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Abstract: We prove the existence of quasi-periodic solutions for wave equations with a multiplicative
potential on T?, d > 1, and finitely differentiable nonlinearities, quasi-periodically forced in time. The
only external parameter is the length of the frequency vector. The solutions have Sobolev regularity
both in time and space. The proof is based on a Nash-Moser iterative scheme as in [5]. The key tame
estimates for the inverse linearized operators are obtained by a multiscale inductive argument, which is
more difficult than for NLS due to the dispersion relation of the wave equation. We prove the “separation
properties” of the small divisors assuming weaker non-resonance conditions than in [I1].
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1 Introduction

The first existence results of quasi-periodic solutions for Hamiltonian PDE were proved by Kuksin [I8] and
Wayne [26] for one dimensional (1-d) nonlinear wave (NLW) and nonlinear Schrodinger (NLS) equations,
extending KAM theory. This approach consists in generating iteratively a sequence of canonical changes
of variables which bring the Hamiltonian into a normal form with an invariant torus at the origin. This
procedure requires, at each step, to invert linear “homological equations”, which have constant coefficients
and can be solved by imposing the “second order Melnikov” non-resonance conditions. The final KAM
torus is linearly stable. These pioneering results were limited to Dirichlet boundary conditions because
the eigenvalues of J,, had to be simple: the second order Melnikov non resonance conditions are violated
already for periodic boundary conditions.

In such a case, the first existence results of quasi-periodic solutions were proved by Bourgain [8]
extending the approach of Craig-Wayne [14] for periodic solutions. The search of the embedded torus is
reduced to solving a functional equation in scales of Banach spaces, by some Newton implicit function
procedure. The main advantage of this scheme is to require only the “first order Melnikov” non-resonance
conditions to solve the homological equations. These conditions are essentially the minimal non-resonance
assumptions. Translated in the KAM language this corresponds to allow a normal form with non-
constant coefficients around the torus. The main difficulty is that the homological equations are PDEs
with non-constant coefficients and are small perturbations of a diagonal operator having arbitrarily small
eigenvalues.

At present, the theory for 1-d NLS and NLW equations has been sufficiently understood (see e.g. [19],
[21], [20], [22], [13], [1]) but much work remains in higher space dimensions. The main difficulties are:

1. the eigenvalues of —A + V(x) appear in clusters of unbounded sizes,
2. the eigenfunctions are “not localized with respect to the exponentials”.

Roughly speaking, an eigenfunction ¢; of —A + V(z) is localized with respect to the exponentials,
if its Fourier coefficients (1);); rapidly converge to zero (when |i — j| — oco). This property always
holds in 1 space dimension (see [I4]) but may fail for d > 2, see [10]. It implies that the matrix
which represents (in the eigenfunctions basis) the multiplication operator for an analytic function has an



exponentially fast decay off the diagonal. It reflects into a “weak interaction” between different “clusters
of small divisors”. Problem 2 has been often bypassed replacing the multiplicative potential V(x) by a
“convolution potential” V # (e'%) := mjeij':”, m; €R, j€ 7. The “Fourier multipliers” m; play the
role of “external parameters”.

The first existence results of quasi-periodic solutions for analytic NLS and NLW like
1
“uy = Bu + 0y H(u, @), wuy+ B*u+eF'(u)=0, z€T¢, d>2, (1.1)
i

where B is a Fourier multiplier, have been proved by Bourgain [I0], [T1], by extending the Newton
approach in [§] (see also [9] for periodic solutions). Actually this scheme is very convenient to overcome
problem 1, because it requires only the first order Melnikov non-resonance conditions and therefore does
not exclude multiplicity of normal frequencies (eigenvalues). The main difficulty concerns the multiscale
inductive argument to estimate the off diagonal exponential decay of the inverse linearized operators in
presence of huge clusters of small divisors. The proof is based on a repeated use of the resolvent identity
and fine techniques of subharmonicity and semi-algebraic set theory, essentially to obtain refined measure
and “complexity” estimates for sublevels of functions.

Also the KAM approach has been recently extended by Eliasson-Kuksin [I5] for NLS on T with
Fourier multipliers and analytic nonlinearities. The key issue is to control more accurately the perturbed
frequencies after the KAM iteration and, in this way, verify the second order Melnikov non-resonance
conditions, we refer also to [I7], [23], [2] for related techniques. We also mention [I6] which proves the
reducibility of a linear Schrédinger equation forced by a small multiplicative potential, quasi-periodic in
time.

On the other hand, a similar reducibility KAM result for NLW on T is still an open problem: the
possibility of imposing the second order Melnikov conditions for wave equations in higher space dimensions
is still uncertain.

In the recent paper [5] we proved the existence of quasi-periodic solutions for quasi-periodically forced
NLS on T? with finitely differentiable nonlinearities (all the previous results were valid for analytic
nonlinearities, actually polynomials in [10], [I1]) and a multiplicative potential V' (z) (not small). Clearly
a difficulty is that the matrix which represents the multiplication operator has only a polynomial decay
off the diagonal, and not exponential. The proof is based on a Nash-Moser iterative scheme in Sobolev
scales (developed for periodic solutions also in [4], [3], [6], [7]) and novel techniques for estimating the high
Sobolev norms of the solutions of the (non-constant coefficients) homological equations. In particular we
assumed that —A 4+ V(z) > 0 in order to prove the “measure and complexity” estimates by means of
elementary eigenvalue variations arguments, avoiding subharmonicity and semi-algebraic techniques as
in [I1].

The goal of this paper is to prove an analogous result -see Theorem for d-dimensional nonlinear
wave equations with a quasiperiodic-in-time nonlinearity like

uy — Au+ V(z)u = ef(wt,z,u), ze€T? £>0, (1.2)

where the multiplicative potential V is in C?(T%R), w € R” is a non-resonant frequency vector (see

‘) )7 and
fe T x T xR; R) (1.3)

for some ¢ € N large enough (fixed in Theorem [1.1)). The NLW equation is more difficult than NLS
because the small divisors stay near a cone, see7 and not a paraboloid. Therefore it is harder
to prove the “separation properties” of the Fourier indices of the small divisors, see section [} In this
paper we use a non-resonance condition which is weaker than in Bourgain [I1], see remark After the
statement of Theorem (1.1 we explain the other main differences with respect to [11] and [5].

Concerning the potential we suppose that

Ker(-A+V(z)) =0. (1.4)



Remark 1.1. In [5] we assumed the stronger condition —A+V (z) > 0. See comments after Theorem|[L.1]
Note that also in (1.1 the Fourier operator B® > 0 is positive.

In (1.2) we use only one external parameter, namely the length of the frequency vector (time scaling).
More precisely we assume that the frequency vector w is co-linear with a fixed vector @ € R”,

W=, AeA:=[1/2,3/2]CR, |o|<1, (1.5)

where @ is Diophantine, namely for some 7, € (0, 1),

2
|w-l|2$, Viez'\ {0}, (1.6)

and

> pLO, Vp e 252\ {0}. (1.7)

1<i<j<v

There exists @ satisfying (1.6) and ((1.7) at least for 79 > v(v + 1) — 1 and ~p small, see Lemma For
definiteness we fix 79 := v(v + 1).

Remark 1.2. For NLS equations [3] only condition is required, see comments after Theorem .
The dynamics of the linear wave equation
ugg — Au+V(z)u=0 (1.8)
is well understood. The eigenfunctions of
(=A + V(@) (x) = pjj(x)

form a Hilbert basis in L*(T%) and the eigenvalues y; — 400 as j — -+oo. By assumption (L.4) all the
eigenvalues p; are different from 0. We list them in non-decreasing order

< S - <O < pp—y1 <. (1.9)

where n~ denotes the number of negative eigenvalues (counted with multiplicity).
All the solutions of (|1.8) are the linear superpositions of normal mode oscillations, namely

u(t,z) = Z(ﬂ;e‘ luslt ﬁ;-re 131ty () + Z Re(a;e'Viit) o (z), ﬂf €eR,q; €C.
Jj=1 j>n—+1

The first n~ eigenfunctions correspond to hyperbolic directions where the dynamics is attractive/repulsive.
The other infinitely many eigenfunctions correspond to elliptic directions.

e QUESTION: for € small enough, do there exist quasi-periodic solutions of the nonlinear wave equation
(1.2)) for positive measure sets of A € [1/2,3/2]?

Note that, if f(p,z,0) £ 0 then v = 0 is not a solution of (L.2)) for € # 0.

The above question amounts to look for (2m)?+"-periodic solutions u(p, z) of

(w-0,)*u — Au+V(z)u = ef(p,z,u) (1.10)
in the Sobolev space
H® := H*(T" x T4 R) = {u(%x) = Z up ;e PHI) w2 = Ko Z lui?(i)* < +oo,
(1,5) €z x 24 iezv+d
u_i = , where i:=(l,5), (i) = max(m,\j\,n} (1.11)



for some (v +d)/2 < s < q. Above |j| := max{|j1],...,|ja|}. For the sequel we fix sg > (d + v)/2 so
that H*(T"T9) — L°(T"*%), Vs > s9. The constant Ky > 0 in (T.11)) is fixed (large enough) so that
|t|poe < ||ulls, and the interpolation inequality

C(s)
2

luruz|ls < 5 llutllsolluzlls + lutllslluzllsy, Vs> s0, ur,us € H*, (1.12)

<]
holds with C(s) > 1, Vs > so, and C(s) = 1, Vs € [sg, s1]; the constant s; := s1(d, v) is defined in (6.4]).

The main result of the paper is:

Theorem 1.1. Assume (1.6)-(1.7). There are s := s(d,v), q := q(d,v) € N, such that: Vf € C9,
YV € C? satisfying (1.4), Ve € [0,e0) small enough, there is a map

u(e,-) € CY(A; H®) with  sup|ju(e,\)||s = 0 as e — 0, (1.13)
AEA

and a Cantor like set Cc C A :=[1/2,3/2] of asymptotically full Lebesgue measure, i.e.
IC.l—1 as e—0, (1.14)

such that, VA € C., u(e, A) is a solution of with w = Ao. Moreover, if V, f are of class C™ then
YA, u(e, ) € C®°(T? x T; R).

