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Abstract

The article is devoted to the studies of the stationary states of the magnetic Schrödinger-

Poisson system in the repulsive (plasma physics) Coulomb case. Particularly, we prove the

existence and the nonlinear stability of a wide class of stationary states by virtue of the energy-

Casimir method. We generalize the global well-posedness result for the Schrödinger-Poisson

system obtained in [9] to the case when a magnetic �eld is turned on.
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1 Introduction

In the present article, we establish the existence and the nonlinear stability for a certain class

of stationary solutions of the magnetic Schrödinger-Poisson system in a bounded domain with

Dirichlet boundary conditions. This system describes the mean-�eld dynamics of non relativistic

quantum particles in the case of plasma in a magnetic �eld. We consider quantum particles

con�ned in a domain Ω ⊂ R3
which is an open, bounded set with a C2

boundary, such that

|Ω| < ∞. The particles are interacting by virtue of the electrostatic �eld they collectively generate.

In the mean-�eld limit, the density matrix describes the mixed state of the system and satis�es

the Hartree-von Neumann equation




i∂tρ(t) = [HA, V , ρ(t)], x ∈ Ω, t ≥ 0

−∆V = n(t ,x), n(t ,x) = ρ(t ,x ,x), ρ(0) = ρ0

, (1.1)

with Dirichlet boundary conditions, ρ(t ,x ,y) = 0 if x or y ∈ ∂Ω, for t ≥ 0. Our single particle

Hamiltonian is given by

HA, V := (−i∇ +A)2 +V (t ,x), (1.2)
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where A(x) ∈ C1(Ω̄,R3) is the magnetic vector potential and divA = 0. In system (1.1) and further

down, (−i∇ + A)2 denotes the magnetic Dirichlet Laplacian on L2(Ω). Let us refer to [5] and

[6] for a derivation of the analogous system of equations in the non magnetic case. Since ρ(t) is

a nonnegative, self-adjoint and trace-class operator acting on L2(Ω), we are able to expand its

kernel, for every t ∈ R+, with respect to an orthonormal basis of L2(Ω). Let us designate this

kernel at the initial time t = 0 by ρ0,

ρ0(x ,y) =
∑
k ∈N

λkψk (x)ψk (y). (1.3)

Here {ψk}k ∈N denotes an orthonormal basis of L2(Ω), such thatψk |∂Ω = 0 for all k ∈ N, and the

coe�cients are given by

λ := {λk}k ∈N ∈ l1, λk ≥ 0,
∑
k ∈N

λk = 1. (1.4)

In Lemma 13 of the Appendix below, we prove that there exists a one-parameter family of complete

orthonormal bases of L2(Ω), {ψk (t)}k ∈N, with ψk (t)|∂Ω = 0 for all k ∈ N, and for t ∈ R+, such

that the kernel of the density matrix ρ(t), which satis�es system (1.1), can be expressed as

ρ(t ,x ,y) =
∑
k ∈N

λkψk (t ,x)ψk (t ,y). (1.5)

Consequently of the particular commutator structure of (1.1) (where ρ(t) and −iHA, V satisfy the

conditions of a Lax pair), the corresponding �ow of ρ(t) leaves its spectrum invariant. Therefore,

the coe�cients λ are independent of t . This isospectrality is crucial for the stability analysis of

stationary states based on the Casimir energy method used in this article; see also [7, 11, 12, 18, 20].

Similar ideas were exploited recently in the analysis of the semi-relativistic Schrödinger-Poisson

system without a magnetic �eld in [1], [2], [3] describing the heated plasma.

When substituting expression (1.5) in the system (1.1), one can verify that the one-parameter

family of orthonormal vectors {ψk (t)}k ∈N solves the magnetic Schrödinger-Poisson system equi-

valent to (1.1) and given by

i
∂ψk
∂t
= (−i∇ +A)2ψk +V [Ψ]ψk , k ∈ N, (1.6)

−∆V [Ψ] = n[Ψ], (1.7)

ψk (t = 0, .) = ψk (0), ∀k (1.8)

and

ψk (t ,x) = 0 , V (t ,x) = 0, t ≥ 0, ∀x ∈ ∂Ω, ∀k ∈ N, (1.9)

where we used the notations

Ψ := {ψk}∞k=1
and n[Ψ(t ,x)] :=

∞∑
k=1

λk |ψk (t ,x)|2. (1.10)

Here {ψk (0)}∞k=1
is the initial data, the potential function V [Ψ] solves the Poisson equation (1.7)

and both V [Ψ] andψk (t), for all k ∈ N, satisfy the Dirichlet boundary conditions (1.9).

The global well posedness for system (1.6)-(1.9) is proved in the Appendix below. Similar

results without a magnetic �eld were obtained before in a �nite volume domain with Dirichlet

boundary conditions in [9], and in the whole space of R3
in [9] and [12].
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In the article, we are interested in the properties of stationary states occurring when ρ(t) =
f (HA, V ) for a certain function f . When substituting the latter in (1.1), the commutator on the right

side of the �rst equation of system (1.1) vanishes, such that the density matrix is time independent.

The exact properties of the distribution function f will be discussed further down. The solution

of the Schrödinger-Poisson system which corresponds to the stationary states is

ψk (t ,x) = e−i µk tψk (x), k ∈ N,

such that the potential function V [Ψ] is time independent, µk ∈ R are the eigenvalues of the

Hamiltonian (1.2) andψk (x) are the corresponding eigenfunctions.

Note that our results are relevant to recent work on stellar dynamics, see [8, 17].

Our article is organized as follows. In Section 2, we describe the class of stationary states we

will study, and state our hypotheses and main results about nonlinear stability and existence of

stationary states. Section 3 is devoted to the derivation of some preliminary results. In Section 4,

we establish the nonlinear stability of the stationary states of the magnetic Schrödinger-Poisson

system via the energy-Casimir functional as a Lyapunov function (see the statement of Theorem 1.

In Section 5 we de�ne the dual functional and in Section 6 study its properties using the methods

of convex analysis, and show that it admits a unique maximizer (see Theorem 2), which implies

the existence of a stationary state for our magnetic Schrödinger-Poisson system. In the Appendix,

we prove the global well-posedness for our magnetic Schrödinger-Poisson system.

2 The Model and Statement of the Main Results

We de�ne the state space for the magnetic Schrödinger-Poisson system as

L := {(Ψ, λ) | Ψ = {ψk}∞k=1
⊂ H 1

0, A(Ω) ∩ H 2

A(Ω) is a complete orthonormal system

in L2(Ω), λ = {λk}∞k=1
∈ l1, λk ≥ 0, k ∈ N,

∞∑
k=1

λk

∫
Ω
|(−i∇ +A)2ψk |2dx < ∞},

see [18] in the non magnetic case. The magnetic Sobolev spaces H 1

0, A(Ω) and H 2

A(Ω) here are the

standard ones.

For the precise de�nition of the class of stationary states we will study, we introduce the

Casimir class of functions. Let us say that a function f : R → R is of Casimir class C if and only if

it has the following properties:

(i) f is continuous, such that f (s) > 0 for s < s0 and f (s) = 0 when s ≥ s0, with some

s0 ∈]0,∞],
(ii) f is strictly decreasing on ] −∞, s0], such that lims→−∞ f (s) = ∞,

(iii) there exist constants ε > 0 and C > 0, such that for s ≥ 0 the estimate

f (s) ≤ C(1 + s)− 7

2
−ε

(2.1)

holds.

Throughout the article C will stand for a �nite, positive constant. Note that the rate of

decay assumed in (2.1) is the same one as in the non magnetic case treated in [18]. Assumption

(iii) along with Weyl asymptotics for the Laplacian and the comparison of magnetic and non

magnetic Dirichlet eigenvalues following from the result of Lemma 14 of the Appendix, yield that

f ((−i∇ + A)2 +V ) and F ((−i∇ + A)2 +V ) are trace-class, for smooth enough and positive V , a

smooth vector potential A and F de�ned in (2.5) (see Lemma 14 in Section 3).
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Let us consider the quadruple (Ψ0, λ
0
, µ0,V0) with (Ψ0, λ

0
) ∈ L, µ0 = {µ0,k}∞k=1

real valued, and

the potential functionV0 ∈ H
1

0
(Ω)∩H 2(Ω), such that the stationary magnetic Schrödinger-Poisson

system is given by

((−i∇ +A)2 +V0)ψ0,k = µ0,kψ0,k , k ∈ N, (2.2)

−∆V0 = n0 =

∞∑
k=1

λ0,k |ψ0,k |2 , (2.3)

with

λ0,k = f (µ0,k ), k ∈ N, (2.4)

and f ∈ C. Then, the corresponding density matrix ρ0 = f ((−i∇+A)2+V0) satis�es the stationary

state Hartree-von Neumann equation

[HA, V0
, ρ0] = 0.

