KAM for quasi-linear and fully nonlinear forced KdV

Pietro Baldi, Massimiliano Berti, Riccardo Montalto

Abstract: We prove the existence of quasi-periodic, small amplitude, solutions for quasi-linear and fully
nonlinear forced perturbations of KdV equations. For Hamiltonian or reversible nonlinearities we also ob-
tain the linear stability of the solutions. The proofs are based on a combination of different ideas and
techniques: (i) a Nash-Moser iterative scheme in Sobolev scales. (i¢) A regularization procedure, which con-
jugates the linearized operator to a differential operator with constant coefficients plus a bounded remainder.
These transformations are obtained by changes of variables induced by diffeomorphisms of the torus and
pseudo-differential operators. (iii) A reducibility KAM scheme, which completes the reduction to constant
coefficients of the linearized operator, providing a sharp asymptotic expansion of the perturbed eigenvalues.
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1 Introduction

One of the most challenging and open questions in KAM theory concerns its possible extension to quasi-linear
and fully nonlinear PDEs, namely partial differential equations whose nonlinearities contain derivatives of
the same order as the linear operator. Besides its mathematical interest, this question is also relevant in
view of applications to physical real world nonlinear models, for example in fluid dynamics and elasticity.

The goal of this paper is to develop KAM theory for quasi-periodically forced KdV equations of the form
Ut + Ugae + €f (W T, U, Uy, Ugy Ugzrrs) =0, x €T :=R/27Z. (1.1)

First, we prove in Theorem an existence result of quasi-periodic solutions for a large class of quasi-linear
nonlinearities f. Then for Hamiltonian or reversible nonlinearities, we also prove the linear stability of the
solutions, see Theorems [I.2] [I.3] Theorem [I.3] also holds for fully nonlinear perturbations. The precise
meaning of stability is stated in Theorem The key analysis is the reduction to constant coefficients of
the linearized KdV equation, see Theorem [I.4] To the best of our knowledge, these are the first KAM results
for quasi-linear or fully nonlinear PDEs.

Let us outline a short history of the subject. KAM and Nash-Moser theory for PDEs, which counts
nowadays on a wide literature, started with the pioneering works of Kuksin [32] and Wayne [44], and was
developed in the 1990s by Craig-Wayne [18], Bourgain [13], [I4], Poschel [39] (see also [34], [I7] for more
references). These papers concern wave and Schrodinger equations with bounded Hamiltonian nonlinearities.

The first KAM results for unbounded perturbations have been obtained by Kuksin [33], [34], and, then,
Kappeler-Péschel [30], for Hamiltonian, analytic perturbations of KdV. Here the highest constant coefficients
linear operator is d,;, and the nonlinearity contains one space derivative d,. Their approach has been
recently improved by Liu-Yuan [37] and Zhang-Gao-Yuan [45] for 1-dimensional derivative NLS (DNLS)
and Benjamin-Ono equations, where the highest order constant coefficients linear operator is 9., and the
nonlinearity contains one derivative d,,. These methods apply to dispersive PDEs with derivatives like KdV,
DNLS, the Duffing oscillator (see Bambusi-Graffi [3]), but not to derivative wave equations (DNLW) which
contain first order derivatives 0,, d; in the nonlinearity.

For DNLW, KAM theorems have been recently proved by Berti-Biasco-Procesi for both Hamiltonian [11]
and reversible [I2] equations. The key ingredient is an asymptotic expansion of the perturbed eigenvalues
that is sufficiently accurate to impose the second order Melnikov non-resonance conditions. In this way, the
scheme produces a constant coefficients normal form around the invariant torus (reducibility), implying the
linear stability of the solution. This is achieved introducing the notion of “quasi-T6plitz” vector field, which
is inspired to the concept of “quasi-Toplitz” and “Toplitz-Lipschitz” Hamiltonians, developed, respectively,
in Procesi-Xu [41] and Eliasson-Kuksin [20], [21] (see also Geng-You-Xu [22], Grébert-Thomann [24], Procesi-
Procesi [40]).

Existence of quasi-periodic solutions of PDEs can also be proved by imposing only the first order Melnikov
conditions. This approach has been developed by Bourgain [13]-[I6] extending the work of Craig-Wayne [18]
for periodic solutions. It is especially convenient for PDEs in higher space dimension, because of the high
multiplicity of the eigenvalues: see also the recent results by Wang [43], Berti-Bolle [8], [9] (and [4], [10], [23]
for periodic solutions). This method does not provide informations about the stability of the quasi-periodic
solutions, because the linearized equations have variable coefficients.

All the aforementioned results concern “semilinear” PDEs, namely equations in which the nonlinearity
contains strictly less derivatives than the linear differential operator. For quasi-linear or fully nonlinear
PDEs the perturbative effect is much stronger, and the possibility of extending KAM theory in this context
is doubtful, see [30], [1I7], [37], because of the possible phenomenon of formation of singularities outlined in
Lax [36], Klainerman and Majda [3I]. For example, Kappeler-Poschel [30] (remark 3, page 19) wrote: “It
would be interesting to obtain perturbation results which also include terms of higher order, at least in the
region where the KdV approximation is valid. However, results of this type are still out of reach, if true at
all’. The study of this important issue is at its infancy.

