ) a1/k ( )

1

T kq(k1—1) Uy, (1,m, €).

Pra(r)(g*) 2

Note that a fixed point of H’(w(7,m)) will lead to a convenient solution of (4.12). To apply the
fixed point theorem, we are going ot prove successively two facts.

(1) One may choose small enough ¢, sy, > 0, and large enough r¢, Rp, > 0 such that
(4.15) HL(B(0,w)) € B(0,w),

where B(0,w) stands for the closed disc centered at 0, with radius @ in the Banach
q
space EXp(n,B,u,a,p)‘
(2) It holds

1
(416) HHi (’11}1 (7—7 m)) - ,Hi (w2 (7—7 m)) H (K, B, 1,00,p) < 5 le (Tﬂ m) — w2 (7—7 m) H (K,B,1,0,p)

for every wy (7, m), ws(r,m) € B(0,w).

Proof of (4.15).

We first check (4.15). Let w(r,m) € EXP((ZH,@M,a,p)-

With (4.2) and the definition of x, we find that dp, — 1 + x(d¢ + d¢/k1 — 1) > dy. Thus,
taking into account assumptions (4.1), (4.5), regarding (4.13) together with Proposition 2.3 and
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Proposition 2.6 we get

(4.17)
dy k) _di_l 1
Ay—d T Tk R
e N A (W‘thf(ﬂ ™M, €) *gi1 iy (T M)
P (7)(gHk) 2 (R,B.,0,0)
p1
< eer—dz (dg+k1)(dg+k1—1) “ * (Z 037/1) Hw(T’ m>||('%3»u,a,p) ’
(qVk) "2 Cp(rq.rp) ™ (2m)2 \iZo

Gathering Lemma 2.2, and from (4.10), we get
|
P 1 (7)(q!/F)la (ki =1)/2 (5, By1,000)
< L !
< sup -
(ql/kl)kl(klfl)ﬂCp(TQ,RDl)l/le meRr |Rp, (im)]

Condition (4.4) and the application of Proposition 2.3 and Lemma 2.2 yields

Uy, (1,m, €)

(4.18) S72

An appropriate choice of rQ,Rp, > 0, @, ¢, >0,1< £ < D —1 gives

Rp,, (im)] c
1/kq Yk (k1 —1)/2 1/dp 1 IRp, 1w
(g/F1)k1 (k1 CP(T'Q’RDl) L sup,,cr "D, Gy S TSUPmeR [Bp, (im)] (dp, +k1)(dp, +k1—1) T <w.
(q'/k1) 2 /4D,

CP(TQ,RDI)

Regarding (4.17), (4.18), (??) and (4.1) one concludes (4.15).
Proof of (4.16).

We proceed to prove (4.16). Let wq,ws € Exp‘(lwm ap). We assume ||we(T,m) w,

H(HB JTReNY) <
¢ =1,2, for some w > 0. Let E(r,m) := wi(7,m) — wa(r,m). On one hand, from (4.17) one
has

Ag—dgde so—3 1 1
€ T (2 R
1k (dg+k1)(dg+k1—1) Oq,7 ' <(27r)1/2 Soklvz(T’ m, 6) *q;i/h E(T’ m)
Pm,l(T)(q 1) 2 (n,ﬂ,u,a,p)
(4.19)
Ag—d Ch i
S 60 e de (dp+k 03 h HE(T m)H N
4 1)<d,+k171) ’ ’ (H7B7u7a1p)
(k) =3 Op(rqump, )P (212 iz
On the other hand, (?7?) yields
Rop, (im) 70 o222 (5 5)
L R “ 7
(H767/’I/7a7p)
[Rp, (im)| C1
(420) S sup B (dp., +k1)(dp, +k1—1) ||E(7—7 m) ”(n Byu,a,p)
meg [BDy (M) (2 oy TSR0 0 ) Y1
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We choose TQ,Rp, >0, >0 for 1 </ < D —1 such that

D—1 p1

Z De—de 1 c

0 Y4 Lk (dg1k1)(dg+Fk1—1) 3,h
—1 (g1/k) 2 0

CP(TQ,RDl)l/le (2m)1/2 \}=

]RDQ(im)| Cl 1
(4.21) + sup i (dpy +Fk1)(dpy +k1-1) <5
O N (T LL T

The statement (4.16) is a direct consequence of condition (4.21) applied to (4.19) and (4.20).

Let us finish the proof of the proposition. At this point, in view of (4.15) and (4.16), one
can choose w > 0 such that B(0,w) C Exp'(]){ B o)’ which defines a complete metric space

for the norm |[-[| y- The map H! is contractive from B(0,w) into itself. The fixed point

K7B7/’L7a’p

theorem states that H! admits a unique fixed point w,‘zl (r,m,€) € B(0,w) C Exp‘(lfi B ap) fOT
every € € D(0,¢y). The construction of wgl (1,m, €) allows us to conclude that it turns out to
be a solution of (4.12). O

The next step consists on studying the solutions of a second auxiliary problem. This problem
lies in a second g-Borel plane and its solution would guarantee the extension, with appropriate
growth, of the acceleration of the solution to our first auxiliary problem, described in (4.12).

For this purpose, we describe the acceleration of the elements of Exp‘g’{ B cnp)”

Lemma 4.3. Let Yy, (1T,m,€) € Exp’(],i Buap)- LThe function

P’
1 Yi, (u,m, €) du

’/qu/n Ly @ql/n (%) u

(4.22) T Yi, (T,m,€) := Eg;l/ﬁ(h — Yi, (h,m,e))(T) =

is analytic in the set R ;5 (see (3.3)), where 6 > 0. Moreover, the function (T,m) — Yy, (T, m,€)
is continuous for m € R and 7 € R 5, and depends holomorphically on € € D(0,¢q). Further-
more, there exist Cka > 0 and v € R such that

4.23 Yi, (1,m,€)| < Cy, e Plml(1 1 im|)Hex
(4.23) | Yo (7, m, o p

for every T € Rdj, m € R and e € D(0,¢€).

Proof. The proof is analogous to that of Lemma 5 in [10].
As we can see in the proof of Lemma 5 in [10], there exists a constant Cy41, only depending
on 6, such that
k1 log? |7 + 6| k1 log? |7|
2log(q) 2log(q)

for every 7 € Sy. Additionally with the definition of Exp'(lfi Bap) W find

+ alog|r 44| < + alog|7| + Cy1,

- —BIm| k1 log? ||
e 1108~ | T
4.24 Y, (r,m,e)| < Cy, ———— ———— +alo ,
for some constant éYkl > 0. We recall that k1 < k so that
- —Blm| log2
e klog” |7|
4.25 Y; <(Cy, ———— _— 1 .
(1.25) Vi (rom, ] < Oy, 1 e (508 7+ oo
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This remains valid for all € € D(0, ), 7 € Uy and m € R. Moreover, for every 7 € D(0, p), the
functions log? |7 + 6| and log |7 + §| are upper bounded. As a consequence, there exists Cy,, >0
such that

(4.26) |Yi, (1, m, €)| < C’ykl,

for every € € D(0,¢0), 7 € D(0,p) and m € R. With (4.26) and (4.25) and Lemma 3.4, we
may affirm that Yy, is well-defined as considered in (4.22). More precisely, given 6 > 0, the
function (7,m,€) — Y, (7, m,€) turns out to be a continuous and bounded function defined in
(Ry5ND(0,71)) x Rx D(0,€) for any 0 <7y < q(1/2=2)/% /2 and holomorphic with respect to
7 variable in R; 5 N D(0,71). In addition to that, from (4.24) and (3.2) one has

1 Vi, (u, m, €) du
Tqn Jug Oque (F)

L4 u(h = Y, (hym, €))(7)| =

~ —pDim 1/2 o0
(4.27) Gy e Il / ex (W +alog(7")> : @
- (1 + |m‘)“0q7557['q1/n 0 210g(Q) mlogz(ﬁ) 1/2 r
exp “2log(q) r

for every 7 such that ‘1 + #‘ > ¢ forall 7 >0, m € R and e € D(0, ). One has

2log(q) 2log(q)

21log(q) 21log(q)

This last equality and (4.27) allow us to write

log(a) exp

P32 o <k110g2r mlog2<r/lfl>>:Ta—zxzwow (_(n—kmog?(r) mlog%).