Remark. In the semi-relativistic case studied in [3], the Casimir class was de�ned analogously but

the rate of decay of the distribution function f was assumed to be higher. A good example of f ∈ C
is the function decaying exponentially as s → ∞ with the cut-o� level s0 = ∞. This is precisely the

Boltzmann distribution f (s) := e−βs , β > 0.

To establish the nonlinear stability of the stationary states, we will rely on the energy-Casimir

method. This method was used in [7] for �uid problems, and in [11, 20] for treating stationary

states of kinetic equations, in particular, Vlasov-Poisson systems. In the present work, we extend

the energy-Casimir functional used in [18] to the magnetic case. For f ∈ C, we de�ne

F (s) :=

∫ ∞

s
f (σ )dσ , s ∈ R. (2.5)

Clearly, the function de�ned via (2.5) is decreasing, continuously di�erentiable, nonnegative and

is strictly convex on its support. Furthermore, for s ≥ 0

F (s) ≤ C(1 + s)− 5

2
−ε . (2.6)

Its Legendre (Fenchel) transform is given by

F ∗(s) := supλ∈R(λs − F (λ)), s ≤ 0. (2.7)

Let us de�ne the energy-Casimir functional for a �xed f as

HC (Ψ, λ) :=

∞∑
k=1

F ∗(−λk ) +H(Ψ, λ), (Ψ, λ) ∈ L, (2.8)

where H(Ψ, λ) is de�ned as

H(Ψ, λ) :=

∞∑
k=1

λk

∫
Ω
|(−i∇ +A)ψk |2dx + 1

2

∫
Ω
nψ ,λVψ ,λdx

=

∞∑
k=1

λk

∫
Ω
|(−i∇ +A)ψk |2dx + 1

2

∫
Ω
|∇Vψ ,λ |2dx .

(2.9)

Particularly, HC is conserved along solutions of our magnetic Schrödinger-Poisson system, due

to the isospectrality of the �ow of ρ(t), which is equivalent to the t- independence of λk and the

conservation of energy H(Ψ, λ) established in Lemma 19 of the Appendix. The main results of

this work address the existence and stability of stationary states given by (2.2)-(2.4), for f ∈ C.
The stability is established in the �rst main theorem.
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Theorem 1. Let (Ψ0, λ
0
, µ0,V0) be a stationary state of the magnetic Schrödinger-Poisson system,

where

λ0,k = f (µ0,k ), k ∈ N

with some f ∈ C and (Ψ0, λ
0
) ∈ L. Let (Ψ(t), λ) be a solution of the magnetic Schrödinger-Poisson

system, with the initial datum (Ψ(0), λ) ∈ L. Then, for all t ≥ 0, the estimate

1

2

‖∇Vψ (t ),λ − ∇V0‖2

L2(Ω) ≤ HC (Ψ(0), λ) −HC (Ψ0, λ
0
) (2.10)

holds, such that the stationary state is nonlinearly stable.

Suppose for some f ∈ C there are two stationary states (Ψ0, λ
0
, µ0,V0) and (Ψ1, λ

1
, µ1,V1)

with (Ψ0, λ
0
), (Ψ1, λ

1
) ∈ L. Then both sides of (2.10) will vanish and these stationary states will

coincide.

To establish the existence of stationary states, we exploit the dual of the energy-Casimir

functional. For Λ > 0 �xed, we de�ne G(Ψ, λ,V ,σ ) as

∞∑
k=1

[F ∗(−λk ) + λk
∫
Ω
[|(−i∇ +A)ψk |2 +V |ψk |2]dx] − 1

2

∫
Ω
|∇V |2dx + σ [ ∞∑

k=1

λk − Λ
]
,

where σ ∈ R is a Lagrange multiplier. The dual functional to HC is given by

Φ(V ,σ ) := infΨ,λG(Ψ, λ,V ,σ ). (2.11)

We take the in�mum in the formula above over all λ ∈ l1

+ and all Ψ = {ψk}∞k=1
⊂ H 1

0, A(Ω)∩H 2

A(Ω)
complete orthonormal sequences from L2(Ω). The function Φ has an equivalent de�nition given

in Lemma 11, and we use it in the statement of the theorem below. We consider only non-negative

potential functions and de�ne

H 1

0,+(Ω) := {V ∈ H 1

0
(Ω) | V ≥ 0}.

Our second main statement deals with the existence of stationary states.

Theorem 2. Let f ∈ C and Λ > 0 be �xed. The functional Φ

(V ,σ ) ∈ H 1

0,+(Ω) × R → −
1

2

∫
Ω
|∇V |2dx − Tr[F ((−i∇ +A)2 +V + σ )] − σΛ

is continuous, strictly concave, bounded from above and −Φ(V ,σ ) is coercive. There exists a unique
maximizer (V0,σ0) of Φ(V ,σ ). Let {ψ0,k}∞k=1

be the orthonormal sequence of eigenfunctions of the

Hamiltonian (−i∇ + A)2 +V0 corresponding to the eigenvalues {µ0,k}∞k=1
and let λ0,k := f (µ0,k +

σ0). Then (Ψ0, λ
0
, µ0,V0) is a stationary state of the magnetic Schrödinger-Poisson system, where∑∞

k=1
λ0,k = Λ and (Ψ0, λ

0
) ∈ L.

We will prove Theorem 1 in Section 4, and Theorem 2 in Section 6, restricting our attention to

classes of systems most relevant to plasma physics, namely, quantum particles in a magnetic �eld

in the 3-dimensional space.

3 Preliminaries

Let us establish the following trivial statement.
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Lemma 3. For (Ψ, λ) ∈ L we have

nψ ,λ :=
∑
k ∈N

λk |ψk |2 ∈ L2(Ω).

Let Vψ ,λ denote the Coulomb potential induced by nψ ,λ , such that

−∆Vψ ,λ(x) = nψ ,λ(x), x ∈ Ω; Vψ ,λ(x) = 0, x ∈ ∂Ω.

Then Vψ ,λ ∈ H
1

0
(Ω) ∩ H 2(Ω).

Proof. We will use the Sobolev embedding

‖ϕ‖L∞(Ω) ≤ ce‖ϕ‖H 2(Ω), (3.1)

where ce > 0 is the constant of the embedding. Thus, we estimate for nψ ,λ(x) ≥ 0, x ∈ Ω

nψ ,λ(x) ≤
∞∑
k=1

λk‖ψk‖2

L∞(Ω) ≤ c2

e‖Ψ‖2

ZΩ
,

where the norm ‖.‖ZΩ is de�ned in the Appendix by (6.7) picking A = 0. By means of the

equivalence of magnetic and non magnetic norms established in Lemma 14 of the Appendix, the

right side of this inequality can be bounded above by

C‖Ψ‖2

ŻΩ,A
= C

∞∑
k=1

λk

∫
Ω
|(−i∇ +A)2ψk |2dx < ∞.

Therefore, nψ ,λ(x) ∈ L∞(Ω) in our bounded domain, which yields nψ ,λ(x) ∈ L2(Ω). Note that

the particle density nψ ,λ vanishes on the boundary of the set Ω by means of formula (1.10) and

boundary conditions (1.9). Hence, ∆Vψ ,λ ∈ L
2(Ω). Let {µ0

k}k ∈N designate the eigenvalues of the

Dirichlet Laplacian on L2(Ω) and µ0

1
is the lowest one of them. Obviously,

µ0

k > 0, k ∈ N.

Due to the fact that

Vψ ,λ = (−∆)−1nψ ,λ ,

we obtain ‖Vψ ,λ‖L2(Ω) ≤
1

µ0

1

‖nψ ,λ‖L2(Ω) < ∞.Moreover, sinceVψ ,λ vanishes on the Lipschitz bound-

ary of the bounded set Ω via (1.9), V is a trace-zero function in H 1(Ω). �

By virtue of the result of Lemma 13 of the Appendix, for every initial state (Ψ(0), λ) ∈ L, there

exists a unique strong solution of system (1.6)-(1.9), where (Ψ(t), λ) ∈ L for all t ≥ 0.

The energy H(Ψ, λ) of a state (Ψ, λ) ∈ L, de�ned by (2.9), is a conserved quantity along

solutions of the magnetic Schrödinger-Poisson system (see Lemma 19 of the Appendix). Let

us assume that λk > 0 via density arguments. To prove the nonlinear stability for a speci�ed

stationary state, we will use the following auxiliary lemmata.