For quasi-linear and fully nonlinear PDEs, the literature concerns, so far, only existence of periodic
solutions. We quote the classical bifurcation results of Rabinowitz [42] for fully nonlinear forced wave



equations with a small dissipation term. More recently, Baldi [1] proved existence of periodic forced vibrations
for quasi-linear Kirchhoff equations. Here the quasi-linear perturbation term depends explicitly only on time.
Both these results are proved via Nash-Moser methods.

For the water waves equations, which are a fully nonlinear PDE, we mention the pioneering work of
Tooss-Plotnikov-Toland [27] about the existence of time periodic standing waves, and of Iooss-Plotinikov
[28], [29] for 3-dimensional traveling water waves. The key idea is to use diffeomorphisms of the torus T?
and pseudo-differential operators, in order to conjugate the linearized operator (at an approximate solution)
to a constant coefficients operator plus a sufficiently regularizing remainder. This is enough to invert the
whole linearized operator by Neumann series.

Very recently Baldi [2] has further developed the techniques of [27], proving the existence of periodic
solutions for fully nonlinear autonomous, reversible Benjamin-Ono equations.

These approaches do not imply the linear stability of the solutions and, unfortunately, they do not work
for quasi-periodic solutions, because stronger small divisors difficulties arise, see the observation [5| below.

We finally mention that, for quasi-linear Klein-Gordon equations on spheres, Delort [I9] has proved long
time existence results via Birkhoff normal form methods.

In the present paper we combine different ideas and techniques. The key analysis concerns the linearized
KdV operator obtained at any step of the Nash-Moser iteration. First, we use changes of variables, like
quasi-periodic time-dependent diffeomorphisms of the space variable z, a quasi-periodic reparametrization of
time, multiplication operators and Fourier multipliers, in order to reduce the linearized operator to constant
coefficients up to a bounded remainder, see . These transformations, which are inspired to [2], [27], are
very different from the usual KAM transformations. Then, we perform a quadratic KAM reducibility scheme
a la Eliasson-Kuksin, which completely diagonalizes the linearized operator. For reversible or Hamiltonian
KdV perturbations we get that the eigenvalues of this diagonal operator are purely imaginary, i.e. we prove
the linear stability. In section [1.2] we present the main ideas of proof.

We remark that the present approach could be also applied to quasi-linear and fully nonlinear perturba-
tions of dispersive PDEs like 1-dimensional NLS and Benjamin-Ono equations (but not to the wave equation,
which is not dispersive). For definiteness, we have developed all the computations in KdV case.

In the next subsection we state precisely our KAM results. In order to highlight the main ideas, we
consider the simplest setting of nonlinear perturbations of the Airy-KdV operator 0y + 9,,, and we look for
small amplitude solutions.

1.1 Main results

We consider problem ([1.1)) where € > 0 is a small parameter, the nonlinearity is quasi-periodic in time with
diophantine frequency vector
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272

w=dseR, Aed:=[z.2), \a).uz?;% Vi e zv\ {0}, (1.2)

|t|m
and f(p,x,2), p € T, z := (29, 21, 22, 23) € R%, is a finitely many times differentiable function, namely
feCYT” x T x RY;R) (1.3)

for some ¢ € N large enough. For simplicity we fix in (1.2) the diophantine exponent 7y := v. The only
“external” parameter in (|1.1)) is A, which is the length of the frequency vector (this corresponds to a time
scaling).

We consider the following questions:

e For e small enough, do there exist quasi-periodic solutions of (1.1) for positive measure sets of A € A?

o Are these solutions linearly stable?

Clearly, if f(¢, z,0) is not identically zero, then u = 0 is not a solution of (1.1)) for £ # 0. Thus we look for
non-trivial (27)*1-periodic solutions u(y, x) of

W'agau+umcx +€f(§07x7uauxauxxauxw$) =0 (14)



in the Sobolev space

H? := H*(T" x T;R) (1.5)

={up )= > w @R,y =y, = Y (L)l < oo}
(1,§)EZY X7 (1,§)EZY XZ
where
<l,J> = max{l, |l|7 |.7|}

From now on, we fix s := (v + 2)/2 > (v + 1)/2, so that for all s > so the Sobolev space H*® is a Banach
algebra, and it is continuously embedded H*(T**1) — C(T*1).

We need some assumptions on the nonlinearity. We consider fully nonlinear perturbations satisfying
e TyprE (F)
0., f =0, (1.6)
namely f is independent of u,,. Otherwise, we require that
e TYPE (Q)
2 f =0, 0, = (@) (02, + 202 f + 2002 f + 207, ) (1.7)
for some function a(y) (independent on z).