Cy, e PIml|r|l/2 rlog? | 7|
£ (Vi (h,m, e)) ()| < ! _ <_>
‘ q,l/n( k‘l( ))( )‘ - (1+|m|)‘“0q,557Tq1/n 210g(q)
o0 klog | T _ 2
(4.28) y / a=3/2+ 528 ] exp (_(/@ k1) log (r)> o
0 21og(q)

It is straight to check (see the proof of Lemma 5 in [10] for further details), one has the existence
of real constants Cyo, Cy3, with Cyo > 0, only depending on ki, ko, g, such that

/00 Po3/2+ Totar exp <— (s = J) Log”(r)
0 2log(q)

Hence, (4.28) is estimated from above by

Cy, rlog? |7| % log? |7|
C 1 1 —h _nhO 1
e oo (et e (g )
for some Cyyq > 0 only depending on ki, k2, q.
Then, (4.23) follows from the fact that —x + Hf—il = ko, and by taking v = —1/2 — Cy3. O

r?log? 7| )

) i = C42|T|C43 P <2log(Q)(/€ —ky)

4.2. Analytic solutions of a second auxiliary problem in the ¢-Borel plane. We mul-
tiply both sides of equation (4.7) by T*2 and apply formal ¢-Borel transformation of order ko
with respect to T'. In view of the properties of g-Borel transformation, the resulting problem is
determined by
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(4.29) Q(zm)(ql/k;:(gﬂw@ (1,m,¢€)
= Rp, (im) (g1/5) (diilk::;ﬁkzl) JZ,DTl <é7% Wiy (7,1, €)
+ Rp,(im) e ((;iii;]:;)ﬁkgl) Wy (T, M, €) + (ql/k;;z(?l)\i/@ (1,m,€)
' I:Z:_;l - (q1/k2) 532}?5"*“” 037@;%*1 ((2771)1/2 Pha (T, €) *f?[i/’” s (T, 6)> '
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Here, wy, (7,m, €) (resp. \ile (1,m,¢€)) stands for the formal ¢-Borel transformation of order
ko of U(T,m,€) (resp. F(T,m,e€)) with respect to T. Observe from (4.11) that W, (7, m,€) has
null radius of convergence, and for that reason, the formal power series solution of (4.29) has

also null radius of convergence.

We substitute ¥, by Uy,, constructed in Lemma 4.3 applied with Y, = ¥y, in equation

(4.29) and consider our second auxiliary problem, namely

ko
, T
(4.30) Q(lm)(l/k)wwkg (1,m,€)
q/"2 2
dp, +k2 dp (L -1
. T Di\%k; "%
= Rp, (im) o a0 OaT  Wka(Tym€)
(q*/k2) 2
. TdD2+k2 ,7_k‘2
+ RD2 (zm) @Dy 52) Dy T3 —1) Wi, (T, m, 6) + m‘l’kg (7'7 m, 6)
(ql/k‘g) 5 (q 2) 2
b1 dp+ko So— e _q
Ag—d T B 1 R
2 ¢ é( 1/k2)(dz+k2)(gz+k2—1) g7 ((277)1/290’627‘(7—’ ™€) %4l w’W(T’m’e)> '
=1 q

We assume an unbounded sector of bisecting direction dg, Rp, € R exists,

SQ.Rp, = {2 € C: [z = rq,rp, |arg(z) — do,rp, | < '/Q7RD2}7

for some VQ,Rp, > 0, in such a way that

Q(im)
Rp(im) © 02
for every m € R. We factorize
Q(Z’ITL) RD2 (Zm) d
Pm’2(7—) = (ql/kg)kz(kgil) - ( 1/k; )(dD2+k2>(dD2+k2*1) T P2
q/" 2
in the form
dp,—1
RD (zm) 2
Pra(T) = — (dDQikg)(dDZJer—l) H (T = q2(m)).
(ql/k2) 2 =0

Let S; be an unbounded sector with small enough aperture in such a way that:
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1) There exists Mja > 0 such that |7 — gp2(m)| > Mi2(1 + |7]) for every 0 < ¢ < dp, — 1,
m € R, and 7 € 5.

2) There exists Mgy > 0 such that we have |7 — g, 2(m)| > Mag|qe,(m)| for some
Ly e{0,....,dp, — 1}, m € R and 7 € Sy.

The previous conditions yield the existence of Cpo > 0 such that

(4.31) |Pra(7)| = Cpa(rq.rp, )" 2| Rp, (im)| (1 + |r[)™P2 7,
for every 7 € Sy, and m € R.

Proposition 4.4. Let w > 0. Under the hypotheses (4.1), (4.2), (4.3), (4.4), (4.5) and those
in the geometry of the problem described in this subsection concerning the construction of the
elements appearing in (4.30). If (4.14) holds, then, for every e € D(0,€y), the equation (4.30) ad-
mits a unique solution w,‘é (1,m, €) in the space E‘EP?kQ,ﬁ,u,u) for v € R determined in Lemma 4.3,

and depends holomorphically with respect to e € D(0, €y). Moreover, w,‘jz (1, m, G)H(kg,ﬂ,,u,,l/) < w.
Proof. Let € € D(0,¢). We consider the map H2 defined by
Rp (Zm) 7401 dp, (1%_1%)
2 .
(4'32) He (w(T7 m)) T Pm12(7-) (dpy +k2)(dp, +k2—1) %1 b U)(T, m)
S (gt he) 2
D—-1 dy 5 _dl_l
Ay,—d T ™ 1 R,
+ ot — g <<pk o(r,mye) x4 w(T, m))
EE; P a(7)(g!/4) 25 (2m)1/2 7" Gl/ks
1
+ =D Uy, (1,m, €).
Poa(7)(g! k) 2

Note that a fixed point of H2(w(7, m)) will lead to a convenient solution of (4.30). To apply the
fixed point theorem, we are going ot prove successively two facts.

(1) One may choose small enough ¢, sy, > 0, and large enough r¢, Rp, > 0 such that
(4.33) H?(B(0,w)) C B(0,w),
where B(0,w) stands for the closed disc centered at 0, with radius = in the Banach

q
space Ex, 5.0
(2) It holds

1
@31) 2w (mm) ~ Wm0y < 5 I (mm) —wn(m ) gy 0
for every wy (7, m), wa(1,m) € B(0,w).
Proof of (4.33).
We first check (4.33). Let w(r,m) € Exp‘(lkzﬁ#w).

With (4.2), we find that dp, —1+k2(d¢—d¢/ka—1) > dy. Taking into account assumptions (4.1),
(4.4), (4.5), regarding (4.31) together with Lemma 2.9, Proposition 2.10 and Proposition 2.11
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we get
dy Sy—2L _q 1
¢—dg T P Tk < Ry
(dp+ko)(dg+ko—1) = DT 1 2SD]€27£(T’m’ 6) x i1/k w(T’ m)
Pona(r) (gt ) D (m)* e (510
(4.35)
A 04 P1
<ept ™ <t (Z Cy h) [[w(r, m)|
> (dg+ka)(dgthg—1) ; ) (k2,B,1,v)
(ql/k2)4£ ST CP,Q(TQ,RDQ)I/dDQ (27T)1/2 h=0
Gathering Lemma 2.9 and from (4.23) we get
| 1 Wy (7.,
ko \T, 110, €
Pm,?(T)(ql/k2)k2(k2_1)/2 ’ (k2,B,1,v)
1
(4.36) S,

= (g k)R D2C (g, )02 mes [Rop, (i)

for some qy,. Observe that, in view of the proof of Lemma 4.3, one derives that ¢y, tends to 0
when ¢y does.
Condition (4.4), and the application of Proposition 2.10 and Lemma 2.9 yields

Rp, (im) +dp, le(kl klz)w(q' .
Pm,2(7') (q 1/ks 2) dD1+k2>(dD1+k2 0 9qT ,
(k2,8,1,v)
’RDI( )‘ Cy
(4'37) = fne% ’RD ( )‘ (dD1+k2)(dD1+k271) L .
2 (q*/ 2 Cpp (TQvRD2> Dy

An appropriate choice of TQ,Rp, > 0, @, 6w >0, 1< £ <D —1 gives

D—1

S et C (z am)
(dp+ko)(dp+ko—1)

= (qMh2) R Cpalrguay, ) /02 (2m)1/2

1 1
+ su ; S
(qV/k2)l2 (k2= 1)2Cp5 (1, ) /P2 mes [Rop, (im)]

|Rp, (im)] Cyw <
(dp, +k2)(dp, +ka—1) Vdp, w-
2 Cpa(rq,rp,) "2

4.38 + sup
( ) meR |Rp, (im)| (g1/*2)

Regarding (4.35), (4.36), (4.37) and (4.38) one concludes (4.33).
Proof of (4.34).