Let us make some comments on the result.

1. The main novelties of Theorem with respect to previous literature (i.e. [I1]) are that we prove
the existence of quasi-periodic solutions for quasi-periodically forced NLW on T%, d > 2, with a

(i) multiplicative finitely differentiable potential V' (),
(ii) finitely differentiable nonlinearity, see (1.3)),
(iil) pre-assigned direction of the tangential frequencies, see (|1.5)).

Moreover we weaken the non-resonance assumptions to ensure the separation properties of the small
divisors. Theorem generalizes [4] to the case of quasi-periodic solutions.

2. We underline that the present Nash-Moser approach requires essentially no information about the
localization of the eigenfunctions of —A + V(x) which, on the contrary, seem to be unavoidable to
prove also reducibility with a KAM scheme. Along the multiscale analysis we use (as in [5]) the
exponential basis which diagonalizes —A + m where m is the average of V(z). The key is to define
“very regular” sites, namely take the constant © in Definition large enough, depending on the
potential V(x). In this way the number of sites to be considered as “singular” increases. However,
the separation properties of the “singular” sites obtained in Lemma [£.2] hold for any © > 0, and
this is sufficient for the applicability of the present multiscale approach.

3. Throughout this paper € € [0, &) is fixed (small) and X\ € [1/2,3/2] is the only external parameter
in equation . Then the bound is an improvement with respect to the analogous Theorem
1.1 1in [5] (for NLS) where we only proved the existence of quasi-periodic solutions for a Cantor set,
with asymptotically full measure, in the parameters (¢, ) € [0,eq) x [1/2,3/2].

4. We have not tried to optimize the estimates for q := ¢(d,v) and s := s(d,v). In [3] we proved the
existence of periodic solutions in HfH; with s > 1/2, for one dimensional NLW equations with
nonlinearities of class C°, see the bounds (1.9), (4.28) in [3].

Let us make some comments about the proof. The main differences with respect to [5] and [11] are:



1. Since we do not assume that —A+V (z) is positive definite (as in [5]), but only the weaker assumption
(1.4), the measure and complexity arguments in section [5| are more difficult than in [5], section 6.
The main reason why we can allow a finite number of negative eigenvalues p; < 0 in is that
the corresponding small divisors satisfy

—(w- D2+ py <pj<pp,- <0, YIEZ, j=1,...,n",

namely are NOT small, it is used in Lemmal[5.7] The positivity of —A+V (z) was used in [5] to prove
the measure and complexity estimates. Assuming only , the main difference concerns Lemma
that we tackle with a Lyapunov-Schmidt type argument. Note that Lemma [5.6] only holds
for jo ¢ Qn defined in (in such a case the spectrum of the restricted operator Iy j, (—A +
V(2))Ey,;, in is far away from zero by Lemma . This fact requires to modify also the
definition of N-good sites, see Definition with respect to the analogous Definition 5.1 of [5].

2. The separation properties of the small divisors in section [4] are proved under the non-resonance
assumption (NR) (see (4.5)), (1.7))), which is a Diophantine condition for polynomials in w of degree
2, while the condition in [I1I] for polynomials of higher degree, see remark A Diophantine
condition like (NR) is necessary because the singular sites are integer points near a cone, see
, and not a paraboloid like for NLS. Then it is necessary to assume an irrationality condition
on the “slopes” of this cone. Assumption (NR) seems to be the weakest possible. The improvement
is in the proof of Lemma [£.2] (different with respect to Lemma 20.14 of Bourgain [11]) which extends,
to the quasi-periodic case, the arguments of [4].

3. Another technical simplification of the present approach with respect to [I1], Chapter 20, is to
study NLW in configuration space without regarding as a first order Hamiltonian complex
system. The main difficulty concerns the measure estimates: the derivative with respect to 6 of the
matrix in is not positive definite (this affects Lemmata and, especially, [5.6). The main
technical trick that we use is the change of variables . We mention that also Bourgain-Wang
[12], section 6, deals with NLW in configuration space, where the measure and complexity estimates
are verified using subharmonicity and semi-algebraic techniques.

Acknowledgments: We thank Luca Biasco and Pietro Baldi for useful comments.

2 The linearized equation

We look for solutions of the NLW equation (1.10)) in H® by means of a Nash-Moser iterative scheme. The
main step concerns the invertibility of (any finite dimensional restriction of) the linearized operator

L(u) = L(w,e,u) := L, —eg(p,x) (2.1)

where
Loi= (-0, ~A+V(m) and  gp,2) = (0uf)(p, ). (2.2)

We decompose the multiplicative potential as
V(z) =m+ Vy(z)
where m is the average of V/(z) and Vp(z) has zero mean value. Then we write
L, =D, + Vo(x) where Dyi=(Ww-9,)>—A+m (2.3)

has constant coefficients. In the Fourier basis (¢! #77®)) the operator £(u) is represented by the infinite
dimensional self-adjoint matrix

Alw) := A(w,e,u):=D+T

where
D :=diag jyepxza — (W-1)% + 4] +m := diag,cz06; ,



112 =52+ 455, =) €2 =2 x 28, &= —(w- 1P+ [lj]* +m (2.4)
and ) y
T=T—clh, T:=(T} )ier, T} = Vo)j—j —€gi—w (2.5)
represents the multiplication operator by Vy(z) — eg(p, ). The matrix T is Téplitz, namely Tf/ depends
only on the difference of the indices i —i’, and, since the functions g, V € H®, then Tf —0asl|i—i'| — oo
at a polynomial rate.

Along the iterative scheme of section [6] the function u (hence g) will depend on (g,A), so that
T :=T(e, \) will be considered as a family of operators (or of infinite dimensional matrices representing
them in the Fourier basis) parametrized by (¢, ). Introducing an additional parameter 6, we consider
the family of infinite dimensional matrices

A(e, )\, 0) = D(0) + T(c, \) (2.6)

where
D(0) i= D(\,6) i= diagiez ( — (0w 1+ 0) + ]| + m) (2.7)

and |T)s, +|0\T|s, < C, depending on V' (the norm | |, is introduced in Definition[2.1)). The main goal of
the following sections is to prove polynomial off-diagonal decay for the inverse of the (2N + l)b—dimensional
sub-matrices of A(e, A, 0) centered at (lo, jo) denoted by

AN,lo’jo (5> A 9) = All*lolﬁNV\j*jO\SN(Eﬂ A, 0) (2'8)
where || := max{|l1],..., ||}, |j] := max{|j1|,...,|jal}. The relation with |j|| defined in (2.4) is
gl < 131l < Valjl. (2.9)

If I = 0 we use the simpler notation
AN,jo (6, )\, 0) = AN707]'0 (6, )\, 9) .
If also jp = 0, we simply write
AN(&‘, /\, 9) = AN70(6, )\, 9) y

and, for § = 0, we denote
AN)jO(g’ )\) = AN,jg (5, )\, 0) .

By (2.8), (2.6]), (2.7) and since T is T6plitz, the following crucial covariance property (exploited in Lemma

holds:
ANJl,jl(e,)\,H) :AN7]-1(5,/\,9+/\¢D-Z1). (210)

2.1 Matrices with off-diagonal decay

For B C Z° we introduce the subspace

H%::{u:ZuieiGHs : ui:Oifi¢B}
i€ZP

where ¢; := ¢/ ¢'?17%) When B is finite, the space Hj does not depend on s and will be denoted Hpg. For
B, C c 7! finite, we identify the space Eg of the linear maps L : Hg — H¢ with the space of matrices

MG = {M = (M Vvepiec, M € C}

identifying L with the matrix M with entries M! := (Ley, e;)o where (, )o := (27)7(, )2 denotes the
normalized L?-scalar product. We consider also the L?-operatorial norm

IME hllo

|ME o= sup

(2.11)
heHp,h#0 ||h||0



Definition 2.1. (s-norm) The s-norm of a matriz M € ME is defined by

IMZ = Ko Y M (n)]*(n)*

where (n) := max(|n|,1) (see (1.11))),
max |M;l\ if neC-0B
)= =
0 if n¢C—-B
and the constant Ko > 0 is the one of (L.11)).

The s-norm is modeled on matrices which represent the multiplication operator.

Lemma 2.1. The (Toplitz) matriz T which represents the multiplication operator by g € H® satisfies
1715 < Cliglls-

In analogy with the operators of multiplication by a function, the matrices with finite s-norm satisfy
interpolation inequalities (see [5]). As a particular case, we can derive from ([1.12)

Lemma 2.2. (Sobolev norm) Vs > sq there is C(s) > 1 such that, for any finite subset B,C C Z°,

IMwls < (1/2)[M]s [wlls + (C(s)/2)IM]s|wlls,, VM € ME, we Hp. (2.12)

2.2 A spectral lemma

We denote -
Enj, = {u(x) = Z ujel® u; € (C} (2.13)

|7 —Jdol<N
(functions of the z-variable only) and the corresponding orthogonal projector
My, : H*(TY) — En, . (2.14)

More generally, for a finite non empty subset B C 7% we denote by Il the L?-orthogonal projector onto
the space Ep C L*(T?) spanned by {¢/* : j € B}.
We now prove a result on the spectrum of the restricted self-adjoint operator

(—A+V)B = HB(_A+V)|EB (215)

that shall be used for the measure estimates of Lemma [5.6]
We shall denote (with a slight abuse of notation)

OB = {j €B : d(j,Z2%\B) = 1}

where d(j, ') := |j — 7’| denotes the distance associated to the sup-norm. Note that, if d(0,0B) > Ly,
Lo € N, then: either

B(0,Lo—1):={jcZ?: |j|<Ly—1}cZN\B or B(0,Ly) C B.
Recall where n~ is the number of negative eigenvalues of —A + V(z) (counted with multiplicity).
Lemma 2.3. Let B := min{|u,-|/2, pin-41}. There is Ly € N, such that, if 4(0,0B) > Ly, then
1. if B(0, Lo — 1) C Z%\ B, then (~A + V) > fol,

2. if B(0, Lg) C B, then (—A + V)p has n~ negative eigenvalues, all of them < —fy. All the other
eigenvalues of (—A +V)p are > .



