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Abstract. We consider the spectral stability problem for Floquet-type systems such as the wave
equation v,rr = y2vz, — v with periodic forcing 1. Our approach is based on a comparison
with finite-dimensional approximations. Specific results are obtained for a system where the
forcing is due to a coupling between the wave equation and a time-period solution of a nonlinear
beam equation. We prove (spectral) stability for some period and instability for another. The
finite-dimensional approximations are controlled via computer-assisted estimates.

1. Introduction

The aim of this paper is to develop a nonperturbative method for analyzing the stability
of certain periodically driven systems. We do this in the context of a wave equation

Vrr (T, 2) = V2000 (T, ) — (T, 2)0(T, ), TeR, xz € (0,m), (1.1)

where 1) depends periodically on the time variable 7. For the function v we impose Dirichlet
boundary conditions at = 0 and x = m. We consider a model where the coefficient ¢
is determined canonically by the desired time-period 7. In this case we prove spectral
stability for some value of T and absence of spectral stability for another.

We say that the equation (1.1) is spectrally stable if the corresponding evolution
operator ®(7T") has no spectrum outside the unit circle. To be more specific, let us write
the second order equation (1.1) in the usual way as a pair of first order (in 7) equations:
vy = v and v; = Y?v,, —¥v. The solution depends linearly on the initial condition at time
zero, and this defines the time-7 map ®(7) via the equation

Vi) = d(H)V(0),  V(r) = {“(T")} . reR. (1.2)

If 9 is time-periodic with period 7', then the flow ® satisfies ®(7+T) = ®(7)®(T"). So the
growth properties of ® are determined by the properties of the linear operator ®(7"). We
note that, formally, this operator is symplectic, and thus its spectrum is invariant under
complex conjugation z — z and inversion z — 1/z.

Our spectral analysis of ® involves a comparison principle for monotone families of
Floquet systems. This allows us e.g. to bound the eigenvalues of ®(7) on the unit circle
from both sides by the eigenvalues obtained from certain finite-dimensional approxima-
tions. The finite-dimensional systems are still nontrivial, but we can estimate their Floquet
spectrum by using computer-assisted techniques.
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Our analysis was motivated in part by numerical observations [6] on instabilities in a
model of a suspension bridge. To be more precise, and to motivate our choice of the forcing
¥ in (1.1), consider the following (Hamiltonian) system of partial differential equations:

Ur—r:_Umxxx+%[f(u+v)+f(u_v)]’

Vrr = Y0z + S[f(u+0) — flu—)]. (13)

Here u = u(r, z) and v = v(7, x) are functions on R x (0, 7), satisfying Navier and Dirichlet
boundary conditions, respectively, at x = 0 and x = m. The coupling function f is nonlinear
and will be specified below.

The equations (1.3) are a simplified version of a model [6] for a suspension bridge.
In this context, u describes the longitudinal modes of the bridge, and v describes the
torsional modes. The function f models the force that the hangers apply to the deck;
see also equation (4) and the ensuing discussion in [5]. Numerical studies on the model
described in [6] indicate that there is a loss of stability in the torsional modes as the energy
of the longitudinal modes exceeds a certain threshold. Since the torsional amplitudes are
typically small, we will v-linearize the system (1.3) in the sense of dropping all terms of
order v2.

A reasonable choice for a simplified bridge model is f(u) = —xu—u3. With this choice
of f, setting v = 0 in (1.3) reduces the system to a nonlinear beam equation for u. In
order to show that this equation has a time-periodic solution with a given periods T, it is
convenient to perform a change of variables ¢t = ar with o = 27 /T, so that T-periodicity
in 7 corresponds to 2m-periodicity in t. In these new variables, and for f(u) = —ru — u3,
the system (1.3) becomes

QPUpy = —Upgps — (u2 + H)u, (1.4)
aPvy =Yg — (3u® + K)v,

up to terms of order v2.

Using the methods developed in [12], is it possible to find nontrivial solutions u of the
beam equation (1.4) for many different values of the parameters. Some recent work that
involves similar techniques can be found in [7-12]. Notice that the equation (1.5) for v is
equivalent to (1.1), with ¢ = 3u? + &.

From now on, we restrict the values of the model parameters to

(1.6)

0] EN{
N[

’y = s K =
We will comment on this choice later on. Denote by B the vector space of all real analytic
functions u on R? that are 2m-periodic in each argument and whose Fourier series is of the

form wu(t,z) = > up i cos(nt) sin(kx), with u, = 0 whenever nk is even.
n,k

Theorem 1.1. For each o € {5,311}, the beam equation (1.4) has nontrivial solution
u € B.

Numerically we have computed solutions of (1.4) for many other rational values of .
They all lie on what looks like a branch of solutions, similar to the one shown in Fig. 4
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(right) in [12]. Along the values of « considered, the solutions on this “branch” are of the
form u(t,z) = cqcos(t) sin(t) + small |, and the amplitude ¢, is increasing with «, starting
with ¢, = 0 for « = /1 +k = 1.22.... In a more realistic model of a suspension bridge,
say with some damping included, we would expect to find a true branch of solutions, where
the amplitude ¢, of the longitudinal mode varies continuously with «.

Our proof Theorem 1.1 follows closely the proof of Theorem 1.3 in [12] on periodic
solutions of the beam equation (1.4) with v = 1 and x = 0. But unlike in [12] we only
consider rational values of «, since our analysis of (1.5) requires that § = -y/a be rational.
Another restriction imposed by our analysis of (1.5) is that p3 € Z for some integer p > 1
that is not too large; otherwise our computer-assisted estimates take a prohibitive amount
of time. This is our main reason for choosing relatively simple rational values for v and
«. In principle, our methods should apply to a large range of parameters with § and «
rational. The only significant restriction is that the function ¢ = 3u? + k be dominated
by its average. (This holds in the cases considered here.) We have some idea on how to
overcome this restriction, but this would complicate the analysis significantly.

Coming back to the problem mentioned at the beginning, we have the following result.

Theorem 1.2. Consider the system (1.5) for both of the pairs (a,u) described in Theo-
rem 1.1. If o« = %, then the system is spectrally stable. If a = % then the system is not
spectrally stable.

We have carried out purely numerical computations for a few more values of . If we
simply connect the dots, then our findings indicate that the torsional modes v are stable
for small amplitudes of the longitudinal modes u, but that they become unstable as the
amplitude of u increases past a value ¢, where o = 1.27.

In what follows, ®(¢) denotes the time-t map associated with the equation (1.5),
where the forcing is 2m-periodic in t. Our strategy for estimating the spectrum of ®(2)
is roughly as follows. For 8 = ¢/p rational, the spectrum consists of isolated eigenvalues
with finite multiplicities, together with a finite set of accumulation points consisting of p-th
roots of unity. In order to estimate these eigenvalues, we consider one-parameter families of
Floquet systems that have a certain monotonicity property. This property implies that the
eigenvalues on the unit circle move either clockwise or counterclockwise as the parameter
is increased, depending on the Krein signature of the eigenvalue. By choosing monotone
families that start and end at two simple systems, this allows us to enclose eigenvalues of
®(27) between the corresponding eigenvalues of the two simple systems. Here “simple”
means finite dimensional (modulo a trivial part) with sufficiently low dimension. The
time-27 maps of these simple systems are matrices, which we estimate by integrating the
first order equation at high accuracy. Then we estimate the eigenvalues of these matrices.
(All this is done of course with rigorous error estimates.) In order to exclude bifurcations
along the chosen families, we prove that the eigenvalues never cross certain “separating
values”.

The remaining part of this paper is organized as follows. In Section 2 we introduce
some notation and review a few facts from Floquet-Krein theory that will be needed later
on. One-parameter families of Floquet systems are discussed in Section 3. This includes
the parameter-dependence of eigenvalues, monotone families, and bounds related to the
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above-mentioned separating values. All results given in the first two sections concern
finite-dimensional systems only. But they apply to the problem at hand by taking limits,
as will be shown in Section 5. In Section 4 we describe some general properties of the flow
®. To be more precise, we first perform a symplectic change of variables U, and then work
with @ = UDPU 1. In Section 5 and Subsection 6.1 we give a proof of Theorem 1.2 and
Theorem 1.1, respectively, based on three technical lemmas. Our proof of these lemmas is

discussed in the remaining parts of Section 6 and described in detail in [13].

Figures 1 and 2 show the spectrum of &3(27r) in the case a = % and a = %, respectively.
The eigenvalues on the left (right) correspond to eigenvectors that are even (odd) under
translations x — x + 7. Eigenvalues that are not marked with dots lie in the red and black
arcs. The color indicates the Krein signature: red — positive, black +— negative. Blue
dashes mark the primary separating values (described later). The on-circle spectrum in
these figures is accurate, but the values of the off-circle eigenvalues (blue dots) in Figure

2 are purely numerical.
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Figure 1. Spectrum for a = % in the even (left) and odd (right) subspace.

/ ® \. ,/’

Figure 2. Spectrum for o = % in the even (left) and odd (right) subspace.
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2. Floquet and Krein theory

In this section we cover some basic facts from Floquet-Krein theory [1,2] in finite dimen-
sions. The same notation and concepts will be used later in our discussion of the system
(1.5). The results themselves will be applied only to finite-dimensional approximations of
this system. For other applications of the Krein signature to problems in partial differential
equations, we refer to [3,4] and references therein.

