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Abstract

We consider a singular Schrédinger operator in L?(R?) written for-
mally as —A — 36(z — ) where v is a C* smooth open arc in R? of
length L with regular ends. It is shown that the jth negative eigen-
value of this operator behaves in the strong-coupling limit, § — +oo,
asymptotically as

2

E;(8) =5+ + 0

lo§ﬂ)7

where p; is the jth Dirichlet eigenvalue of the operator

>  k(s)?

ds? 4

on L%(0,L) with x(s) being the signed curvature of v at the point
s€ (0,L).

1 Introduction

Singular Schrodinger operators with interaction supported by manifolds of
a lower dimension have been a subject of investigation in numerous papers,



particularly in the last decade. One motivation came from physics where
operators formally written as

—A = p(x — )

with 8 > 0, where 7 is metric graph embedded in a Euclidean space, are used
as models of ‘leaky quantum graphs’ describing motion of particles confined
to a graph in a way allowing quantum tunneling between different parts of ~.
At the same time there is a mathematical motivation to study such operators
because they exhibit nontrivial and intetesting relations between spectral
properties and the geometry of the interaction support. In the informal
language, the above operator is the Laplacian with the boundary conditions
on v, [0f] = Bf, where [0f] denotes the jump of the normal derivative of f
on +; the rigorous definition is given by the associated sesquilinear form [3],
see below, and the boundary conditions should be understood in a certain
weak sense.

An overview of known results concerning leaky quantum graphs is given
in [5] which also offers a number of open problems. Some of them concern
the strong-coupling behavior of such operators. For large 3 one expects the
eigenfunctions corresponding to eigenvalues at the bottom of the spectrum
to be strongly concentrated around ~ which suggests the asymptotic spectral
behaviour might be determined by a one-dimensional problem.

In the simplest case when we consider the indicated operator in L?(R?) and
v is a sufficiently smooth curve without self-intersections and endpoints —
either an infinite one with a suitable asymptotic behaviour or a loop — such
result is indeed known [5,6]: the eigenvalues at the bottom of the spectrum
diverge as —i (32 but the next term in the expansion is the respective eigen-
value of a one-dimensional Schrodinger operator with a potential determined
by the curvature of v. We note that the smoothness hypothesis is essential;
the asymptotics is expected to be completely different, e.g., if v has corners,
cf. [8].

One asks naturally how such an asymptotics could look like if the curve has
endpoints and one has to impose boundary conditions to make the corre-
sponding one-dimensional Schrodinger operator self-adjoint. Note that the
Hamiltonian in question can be viewed as a special type mixed problem, cf.
e.g. [2,7].

A conjecture was made in Sec. 7.12 of [5] that under proper regularity as-
sumptions it is the Dirichlet condition which gives the asymptotics. The
aim of the present paper is to prove this conjecture in the case when « is a
C* smooth arc in R? with regular endpoints. A precise formulation of this
result is stated in the next section and the rest of the paper is devoted to
the proof.

As in the case of a curve without endpoints we employ a bracketing argument
imposing Dirichlet and Neumann condition at the boundary of a tubular



neighbourhood of v. In the present case, however, we need a neighbourhood
extending beyond the endpoints and we loose the asymptotic separation
of variables employed in [6]. Instead we have to establish the decay of
eigenfunctions away of v which is technically the main part of the proof.

2 Main result

Let v be an open C* arc in R? of length L > 0 and with regular ends.
More precisely, we assume that, for some Iy > 0, there is an injective C*
function I : [~lo, L + lp) 3 s — (T'1(s),T'2(s)) € R? satisfying at any point
IT’(s)| = 1, and the arc ~ is identified with I'((0,L)). Denote by £(s) the
signed curvature of v at I'(s), i.e.

K(s) =T (s)T5(s) — T7(s)T5(s).

Let 8> 0. Consider the sesquilinear form hg defined on H!(R?) by

hotd.0) = [ [194Pde -5 [ I as.
R2 Y

and let Hg be the self-adjoint operator in L?(R?) associated with hg. Since
7 has a finite length, it is easy to see that the essential spectrum of Hg
is [0,400). Denote by Ei(3) < Ea(f) < ...E;(f) < ... the negative
eigenvalues of Hg with their multiplicities taken into account. Our main
result reads as follows:

Theorem 1. For any j € N, the asymptotic expansion

2
E(9) = -2+ 0

lo§6>’

holds for strong coupling, B — +oo, where p; is the jth Dirichlet eigenvalue
of the Schridinger operator
> k(s)?

ds? 4

with curvature-induced potential on [0, L].

3 Scheme of the proof

We put



in other words 7(s) is a unit tangent vector and n(s) is a unit normal vector
to v at the point I'(s), by assumption both continuously depending on the
arc-length parameter, not only on the arc itself but also on the extensions
beyond its endpoints, i.e. for s € [~ly, L + lp]. In what follows we denote

K = &l Lo (—19,L410)-

For any « € (0,1p) let us introduce the following subdomains in R?:

(oz)=( a, L+ a) x (—a,a), (1)
@) = {I'(s) + tn(s) : (s, ) (0,L) x (—a,a)}, (2)
:{ ) +tn(s): (s,t) € Pla )} (3)

and the prolonged arc
Yo :=T((—a,L +a)) C (a).