If (Q) holds, then the nonlinearity f depends linearly on .., namely equation (1.1) is quasi-linear. We
note that the Hamiltonian nonlinearities, see (|1.11)), are a particular case of those satisfying (Q), see remark
In comment [3| after Theorem [1.5| we explain the reason for assuming either condition (F) or (Q).

The following theorem is an existence result of quasi-periodic solutions for quasi-linear KdV equations.

Theorem 1.1. (Existence) There ezist s := s(v) > 0, ¢ := q(v) € N, such that:

For every quasi-linear nonlinearity f € C? of the form
f =0, (g(wt,z,u,um,um)) (1.8)

satisfying the (Q)-condition (1.7), for all e € (0,e0), where €g := eo(f,v) is small enough, there exists a
Cantor set C. C A of asymptotically full Lebesgue measure, i.e.

ICcl—1 as e—0, (1.9)

such that, YA € C. the perturbed KdV equation (1.4]) has a solution u(e,\) € H*® with ||u(e,\)||s — 0 as
e —0.

We may ensure the linear stability of the solutions requiring further conditions on the nonlinearity, see
Theorem for the precise statement. The first case is that of Hamiltonian KdV equations

2
up = 0, Vi2H(t, x,u,u,), H(t,x,u,uy) = / % + eF(wt, z,u,uy) da (1.10)
T
which have the form (|1.1)), (1.8) with
f((pvmvuauwyuwwauwzw) = _893{(620}7)(90’1'7“;”9:)} + 8xa:{(az1F)((pvxau7 u:p)} . (111)

The phase space of (|1.10) is

HY(T) := {u(m) € HY(T,R) : /

Tu(a:) dx = 0}

endowed with the non-degenerate symplectic form
Qu,v) = /(3;1@&)1) dr, Yu,v€ H}(T), (1.12)
T
where 9, 'u is the periodic primitive of u with zero average, see (3.19). As proved in remark the

Hamiltonian nonlinearity f in (1.11]) satisfies also the (Q)-condition (1.7)). As a consequence, Theorem
implies the existence of quasi-periodic solutions of ([1.10). In addition, we also prove their linear stability.



Theorem 1.2. (Hamiltonian KdV) For all Hamiltonian quasi-linear KdV equations (1.10) the quasi-

periodic solution u(e,\) found in Theorem [I.1] is LINEARLY STABLE (see Theorem [1.5).
The stability of the quasi-periodic solutions also follows by the reversibility condition
f(=p,—x, 20, —21, 22, —23) = —f(p,, 20, 21, 22, 23).
Actually implies that the infinite-dimensional non-autonomous dynamical system
up =V(t,u), V(t,u) = —tUppe —f (Wt T, U, Uy, Usg, Uzaz)
is reversible with respect to the involution
S:u(x) —u(—z), S?=1I,

namely
=SV (—t,u) =V (t, Su).

In this case it is natural to look for “reversible” solutions of ([1.4]), that is

U((,O, SU) = ’U,(—QD, _:L') :

Theorem 1.3. (Reversible KdV) There exist s :== s(v) > 0, q := q(v) € N, such that:

For every nonlinearity f € C9 that satisfies
(7) the reversibility condition (L.13]),

and

(ii) either the (F)-condition (1.6) or the (Q)-condition (1.7)),

(1.13)

(1.14)

for all € € (0,e9), where g9 := eo(f,v) is small enough, there exists a Cantor set C. C A with Lebesgue
measure satisfying (1.9), such that for all X € C. the perturbed KdV equation (1.4]) has a solution u(e,\) € H®

that satisfies (1.14), with ||u(e, N)||s — 0 as € — 0. In addition, u(e, \) is LINEARLY STABLE.

Let us make some comments on the results.

1. The previous theorems (in particular the Hamiltonian Theorem [1.2)) give a positive answer to the

question that was posed by Kappeler-Poschel [30], page 19, Remark 3, about the possibility of KAM
type results for quasi-linear perturbations of KdV.

. In Theorem we do not have informations about the linear stability of the solutions because the
nonlinearity f has no special structure and it may happen that some eigenvalues of the linearized oper-
ator have non zero real part (partially hyperbolic tori). We remark that, in any case, we may compute
the eigenvalues (i.e. Lyapunov exponents) of the linearized operator with any order of accuracy. With
further conditions on the nonlinearity—Ilike reversibility or in the Hamiltonian case—the eigenvalues
are purely imaginary, and the torus is linearly stable. The present situation is very different with
respect to [18], [I3]-[16], [8]-[9] and also [27]-[29], [2], where the lack of stability informations is due to
the fact that the linearized equation has variable coefficients, and it is not reduced as in Theorem [T.4]
below.