We proceed to prove (4.34). Let wi,wy € Exp?,C ) We assume lwe(T, M)y 8,10y < @

2,8,1,v
¢=1,2, for some w > 0. Let E(7,m) = w;(7,m) —wz(7,m). On one hand, from (4.35) one has

Be=de i S (1 Phat (T €) kit E(r,m)
Pm,z(T)(ql/’“Z)w v (2myr/a e (k2,B.1,0)
p1
= E(?g_de% (dg ko) (dg Thy—1) < (Z C4vh> 1T 1) (1,0, -
(qV/k2) 2" Cpa(ro. RD2)1/dD2(27r)1/2 heo

On the other hand, (4.37) yields



22 THOMAS DREYFUS, ALBERTO LASTRA, AND STEPHANE MALEK

Rp, (im) 7o ao; (#-75)
Pra(T) (1 (p, +h2)(dp, +ha =1 " q,T E(r,m)
(k) 2 (k2,B.11.0)
[Rp, (im)| Cy
< sup - — E(r,m .
meR |Rp, (im)] (ql/kQ)(dD1+k2)(;iD1+k2 1)Cp2(rQR )1/dD2 1E( )H(lcz,ﬂ,u,u)
3 s VDo
We choose TQ,Rp, > 0,6, >0for 1 </<D—1such that
D—1 p
eAe—dng 04 ( - C4 h)
0 (dp+ko)(dg+kg—1) »
= (2743 I E— CP,Q(TQ,RDz )1/dD2 (2m)1/2 \i=o
+ aup L1 (im) c. 1
: (dp Tko)(dp thy—1) =5
e R UL

We conclude (4.34). Let us finish the proof of the proposition. At this point, in view of (4.33) and
(4.34), one can choose w > 0 such that B(0,w) C Exp‘(zk2 B, Which defines a complete metric

space for the norm ||-[[, 5.,.)- The map H? is contractive from B(0,w) into itself. The fixed
point theorem states that H2 admits a unique fixed point w,‘é (1,m,¢€) € B(0,w) C Exp!

(kQ,B,,LL,V)’
for every € € D(0,¢y). The construction of ng (1,m,€) allow us to conclude it turns out to be
a solution of (4.30). O

The existing link between the acceleration of wy, and wy, is now provided. Both functions
coincide in the intersection of their domain of definition. This fact assures the extension of the
acceleration of wyg, along direction d, with appropriate g-exponential growth in order to apply
g-Laplace transformation of that order to recover the analytic solution of the main problem
under study.

Proposition 4.5. We consider wjl(T,m, €) constructed in Proposition 4.2. The function

T = EZ;I/n(wg1 (1,m,€)) := Eg;l/ﬁ(h — w,‘fl(h,m, €))(7)

defines a bounded holomorphic function in R 5 N D(0,r1), for 0 <r4 < q(%_a)/”/Q. Moreover,
it holds that

(4.39) Eg;l/ﬂ(wgl (t,m,€)) = w,‘f2 (1,m,e€), (t,m,€) € S5 x R x D(0,€),

where 5’3 15 a finite sector of bisecting direction d.

Proof. We recall from Proposition 4.2 that wgl € Exp'(]& B o)’ This guarantees appropriate
bounds on 7 € Uy in order to apply g-Laplace transformation of order x along direction d. This
yields that for every 6 > 0, the function L'Z;l /H(w,‘j1 (1,m, €)) defines a bounded and holomorphic
function in R; 5 N D(0,71) for 0 <7y < q(%fa)/”/z

In order to prove that (4.39) holds, it is sufficient to prove that Lf}l;l /m(wg1 (1,m,€)) and w,‘fz
are both solutions of some problem, with unique solution in certain Banach space, so they must
coincide. For that purpose, we multiply both sides of equation (4.12) by 7~*1 and take ¢-Laplace

transformation of order k along direction d.
The properties of ¢-Laplace transformation yield

4Dy
(440) 'C;l;l/;g (Tle wgl (7-7 m, 6)) — (ql/n)dD1 (le—l)/QTle o ['Z%l/’f (wgl)('r, m, 6),
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d 11
(441) Lg;l/m (TdDQO-Q:L;z(kQ k1>wl(<i:1 (Tvmv E)) = (ql/ﬁ)dDQ(dDz /2 dDQ‘Cq l/n(wlﬁ)(Ta m, 6)’

5{"‘@—1 1 R
(442) ‘CZ;I/H (Tdeo-q,T s <(2ﬂ_)1/290k1,€(7-7 m, 6) *q;zl/kl wlcel1 (T’ m, 6)))

So— 1
= (q"/my D2ty T 5d1/m ((27r)1/2‘p’ﬂv‘( ™€) $gi wgl(T’m’€)>'

We claim that we have
R R
(4.43) ‘C;l;l/n (Cplﬂ ,4(7—7 m, €) *q;i/kl wl:izl (T, m, 6)) = 90162,5(7—7 m, €) *q;li/kz 'Cf]l;l/ﬁ(wgl (1,m,€)).

This is a consequence of the change in the order of integration in the operators involved in
(4.43). This situation is different from that of (60) in the proof of Proposition 12 in [10]. Assume
the variable of integration with respect to Laplace operator is r. After the change of variable
7 = r/q"*, we reduce the study to that of Z in the proof of Proposition 12 in [10], with r
replaced by 71=". This last argument guarantees the availability of the change of order in the
integration operators involved in (4.43). We now give proof of (4.43) under this consideration.

We have

1
e (mmometrm g, b (o)

1 [ | n |
- /0 (Wezd,m,@ B e,

ﬂ-ql/n

~—
—_
U
3

p1
- - 1 dr
= Con(m,e) xfte (aqﬁkl Wy, )(reld,m, e)> _
T 1/~ (nz_:o 1/k:1 n(n 1)/2 ! O 1/r (rild> r
p1
T 1/K (z:o 1/k:1 n(n 1)/2/ Cn(m — ma, ) Ry(im ywy, (relq” 1 my e )dm1>

1

(””)
l/m

We make the change of variable 7 = r/ ¢"/* to get that the previous expression equals

1 oo [ P1L (~ zd)nqn(n 1)/k1 i
T / Z ( 1/k1 nn 1 /2 / an m mi, € )Rg(zml)wkl( ,ml,e)dml
q’" n=0
1 dr

o () T

X

T
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In view of (3.1), ky o1y ky ! and the change of order of the integrals, the previous equation
equals

1 00 L (fFeidyn n(n—1)/k1
= / <Z (( 1/)k:1;]nn 7 / Con(m —my, €)Ry(imy )wy, (7e, my, €)dmy
0

7Tq1/rz

1 dr
Feidgn/k2 nntl) [ geidgn/k \™ F

1 oo [ P1 ann(n 1)/ o
= / Z(l/kl)n(nl/g/ Con(m — my, €)Ry(imq )wy, (Fe'*, my, €)dmy
0

[e'e) p1 n oo ~ id o
T . 1 wi, (7€', my, €) dr
- / (Z (U )yta=ny72 Cen(m = 1, 6)> Re(im) /0 e Z dmy

— 00 n—0 7Tq1//€ @ql/n ( z_
d
= Pko (T m 6) *q li/kz ﬁq 1/H(wk1 (T7m 6))

from where we conclude (4.43).
In view of (4.40), (4.41), (4.42), (4.43) we derive that

Q(im) d d
— o Layn (Wi ) (Tm, €)
(qt/k1)y= 2
, O R d
- RDI (Zm>( 1k )(dD1+k1)(dD1+k171) T Oq,7 £Q§1/H(wk1)(7—7m76)
1 2
(d 1)
. (¢ Ys “) - 7 +dp d 1
+ Bp, (im) <dD2+k1>(dD2+kr1) 2£q 1/n(wk1)(77m> €) + 1k k1(k1—=1) Uk, (m,m, €)
(q'/k) 2 (q/k)==
— 1k dp(dg—1) 6 a4
Ap—dyd (¢/") ¢ 1 Ry d d
+Z e M ( 2 1/2(,019274(7',771,6) *q;i/k‘g [’q;l/n(wm)(Tvmv €)> )
(q/k1) 3 (2m)

for every (7,m,¢€) € (R, 5N D(0,71)) x R x D(0,€0). We multiply at both sides of the previous
equation by (g'/F1)ki(k1=1)/2 /(g1/k2)k2(k2=1)/2 " The fact that

(qV/m) T () 1
(qU/kn) EEEEE (ks SR (g1 k) R

with D € {dp,,dp,,ds} entails that Eq 1/1{(10,2[1 (1,m,€)) is a solution of (4.30) in its domain of
definition.

