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1 Introduction

The present article is devoted to the studies of the global well-posedness of the magnetic
Schrodinger-Poisson system in the space of three dimensions. Such system is relevant to
the description of many-body non relativistic quantum particles in the mean-field limit (for
instance, in plasma), when the system interacts with an external magnetic field. Consider
non relativistic quantum particles in R3. The particles interact via the electrostatic field
they collectively generate. In the mean-field limit, the density matrix p(¢) describing the
mixed state at time t of the system satisfies the Hartree-von Neumann equation

{@mwzwuwmm,xERitzo

(1.1)
—AV =n(t,z), n(t,z)=p(t,z,z), p(0) = po.
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The magnetic Hamiltonian is given by
Hyy = (—iV +A)? +V(t,2), (1.2)

where the magnetic vector potential A € C'(R3 R?) N L>°(R? R?) with divA = 0. Here,
(—iV + A)? stands for the magnetic Laplacian on L*(R?); see [4, 5] for a derivation of such
system of equations in the non-magnetic case. Since p(t) is a nonnegative, self-adjoint trace-
class operator acting on L?*(R?), its kernel can, for every ¢t € R, be decomposed with respect
to an orthonormal basis of L?(R?). Let us represent the kernel of the initial data p, in the
form

= Methor(®)vhor(y), (1.3)

keN

where {0 tren stands for an orthonormal basis of L*(R?) and coefficients

A={hhen €0, N=0, > N=1

keN

We will prove below, that there exists a one-parameter family of complete orthonormal bases
of L?(R?), {tx(t)}ren for t € Ry, such that the kernel of the solution p(t) to (1.1) can be
represented as

p(t,z,y) Z)\M/Jk (t, 2) 0 (t, y). (1.4)

keN

Let us note that, the coeflicients A are independent of t, and thus the same as those in py,
which is due to the fact that the operators —iH 4y and p(t) form a Lax pair in the original
equation (1.1). When substituting (1.4) in (1.1), the one-parameter family of orthonormal
vectors {1 (t) }ren is seen to satisfy the magnetic Schrodinger-Poisson system

( i% = (—=iV + AUy + V9]¢, k€N, (1.5)
_AV[ ] = [\I]]’ U= {¢k}Zi1a (16)
ZMW% (t,r) (1.7)

(Yt =0,2) = %k( ), keN. (1.8)

The potential function V[V¥] satisfies the Poisson equation (1.6).
We remind that V|| has the explicit Newtonian potential integral representation (see

e.g. [7, 10]).
VI0)(z, ) = 417T /R 3 %dy. (1.9)

We will establish in Lemma 6 below that solutions of (1.5)-(1.7) preserve the orthonor-

mality of {tx(t) er.
We introduce the magnetic Sobolev norms for functions:

1A oy = I 122y + (=Y + A) f |2y, (1.10)
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1£ 122 oy = 1 F 122 es) + (=Y + A fll 2o (1.11)

The usual Sobolev norms || f||%: ®ey and || f 1122 2(gsy Will be used when the magnetic vector
potential A(x) vanishes. The state space for our magnetic Schrodinger-Poisson system is
given by

L:={(T, N | V= {}2, C H3(R?) is a complete orthonormal system in L*(R?),
A={\)2, e, >0, keN, Z/\k [(—=iV + A2 Pdz < oo}
R3

Let us define the inner product for fixed A € fl, A > 0, and for sequences of square
integrable functions @ := {¢;}72, and ¥ := {¢;}2, as

(@, 0)x = > el dn, ¥n) 12m9)-
k=1
(Clearly, it induces the norm

S 1
19 ]1x = O MellnllZzgeay)?-
k=1

Let us introduce the corresponding Hilbert space
X ={®={t}i2 | o € L*(R®), VEk €N, ||®x < o0}
Let us also give the Hilbert space defining strong solutions

1
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Z:={0={g}7 | o € HX(R®), VEEN, |||z := (Z Ml o [72 R3)> < oo}

Our main result is as follows.