2.1. The flow for periodic vector fields

Let B be a Banach space. Unless specified otherwise, we assume that 8 is finite-dimen-
sional. Let X : R — £(*B) be a continuous curve in the space L(8) of all linear operators
on B. Floquet theory addresses the stability of the trivial solution of the evolution equation

d
EV(D =X(@t)V(t), Vit) €8, (2.1)
in the case where X (t) depends periodically on time ¢ € R. This can be done by considering

the associated flow ® : R — L(8), which is the solution of the initial value problem

d
a@(t) = X(t)®(t), ®(0)=1. (2.2)
The solution of (2.1) with initial condition V(0) = Vj is then given by V() = ®(¢)Vj.

A basic tool in Floquet theory is the following representation of the flow.

Lemma 2.1. Let T' > 0 be the fundamental period of X. Then there exists an operator
C € L(®B8), and a periodic curve P : R — L(B) with period T, such that

d(t) = P(t)e'®, teR. (2.3)

Proof. First we note that ®(t+7") = ®(t)®(7T'), due to the periodicity of X. After choosing
a branch of the logarithm whose domain of analyticity includes all eigenvalues of ®(7T),
define C' = 5= log(®(T')). Clearly (2.3) holds if we set P(t) = ®(t)e~*“. In addition,

Pit+T) =0t +T)e T = d(t)®(T)e T ¢ = d(t)e ¢ = P(T), (2.4)

as claimed. QED

The operator ®(7T') is called the matrizant of the Floquet system (2.2). Some other
standard definitions are the following.

Definition 2.2. The eigenvalues of ®(T') are called the Floquet multipliers (of the given
system). The eigenvalues of C are called Floquet exponents. Clearly, if r is a Floquet
exponent then e’" is a Floquet multiplier. We note that Floquet exponents depend on the
choice of C' and are determined by ®(T') only modulo 27i/T.

Notice that CVy = rV; implies that V(T) = €T"Vy. Thus, every Floquet exponent
r with positive (negative) real part gives rise to exponentially increasing (decreasing) so-
lutions of (2.1). Suppose now that each Floquet exponent r is purely imaginary. If r is
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not semisimple, meaning that both (C' — rI)Vy = 0 and (C' — rI)V; = V4 admit nontrivial
solutions, then e!“V; grows linearly with ¢. Thus, we have the following.

Proposition 2.3. The flow ® is bounded if and only if every Floquet exponent has a
nonpositive real part, and every Floquet exponent with zero real part is semisimple.

Next we discuss Floquet systems that arise from second order equations. Let H be a
finite-dimensional real Hilbert space. Consider the equation

d2
@v(t) =—-X(t)v(t), v(t) e H, (2.5)
with X : R — L(#H) continuous and periodic with period 7" > 0. Introducing v = %U and
v 0 I
v=[v]. x=1% 4] (2.6)

the equation (2.5) reduces to an evolution equation (2.1) in the space B = H?. Assume

now that X'(t) is self-adjoint for all t € R. A straightforward computation shows that

equation (2.5) arises from a Hamiltonian H(t,v,v) = 3(v, X(t)v) + (v, v), in the sense

2
that the equation (2.1) can be written as

d
v =1vam,  1=[% 1] (2.7)

For a proper discussion of Floquet exponents, we need to consider a complexification
of H. To simplify notation, the complexified space will again be denoted by H. On the
complex space H? we consider the inner product

V.V = (o)), V= [olent, vi=[u]en, (2.8)

v v

where (., .) is the inner product in . The convention adopted here is that (., .) is antilinear
in the first argument and linear in the second. We say that an operator on #H? is real if it
leaves the real part of #? invariant.

Definition 2.4. A real operator A € L(H?) is called symplectic if A*JA = ]J.

Denote by ® the flow associated with the linear vector field X defined in (2.6). The
operators X (t) are assumed to be real and self-adjoint.

Proposition 2.5. The time-t maps ®(t) are symplectic.
Proof. Using that X* = X we have X*J + JX = 0, and thus
Lo(t) JD(t) = D()* X (¢)* I (t) + D(¢)* IX (£)®(¢) = 0. (2.9)

Given that ®(0) = I, the assertion follows. QED
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2.2. Eigenvalues and Krein signature

The main tool of Krein theory is the quadratic form
GV, V') =(V,(@i)V') = i{v,v") —i{v, ). (2.10)

We remark that G is nondegenerate on H?, since G(V,iJV) = (V,V). Notice also that
G(V,V) is real for all V, since iJ is Hermitian. Another immediate consequence of the
definitions is the following.

Proposition 2.6. A real operator A € L(H?) is symplectic if and only if G(AV, AV') =
G(V, V") for all V,V' € H?2.

We conclude this section by mentioning some spectral properties of symplectic linear
maps that will be needed later on.

First, consider an arbitrary bounded linear operator A on some (not necessarily finite-
dimensional) Banach space 8. Let A and A’ be two disjoint compact sets in C whose
union includes the spectrum of A. Then the Riesz projection P(A, A) associated with the
spectrum in A admits a representation

P(AA) = Py(A) = 1 /(ZI —A)'dz, (2.11)
2mi /),

where 7y is any regular cycle in the complement of AUA’ that has winding number 1 relative
to every point in A and winding number 0 relative to every point in A’. If A is fixed, then
the spectral subspace P({\}, A)B associated with an isolated eigenvalue \ of A will also
be denoted by E()). If A has a finite algebraic multiplicity m, then E()) is the null space
of (AI—A)™.

Assume now that A is a symplectic operator on H?2. It follows readily from Defini-
tion 2.4 that A is nonsingular, and that the spectrum of A is invariant under complex
conjugation A — X and inversion A — A7

Lemma 2.7. Let A\ and )\ be eigenvalues of a symplectic A. If A\\' # 1 then the spectral
subspaces FE(\) and E()') are G-orthogonal; that is, G(V,V') = 0 for all V € E(\) and
all V' € E(X)

Proof. Straightforward algebraic manipulations yield the identity
G((A= )"V, A™V') = (=\)"G(V, (A= X"')™V") (2.12)

for m = 1. This extends to m > 1 by induction. Taking m to be the algebraic multiplicity
of A, this shows that F()) is G-orthogonal to the range of (A4 — 5\—11)7”'

Clearly E()) is invariant under any function of A, including A — A~'I. Assuming
that A’ # A1, the restriction of A — A71I to E(\') is nonsingular. Thus, F()\') lies in the
range of (A — A~11)™, which is G-orthogonal to E()). QED

Definition 2.8. A subspace E of H? is said to be Krein definite if G(V, V) # 0 for every
nonzero'V € E. If G(V, V) is positive (negative) for every nonzeroV € E then we say that
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E has a positive (negative) Krein signature. An eigenvalue A of a linear operator is said to
have positive (negative) Krein signature if the corresponding spectral subspace FE(\) has
positive (negative) Krein signature.

We remark that an eigenvalue A of a symplectic operator A can be Krein definite only
if A is semisimple and |A| = 1. This follows e.g. from (2.12) with m = 1, which implies
that the null space of A — AI is G-orthogonal to the range of A — A7'L.

The following proposition illustrates the usefulness of the Krein signature for questions
of stability and bifurcations.

Proposition 2.9. Let A be a symplectic operator on H?. Let A be a closed arc on the unit
circle whose endpoints are not eigenvalues of A. Let v be a cycle in C such that P(A, A) =
P,(A), as described after (2.11). Assume that, within any given positive distance from A,
there exists a symplectic operator A’ € E(’HZ) with the property that P,(A')H? is Krein
definite. Then every symplectic operator A’ € C(H2) within some positive distance of A
has this property, and P(A, A'YH? has the same dimension as P(A, A)H?.

Proof. It suffices to consider the positive signature case. Clearly the map A’ — P, (A’) is
continuous near A. Define E.(A") = P, (A’ )H?. In what follows, A’ and A,, always denote
symplectic operators on H?.

Under the given assumptions, there exists a sequence A,, — A such that G is positive
definite when restricted to E.(A,). Thus, G is positive semidefinite on E.(A). Assume for
contradiction that G(V, V) = 0 for some nonzero V' € E,(A). Using the Cauchy-Schwarz
inequality we find that V' is G-orthogonal to every vector in E.(A). When combined with
Lemma 2.7, this implies that V is G-orthogonal to every vector in #2. But this contradicts
the fact that G is nondegenerate. Thus, G is positive definite on E.(A).

If A’ is sufficiently close to A, then G is positive definite on E,(A’) as well, and E.,(A")
has the same dimension as E,(A). As a result of positivity, E,(A’) cannot include an
eigenvector V of A with an eigenvalue off the unit circle, since this would imply G(V, V) =0
by Lemma 2.7. Thus, P(A, A’") = P,(A4’). QED

3. Parametrized families of Floquet systems

3.1. Separating sets

We will need to control eigenvalues on the unit circle S = {z € C: |z| = 1} for continuous
families of symplectic operators. The goal is to partition the circle S into arcs and then
apply Proposition 2.9.

Definition 3.1. Let A be a symplectic operator whose eigenvalues on S are all Krein
definite. A finite set Z C S partitions S \ Z into arcs, and we say that Z is a separating
set for A if all eigenvalues of A that lie on the same arc have the same Krein signature.
We also assume that Z does not include any eigenvalues of A.

Let now s — A, be a continuous family of symplectic operators on 2, where s ranges
over some interval I. As a consequence of Proposition 2.9, we have the
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Corollary 3.2. Let Z be a finite subset of S that does not include any eigenvalues of
Ag for any s. Assume that one of the operators Ag has the following property: Z is a
separating set for A, and all eigenvalues of A lie on S. Then each of the operators A, has
this property.

Definition 3.3. We say that Z C S is a separating set for the family s — A if Z is a
separating set for each As with s € I.

In the remaining part of this section we restrict our analysis to symplectic operators
®(t) that are the time-f maps associated with a second order equation of the type (2.5).
To simplify notation, let us assume from now on that X is periodic with period T = 2.
First we need to introduce some notation and basic facts.