Lemma 4. Let f ∈ C.
a) For every β > 1 there exists C = C(β) ∈ R, such that for s ≤ 0 we have

F (s) ≥ −βs +C
b) Let V ∈ H 1

0
(Ω) and V (x) ≥ 0 for x ∈ Ω. Then both operators f ((−i∇ + A)2 + V ) and

F ((−i∇ +A)2 +V ) are trace class.
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Proof. The part a) of the lemma follows from the fact that function F (s) is smooth with the slope

varying from −∞ to 0, and convex; hence, its graph is situated above a tangent line to it.

Let us denote the magnetic Dirichlet eigenvalues of (−i∇ +A)2 on L2(Ω), Ω ⊂ R3
as {µAk }∞k=1

and the corresponding orthonormal sequence of eigenfunctions as {φAk (x)}∞k=1
. By means of the

equivalence of the appropriate magnetic and non magnetic norms established in Lemma 14, we

have the lower bound

N∑
k=1

µAk =
N∑
k=1

‖(−i∇ +A)φAk ‖2

L2(Ω) ≥ C
N∑
k=1

‖∇φAk ‖2

L2(Ω).

By means of the sharp semiclassical result of [13], the right side of this inequality can be estimated

below by CN
5

3 , such that for each eigenvalue we have

µAN ≥ CN
2

3 , N ∈ N,

with a constant here dependent on |Ω| < ∞ (see e.g. [13]). The sharp semiclassical lower bound

on the sum of magnetic Dirichlet eigenvalues when the magnetic �eld is constant was established

in [10]. Due to the fact that the potential function V (x) ≥ 0 for x ∈ Ω as assumed, we easily

estimate from below the eigenvalues µk of the Hamiltonian (−i∇ +A)2 +V for k ∈ N as

µk ≥ µ
A
k ≥ Ck

2

3 . (3.2)

Let us express

Tr

�
F ((−i∇ +A)2 +V )� =

∞∑
k=1

F (µk ) < ∞,

because F (s) is decreasing, satis�es bound (2.6), and the series with a general term (1 +Ck 2

3 )− 5

2
−ε

converges. Clearly,

Tr

�
f ((−i∇ +A)2 +V )� =

∞∑
k=1

f (µk ) < ∞,

since f (s) decreases, obeys estimate (2.1) and the series with a general term (1 + Ck 2

3 )− 7

2
−ε

is

convergent. �

Lemma 5. Let ψ ∈ H 1

0, A(Ω) ∩ H 2

A(Ω) with ‖ψ ‖L2(Ω) = 1, the potential function V ∈ H 1

0
(Ω) and

V (x) ≥ 0 for x ∈ Ω. Then,

F ((ψ , ((−i∇ +A)2 +V )ψ )L2(Ω)) ≤ (ψ , F ((−i∇ +A)2 +V )ψ )L2(Ω) (3.3)

holds with equality ifψ is an eigenstate of the Hamiltonian (−i∇ +A)2 +V .

Proof. The Spectral Theorem gives us

(−i∇ +A)2 +V =
∞∑
k=1

µkPk .

Here the operators {Pk}∞k=1
are the orthogonal projections onto the bound states corresponding

to the eigenvalues {µk}∞k=1
. Thus

F ((ψ , ((−i∇ +A)2 +V )ψ )L2(Ω)) = F

( ∞∑
k=1

µk‖Pkψ ‖2

L2(Ω)

)
.
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We bound above the right side of (3.3) by

∞∑
k=1

F (µk )‖Pkψ ‖2

L2(Ω).

Bound (3.3) comes from Jensen’s inequality. Whenψ is an eigenstate of the operator (−i∇+A)2+V
which corresponds to an eigenvalue µk , for some k ∈ N, both sides of (3.3) are equal to F (µk ).
Note that the converse of this statement is not true in general. Indeed, if we consider asψ a linear

combination of more than one eigenstate of the Hamiltonian with corresponding eigenvalues µk
situated outside the support of F (s), then both sides of (3.3) will vanish. �

In the statement below we prove that a stationary solution belongs to the state space for our

magnetic Schrödinger-Poisson system.

Lemma 6. Let the quadruple (Ψ0, λ
0
, µ0,V0) satisfy equations (2.2), (2.3) and (2.4), where Ψ0 is a

complete orthonormal system in L2(Ω) and the distribution f ∈ C. Then, we have
∞∑
k=1

λ0,k

∫
Ω
|(−i∇ +A)2ψ0,k |2dx < ∞,

such that (Ψ0, λ
0
) ∈ L.

Proof. Let us express the following quantity using identities (2.2) and (2.4) as

∞∑
k=1

λ0,k‖(−i∇ +A)ψ0,k‖2

L2(Ω) +
∫
Ω
|∇V0|2dx

=

∞∑
k=1

λ0,k ((−i∇ +A)2 +V0)ψ0,k ,ψ0,k )L2(Ω) =
∞∑
k=1

f (µ0,k )µ0,k .

(3.4)

The potential function V0(x) ≥ 0 in Ω since it is superharmonic by means of (2.3), and vanishes

on the boundary of Ω. Thus, µ0,k > 0, k ∈ N and via (2.1) the right side of (3.4) can be estimated

from above by

∞∑
k=1

C(1 + µ0,k )− 7

2
−εµ0,k < ∞,

by means of the eigenvalue estimate (3.2). Hence, we also have

∇V0 ∈ L
2(Ω), (−i∇ +A)ψ0,k ∈ L

2(Ω), k ∈ N, (3.5)

such thatψ0,k ∈ H
1

0, A(Ω) for k ∈ N. Note that the standard requirementV0 ∈ L
1(Ω) (see e.g. p.234

of [16]) holds here as well. By virtue of Hölder’s inequality, we obtain∫
Ω
|V0|2|ψ0,k |2dx ≤

( ∫
Ω
|V0|6dx

) 1

3

( ∫
Ω
|ψ0,k |3dx

) 2

3

< ∞

due to the Sobolev inequality (see e.g. [16]) along with the equivalence of magnetic and non

magnetic norms proved in Lemma 14 of the Appendix below. Thus, V0ψ0,k ∈ L2(Ω), k ∈ N.

Equation (2.2) yields that (−i∇ + A)2ψ0,k ∈ L2(Ω) as well, such that ψ0,k ∈ H 2

A(Ω), k ∈ N. By

virtue of (2.4), we have λ0,k ≥ 0, k ∈ N. Convergence of the series on the right side of (3.4) yields

∞∑
k=1

λ0,k =

∞∑
k=1

f (µ0,k ) < ∞, (3.6)
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such that λ
0
= {λ0,k}∞k=1

∈ l1
. By means of (2.2), we obtain

∞∑
k=1

λ0,k

∫
Ω
|(−i∇ +A)2ψ0,k |2dx

=

∞∑
k=1

λ0,kµ
2

0,k − 2

∞∑
k=1

λ0,kµ0,k

∫
Ω
V0|ψ0,k |2dx +

∞∑
k=1

λ0,k‖V0ψ0,k‖2

L2(Ω).
(3.7)

Let us prove that the �rst term in the right side of (3.7) is convergent. Indeed, (2.1) yields

∞∑
k=1

λ0,kµ
2

0,k ≤ C
∞∑
k=1

(1 + µ0,k )− 7

2
−εµ2

0,k < ∞,

via the eigenvalue estimate (3.2). For the third term in the right side of (3.7) via Hölder’s inequality

we obtain

∞∑
k=1

λ0,k‖V0ψ0,k‖2

L2(Ω) ≤
( ∫

Ω
|V0|6dx

) 1

3
∞∑
k=1

λ0,k

( ∫
Ω
|ψ0,k |3dx

) 2

3

,

with V0(x) ∈ L6(Ω) as discussed above. By means of the Schwarz inequality∫
Ω
|ψ0,k |3dx ≤

√∫
Ω
|ψ0,k |6dx

√|Ω|.