. One cannot expect the existence of quasi-periodic solutions of for any perturbation f. Actually,
if f =m # 0 is a constant, then, integrating in (o, z) we find the contradiction em = 0. This is
a consequence of the fact that

Ker(w - 0y + 0pzz) =R (1.15)

is non trivial. Both the condition (which is satisfied by the Hamiltonian nonlinearities) and the
reversibility condition allow to overcome this obstruction, working in a space of functions with
zero average. The degeneracy also reflects in the fact that the solutions of appear as
a 1-dimensional family ¢ + u.(e,\) parametrized by the “average” ¢ € R. We could also avoid this
degeneracy by adding a “mass” term +mu in , but it does not seem to have physical meaning.



4. In Theorem [I.I] we have not considered the case in which f is fully nonlinear and satisfies condition
F) in (1.6]), because any nonlinearity of the form (|1.8) is automatically quasi-linear (and so the first
condition in ([L.7) holds) and (1.6) trivially implies the second condition in (L.7)) with a(p) = 0.

5. The solutions v € H*® have the same regularity in both variables (p,2). This functional setting is
convenient when using changes of variables that mix the time and space variables, like the composition

operators A, 7 in sections [3.1] [3-4]

6. In the Hamiltonian case ([1.10]), the nonlinearity f in (1.11) satisfies the reversibility condition (1.13)
if and only if F(—¢, —x, 20, —21) = F(¢, z, 20, 21)-
Theorems are based on a Nash-Moser iterative scheme. An essential ingredient in the proof—which
also implies the linear stability of the quasi-periodic solutions—is the reducibility of the linear operator

L= L(u) =w-0p + (14 a3(p, 2))Oozs + a2(p, )00z + a1(p, 2) 0z + ao(p, ) (1.16)

obtained linearizing (1.4) at any approximate (or exact) solution u, namely the coefficients a;(¢,z) are
defined in (3.2)). Let H? := H*(T) denote the usual Sobolev spaces of functions of « € T only (phase space).
Theorem 1.4. (Reducibility) There exist & > 0, ¢ € N, depending on v, such that:

For every nonlinearity f € C? that satisfies the hypotheses of Theorems 07" for all e € (0,e0), where
g0 = eo(f,v) is small enough, for all u in the ball ||u||s,+5 < 1, there exists a Cantor like set Aso(u) C A
such that, for all A € Ao (u):

i) for all s € (s0,q — @), if ||u|ls+s < +oo then there exist linear invertible bounded opemtors Wi, Wa :
H*(T" 1) — H*(T"*1) with bounded inverse, that semi-conjugate the linear operator L£(u) in (L.16)) to the
diagonal operator Lo, namely

‘C(u) :WI‘COOWQ_l) ‘Coo ZZW'&P-FDOC (117)
where

Dy = diag;ep{p;},  pj = i(—maj® +mij) +r;, mz,m €R, sup |r;| < Ce. (1.18)
j

it) For each ¢ € T" the operators W; are also bounded linear bijections of the phase space (see notation

1)

A curve h(t) = h(t, ) € HZ is a solution of the quasi-periodically forced linear KAV equation
Oth + (1 + az(wt, 2))Opzzh + as(wt, £)Oreh + a1 (wt, 2)0xh + ag(wt, z)h = 0 (1.19)

Wile), W, (@) : Hy — Hy, i=1,2.

K2

if and only if the transformed curve
o(t) = v(t, ) == Wy (wt)[(t)] € H
is a solution of the constant coefficients dynamical system
O+ Do =0, U5 =—pv;, Vjel. (1.20)
In the reversible or Hamiltonian case all the p; € iR are purely imaginary.
The exponents p; can be effectively computed. All the solutions of ([1.20]) are
= i(t)e’, v;(t) = e F'v;(0).
JEZ

If the p; are purely imaginary — as in the reversible or the Hamiltonian cases — all the solutions of (1.20)
are almost periodic in time (in general) and the Sobolev norm

ol = (X s@P6®) " = (X r>) " = v (1.21)
JEZL JEZL

is constant in time. As a consequence we have:



Theorem 1.5. (Linear stability) Assume the hypothesis of Theorem and, in addition, that f is
Hamiltonian (see (1.11)) or it satisfies the reversibility condition (L.13|). Then, Vs € (so,q — & — sg),
[l sitso+s < 400, there exists Ky > 0 such that for all X € Ao (u), € € (0,e0), all the solutions of (1.19)

satisfy
IOy < Koll(0)] (1.22)

and, for some a € (0,1),
[R(O) | s — e*Kol|R(0)]| g+ < [[R(D)[[ s < |R(0)[|mrz 4 €* Ko |[A(0) || g1 - (1.23)
Theorems are proved in section [5.1] collecting all the informations of sections

1.2 Ideas of proof

The proof of Theorems [1.1 is based on a Nash-Moser iterative scheme in the scale of Sobolev spaces
H?. The main issue concerns the invertibility of the linearized KdV operator £ in , at each step of
the iteration, and the proof of the tame estimates for its right inverse. This information is obtained
in Theorem by conjugating L to constant coefficients. This is also the key which implies the stability
results for the Hamiltonian and reversible nonlinearities, see Theorems [1.4]