Theorem 1. For every initial state (¥(x,0),A) € L, there exists a unique mild solution
U(x,t), t € 0,00), of (1.5)-(1.8) with (¥(x,t),\) € L. This is also a unique strong global
solution in X, i.e., ¥ € C([0,0); )ﬂCl([O,oo),X).

Proving the global well-posedness of the Schrodinger-Poisson system plays a critical role
in establishing the existence and nonlinear stability of stationary states, i.e. the nonlinear
bound states of the Schrédinger-Poisson system, which was done in the non magnetic case in
[7, 12]. These issues in the semi-relativistic regime were addressed recently in [1], [2], [3].
The case of the magnetic Schrodinger-Poisson system in a bounded domain of R? was treated
in [6]. The corresponding one dimensional problem was studied in [15]. The existence
of solutions for a single Nonlinear Schrodinger (NLS) equation with a magnetic field was
established in [9], see also [§].



2 Proof of global well-posedness

Let us make a fixed choice of A = {\}22, € ¢!, with \;, > 0 and ZkeN Ar = 1 for the sequence
of coefficients determined by the initial data py of the Hartree-von Neumann equation (1.1)
via (1.4), for t = 0.

Let us introduce inner products (-, )y, and (-, -)z, inducing the magnetic Sobolev norms

1
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[Py, = (Z)\k|‘¢k"?{}4(R3)> and @z, = (Z)‘kylﬂsk”i]%(R?’)) - (2.1)
k=1 =1

We define the corresponding Hilbert spaces

N|=

Ya = {0 ={¢}, | ¢ € Hy(R?), VEk €N, @]y, < o0}
and
Za:={® ={¢}i2 | ox € HA(R?), Yk €N, ||®]|z, < o0}

respectively. The notations ||®||y, ||®]/z will be used when the magnetic vector potential
A(z) vanishes in R?, similarly to Section 3 of [7]. We have the following equivalence of
magnetic and non magnetic norms.

Lemma 2. Assume that the vector potential A(z) € C'(R? R3) N L>*(R? R?) and the
Coulomb gauge is chosen, namely
divA = 0. (2.2)

a) Let f(x) € Hy(R®). Then the norms || f|lgi@sy and || f| sy are equivalent.
b) Let f(x) € HR(R?). Then the norms || f|| m2ws) and | f1| 2 (r3) are equivalent.
c) Let ®(x) € Ya. Then the norms ||®|ly, and ||®||y are equivalent.
d) Let ®(x) € Z4. Then the norms ||®||z, and ||P||z are equivalent.

Proof. In the argument below, with a slight abuse of notations C' will denote a finite, positive
constant. Since the vector potential A(z) is bounded in R?, as assumed, we easily obtain

[(=2V + A) fllze@s) <V lz2@s) + Cllf |22

Therefore,
[f 1l e sy < Cll Sl es)-
Clearly,

IV fllze@s) < N(=iV 4+ A) fllre@sy + [[Afl| 2@y < [(=1V + A) fll2wsy + Cl fll 22 (ms),

which yields
1f 1| sy < CILf ey ey



and completes the proof of the part a) of the lemma. By virtue of (2.2), we have
(—iV + AP = —A — 2iAV + A%
Evidently,
1A N2y < (=Y + A)* fllzag) + 2 AV fllz2(ge) + A fll2re)-
Obviously, we have

1A? fll 2oy < Cllfllremsy, AV fllzzgeey < ClIV fllzages).