The Sobolev inequality (see e.g. [16]) along with the equivalence of magnetic and nonmagnetic

norms (see Lemma 14) yield

∞∑
k=1

λ0,k‖ψ0,k‖2

L6(Ω) ≤ C
∞∑
k=1

λ0,k‖∇ψ0,k‖2

L2(Ω) ≤ C
∞∑
k=1

λ0,k‖(−i∇ +A)ψ0,k‖2

L2(Ω) < ∞

via the estimate (3.4). The second term in the right side of (3.7) can be estimated above by applying

the Schwarz inequality to it twice, namely∫
Ω
V0|ψ0,k |2dx ≤ ‖V0ψ0,k‖L2(Ω)

and

∞∑
k=1

λ0,kµ0,k‖V0ψ0,k‖L2(Ω) ≤

√√
∞∑
k=1

λ0,kµ
2

0,k

√√
∞∑
s=1

λ0,s‖V0ψ0,s‖2

L2(Ω) < ∞

as it was proven above. �

Remark. In the stationary situation, our magnetic Schrödinger-Poisson problem can be easily ex-

pressed as

−∆V0 = f ((−i∇ +A)2 +V0)(x ,x), x ∈ Ω,

V0(x) = 0, x ∈ ∂Ω.

We turn our attention to de�ning the corresponding Casimir functional for a �xed f ∈ C. The
following trivial lemma proved in [3] (see also [18]) yields the alternative representation for the

Legendre transform of our integrated distribution function. Evidently, f ∈ C considered on the

(−∞, s0] semi- axis has an inverse f −1
.

Lemma 7. For the function F (s) de�ned in (2.5) and s ≤ 0 we have

F ∗(s) =
∫

0

−s
f −1(σ )dσ . (3.8)

In the following section, we establish the nonlinear stability of stationary states, by virtue of

the energy-Casimir functional de�ned above.
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4 Stability of stationary states

In the present section, we prove Theorem 1, which gives us the lower bound in terms of the

electrostatic �eld. The technical lemma below is crucial for establishing this nonlinear stability

result.

Lemma 8. Let V ∈ H 1

0
(Ω) and V ≥ 0.

(i) Then, for (Ψ, λ) ∈ L, the lower bound
∞∑
k=1

{
F ∗(−λk ) + λk

∫
Ω
[|(−i∇ +A)ψk |2 +V |ψk |2]dx

}
≥ −Tr[F ((−i∇ +A)2 +V )] (4.1)

holds.

(ii) Equality is attained for (Ψ, λ) = (ΨV , λV ), whereψV ,k ∈ H
1

0, A(Ω) ∩H 2

A(Ω), k ∈ N denotes

the orthonormal sequence of eigenfunctions of the Hamiltonian (−i∇ +A)2 +V with corresponding

eigenvalues µV ,k and λV ,k = f (µV ,k ), k ∈ N.

Proof. By means of de�nition (2.7), we have

F ∗(s) ≥ µs − F (µ), µ ∈ R, s ≤ 0,

which yields

F ∗(−λk ) + λkµk ≥ −F (µk ), k ∈ N. (4.2)

Then let

µk :=

∫
Ω

{
|(−i∇ +A)ψk |2 +V |ψk |2

}
dx = (ψk , ((−i∇ +A)2 +V )ψk )L2(Ω), k ∈ N.

Let us note that after summation, using Lemma 5 we obtain

∞∑
k=1

{
F ∗(−λk ) + λk

∫
Ω

{
|(−i∇ +A)ψk |2 +V |ψk |2

}
dx

}

≥ −

∞∑
k=1

F ((ψk , ((−i∇ +A)2 +V )ψk )L2(Ω))

≥ −

∞∑
k=1

(ψk , F ((−i∇ +A)2 +V )ψk )L2(Ω).

The de�nition of trace yields that the right side of the inequality above is given by

−Tr

�
F ((−i∇ +A)2 +V )� ,

which completes the proof of part (i) of the lemma. To establish part (ii), we suppose that

(Ψ, λ) = (ΨV , λV ), where ψV ,k are eigenfunctions of the Hamiltonian (−i∇ + A)2 + V and µk
de�ned above are the corresponding eigenvalues µV ,k , k ∈ N. Thus, on the right side of lower

bound (4.1) we have

−Tr

�
F ((−i∇ +A)2 +V )� = −

∞∑
k=1

F (µV ,k ).

Next, let us use the identity λV ,k = f (µV ,k ) = −F ′(µV ,k ). Then, via Lemma 7, F ∗′(−λV ,k ) =
f −1(λV ,k ) = µV ,k , k ∈ N. With the argument of Lemma 7 of [3], we arrive at

F ∗(−λV ,k ) = supλ∈R(−λλV ,k − F (λ)) = −f −1(λV ,k )λV ,k − F (f −1(λV ,k )) = −λV ,kµV ,k − F (µV ,k ).
Thus, the left side of (4.1) will be equal to −

∑∞
k=1

F (µV ,k ) as well. �
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Armed with the technical statement above, we proceed to prove our �rst main result.

Proof of Theorem 1. Let (Ψ, λ) ∈ L and the potential function V = VΨ,λ induced by this state. We

will use the following identity for the energy of the electrostatic �eld

1

2

‖∇V − ∇V0‖2

L2(Ω) =
1

2

∫
Ω
|∇V |2dx + 1

2

∫
Ω
|∇V0|2dx +

∫
Ω
V0∆Vdx .

By virtue of the de�nition of the energy-Casimir functional, this can be expressed as

HC (Ψ, λ) −
{ ∞∑
k=1

(
F ∗(−λk ) + λk

∫
Ω
|(−i∇ +A)ψk |2dx

)
−

1

2

∫
Ω
|∇V0|2dx −

∫
Ω
V0∆Vdx

}
,

which equals to

HC (Ψ, λ) −
{ ∞∑
k=1

[
F ∗(−λk ) + λk

∫
Ω
(|(−i∇ +A)ψk |2 +V0|ψk |2)dx

]
−

1

2

∫
Ω
|∇V0|2dx

}
.

Applying �rst Lemma 8 part (i), and then Lemma 8 part (ii), we obtain that the expression above

is estimated from above by

HC (Ψ, λ) −
{
− Tr[F ((−i∇ +A)2 +V0)] − 1

2

∫
Ω
|∇V0|2dx

}

= HC (Ψ, λ) −
{ ∞∑
k=1

[
F ∗(−λ0,k ) + λ0,k

∫
Ω
(|(−i∇ +A)ψ0,k |2+V0|ψ0,k |2)dx

]
−

1

2

∫
Ω
|∇V0|2dx

}

= HC (Ψ, λ) −
{ ∞∑
k=1

[
F ∗(−λ0,k ) + λ0,k

∫
Ω
|(−i∇ +A)ψ0,k |2dx

]
+

1

2

∫
Ω
|∇V0|2dx

}

= HC (Ψ, λ) −HC (Ψ0, λ
0
).

Due to the fact that the Casimir functional is constant along the solutions of our magnetic

Schrödinger-Poisson system, which is globally well-posed as proved in Lemma 13 of the Appendix

below, for an initial condition (Ψ(0), λ) ∈ L, we can use HC (Ψ(0), λ) in the estimate above instead

of HC (Ψ(t), λ). �

Having proved the nonlinear stability of the stationary states of the magnetic Schrödinger-

Poisson system, our main goal is to establish the existence of such states which satisfy the

assumptions of the stability theorem.

5 Dual functionals

For each distribution function f ∈ C we will obtain a corresponding stationary state as the unique

maximizer of a functional de�ned below. We use the energy-Casimir functional from the stability

result to derive such a dual functional. The tool below will be the saddle point principle. Let us

recall that, for Λ > 0 �xed G(Ψ, λ,V ,σ ) is de�ned as

∞∑
k=1

[F ∗(−λk ) + λk
∫
Ω
[|(−i∇ +A)ψk |2 +V |ψk |2]dx] − 1

2

∫
Ω
|∇V |2dx + σ [ ∞∑

k=1

λk − Λ
]
.

Here as above Ψ = {ψk}∞k=1
⊂ H 1

0, A(Ω) ∩ H 2

A(Ω) is a complete orthonormal system in L2(Ω)
and λ ∈ l1

+ = {(λk ) ∈ l1 | λk ≥ 0, k ∈ N}. Now we allow the function V ∈ H 1

0
(Ω) to vary

independently of Ψ and λ. The parameter σ ∈ R here plays the role of a Lagrange multiplier.

The following lemma shows how the functional de�ned above is related to our energy-Casimir

functional.
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Lemma 9. For arbitrary Ψ, λ,σ ,

supVG(Ψ, λ,V ,σ ) = HC (Ψ, λ) + σ
[ ∞∑
k=1

λk − Λ
]
.

The supremum is attained at V = Vψ ,λ .