PROOF  The eigenvalues (1.9) of —A + V satisfy the min-max characterization

Hp = inf sup Q(u) 5 p= 1, 27 e (216)
GEH LD, weG,|ul 2 =1

where Q : H'(T%;R) — R is the quadratic form
Q(u) := || V|32 —|—/ V(z)u?(z)dx (2.17)
Td

and the infimum in (2.16) is taken over the subspaces G of H'(T?) of dimension p.
Let H~ C H'(T?) be the n~-dimensional orthogonal sum of the eigenspaces associated to the negative
eigenvalues p1, ..., ,—. Then

Q(u) < piy-|lullZs < —2B0llullf, VYueH,

by the definition of ;. Moreover there is L; (large) such that G~ := Iy, o~ (recall (2.14)) has
dimension n~ and
Qu) < —follullzz, Yue G, (2.18)
Let
Lo :=max{Ly, (8o + [V]~)"?}. (2.19)

1) Assume B(0, Lo — 1) € Z%\ B. Then (using that d(0, B) > L)
IVullz. > Lillull?=, Vu€ Ep,

and, by (2.17),
2 2 2
Q) > (L3 — Vip=)luls = follull?:, Vue Eg.
Hence (A +V)p > Bol.

2) Assume B(0,Lo) C B. Let (up,p) be the non-decreasing sequence of the eigenvalues of the self-
adjoint operator (—A 4 V)p, counted with multiplicity. They satisfy a variational characterization
analogous to with the only difference that the infimum is taken over the subspaces G C Ep. Since
B(0,Ly) C B(0, Lg) C B, the subspace G~ C Ep and, recalling that dimG~ =n",

psa= g aw QS sp QS .

GCEp,

dima . u€G, [lufl 2 =1 u€G ™, |lull2=1
Moreover
pBa-t1 = nf sup  Q(u)
dimG=n"+1 u€G, [luflL2=1
. (2.16)
> inf sup Q(u) =" tin-11 > Bo

GcHl(Td

) el -1
dimGen— +1 u€G,|lull 2

by the definition of By. The proof of the lemma is complete. B

3 The multiscale analysis
We recall the multiscale Proposition [3.1] proved in [5]. Given Q,Q' C E C Z° we define

diam(E) := sup |i — i’ A(Q,Q) = inf |i—7|.
fam(E) i,f&h i'l, (Q, Q) ieé}g,eg,ll i'|

Let § € (0,1) be fixed.



Definition 3.1. (N-good/bad matrix) The matriz A € ME, with E C Z°, diam(E) < 4N, is N-good
if A is invertible and /
Vs € [S(), 81] s “A_lus < N7 +6S.

Otherwise A is N-bad.

Definition 3.2. (Regular/Singular site) Fiz © > 1. The inder i € 7" is REGULAR for A = A(e, ), 6)
if |A}| > ©. Otherwise i is SINGULAR.

Definition 3.3. ((A4, N)-good/bad site) For A € ME, we say thati € E C Z° is
e (A, N)-REGULAR if there is F C E such that diam(F) < 4N, d(i, E\F) > N/2 and AL is N-good.
e (A, N)-cooD if it is regular for A or (A, N)-regular. Otherwise we say that i is (A, N)-BAD.

Let us consider the new larger scale
N’ = NX (3.1)

with y > 1. For a matrix A € ./\/lg we define Diag(A) := (5ii'A§/)i,i'eE~

Proposition 3.1. (Multiscale step, see [5]) Assume

§€(0,1/2), 7' >27r+b+1, C; >2, (3.2)

and, setting k := 7' + b+ sg,
x(7" =27 —b) > 3(k + (s0 +b)C1), x0 > Cy, (3.3)
S >s1>3k+ x(T+b)+ Cisp. (3.4)

Y > 0 being fized , there exists No(Y,S) € N, ©(Y,s1) > 0 large enough (see Definition [3.3), such that:
VYN > Ny(Y,S), VE C Z° with diam(E) < 4N’ = ANX, if A € ME satisfies

e (H1) |A - Diag(A)]s, <Y
o (H2) [A™ o < (N')
o (H3) There is a partition of the (A, N)-bad sites B = U,y with

diam(Q,) < N, d(Q,,Q5) > N? | Va # 3, (3.5)
then A is N'-good. More precisely
1 /
Vs € [0, 8], A7 < JN)T (W) + |4 — Diag(A)], )

We shall apply Proposition to finite dimensional matrices Ay ;, (recall the notation in (2.8))
which are obtained as restrictions of the infinite dimensional matrix A(e, A,0) in (2.6). It is convenient
to introduce a notion of N-good site for an infinite dimensional matrix.

Let

Oy = {j ez : d(0,0(j + [-N,N]%)) < LO}, Oy = {z —(,j)ezt:je QN} (3.6)
where Lg is defined in Lemma We shall always assume that N — 2Lg > N/2.
Definition 3.4. (N-good/bad site) A site i € 7" is:
e N-REGULAR if An,; is N-good (Definition . Otherwise we say that © is N-SINGULAR.

e N-GOOD ifi is regular (Definition[3.9) or for all M € {N —2Lo, N}, all the sites i with |i' —i| < M
and i' & Qnr are M-regular. Otherwise, we say that i is N-BAD.



Definition [3.4] is designed in view of the application of Proposition [3.1] because we have
Lemma 3.1. Let A = Ay 4, withig ¢ Ons. Then any N-good site i € ig+[—N', N'|*T is (A, N)-good.
Proor. We decompose
E:=ig+[-N',N'1""" =G x H where G:=1I'_[ap,by], H :=1I]_,[cq,dy] (3.7)
and, writing ig = (lo, jo),
= (lo)p = N', bp = (lo)p + N', ¢q = (jo)g = N', dg := (jo)g + N'.

Consider any N-good site i := (I,j) € E (see Definition . If 7 is a regular site, there is nothing to
prove. If 4 is singular, we introduce its neighborhood

Fy:=Fn(i):=Gn x Hy CE where Gy:=1_1,CG, Hy:=I!,J,CH, (3.8)
and the intervals I, C [ap, bp], Jg C [cq, dq] are defined as follows:

o if I, —a, > N and b, —l, > N (resp. j; —cq > N and dg — j, > N), then I, := [, — N,l, + N]
(vesp. Jy :=[jq — N,jq + NJ);

o if I, —a, <N (resp. j; — ¢g < N), then I, := [ap,ap + 2N] (resp. Jy := [cq, cq + 2N]);
o if b, — I, <N (resp. dg — jq < N), then I, := [b, — 2N, by] (resp. J, :=[dq — 2N, d,]).

By construction we have
d(i, B\ Fy) > N (3.9)

and we can write
Fx =7+ [-N,N]*** forsome 7= (l,7) € E with |i—7] < N. (3.10)

For M = N — 2L, we define as in (3.8)) the sets Fis := Gy X Hyry Gag := Uy Ineps Har = nglJM,q,
and we write ~
Fy =i+ [-M,M]"™  for some 7= (I,7) with |i —i] < M. (3.11)

We claim that
d(OHN\OH, Hpr) > 2Ly . (3.12)

In fact, assume j° € OHy\OH. Then there is some ¢ € {1,...,d} such that j; € dJ,\{cq,dy}. By
construction, it is easy to see that d(Jar,q, [¢q, dg]\Jq) > 2Lo+1. Hence d(j,, Jar,q) > 2Lo and d(j', Har) >

2Ly, proving (3-12).

We are now in position to prove that i is (A4, N)-good. We distinguish two cases:

(i) d(0,0Hy) > Lo. Since Hy = 7+ [N, N]? (see (3.8)- -| we get 7 ¢ On (be), nam ely
7 ¢ Q. Since i is a singular N- good site (see Definition [3.4), |i — 7] < N (see (3.10)), 7 ¢ Q
we deduce that the matrlx ANz = ALY is N-good . As a consequence, since Fy C E (see ),
diam(Fy) = 2N (see (3.10)) d(i, E\FN) > N (see (3.9)), the site ¢ is (A, N)-good (see Definitio

53).

(ii) d(0,0Hy) < Lo. It is an assumption of the Lemma that ig = (g, jo) ¢ On+ which means d(0,0H) >
by (3.7) we have H = jo + [N, N']*). Hence d(O 8HN\8H) = d(O OHy) < Lo. Hence, by

(3.12)

7 ¢ Qpr, then the matrix AM)l =A ﬁ is N—good As a consequence, since d(z E\FM) > M > N/27
the site 7 is (A4, N)-good.

This concludes the proof of the Lemma. |
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4 Separation properties of the bad sites

We now verify the “separation properties” of the bad sites required in the multiscale Proposition [3.1}
Let A := A(e, A, 0) be the infinite dimensional matrix of (2.6). We define

Bar(jo; A) := Bar(joie, A) i= {9 ER : Ay (e, ), 0) is M — bad} . (4.1)
Definition 4.1. (N-good/bad parameters) A parameter A € A is N-good for A if

VM € {N,N —2Lo}, Vjo€Z\ Qun, Buljo;\) C U I, (4.2)

where I, are intervals with measure |I,| < N~7. Otherwise, we say X\ is N-bad. We define
Gn =GN (u) = {)\ €A : X is N —good for A}. (4.3)

In order to prove the separation properties of the N-bad sites we have to require that w = A satisfies
a Diophantine type non-resonance condition. We assume:

e (NR) There exist v > 0 such that, for any non zero polynomial P(X) € Z[X;,...,X,] of the form

P(X)=n+ Y pi;XiX;, np;€Z, (4.4)
1<i<j<v
we have -
P > 4.5
P2 (b (15)

The non-resonance condition (NR) is satisfied by w = Aw for most A € A, see Lemma [6.3]

Remark 4.1. In [T1|], Bourgain requires the non-resonance condition (4.5 for all non zero polynomials
P(X)eZ[Xy,...,X,] of degree degP < 10d.