Clearly, v C v, for any a > 0. Furthermore, one can check in a similar way

1
as in [6] that there is ag € (O, ﬁ) such that the map

P(a) 3 (s,t) — ®(s,t) =T'(s) + tn(s) € II(a) (4)

is a diffeomorphism for any fixed a € (0,ap]. Throughout the rest of the
paper we will always use

_ blogp

5

Let us introduce the following sesquilinear forms:

(5)

B = / / IV f12de — 8 / f12ds, feH @),  (6)

o // 1V f[2dz — 5 / f12ds, femi©e@), ()

Q(a)

_ 20y — 2 U T(a
) a—//\w\ a ﬂ/\f\ s, feH (@), ()

and denote the associated self-adjoint operators, acting respectively in
L*(Il(a)), L*(Q(a)) and L?(II(a)), by Lg, L, Ls. We consider their eigen-
values A;(f3), Kj (8), /A\j (8) enumerated in the non-decreasing order taking
their multiplicities into account; by the max-min principle we have

E;(B) < A;(B). (9)

The asymptotic behavior of the right-hand side can be found easily:



Proposition 2. For all sufficiently large B one has

Proof. Due to the max-min principle for any j € N we have
Aj(B) < A;j(B) < Ay(B).

Furthermore, the asymptotics of the estimating eigenvalues [~\j and JAXj can
be obtained using the technique introduced in [6], that is, an asymptotic
separation of variables:

~ 32 log G ~ 32 log 3
§(8) == +m+0(=57), K8 = -7 +m(8) +0(=57).
4 p 4 g
where p; and p;(5) are the jth Dirichlet eigenvalues of the operators acting
as
_ & R(s)?
ds? 4

on [0, L] and [—a, L + a], respectively; recall that a depends on (3. As the
Dirichlet eigenvalues are C! functions of the interval edges, see e.g. [4], we

I
have 1y (5) =y + O(a) = s + 02"

Hence the claim of Theorem 1 will be a consequence of the following asymp-
totic relation:

), which proves the result. O

Proposition 3. For any j € N one has

as the coupling parameter (B tends to +oo.

This is our main estimate and the rest of the paper will dedicated to the
proof of Proposition 3.

4 Technical estimates

We denote by d(x,v) the distance between a point z € R? and the arc . In
the present section we give some expressions of d(x,~y) for x € II(a) which we
need in the following. Some the formulse are known, but we prefer to collect
all the necessary information in this section for the sake of completeness.

Recall first the Frenet formulse

7(s) = k(s)n(s), n'(s) = —r(s)T(s). (10)



In particular, for all (s,t), (s',t') € P(ag) one has the representations

D(s') =T(s) + (5" — 5)7(s) + (s = 5)’p1 (', 5), (11)

n(s") = n(s) = (s' = s)r(s)7(s) + (' = 5)%pa(s', 5), (12)

7(s) = 7(s) + (5" = s)r(s)n(s) + (s' — 5)2p3(s', 5), (13)
(s, 1) = D(s,t) + (s' — 5) (1 — t'r(s))7(s) + (' — t)n(s)

(5 = 5P (pr(s, )+ pa(s',9))
P(s,t) + (s’ —s) (1 — t/H(S))T(S) + (' —t)n(s)
+ (s — s)2p4(3,t, s, (14)

with
p1,p2. p3 € L®((—ao, L + ag)®), ps € L®(P(ap)?).

Lemma 4. Let o € (0,a0). Then there are Cy,Cy > 0 such that
Ci ((s—s')2+(t—t’)2) < ‘Cb(s,t)—fb(s',t’)‘Q < Cg((s—s')2+(t—t’)2) (15)

holds for all (s,t),(s',t') € P(a).
Proof. We have P(a) C P(ag) and II(«) C II(ag). The upper bound in
(15) follows then from the boundedness of the partial derivatives of ® on

P(a). Let us prove the lower one.

Suppose that the inequality is not valid, then one can find sequences
(Sn,tn), (s),,t)) C P(«) such that, for all n € N,
9 T
[D(shy, 1) — (snstn)|” < =, 1= (s, —sn)2 + (8, — )% (16)

n»’n n
As m is compact, without loss of generality we may assume that both
the sequences converge, (sp,t,) — (s,t) and (s),,t,) — (s',t') as n — oo
with some (s,t), (s',t') € P(«), and by (16) one has ®(s,t) = (s, t'). As
® is a diffcomorphism between P(ag) D P(«) and II(ag), one has (s,t) =
(s',t), and consequently lim,, o7, = 0. On the other hand, using the

representation (14) and the fact that 7(s) and n(s) are unit vectors, we get

B (sl 1) — D5, tn) | = (1= thr(s0)) (sl — 80)? + (1) — tn) + O(r3/?),

1
We have |t | < a < ag < Ve for any n, and choosing n large enough (hence

having r,, small), we obtain

B (s, ) — B(sp )| > 2

nr’n

which contradicts, however, to relation (16). O



Lemma 5. There exists a € (0,a0) such that d(®(s,t),v) = |t| holds for
all (s,t) € (0,L) X (—a, ).