Consider a solution curve V for the evolution equation £V (t) = X (t)V(t), where
X is given by (2.6). Assume that V(27) = 2™ V(0) for some complex number 7. In
other words, V' (0) is an eigenvector with eigenvalue e2™" of the matrizant ®(2) associated
with the given system. If we set W(t) = e "'V (¢), then the curve W is 27-periodic.
A straightforward computation shows that the first component w(t) = e~ "v(t) of W(t)
satisfies the equation

(4 4 r)%w(t) = —X(uw(t). (3.1)

Conversely, if this equation has a nonzero 2m-periodic solution w, and if we set W = [“’},

w
where w = (4 + r)w, then W(0) is an eigenvector of ®(2m) with eigenvalue e>™".
It is useful to write the equation (3.1) in the form M (n)w = 0, where n = —ir and

Mn)=Mm+n?*-X, n=-ilk. (3.2)

For a proper discussion of the operator M (n), consider the vector space C of all continuous
2m-periodic curves w : R — H, equipped with the inner product

(w, w') = % 0 " lw(t),w (8)) dt. (3.3)

and define $ to be the completion of this space C. A natural domain for the operator
M (n) is the space D of all curves w € § with the property that n?w belongs to §. Clearly
M (n) is a relatively compact perturbation of n?, so the spectrum of M(n,s) consists of
isolated eigenvalues of finite multiplicity. We assume from now on that X (t) is self-adjoint
for each t. In this case, M (n) is self-adjoint as well if 7 is real.

Proposition 3.4. Assume that t — X (t) is real analytic. V(0) is an eigenvector of ®(2m)
with eigenvalue €™ if and only if the equation M (n)w = 0 admits a nonzero solution
w € D. In this case, t — w(t) is analytic in a complex open neighborhood of R.

The proof of this proposition is straightforward; see Lemma 4.5 for a similar result in
the case of the periodically forced wave equation.

Consider now two orbits £V = XV and £V’ = XV’. Assume that V(0) and V'(0)

27 27!

are eigenvectors of ®(27) with eigenvalues e“™ and e*™ | respectively. Let w(t) and w’(t)
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be the first components of W (t) = e "V (t) and W'(t) = e " *V'(t), respectively. A
straightforward computation shows that

G(V(1), V(1) = iel™ D [(w(t), (4 +7)w' (1) = (% +)w®), ' ®)] . (3.4)

Since ®(t) is symplectic, the left hand side of this equation does not depend on ¢t. Assume
now that 7 = —ir is real. Setting V' =V in (3.4) and taking the average over ¢ € [0, 27|,
we find that

def

GV, V) = Gy(w) = —(w, (n +n)w) . (3.5)

Definition 3.5. Let A and B be a bounded self-adjoint linear operator on a Hilbert space
H. We say that A is strongly positive, in symbols A > 0, if there exists a > 0 such that
(h, Ah) > a(h,h) for allh € H. If B— A > 0, then we also write B> A or A < B.

Coming back to parametrized systems, we consider the equation M(n)ws = 0 asso-
ciated with a curve t — X;(t), all depending on a parameter s. For simplicity, we restrict
now to affine curves s — X,. In this case we have

My(n)=(n+n)?—-X,, Xe=Xy+sD. (3.6)

We assume that A and D are self-adjoint bounded linear operators on .

Lemma 3.6. Assume that D is strongly positive. Assume that M, (no) has an eigenvalue
zero for some 1g, sg € R. Then there exist real analytic functions § : R — R andw : R —
nonzero, such that w(n) € D and Mz, (n)w(n) = 0 for all n € R. Furthermore,

ﬁ — _ ZGU(w(n)) § = 5o
dn = " Qom), Do)’ )= s 3.7)

Moreover, if the eigenvalue zero of M, (no) is simple, then § is unique, and W is unique up
to a constant factor.

Proof. The equation M (n)w = 0 is equivalent to the eigenvalue problem
(D72 [(n+n)* = %] D™Y/2)g = sg. (3.8)

where g = D'/?w. The existence of the real analytic functions § and @ now follows from
Theorem 7.3.9 in [14]. Uniqueness in case of a simple eigenvalue zero follows from the fact
that an analytic function, such as § or (w’,w(.)) for any w’ € $), has only isolated zeros,
unless it is identically zero.

Differentiating the identity Mz(n)w = 0 with respect to n, we obtain

[2(n+n)—g—il)}w+[(n—i—n)Q—XO—éD Z—f:o. (3.9)
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After taking the inner product with w, this yields

2, (n + 1), ) — <<w,Dw>>Z—i —0. (3.10)

Now we solve for g—f; and use (3.5) to get (3.7). QED

We will use this lemma in situations where the signature G, (w(n)) cannot vanish. In
this case, s is strictly monotone and thus has an inverse s — n5. From Lemma 3.6 we then
get

d o (ws, () ws) _
£773 = — 2 Gy (W) , Mg(ns)ws =0, (3.11)

where wg = w(ns) and dilsXs = D. Notice that then Floquet exponents e?™*" with posi-
tive (negative) signature move (counter)clockwise on the unit circle as the parameter s is
increased. Presumably (3.11) holds for more general curves s — X5. But we do not need
such a generalization in this paper.

In the following two corollaries, we continue assuming that s — X5 is an affine family
of bounded self-adjoint linear operators on $). But the parameter s is now restricted
to [=1,1]. Let X be an arbitrary bounded self-adjoint linear operator on $. The flows
associated with X; and X are denoted by ®¢ and ®, respectively.

Corollary 3.7. Assume that X 1 < X < X;. Let Z be a finite subset of the unit circle
S that includes no eigenvalues of ®4(2) for any s. Assume that for some s, the operator
A = ®,(27) has the following property: Z is a separating set for A, and all eigenvalues of
A lie on' S. Then A = ®(2x) has the same property.

Proof. By Corollary 3.2, Z is a separating set for the family s — ®4(27), and all eigen-
values of ®4(27) for all s lie on the unit circle. Let X" = (1 — r)Xy +rX for r € [0,1]. To
each of these operators X" we associate a family s — X7 by setting

v [s(XT— XLy ifse[-1,0]
A=A { s(X— X" ifselo1]. (3.12)
Here, and in what follows, we always assume that (r,s) belongs to R = [0,1] x [—1,1].

Notice that X0 = X, and X; = X". Denote by ®” the flow associated with XT. Define
f(r,s) to be the distance (on S) between the set Z and the eigenvalue of ®%(27) on S
that is closest to Z. Clearly f is continuous on R. Furthermore, f does not vanish on the
segment r = 0. Thus, by compactness, Z is a separating set for s — ®%(2m), if r > 0 is
sufficiently small. Denote by ry the largest value in [0, 1] such that s — ®%(27) has Z as
a separating set for all r < rq.

Consider r < rg. By using (3.11) for the two affine segments of the curve s — X7, we
see that the eigenvalues of ®”(27) move monotonely along S as s increases from —1 to 1,
covering an arc that starts at an eigenvalue of ®_;(27) and ends at an eigenvalue of ®;(27),
without crossing the set Z. Thus, f(r,.) is bounded from below by min(f(0,—1), f(0,1)),
which is positive. This extends by continuity to r = rg. Using Proposition 2.9, we conclude
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that Z is a separating set for ®7°(27), and that all eigenvalues of ®7°(27) lie on S. If we
assume that ro < 1, then f=1((0,00)) includes a strip (rq — €,79 + ¢) x [—1,1] for some
e > 0, contradicting the defining property of ry. Thus, rg = 1, and Corollary 3.7 is proved.
QED

It is possible to deal with situations where not all eigenvalues lie on the unit circle,
but additional conditions are required to avoid off-circle eigenvalues from interfering. The
following covers a special case, where it suffices to include the point 1 in Z.

Corollary 3.8. Assume that X_1 < X < X;. Let Zy > 1 be a finite subset of the unit
circle S that includes no eigenvalues of ®4(27) for any s. Assume that for some s, the
operator A = ®4(27) has the following property: Zy is a separating set for A, and all
eigenvalues of A lie on the lie on S, except for two simple real eigenvalues in (0,1)U (1, 00).
Then A = ®(27) has the same property.

Proof. Consider Z = Zy U {27, 27} where z* = cos(¢) £ isin(¢). By choosing ¢ > 0
sufficiently small, the assumptions of Corollary 3.8 are still satisfied if Zj is replaced by Z.
Now we follow the proof of Corollary 3.7, but with the following changes.

It may happen that the eigenvalues of ®{(27) in (0,1) U (1,00) approach 1 as r is
increased. With ry defined as before, consider the possibility that rg is the largest value
in [0,1] such that none of the operators ®%(27) with r < ro has an eigenvalue 1. All
eigenvalues of ®7°(27) in S\ {1} can be bounded away from Z as before. So ®°(27) must
have an eigenvalue 1.

Now consider perturbations X = X + tI of X, with |t| > 0 sufficiently small so that
X_| < X < X;. Define operators X7 and ®7(27) analogous to X7 and ®7(27). By
arguments analogous to those used in the proof of Proposition 4.6, we can find a sequence
n +— t, # 0 converging to zero, such that the operator @60(277) defined with ¢t = t,, has
no eigenvalue 1 but two eigenvalues on S\ {1} close to 1. Let r < r¢. If we choose t =t,
with n sufficiently large, then Z, is a separating set for the operators <i>;‘(27r). Thus, all
eigenvalues of ®7(27) are bounded away from Zy, uniformly in r < ro and large n. Taking
n — oo and then r — ro, we see that ®;°(27) cannot have an eigenvalue 1. Now we
proceed as in the proof of Corollary 3.7 to show that rq = 1.