Let SY be a bounded sector of bisecting direction d such that S C C (Ry5 N D0, 1)) N Sq,
which is a nonempty set due to the assumptions on the construction of these sets. The functions

L’f]l 1/H(wg1 (1,m,€)) and ng (7,m, €) are continuous complex functions defined on Sy xR x D(0, €)

and holomorphic with respect to 7 (resp. €) on S4 (resp. D(0,€p)).
Let € € D(0,€¢y) and put Q = min{«, v}. It is straight to check that both functions belong to
the complex Banach space H, g,,.0), of all continuous functions (7,m) — h(7,m), defined on
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53 x R, holomorphic with respect to 7 in SS such that

lalog?lr] _
2 log(q)

is finite. It holds that 5?;1/n(w5§1 (1,m,€)), ng(T, m, €) and Wy, (7,m, €) belong to H(y, 3.,.0) due
to Proposition 4.2, Proposition 4.4 and Lemma 4.3 respectively. As we can see in the proof of
Proposition 4.4, the operator H2 defined in (4.32) has a unique fixed point in H, (ks,B,,0) Provided
small enough constants ¢y, sy > 0, for 1 < ¢ < D — 1. Indeed, this fixed point is a solution of the
auxiliary problem (4.30) in the disc D(0,<) of H, g, 0), Whilst Eg;l/x (wg1 (1,m,€)), wgz (T,m,€)

|h (7, m)

Ity gy = S0 (1 |m]) el exp (

TESS,mER

Qlog m) Ih(r,m)|

are both solutions of the same problem, in the disc D(0,<) of H(y, 3,.0), so they do coincide in
the domain S% x R x D(0, ). Identity (4.39) follows from here. O

5. ANALYTIC SOLUTIONS TO A q-DIFFERENCE-DIFFERENTIAL EQUATION

This section is devoted to determine in detail the main problem under study, and provide
an analytic solution to it. It is worth mentioning that, although the techniques developed in
previous sections are essentially novel, once the tools have been implemented, the procedure of
construction of the solution coincides with that explained in Section 5 of [10]. For the sake of
completeness and a self contained work, we describe every step of the construction in detail,
whilst we have decided to pass over the proofs which can be found in [10].

Let 1 < k1 < ka. We define 1/k = 1/ky — 1/ky and take integers D, Dy, Do larger than 3. Let
g > 1 be a real number. We also consider positive integers dp,,dp,, and for every 1 < ¢ < D —1
we choose non negative integers dy,d; > 1 and Ay > 0. We make the following assumptions on
the previous constants:

Assumption (A): §; =1 and 0y < Jyy1 for every 1 <0< D —2.

Assumption (B): We have

dp, —1 dy dp, — 1
— =>4 -1 =2 -
P kQ_Z ) 5

d
Ay > dy, é+125z, >0 —1,

forevery 1 </ <D —1, and
kldD2 > /€ng1.

Let Q,Rp,,Rp,, and Ry for 1 < ¢ < D — 1 be polynomials with complex coefficients such
that

Assumption (C): deg(Rp,) = deg(Rp,), deg(Q) > deg(Rp,) > deg(Ry). Moreover, we
assume Q(im) # 0 and Rp,(im) #0 forallm e R, 1 << D — 1.

Let Sqrp, and Sqrp,, be unbounded sectors of bisecting directions dgr, €R and
dq,rp, € R respectively, with

SQ.Rp, = {Z € C:lz[ 2 rQRrp, s | arg(2) = do.rp,| < VQ.Rp, }

for some vg r,, > 0, and such that
J

for every m € R.

Definition 5.1. Let ¢ > 2 be an integer. A family (&p)o<p<c—1 is said to be a good covering in
C* (in the € plane) if the next hypotheses hold:
e &, is an open sector of finite radius €y > 0, and vertex at the origin for every 0 < p < ¢—1.
e EiN&,#Dfor 0<j,k<¢—1ifandonlyif |j — k| <1 (we put & :=&).
o U;;%)Ep =U \ {0} for some neighborhood of the origin U.
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Definition 5.2. Let (&,)o<p<c—1 be a good covering. Let 7 be an open bounded sector with
vertex at the origin and radius rr > 0. Given o € R and v € R we assume that

k
0<ey,rr<l, v+ 2 log(rr) <0, a-+ B log(eory) <0, eory < q(%*”)/’”/Q,
log(q) log(q)

for v determined in Lemma 4.3.
We consider a family of unbounded sectors Uy, 0 < p < ¢—1, with bisecting direction 9, € R,
and a family of open domains Rgp = Rap 5N D(0, eorr), with

retlr

Ra,,,é = {TGC*: 1+

> §, for every r > 0} .

We assume 0,, 0 < p < ¢ — 1 is chosen to satisfy the following conditions: there exist
Sy, UD(0,p) and p > 0 such that
e Conditions 1), 2), Page 14 in Section 4.1 hold. Observe that, under this assumption,
Conditions 1), 2), Page 19 in Section 4.2 hold for S,,.
e For every 0 < p < ¢ — 1 we have Ra NRY i1 # 0, and for every t € T and € € &, we
have et € Rgp (where Ry := Rao,)-

The family {(Rap 5)o<p<c—1, D(0, p), T} is said to be associated to the good covering (&,)o<p<c—1.

Let (&p)o<p<c—1 be a good covering, and a family {(Rap 5)o<p<c—1, D(0,p), T} associated to
it. For every 0 < p < ¢ — 1 we study the following equation

(5.1)  Q(0,)o44u’(t, z,€)

dD dDQ

dD Dp dD + ap
= (et) 10’ D, () u’?(t, z,€) + (et) Qth Rp, (0p)u’?(t, z,€)
D-1
+ Z At ol (colt, 2, €) R(9:)u (¢, 2,€)) + 00 [ (¢, 2, €).
=1

The terms c¢(t, z,€) are determined as follows, for every 1 < ¢ < D — 1. Let Cy(T,m,€) be

the polynomial
p1

CZ(Tv m, 6) = Z Cf,j (mv G)TJ € E(ﬂ,u) {TL
j=0
for some 3 > 0 and p € R, such that 4 — 1 > deg(Rp,), for j € {1,2}. Assume these functions
depend holomorphically on € € D(0,¢€p). Moreover, we assume there exists Cr > 0 such that
(4.6) hold for all n > 0 and € € D(0, ¢). We put

co(t,z,€) = F 1 (m = Cylet,m,e)) (2),

which is a holomorphic and bounded function on 7 x Hg x D(0, y). Indeed, one can substitute
T by any bounded set in C in the previous product domain.

The function f°(t,z,¢€) is constructed as follows. Let m — Fy(m, €) be a function in Eg
for every n > 0, depending holomorphically on € € D(0, ¢y). We also assume there exist Cr, Tj
such that (4.6) holds and define F/(T,m, e) = > n>0 FnT™. Then, the formal g-Borel transform

of ki of the formal power series F'(t,m,¢) with respect to T, \IIZ’; (1,m,€), is holomorphic in
D(0,Tp). Assume this function can be prolonged along an infinite sector of bisecting direction
0, such that

(5.2) H‘I’Zl (r,m, )

=Cy, <
(B, 11,01,p) = ’
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but this extension is not an entire function. More precisely, assume that (4.11) holds. We define
\I/Z’; (1,m, €) following Lemma 4.3. Property (4.23) allow us to compute

(5.3) Fo(T,m,€) i= L7 (7= B2 (7,m, €))(T),

which defines a holomorphic function with respect to 7' in the domain R% 5N D(0,ry), for all
0<rm < q(%*")/’”/l We define

(5.4) o7 (t,z,€) := F Ym s FP(et,m, €))(z),

which defines a holomorphic and bounded function on 7 x Hg x &, for all 0 < ' < 8 under
the assumptions at the beginning of this section.