Proof. Let us pick (s,t) € (0,L) X (—a, ) and consider the function f :
(0,L) — Ry defined by

2 2
flo) =|®(s,t) = ®(0,0)|" = |T(0) = T(s)|” = 2tn(s) - (T'(0) = T(s)) + .
Using again the fact that |7(o)| =1 we find
f'(o)
(o)
in particular, f(s) = t2, f'(s) = 0 and f”(s) = 2 — 2tx(s). Hence one
can choose oy sufficiently small to have f”(s) > 1 for all (s,t) € (0,L) x
(—aq,0q), in which case s is a local minimum of f. Note also that f” is

bounded. Therefore, using the Taylor expansion, we see that one can find
01 > 0 such that

7(0) (F(o) — F(s)) —2tn(s) - 7(0),

— 27(q) -
= 2k(o)n(o) - ([(0) —T(s)) + 2 — 2tk(o)n(s) - n(o),

(s —0)°
4
for all (s,t) € (0,L) X (—aq,aq) and all o with 0 < |s — o] < 1.

On the other hand, we infer from Lemma 4 that there are as > 0 and ¢ > 0
such that

|B(s, 1) — D(0,0)|* > £ + > 2 (17)

B (s,t) — ®(0,0)|* > E(2 + (s — 0)%) > A(s — 0)? (18)

holds for all (s,t) € (0,L) X (—ag,a2) and all o € (0, L).

Choosing now « < min(cdy, aq), we get for any (s,t) € (0,L) x (—a, a) the
following alternatives

> > a > |t |s —a| > 6 by (18),
|®(s,t) — ®(0,0)] > |t], 0<|s—a|l<d by (17),
= |t], o=s,
which concludes the proof. ]

Lemma 6. There exists o € (0,a9) such that

|®(s,t) — ®(0,0)|, (s,t) € (—,0) X (—a, ),
|®(s,t) — ®(L,0)], (s,t) € (L, L+a)x(—a,a).

d(®(s,t),7) = {

Proof. We will prove the first equality only, the second one can be demon-
strated in a similar way. Pick (s,t) € (—ao,0) x (—ag, ap) and consider the
function fs; : (0,L) — Ry,

foi(0) = |®(s,t) — ®(0,0)|” = |T(s) — T(a) + tn(s)|".

7



Using (11), (12), (13) and denoting ko := k(0), 70 = 7(0), ng := n(0) we
have

['(s) = I'(0) + s79 + s2p1(s,0),

['(0) =T(0) 4+ o9 + 02p1(0,0),
n(s) = ng — skoTo + 5°p2(s,0),
7(0) = 10 + okong + 02 p3(0,0),

which gives

fealo) = =27(a) - (T(s) = T(0) + tn(s))
= —2(7’0 + okong + 02p3(a))
(1 = tro)s — )70 + tng + s2p1(s,0) — o2p1(0,0) + ts2pa(s, 0)).

Using the orthogonality of 79 and ng, this can be rewritten in the form
fé,t(o-) = 2(1 - tk‘o)(O’ - 5) + S2A(57 L, 0) + U2B(57 t, U))

where A and B are certain bounded functions. Hence one can choose a1 €
(0,ap) such that for all (s,t) € (—a1,0) X (—ai,a1) and all o € (0,a1) one
has f;,(0) > 0, and consequently

f&t(O) = ll’lf fs,t(a)-

c€(0,a1)
Next one can find ag € (0,a1) such that
B(2(0,0),a2) Ny = B(®(0,0),a2) NT'((0,a1)),
and finally we take a € (0, a2) such that

B((—a,0) x (—a,a)) C B((I)(0,0), %)

For any (s,t) € (—a,0) x (—a, ) we infer now, using the monotonicity of
the associated function f ¢, that

d(®(s,t),7) = :}:relg |®(s,t) — x|

= inf |®(s,t) —
z€B(2(0,0),a)NT'((0,a1))
= i f @ ;t - q) 70
ety B0 = 00)

I'(0)eB(®(0,0),a)
= inf )\cp(s,t) — ®(0,0)| = |®(s,t) — ©(0,0)].

o€(0,a1



Lemma 7. For s <0 we have in the limit (s,t) — 0 the relation
d((s,t),7) = Vs + 12 + O(s? + 13). (19)
Similarly, for s > L and (s,t) — (L,0) we have
d(®(s,t),7) = /(s — L2 + 12+ O((s — L)* + t%).