We now explain the main ideas of the reducibility scheme. The term of £ that produces the strongest
perturbative effects to the spectrum (and eigenfunctions) is a3(p, 2)9zzs, and, then as(p, £)0z,. The usual
KAM transformations are not able to deal with these terms because they are “too close” to the identity.
Our strategy is the following. First, we conjugate the operator £ in to a constant coefficients third
order differential operator plus a zero order remainder

Ls=w-0p+mMm3030: + m10z + Ry, mz=1+0(), mi =0(e), mi,ms3 €R, (1.24)

(see (3.55))), via changes of variables induced by diffeomorphisms of the torus, reparametrization of time, and
pseudo-differential operators. This is the goal of section[3] All these transformations could be composed into
one map, but we find it more convenient to split the regularization procedure into separate steps (sections
, both to highlight the basic ideas, and, especially, in order to derive estimates on the coefficients,
section Let us make some comments on this procedure.

1. In order to eliminate the space variable dependence of the highest order perturbation as(p, )0z (see
(3.20])) we use, in section p-dependent changes of variables like

(AR)(p, z) := h(p, 2 + B, x)) .-

These transformations converge pointwise to the identity if # — 0 but not in operatorial norm. If g
is odd, A preserves the reversible structure, see remark On the other hand for the Hamiltonian
KdV (1.10) we use the modified transformation

(Ah)(p, z) := (1 + Bu(p, ) b,z + B(p, ) = %{(@flh)(% z+ B(p,2))} (1.25)

for all h(ep,-) € HE(T). This map is canonical, for each ¢ € T?, with respect to the KdV-symplectic
form (|1.12]), see remark Thus (1.25) preserves the Hamiltonian structure and also eliminates the
term of order J,,, see remark

2. In the second step of section we eliminate the time dependence of the coefficients of the highest
order spatial derivative operator 0., by a quasi-periodic time re-parametrization. This procedure
preserves the reversible and the Hamiltonian structure, see remark [3.6] and [3.7

3. Assumptions (Q) (see (1.7)) or (F) (see (1.6)) allow to eliminate terms like a(p,x)d,, along this
B0)

reduction procedure, see . This is possible, by a conjugation with multiplication operators (see
B39)), if (sce (3:40))

GQ((p,fﬂ) -
/Jr T+ as(o.2) as(.7) d 0. (1.26)



If (F) holds, then the coefficient as(p,z) = 0 and (1.26) is satisfied. If (Q) holds, then an easy
computation shows that az(p, ) = a(p) 0za3(p, ) (using the explicit expression of the coefficients in
(3.2)), and so

_wler) o [, oel1 4 as (0. 2)]) dar —
/1*1+&3(§0,13)d _/ﬂ‘ (@)81(1 g[1+ 3(907 )])d 0.

In both cases (Q) and (F), condition ([1.26) is satisfied.

In the Hamiltonian case there is no need of this step because the symplectic transformation (|1.25)) also
eliminates the term of order 9,,, see remark

We note that without assumptions (Q) or (F) we may always reduce £ to a time dependent operator
with a(¢)0z.. If a(p) were a constant, then this term would even simplify the analysis, killing the
small divisors. The pathological situation that we want to eliminate assuming (Q) or (F) is when a(y)
changes sign. In such a case, this term acts as a friction when a(¢) < 0 and as an amplifier when
a(p) > 0.

4. In sections 3.5 we are finally able to conjugate the linear operator to another one with a coefficient
in front of 0, which is constant, i.e. obtaining . In this step we use a transformation of the
form I + w(p,z)d; !, see (3.49). In the Hamiltonian case we use the symplectic map emow(.@)0: " geo
remark

5. We can iterate the regularization procedure at any finite order £k = 0,1,..., conjugating £ to an
operator of the form © + R, where

D=w-0,+D, D=m38i+m161+...+m_k8;k, m; €R,
has constant coefficients, and the rest R is arbitrarily regularizing in space, namely
9% o R = bounded . (1.27)

However, one cannot iterate this regularization infinitely many times, because it is not a quadratic
scheme, and therefore, because of the small divisors, it does not converge. This regularization procedure
is sufficient to prove the invertibility of £, giving tame estimates for the inverse, in the periodic case,
but it does not work for quasi-periodic solutions. The reason is the following. In order to use Neumann
series, one needs that D 'R = (D719, %)(05R) is bounded, namely, in view of (1.27), that D19 is
bounded. In the region where the eigenvalues (iw-[+D;) of ® are small, space and time derivatives are
related, |w-1| ~ |j|?, where [ is the Fourier index of time, j is that of space, and D; = —imgj3+imij+. ..
are the eigenvalues of D. Imposing the first order Melnikov conditions |iw - I + D;| > ~|l{|~7, in that
region, (D19,%) has eigenvalues

L ar
(- T+ D)% | = Al = Jo 178

In the periodic case, w € R, | € Z, |w - I| = |w||!|, and this determines the order of regularization that
is required by the procedure: k > 37. In the quasi-periodic case, instead, |I| is not controlled by |w -],
and the argument fails.