The main result of this section is the following proposition. It will enable to verify the assumption
(H3) of Proposition [3.1] for the submatrices An- ;, (€, A, 0).

Proposition 4.1. (Separation properties of N-bad sites) There exists C1(d,v) > 2, No(v,d,v0,0) €
N such that VN > Ny(v,d,~0,0), if

e (i) A is N-good for A,
o (ii) 7 > yv,
o (iii) w = A\ satisfies (NR),

then, V0 € R, the N-bad sites i := (I,7) € Z* x Z¢ of A(e, \,0) with || < N’ := NX admit a partition
Ua 4y in disjoint clusters satisfying

diam(Q,) < N4 - q(Q,,9Q5) > N?, Va # 3. (4.6)

The rest of this section is devoted to the proof of Proposition Note that, by (1.6]), the frequency
vectors w = Aw, YA € [1/2,3/2], are Diophantine, namely

w1 > 22 wiez\{0}. (4.7)

Lemma 4.1. Assume that X is N-good for A and let 7 > xv. Then, for all M € {N — 2Ly, N},
V7 € ZN\Quy, the number of M-singular sites (11,7) € Z¥ x Z* with |l;| < 2N’ does not exceed N2+ T3,
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ProOOF. If (11,7) is M-singular then Ar, 5(¢, A, 0) is M-bad (see Deﬁnitionsand with N =M).
By the co-variance property , we get that A 5(e, A, 0+A@-11) is M-bad, namely 0+ -1y € Bar(7; A),
see . By assumption, A is N-good, and, therefore, holds for M = N and M = N — 2L.

We claim that in each interval I, there is at most one element § + w - I; with w = A\w, |l1]| < 2N".
Then, since there are at most N24"+3 intervals I, (see (4.2)), the lemma follows.

We prove the previous claim by contradiction. Suppose that there exist Iy # I} with |I1],]l}] < N,
such that w - Iy + 6, w- 1] 4+ 6 € I,. Then

w- (=) =lw i +0)—(w- [ +0) <[] <N (4.8)

By (4.7) we also have
o o

>
[l =1]v = (4N7)

By assumption (ii) of Proposition [4.] the inequalities (4.8) and (4.9) are in contradiction, for N > Ny (7o)
large enough. ®

jw- (=) >

= 4V N X (4.9)

Corollary 4.1. Assume (i)-(ii)-(iii) of Proposition . Then, ¥j € Z2, the number of N-bad sites
(I1,7) € Z" x Z% with |l;| < N’ does not exceed N*+2/ T,

PrOOF. By Lemma for M € {N — 2Lo, N'}, the set Sy of M-singular sites (I,5) ¢ Qar (see (3.6)
with N = M) with |I| < N’ + N, |j — j| < M has cardinality at most CN24T7*+3 x N Each N-bad site
(11,7) with |l;] < N’ is included, for some M € {N — 2Ly, N}, in some M-ball centered at an element
(1,7) of Spr which is not in Qp; (see Definition . Each of these balls contains at most C N sites of
the form (I, 7). Hence there are at most C2N24T7 73 x N4 x N* such N-bad sites. m

We underline that the bound on the N-bad sites given in Corollary holds for all 7 € Z2, even if
the complexity bound (4.2)) holds for all jo ¢ Qp;. We now estimate also the spatial components of the
singular sites.

Definition 4.2. (I-chain) A sequence i, ... iy € Z of distinct integer vectors satisfying
lig+1 —iq| <T', Vg=0,...,L -1,
for some ' > 2, is called a T'-chain of length L.
The next Lemma improves Lemma 20.14 of Bourgain [11].

Lemma 4.2. Assume that w = A\ satisfies (INR). For all § € R, consider a I'-chain (14, jq)q=0,...1. Of
0-singular sites with T' > 2, namely, V¢ =0, ..., L,

Ao 1y +0)% — |74l —m| <©+1, (4.10)
such that, Vj € 72, the cardinality

H(lqajq)q:o,...,L : jq = j}| <K. (4-11)

Then its length is bounded by
L < (PK)%2(dv) (4.12)

PROOF. First note that it is sufficient to bound the length of a I'-chain of singular sites when 6 = 0.
Indeed, suppose first that 6 = w - [ for some [ € Z". For a I'-chain of #-singular sites (4, jq)q=o0,....1., See
(4.10), the translated I'-chain (I; + I, j4)¢=o0,....., is formed by O-singular sites, namely

(- (g +1)* = ljgll* —m| < ©.

For any 6 € R, we consider an approximating sequence w - l, — 0,1, € Z. A I'-chain of #-singular sites
(see (4.10)), is, for n large enough, also a I'-chain of w - [,,-sites. Then we bound its length arguing as in
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the above case.
We now introduce the quadratic form Q : R x R? — R defined by

Q(z,y) == —a* +||y||”

and the associated bilinear symmetric form @ : (R x R%)? — R defined by
@((m,y), (x’,y’)) =z’ +y-y.
Note that @ is the sum of the bilinear forms
b =—-P + Dy
¢1 ((SL’, y)7 (l'/7 y/)) = .’E.’I?I ’ ¢2 ((mv y)a (.’L'/, y/)) =Y y/ .
Let (Iq,7q)q=o0,...,. be a I'-chain, namely
|lq+1 _lq|>|jq+1 _jq‘ <I', V¢=0,...,.L -1,

of O-singular sites, see (4.10) with § = 0. Setting

Tgi=w-lg € w-7Z",

we get that (see (4.13]))
|Q(xq,Jq)| <O +1+|m|, Vg=0,...,L.

Lemma 4.3. Vq,qy € [0, L] we have
‘@((Z‘qo,jqo), (Tg = TgosJq — jqo)) ) < Clq— QO|2F2 .
ProoOF. By bilinearity
Q(7q,Jq) = Q(Tq,Jg0) + 2¢(($q0,jq0), (Tq — Tq9,Jg — jqo)) + Qg — Tg0, g — Jao) -

We have

@13)
|Q(xq — Tg0,3q — Jao)l < ‘mq_xq()|2+ HJq_Jqo”2
@969 L6
< ‘W|2‘lq_lqo‘2+d|3q_3qo|2 > C|q—q0\2f2.

Then (4.20]) follows by (4.21f), (4.22) and (4.19). =
Rd+1

We introduce the subspace of

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

G = SpanR{(xq — Ty, g —Jg)  0<q,¢ < L} = SpanR{(mq — ZgorJg — Jgo)  0<¢qg < L} (4.23)

and we call g < d+ 1 the dimension of G. Introducing a small parameter § > 0, to be specified later,we

distinguish two cases.
Case 1. Vg € [0, L],

SpaHR{(Iq - ‘r1107j11 7.7.(10) : |q - q0| < Léa qc€ [07L] } =G.
We select a basis of G € R4 from (z, — 240, g — Jao) With |g — qo| < L°, say
fs = (xqS 7xqo,qu 7jqo) = (w 'AslaAsj)a s=1,...,9,

where
T

i

7)
(Asl, AG) i= (lg. = lgy, Jaq. — Jao) satisfies [(Aul, Agf)] < CTlgs — qo| < CTLC.

Hence
|fs| <CTLY,  VYs=1,...,9.
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Lemma 4.4. Assume (NR). Then the matriz

Q= () oy, QU =0(fur, 1), (4.28)
s invertible and )
QY| <ML | vs ' =1,....g. (4.29)

PROOF. According to the splitting (4.15]) we write Q like

Qi= (= @1(fo, f) + Dol for, 1)) — —S+R (4.30)

s,8'=1,...,9
where, by (LZ5),
Sjl = @1(for, f5) = (W Agl)(w - Agl), Ril = Do(for, fo) = Dsrj - Agj. (4.31)

The matrix R = (Ry, ..., R,) has integer entries (the R; € Z9 denote the columns). The matrix S :=
(S1,...,8,) has rank 1 since all its columns S, € RY are colinear:

Ss=(w-A)(w-Aql,...,w-Ay", s=1,...g.
We develop the determinant
P(w) = detQ det(—S + R)
= det(R) —det(ShRQ,...,Rg) — ... —det(Rl,...,Rg,l,Sg) (432)

using that the determinant of matrices with 2 columns S;, S;, i # j, is zero. The expression in (4.32) is
a polynomial in w of degree 2 of the form (4.4) with coefficients

@E@31), (@25)
< COL%)C@,

|(n,p)| (4.33)

If P # 0 then the non-resonance condition (NR) implies
det0) = P 2 2B 4.34
| e |_ | (w)| = 14 |p|7-0 = (FLé)C/(d’V) ( . )

(recall that 79 := v(v + 1)). In order to conclude the proof of the lemma, we have to show that P # 0.
By contradiction, if P = 0 then (compare with (4.30))

0= P(IW) = det (@1(fs’a fs) + gp2(fs’a fs))s o=1,.g = det(fs’ : fs)s,s’:l,...g >0

because fs is a basis of RY. This contradiction proves that P is not the zero polynomial.

By (4.34), the Cramer rule, and (4.27) we deduce (4.29). m

We introduce
G = {z eRML . (2, f) =0, Vf € G}.

Since 2 is invertible (Lemma 4.4), @ is nondegenarate, hence

R — G @ GL?

Rd+1

and we denote by Pg : — G the corresponding projector onto G.