Proof. Let us express the functional de�ned above as

G(Ψ, λ,V ,σ ) =
∞∑
k=1

[F ∗(−λk ) + λk
∫
Ω
|(−i∇ +A)ψk |2dx + 1

2

λk

∫
Ω
|ψk |2Vψ ,λdx]

+

∞∑
k=1

λk

∫
Ω
V |ψk |2dx − 1

2

∫
Ω
|∇Vψ ,λ |2dx − 1

2

∫
Ω
|∇V |2dx + σ [ ∞∑

k=1

λk − Λ
]
.

By virtue of the de�nition of the energy-Casimir functional (2.8) we obtain

HC (Ψ, λ) −
∫
Ω
V∆Vψ ,λdx −

1

2

∫
Ω
|∇Vψ ,λ |2dx − 1

2

∫
Ω
|∇V |2dx + σ [ ∞∑

k=1

λk − Λ
]
.

To complete the proof of the lemma, we write the expression above as

HC (Ψ, λ) − 1

2

‖∇Vψ ,λ − ∇V ‖2

L2(Ω) + σ
[ ∞∑
k=1

λk − Λ
]
.

�

In the following Section, we will prove that the functional Φ(V ,σ ) de�ned in (2.11) admits a

unique maximizer, which is a stationary state of our magnetic Schrödinger-Poisson system. We

�rst prove the following technical statement, which is the generalization of Lemma 8 above.

Lemma 10. Let V ∈ H 1

0
(Ω) and V ≥ 0. Then for (Ψ, λ) ∈ L and σ ∈ R, the estimate from below

∞∑
k=1

[
F ∗(−λk ) + λk

( ∫
Ω
[|(−i∇ +A)ψk |2 +V |ψk |2]dx + σ

)]
≥ −Tr[F ((−i∇ +A)2 +V + σ )] (5.1)

is valid. Equality in it is achieved when (Ψ, λ) = (ΨV , λV ), whereψV ,k ∈ H
1

0,A(Ω) ∩H 2

A(Ω), k ∈ N
is the orthonormal sequence of eigenfunctions of the operator (−i∇ +A)2 +V which correspond to

eigenvalues µV ,k . Furthermore, λV ,k = f (µV ,k + σ ), k ∈ N.
Proof. Let us use inequality (4.2) with

µk :=

∫
Ω

(|(−i∇ +A)ψk |2 +V |ψk |2
)
dx + σ = (ψk , ((−i∇ +A)2 +V + σ )ψk )L2(Ω), k ∈ N.

Hence,

F ∗(−λk ) + λk
( ∫

Ω

[|(−i∇ +A)ψk |2 +V |ψk |2
]
dx + σ

)
≥ −F ((ψk , ((−i∇ +A)2 +V + σ )ψk )L2(Ω)), k ∈ N.

(5.2)

Obviously,

(−i∇ +A)2 +V + σ =
∫ ∞

0

(λ + σ )dEλ ,
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where Eλ denotes the spectral family associated with the Hamiltonian (−i∇ + A)2 +V . Hence

dνk (λ) := (ψk ,dEλψk )L2(Ω) is a probability measure for k ∈ N. Jensen’s inequality yields

F ((ψk , ((−i∇ +A)2 +V + σ )ψk )L2(Ω)) = F
( ∫ ∞

0

(λ + σ )dνk (λ)
)

≤

∫ ∞

0

F (λ + σ )dνk (λ) = (ψk , F ((−i∇ +A)2 +V + σ )ψk )L2(Ω).

This estimate from above along with (5.2) and summation over k ∈ N yield the desired inequality

(5.1).

Then let us consider {ψV ,k}∞k=1
⊂ H 1

0, A(Ω) ∩ H 2

A(Ω), which form a complete orthonormal

system in L2(Ω). Thus ((−i∇ +A)2 +V )ψV ,k = µV ,kψV ,k and λV ,k = f (µV ,k + σ ), k ∈ N. In such

case the right side of (5.1) equals to

−

∞∑
k=1

(F ((−i∇ +A)2 +V + σ )ψV ,k ,ψV ,k )L2(Ω) = −
∞∑
k=1

F (µV ,k + σ ).

We have for k ∈ N

F ∗(−λV ,k ) = supλ∈R(−λλV ,k − F (λ)) = −f −1(λV ,k )λV ,k − F (f −1(λV ,k )),
since the supremum above is achieved at the maximal point λ∗ := f −1(λV ,k ). The equality

λV ,k = f (µV ,k + σ ) gives us f −1(λV ,k ) = µV ,k + σ . Hence

F ∗(−λV ,k ) = −(µV ,k + σ )λV ,k − F (µV ,k + σ ).
An easy calculation yields that the left side of (5.1) is equal to −

∑∞
k=1

F (µV ,k + σ ). �

Having proved the technical lemma above, we are able to obtain the expression for the dual

functional for our problem.

Lemma 11. The in�mum in de�nition (2.11) is achieved at Ψ = {ψV ,k}∞k=1
, an orthonormal sequence

of eigenfunctions of the Hamiltonian (−i∇ +A)2 +V , V ≥ 0, which correspond to the eigenvalues

µV ,k with λV ,k = f (µV ,k + σ ) for k ∈ N. Moreover, the dual functional is given by

Φ(V ,σ ) = −1

2

∫
Ω
|∇V |2dx − Tr[F ((−i∇ +A)2 +V + σ )] − σΛ. (5.3)

Proof. We prove that the operator F ((−i∇ +A)2 +V + σ ) is trace class. We have

Tr[F ((−i∇ +A)2 +V + σ )] =
∞∑
k=1

F (µV ,k + σ ).

Because the potential function V ≥ 0 as assumed, we use bounds (3.2) and (2.6) and obtain the

series with the general term (1 +Ck 2

3 + σ )− 5

2
−ε

. This series is clearly convergent. Let us conclude

the proof of the lemma by referring to the statement of Lemma 10 above. �

6 Existence of stationary states

In the present section we establish, for each distribution function f ∈ C and each value of Λ > 0,

the existence of a unique maximizer of our functional Φ, which will be a stationary state of our

magnetic Schrödinger-Poisson system.
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Proof of Theorem 2. We �rst prove that the inequality

Tr[F ((−i∇ +A)2 + α(V1 + σ1) + (1 − α)(V2 + σ2))]
≤ αTr[F ((−i∇ +A)2 +V1 + σ1)] + (1 − α)Tr[F ((−i∇ +A)2 +V2 + σ2)] (6.1)

is valid for any α ∈ (0, 1) and (Vj ,σj ) ∈ H 1

0,+(Ω) × R, j = 1, 2. Let ϕ ∈ H 1

0, A(Ω) ∩ H 2

A(Ω) and

‖ϕ‖L2(Ω) = 1. Let us make use of the spectral decompositions

(−i∇ +A)2 +V1 =

∫ ∞

0

γdPγ , (−i∇ +A)2 +V2 =

∫ ∞

0

βdQβ ,

where Pγ and Qβ are the spectral families associated with the operators (−i∇ + A)2 + V1 and

(−i∇ +A)2 +V2 respectively. Therefore, we are in position to introduce the probability measures

dν (γ ) := (ϕ,dPγϕ)L2(Ω), dµ(β) := (ϕ,dQβϕ)L2(Ω) (6.2)

and express

F ((ϕ, [(−i∇ +A)2 + α(V1 + σ1) + (1 − α)(V2 + σ2)]ϕ)L2(Ω))
= F

(
α

∫ ∞

0

(γ + σ1)dν (γ ) + (1 − α)
∫ ∞

0

(β + σ2)dµ(β)
)
.

Due to the fact that F is strictly convex on its support, we derive the upper bound for the expression

above via Jensen’s inequality as

α

∫ ∞

0

F (γ + σ1)dν (γ ) + (1 − α)
∫ ∞

0

F (β + σ2)dµ(β).

By virtue of de�nition (6.2) we obtain

α(ϕ, F ((−i∇ +A)2 +V1 + σ1)ϕ)L2(Ω) + (1 − α)(ϕ, F ((−i∇ +A)2 +V2 + σ2)ϕ)L2(Ω).

Assume {ψk}∞k=1
to be the set of eigenfunctions of the operator (−i∇+A)2+α(V1+σ1)+(1−α)(V2+σ2)

forming a complete orthonormal system in L2(Ω). Then the argument above yields

∞∑
k=1

F ((ψk , [(−i∇ +A)2 + α(V1 + σ1) + (1 − α)(V2 + σ2)]ψk )L2(Ω))

≤ α
∞∑
k=1

(ψk , F ((−i∇ +A)2 +V1 + σ1)ψk )L2(Ω)

+ (1 − α)
∞∑
k=1

(ψk , F ((−i∇ +A)2 +V2 + σ2)ψk )L2(Ω).