Proof. We again limit ourselves to checking the first relation; the proof of
the second one is analogous. By Lemma 6, for (s, t) close to (0,0) with s < 0
one has

2 2
d(®(s,t),7)” = |[(s) — T(0) + tn(s)|
= |sm0 + s%p1(s,0) + tng — tskoTo + ts°pa(s, 0)‘2
= 5% +t2 + ts?A(s,t) + s3B(s, 1)

with some bounded functions A and B, where we have again employed the
orthogonality of 79 and ng. Hence we have

d(®(s,t),7)" = (s> + t2)(1 + O(Vs? + 12 )),
which yields the relation (19). O
Applying Lemmata 5 and 7 to the boundary of II(a) we obtain
Corollary 8. There are o € (0,a9) and C > 0 such that
d(zx,v) > a — Ca?
holds for all o € (0, p) and x € OII(«).
For a fixed b > 0 we introduce the set
W(b) ={z : d(z,7v) < b}.
and derive an integral estimate on the complement of such a neighborhood:

Lemma 9. Let k,c > 0. In the limit § — 400 we have
1
—(B—log B)d(x, _
// o~ (B—log B)d( w)dx_@(W)
RQ\W(klogﬁﬁfc)

Proof. During the demonstration we denote by C; various fixed positive

[k—1
numbers. Pick p € (0,1) with p > 7 Then by Lemmata 5 and 7 one
can find o > 0 such that



o d(®(s,t),7) = |t| holds for all s € (0,L) and ¢ € (v, @),
o pVs2 + 2 < d(®(s,t),7) < p'Vs? + 2 holds for all s € (—a,0) and

t € (—a, a), and similarly,

e p\/(s—L)2+ 2 <d(®(s,t),y) <p /(s — L)?+ 2 holds for all s €

(L,L+ «) and t € (—a, @).

One can represent the integration domain as follows:

k1l — k1 —
W () = [\ w ()
g 6
U [W(zL) \ W(a)}
U [R*\ W(2L)].
Let us estimate the contribution to the integral from each of these three
components. Using the diffeomorphism ® one easily reduces the integration

on W(a)\ W(%) to the integration on two rectangles and two half-discs:
this yields the estimate

/ / o~ (B-log B)d(z7) 4,

\W klogﬁ c

L
<O // e—P(B-logB)lal g, 4 02/ / e~ (B=10gB)t 11 ds
0

phlogf—c l°gﬁﬁfc§|w\Sp*1a

< Cj re PB=1osAr g 4 ¢ e~ (0log )t gy

klogQB_clogB
B B8

_ p—a(B-logB)
ﬂ—logﬁe — - <ﬂkl+l)

/ re PB=logB)r gy — O(;Opig) = 0(6134-1)'

pklogﬁﬁ—s

10



Putting these estimates together we find

/ / o~ (8108 B)d(x7) gy — O(/@kl-i-l )

\W klogﬁ c

Furthermore, the measure of the second component, W (2L)\W (), certainly
does not exceed 97 L?, while for all 2 in this domain the integrated function
is majorized by e~ (F-logP)d(z7) < gae—ab which gives

// B—log fB) d(:c,w)dx < 97TL2ﬁa —afB _ O(e—aﬁﬂ).
W(2L\W (

Finally, to estimate the integral over the the complement of W (2L) let us
pick a point xg € v and consider = ¢ W(2L). One has

T — Xo T — X0
d(m,v)zlm—xo\—Lz‘x_$0’_| 5 |:| . |.

Hence we have

// o~ (=B gy < // —(5-n ) a—mo/2 g,

R2\W (2L) |z—z0|>2L
[o¢]

4L 4
=21 [ re”B-0O/2 gy — of + Le=LB
/ <ﬂ—logﬂ (ﬂ—log6)2>ﬂ

2L

and summing up the three terms one obtains the sought result. O

5 Eigenfunctions estimates

Let us give first a rough a priori estimate for the eigenvalues E;(f).

Lemma 10. For any j € N one has

—1 1

as the coupling parameter 3 — +o0.

Proof. The upper bound follows from (9) and Proposition 2. To prove
the other inequality, note that one can construct a C* loop 7 such that

11



v C 5. Denote by Njs the self-adjoint operator in L?(R?) associated with
the sesquilinear form

ns(f. f) = / VP de— ﬁ/ fPds
ﬁ

R2

and denote by Ej(ﬁ) its eigenvalues arranged in the ascending order with
their multiplicities taken into account. By the max-min principle, we have

E;(8) < Ej(B) where the left-hand side behaves by [6] asymptotically as

5 2
E](ﬂ) = —%—i—lij-i-(/)(

log G
5 )
kj being the eigenvalues of the Schrodinger operator with the curvature-
induced potential on 7. This gives \/—FE;(3) > g(l + 0(5_2)), and thus
the sought result. O

Let u; g be now an L?-normalized eigenfunction of H 3 corresponding to the
eigenvalue E;(f3), j € N. By [3,10] one can represent it as

ujg(r) = /Gg(a:,y;E)Fjﬁ(y) dsy, (20)
¥
where Fj 5 € L?(v) is an appropriate solution to the integral equation
1
[ ol B (9) Fistw)ds, = 5 Frola), (21)
¥

coming from the corresponding Krein’s formula, and Gq is the Green func-
tion of the two-dimensional free Laplacian given explicitly by

1
Go(z,y;2) = gKo(\/—ZISC —yl);

here and in the following K, denotes the modified Bessel function of order
v, see [1, Section 9.6].

The following estimate will be of crucial importance for our result.

Lemma 11. ||Fj 5l 2(,) = O(p%/log B) holds as 3 — +oo.