We are going to estimate

g
PG’(-’I:qO,qu) = Z as’fs’ . (435)

s'=1
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For all s=1,...,g, and since f; € G, we have

#((a ) 1) = 0(Potan i) £.) EB (S i £) = 3 adlfon )

s'=1 s'=1

that we write as the linear system

aj gzs((3711073'110)#!1)
Qa=b, a=| ... |, b= (4.36)
g @((xqo,jqo), fg)
and € is defined in .
Lemma 4.5. For all gy € [0, L] we have
|Pe(4q5 dgo)| < (DLO)CHLE). (4.37)

Proor. By (4.36), (4.25), (4.20) and (4. 24|), we get |b] < C(T'L°)2. Hence, using also ) and (4.29),
we get |a| = |Q7 b < C(T'L°)“. This, with and ([4.27), implies 1-)
As a consequence of Lemmam 4.5 for all ¢1,¢2 € [0, L],
(@arsdos) = @awsan)| = 1P ((@arsar) = @awsan) )| € (PL)TE).
Therefore, for all g1, g2 € [0, L], |4 — Jgu| < (TL°)5(4¥) and so
diam{j, ; 0 < ¢ < L} < (DL°)C (@)

Since all the j, are in Z¢, their number (counted without multiplicity) does not exceed C/(T'L%)C>(@»)d,

Thus we have obtained the bound
ﬁ{]q 1 0<¢g< L} < C(FL(?)Cg(d,,,)d'

By assumption (4.11)), for each ¢y € [0, L], the number of ¢ € [0, L] such that j, = jg, is at most K, and
=)
L < (TLY)Csd [
Choosing ¢ > 0 such that 6Cs(d,v) < 1/2, we get L < (Fcﬁ(d"’)K)z7 proving (4.12)).
Case II. There is qo € [0, L] such that

o= dimSpanR{(xq_xqovjq_jqo) : |q_QO| SL&; qe [OvL]}Sg_lv

namely all the vectors (z, jq) stay in a affine subspace of dimension p < g — 1. Then we repeat on the
sub-chain (I, j4), |¢ — qo] < L°, the argument of case I, to obtain a bound for L’ (and hence for L).

Applying at most (d + 1)- tlmes the above procedure, we obtain a bound for L of the form L <
(PK)©(@¥)  This concludes the proof of Lemma [ |

PROOF OF PROPOSITION COMPLETED. Set T' := N? in Definition and introduce the following
equivalence relation:

Definition 4.3. We say that « = y if there is a N*-chain {ig}q=0,...1 of N-bad sites connecting x to y,
namely ig = x, i, = y.

A N?-chain (I, j4)q=o0..... of N-bad sites of A(e, \,6) is formed by f-singular sites, namely (4.10)
holds if € is small enough see Deﬁmtlon E Moreover, by Corollary - (remark it holds for all j € Z"),
the condition of Lemma [4.2|is satisfied with K := N3¢+2*+4 Hence Lemma implies

L - (N2N3d+2u+4)02(d,1/) < NC'(d,V) ) (438)

The equivalence relation in Deﬁnition induces a partition of the N-bad sites of A(e, A, 0) with |I] < N,
in disjoint equivalent classes (), satisfying

-4 38) ,
d(Qa,Qs) > N?,  diam(Q,) < N°L N2NC @) < NCLldy)
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5 Measure and complexity estimates
We define
B (Go;A) = BR(joie,\) == {9 ER : [[AG, (.2, 0)]l0 > NT} (5.1)

= {9 € R : 3 an eigenvalue of Ay j, (¢, A, 0) with modulus less than N_T} (5.2)

where || ||o is the operatorial L?-norm defined in (2.11)). The equivalence between (5.1)) and (5.2) is a
consequence of the self-adjointness of An j, (¢, A, 0). We also define

G = G%(u) = {)\ €A :VMe{N,N 2L}, Vjo € Z\Qu, BYGuNC | I,

q:1,...,N2d+”+3

where I, are intervals with measure |I;| < N*T} (5.3)

(the set Qp is defined in (3.6))). The aim of this section is to provide, for any large N, a suitable bound
on the Lebesgue measure of the complementary set of QJOV, see (5.5). This will be used to estimate the
measures of the sets G, (see (4.3))) thanks to Proposition

Proposition 5.1. There are constants ¢,C > 0, Ny € N, depending on V,d, v, such that, for all N > Ny
and
eo(|[Tallo + [0 T1llo) < ¢ (5.4)

(Ty is defined in [2.5), the set BY := A\ G has measure
BY| < ONTL. (5.5)

The sequel of this section is devoted to the proof of Proposition It is derived from several
lemmas based on basic properties of eigenvalues of self-adjoint matrices, which are a consequence of their
variational characterization. In the definitions below, when A is not invertible, we set || A7 ||o := oo.

Lemma 5.1. Let J be an interval of R and A(€) be a family of self-adjoint square matrices in /\/lg,
Ct in the real parameter & € J, and such that 0:A(§) > BI for some 3 > 0. Then, for any a > 0, the
Lebesgue measure

‘{5 €J ATl > a‘l}‘ < 92|E|af!

where |E| denotes the cardinality of the set E.

More precisely there is a family (I;)1<q<|g| of intervals such that

Ll <287 and {€€T: A ©loza e | 1 (5.6)
1<q<|E|

PRrROOF. List the eigenvalues of the self-adjoint matrices A(£) as C* functions (€ +— p4(€)), 1 < ¢ < |E|.
We have

fees a7 @loza b= |J {ee7: m(© e l~aal}.
1<q<|E|
Now, since d¢ A(§) > BI, we have J¢piq(§) > B > 0, which implies that I, :=={{ € J : pq(€) € [, a]} is
an interval, of length less than 25~ !. m

Lemma 5.2. Let A, A; be self adjoint matrices. Then their eigenvalues (ranked in nondecreasing order)
satisfy the Lipschitz property
Ik (A) — pe(A)| < [|[A = Adlo- (5.7)
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We develop all the computations for M = N, the case M = N — 2L is the same. We shall argue
differently for |jo| > 8 and |jo| < 8 to estimate the complexity of B% (jo, \).
In the next lemmas we assume

N > No(V,v,d) > 0 large enough and e||T1]o < 1. (5.8)
Lemma 5.3. V|jo| > 8N, VA € A, we have

B (jo; N) © U I, (5.9)
q=1,...,2(2N+1)d+v

where I, are intervals satisfying |1, < N77.
PROOF. We first claim that, if |jo| > 8N and N > No(V,d,v) (see (5.8)), then
B (jo; \) C R\ [-4N,4N]. (5.10)
Indeed, by Lemmathe eigenvalues \; ;(0) of Ay j, (e, A, 0) satisty
A (6) = 615 (6) + OGElITi o + [VIlo) where d5(6) i= —(w -1+ 02+ [j*.  (5.11)
Since || = [\|a] < 3/2 (see [TB), [l > 1] (see EI)), 1j — jol < N, il < N, we get
815(0) = (lgol = 17 = Jol)* = (Iwllt +10)* = (ljo] = N)* = (2N +16])* (5.12)
As a consequence, all the eigenvalues \; ;(0) of Ay j, (e, A, 0) satisfy, for |jo| > 8N and |0 < 4N,

ED.E1)
> 10N - O Tillo + Vi) = N,

l,j

implying . We now estimate the complexity of

BY™ = B (jo; \) N (=00, —4N) and  BY™ = B (jo; A) N (4N, 0) .
Let us consider B?\;_. For # < —4N, the derivative

o AN jo (€, A, 0) = diag) <y j_joj<n — 2(w -1 +8) > 8N —2[wl|l| > 5N
and therefore Lemma (applied with 8 =5N, @ = N™7) implies

BY™ N (=00, —4N) C U I;,
1<q<(2N41)d+v

where I~ are intervals satisfying [/, | < N77. We get the same estimate for B?\}+ and (5.9) follows. m

We now consider the cases |jo| < 8 N. Then the continuity property ([5.7)) of the eigenvalues allows to
derive a “complexity estimate” for B?V(jo; A) knowing its measure, more precisely the measure of

B n(jos A) = BY w(jose. ) i= {0 € R ¢ |AFY, (2, 0,0)]l0 > N7 /2] (5.13)
Lemma 5.4. V|jo| < 8N, VA € A, we have
B N(jo; A) C Iy == [~12dN,12dN]. (5.14)
PROOF. The eigenvalues A; ;(0) of An j, (€, A, 8) satisfy where, for |§] > 12dN,
lw-140]> 0] — |w-1| > 12dN — 2N > 10dN, (5.15)
and, by , we have Hj||2 < d(|jol + |7 —jo\)2 < d(9N)2. Hence
M j(0) = —(w -1+ 0)* + [5]1* + Ol T1lo + [V]lo) —(10dN)? +d(9N)? + C(1 + [[Vlo)

< —16d°N*?
for N > N(V,d,v) large enough (see (5.8)), implying (5.14]). ®
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Lemma 5.5. There is C := C(d) > 0 such that ¥|jo| < 8N, YA € A, we have

B (jo; N) © U I,
q=1,...,[CUNT+1]

where I, are intervals of length |I,| < N™7 and M := |BY y (jo; \)|.-

PROOF. Assume 6 € BY(jo, \), see (5.1). Then there is an eigenvalue of Ay j, (¢, A,#) with modulus
less than N~7. Now, for |Af| < 1, (recall (2.6)))

AN Go (8, A, 0 4+ A0) — AN jo (e, X, 0)lo

(4N +2/6] + 1)|Af].