For reference later on, we remark that ®(27) has no eigenvalues in the arc bounded
by z* that includes 1, since Z is a separating set for the family s — ®1(27). QED

Remark 1. Under the assumption of Corollary 3.7 or Corollary 3.8, if s — Ag € S is
a continuous curve of simple eigenvalues for the family s — ®4(27), that is isolated from
any other eigenvalue for that family, then one of the eigenvalues Ay is also an eigenvalue
of ®(27). This follows by including extra points in the separating sets.

3.2. Verifying separation

Let Xy be bounded self-adjoint linear operator on $). Let D be a positive self-adjoint
linear operator on ‘H. We extend D to $) by setting (Dw)(t) = Dw(t). Then we define
Xy = AXp + sD for all s € [—1,1].
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Our goal is to show that for some given € R, none of the operators M,(n) with
s € [—1,1] has an eigenvalue zero. To allow for better approximations, we replace the
operator Ms(n) by

~

M,(n) = OM,(n)0 = 0(n +1)?0 — X — sD, (3.13)

where 6 is some strictly positive operator on §. Here Xy = 0Xy0 and D = 6D6. For
concreteness let us assume that §~! is a bounded perturbation of |n|. Then it is clear that
M, (n) has an eigenvalue zero if and only if Ms(n) has an eigenvalue zero.

The idea is to approximate Xo by a self-adjoint linear operator X, on $) for which

M,(n) = 6(n +n)%0 — X, (3.14)

is easier to analyze. Here Xy, = X + sD. In our application, Ms(n) acts trivially outside
some finite dimensional subspace of $, so M is essentially a family of symmetric matrices.
But here we make no such assumption. The first step is to prove a bound

| X% — Xl < C, (3.15)

for some (small) positive constant C' > 0. Then we choose appropriate parameter values
—1<sp< 81 <...<8y, =1 and verify the hypotheses of the following lemma.

Lemma 3.9. With C > 0 satisfying (3.15), assume that M, (n) has no eigenvalue in
[—C, C], and that A
(Sj — Sj_l)HDH <20, (316)

for j = 1,2,...,m. Then none of the operators Ms(n) with s € [—1,1] has an eigenvalue
Zero.

Proof. First we note that the eigenvalues of M,(n) can be organized into a sequence
k +— fi;(s) with each fi; being real analytic on [—1,1]. Similarly for the corresponding
eigenvectors Wy (s). This follows e.g. from Theorem 7.3.9 in [14]. A computation analogous
to (3.11) shows that

d (wi(s), Diby(s))
— i (s) = — 3.17
T TR ORTAO) 317
Thus, the functions i, are decreasing, and
fn(sy) — in(sj—1)| < (s5 — s5-1)| D|| < 2C. (3.18)

This shows that none of the curves fi; can cross the interval [—C, C], as s increases from
sj—1 to s;. Thus, M(n, s) has no eigenvalue in [-C, C] for all s € [—1,1].

Now we interpolate linearly between X; and X; for a fixed but arbitrary s € [—1,1].
By arguments analogous to the ones used above for the interpolation between Xs, , and
Xs,, we find that

~ ~

f(s) — uk(s)‘ <|lx, — /'?SH = ||220 — XOH <C. (3.19)
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Such a bound holds for every eigenvalue fix(s) of M(n). Combining this bound with the
fact that |fig(s)| > C, we find that

ls)| > [(s)] — |a(s) — ils)] > €~ C =0, (3.20)

This shows that M,(n) has no eigenvalue zero, for every s € [—1, 1]. QED

4. The wave equation with periodic forcing

4.1. The flow

In order to motivate our choices, consider a pair («,u) as described in Theorem 1.1 and
define h = a~?(3u? 4+ k) — ¢ for some constant ¢ > 0. Using the notation v(t) = v(t,.),
the equation (1.5) can be written as

—(t) = —B%K%v(t) — cv(t) — H(t)v(t), teR, (4.1)

where k> = —9? with Dirichlet boundary conditions at 2 = 0 and # = 7, and where
H(t) denotes multiplication by h(t,.). This is an infinite-dimensional version of (2.5), with
X = 2k®+c+ H. The vector field X = X in the corresponding evolution equation (2.1)
is given formally by

0 I

Xp(t) = {_yz —H® 0] . y= (8K + o)

(4.2)

In this section, we consider the flow ® 5 associated with vector fields of this type, where
H(t) need not be a multiplication operator.

We start by choosing appropriate spaces for the initial conditions at t = 0. Given any
real number p > 0, denote by H, the Hilbert space of functions v on R,

v(x) = Z vg sin(kx) , Z ek lug)? < o0, (4.3)
k=1 k=1

equipped with the inner product
oo
(v,0"), = Ze%kﬁv,;, v, €H,. (4.4)
k=1

On the space 7—[?) of all pairs V = [ﬂ with components in v,v € H, we use an inner

product analogous to (2.8). Notice that, if p is positive, then the functions in #, extend
to analytic functions in the strip [Im (z)| < p.
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For the system considered in Theorem 1.2, the operators H(t) are as described at the
beginning of this section. The function h = a2 (3u2 + Ii) — ¢ is 2m-periodic, even, and real
analytic in both variables. So in this case, there exists o > 0 such that the following holds
whenever 0 < p < p.

Property 4.1. t — H(t) is a 2rw-periodic real analytic family of bounded self-adjoint linear
operator on Hy. If 0 < p < o then the restriction to H, defines a real analytic family of
bounded linear operators on H,,.

In what follows, we allow ¢ — H (t) to be any family with this property. But we always
assume that 0 < p < p.

It is convenient to perform a (formally symplectic) change of variables

U= [y;” y_‘)l/z]. (4.5)

The vector field in the new coordinates is given by
Xy =UXgU ! = [_yo _ y} . H=y VPHy V2 (4.6)

The natural domain for the operators X (t) is (y~'H,)>.

Proposition 4.2. Let 0 < p < p' < p. For each t € R, the time-t map (with initial
time zero) for the vector field Xy defines a bounded linear operator ®x (t) from 7-[2, to

Hﬁ. The operator norm of ®x (t) grows at most exponentially with |t|. If p < p/ then the
flow t — ®x(t) defines a C* function from R to the space L(M2,,M2) of bounded linear
operators from 7-[,%/ to 7-[/2).

Proof. To simplify notation we first consider o’ = p. The vector field Xy for H = 0
generates the continuous group of unitary operators

~ 4%, _ | cos(ty) sin(ty)
Po(t) = €70 = [—sin(ty) cos(ty) (4.7)

on the space H2. The time-t maps ®(t) for the vector field X, with initial time 0, can
be obtained by solving the Duhamel equation

t
Dy (t) = Po(t) +/ Do (t — s)[Xnu(s) — Xo|Pu(s)ds. (4.8)

0
Using the operators P; = [1 0] and P, = [0 1] from 7—[,2)/ to H,, this equation can also be

written as

Ba(t) = o) - | ot — 5) Py H ()P (s) ds. (4.9
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Multiplying both sides of this equation from the left by ®q(—t), we obtain

At) = — /O B(s)[1 + A(s)] ds. (4.10)

where

A(t) = o(—t)Dp (1) — 1, (4.11)

and
B(s) = @d—s)Pjﬁ(s)PﬁDO(s)

_ [ —sin(sy)H (s) cos(sy) —sin(sy)H(s)sin(sy) | (4.12)

cos(sy)H (s)cos(sy)  cos(sy)H(s)sin(sy)

Notice that each B(s) is a bounded linear operator on Hf,. Their operator norms satisfy
a bound ||B(s)||, < b that is independent of s. Thus, the equation (4.10) for A(.) can be
solved by iteration,

Alty) = i(—m /Otodtl /Otldtg---/ot”ldtnB(tl)B(tz).-.B(tn), (4.13)

and the solution satisfies a bound ||A(t)||, < €l — 1. When combined with (4.11), this
shows that, if p’ = p, then @y (t) belongs to £(’H§,,H?,) and the operator norm of @y (t)
grows at most exponentially with |t|. The same holds if p’ > p since H%’ is continuously
embedded in H2, with ||V, < [|[V]], for every V € H2,.

Assume now that p’ > p. From the explicit expressions (4.7) and (4.12) it is clear that
®y and B are of class C* as curves in E(Hil,H?,Q), whenever p’ > p; > pa > p. Using the
equation (4.10) and the product rule of differentiation, we see that the same holds for the
curve A, as well as for the curve t — @ (t) = ®o(t)[I+ A(t)]. This completes the proof of
Proposition 4.2. QED

4.2. The spectrum

Notice that H(s) is compact for each s, due to the factors y~/2 in (4.6). Thus, B(s)
is compact for each s. Using the equation (4.10) and Theorem 1.3 in [15] about strong
integrals of compact operators, we find that A(t) is compact for all ¢. This in turn implies
that @ (t)— Do (t) = o(t)A(t) is compact for all t. In particular, the essential spectrum of
®(27) agrees with the essential spectrum X, of ®y(27). This follows e.g. from Theorem
4.5.35 in [14]. Notice that X, is the set of all accumulation points of the sequence k +— e>™%x
for k € Z.

We are interested in the spectral stability of ® (27). Since X, is included in the unit
circle, it suffices to consider points A in the spectrum of & m(27) that do not belong to 3.
The question is whether the results depend on the choice of the domain parameter p. The
following can be applied e.g. to the operator &)H(Qﬂ') acting on X = H, and X' = H,
with 0 < p < p’ < 0.
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Proposition 4.3. Let X' and X be Banach spaces, with X' being continuously embedded
and dense in X. Let L be a bounded linear operator on X that leaves X' invariant and
defines a bounded linear operator L' on X'. Let A be a point in the spectrum of L. Assume
that the essential spectra of both L and L' are countable and do not include \. Then A\
is an eigenvalue for both L and L'. The corresponding spectral subspaces E, C X and
E) C X' are finite-dimensional and they agree.