Theorem 5.3. Under the construction made at the beginning of this section of the elements
involved in the problem (5.1), assume that the above conditions hold. Let (Ep)o<p<c—1 be a good
covering in C*, for which a family {(Rap,s)Oépéc—lvD(O’p)vT} associated to this covering is
considered.

Then, there exist large enough TQ,Rp,sTQ,Rp, > 0 and constants ¢g > 0 and ¢4 > 0 for
1 <0< D—1 such that if

Cu, <y, [|Cry

(B) < SO

then, for every 0 < p << —1, one can construct a solution u® (t,z,€) of (5.1), which defines a
holomorphic function on T x Hp x &, for every 0 < ' < B.

Proof. Let 0 < p < ¢ —1 and consider the equation

le dD2

+ +1
Q(im)og U (T,m,¢) = %10 't Rp, (im)U% (T, m, €) + T™20,"2 "~ Rp, (im)U (T, m, ¢)

D-1

1 oo

(55) + Z EAziledeO'ng <(27’[’)1/2 CZ(Ta m—mzi, E)Re(iml)Uap (Ta my, 6)d7nl>
=1 -

+0o,7F (T, m,€).

Under an appropriate choice of the constants ¢g and ¢y for 1 < £ < D — 1 one can follow the
construction in Section 4.1 and apply Proposition 4.2 to obtain a solution U% (T, m, €) of (5.5).

Regarding the properties of g-Laplace transformation, and from the results obtained in Sec-
tion 4.2, U (T, m, €) is the g-Laplace transformation of order ko of a function wzz along direction
0, which depends on 7T'. Indeed,

1 wzz(uamve) du
T

5.6 U (T, m, €) =
(5.6) ( ) Tg/ks JLy, © g1k (%) w

for some Ly, C Sy, U {0}, and wz,; (7,m, €) defines a continuous function on S, x R x D(0, €9),
and holomorphic with respect to (7,¢€) in Sy, x D(0, €9). In addition to this, there exists C o >0

L)
such that

ko
2log(q)
for some v € R. This holds for 7 € S;,, m € R, and € € D(0,¢). Moreover, in view of

1
(5.7) |w2‘2’ (1,m,e€)| < C’wapi)ue—ﬁlml exp <

log? |7| + vilog|7| ),
R |+ viog )

Proposition 4.5, the function wZ’Q’ (1,m,€) and the g-Laplace transformation of order s of the

1

5> where eiDéRJ,_ C Sy, U {0}, depending on 7, coincide

function wZ’l’ (1,m,€) along direction 0
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n (S, N D(0,71)) x R x D(0,¢€), for 0 < rp < q(%_o‘)/"‘/27 for some o € R. The function

wZ’l’ (1,m, €) is such that

(1+ | 21og(q)

for some C o,,6 > 0, valid for 7 € (D(0,p) UUs,), m € R and € € D(0,¢). This function

Wi
is the extens1lon of a function wyg, (7, m,€), common for every 0 < p < ¢ — 1, continuous on
D(0,p) x R x D(0, ¢) and holomorphic with respect to (7,¢€) in D(0, p) x D(0, ).
The bounds in (5.7) with respect to m variable are transmitted to U (T, m, ¢) as defined in
(5.6). This allows to define the function

1
(5.8) |wk (r,m,e)| < C apine —Blml exp( log? |7 + 0 —{—alog|7’+5|>

%(t, 2, €) = Fﬁl(m — U (et,m, €))(2)

B ka u, m, 6) du ,
— 1/2 1/k2 / /Lj 5 1/k2 " — exp(izm)dm,

et

which turns out to be holomorphic on T x Hg x &,. The properties of inverse Fourier transform
allow us to conclude that u®(t, z, €) is a solution of equation (5.1) defined on 7 x Hg x &,. [

Proposition 5.4. Let 0 < p < ¢ — 1. Under the hypotheses of Theorem 5.3, assume that
the unbounded sectors Uy, and Uy, ., are wide enough so that Uy, N Uy, ,, contains the sector

Uspopes = 17 € C* s arg(7) € [05,0,11]}. Then, there exist K1 > 0 and Ko € R such that
ko
0 ) 2 K
uPt(t, z,e) —u'P(t, z, € SKlexp(— log e) €2,
W1 (1, 2,€) w1, 2,0) o 21l I
ka 2 K

5.9 fori(t, 2, €) — £ (t, z,€)| < K exp (— log e> €72,
(59) 141 2,0) = (8,7, oy 21 ) I

foreveryt €T, z€ Hyg, and e € E,NEpy1.

Proof. Let 0 < p < ¢ — 1. Taking into account that UDP,DPJrl
construction of the functions U% and U+ that £ e} /,@(wzp)(T m, €) and £0p1+/1n
coincide in the domain (Ra NRY +1) xRx D(0, €). ThlS entails the existence of w); p’a”“ (1,m,€),

holomorphic with respect to 7 on Ra UR’D’ i1 continuous with respect tom € R and holomorphic

Us, NUs, ., we observe from the

0
(wk?Jrl ) (7-? m, 6)

with respect to € in D(0, €g) which coincides with .Cq 1/H(wZi')(T, m,€) on Rgp x R x D(0, €) and

also with Ezpf/ln(wzp“)(ﬂm, e)on Ry . xR x D0, ).

Let p > 0 be such that pe?® C Rap and pe®»+1 C Rgp .,- The function

™ (uym, )

@qwc2 (;“t)

U —

is holomorphic on Rgp U Rgp ., forall (m,e) € R x (& N&Ey+1) and its integral along the closed
path constructed by concatenation of the segment starting at the origin and with ending point
fixed at pe’®», the arc of circle with radius p connecting pe® with pe’®r+t C ng .» and the

segment from pe®®+! to 0, vanishes. The difference u®+* — u® can be written in the form
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(5.10) u°P+1(t z e) —u’(t, 2, €)

wzzﬂ (u,m,€) o du
= 1/2 o exp(izm)—dm,
( Tg1/ka Loyirp ql/k2 (et) u

/ / (u,m,€) (i )dud
— explizm)—am
( 1/27T qt/k2 La _ @ ql/k2 et) P U

/ / Dp,0p+1(u m, 6) ( )dud
expl(tzm)—am,
( 1/27r 1/k2 @ 1/k:2 (Et) p u

Coopapt1

where Ly, 5 = [p, +o0)e @i for j € {p,p+ 1} and C;, o, is the arc of circle connecting pe'®»

with pe?®r+1 (see Figure 2).

Op+1

FIGURE 2. Deformation of the path of integration, first case.

Let us put
D10+1
(u,m,€) du
L = / / exp(izm)—dm/| .
(27 1/2 Ty1/ky Loy, 15 @ gt/ (et) U
In view of (5.7) and (3.2), one has
C
I < R /OO o= Blml-ms(z)_dm
B Cq,k25(277)1/2 Tqt/k2 J—o0 (1 + ‘m|)“

2 ( |yl

= (kg ) 2% (f41)
X exp | —————— +vlog|ul| | |u exp | ———————= | d|u].
[ oo (S +vestul ) 2og(a) | "

We recall that we have restricted the domain on the variable z such that |J(z)| < 8’ < 8. Then,
the first integral in the previous expression in convergent, and one derives

é |u]

;oo (orp)? [ (kalog’ Jul il (o) A W

1 < 5 ex — | eXP | |U‘ d|u|’
(27‘(‘) / 7Tq1/k2 P 210g(Q) 2log( )
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for some C L1 > 0. We derive

Wy
2 ( Jul
k2 log? |u|) k2 log (W) < ks 2 2
P\ 5o /Pl ~ 5. | =P —log” |e| — 2log |¢| log |t] — log” |t
( 2log(q) 21og(q) 210g(q)( €] €] |t It])

k
X exp (log?q) (log |u| log |€| 4 log |u| log t)> .