IN

Hence, by Lemma [5.2]
(AN +2/0] + 1)|AG| < N7 = 6+ A6 € B3 y(jo, \) (5.16)

because Ay j, (e, A, 0 + Af) has an eigenvalue with modulus less than 2N~7. Now by Lemma 0] <
12dN. Hence, by (5.16)), there is a positive constant ¢ := ¢(d) such that, for § € BY(jo; ),

[0 —eN=CHD g4+ eN=THI] € BY \ (o, A) -
Therefore B% (jo, A) is included in an union of intervals .J,, with disjoint interiors,

By (jo: A) € Jm € BY y(o, A),  with length | J,,| > 2eN~(FY (5.17)

(if some of the intervals [ —cN =D g4 cN~+D] overlap, then we glue them together). We decompose
each J,,, as an union of (non overlapping) intervals I, of length between cN —(r+1) /2 and ¢N —(r+1) Then,

by (5.17)), we get a new covering
BY(o, ) € | I, C B n(jo,A) with eN“UHD /2 < || <eN-OH) < N7
q=1,...,Q

and, since the intervals I, do not overlap,

Q
QeN=H /2 <N |1, | < |BY y(jo, )| =: M.
q=1
As a consequence @ < CMNTH proving the lemma. B

The next lemma has major importance. The main difference with respect to the analogous lemma
in [5] is that we do not assume the positivity of —A + V(z), but only (1.4). Hence we have to require

Jo & On.
Lemma 5.6. V|jo| < 8N, jo ¢ On, the set

B (o) 1= BY y(jo;¢) 1= {()\,9) cAxR: HA;V}jo(g, A,G)HO > NT/Z} (5.18)

has measure
IBY n(jo)| < CN-THEFVHL (5.19)

PROOF. By Lemma BJ x(jo) C A x Iy. In order to estimate the “bad” (),6) where at least one
eigenvalue of Ay j, (¢, A, #) has modulus less than 2N~ ", we introduce the variables

0
E=3, n=y where (6m)€[4/9,4]x 2y, (5.20)
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Hence 6 = An, A:=1/ \/E , and we consider the self adjoint matrix

A(&,m) = %ANJO (.7, 0) = diagMSN,U,MSN( —(@-1+ 77)2) + &Py, —e€Ti(e,1/3/€)  (5.21)

where, according to the notations —7
Prjo = 1IN jo (A + V(@) By ,, - (5.22)
The self-adjoint operator Py j, possesses a L*-orthonormal basis of eigenvectors
Pn oV = 159
with real eigenvalues (ji;),-1, .. c2n+1)¢ (depending on N) indexed in non-decreasing order. We define
I_:z{j:ﬂj<0}, I+::{j:ﬂj>0}.

Recalling the assumption jo ¢ Oy (see (3.6)) Lemma [2.3] implies that:

1. if B(0, Lo — 1) € Z\ {|j — jo| < N} then Py j, > BoI. In this case Z_ =, Z. = {1,..., (2N +1)%}
and min f; > Bo.
JELy

ft; > Bo (we recall that n™ is the number of negative eigenvalues of —A 4V (x)). We shall use that

2. if B(0,Lo) C {|j — jo| < N} then Py j, has n™ negative eigenvalues fi; < —fy and the others
oo d min i > G 5.23
max fij < —fp and  min fi; > (5.23)

We shall consider only the most difficult case 2 when Z_ # (). We denote

H_:=H; := {u = E ul’jeil”\llj}, H, :=Hz, = {u = E ul,jeil'(‘p\llj},
[LI<N,jeZ— [LI<N,jeTy

and TI_, IT, the corresponding L*-projectors. Correspondingly we represent A := A(£,7) in (5.21)) as

A AT Im_A In_A
A= (= 7 )= |H- |H ) 5.24
( Ay Ay ) ( I A I Am, (524

where AT = (A7), AT .= A Al =4,
Lemma 5.7. For all £ € [4/9,4], n € R, the matriz A_ :=1I_Ay_ is invertible and

A= o < 355 (5.25)
Proor. By (5.21) and Lemma the eigenvalues of the matrix A_ satisfy, for |I| < N, j € Z_,

—(@-14n)* + &y + O(e| Thlo) < $htj + O(el|Tillo) < & max f1; + O(=|Ti o)
€23), 69
< _ﬁO/Sv

i.e. are negative and uniformly bounded away from zero. Then ([5.25)) follows. ®
The invertibility of the matrix in (5.24]) is reduced to that of the self-adjoint matrix

L:=L(&n) =A; — A7AT' AT (5.26)

via the “resolvent type” identity

o (1 —AT'Af AZY 0 I 0
A _(0 I 0o L7t —ATATY 1) (5.27)
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Lemma 5.8. [L(&,7) " [lo < N7 /20 except for (€,1) € [4/9,4] x 2Ly in a set of measure O(N~T+HHV+1),
PROOF. The derivative with respect to £ of the matrix L(£,n) in (5.26) is

0L = 0cAy — (0cA7)ATTAT — AT(0:ATH AT — AT AT (9:AT)
= Ay — (e AD)ATTAT 4 ATATH (0 A)ATTAT — AT ATH(9:AT). (5.28)

Moreover, since I ((w - 9,)> = A+ V(z));z_ = 0 (and similarly exchanging +), we have
At = eIl (Ty(e, &2 u_, A = —€§H7(T1(€,§_1/2))\H+ . (5.29)

Hence, since 4 > £ > 4/9,

[ A% {lo + 1A% llo + 19¢ Ao + 10 A% [lo = O(([| T3 [lo + [|92T1]lo))- (5.30)

In addition, by —,
[0eAllo = [M—Pnjo|a_llo + O(e(IT1llo + [[0xT1l0)) < C', (5.31)
OeAy =4 Pn jolu, + OE([T1llo + 10xT1 o) - (5.32)

Hence by (5.28), (5.32), (5.30), (5.25), (5.31)), for e(||T1]lo + [|OrT1|lo) small,

(-23),(-4)
0L =T, Pr sl + O((ITs o+ [onTallo) o o (5.33)

By (5.33) and Lemma for each fixed 7, the set of £ € [4/9, 4] such that at least one eigenvalue of the
matrix L(&,7) in (5.26) has modulus < 20N~ has measure at most O(N "4 31). Then, integrating

on n € 21y, whose length is |[Iy| = O(N), we prove the lemma.
From (5.27)), (5.25), (5.29), Lemma [5.8| and (5.4)), we derive the bound

(5.34)

_ _ B NT N\ B3 NT
Ao < 21 €l + 147 o) < 25 +351) 27

except in a set of (&,7) of measure O(N~"F4"1)  We finally turn to the original parameters (), 6).
Since the change of variables ([5.20|) has Jacobian of modulus greater than 1/8, we have
C3».G39 NT NT
< 4 <=
- -2
except for (A, 6) € A x R in a set of measure < CN~ 7T *+1 The proof of Lemmal.6]is complete. m

_ G20 | oy 4
AR, (6. A 0)llo == A2(|A™ o

By the same arguments we also get the following measure estimate used in the Nash-Moser iteration.

Lemma 5.9. The complementary of the set
G = Gy (u) = {A €A JAG N0 < NT} (5.35)

has measure
A\ Gy| < N—THdtv+2, (5.36)

As a consequence of Lemma for “most” X\ the measure of Bg’ ~ (o A) is “small”.
Lemma 5.10. V|jo| < 8N, jo ¢ On, the set

Fn(jo) = {)\ €A ¢ [B) n(josA)| > é—l]\f—r+2d+u+2}7

where C' is the positive constant of Lemma has measure

| Fn(jo)] < N~ (5.37)

20



PrROOF. By Fubini theorem (see ([5.18) and (5.13))
B wio) = [ 1B xtioi V] A, (539)
Let p:=7—2d—v —2. By (5.38)) and (5.19)),

CN-TraRL > /A 1B 5 (Gos V)] dA

Y

CINH{xe A s B (o M| = CTINTHY| = CTIN T F (o)
whence (5.37). ®

For all A ¢ Fn(jo), |BS’N(j0; A)| < N™TH2dHv 201 Then Lemma implies
Corollary 5.1. V|jo| < 8N, jo ¢ On, VA & Fn(jo), we have

B (jo; M) C U I

q:1,...,N2d+”+3

with I, intervals satisfying |I;| < N77.
Proposition is now a direct consequence of the following lemma.

Lemma 5.11. BY, C U Fn(jo)-
|70l <8N,jo¢ QN

PrROOF. Lemma and Corollary imply that
A ¢ U fN(jo) = A€ QJOV
lio|<8N,joZ QN

(see the definition in (5.3))). The lemma follows.
PROOF OF PROPOSITION [5.1| COMPLETED. By Lemma and (5.37)) we get

Byl < > IFn(o) SCEN)INTTI<CONT!.

70| <8N,jo¢ QN

6 Nash Moser iterative scheme and proof of Theorem 1.1

Consider the orthogonal splitting
H®=H,® H:

where H? is defined in (1.11)) and
H, = {“ = > oy ei(l'¢+j'm)}7 Hy = {u = Y oyttt e Hs}
[(1.5)|<Nn [(1.3)|>Nn

with ’
N, :==N§ namely N, = N2, Vn>0. (6.1)

We shall take Ny € N large enough depending on €9 and V', d, v. Moreover we always assume Ny > L
defined in Lemma We denote by

P,:H® — H, and PL.H® - H
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the orthogonal projectors onto H,, and HTJL‘ The following “smoothing” properties hold, Vn € N, s > 0,
r=>0,
[ Poulls+r < Npllulls, YVu e H®, 1Pyulls < Ny "lullsgr, Yu € HT.