Once has been obtained, we implement a quadratic reducibility KAM scheme to diagonalize Ls,
namely to conjugate L5 to the diagonal operator L., in . Since we work with finite regularity, we
perform a Nash-Moser smoothing regularization (time-Fourier truncation). We use standard KAM transfor-
mations, in order to decrease, quadratically at each step, the size of the perturbation R, see section
This iterative scheme converges (Theorem because the initial remainder Ry is a bounded operator (of
the space variable x), and this property is preserved along the iteration. This is the reason for performing the
regularization procedure of sections|3.1 We manage to impose the second order Melnikov non-resonance
conditions , which are required by the reducibility scheme, thanks to the good control of the eigenvalues
g = —ims(e, N)j* +imy (e, \)j + rj(e, X), where sup; |r;(g, A)| = O(e).



Note that the eigenvalues j1; could be not purely imaginary, i.e. r; could have a non-zero real part which
depends on the nonlinearity (unlike the reversible or Hamiltonian case, where r; € iR). In such a case,
the invariant torus could be (partially) hyperbolic. Since we do not control the real part of r; (i.e. the
hyperbolicity may vanish), we perform the measure estimates proving the diophantine lower bounds of the
imaginary part of the small divisors.

The final comment concerns the dynamical consequences of Theorem zz) All the above transfor-
mations (both the changes of variables of sections as well as the KAM matrices of the reducibility
scheme) are time-dependent quasi-periodic maps of the phase space (of functions of x only), see section
It is thanks to this “To6plitz-in-time” structure that the linear KdV equation is transformed into the
dynamical system (1.20). Note that in [27] (and also [16], [8],[9]) the analogous transformations have not
this Toplitz-in-time structure and stability informations are not obtained.

Acknowledgements. We warmly thank W. Craig for many discussions about the reduction approach of the

linearized operators and the reversible structure, and P. Bolle for deep observations about the Hamiltonian
case. We also thank T. Kappeler, M. Procesi for many useful comments.

2 Functional setting

For a function f: A, — E, A — f()\), where (E,|| ||g) is a Banach space and A, is a subset of R, we define
the sup-norm and the Lipschitz semi-norm

su su i i f )‘ 7f >‘
LA = AR = sup [F ey I o= [y, = sup WAV =Qo)le oy
AeA, >\1>\,>\;§Ao A1 — Ao

and, for v > 0, the Lipschitz norm

Li Li su i
AP = 1R = I + Al (2.2)

If E = H* we simply denote | f||5P) .= || || 5P
As a notation, we write
a<,b = a<C(s)b

for some constant C(s). For s = 59 := (v + 2)/2 we only write a < b. More in general the notation a < b
means a < Cb where the constant C' may depend on the data of the problem, namely the nonlinearity f,
the number v of frequencies, the diophantine vector @, the diophantine exponent 7 > 0 in the non-resonance
conditions in . Also the small constants § in the sequel depend on the data of the problem.

2.1 Matrices with off-diagonal decay

Let b € N and consider the exponential basis {e; : i € Z} of L%(T?), so that L?(T?) is the vector space
{u =S ue;, Y |uil? < oo}. Any linear operator A : L2(T®) — L2?(T?) can be represented by the infinite
dimensional matrix

i/ i/ . i/
(Az )i’i/ezb, Az = (Aei/, ei)Lz(Tb), Au = E Al Ui’ €4
3,4’

We now define the s-norm (introduced in [8]) of an infinite dimensional matrix.

Definition 2.1. The s-decay norm of an infinite dimensional matriz A := (Az )ir inezb 18

A2 ::Z@?S( sup |A§§)2. (2.3)

. i i0=1
1ELL 1T

For parameter dependent matrices A := A(X), A € A, C R, the definitions (2.1) and (2.2]) become

AR = sup AN, AP = sup ACDZ A
) AEA, A1#A2 |>‘1 - )‘2|

A[FPO) = AP 4 AP



Clearly, the matrix decay norm (2.3)) is increasing with respect to the index s, namely
|Als < |Algr, Vs <.
The s-norm is designed to estimate the polynomial off-diagonal decay of matrices, actually it implies

|Als

Alz| <
R

R Vil, 19 € Zb s
and, on the diagonal elements,
) - .
A} < [Alo, A" < |Alg". (2.4)
We now list some properties of the matrix decay norm proved in [§].