By means of the result of the part a), the right side of the second inequality above can
be estimated from above by C||f]| i (rs)- Edivently, this expression has an upper bound
Cl| |l 2 (msy- Therefore,

IAF 22 es) < Ol flla es)
and

1Al 2@y < Clfll sy
Clearly,

1(=iV + A) fll2@sy < (Al L2qes) + 2| AV fll L2sy + | A2 | 2y
Therefore, we have
1(=iV + A)* fl1 22 gy < Cllf i s),

such that

£l 2 @3y < Cll flla2ms),
which completes the proof of the part b) of the lemma. The statements of parts ¢) and d)
follow easily from the ones of a) and b) using norm definitions (2.1). u

Let ¥ = {4,,}>°_; be a wave function and the magnetic kinetic energy operator acts on
it (—1V + A)*¥ componentwise. We have the following two auxiliary lemmas.

Lemma 3. The domain of the magnetic kinetic energy operator (—iV + A)? on X is given
by D((—iV+A)?) = Z4 = Z, and the operator (—iV + A)? generates the strongly continuous
one parameter group e~ iVEA® e R on X.

Proof. Since the magnetic potential A is a bounded function, we get the result from the

generalization of the properties of (—iV + A)? on L*(R?). [
Let us rewrite the magnetic Schrodinger-Poisson system for € R? into the form
ov
5 = —i(—iV + A)*V + F[U(z,t)], where F[¥] =i 'V[U]V, (2.3)
—AV[¥] = n[w],

n[W](z,t) =Y eltbi(, 1)

and derive the following auxiliary result.



Lemma 4. Given an initial state (¥(z,0),A) € L, there exists T € [0,00] such that the

magnetic Schrédinger-Poisson system (1.5)-(1.8) admits a unique mild solution ¥ in Z4 on
a time interval [0,T), which solves the integral equation.

t
U(t) = e VA (0) + / ¢~ IEVHAR =) Py ()] ds (2.4)
0

in Za. Moreover, V is a unique strong solution in X, W € C([0,T); Z4) N C*(]0,T[; X).
Proof. By means of the result [10, Proposition 3.2], we have for ¥ and ® in Z4, = 7
|F[V] = F[2]l|z < C([|]|z, W] 2)|¥ — |,

where the constant C'(||®||z,||¥]|z) depends in a monotone increasing way on ||®|; and
|¥||z. Therefore, using the equivalence of magnetic and non magnetic norms proved in
Lemma 2, we obrain that the map F': Z4 — Z4 is locally Lipschitz continuous.

By virtue of [13, Theorem 1.7 §6], along with the Lipschitz property of F', we obtain that
the magnetic Schrodinger-Poisson system admits a unique mild solution ¥ in Z4 on a time
interval [0, 7). This solution solves the integral equation

t
\I’(t) _ e—i(—z’V-i—A)Qt\IJ(O) +/ e_i(_iV+A)2(t_5)F[\IJ(S)}dS
0

in Z4. Moreover,
limg 7 [|¥(t)]| 2z, = o0
if T is finite. We also obtain from [13, Theorem 1.7 §6] that ¥ is a unique strong solution in
X on the same time interval.
Let us establish the conservation of energy for the solutions to our magnetic Schrodinger-
Poisson system in the following sense.

Lemma 5. For the unique mild solution (2.4) of the magnetic Schrédinger-Poisson system
(1.5)-(1.7) and for any value of time t € [0,T) the identity

[0, + IV O = 900, + S IVVIPE Ol ey (25)
holds.
Proof. Complex conjugation of our magnetic Schrodinger-Poisson system (1.5) yields
—i% = (iV + A + V[U(x, )|, keN. (2.6)

90
Let us add the k-th equation of (1.5) multiplied by %, and the k-th equation in (2.6)

multiplied by % We arrive at

0 . 0

R3
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Multiplying by Mg, and summing over k, we easily derive

0 0
SV OI, + [ Vv Ol Zave Dlde o 1)
at R3 825

It can be trivially shown that

%||VV[\I/(Q7,1E)]||%Q(R3) = Q/R3 V[\I/(m,t)]gtn[\lf(x,t)]dx.

Substituting this equality in (2.7) yields the result of the lemma. [ |

Below we establish a conservation law for the density.