Proof. Throughout the proof again C; will denote various positive con-
stants. To avoid using cumbersome notation we identify the function Fj ()
with Fj 3(®(-,0)) = F; 3(T'(-)) and write simply E instead of E;(3).

We will employ the following well-know relation [1, Egs. 9.7.2 and 9.6.27]:

K, (w) = \/Ze_w (1 + o(1)), w— 400, v=0,1, (22)
K= —K,. (23)

12



According to (20) and (21), one has
1
ujpl, = 3 Fip, (24)

and moreover, using (20) and (23) we can write

Vuspte) = 5 [ YU K (V=B ) Eyaly) S,

Another property to use [1, Egs. 9.6.10 and 9.6.11] is the representation

Ka(t) = 7+ M(D), M) = tg:(t)logt + (), (25)

where g1 and g9 are analytic functions. It yields

Vu;g(x) = ;/HFJB(?J) dSy
b [V B Ry el Eyp(y) S, (26)

27 ]:n — 9|
¥

Let us estimate the expression n(s)-Vu; g(®(s,t)). In view of the representa-
tion (25) and the asymptotics (22) we have a uniform bound | M (w)| < 27C}
for all w > 0, and therefore

n(s) - Vu;g (CI)(S7 t)) ‘

1 )+ (®(0,0) — ®(s,1))
<‘27r0/ |® (o, ) (S,t)‘Q Fj,ﬁ(g)da)+C1\/j||Fj,5HL1(,Y), (27)

Furthermore, for large enough 4 Lemma 4 implies the estimate

1 < Cy
27| ®(0,0) — ®(s,1)]2 ~ (s —0)2 + 12

for all s,0c € (0,L) and t € (—a,a), recall the assumption (5). Next note
that ®(c,0) — ®(s,t) = —tn(s) + I'(o) — I'(s), hence using (11) we get

n(s) - (®(o,0) — (s,t)) = —t + (0 — 5)*p(0, 5),

where p(o,s) = n(s) - p1(0, s) is uniformly bounded on [0, L] x [0, L]. Con-
sequently, there are Cs, Cg > 0 such that

‘n(s) . (CID(U, 0) — @(s,t)) ‘ <C It| + Cg(s — 0)? < |t]

CsC
13(0,0) — &(s, 1) 2 G0l = Pl_ogte 5

13



L
L [0 Q00 000 g,

[ (0,0) — (s, )2

L
<G [ Bl Fra(o)ldo + Gl sl
0

Using the Cauchy-Schwarz inequality we obtain

L

0

£ 12
= (/((8—0)2+t2)2 da) 158l 12(+)
R
do 1/2
- |t|</(02+t2)2> 155,512
1/2
— J¢|71/2 /df -
(62 +1)2 ,
R

() = Crlt| 72| F;

L
. il e
[ =arratfaeir < ( [t to) Wl
0

(28)

Putting everything together and using a rough estimate £ = O(f3) from

Lemma 10, we get a bound
n(s) - Yy s (05, 0))| < Cu(t72 4 8) | Fy gl 2s)

with some constant Cg > 0. Next we denote
1

T Plogp
and for 3 large enough we construct a new function v on £(9) by
Vj,8 ((I)(S’ t)) = Uy ((I)(Sv 0))7 (87 t) € (Oa L) X (_67 6)5
for which the triangle inequality yields
lull 22y = lvisll 2y — 1w — visllL2@e))-

Using (24), one can write now the following estimates:

1056117208y = 09//‘“3‘76(‘1’(8,0))‘2‘15&
“5 0

0
Cy 2 C%y0 Cc?
=5 [ [ 1) dsde= S5 12, = 20
=

14

(29)

(30)



On the other hand, the second term on the right-hand side of (30) satisfies

L o

2
luj.p = v sll7200s) < 011// ‘um(‘@(s,t)) - “jﬂ(@(sao))‘ dtds. (32)
0 -6

To estimate the integrated function, we employ the relation
d
which yields, through (29), the bound

035(®(5,8)) = uj5(2(5,0))|
1

Vg (25, €)) de| < /\ Vi (#(0,8)) |
7Y%+ B) de (| Fyglliagy) = Cs 1172 + 1818) - |1y sll 2y,

U
ol

and consequently,

L o

2 2,2 2
s = 0312, g < 3C5Cn [ [ (1114 8%2) deds | ol
0 —¢
2, 332 013
< Cual0?+ 6% WEsolliacy) < gyl WFislliacy (39)
Substituting finally (31) and (33) into (30) we obtain
L=l slzae) = sl (g (5))
> (o VIFsl2) > 25 A 1 gl 20,
3*\/log 3 ﬂz 10gﬁ 3 A logp MY
which gives the sought result. O
Lemma 12. For any k,c > 0 one can find a D > 0 such that
6 —log B)d(x,
Jug )] < DB exp (— L 1EDAA)Y (59
-1 d
k1 -
holds whenever x ¢ W(ogﬂﬂc>

15



Proof. Recall that we have the integral representation (20) for the eigne-
function wu; g, hence using Lemma 11 and Cauchy-Schwarz inequality we
infer that