For f € CY(T" x T¢ x R;R) with
q>S+2, (6.2)

the composition operator on Sobolev spaces
fH —H f(u)(e,x) == f(e,2,u(p, z))
satisfies the following standard properties: Vs € [s1, 5], s1 > (d+v)/2,
e (F1) (Regularity) f € C*(H®; H®).
e (F2) (Tame estimates) Yu,h € H® with ||ulls, <1,
If(@)lls < C(s)A + [[ulls), (DA w)hlls < Cls)(IRlls + lullslIhlls,) (6.3)
102 Fulh, s < ) (il ol + olalBll + ol 121
e (F3) (Taylor Tame estimate) Vu € H® with ||ulls, <1, Vh € H® with ||h|s, <1,
1f (w+h) = f(u) = (DF)(u) hlls < Cl)(NlullslIRlIZ, + 1Rlls, IRlls)-
In particular, for s = sy, ||f(u+h) — f(u) — (Df)(u)h|ls, < C(s1)||R]Z,.
We fix the Sobolev indices sg < s1 < S as
sp:=b=d+v, s1:=10(1 + b)Cy, S:=127" +8(s1 + 1), (6.4)

where
Co:=6(C1 +2), T:=max{d+v+3,2Cv + 1}, 7/ := 37+ 2b, (6.5)

and Cy := C1(d,v) > 2 is defined in Proposition Note that sg, s1,S defined in (6.4) depend only on
d and v. We also fix the constant § in Definition B.1] as

§:=1/4. (6.6)

Remark 6.1. By — the hypotheses — of Proposition are satisfied for any x €
[C5,2C5), as well as assumption (ii) of Proposition[{.1l We assume 7 > d+ v + 3 in view of (5.36).

Setting
T:=3v+d+1 (6.7)
and vy > 0, we implement the first steps of the Nash-Moser iteration restricting A to the set
— —1 NTI
G = {/\ €A H(—AQ(@-Z)2+H0(—A+V(J:))‘EO) ‘Lz < 70 VI < No}
- {A EA | =A@ D)2+ | > YNy ™, V5] < No, I] < NO} (6.8)

where fi; are the eigenvalues of ITp(—A + V(x)) g, and Ilp := .0, Eo := En, o are defined in (2.13]).
We shall prove in Lemma that |G| =1 — O(y) (since 11 > 3v + d).
We prove the separation properties of the small divisors for A satisfying assumption (NR), namely in

5 . 2 e gl
g = {)\ e ‘n—i—)\ 1<Z p”wle‘ > i Y (n,p) # 0}. (6.9)
<i<j<v
The constant v will be fixed in (6.26). We also set
o:=1 4851 +2. (6.10)

Given a set A we denote N'(A,n) the open neighborhood of A of width i (which is empty if A is empty).
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Theorem 6.1. (Nash-Moser) There exist £g,¢,5 > 0 (depending on d,v,V o) such that, if
v€(0,7), Ng>2y1, and e €[0,e0), sNOS <e, (6.11)

then there is a sequence (up)n>0 of C* maps uy(s,-) : A — H*' satisfying

(Sl)n Un(g,A) € Hpy un(0,A) =0, [Junlls, <1, [uolls, < Ny 7 and [Oxunlls, < 0(51)N61+51+1771-

(S2), (n>1) Foralll <k<n, flukx —we_1lls, < Nyo™0 [0n(ur —ux—1)ls, <N, /2.
(83), (n>1)

le —wn—rllsy SNGT = ()G, (we-1) NG C G, (u) (6.12)

k=1
where G (u) (resp. Gn(u)) is defined in (resp. in ) and G in (6-9).
(S4),, Define the set
Cp = ﬂ G, (Ur—1) ﬂ gzovk (ug—1) ﬂé ng, (6.13)
k=1 k=1

where Gy, (up—1) s defined in , G in , G in (6-9), gR,k (ug—1) in .

If X e N(Cp, N %) then uy,(g, ) solves the equation
(P) Po(Luu—2f(u)) =0.

(85),, Uy, :=llunlls, Uy, := [|0xunl|ls (where S is defined in ) satisfy

(i) U, < N72L(T/+681+1)7 (id) U’I/L < N,%Tl+251+4.

The sequence (un)nZO converges in C! norm to a map
u(e,-) € CY(A, H™) with w(0,)) =0 (6.14)

and, if X belongs to the Cantor like set
C.:=()Cn (6.15)

then u(e, \) is a solution of (1.10), with w = A@.

The proof of Theorem follows exactly the steps in [5], section 7. A difference is that we do not
need to estimate J.u,. Another difference is that the frequencies in C,, (see (6.13)) belong also to G (in
order to prove the separation properties). For the reader convenience, in the Appendix, we spell out
the main steps indicating the other minor adaptations in the proof. The main one concerns the proof of
Lemma [7.3| where we estimate A]T/I{jo (e, A\, 0) for both M = N, 41 and N, 1 — 2Lg (and not only N,11).

The sets of parameters C,, in (S4),, are decreasing, i.e.
0. CCrCCh1C...CCHCGNGCA,

and it could happen that C,, = 0 for some ng > 1. In such a case u,, = uy,, ¥n > ng (however the map

u(e,-) in (6.14)) is always defined), and C. = (). We shall prove in (6.27) that (choosing (6.26])) the set C.

has asymptotically full measure.
In order to prove Theorem we first verify the existence of frequencies satisfying (6.1]).

Lemma 6.1. For 7o > v(v+1) —1, the complementary of the set of w € R”, |w| < 1, verifying (L.7) has

measure O(’yé/Q) .
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PROOF. We have to estimate the measure of

U R, where R,:= {w ERY, |w| <1 : ‘ Z Wiw;Pij 770 }
peZr(+1)/2\ {0} 1<i<j<v |p|
Let M := M, be the (v x v)—symmetric matrix such that
Z wiw;pi; = Mw-w, YweRY.
1<i<j<v
The symmetric matrix M has coeflicients
My =L L(1+6,), VISi<j<v, and My =M. (6.16)
There is an orthonormal basis of eigenvectors V := (vq,...,v;) of Mv, = A\pvp with real eigenvalues
Ak = Ak(p). Under the isometric change of variables w = Vy we have to estimate
Rol = [{yer <1 | > Akyk‘< IH (6.17)
1<k<v

Since M?vy, = A2vy,, Vk =1,...,v, we get

Z/\Q—Tr (M?) = Z 616 |p| /2.
k=1

i,j=1

Hence there is an index kg € {1,...,v} such that |Ag,| > |p|/V2v and the derivative

‘@io( > Akyi)‘ = 20| = V21pl/ V. (6.18)

1<i<v

As a consequence of (6.17) and (6.18) we deduce the measure estimate |R,| < C
Lemma 9.1 in [15]) and

U R Y IRis O\ [ < OV
PEZV+V/A{0} | pezr(+1/:\{0} pezv<v+1>/2\{0}

foro>vir+1)—1. &
We now prove that C. in has asymptotically full measure, i.e. holds.
Lemma 6.2. The complementary of the set G defined in satisfies
[A\G]=0(7). (6.19)
PrOOF. The X such that is violated are
MG= | Ry where Ry, = {)\ €1/2,3/2) : N2(@-1)% — jiy] < g } . (6.20)
[1],171<No

By Lemma the eigenvalues |fi;| > By (for No > Lo ). Therefore, Ro; = 0 if YNy ™ < 9. We have
to estimate the & := A\? € [4/9,4] such that |¢(w-1)* — fi;] < YN; ™. The derivative of the function
91;(&) := E(@ - 1) — 1; satisfies Dy (€) = (0 -1)? > 4ya Ny * by (L.6). As a consequence

[Rul < O 2y Ng ™2 (6.21)

Yo
P[0T (see e.g.

Then (§6.20), (6.21)), imply

ANGI S D Ryl < Crg NN = 0()
[1|<No,|j|<No

since 7 > 3v + d (see (6.7))). W

24



Lemma 6.3. Let v € (0,1/4). Then the complementary of the set G in has a measure
IA\G| =0(7). (6.22)

PROOF. For p:= (pij)i<icj<y € Z°W /2 et

ap = Z Pijwij , gn,p(f) =n+ fap .

1<i<j<v

We have

MNGISC 3 [Rugl where Rupi={€:= 0 € [1/4,9/4] : lgnp(©] < {1} (623)
(n,p)#(0,0)

Case I: n #0. If R, , # 0 then, since v € (0,1/4) and || < 3, we deduce |a,| > 1/4, |n| < 4|a,| and

2y
ol < T oy
Hence
S Rupl= S Rl g (6:29)
neZ\{0} n€Z\{0},n|<4lap|
Case II: n = 0. In this case, using we obtain
Rop C (0, H%}'Z:} c (0, %} . (6.25)

From (6.23)), (6.24)), (6.25)), 70 := v(v + 1), we deduce (6.22)). ®

We now verify that C. has asymptotically full measure, i.e. (1.14)) holds, choosing

yi=e% with a:=1/(S+1), Ny:=4y ', (6.26)

so that (6.11)) is fulfilled for ¢ small enough.
The complementary set of C. in A has measure

c (16.15)),(6.13) c c c
ezl ER.E0 U 6 () J @R () g7 UG
k>1 k>1
< D165, (wem)] + DGR, (ur—1))[ +1G°] +1G°]
k>1 k>1
< ZN +Cy < C'(Ny 'y) < O™ (6.27)
k>1

implying (1.14). Finally (1.13) follows by (6.14) and

oo
[ule, Mlls, < lwollsy + D lur = u-alls,
k=1

> (6-29)
Ny7+Y) N7 ' <CONg° E e
k=1

(81)0,(52)n

hence [ju(e, A)||s, — 0, uniformly for A €A, as e — 0. Theorem [L.1]is proved with s(d,v) := s; defined
in (6.4) and ¢(d,v) := 5+ 3, see . The C*°-regularity result follows as in [B]-section 7.3.
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7 Appendix: proof of the Nash-Moser Theorem

Step 1: Initialization. We take A € N'(G,2N; 7) (see (6.8)), so that
Lo = Po(Laz)|H, satisfies Lo s, < 2Ng o1yt
(see Lemma 7.1 in [5]), and we look for a solution of equation (Fp) as a fixed point of
Fy: Hy— Hy, Fy(u):= EﬁalPof(u) )
A contraction mapping argument (as in Lemma 7.2 of [5]) proves that, for ey~ NJ****77 < ¢(s;) small,
VA € N(G,2N;7), there exists a unique solution ug(e, A) of (Pp) in
Bo(s1) :={u € Ho : |lulls, < po:= Ny},

By uniqueness (0, \) = 0. The implicit function theorem implies that (e, -) € C*(N(G,2N;7); Ho)
and O \ug = —Eal(e)((%\ﬁo)ﬂo satisfies

JoxToll, < CNgor2o 1

Then we define the C* map wug := Yoty : A — Hy with cut-off function 1y : A — [0, 1],

o = {1 AENGNT) 0 |Dyw| < NEC.