Lemma 2.1. (Multiplication operator) Let p =Y, pje; € H*(T®). The multiplication operator h — ph
is represented by the Toplitz matriz Tf' =pi_y and

IT]s = [pls- (2.5)
Moreover, if p = p(\) is a Lipschitz family of functions,
IT[5P™) = ||| P (2.6)
The s-norm satisfies classical algebra and interpolation inequalities.
Lemma 2.2. (Interpolation) For all s > sg > b/2 there are C(s) > C(sg) > 1 such that
|AB|s < C(s)|Als,|Bls 4 C(s0)|Als|Bls, - (2.7)

In particular, the algebra property holds

|AB], < C(s)|Al|Bl, (2)
If A= A(\) and B = B(\) depend in a Lipschitz way on the parameter A € A, C R, then
ABIEPO) < C(s)| ALPO)| BILPO) (2.9)
|AB[{PO) < C(s)| A[SPD | BEPO) + C(s0) A5 | BI5 ). (2.10)

For all n > 1, using (2.8) with s = sq, we get
A", < [C(s0)]" YAl and  |A"|s < n[C(s0)|Als )" C(s)|Als, ¥s = s0. (2.11)

Moreover (2.10]) implies that (2.11]) also holds for Lipschitz norms | |]§ip(7).
The s-decay norm controls the Sobolev norm, also for Lipschitz families:

Al < C(s)(|Also 1hlls + [AlslIRllso)s  [AR|IEPO) < C(s) (JA[LPO) || R[HPO) 4 | ALPO) ||| Lip()) - (2.12)

Lemma 2.3. Let ® = I + ¥ with ¥ := U(\), depending in a Lipschitz way on the parameter A € A, C R,
such that C(so)|\I/|I§;p(7) < 1/2. Then ® is invertible and, for all s > sq > b/2,

@7 — I < C(s)[W]s, [@7MEPO) <2, [o - 1|LPD) < CO(s)|W[FPO) (2.13)
If®, =14+Y,,i=1,2, satisfy C(so)|\I/i|I;;p(W) <1/2, then
@31 = @7 s < O(3)(1W2 = Wil + (|Tu]s + [Pafs) [W2 — Wils,) - (2.14)
Proor. Estimates follow by Neumann series and . To prove , observe that
Oyl — 0T =07 (®) — @)@y = (W — W)@y
and use , . |
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2.1.1 Toplitz-in-time matrices

Let now b:= v + 1 and
ei(p,x) = ei(l‘@“z), i:=(l,j) € 7, lez’, jel.

An important sub-algebra of matrices is formed by the matrices To6plitz in time defined by

o ,
A = AR (L~ 1), (2.15)

whose decay norm (2.3)) is
A2 = > sup [ARQ)PWLA. (2.16)

jez,lezv It I2=]

These matrices are identified with the ¢-dependent family of operators

A@) = (A2(0)), 5 cnr AR(p) = Y AR (2.17)

lezv

which act on functions of the z-variable as

A(p)  h(z) =Y hie"" v A(p)h(z) = Y A% (p)h;,e’" . (2.18)

JEZ J1,J2€%
We still denote by |A(p)|s the s-decay norm of the matrix in (2.17)).
Lemma 2.4. Let A be a Toplitz matriz as in (2.15)), and so := (v + 2)/2 (as defined above). Then
[A(p)]s < Cs0)[Als+s,, Vo €T

ProoOF. For all ¢ € T” we have

AR)IZ = D sup (AR ()P <o) sup Y AR

jez J1—j2=j jez =325 [cqu

< D0 oswp D CJARWMPA)ET < 3T sup AR 4)0T)
jez I T2 ey j€z,lemr 12T

16

< ‘A|§+5Oa

whence the lemma follows. B

Given N € N, we define the smoothing operator IIy as

(I2,52) :
(I2,52) Al if |ll - l2‘ <N
My A), 7% = ¢ T ) 2.19
( N )(ll’]l) {0 otherwise. ( )
Lemma 2.5. The operator Il := I — Il satisfies
g Al < N72[Alqps,  [IRAJLPO) < NP4 3>, (2.20)

where in the second inequality A := A(\) is a Lipschitz family A € A.

2.2 Dynamical reducibility

All the transformations that we construct in sections [3| and [4] act on functions u(p, z) (of time and space).
They can also be seen as:

(a) transformations of the phase space H: that depend quasi-periodically on time (sections
and ;

11



(b) quasi-periodic reparametrizations of time (section [3.2)).

This observation allows to interpret the conjugacy procedure from a dynamical point of view.
Consider a quasi-periodic linear dynamical system

Ou = L(wt)u. (2.21)

We want to describe how (2.21)) changes under the action of a transformation of type (a) or (b).
Let A(wt) be of type (a), and let w = A(wt)v. Then (2.21) is transformed into the linear system

0w = Ly(wt)v where L, (wt)= A(wt) ' L(wt)A(wt) — A(wt) 'O A(wt). (2.22)
The transformation A(wt) may be regarded to act on functions u(p, z) as
(Au) (i, x) = (A(p)ulp, ) (2) = A(p)ulp, z) (2.23)

and one can check that (A~'u)(p,z) = A~ (p)u(p, z). The operator associated to (2.21)) (on quasi-periodic
functions)
L:=w-0,— L(p) (2.24)

transforms under the action of A into
ATULA=w 0, — Ly(p),

which is exactly the linear system in (2.22)), acting on quasi-periodic functions.