JFrom the assumption that 0 < ey <1 and 0 < ry < 1, we get

ko — %2 _1og(ry)
5.11 exp <— log |e| log t) < || Tesla) SV
(5.11) o2 toglelogl1]) < I

k ko
exp (2 logul log|e| ) < [¢|Fe@ 5P,
log(q)

fort € T, e€ & NEpt1, lul > p, and also

3 Ly _
(5.12) exp (10g§q) log |u|log ty) < [t|eto 05P) | if 5 < fu) < 1

k _kg
m{ 2l%wmwQSuw@mW%MuzL
log(q)
for t € 7. In addition to that, there exists Ky, 5, > 0 such that
k
(5.13) supx‘og%q) log(p) exp <

1 < Ky, 54
250 210g( ) Og ( )) — kz,p,q

In view of (5.11), (5.12), (5.13), and bearing in mind that the inequalities of Definition 5.2
hold, we deduce there exist K' € R, K? > 0 such that

]

log? hz log” ( ) ; ;

b <’f20glul> exp | —me NN e < R e (—kzlog? |€|) €l
2log(q) 2log(q) 2log(q)

fort € T,r>p, and € € £, N Epp1. Provided this last inequality, we arrive at

Gag) f< il /oo Al e (— v log2|6|> el
T Cynd02m)2 mamy S5 |uf?? 21og(q)

~ ko o1
:ngxp< 10g26> |5,
2Toe(g) €] ) el

for some K3 >0, forallt e T, z € Hg,and e € E,NEpya.
We can estimate in the same manner the expression

/ / (u, m,€) (i )dud
(27) 1/27r g\/k2 Loy 7 @ q\/*2 st) explaam Uu m-

to arrive at the existence of K4 > 0 such that

~, kig K1
5.15 I, < K*exp (— log? €> el K,
(5.15) SToerg) %" 1) I

forallt € T,z € Hg, and € € £, N Ep+1. We now provide upper bounds for the quantity

/ / Dp,Derl (U m, 6) ( )dud
explizm)——amyj .
1/2 1/ @ g1/k2 (L) P u

Co.op, Op+1

IQ:
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JFrom the construction of wk” Op1 (1,m,€), we have
0p,0pt1 < C 1 75|m|
|wk‘2 (’LL m 6)‘ aP (1 + ‘m|) € )
for some C Wiy > 0, valid for u € C55,0,,,» m € R and € € D(0, €).
The estimates with (3.2) allow us to obtain the existence of C’ap P+l 5 0 such that
oo —fBlm|-mS(z) ko 10g2 (i>
0,0 e let]
<C’”’“/  dm|ope — 0|t Pexp | ————— L,
Wk o (A m))e 0p+1 pl[] p 2log(q)

forallt € T, z € Hg, and € € £,N Ey1. We can follow analogous arguments as in the previous
steps to provide upper estimates of the expression

ko log (\et\)

|1/2 _
o7 exp 2log(q)
Indeed,
ko log? ( > 2 0g(p) 0g(p)
|t|1/2 exp _7|6| = ex <_k210g(ﬁ)> |€|k%olg(gq)p |t|k?olg(gq)p
21log(q) 2log(q)

k
X exp <210g2(q)(—10g2 le| — 21og || log |¢| — log? yty)) 12,

JFrom the assumption 0 < ¢y < 1 we check that

ko
exp | — og

fort € T, e € & NEpr1. Gathering
2

k
log e[ log, rtr) < |¢f Tt o507,

q)

5.13), we get the existence of K5 e R, K% > 0 such that

ks log ﬁ - ko 5
|t|1/2exp —7) §K6€Xp< 210 ( )1Og | |> |6|K )

to conclude that

7 k2 2 K®
(5.16) Is < K exp( 3T0s() log |e|> le] ™,
for some K7 >0,allteT,ze H g, and € € £, N E,11. We conclude the proof of this result in
view of (5.14), (5.15), (5.16) and the decomposition (5.10).
In order to obtain analogous estimates for the forcing term f°, one can follow analogous
estimates as for u% under the consideration of the estimates (4.10) and by the application of
Lemma 4.3 with Y, = W,. Observe that R, 5 (resp. RDPH,S) contains an infinite sector of

small opening and bisecting direction 9, (resp. 0p41). O
Lemma 5.5. Let 0 < p < ¢ — 1. Under the hypotheses of Theorem 5.3, assume that
U, NUs, 4 = (0. Then, there exist Kg >0, Mpﬁ € R such that

0 0 ? ?
L™ mm, ) = L (w]) (7,m €)

< KEIIL4 ) e (=12 tog? ) 71

for every e € (§,NEpy1), T € (Rb NRY

2,5,) and m € R.
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Proof. We first recall that, without loss of generality, the intersection RgpﬂRgp ., can be assumed

to be a nonempty set because one can vary § in advance to be as close to 0 as desired.
Analogous arguments as in the beginning of the proof of Proposition 5.4 allow us to write

(517) L () (7, m,€) — £, (wi?)(rm, €)
1 / wpr™ (u,m, €) du
L

s O (7) W

7Tq1/n

1/ wy (u,m, €) du
L G)ql/'i (%) u

7rq1/n 0p.

N 1 / Wi, (u,m, €) du

On (2) o

T
gt/ p0p,0p 41

where p, Ly, 5, Ly, ;5 and Cgp,,,, are constructed in Proposition 5.4.
In view of (5.8) and (3.2), one has

1 / wzz (u7 m7 6) du
Lap,ﬁ @ql/" (%) u

Trql/n

& log? |re™®r 44|

Rlog [re “ 19 20
< Uk |2 e Blml /Oo exp( Jlogla) alogre® + 6‘) dr
CXP | 2 TTog(q)

klog? r

ooexp( o +a10gr> d
< REr['2(1+ ) el [T A2 7
P . log? (ﬁ) r
P 2 Tlog(g)

for some KPEJ > 0. Usual calculations, and taking into account the choice of a in Definition 5.2,
one derives the previous expression equals

00 klog|t|
KE Y21 4 |m|) HeBlm exp <— r log? 7')/ 7 log(a) +a_3/2dr,
£+ Jml) gt % 71) |

which yields

5.18 I < K£.(1 —p—Blml B o2
(5.18) £ < KE 1+ fml) e ey (g )

for some KﬁQ > 0. Analogous arguments allow us to obtain the existence of K;§,3 > 0 such that

C 1 wZT+1 (U, m, 6) du
qu/'i L%-q-lﬁ ql/n (;) u
L —u,— K 2
< Kps(1+[m|)~"e "exp <_210g(Q) o |T|> '
We write

1 / Wiy (u, m, €) du
.

7Tq1/ﬁ

@ql/“ (%) u

0ps¥p41
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Regarding (5.8) and (3.2), one derives that

rlog? |pet? 44|

Cutr o=Biml |72 (31 exp (Tg(q)Jraloglﬁe”M\)

If < . )
g (Lt mD 51/2C x6 Ja,  log?(177)
XP | 2 TTog(g)
—Blm| log <|;‘)
< KL pv2_& _AE 2 AT
= Kol T P | 72 hont)
with
C o 9
1 klog®(p + 0) -
KEy = [0p1 — 0] —22 - 1 5)) .
p,4 ’ p+1 p|7_rq1/n ﬂ/2Cq’,45 ( 210g(q> +o Og(p + )
Let Kp 5 = K]f4 exp(— 210g( log (p)). It is straightforward to check that
rlog(®) e Blml % log? I7]
5.20 15 < KE |r |V st A ™ <_ )
. s = foal Er fme ™2 ol
JFrom (5.18), (5.19) and (5.20), put into (5.17), we conclude the result. O

Proposition 5.6. Let 0 < p < ¢ — 1. Under the hypotheses of Theorem 5.3, assume that
Ur, NUs,y = (. Then, there exist K3 > 0 and K4 € R such that

k’l
0 0 2 K
uPt(t, z,€) —u'P(t, 2, € <K3exp<— log e> €74,

kq
5.21 W+1(t 2 €) — fOP(t, 2,€)| < Kzex (— log? e) €| 1,
(5.21) P 206) = S0 (1200) < Kyexp (g tog? el ) e

foreveryt €T, z€ Hg, and e € E,NEpy1.