0 if A ¢ N(G,2N, )

We get [Juglls, < Ny 7, [[Oauolls, < C(s1)NJ 5171y~ The statements (S1)o, (S4) are proved (note

that Co = G N G). Statement (S5)o follows in the same way using (6.11). Note that (S2)g, (53)¢ are
empty.

For the next steps of the induction, the following lemma establishes a property which replaces (53),,

for the first steps. It is proved exactly as in Lemma 7.3 of [5].

Lemma 7.1. There exists No(S,V) € N and ¢(s1) > 0 such that, if Ng > No(S, V) and eNOTlHSl < e(sy),
then VN3 < N < Ny, V|ulls, < 1, we have Gy (u) = A.

Step 2: Iteration of the Nash-Moser scheme. Suppose, by induction, that we have already defined
u, € C'(A; H,) and that properties (S1)-(S5)x hold for all k& < n. We are going to define u, 41 and
prove the statements (S1);,+1-(S5)n+1-

In order to carry out a modified Nash-Moser scheme, we shall study the invertibility of

Lni1(un) := Pop1 L(un)p,,, where L(u):= L, —e(Df)(u), (7.1)

(see (2.1)) and the tame estimates of its inverse, applying Proposition We distinguish two cases.
If 2" > Cy (the constant Cy is fixed in (6.5))), then there exists a unique p € [0, 7] such that
Npp1 = NY, x=2"T"7¢€[C2,20,), and Nyj1 —2Lo=NY, € [C2,2Ch). (7.2)

p

If 2" < Cy then there exists x, X € [Ca,2C,] such that
Noyy = NX, N = [NY9 e (Ny/9 No) and N,yy —2Lg = NX. (7.3)

If (7.2)) holds we consider in Propositionthe two scales N’ = N,, 1 (resp. JY' = Npi1—2Lg), N = Np,
see (3.1)) . If (7.3]) holds, we set N = N,, 1 (resp. N' = N, 41 —2Lo), N = N.
Lemma 7.2. Let A(g, A, 6) be defined in (2.6), with u = u,. For all

n+1
Ae ()G (u-1)NG, O ER,
k=1

the hypothesis (H3) of Pmposition apply to A j, (€, A, 0), VM € {Nyy1, Npp1—2Lo}, Vio € 73\ Qyy.
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PROOF. We give the proof when M = N,,;1 and (7.2) holds. Since jo ¢ Qn,., (ie. (0,j0) ¢ On,,)
Lemma |3.1] implies that, a site

i€ E:=(0,70) + [~ Nns1, Nuy1]® (7.4)
which is N,-good for A(e, A, 0) (see Deﬁnition is also (An £, A,0), Np)-good (see Definition [3.3)).
As a consequence,

n+17j0<

{ (AN, .10 (g, A, 0), Np)—bad sites } C {Np—bad sites of A(e, A, 0) with || < Nn+1}. (7.5)

and (H3) is proved if the latter N,-bad sites (in the right hand side of (7.5))) are contained in a disjoint
union Uy, of clusters satisfying (3.5) (with N = N,,). This is a consequence of Proposition applied
to the infinite dimensional matrix A(e, A, 0). We claim that

n+1 n+1
ﬂ G (up—1) C Gn, (un), ie. any A € ﬂ G, (up—1) is N, —good for A(e,\,0), (7.6)
k=1 k=1

and then assumption (i) of Proposition holds. Indeed, if p = 0 then (7.6) is trivially true because
Gy (upn) = A, by Lemma [7.1] and (S1),,. If p > 1, we have

n )lc n

(S2
tn = tup-alley <Y Nk —unalls, < D N7 P<NOY NU<N,
k=p k=p k>p

and so (S3), implies
P
ﬂ Q%k (ur—1) C Gn, (un) -

k=1
Assumption (ii) of Proposition holds by (6.5]), since x € [C2,2C5). Assumption (iii) of Proposition

holds for all A\ € G, see . B
When (7.3) holds the proof is analogous using Lemma |7.1| with N = N and (S1),,. ®

Lemma 7.3. Property (53)n+1 holds.
Proor. We want to prove that

n+1
lu —unlls, <N, 7, and X € ﬂ g?\,k(uk,l) NG = AXcgn,.,(u).
k=1

Since A € G}, 1 (un), by lb and Definition |4.1{it is sufficient to prove that
B (jo; M)(u) C BYy(Go; N (un), VM € {Npy1, Nuy1 — 2L}, jo € Z%\ Qu
(we highlight the dependence of these sets on u, u,) or, equivalently, by (5.1), (4.1, that
(||A7M1,j0(5, X O) (un)llo < M™ = Anrj,(e,A,0)(u) is M —good), VM € {Npi1,Npy1 —2Lo}, (7.7)
where A(e, A, 0)(u) is in (2.6)).
Let us make the case M = N, 11, the other is similar. We prove (7.7) applying Proposition to
A= AN, o€, A 0)(u) with E defined in (7.4), N' = Nyy1, N = N, (resp. N = N) if (7.2)) (resp.

(7.3) is satisfied.
Using Lemma [2.1] ||[V||ce < C, assumption (H1) holds with

(S
T<C+unlls, +IV]s) < C(V). (7.8)
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By Lemma for all # € R, jo € Z%\ Qu,.,, the hypothesis (H3) of Proposition [3.1] holds for
AN, 1,508, A, 0)(uy). Hence, by Proposition for s € [so, 1], if
AR, 1o (85 A ) (un) o < Ny

n+1,J0

(which is assumption (H2)) then

_ 1 )
AR 10 6 A 0) (un)ls < N7y (N3 + VI +2l(DF) ()l ) (7.9)
Finally, since [|u — u,|[s, < N, 7; we have
‘|AN71+1)j0 (E, )‘7 9)(““) - ANn+11j0 (E, )‘7 9)(“’)”81 < CEHU - un||51 < N;fl

and (7.7) follows by (7.9 and a standard perturbative argument (see e.g. [5]). B

From now on the convergence proof of the Nash-Moser iteration follows [5] with no changes.
In order to define u, 1, we write, for h € H, 11,

Poin (Lw(un Fh) — ef (up + h)) = 1y 4 Logt (un)h + Ro(h) (7.10)
where L,,41(uy) is defined in and
P = Pagi (Lot = f (), Ru(h) 1= —ePuss (Fun +h) = f(un) = (Df)(wa)h) . (711)
By (54),, if A € N(Cy, N,,; ) then u, solves Equation (P,) and so
Iy = Ppi P (qun e f(un)) = P, Pt <V0 Un — € f(un)) , (7.12)

using also that P, 1P (Dyu,) = 0, see ([2.3). Note that, by (6.1) and o > 2 (see (6.10)), for Ny > 2, we
have the inclusion N'(Cpy1,2N,,71) C N(Cy, N, 7).

Lemma 7.4. (Invertibility of £,,1) For all X € N(Cny1,2N, ;) the operator Ly i1(uy) is invertible
and, for s = s1,.9,

ot (un)ls < NS (7.13)

As a consequence, by , Vh € Hyyq,
£ L (un)Blls, < C(s)NT O B, (7.14)
Lot (un)hlls < Ny 50 [hlls + C(S)N7 H2%|A]ls, - (7.15)

PrROOF. We apply the multiscale Proposition to An,,, = Lny1(u,) as in Lemma Assumption

(H1) holds by (7.8). For all A € Gy, (u,) (see ) L5411 (un)llo < N,y and (H2) holds. The
hypothesis (H3) holds, for A € C,41 (see (6.13), as a particular case of Lemma for 6 =0, jo = 0,
M = Ny41, and since 0 ¢ Qy, .. Then Proposition applies VA € Cp41, implying (7.13)). For all
A € N(Cny1,2N,7;) the proof of follows by a perturbative argument as in Lemma 7.7 in [5]. B

By ([7.10), the equation (P,11) is equivalent to the fixed point problem h = F,,11(h) where
Foyi:Hypy — Hygq, Fpi1(h) == =L 11 (un)(rn + Rn(h)).

By a contraction mapping argument as in Lemma 7.8 in [B] (using (7.14), (7.12), (7.11)) we prove the
existence, YA € N (Cp41,2N,,7;), of a unique fixed point h,41(e, A) of Fyqq in

Busio1) = {h € Hupr ¢ bl < puss = Nofi' )
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Since u,(0,A) = 0 (by (51),), we deduce, by the uniqueness of the fixed point, that hy4q(0,A) = 0.
Moreover, as in Lemma 7.9 of [5] (using the tame estimate (7.15])), one deduces the following bound on
the high norm

|Bnsills < K(S)NT U, .

By the implicit function theorem as in Lemma 7.10 in [5] (using (7.14)-(7.15)) the map h,i1 is in
C'(N(Cpy1,2N,, (), Hpi1) and

[0Rns1lles < Ny 10Bnstlls < NI (N0, +07)

Finally we define the C'-extension onto the whole A as

h 1(/\) — wnJrl()‘)’EﬂJrl()‘) if Ae N(CnJrh 2Nr;f1)
nH 0 if A¢N(Cpt1,2N,71)

where 1,11 is a C°° cut-off function satisfying

n

0 if A ¢ N(Cot1,2N,7))

1 if A€ N(Coy1, N7y

0< Y1 <1, Ypp = { and  [Oz\¥pq1]| < NJ L C.

Then (see Lemma 7.11 in [5])
o— —1/2
Ihntillsy € NpZity 10nhntalls, < Nptt”.

In conclusion, 41 := U + Ayt satisfies (S1)n41, (S2)n41, (S4)n+1, (S5)n41 (see Lemma 7.12 in [5]).
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