Lemma 6. Suppose that the initial condition {1 ;(x) }ken of the Schridinger-Poisson system

(1.5)-(1.7) is a complete orthonormal system in L*(R®). Let T be given by Lemma 4. Then

for any t € [0,T), the set {{x(,t)}ren remains a complete orthonormal system in L?(R3).
Moreover, the X -norm of the solutions is preserved,

W (z, )| x = ¥ (z,0)[lx, t €[0,T).

Proof. We have, using (1.5)

1) = —i((—07 + AP+ Vi, ) + i(8h, (<07 + A+ Vo)) = 0.
This yields
(Vr(z, 1), (2, 1)) L2(msy = (Yi(x,0),¢1(x,0))L2m3) = Oy, Kyl €N,
where d,; stands for the Kronecker symbol. Hence, for k € N,
[0 (- O T2rey = 19k 0) 172 s
Thus for ¢t € [0,T), the X-norm is preserved,

10 C 0l = O Mlle@, OliF2@s)? = O Ml 0)l[F2s)? = [¥(-,0)]x.

k=1 k=1

For the unique given solution ¥(¢) of our magnetic Schrodinger-Poisson system on [0, 7))
given by Lemma 4, we obtain the time-dependent magnetic single particle Hamiltonian

Hav, (t) = (—=iV + A)? + Vi (¢, 7)

with the scalar potential Vg satisfying —AVy(t,z) = n[¥(t)], and given by the integral
representation (1.9). The components of W(t) thus satisfy the non-autonomous magnetic



Schrodinger equation 0y (t, ) = Ha v, ()Yx(t, z), for & € N, on the time interval [0,7").
Note that Vg € L*(([0,T)]; L°(R?)). Indeed, by means of [10, Lemma 3.3], we have

V|l oo sy < ClI | x 1]y

Then by virtue of the equivalence of magnetic and non magnetic norms established in
Lemma 2, we arrive at

V|l Lo ey < ClIPf, -

and thus, according to Lemma 5, Vg is uniformly bounded on [0, 7).
Moreover, from [10, Lemma 3.4-Lemma 3.5] and the regularity of ¥ stated in Lemma 4,
we derive that ¢ — Vi (t) is a continuously differentiable L> valued function on [0, 7).
Therefore, using [14, Theorem X.71], there exists a propagator, denoted by abuse of

notation e~*Jo #ave (D4 gych that for ¢ € 0,7,
Yp(a,t) = e~ Have Ddry, (2:.0), k € N, (2.8)

Let us consider an arbitrary function f € L?(R3). Evidently, we have the expansion

NE

flx)=> (f(y), ¥x(y,0))r2ms)¥r(,0)

>
Il

1

and analogously

(eHo Fava ™7 £ (), 40y, 0)) 2oy o, 0).

NE

ei f(f Ha vy (T)de(.T) _

i

1

Therefore, by means of (2.8) we obtain the expansion

WE

f(l") = (f(y)a 'lvbk’(y» t))LQ(R3)¢k(xv t)

b
Il

1

for t € [0,T), thus proving that {¢y(t)} is complete. u

Armed with Lemma 2-Lemma 5 proved above, we now proceed to the establishment of
our main result.
Proof of Theorem 1. Due to the above Lemmas, it only remains to show that the solution is
global in time.

Let us apply the norm ||.||z, to both sides of (2.4), to obtain

WOz, < 18Oz, + [ F () 0.

We have
[ETY ()]l zs < Ol 2,4,
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which can be proven analogously to the argument of Lemma 3.9 of [10] using the energy
conservation statement of Lemma 5. Hence

t
W (@)lzy < [1W(0) 2, +/ Cll¥(s)llz,ds.
0
Gronwall’s lemma gives us

1)z < 12(0)]]z,e", te[0,T).

By means of the blow-up alternative, this implies that our magnetic Schrodinger-Poisson
system is globally well-posed in Z4. [ |
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