Hence we obtain inequality (6.1). Suppose equality here holds. Since the function F is strictly

convex on its support, we conclude that the operators (−i∇+A)2+V1+σ1 and (−i∇+A)2+V2+σ2

with potential functions V1 and V2, which vanish on the boundary of Ω, have the same set of

eigenvalues and the corresponding eigenfunctions are {ψk}∞k=1
. Thus, V1(x) = V2(x) in Ω and

σ1 = σ2, and Tr[F ((−i∇ + A)2 +V + σ )] is strictly convex. Because − 1

2

∫
Ω
|∇V |2dx and −σΛ are

concave, we obtain that our functional given by (5.3) is strictly concave.

Now we proceed to the proof of its boundedness from above and coercivity. Evidently, the

Poincaré inequality implies that

1

2

∫
Ω
|∇V |2dx ≥ C1

2

‖V ‖2

H 1

0
(Ω)
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with a constant C1 > 0. Denote as µV the lowest eigenvalue of the Hamiltonian (−i∇ +A)2 +V .

Obviously, we have the estimate with a trial function
˜ϕ as

µV ≤

∫
Ω
{|(−i∇ +A) ˜ϕ |2 +V | ˜ϕ |2}dx , ‖ ˜ϕ‖L2(Ω) = 1.

We �x
˜ϕ as the ground state of the magnetic Dirichlet Laplacian (−i∇ +A)2 on L2(Ω). Note that

the lowest eigenvalue of such operator can be compared with the smallest eigenvalue of the

negative Dirichlet Laplacian on L2(Ω) by means of the comparison of magnetic non magnetic

norms proved in Lemma 14 of the Appendix. Thus∫
Ω
|(−i∇ +A) ˜ϕ |2dx = µA

1
.

Let us introduce

C2 :=

√∫
Ω
| ˜ϕ |4dx > 0.

Such constant is �nite. Indeed, the comparison of magnetic and non magnetic norms established in

Lemma 14 of the Appendix along with the Sobolev inequality yield
˜ϕ ∈ L6(Ω). We have

˜ϕ ∈ L4(Ω)
by virtue of the Hölder’s inequality. The Schwarz inequality yields∫

Ω
V | ˜ϕ |2dx ≤ C2‖V ‖L2(Ω) ≤ C2‖V ‖H 1

0
(Ω).

Hence

µV ≤ µ
A
1
+C2‖V ‖H 1

0
(Ω).

This gives us the estimate from above

Φ(V ,σ ) ≤ −C1

2

‖V ‖2

H 1

0
(Ω) − F (µA1 +C2‖V ‖H 1

0
(Ω) + σ ) − σΛ. (6.3)

We use the convexity property, namely

F (x) ≥ −βx +C3,

where β > Λ > 0 is su�ently large. Thus we arrive at the inequality

Φ(V ,σ ) ≤ −C1

2

‖V ‖2

H 1

0
(Ω) + (β − Λ)σ + βC2‖V ‖H 1

0
(Ω) + βµA1 −C3.

A straightforward computation gives us

Φ(V ,σ ) ≤ −C1

4

‖V ‖2

H 1

0
(Ω) +C4 + (β − Λ)σ + βµA1 −C3.

We choose β = 2Λ and introduce the nonnegative constant k := max{C4 + 2ΛµA
1
−C3, 0}. Thus

Φ(V ,σ ) ≤ −C1

4

‖V ‖2

H 1

0
(Ω) + Λσ + k . (6.4)

Inequalities (6.3) and (6.4) yield

Φ(V ,σ ) ≤ −C1

4

‖V ‖2

H 1

0
(Ω) − Λ|σ | + k .

This proves that our functional Φ(V ,σ ) is bounded above and −Φ(V ,σ ) is coercive. Hence,

Φ(V ,σ ) has a unique maximizer (V0,σ0). Let the hamiltonian (−i∇+A)2 +V0 have the sequence of
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eigenvalues {µ0,k}∞k=1
and the correspondent orthonormal sequence of eigenfunctions is {ψ0,k}∞k=1

,

namely

((−i∇ +A)2 +V0)ψ0,k = µ0,kψ0,k , k ∈ N

and denote λ0,k := f (µ0,k + σ0). We arrive at

Φ(V0,σ ) = −1

2

∫
Ω
|∇V0|2dx −

∞∑
k=1

∫ ∞

µ
0,k+σ

f (ξ )dξ − σΛ,

and σ = σ0 is its critical point. Thus,

0 =
dΦ

dσ
(V0,σ )|σ=σ0

= −Λ +
∞∑
k=1

f (µ0,k + σ0) =
∞∑
k=1

λ0,k − Λ,

such that

∑∞
k=1

λ0,k = Λ. The �rst variation of Φ(V ,σ0) atV = V0 vanishes as well. Hence, a trivial

calculation yields

−∆V0(x) =
∞∑
k=1

λ0,k |ψ0,k (x)|2.

By direct substitution, the functions ψk (x , t) = e−i µ0,k tψ0,k (x), k ∈ N satisfy the magnetic

Schrödinger equation

i
∂ψk
∂t
= [(−i∇ +A)2 +V0]ψk , x ∈ Ω, t ≥ 0.

The density matrix

ρ0(t ,x ,y) =
∞∑
k=1

λ0,kψk (x , t) ¯ψk (y, t) =
∞∑
k=1

λ0,kψ0,k (x)ψ0,k (y).

Hence

∂ρ0

∂t
= 0 and the particle concentration n0(t ,x) = ρ0(t ,x ,x).

Therefore, (Ψ0, λ
0
, µ0,V0) is a stationary state of our magnetic Schrödinger-Poisson system.

Finally, we are able to prove that (Ψ0, λ
0
) ∈ L, which can be established analogously to the proof

of Lemma 6 above. �

We have the following statement relating the functionals Φ and HC .

Proposition 12. Let the assumptions of Theorem 2 hold, such that (Ψ0, λ
0
, µ0,V0) is the corresponding

stationary state of our magnetic Schrödinger-Poisson system. Then Φ(V0,σ0) = HC (Ψ0, λ
0
).

Proof. We have, from Lemma 11,

Φ(V0,σ0) = −1

2

∫
Ω
|∇V0|2dx − Tr[F ((−i∇ +A)2 +V0 + σ0)] − σ0Λ

and

HC (Ψ0, λ
0
) =

∞∑
k=1

F ∗(−λ0,k ) +
∞∑
k=1

λ0,k

∫
Ω
|(−i∇ +A)ψ0,k |2dx + 1

2

∫
Ω
|∇V0|2dx .

By virtue of Lemma 10,

∞∑
k=1

[
F ∗(−λ0,k ) + λ0,k

( ∫
Ω
[|(−i∇ +A)ψ0,k |2 +V0|ψ0,k |2]dx + σ0

)]

= −Tr[F ((−i∇ +A)2 +V0 + σ0)],
which gives us the statement of the proposition. �
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Appendix: Global well-posedness

In this Appendix, we extend the global well-posedness result of [9] proved for the Schrödinger-

Poisson system in a bounded domain with the Dirichlet boundary conditions to the case when a

smooth magnetic �eld is turned on.

We introduce the magnetic Sobolev norms for functions

‖f ‖2

H 1

A(Ω)
:= ‖f ‖2

L2(Ω) + ‖(−i∇ +A)f ‖2

L2(Ω), (6.5)

‖f ‖2

H 2

A(Ω)
:= ‖f ‖2

L2(Ω) + ‖(−i∇ +A)2 f ‖2

L2(Ω). (6.6)

The usual Sobolev norms ‖f ‖H 1(Ω) and ‖f ‖H 2(Ω) will be used when the magnetic vector potential

vanishes. Let us de�ne the inner product for �xed λ ∈ l1, λk > 0, and for sequences of square

integrable functions Φ := {ϕk}∞k=1
and Ψ := {ψk}∞k=1

as

(Φ,Ψ)XΩ :=

∞∑
k=1

λk (ϕk ,ψk )L2(Ω).

Clearly, it induces the norm

‖Φ‖XΩ := (
∞∑
k=1

λk‖ϕk‖2

L2(Ω))
1

2 .

Let us introduce the corresponding Hilbert space

XΩ := {Φ = {ϕk}∞k=1
| ϕk ∈ L2(Ω), ∀ k ∈ N, ‖Φ‖XΩ < ∞}.

We have the following result.

Lemma 13. For every initial state (Ψ(x , 0), λ) ∈ L, there exists a unique mild solution Ψ(x , t),
t ∈ [0,∞), of (1.6)-(1.9) with (Ψ(x , t), λ) ∈ L. This is also a unique strong global solution in XΩ .