3 (0)] < sup [ Ko (y/~B5 (Bl — )| [1Fys

< 1 \flow B sup Ko (\/~B5 (8)e — )| (36)

yey

’Ll(v)

klogpB —c
g

V-EiBle — 4l = \J-E;(8)d(w,)
S B —logfB klogB —c  klogp
- 2 i) 2

For = ¢ W( ) and y € v we have, using Lemma 10,

+0(1)

as f — +oo. For fixed x,y the asymptotics (22) and Lemma 10 imply

oy ~E,(8)x — )|

~1/2
§C3( —Ej(ﬂ)lfﬂ—yl) exp

2
_ (B — IOgﬂ)d(x77)>
2

(_ (B —log B)|x —yl)
(

< Os(\/ B @) e

c (8 — log B)d(x,7)
g3 P (- 2 )

Combining this inequality with (36) we obtain the bound (34). To estimate
Vu;g we use (23) and write

Vujg(r) = —y/ —Ej(ﬁ)/vxkv - y|K1(\/m|$ - y|>Fj76(y)dSy-
v

<

It is now enough note that }Vx|x - yH < 1 and that F;(8) = O(B) by
Lemma 10, hence estimating the integral again with the help of (22) we
arrive at the bound (35). O

6 Cut-off functions

In this section we introduce a family of cut-off functions that will be used in
the following when we will apply the max-min principle in the last step of
the argument. An inspiration for this type of constructions came from the

paper [9].
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We choose a mollifying function C*° function ¢ : R — [0, 400) such that
P(s)=1 for s >0 and 9(s) =0 for s < —1.

Next we consider the function p, : P(a) — R,
pa(s,t) =min{la —t|,|a+t|,L +a—s,s+a},

in other words, p4(s,t) is the distance between the point (s,t) € P(a) and
the boundary of the rectangle P(a). We use it to introduce the function
Rg : II(a) — R by

Ry(@) = pa(8D ().
where ®(~1)(z) means the pre-image of the point = € II(a) with respect to
the map (4) and the parameters are related by (5). Finally, for sufficiently
large 3 and we introduce the function gg : R? — R by

log Rg(x) + log 8
w( loglog 3 > z € Il(a),

0, otherwise.

(37)

Note that gz belongs to H'(R?) and has a compact support since g(x) = 0
for all x ¢ II(a). In addition, we have g(x) = 0 for those = € II(a) that can

On the other hand,

be represented as x = P(s,t) with py(s,t) < .
(50 Wik (50 < g
g(x) =1 holds for x € II(a) with Rg(z) > 3 In particular,

supp Vgg C O(f) := {(I)(s,t) : (s,t) € P(a), L

1
m < Pa(svt) < B}’
supp(1-g) C V(8) := {®(s,1) : (5,1) € P(a),  pals,1) < ;}.

Lemma 13. In the limit 8 — +o0o one has

// Vgs(x)| dz = O(1),

o(8)
[ Ivas@* dz = 03106 9).
()

Proof. Let D,;® denote the Jacobian matrix value of the map ® at (s,t).

We have
[ 1og Rg(®(s,t)) +log 3 VRg(®(s,1))
Vo5 (2(5,1)) =¥ < loglog 3 ) Rg(®(s,t)) loglog 3

_ w/<10gpa(5at) +10g/8) 1 Vpa(s,t)(D&t‘I))il.

loglog 3 pa(s,t)loglog 3

17



We have ‘Vpa(s,t)’ < 1 and H(DSJ}I))_lH < M for some M > 0 and all
(s,t) € P(a) if (3 is sufficiently large. Hence it holds

Cy
pa(s,t)loglog 3’

(Vgﬁ(fﬁ(sat))‘ <

with some C7 > 0, and

/\vgﬁ )" da < loglogﬁ) // PR v=12 (38)

e(B) (s t)eP(a),
Blog B logﬁ <pa(st)< B

Since the integration variables run through the set

< pals,t) < L

s -
Blog ="V = F
the integral on the right-hand side is the sum of contributions from integra-
tion over four rectangles and eight triangles. Using the obvious symmetries,
we can rewrite it as

Lta—% %
ds dt
I(B) := — — dt
(B) / / PREE / / dt ds
(s,t)eP(a ) ‘H'ﬁ Blogﬁ

ﬁlogﬁ<pa(s t)<f

a1t
/ /dtds+8/ /dtds<03

Lﬂogﬁ ﬁlogﬁ

Wl

dt

I/ .

for v = 1,2 and some C5 > 0. Hence

1
B
dt
L(B) < Cs / v = C3log log f3.
1

and

Finally, by (38) we infer that

C10211(ﬁ) C’lCngloglogﬁ
dxr = <
/ ‘Vgg(x v loglog3 — loglog 3

= 0(1)

18



and

2 CiColy(B) _ C3CLCs(Blog B — )
// [Vas(@)]do (loglog 8)* ~ (loglog )2 Oflogf)
o(3)
holds as  — 400 which we have set out to prove. ]