Proof. Under the given assumption, A is an isolated eigenvalue of L with finite (algebraic)
multiplicity. This follows e.g. from Theorem 4.5.33 in [14]. Similarly, if A belongs to the
spectrum of L', then A is an isolated eigenvalue of L’. Denote by Py the Riesz projection
in X onto the spectral subspace E) associated with the eigenvalue \ of L. It admits
a representation of the form (2.11), and the integration contour - can be chosen in the
resolvent set of both L and L’. Thus, the restriction of Py to X’ defines a bounded
projection on X’. Given a fixed but arbitrary nonzero y € E, pick a sequence n +— x,, € X’
such that x,, — y in X. Let y,, = P\z,,. Then y,, — y for the norm in X. But y,, belongs
to B/ = Py X' for all n, and since all norms on E’ are equivalent, the sequence n — y,
converges for the norm in X’, and the limit has to be y. Since y € E, was arbitrary,
this show that E\ C E’. In particular, \ is an eigenvalue of L’. Since X’ is continuously
embedded in X we have E\ = E’ C E\. Thus, E{ = E, as claimed. QED

Assume that 0 < p < p/ < 0. Applying Proposition 4.3 to the operator ®z (27) acting
on X =H, and on X’ = H,, we obtain the following.

Lemma 4.4. The essential spectrum of ® (2 is the set ¥, of all accumulation points of
the sequence k v+ €2k for k € Z.. The spectrum of ® y(27) outside %, consists of eigen-
values with finite multiplicities, and the corresponding spectral subspaces are independent
of p.

4.3. Borderline stability

The main result of this subsection concerns a borderline situation between (spectral) sta-
bility and instability. This situation has to be excluded in the case a = % described in
Theorem 1.2.

Formally, we have a one-to-one correspondence between nonzero solutions w of the
equation

(4 +0)7 + 8K e+ HD)w(t) =0, (4.14)

and eigenvectors Vj of @y (27) with eigenvalue e?™ . The maps Vy — w and w — Vj are
described before and after (3.1). In order to make this correspondence more precise, we
need to discuss regularity properties.

To any curve t — w(t) in Ho we can associate a function w’ of two variables by setting
w®(t,.) = w(t) for all t. If t — H(t) is a family of linear operators on Hg then we define
H’w® = (Hw)". In what follows we will identify w” with w and H” with H.
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Consider the space $) = L?([0,2n] x [0,7]). A function w belongs to § if and only if
it admits a Fourier series

w = Z an,kEn,k , E,i(t,z)= e sin(kx) , (4.15)

n=—oo k=1

that converges in L2. Given any nonnegative integer m, we defined §3/, to be the space
of all function w € $ with the property that the function (|n| + |k|)™w with Fourier
coefficients (|n| + k)™ w,, i belongs to £.

If we set F' = c+ H and n = —ir, then the equation (4.14) can be written as

Mp(n)w =20, Mp(n) = (n+n)?— B2k: - F. (4.16)

Below we will also consider the operator Mj(n), which is defined by setting F' = 0 in the
above equation. But, unless stated otherwise, we always assume that F' =c+ H.

We consider Mr as a densely defined linear operator on §). Its domain D,, is the set
of all functions w € $ with the property that Mpg(n)w belongs to $. A more explicit
description will be given below.

Assume now that H satisfies Property 4.1, and that H 5’_);71 C S’J;n for every m > 0.

Lemma 4.5. Let 3 be a positive rational number. Then ¥ is a finite set. Let n be a
real number such that A = e*™ does not belong to ¥.. If )\ is an eigenvalue of @(27)
with eigenvector Vo € H3, then the corresponding function w = w(t, z) belongs to D,, and
satisfies M (n)w = 0. Conversely, if w € D, satisfies the equation My (n)w = 0, then the
corresponding function Vy belongs to H3 and is an eigenvector of @(2#) with eigenvalue \.

Proof. Write § = ¢/p with ¢ and p coprime positive integers. Then it is clear that X, is
a finite set, consisting of p-th roots of unity.

Assume that ) is an eigenvalue of ®(27) with eigenvector Vy € H3. By Lemma 4.4,
this eigenvector belongs to 7—[[2) for every positive p < p. And Proposition 4.2 implies that
t— V(t) is a C* curve of function in H2. So it is clear that w belongs to D, and satisfies
the equation (4.16).

Before proving the converse, we note that w € §) belongs to the domain D,, of Mr(n)
is and only if the series

MO(n)w = Z Z wn,k,un,k(n)En,k , Nn,k(n) = (n + 77)2 - 621{72 ) (417)
n=—oo k=1

converges in §), where w, j, are the Fourier coefficients of w. Notice that each E), j is an
eigenfunction of My(n) and that p, x(n) is the corresponding eigenvalue. Under the given
assumption on 7, these eigenvalues satisfy a bound

b, ()| = | (pn + pn + qk) (pn + pn — qk)| = Cy(In| + k) (4.18)

with C;, > 0. So in particular, My(n) has a compact inverse.
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Assume now that the equation Mp(n)w = 0 has a nonzero solution w € D,,. Then
My(n)w — Fw = 0 and thus
w = My(n)"'Fuw. (4.19)

The bound (4.18) implies that the right hand side of (4.19) belongs to $,,,; whenever
w € 53 . Thus, w belongs to .6 for all m > 0. So w is of class C°. It is now clear that
the correspondmg function V; belongs to H3 and is an eigenvector of dp(2m). QED

Proposition 4.6. Let 3 be positive and rational. Assume that 1 is an isolated eigenvalue
of @y (m). Then for n > 0 sufficiently close to zero there exists s = s(n) such that ® g 4(2m)
has an eigenvalue e*™. Furthermore s(n) — 0 as n — 0.

Proof. We use the same notation as in the proof of Lemma 4.5.
Since the eigenvalue 1 is isolated, there exists some open interval J containing zero
such that e?™ ¢ ¥, whenever 1 € J. From (4.18) we see that that if n,n’ € J then

e (') = b ()| = 120+ 0" + 1) (0" = )| < Cplpin k()] (4.20)

for some €} > 0. This shows that D, = Dy for all n € J. This extends trivially to all n
in some complex open neighborhood of J. Clearly My(n) : D, — $ is a closed Fredholm
operator. Since F' = ¢+ H is bounded and compact relative to My(n), the operator
Mp(n) : D,, — $ is closed and Fredholm as well. Thus, My (n) has compact resolvents.
Furthermore, the family n — Mg (n)w for any w € Dy is analytic in an open neighborhood
of J. Notice also that Mp(n) is Hermitian for n € R. Thus, given that Mp(0) has an
eigenvalue zero, there exists a real analytic function s on J, with s(0) = 0, such that s(n)
is an eigenvalue of Mp(n) for each n € J. This follows e.g from Theorem 7.3.9 in [14].
Since an eigenvector w of Mp(n) with eigenvalue s satisfies Mp4(n)w = 0, the assertion
follow. QED

5. Reduction to finite dimensions

5.1. Finite-dimensional approximations

Here we approximate the operators H(t) by “truncated” operators Hy(t) that act trivially
outside an /-dimensional subspace of Hy. Suppose that we want to prove spectral stability
for ®. Our strategy is to look for a family of the form X, = 82k* 4+ ¢ + Hy + sD that
can be shown to have a separating partition, and which satisfies H, — D < Hy < H;; + D
for all £ > K. Then we take ¢ — oc.

For ¢ > 1 consider the orthogonal projections P, on Hg defined by the equation

(Ppo)( kasm (kx), veHy, z€eR, (5.1)
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where vy, v, ... are the coefficients in the sine series (4.3) of v.
To a family ¢ — H(t) of bounded self-adjoint operators on Hy we associate a family
t — Hy(t) by setting Hy(t) = P,H(t)P;. Assume now that H has the Property 4.1.

Proposition 5.1. Let 0 < p < ¢. Then ®y,(t) — ®y(t) in L(H,), uniformly in t on
bounded subsets of R.

Proof. We adopt the notation from the previous section but include a subscript ¢ whenever
we use the family Hy in place of H.

Clearly, each family H, has the Property 4.1. Furthermore, ﬁg(s) — H (s) in norm,
uniformly in s € R. Then By(s) — B(s) in norm, uniformly in s € R. Using (4.13), we
find that A,(t) — A(¢) in norm, uniformly on bounded subsets of R. Combining this with
(4.11) proves the claim. QED

Using Proposition 5.1 together with the contour-integral formula (2.11) for spectral
projections, we obtain the following.

Corollary 5.2. Let A\ be an eigenvalue ®(2n) that lies outside ¥.. Then for every ¢
there exists an eigenvalue Ay of ®p,(2m) such that Ay — X\ as { — oc.

Another consequence of Proposition 5.1 is that ® u (t) is symplectic for each ¢, as an
operator on Hg. It should be clear what symplecticity means in the current setting.

Notice that the restriction of Hy(t) to (I— Py)Ho is identically zero. Correspondingly,
the operator ®p,(27) has a set of trivial eigenvalues A\; and Ay that lie on the unit circle

and are given by
A\ = eQm’yk ; Yk = /62k2 +c, (5'2)

for k > £. The corresponding eigenvectors are Vi = [H sin(k.) and V4. The set of
accumulation points for these eigenvalues is precisely the essential spectrum . of the

operator @ (27). Thus, we have the following.

Corollary 5.3. For each ¢ denote by ®p, the flow for the vector field Xp, restricted to
(P/Ho)?. Let \ be an eigenvalue ® i (27) that lies outside .. Then for every { there exists
an eigenvalue \; of ®p,(27) such that \y — X as { — oc.