Proving the global well-posedness of the Schrödinger-Poisson system plays a critical role in

establishing the existence and nonlinear stability of stationary states, i.e. the nonlinear bound

states of the Schrödinger-Poisson system, which was done in the non magnetic case in [9, 18].

These issues in the semi-relativistic regime were addressed recently in [1], [2], [3]. The

corresponding one dimensional problem was studied in [21]. The existence of solutions for a

single Nonlinear Schrödinger (NLS) equation with a magnetic �eld was established in [15], see

also [14].

Let us make a �xed choice of λ = {λk}∞k=1
∈ `1, with λk ≥ 0 and

∑∞
k=1

λk = 1, denoting the

sequence of coe�cients determined by the initial data ρ0 of the Hartree-von Neumann equation

(1.1) via (1.5), for t = 0. Let us introduce the inner products (·, ·)YΩ,A and (·, ·)ZΩ,A inducing the

generalized inhomogeneous magnetic Sobolev norms

‖Φ‖YΩ,A :=

( ∞∑
k=1

λk‖ϕk‖2

H 1

A(Ω)

) 1

2

and ‖Φ‖ZΩ,A :=

( ∞∑
k=1

λk‖ϕk‖2

H 2

A(Ω)

) 1

2

. (6.7)

We de�ne the corresponding Hilbert spaces

YΩ,A := {Φ = {ϕk}∞k=1
| ϕk ∈ H 1

0, A(Ω), ∀ k ∈ N, ‖Φ‖YΩ,A < ∞}
and

ZΩ,A := {Φ = {ϕk}∞k=1
| ϕk ∈ H 1

0, A(Ω) ∩ H 2

A(Ω), ∀ k ∈ N, ‖Φ‖ZΩ,A < ∞}
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respectively. Let us also introduce the generalized homogenous magnetic Sobolev norms

‖Φ‖ẎΩ,A :=

( ∞∑
k=1

λk‖(−i∇ +A)ϕk‖2

L2(Ω)

) 1

2

, (6.8)

‖Φ‖ŻΩ,A
:=

( ∞∑
k=1

λk‖(−i∇ +A)2ϕk‖2

L2(Ω)

) 1

2

. (6.9)

The notations ‖Φ‖YΩ , ‖Φ‖ẎΩ , ‖Φ‖ZΩ , ‖Φ‖ŻΩ
will be used when the magnetic vector potential

vanishes, similarly to Section 3 of [9]. We have the following equivalence of magnetic and non

magnetic norms.

Lemma 14. Assume that the vector potential A(x) ∈ C1(Ω̄,R3) and the Coulomb gauge is chosen,

namely

divA = 0. (6.10)

a) Let f (x) ∈ H 1

0, A(Ω). Then the norms

‖(−i∇ +A)f ‖L2(Ω), ‖∇f ‖L2(Ω), ‖f ‖H 1(Ω), ‖f ‖H 1

A(Ω)

are equivalent.

b) Let f (x) ∈ H 2

A(Ω). Then the norms

‖(−i∇ +A)2 f ‖L2(Ω), ‖∆f ‖L2(Ω), ‖f ‖H 2(Ω), ‖f ‖H 2

A(Ω)

are equivalent.

c) Let Φ(x) ∈ YΩ,A. Then the norms

‖Φ‖YΩ,A , ‖Φ‖ẎΩ,A , ‖Φ‖YΩ , ‖Φ‖ẎΩ
are equivalent.

d) Let Φ(x) ∈ ZΩ,A. Then the norms

‖Φ‖ZΩ,A , ‖Φ‖ŻΩ,A
, ‖Φ‖ZΩ , ‖Φ‖ŻΩ

are equivalent.

Proof. We will make use of the diamagnetic inequality (see e.g. p.179 of [16])∫
Ω
|(−i∇ +A)f |2dx ≥

∫
Ω
|∇|f ||2dx (6.11)

along with the Poincaré inequality∫
Ω
|∇д(x)|2dx ≥ cp

∫
Ω
|д(x)|2dx , (6.12)

where the constant cp > 0 depends upon our domain Ω with Dirichlet boundary conditions. In

the argument below, with a slight abuse of notations C will denote a �nite, positive constant.

Since the vector potential A(x) is bounded in Ω, as assumed, we easily obtain

‖(−i∇ +A)f ‖L2(Ω) ≤ ‖∇f ‖L2(Ω) +C‖f ‖L2(Ω),

which can be trivially bounded above by C‖∇f ‖L2(Ω) by virtue of inequality (6.12). Evidently,

‖∇f ‖L2(Ω) ≤ ‖(−i∇ +A)f ‖L2(Ω) + ‖Af ‖L2(Ω) ≤ ‖(−i∇ +A)f ‖L2(Ω) +C‖f ‖L2(Ω),

18



which can be easily estimated from above by virtue of inequalities (6.11) and (6.12) by C‖(−i∇ +
A)f ‖L2(Ω). Using the de�nition of the norm (6.5), we obtain

‖f ‖H 1

A(Ω) ≤ C‖f ‖H 1(Ω), ‖f ‖H 1(Ω) ≤ C‖f ‖H 1

A(Ω).

Obviously, ‖∇f ‖L2(Ω) ≤ ‖f ‖H 1(Ω). Inequality (6.12) yields ‖f ‖H 1(Ω) ≤ C‖∇f ‖L2(Ω), which completes

the proof of the part a) of the lemma.

Since the vector potential A(x) satis�es (6.10), we have

(−i∇ +A)2 = −∆ − 2iA∇ +A2,

such that

‖(−i∇ +A)2 f ‖L2(Ω) ≤ ‖∆f ‖L2(Ω) + 2‖A∇f ‖L2(Ω) + ‖A2 f ‖L2(Ω).

Using the Schwarz inequality along with (6.12) we estimate the right side of the inequality above

by C‖∆f ‖L2(Ω). Evidently,

‖∆f ‖L2(Ω) ≤ ‖(−i∇ +A)2 f ‖L2(Ω) + ‖2iA∇f −A2 f ‖L2(Ω)
≤ ‖(−i∇ +A)2 f ‖L2(Ω) + 2‖A∇f ‖L2(Ω) + ‖A2 f ‖L2(Ω).

The result of the part a) of the lemma yields

‖A∇f ‖L2(Ω) ≤ C‖∇f ‖L2(Ω) ≤ C‖(−i∇ +A)f ‖L2(Ω),

which can be bounded above by means of the Schwarz inequality along with (6.11) and (6.12) by

C‖(−i∇ +A)2 f ‖L2(Ω). Similarly,

‖A2 f ‖L2(Ω) ≤ C‖f ‖L2(Ω) ≤ C‖(−i∇ +A)f ‖L2(Ω) ≤ C‖(−i∇ +A)2 f ‖L2(Ω).

Hence,

‖∆f ‖L2(Ω) ≤ C‖(−i∇ +A)2 f ‖L2(Ω). (6.13)

Clearly, ‖∆f ‖L2(Ω) ≤ ‖f ‖H 2(Ω). By means of (6.12), we have ‖f ‖H 2(Ω) ≤ C‖∆f ‖L2(Ω). Evidently,

inequality (6.12) yields

‖f ‖H 2

A(Ω) ≤
√
C‖∆f ‖2

L2(Ω) + ‖(−i∇ +A)2 f ‖2

L2(Ω),

which can be easily estimated from above by C‖(−i∇ +A)2 f ‖L2(Ω). By means of de�nition (6.6),

we have ‖(−i∇ +A)2 f ‖L2(Ω) ≤ ‖f ‖H 2

A(Ω), which completes the proof of the part b) of the lemma.

The results of parts c) and d) of the lemma follow easily from the de�nitions of the corresponding

norms involved in (6.7), (6.8) and (6.9). �

Let Ψ = {ψm}∞m=1
be a wave function and the magnetic kinetic energy operator acts on it

(−i∇ +A)2Ψ componentwise. We have the following two auxiliary lemmas.

Lemma 15. The domain of the magnetic Dirichlet kinetic energy operator is given by

D((−i∇ +A)2) = ZΩ,A ⊆ XΩ .

Proof. Let Ψ ∈ ZΩ,A. Hence

‖Ψ‖ZΩ,A ≥

( ∞∑
k=1

λk‖ψk‖2

L2(Ω)

) 1

2

= ‖Ψ‖XΩ ,

such that ‖Ψ‖XΩ < ∞ as well. �
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Lemma 16. The operator (−i∇ +A)2 generates the group e−i(−i∇+A)2t , t ∈ R, of unitary operators

on XΩ .