Lemma 14. For sufficiently large B there is a constant D > 0 such that
D
[uis(@) < 3. (39)
|Vu,s(z)| < D (40)
holds for all x € V().
Proof. By Corollary 8 there exists a C; > 0 such that
d(x,v) > a — C1a? for all x € 9TI(a),

holds provided ( is sufficiently large. On the other hand, for any x =
®(s,t) € V(B) one can find (s',t') € OP(a) with

pul(s,t) = /s — 9P + (L~ 1)? <

As 9ll(a) = ®(011(a)), it follows from Lemma 4 that for all z € V(8)

S

d(,0T1(a)) < | B(s,1) — B(s', )| < Con/(s — S 1 (1 ) < (;2

holds with some C5 > 0. Consequently, for sufficiently large G we have

610gﬁ—202>
ﬁ b

and Lemma 12 is applicable. For x € V() and large 3 we can estimate

ﬁ—log,@(Glogﬂ B 2C,
2 §; g

by Lemma 10, hence applying (34) and (35) we get the sought bounds. [

V(ﬂ)CRz\W<a—2§2) :R?\W(

—Ej(B)d(z, ) =

) = 3log B+ O(1),

7 Using the max-min principle

Let us fix now an integer N > 1. Consider the first N eigenvalues E;(f3)
and the associated orthonormal eigenfunctions u; g of Hg and denote

Y56 += 98U;5,5,
where g3 is the function (37). As supp g3 C II(a), one has ¢; 3 € H} (Il(a)).

Following the usual convention, we denote here and in the following by dj;
the Kronecker delta symbol.
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Lemma 15. In the limit 8 — +oo one has
(05,8, 01,8) L2(11(a)) = 01 + O(B7?). (41)

5log B

Proof. Denote for brevity Sg := W( ) In a way similar to the proof

of Lemma 14 one can show that for all sufficiently large 5 we have Sg C 1I(a)
and gﬁ‘sﬁ = 1. Moreover, for x ¢ Sg one can estimate u; g(x) with the help

of Lemma 12. Hence using first the boundedness of the function gg and
applying subsequently Lemma 9, we get

‘ (uj,8, w.8) L2(®2) — (P4,8, PLA) L2(T1(a))

:‘<u3ﬂaulﬁ>L2( r2) — (¥).6, P1.8) 12 (R2)

‘// 1 gs(x ujg( Ju () dz // 1—gp(x “JB( Yupp(z) dx

R2\Sg

< Cl/ |u]ﬂ(.fl?)Ul”3($)‘ dr < 0254 // e~ (B—log B)d(x,) dr = 0(5—2)

RZ\S/@ R2\Sg

with some constants C1,Cy > 0. As {u;g} is an orthonormal system by
assumption, we arrive at the relation (41). O

Lemma 16. In the limit 8 — +oo one has

(Vuj g, Vg g) 12(11(a)) — ﬁ/Uj,ﬁ(S)Ul,ﬁ(S) s = E;(8)5;+ O(87").
Yy

Proof. Note first that the relations

(Vugg, Vuyg) p2gey — 5/163',6(8)”1,6(8)615 = E;(B)j

hold by assumption and that a certain neighborhood of « is included into
I1(a), hence it is sufficient to check the estimate

(Vujg, Vi) 2@y = O(B7).

As in the proof of Lemma 14 we can check that the inclusion

W(W) C I(a).
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holds for some C7 > 0 and all sufficiently large 3. Using then the estimate
(35) and subsequently Lemma 9, we get

(Vujg, V) r2®2\11(a))

< [ 1Vus@l Vus)ds

RZ\W GIOgB Cl
6
1
< Opf38 // e~ (B=log B)d(z.7) g < ng7 = 0(5)
GIOgB 01

R2\W (
O

Our principal estimate concerns the question what happens if u; 5 in the
above formula is replaced by the moliffied function; our aim is to show that
this makes the error term worse but only by a logarithmic factor.

Lemma 17. In the limit 8 — +oo one has

logﬁ)_

(Vs Vous) ) — 5/<Pj,ﬁ(5)<ﬁz,ﬁ($) dS = E;(B)d; + 0( 5
v

Proof. Using (‘Dj’ﬁ‘v = ujﬁ‘v let us write the expression in question as

(V3 VoL 1 r10y) — / 25.5(p1,0(s) dS

= (Vujg, Vuy ) 12 (@) ~ P / uj3(s)ura(s) dS
+ [[ (o5t = 1) Vuis@) - Vunsla) da
I(a)
+ / 1V9(0)|2 w7 5 (@) () da
+ [ [ 9s@5@ Vas(o) - V(o) de
+ [ [ sty ste) Vi@ - Ttz da

The sum of the first two terms on the right-hand side has been already
estimated in Lemma 16, hence we just need to show that the sum of the last
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four terms on the right-hand side is of order O(3~!log 3). By definition of
the function g and Lemma 14 there are constants C1,Co > 0 such that

I = ’4/) (95(2)* = 1)V p(2) Vuy,g(2)dx

= (gg(x)2 - 1)Vuj’5(:c)Vul,ﬁ(a:)d:1:
V()

< [[[Fwa@vusta|is < cufvis)
V(B)
Furthermore, by definition of V() we have

V(B) = 0(U), U={(st)€ Pla): pulsit) < 5},

and since the measure ’U‘ is of order O(B71), we get also ‘V(ﬂ)} =0,
which in turn gives I; = O(871).