In what follows we ignore the trivial action on (I — P;)Ho and regard Hy as a family
of operators on P;Hy. The corresponding space of 2m-periodic curves w : R — PyHg, with
the inner product (3.3), will be denoted by ;.

Consider the basis in P;H consisting of the vectors e, = sin(k.) for k = 1,2,...,¢.
In this basis, a linear operator 7" on H, is represented by a matrix Ty ; = (Te;);. As a
measure for the size of the k-th row of this matrix we define

y4
Ri(T) =Y |Thjl- (5.3)
j=1

Let now K > 1 be fixed. In what follows, we always assume that ¢ > K. Our goal is to
estimate the difference H; — Hy in a way that is uniform in /.
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To this end, assume that there exist positive constants 9, dy, ds, ds, ... such that
dp. >Rk(He(t)—HK(t)) + 4, (5.4)

for all ¢ > k. Let D be the linear operator on P,y whose matrix is diagonal, with entries
Dy, 1, = dy.

Proposition 5.4. As operators on £, we have H, — D < Hy < Hy, + D.

Proof. Let dj, = d;, — J, and let D’ be the diagonal operator on P;, whose matrix is
diagonal, with entries D} , = dj. Given any t € R, define T' = H,(t) — Hx(t). By (5.4) we
have
(D' £ T = djy = T g = dj, — | Teel > D> [Tyl =D (D' £ Tl (5.5)
i#k i#k
This means that the matrix for D’ £ T is diagonally dominated, with positive diagonal
entries. By the Levy-Desplanques theorem, this implies that the operator D’ +T is positive
definite. Thus,
Hy(t)— D' < Hy(t) < He(t)+ D' . (5.6)

Since t € R was arbitrary, we have
(w, (Hx = Dw) < (w, How)) < (w, (Hy + D' )w), (5.7)

for every w € $,. This proves the claim. QED

For reference later on let us compute the trivial Floquet multipliers associated with
the operator Hg,s = Hy + sD. For s = 0 the eigenvalues of ®p,.  (2m) are given by (5.2)

for K > K. For arbitrary s € [—1, 1] the trivial eigenvalues are Ay s and Ay s, where

)\k:,s = €2mnk’s s N,s = —N + \/52]@2 +c+ Sdk . (58)

Here, n can be any integer. Recall that k > K, and k < ¢ if we restrict the flow to (P;Ho)?.
Choosing for n the integer part of Sk and denoting by |Sk]| the fractional part of Sk, we

have
¢+ sdg

28k
An explicit computation of G(Vj, Vi) shows that the Krein signature of A s is negative,

while the Krein signature of Ay s is positive. Alternatively, this can be seen from the
dependence of these eigenvalues on the parameter s, using (3.11).

(1+ ex(c+ sdi)), ex(z) = O(k™%z). (5.9)

Nk,s = LBkJ +

5.2. Application to the wave equation

Here we will state two technical lemmas that, together with Theorem 1.1, are shown to
imply Theorem 1.2. The proof of Theorem 1.1 will be described in Section 6.
First a definition: for any real analytic function h of the form

h(t,z) = Z i, i cos(nt) cos(kz) , (5.10)
n,k
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we define [|h|| = >, , |hnk|. This applies in particular to any product of two functions in
B; and in this case, we have h,, , = 0 unless n and k are both even.

Now back to the setting of Theorem 1.2. To a given value a € {g, %} we associate
several quantities as follows. Denote by u the solution of the beam equation (1.4) described
in Theorem 1.1. Our goal is to apply the steps described so far with h = o 2(3u? + k) —c.
But it is convenient to first consider a simpler function hA. To be more precise, we now
choose a triple (¢, h,d) where ¢ and ¢ are positive real numbers, and where h is a Fourier
polynomial of the form (5.10) that satisfies a bound

Ih— [a2(3u + k) — ]| < 6. (5.11)

In addition, we require that h, ; = 0 unless n and k are both even. Of course we choose
c close to the average value of a2 (3u2 + ﬁ) and h close to a2 (3u2 + /-@) —c¢. So disin
fact very small.

Define H to be the operator “pointwise multiplication by h” on $). The operator
“pointwise multiplication by h(t,.)” on Hg is denoted by H(t). Here, Ho and § are the
Hilbert spaces defined in Section 4. To H we associate a sequence of approximants H, as
described in Section 5.

Besides (¢, h, §) we also choose a positive integer K, . In what follows, ¢ always denotes
a fixed but arbitrary integer larger than K,. We regard Hy_ (t) and Hy_ as linear operators
on P,Hgy and $y, respectively.

Lemma 5.5. If « = 2, then the operator ®p,._(27) has no eigenvalue off the unit circle.
If « = 12, then the operator @y, (27) has exactly two real positive eigenvalues off the
unit circle. Furthermore, all eigenvalues of all these operators are semisimple.

We remark that the two off-circle eigenvalues for a = % appear in the odd subspace,
as defined below.

Recall that h,, ; = 0 unless n and k are both even. This simplifies our task in the
following way. For o € {0,1} denote by Hg the subspace of H( consisting of all functions
v € Ho whose coefficients vy, in the sine series (4.3) vanish unless k = ¢ (mod 2). Similarly,
denote by £ the subspace of $) consisting of all functions w € §) whose coefficients w,, i
in the series (4.15) vanish unless k = o (mod2). Due to the above-mentioned property of
h, the subspaces H§ and $° are invariant under the operators H(t) and H, respectively.
So in particular, the time-t maps ®(t) leave the spaces (Hg)? invariant. As a result, the
spectral analysis for @ u (t) splits into two separate and independent tasks: in one step
we can restrict all operators to the even (o = 0) subspaces, and in the other step we can
restrict to the odd (o = 1) subspaces.

The following lemma refers to some quantities that were introduced in Subsection 3.2.
Here we consider Xy = 52k? +c+ Hy_, . For the operator 6 that appears in (3.14) we choose
0= (|n|+ [k[)~".

Lemma 5.6. Let a € {2,131} and o € {0,1} be fixed but arbitrary. Consider the
restriction to the subspaces of parity o, as described above. Let (c,h,d) be as described
earlier. Then there exists a sequence of real numbers dj, < ¢ satisfying (5.4), a constant
C > 0, a self-adjoint linear operator X, on i, satisfying (3.15), and a separating set Z
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for @, _p(2m) that includes 1, such that the following holds. For each value n € [0,1)
defining a primary (as described below) point €*™ in Z, there exist m > 0 and real
numbers —1 = s < s1 < ... < s, = 1, such that the operator Msj (n) has no eigenvalue
in [-C, C], and such that (3.16) holds, for j =1,2,...,m.

Our proof of Lemma 5.5 and Lemma 5.6 is computer-assisted and will be described
in Section 6.

Remark 2. Lemma 5.5 is formulated for a “computationally minimal” version of our
proof, where the claims of that lemma are verified not for Hy_ directly, but for Hx_— D.
Then Lemma 5.6 implies that the same holds for Hy_ . If Lemma 5.5 is verified directly, then
one finds that all eigenvalues of @, (27) are simple, and that the off-circle eigenvalues for
a = % are A = 1.06... and 1/\. In a “computationally extended” version of our proof, we
verify an analogue of Lemma 5.5 for both Hy_ £ D. This yields accurate bounds on many
on-circle eigenvalues of ®(27) via the method described in Remark 1. The eigenvalues
of @, +p(2m) are close enough to those of ®y, _p(27) that the difference is barely
noticeable at the resolution of Figures 1 and 2. We do not know, however, whether the

off-circle eigenvalues of <i>(27r) for a = % lie between the corresponding eigenvalues of
(I) HKQ 4+ D(Zﬂ' )

By “primary” points in Z we mean the following. Z defines a partition of the unit
circle into arcs. By assumption, Z is a separating set for the operator A = &g, p(2m),
so each arc A can be assigned an signature: the Krein signature of the eigenvalues of A
that lie in A. We say that a point in Z is primary (for A) if the adjacent arc in the
(counter)clockwise direction has a negative (positive) signature.

For a given pair («, o) as described in Lemma 5.6, the set of non-primary point in
Z includes all values |Sk], and all values 1 — | Sk| different from 1, as k ranges over the
integers k > K with parity k = o (mod 2). These are the accumulation points (as k — oo
with £ > k) of the trivial eigenvalues e?™".s and e>™(1=.s) described in (5.8) and (5.9).
Since dj < ¢ by assumption, the eigenvalues of opposite signature accumulate at a given
point from opposite sides, independently of the parameter value s € [—1,1].

In this context, let us add that 1 is not an accumulation point for the trivial eigenvalues

when o = 3 and ¢ = 1. In this case 8 = %, and no odd multiple of 8 can be an integer.

11

Based on the two lemmas above, and on Theorem 1.1, we can now give a

Proof of Theorem 1.2. Consider a fixed a € {2, % and o € {0,1}. Let Z C S be
the set described in Lemma 5.6. The connected components of S\ Z will be referred to as
arcs. Let K = K. Define X, = 82k? + ¢+ Hy + sD, and denote by ®, the corresponding
flow. Here, and in what follows, we always assume that s € [—1, 1].

Let z = €?™¥ be a point in Z, with 0 < y < 1. If z is a primary point, then by
Lemma 5.6 and Lemma 3.9, none of the operators M;(y) has an eigenvalue zero. So
in this case, none of the operators ®,(27) has z as an eigenvalue. This follows from
Proposition 3.4. Consider now an eigenvalue curve s — Ay = €?™ for the family s
®,(27), obtained by integrating (3.11), starting at s = —1. By Lemma 3.6, the curve
s > 1, is real analytic as long as G, (w,) does not vanish, and by Proposition 2.9, this
holds as long as Ag stays in a single arc. Clearly A; never meets a primary point. And
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by the definition of a primary point, it is impossible to meet a non-primary point before
meeting a primary point, as s is increased. Thus, the curve stays in a single arc. This
shows that Z is a separating set for the entire family s — ®4(27).