Proof. Let 0 < p < ¢ — 1. Under the assumptions of the enunciate, we observe that one can
not proceed as in the proof of Proposition 5.4 for there does not exist a common function for
both indices p and p + 1, defined in Rgp U ng . in the variable of integration, when applying
g-Laplace transform. However, one can use the analytic continuation property and write the
difference u®»+1 —u® as follows. Let p > 0 be such that pe’® € R and pe®r+1 € RY 10 and let
Opp+1 € R be such that pelrrt1 lies in both Rgp and Rgp+1' We wrlte uPrHL(t, z,€) — uP (¢, z, €)
as follows
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(5.22) uaP“(t Z,€) —u P(t Z,€)

wz:;’“ (u,m,€) o du
= 1/2 o exp(izm)—dm
( T qt/k2 L, pi1P qt/k2 (et) u

1 (u,m,€) ) du
(271_)1/2 o / /La @ e Et) exp(zzm);dm
1 wpr ™ (u,m, ) . du
(271-)1/27-‘- e / /p0 6,0rm, () exp(zzm)zdm

p,p+1:0p+1

/ / ap’ap“(u m, €) exp(izm) dudm
« ar
(277 @2m)1 /2 k2 O 17k (L) P u

p+1:0p

L£0P+1

' (w)r) (rm 6) £, (w?)(r,m,e)
T / / q 1K' "k Gl/K R exp(izm)d—udm.
e / L Loss ©/k (3) u

p,p+1

Here, we have denoted L, 5 = [p, +00)e for j € {p,p+ 1}, C5.6, 41,0541 18 the arc of circle
connecting pe®+1 with perrit, Cso . o s the arc of circle connecting pe’® with pefrrii,
Lo,

0,511 = [0, plePrrt1 | as it is shown in the following figure.

FIGURE 3. Deformation of the path of integration, second case.

Following the same line of arguments as those in the proof of Proposition 5.4, we can guarantee
the existence of K7 > 0 and K¥ € R for 1 < j <4 and 5 < k < 8 such that

J1 =

=L BT e L
expltzm m
(27 1/27T g1/ Loyoys Ogiiea O (%) u

2 k2 2 K®
<K ——1
- 1eXp< 21og(q) ’6’> o
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(u,m,€) du
Jo 1= / / exp(izm)—dm
2 1/27T 1/k2 LO ~ @ 1/k2 et) p( ) U |
2 ks 2 K®
< Ksexp (— log e) €|”
2Tog(q) €[ ) [e]
Ja = 1 1 > ZI;DPH (uamve) . dud
3= QP o () exp(zzm); m
ql/l"2 —0o0 cﬁv9p,p+1»0p+1 1/k2 et
: k2 2 K
< Kzexp <— g e> €
2Toe(d) €[ ) [e]
P T wg ) du
4 = Wﬁ o ( ) exp(zzm); m
ql/k2 J—o0 Cﬁ’gp‘p+l’ap qt/k2 et

N k N
< Kyexp <_ 2( )1og2 |e|> || K

2log(q
We now give estimates for

1 1

Jyim ——
ST @m) 2 T,

0p+1 ( Op+1

q (Wi )(u,m,€) — £Z?1/H(w2f)(u,m, €) . du
/ / — exp(izm)—dm]| .
L0p9 © 1/kg (Et) u

p,p+1

In view of Lemma 5.5 and (3.2), one has

Js Ky 1 / = —Bml=3(z)m___dm / 4 eXp( TToa) 108 ‘“') [l gy
— @m)iza - L+ m{)¥ 2] 1/2 |u
CEREE RV e b (5 5afil) 1517

We recall that z € Hg for some < /3. Then, there exists K3; > 0 such that

e K’pﬁK31 e |1/2 1/2 /p exp( 210g( )log |u]> |u] d|ul
5>
5

2m)2 7 1y Co ki log?| & | |ul3/2”
ot Cate exp | % Togty)

We now proceed to prove the expression

/ﬁ eXp< L) log ’uo exp< - log? |6|> -
u _ ML
0 exp <k2 10g2\a|> 2log(q) |32 M

2 log(q)

35

is upper bounded by a positive constant times a certain power of |e| for every € € (£, N Epr1)

and t € 7. This concludes the existence of K35 > 0 such that

k1
5.23 Js < K. el/zexp<— 1026>,
( ) 5 < Kaole] 210g(q) g el

for every e € (§,NEpt1), t € T and z € Hgr.
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Indeed, we have

5exp< 210g( log |U‘) k1 2 d\u|
exp log™le| ) =iz
0 ko logQ(%> 21og(q) ]u\ /2—M;
P2 o0

equals

5.24) ex log” |e] — log” |et
(5.24) P<210g<q> £l = o log?

d ko kgloglet| 3
></ exp [~ K2) o0 ) ) Ju| et 2 M ).
0 2log(q)

Given m; € R and mgy > 0, the function [0,00) > z + H(x) = 2™ exp(—mglog®(r)) attains

2
its maximum value at zo = exp(g>) with H(zo) = exp (ot ~). This yields and upper bound for
the integrand in (5.24); the expressmn in (5.24) is estlmated from above by

L _ 2 o
(5.25) pexp <(Mp 3/2)°1 g(q)) exp ( ! ( k% — ko + k1) log? e[)

2(k + ko) 2log(q) "k + k2
1 k‘% ) ko (ME —3/2)
— k) log?t| ) [t~ =
e (G () log? ) 1) 5
1 k% kQ(MZ§73/2)
— ko) log e log t] ) le] ==
e (s (2 log e tog ) |+

The second line in (5.25) i

1
log(q

2
n%@ < ko and also, one has an
upper bound for exp ( )(H+k2 k2) log || log |t|) is 1. Regarding Definition 5.2, and taking

into account that

]{32
— ko= —k
P, 2 = —K1,
the expression (5.25) is upper bounded by
ko (ME —3/2)

K33 | 6‘ K+ko

for some K33 > 0. The conclusion is achieved. The result follows from (5.22), the estimates
Ji to Jy, and (5.23). The proof for the estimates of f° is analogous as that for u®»: take into
account (5.2), (4.23) and (5.3). O

6. EXISTENCE OF FORMAL SERIES SOLUTIONS IN THE COMPLEX PARAMETER AND
ASYMPTOTIC EXPANSION IN TWO LEVELS

In the first part of this section, we remind two g-analogs of Ramis-Sibuya theorem from
[10, 16]. This result provides the tool to guarantee the existence of a formal power series in the
perturbation parameter which formally solves the main problem and such that it asymptotically
represents the analytic solution of that equation.

This asymptotic representation is held in the sense of g-asymptotic expansions of certain
positive order.

Definition 6.1. Let V be a bounded open sector with vertex at 0 in C. Let (F,||-||z) be a
complex Banach space. Let ¢ € R with ¢ > 1 and let k£ be a positive integer. We say that a
holomorphic function f: V' — F admits the formal power series f(€) =3, 5o fn€" € F[[¢]] as its
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q-Gevrey asymptotic expansion of order 1/k if for every open subsector U with (U \ {0}) C V,
there exist A,C' > 0 such that

N(N+1)
< CAN—Hq ok |€‘N+1’

F

N
f(e) - Z fnen
n=0

for every e € U, and N > 0.

The set of functions which admit null g-Gevrey asymptotic expansion of certain positive order
are characterized as follows. The proof of this result, already stated in [16], provides the g-analog
of Theorem XI-3-2 in [6].

Lemma 6.2. A holomorphic function f:V — F admits the null formal power series 0 € F[[€]]
as its q-Gevrey asymptotic expansion of order 1/k if and only if for every open subsector U with

(U \ {0}) C V there exist constants K1 € R and Ko > 0 with

log? |e|) 1,

£l < Kz exp <_2log(Q)

foralle e U.
We recall the one-level version of the g-analog of Ramis-Sibuya theorem proved in [16].

Theorem 6.3. (¢-RS) Let (F, ||-||z) be a Banach space and (Ep)o<p<c—1 be a good covering in
C*. For every 0 < p < ¢ —1, let Gy(€) be a holomorphic function from &, into F and let the
cocycle Ap(€) = Gpy1(e) — Gp(€) be a holomorphic function from Z, = €, N Epyq into F (we put
E =& and G. = Gy). We also make the further assumptions:
1) The functions Gp(e) are bounded as € tends to 0 on &, for every 0 <p <¢ —1.
2) For all 0 < p << —1, the function Ap(e) is q-exponentially flat of order k on Zy, i.e.,
there exist constants C’; €R and C’g > 0 such that

k
A <02 cl o 1 2
1800 < CFle% exp (~ 5 Tog? )

for everyec Z,, all0 <p <¢—1.