Using next the inclusion supp Vgg C ©(8) C V(8), Lemma 14 and after
that Lemma 13, we have

I = \ J 1985 T at0) o

II(a)

- \ J[1¥0s@P w5 ote) ds

o(p)
< g;”// }Vgﬁ(x)fda: - o(l"éﬁ).
&)

Using the same reasoning we infer that

v | [ a0(ei3 Vaate) o) o

II(a

)
= ‘ / / 95(x)uj 5(x) Vgp(x)Vuy p(z) da
o (3)

< %‘ /‘Vgg(x)‘dx - o(;).
()

Putting the estimates together we find

log ﬂ)
/6 9y
which concludes the proof. ]

h+bL+1+1,;= O(

22



Now we are in position to complete the proof of our main result.

Proof of Proposition 3. Fix an integer N > 1. By the max-min principle

one has
//IVf|2dw—ﬁ/|f|2dS
Y

A = max min )

N(B) = max min, P (1)
where Sy stands for the family of the subspaces of Hg (II(a)) the codimen-
sion of which in L?(TI(a)) equals N —1. In view of Lemma 15, the functions
©jp, j=1,...,N, are linearly independent in L? (H(a)) for all sufficiently
large (3, hence each subspace G € Sy contains at least one linear combina-
tion ¢ of the form

i

N
p=> bigjs b=(br,...,bn) €CY, [blley = 1.
j=1

Using once more Lemma 15, we find that

C
2 >1- L
”90||L2<H(a)) Z 32

holds for large § with a constant C; > 0. On the other hand, Lemma 17
yields

[[1veas—p [1opas
) Y

II(a

N
=> jbl<<v@j,ﬁav¢l,ﬁ>L2(H(a)) - 5/@j76(5)¢l,ﬁ(5)d5>

=1 )
N N
= Y i (B0 +0(7) ) = S B+ o(*57)
=1 j=1
log 8
< EN(ﬂ)+O< ; ) (42)

Using the above estimates, we conclude that there are Cs, C'3 > 0 such that

J[1vspaz=s [1pas  [[196Pde-5 [ joas
Y Y

min ) < (@)
0£feG Hf”ig(n(a)) B ||90Hi2(n((1))
log 8
En(B) + C2 3 log 3
< < .
S Tiogpr  <BOFG,

23



What is important is that the constant C3 can be chosen independent of the
vector b and hence independent of G € Sy, then we have automatically

An(8) < En(9) + G257,
Combining this with (9) we obtain Ay (8) — En(0) = (’)(5*1 log ﬂ). O

8 Acknowledgmenets

The second named author thanks the Doppler Institute in Prague for the
warm hospitality during the stay in May-June 2012. The research was par-
tially supported by ANR NOSEVOL and GDR Dynamique Quantique, and
by Czech Science Foundation within the project P203/11/0701.

References

[1] M. Abramowitz, I. A. Stegun (eds.): Handbook of mathematical func-
tions with formulas, graphs, and mathematical tables. 10th print-
ing (volume 55 of Applied Mathematics Series, US National Bureau
of Standards, 1972). Available online at http://www.math.sfu.ca/
~cbm/aands/.

[2] M. S. Agranovich: Strongly elliptic second-order systems with bound-
ary vonditions on a nonclosed Lipschitz surface. Funct. Anal. Appl.
45:1 (2011), 1-12.

[3] J. F. Brasche, P. Exner, Yu. A. Kuperin, P. Seba: Schridinger op-
erators with singular ineractions. J. Math. Anal. Appl. 184 (1994),
112-139.

[4] M. Dauge, B. Helffer: Eigenvalues variation I. Neumann problem for
Sturm-Liouville operators. J. Differential Eqs 104 (1993), 243-262.

[5] P. Exner: Leaky quantum graphs: a review, Proceedings of the Isaac
Newton Institute programme “Analysis on Graphs and Applications”,
AMS “Proceedings of Symposia in Pure Mathematics” Series, vol. 77,
Providence, R.I., 2008; pp. 523-564.

[6] P.Exner, K. Yoshitomi: Asymptotics of eigenvalues of the Schrédinger
operator with a strong d-interaction on a loop. J. Geom. Phys. 41
(2002), 344-358.

[7] G. Grubb: The mized boundary value problem, Krein resolvent for-
mulas and spectral asymptotic estimates. J. Math. Anal. Appl. 382
(2011), 339-363.

24



[8] M. Levitin, L. Parnovski: On the principal eigenvalue of a Robin prob-
lem with a large parameter. Math. Nachrichten 281 (2008), 272-281.

[9] S. A. Nazarov: An example of multiple gaps in the spectrum of a
periodic waveguide. Sbornik: Mathematics 201:4 (2010), 569-594.

[10] A. Posilicano: Boundary triples and Weyl functions for singular per-
turbations of selfadjoint operator, Meth. Funct. Anal. Topol. 10 (2004),
57-63.

25