We first prove the claim in Theorem 1.2 for the flow defined by h instead of a2 (3u2 +
/@) — c. By Proposition 5.4 we have Hy — D < Hy < H, + D for all £ > K. Thus, we can
use Corollary 3.7 or Corollary 3.8 to conclude that that Z is a separating set for ® g, (27).
Furthermore, the eigenvalues of ®p,(27) are all on the unit circle, except for two simple
real eigenvalues in (0,1) U (1,00) in the case (a,0) = (13,1). Now we take the limit
¢ — oo and use Corollary 5.3 to conclude that all eigenvalues of ®(27) lie on the unit
circle, except in the following case.
Consider (a,0) = (%, 1). In this case, all but two eigenvalues (counting multiplicities)
of ® g (27) must lie on the unit circle. These eigenvalues are all bounded away from 1. This
follows e.g. from the fact (see the remark at the end of the proof of Corollary 3.8) that the
operators ®g,(27) have no eigenvalues in some fixed open neighborhood of 1 in S. The
remaining two eigenvalues lie on (0, 00). Assume for contradiction that 1 is an eigenvalue
of &y (27).

Consider small perturbation H®* = H + sl of H and the corresponding approximants
Hj;. If s # 0 is chosen sufficiently close to zero, then Hy — D < H] < H, + D for all
¢ > K. This follows from the fact that Proposition 5.4 holds for any choice of 6 > 0 in
(5.4). By Proposition 4.6 we can find a sequence n — s, # 0 converging to zero, such
that the operator ®. defined with s = s, has all of its eigenvalues in S\ {1}. Here
we have used that the eigenvalue 1 of ® p(27) has multiplicity 2. Now we can choose n
sufficiently large such that the inequality H, — D < H] < Hyx + D holds, and such that
all eigenvalues of @2 (27) lie in S\ {1}, if £ > K is sufficiently large. But by Corollary 3.8
this is impossible, given that ®p, (27) has two simple eigenvalues in (0,1) U (1,00), as
stated in Lemma 5.5. So ®(27) must have two eigenvalues in (0,1) U (1, 00). This proves
the analogue of Theorem 1.2 for the flow defined by h.

Consider now the function h = a2 (3u2 + /@') — c. First we note that u € B is

real analytic on R2. Thus, the family ¢ — H(t) has the Property 4.1. The condition
H$!, C $, required by (and described before) Lemma 4.5 is clearly satisfied as well, for
any m > 0.
Let ¢ — H, the sequence of approximants associated with H. Below we will show
that
H.—-D<H < H:+D, (5.12)

for all £ > K. This bound allows us to repeat the arguments above, with H, in place of
H,, and the proof of Theorem 1.2 will be complete.

By (5.11) we can find a real number  such that ||h—h|| < r < §. Consider the space of
all real analytic functions (5.10), equipped with the norm ||.|| defined after (5.10). Denote
by b the completion of this space. Then b is a Banach algebra. So the operator norm of
H—H :b— b is less than r. Regarding H — H as an infinite matrix, it is not hard to see
that the operator norm of H,— Hy: b — b is less than r as well. Thus, the spectral radius
of Hy — Hy is less than r, implying that

—rl< Hy— Hy <71, (5.13)



Periodic forcing and spectral stability 25

as operators on $)y. Now we use again the fact that Proposition 5.4 holds for any choice
of § > 0 in (5.4). This allows us to replace D by D — rI and conclude that

Hy — (D —rl) < Hy < Hy + (D —r1). (5.14)

Combining this bound with (5.13) yields (5.12), as claimed. This completes the proof of
Theorem 1.2. QED

6. The remaining proofs

6.1. The beam equation

In order to solve the equation (1.4) we first rewrite it as a fixed point problem:
u=Folu) = —L'?, Lo =00} + 0 +5. (6.1)

For the domain of F,, we choose one of the following spaces B,. Denote by P the span of all
functions (¢, z) — cos(nt)sin(kz) on R?, with n > 0 and k& > 1. Given a pair p = (p1, p2)
of positive real numbers, denote by A7) the closure of P with respect to the norm

lullp = lun il (L4 p1)"(L+p2)*,  ult,z) =D > uypcos(nt)sin(kz).  (6.2)

n,k n=0 k=1

The functions in A7 extend analytically to the complex domain [Im#| < log(1 + p1) and
[Imz| < log(1 + p2). The subspace of all functions u € A7 whose Fourier coefficients u,,
vanish whenever nk is even will be denoted by B,. Clearly u® belongs to B, whenever u
does. And we will see below that L, has a bounded inverse L' : B, — B, for the values
of a considered in Theorem 1.1.

In order to solve the fixed point problem for F,, we first determine an approximate
fixed point up and write u = ug + Ah, where A is a suitable linear isomorphism of B,.
Then u is a fixed point of F, if and only if A is a fixed point of the map N, defined by

Na(h) =]:a(u0+Ah) —ug + (I—A)h (63)

By choosing A to be an approximate inverse of I — DF,(ug) we can expect N, to be a
contraction near ug.

Given r > 0 and u € B, denote by B,(u) the open ball of radius 7 in B,, centered at
u. Theorem 1.1 is proved by verifying the following bounds.

Lemma 6.1. For each o € {27 %} there exists a pair p of positive real numbers, a Fourier

polynomial ug € B, a linear isomorphism A : B, — B,, and positive constants K, 9, €
satisfying € + K& < ¢, such that for every « € R,, the map N, defined by (6.1) and (6.3)
is analytic on Bs(0) and satisfies

INaO)ll, <, [[DNa(R)ll, <K, he Bs5(0). (6.4)
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Based on this lemma we can now give a

Proof of Theorem 1.1. Lemma 6.1, together with the contraction mapping principle,

implies that for each a € {%, %} the map N, has a unique fixed point h, € Bs(0). The

corresponding function u, = ug + Ah, is a fixed point of F, and thus solves the equation
(1.4) as claimed. QED

Our proof of Lemma 6.1 is computer-assisted. It is essentially the same as the proof
of Lemma 3.1 in [12], but simpler, since we only consider rational values of « here. The
operator L, used in [12] is the same as (6.1) but with x = 0. The eigenvalues of L, are
given by L, = —a?n? + k* + k. Since —a?n? + k* takes on both positive and negative
values, we cannot use the bounds given in [12]. Instead we use the following.

For r,s € R define r V s = max(r, s) and |[[s]| = dist(s, Z).

Proposition 6.2. Let o = p/q, with p and q coprime positive integers that are not both
odd. Assume that there exists 6 > 0 such that

p”a‘lclﬂ >4, 1— 5kg >4, (6.5)
where ¢ = /1 + k. Then for all odd positive integers n and k,

|Lng| > a?p~? [(qk2) V (pn) —6]4. (6.6)

Proof. The eigenvalues of a 2L, can be written as
o« Ly =p ?[¢*k*c; — p*n?], cd=1+k. (6.7)
We will need the following two bounds. If £ =1 then
|qk:20k —pn’ = |gc; —pn| = p’a_lcl — n| > p”oz_lclﬂ >90. (6.8)
And for k > 3 odd we have
‘qk’2ck —pn‘ > }qk:2 —pn| —qk*(cp — 1) >1— %/ﬁq >9. (6.9)

Now we use the fact [12] that |r? — s?| > (2(r V s) — 6)d whenever |r — s| > § with r,s > 0.
When applied to the difference of squares in (6.7), it yields

Q2| Ly > p 2 [(quCk) V (pn) — 84, (6.10)

which implies (6.6). QED

This estimate is used (in the procedure Fouriers2.Beam.InvLinear) to estimate
truncation errors in the Fourier series for L 'v with v € B,. The remaining parts of
the proof of Lemma 6.1 are essentially identical to those in [12]. We refer to [12] for a
description and to [13] for the details of the proof. Some general aspects are described
below.



Periodic forcing and spectral stability 27

6.2. Enclosures and bounds

Our proof of Lemmas 6.1, 5.5, and 5.6 consists in reducing these lemmas to successively
simpler propositions, until the claims are trivial numerical statements that can be verified
by a computer. This part of the proof is written in the programming language Ada [17]
and can be found in [13]. Any description here is necessarily incomplete. The main steps
will be discussed in the remaining part of this section. We start by describing some of the
underlying principles and setting the context.

Consider a proposition “if x € X then f(z) € Y =...”. In Ada this may be declared
as aprocedure F(X: in Xtype; Y: out Ytype), and the definition of F provides a proof.
Here X and Y have to be “representable” sets. In the notation described below, X = (X, X)
belongs to (Xtype, X'), and similarly for Y. We will refer to F as a bound on f.

Say we want to represent balls in a real Banach algebra X with unit 1. The type
Ball used for this consists of pairs S=(S.C,S.R), where S.C is a representable number
(Rep) and S.R a nonnegative representable number (Radius). The corresponding ball in
Xis (S,X) ={z € X : ||lx — (S.C)1]| < S.R}. The collection of all such balls is denoted by
(Ball, X'). Our bounds on some basic functions involving the type Ball can be found in
the packages Std_Balls and MPFR_Balls.

An Ada package is simply a collection of definitions and procedures, centered around
a few specific data types. Basic types such as Ball can be used to build more complex
types. In fact, we build Vector, Matrix, Taylorl, Fourier2, .... from a generic type
Scalar, which can be instantiated later to Ball, or to any type that provides a predefined
set of Scalar operations.