Let us rewrite the Schrödinger-Poisson system for x ∈ Ω into the form

∂Ψ

∂t
= −i(−i∇ +A)2Ψ + F [Ψ(x , t)], where F [Ψ] := i−1V [Ψ]Ψ, (6.14)

−∆V [Ψ] = n[Ψ], where V |∂Ω = 0 andψk (t , .)|∂Ω = 0,

and trivially obtain the following auxiliary result.

Lemma 17. The map de�ned in (6.14) F : ZΩ,A → ZΩ,A is locally Lipschitz continuous.

Proof. In the proof of Lemma 3.1 of [9] dealing with the non magnetic case it was proven that for

Φ,Ψ ∈ ZΩ we have

‖F (Φ) − F (Ψ)‖ZΩ ≤ C(‖Φ‖2

YΩ + ‖Ψ‖2

YΩ )‖Φ − Ψ‖ZΩ ,

with Φ = {ϕk}∞k=1
, Ψ = {ψk}∞k=1

and t ∈ [0,T ). By virtue of Lemma 14 above we have the

equivalence of magnetic and non magnetic norms, such that

‖F (Φ) − F (Ψ)‖ZΩ,A ≤ C(‖Φ‖2

YΩ,A + ‖Ψ‖2

YΩ,A )‖Φ − Ψ‖ZΩ,A . (6.15)

�

Standard arguments (see for instance [19, Theorem 1.7 §6]) yield, using Lemma 17, that the

magnetic Schrödinger-Poisson system above possesses a unique mild solution Ψ in ZΩ,A on a

time interval [0,T ), with some T > 0, which satis�es the integral equation

Ψ(t) = e−i(−i∇+A)2tΨ(0) +
∫ t

0

e−i(−i∇+A)2(t−s)F [Ψ(s)]ds (6.16)

in ZΩ,A. Furthermore,

limt↗T ‖Ψ(t)‖ZΩ,A = ∞

if T is �nite. Let us also note that Ψ is a unique strong solution in XΩ . Below we are going to

prove that this solution is in fact global in time. First we establish the following lemma.

Lemma 18. Suppose for the unique mild solution (6.16) of the magnetic Schrödinger-Poisson system

(1.6)-(1.9) at t = 0 functions {ψk (x , 0)}∞k=1
form a complete orthonormal system in L2(Ω). Then, for

any t ∈ [0,T ), the set {ψk (x , t)}∞k=1
remains a complete orthonormal system in L2(Ω). Furthermore,

the XΩ-norm is preserved, such that ‖Ψ(x , t)‖XΩ = ‖Ψ(x , 0)‖XΩ , t ∈ [0,T ).
Proof. For the given solution Ψ(t) of the magnetic Schrödinger-Poisson system on [0,T ), we

obtain the time-dependent magnetic one-particle Hamiltonian

HA,VΨ(t) = (−i∇ +A)2 +VΨ(t ,x),
where the potential VΨ satis�es −∆VΨ(t ,x) = n[Ψ(t)] with Dirichlet boundary conditions, see

(1.2).

Thus the components of Ψ(t) solve the non-autonomous magnetic Schrödinger equation

i∂tψk (t ,x) = HA,VΨ(t)ψk (t ,x), for k ∈ N, on the time interval [0,T ). Hence we obtain for t ∈ [0,T ),

ψk (x , t) = e−i
∫ t

0
HA,VΨ (τ )dτψk (x , 0), k ∈ N, (6.17)
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such that

(ψk (x , t),ψl (x , t))L2(Ω) = (e−i
∫ t

0
HA,VΨ (τ )dτψk (x , 0), e−i

∫ t
0
HA,VΨ (τ )dτψl (x , 0))L2(Ω)

= (ψk (x , 0),ψl (x , 0))L2(Ω) = δk,l , k, l ∈ N,

where δk,l denotes the Kronecker symbol. Therefore, for k ∈ N,

‖ψk (x , t)‖2

L2(Ω) = ‖ψk (x , 0)‖2

L2(Ω),

such that for t ∈ [0,T ), the XΩ-norm is preserved,

‖Ψ(x , t)‖XΩ = (
∞∑
k=1

λk‖ψk (x , t)‖2

L2(Ω))
1

2 = (
∞∑
k=1

λk‖ψk (x , 0)‖2

L2(Ω))
1

2 = ‖Ψ(x , 0)‖XΩ .

We consider an arbitrary function f (x) ∈ L2(Ω). Obviously, we have the expansion

f (x) =
∞∑
k=1

(f (y),ψk (y, 0))L2(Ω)ψk (x , 0)

and analogously

ei
∫ t

0
HA,VΨ (τ )dτ f (x) =

∞∑
k=1

(ei
∫ t

0
HA,VΨ (τ )dτ f (y),ψk (y, 0))L2(Ω)ψk (x , 0).

Thus, by virtue of (6.17) we arrive at the expansion

f (x) =
∞∑
k=1

(f (y),ψk (y, t))L2(Ω)ψk (x , t)

for t ∈ [0,T ). �

Below we derive the conservation of energy for the solutions to the magnetic Schrödinger-

Poisson system in the following sense.

Lemma 19. For the unique mild solution (6.16) of the magnetic Schrödinger-Poisson system (1.6)-(1.9)

and for any value of time t ∈ [0,T ) we have the identity

‖Ψ(x , t)‖2

ẎΩ,A
+

1

2

‖∇V [Ψ(x , t)]‖2

L2(Ω) = ‖Ψ(x , 0)‖2

ẎΩ,A
+

1

2

‖∇V [Ψ(x , 0)]‖2

L2(Ω). (6.18)

Proof. Complex conjugation of the magnetic Schrödinger-Poisson system (1.6) gives us

−i
∂ ¯ψk
∂t
= (i∇ +A)2 ¯ψk +V [Ψ(x , t)] ¯ψk , k ∈ N. (6.19)

By adding the k-th equation of (1.6) multiplied by

∂ ¯ψk
∂t

, and the k-th equation in (6.19) multiplied

by

∂ψk
∂t

, we derive

∂

∂t
‖(−i∇ +A)ψk‖2

L2(Ω) +
∫
Ω
V [Ψ(x , t)] ∂

∂t
|ψk |2dx = 0, k ∈ N.

Multiplying by λk , and summing over k , we trivially obtain

∂

∂t
‖Ψ(x , t)‖2

ẎΩ,A
+

∫
Ω
V [Ψ(x , t)] ∂

∂t
n[Ψ(x , t)]dx = 0. (6.20)
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It can be easily veri�ed that

∂

∂t
‖∇V [Ψ(x , t)]‖2

L2(Ω) = 2

∫
Ω
V [Ψ(x , t)] ∂

∂t
n[Ψ(x , t)]dx .

By substituting this identity in (6.20) we complete the proof of the lemma. �

Armed with the auxiliary statements established above, we now proceed to the proof of the

main result of the Appendix.

Proof of Lemma 13. From (6.16) we easily obtain

(−i∇ +A)2Ψ(t) = e−i(−i∇+A)2t (−i∇ +A)2Ψ(0) +
∫ t

0

e−i(−i∇+A)2(t−s){(−i∇ +A)2F [Ψ(s)]}ds .

Let us apply the norm ‖.‖XΩ to both sides of the identity above, to arrive at

‖Ψ(t)‖ŻΩ,A
≤ ‖Ψ(0)‖ŻΩ,A

+

∫ t

0

‖F [Ψ(s)]‖ŻΩ,A
ds .

By virtue of result (6.15) of Lemma 17 above, we have

‖F [Ψ]‖ZΩ,A ≤ C‖Ψ‖2

YΩ,A‖Ψ‖ZΩ,A .

Lemma 19 gives us the boundedness of the ‖Ψ‖2

ẎΩ,A
by the right side of identity (6.18), such that

‖F [Ψ(t)]‖ŻΩ,A
≤ C0‖Ψ(t)‖ŻΩ,A

,

with the constant C0 proportional to the initial energy. Thus

‖Ψ(t)‖ŻΩ,A
≤ ‖Ψ(0)‖ŻΩ,A

+

∫ t

0

C0‖Ψ(s)‖ŻΩ,A
ds .

Gronwall’s lemma implies that

‖Ψ(t)‖ŻΩ,A
≤ ‖Ψ(0)‖ŻΩ,A

eC0t , t ∈ [0,T ).
By virtue of the blow-up alternative, this yields that our magnetic Schrödinger-Poisson system is

globally well-posed in ZΩ,A. �
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