Then, there exists a formal power series G(€) € F|[€]] which is the common q-Gevrey asymptotic
expansion of order 1/k of the functions Gp(€) on &y, which is common for all 0 <p < ¢ —1.

The next result leans on the one level version of the g-analog of Ramis Sibuya theorem, and
states a two level result in this framework. See [10] for a proof.

Theorem 6.4. Let (F, ||-||p) be a Banach space and (Ep)o<p<c—1 be a good covering in C*. Let
0 < ki < kg, consider a holomorphic function G, : & — F for every 0 < p < ¢ —1 and put
Ap(€) = Gpri1(€) — Gple) for every € € Zy := E, N Epy1. Moreover, we assume:
1) The functions Gp(€e) are bounded as € tends to 0 on &, for every 0 <p <g¢ —1.
2) There exist nonempty sets I, Iy C {0,1,...,¢ — 1} such that Iy U I = {0,1,...,¢ — 1}
and Iy NIy = 0. Also,
- for every p € I there exist constants K1 > 0, My € R such that

k1
A, (e SKleMlexp< log26>, € € Zp,
185l < Kile oy B € s

- and, for every p € Is there exist constants Ko > 0, Ms € R such that

ko
A, (e §K26M2exp<— logQG), €€ Zp.
185l < Kale oy 0B € s
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Then, there exists a convergent power series a(€) € F{e} defined on some neighborhood of the
origin and G'(€), G*(¢) € F[[e]] such that G, can be written in the form
1 2
Gp(e) = ale) + Gp(e) + Gy(e).
Gzl,(e) is holomorphic on &, and admits Gl(e) as its q-Gevrey asymptotic ex;i)ansion of order 1/k;
on &, for every p € Iy; whilst G?,(e) is holomorphic on &, and admits G*(¢) as its q-Geuvrey
asymptotic expansion of order 1/ky on &,, for every p € Is.

We conclude this section with the main result in the work in which we guarantee the existence
of a formal solution of the main problem (5.1), written as a formal power series in the pertur-
bation parameter, with coefficients in an appropriate Banach space, say u(t, z,€). Moreover, it
represents, in some sense to be precised, each solution u®?(t, z, €) of the problem (5.1).

This result is based on the existence of a common formal power series f(t, z,€) which is the
g-Gevrey asymptotic expansion of order 1/kq, seen as a formal power series in the perturbation
parameter € with coefficients in a certain Banach space, of every f° on &,.

JFrom now on, F stands for the Banach space of bounded holomorphic functions defined on
T x Hg, with the supremum norm, where 3’ < 3, as above.

Lemma 6.5. Under the hypotheses of Theorem 5.3, there exists a formal power series

tze metz

m>0
with fm(t,z) € F for m >0, which is the common q-Gevrey asymptotic expansion of order 1/k;
on &, of the functions f°, seen as holomorphic functions from &, to F, for all0 <p < ¢ —1.

Proof. Let 0 < p < ¢ — 1. We consider the function f° constructed in (5.4), and define
G} 5(€) :== (t,z) — f°(t,z,€), which is a holomorphic and bounded function from &, into F.
Regarding (5.9) and (5.21), and taking into account that k1 < ko, we have that (5.21) holds for
every 0 < p < ¢—1. This yields the cocycle A£(e) = G]J;H(e) — G{;(e) satisfies the conditions of
Theorem 6.3 for k = k1, and one concludes the result by the application of Theorem 6.3. U

Theorem 6.6. Under the hypotheses of Theorem 5.3, there exists a formal power series
(6.1) it z,€) =Y I tz—e}F[[]]

m>0

formal solution of the equation

(6'2) Q(az)aq,ta(t’ 2, 6)
dp, dD2

2149 P2
= (et)i aqf? " Rp, (On)u(t, z,€) + (et)d’%aqi2 RD2(8,5) (t,z,€)

i

+ eA‘tdfagft(c(g(t, 2,€)Re(0.)i(t, 2, €)) + i f (L, 2, €).

T
I

Moreover, u(t, z,€) turns out to be the common q-Gevrey asymptotic expansion of order 1/k;
on &, of the function u®®, seen as holomorphic function from &, into F, for 0 <p <g¢—1. In
addition to that, u is of the form

u(t, z,€) = a(t, z,€) + Uy (t, z, €) + u2(t, z, €),
where a(t, z,€) € F{e} and G1(t, z,€),Ua(t, z,€) € F[e]] and such that for every 0 < p < ¢ —1,

the function u® can be written in the form

%(t,2,€) = alt, z,€) +ui"(t, 2, €) +uy’ (¢, 2, €),
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where € — u?” (t,z,€) is a F-valued function that admits 1 (t, z,€) as its q-Gevrey asymptotic
expansion of order 1/k; on &, and also € — ug”(t,z,e) is a F-valued function that admits
Ug(t, z,€) as its g-Gevrey asymptotic expansion of order 1/ky on &.

Proof. For every 0 < p < ¢ — 1, one can consider the function u®(t, z, €) constructed in The-
orem 5.3. We define Gp(€) := (t,2) — u®(t, z,€), which is a holomorphic and bounded func-
tion from &, into F. In view of Proposition 5.4 and Proposition 5.6, one can split the set
{0,1,...,¢—1} in two nonempty subsets of indices, I; and I with {0,1,...,¢—1} = [; Uy and
such that I; (resp. I2) consists of all the elements in {0,1,...,¢—1} such that Uy,NUs,,, contains
the sector Uy, o, as defined in Proposition 5.4 (resp. Up, N Uy, = 0). From (5.9) and (5.21)

one can apply Theorem 6.4 and deduce the existence of formal power series G (), G2(¢) € F[[€]],
a convergent power series a(e) € F{e} and holomorphic functions G (€), G(€) defined on &, and
with values in F such that

Gp(e) = ale) + Gyle) + G (e),

and for j = 1,2, one has Gi(e) admits Gj(e) as its g-Gevrey asymptotic expansion or order
1/kj on &,. We put

u(t,z,€) = Z B (¢, z)% = ale) + Gzl,(e) + G’f,(e)

It only rests to prove that (¢, z,€) is the solution of (6.2). Indeed, since u®» (resp. f°)
admits 4(t, z,€) (resp. f) as its ¢-Gevrey asymptotic expansion of order 1/k; on &,, we have
that

lim sup |5‘?1u°p(t,2,6) — hm(t,2)| =0,
€e—0,e€8p teT 2€Hy

lim  sup |07 f%(t,2,€) = fm(t,2)| =0,
€—0,e€&p tET,ZEHﬁ/

for every 0 < p < ¢—1and m > 0. Let p € {0,1,...,¢ — 1}. By construction, the function
u® (t, z, €) solves equation (6.2). We take derivatives of order m > 0 with respect to € at both
sides of equation (5.1) and deduce that

(6.3)  Q(0,)a4+(0Mu’)(t, 2, €)

m! 14y
= D O R, (9:)(90 )
mi1+mo=m 1:7702:
m! D2 41
+ Z mi'm |8€m1 (edDQ)td%qu? RD2 (GZ)(aemQUDp)
mi1+mo=m L=z
D—1 m'
+) > e (O AN G0 (D2 (8, 2, €) Ry(2) O (¢, 2, €))

| | |
{=1 mitma+mz=m 111921003

+ 01 (0 )t 2, €),
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for every (t,z,e) € T x Hg x &,. We let € = 0 in (6.3) and obtain the recursion formula

(64) Q(az)gq,thm(tv Z)

m! dp %H m! dp %H
:mt L0t RDl(az)(hm—le(tVz))—i_mt 20,7 Rp,(0:)(him—dp, (t,2))
D—1 |
+3° Y e (02t 2,0) Re(0:) huny (£ 2)) + Tgefin(t, 2),

| |
moims.
f=1 mo+mz=m—2»_»y 2 3

for every m > max{dp,,dp,, maxj<;<p_1 A}, and all (¢,z) € T x Hgz. Bearing in mind that ¢,
is holomorphic with respect to € in a neighborhood of the origin, in such neighborhood one has

(6.5) co(tyz,e) = Z wem,

m!
m>0

for every 1 < ¢ < D — 1. By plugging (6.1) into (6.2) and bearing in mind (6.4) and (6.5) one
concludes that the formal power series (¢, z,€) = >, <o hm(t,2)e™/m!is a solution of equation
(6.2). -

]
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