The type Fourier2 with Scalar => Ball and X = R is used to compute enclosures
for functions in a space A, that includes the space Aj defined in Subsection 6.1. For
definitions and basic bounds involving this type we refer to the package Fouriers2. A
description of the type Fourier2 can also be found in [7]. Bounds that are specific to the
beam equation (1.4) are implemented in the child package Fouriers2.Beam. Other child
packages will be mentioned in later subsections.

Since our integration procedure involves Taylor series, and to give a concrete example,
let us describe here the type Taylorl in the case Scalar => Ball and X = R. Given
a Radius p, consider the space 7, of all real analytic functions g(¢) = >, gnt™ on the
interval |t| < p, obtained by completing the space of polynomials with respect to the norm
lgll, = >, lgn]p™. Given a positive integer D, a Taylorl is a triple P=(P.C,P.F,P.R),
where P.F is a nonnegative integer, P.R = p, and P.C is an array(0..D) of Ball. The
corresponding set in (Taylorl,7,) is defined as

BT = S (PO Rypy + 3 (PC@). Thpns  pul) =", (6.11)

where m = min(P.F,D + 1). For the operations that we need in our proof, this type of
enclosure allows for simple and efficient bounds.

For reference later on, consider the problem of iterating a bound F on a continuous
linear map A : 7, — 7,. The representation (6.11) should make it clear that it is possible
to use F to construct an enclosure for A in terms a (D+ 1) x (D+ 1) Matrix with entries of
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type Ball. Then 2" iterations of F can be reduced to n iterations of a bound Sqr(A1l: in
Matrix; A2: out Matrix) on the map A — A2

6.3. Integration

Let us first comment on our choice of the triple (¢, h, §) satisfying (5.11). Given a pair («, u)
as described in Theorem 1.1, we first compute an enclosure on the function o2 (3u2 + K).
This enclosure consists of a Fourier polynomial g and some error terms. Then we choose
h = g — ¢ where c is the average value of g. For the value of ¢ in (5.11) we choose a
suboptimal upper bound on the norm on the left hand side of this equation.

Instead of ®, (27) we compute the operator @z, (2r) = U®y, (27)U~" which is
somewhat better behaved. We regard Hy (t) and ®g, (t) as linear operators on the finite-
dimensional spaces H = P,H and H?, respectively. So for all practical purposes these
are matrices.

Our goal is to integrate the equation %é iy (1) = X, (1)@ g, (t) with initial condition
®(0) = I, where Xy is the vector field given by (4.6). To this end we choose intermediate
times 0 =ty < t1 < ... < t,, = 27 and integrate the equation in steps j = 1,2,...,m
from time ¢;_; to time ¢;. At step j of this procedure we use the Duhamel formula (4.8),
adapted to initial time ¢;_;. Defining a curve V; by setting

Opre () = Dot —t5 1) [Prree (1) + Vit —t50)] 0 <t <ty, (6.12)

where ®g is the trivial flow (4.7), the equation for V; becomes

Vj(T) = /OT Bj(S) [i)HK (tj—l) + VJ(S)] ds. (613)

Here
Bj(s) = ®o(—3) [ Xy (tj—1 + 5) — Xo] Po(s) (6.14)

which is the operator (4.12) but with H(s) replaced by Hy(t;_1 + s).

Up to trivial factors sin(yxs) and cos(ygs), the matrix elements for B;(s) are linear
combinations of two coefficients hy(t) from the cosine series h(x,t) = >, hi(t) cos(kx),
where t = t;_; + s. After expanding B;(s) into a Taylor series about s = 0, the equation
(6.12) can be used to compute the Taylor series for V;(s) = O(s) recursively, order by
order.

This is of course the well-known “Taylor method” of integration. In our programs,
we compute a finite number of Taylor coefficients for V; explicitly, and the remainder is
estimated by using Lemma 5.1 in [10].

The data types used to represent matrices whose coefficients are Taylor series in ¢, or
Taylor series in ¢ whose coefficients are matrices, are defined in the package MultiTaylors1.
The integration steps are organized in MultiTaylorsl.Phi, with LinFlow being the main
integration procedure.
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6.4. Eigenvalues

Consider one of the symplectic operators ® iy (2m) whose construction was described above.
After restricting to one of the subspaces (PyHg)? of fixed parity o and using the function
[(1)] sin(k.) and [(1)] sin(k.) as basis vectors, for k = o (mod 2), we end up with a symplectic
matrix A. To be more precise, we have an enclosure for A, meaning that each matrix
element A; ; is in effect a Ball over R. The procedures described below are implemented
in the package ScalVectors, which uses PolyRoots for finding roots of polynomials.

As a first step we use QR factorization to obtain a matrix B = QAQ " that is in lower
Hessenberg form, where () is a product of Householder reflections and thus orthogonal.
It suffices to determine the eigenvalues and eigenvectors of B. The coefficients of the
characteristic polynomial py(z) = det(zI — B) for a lower Hessenberg n x n matrix B can
be computed via a simple recursion relation. In fact, there are polynomials p1,pa,...,pn
that can be computed recursively as well [16], such that if all roots \; of py are simple,
then p;(\;) it the j-th component of the eigenvector associated with the eigenvalue \;.

So our task is reduced to finding the roots of pg. For each root A € (0,1) we divide
po by the polynomial z — (z — A)(z — A™!). The resulting polynomial p is of even degree
2m < n and can be written as

p(z) = Z 2R = co2™ 4+ 2™ Z CL (zk + z_k) . (6.15)

In the second equality we have used that c_ = c¢x for all k, due to the fact that the
spectrum of A is invariant under z — 2z~ !. Next we write

p(z) =2" {co +2 Z cka(w)} ) w=13i(z+z71), (6.16)
k=1

where Ty, is the k-th Chebyshev polynomial. The factor [- - -] in this equation is a polynomial
P in w. Its coefficients are computed using the Clenshaw algorithm.

In the cases considered, we find at most one root of pg in (0,1), and m simple roots
of P in (—1,1). This is done first numerically, using bisection and then Newton’s method.
(This is the only step in our procedure that involves iteration.) Then the approximate zeros
are verified rigorously using the contraction mapping principle. Notice that, if w = cos(n)
is a zero of P, then \ = 2™ is an eigenvalue of A. The corresponding eigenvector of A is
used (only) to compute the Krein signature for \.

6.5. Separation

The separating set Z for @, _p(2n), and the primary points in Z, are determined in
ScalVectors.Phi.Separating_Eta.

The numbers dj in (5.4) are computed by estimating the right hand side of this
equation and choosing di to be an upper bound, with 6 > 0 as described earlier. Recall
that the argument of Ry in (5.4) is represented as a cosine series in t. We overestimate
the value at ¢ by replacing each term ¢ cos(k.) by |cx|. Doing this for H instead of H,
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yields a bound (5.4) that holds for all ¢ and all £ > K. For details, we refer to the package
Fouriers2.F1lokD.

The main goal now is to implement the steps described in Subsection 3.2. The bounds
used in this part can be found in the package Fouriers2.FlokM.

In the case considered here, X, = 0(62162 +c)f + Hy, + 315, where H, = 0H,0. First
we choose a finite-dimensional subspace SEJK of 9 by truncating the Fourier series in ¢
to frequencies |n| < N for some N > 0. Then we define H, = PH, P, where P is the
orthogonal projection onto 9. The corresponding operator X, is deﬁned in the obvious
way, so that Xy — Xp is equal to A = H, — H,. The constant C in Lemma 5.6 is now
obtained by computing an upper bound the operator norm of A. Since the Hilbert norm
on )y is inconvenient for such estimates, we first compute the operator norm of A™ with
respect to a different norm on (a dense subspace of) )k and then take the m-th root of the
result. Here m is a power of 2. The powers of A are estimated by using a matrix enclosure
(type HMatrix) on the operator A, of the type described at the end of Subsection 6.2.

The points —1 = s¢ < 51 < ... < S;,, mentioned in Lemma 5.6 are chosen in such a
way that (3.16) holds for all j. To prove that Msj (n) has no eigenvalues in [—C, C], we
first compute A = ]\Zfsj (n)~! and then verify that the operator norm of A is less than C 1.
This is done for each n € [0, 1) that corresponds to a primary value €™ in Z. To be more
specific, the restriction of A to $, is given by a matrix (type CMatrix), so computing its
norm is straightforward. The restriction of M () to the orthogonal complement of N is
diagonal, with entries

(n+mn)?— B%k? — ¢ — sdy,
(n+ k)2 ’

b(n,k) = k<K n>N. (617)

By our choice of N > 0, all these entries are positive. Using that n +— b, j is increasing, it
suffices to check that by41, > C for s =1 and all £ < K.

6.6. Putting it all together

To see how the various steps are organized, it is best to look at the main program Run_A11.
This program calls five standalone procedures, each taking care of one or two of the main
tasks described in the preceding subsections. The necessary parameters, such as the value
of «a, the parity o, as well as several degrees and array dimensions, are passed to the
standalone procedures via an argument of type Pars. These parameters are then used to
instantiate the necessary packages. After that, the procedures defined in these packages
are called to do the main work.

For the set of representable numbers (Rep) we choose either standard [19] extended
floating-point numbers (type LLFloat) or high precision [20] floating-point numbers (type
MPFloat), depending on the precision needed. Both types support controlled rounding.
Radius is always a subtype of LLFloat. Our programs were run successfully on a standard
desktop machine, using a public version of the gcec/gnat compiler [18].

By default, our programs run the “computationally minimal” version of the proof,
as described in Remark 2. Instructions on how to run the other versions mentioned in
Remark 2 can be found in the file README. For further details, we refer to [13].
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