Now consider a transformation of type (b), namely a change of the time variable
Ti=t+awt) & t=1+awr); (Bu)t):=v(t+a(wt), (B ru)(r)=u(r + a(wr)), (2.25)

where a = a(p), ¢ € T, is a 2r-periodic function of v variables (in other words, t — t + a(wt) is the
diffeomorphisms of R induced by the transformation B). If u(t) is a solution of (2.21)), then v(7), defined by
u = Bwv, solves

0-v(1) = Ly(wr)v(r), Li(wr):= (1 " (WL'(gil[)(wt))lt_T+d(w7) : (2.26)
We may regard the associated transformation on quasi-periodic functions defined by
(Bh)(p,2) i= i +wale).a),  (Bh)(pa) = hlp +wii(p),a),
as in step [3.2] where we calculate
BTULB = p(p)Ly, plp) =B (1+w dy0),
£y =00, = La(y). Lylp) = <=Ll +wii(e). (2.27)
is nothing but the linear system , acting on quasi-periodic functions.
2.3 Real, reversible and Hamiltonian operators
We consider the space of real functions
Z = {u(p,x) = u(p,2)}, (2.28)
and of even (in space-time), respectively odd, functions
X = Aulp,x) =u(—p,—2)}, YV :={u(p ) =—u(-p,—1)}. (2.29)

Definition 2.2. An operator R is

12



1. REALifR:Z — Z
2. REVERSIBLE if R: X — Y
3. REVERSIBILITY-PRESERVING if R: X - X, R:Y — Y.

The composition of a reversible and a reversibility-preserving operator is reversible.
The above properties may be characterized in terms of matrix elements.

Lemma 2.6. We have

R:X —Y < RI(-)=-Ri(l), R:X—X < RI(-1)=R),

R:Z—Z <= RL()=RIL(-I).

For the Hamiltonian KdV the phase space is Hj = {u € H'(T) : [Lu(z)dz = 0} and it is more
convenient the dynamical systems perspective.

Definition 2.3. A time dependent linear vector field X (t) : Ht — H} is HAMILTONIAN if X (t) = 0,G(t)
for some real linear operator G(t) which is self-adjoint with respect to the L? scalar product.

If G(t) = G(wt) is quasi-periodic in time, we say that the associated operator w-9, —0,G(p) (see (2.24))
is Hamiltonian.

Definition 2.4. A map A: H} — H} is SYMPLECTIC if
Q(Au, Av) = Qu,v), Yu,v € H}, (2.30)

where the symplectic 2-form ) is defined in (1.12)). Equivalently ATO 1A = 9" .
If A(p), Yo € T, is a family of symplectic maps we say that the corresponding operator in (2.23)) is
symplectic.

Under a time dependent family of symplectic transformations u = ®(t)v the linear Hamiltonian equation

uy = 0,G(t)u  with Hamiltonian H(t,u) := 3 (G(t)u, u)

L2
transforms into the equation
v = 0, E(t)v, E(t):=®t)TGt)D(t) — ®(t)T0, ®4(t)
with Hamiltonian
K(t,v) = 5 (G)@(t)v, @(t)v) ., — 5 (0, ' @i (t)v, D(t)v) ,, - (2.31)

Note that E(t) is self-adjoint with respect to the L? scalar product because 79, 1®, + ®791® = 0.

3 Regularization of the linearized operator

Our existence proof is based on a Nash-Moser iterative scheme. The main step concerns the invertibility of
the linearized operator (see (|1.16))

Lh =L\ u,e)h:=w-0,h+ (14 a3)0pzzh + 420z + a10:h + agh (3.1)

obtained linearizing (1.4)) at any approximate (or exact) solution u. The coefficients a;, = a;(p,z) =
a;(u,e)(p,x) are periodic functions of (p,x), depending on u,e. They are explicitly obtained from the
partial derivatives of e f(p,x, 2) as

ai(p, ) = (0=, f) (907 T, u(p, ), Uy (95 ), Uz (9, T) s U (5 x))’ 1=0,1,2,3. (3.2)

13



The operator £ depends on A because w = A@. Since € is a (small) fixed parameter, we simply write L(A, u)
instead of L£(\,u,¢), and a;(u) instead of a;(u,e). We emphasize that the coefficients a; do not depend
explicitely on the parameter A (they depend on A only through u()\)).

In the Hamiltonian case the linearized KAV operator (3.1)) has the form
Lh=w-0,h+8, (8x{A1(<p, 2)0:h} — Ao(e, x)h)
where

Al((pvx) =1 +5(8Z1Z1F)(@axau7um) ) Ao((p,l‘) = 768?6{(82021F)(<P75E7u7uz)} +5(62020F)(903m’u7uz)

and it is generated by the quadratic Hamiltonian

1
e, i= 5 [ (Aol + Ar(po)p) do. he Hj.

Remark 3.1. In the reversible case, i.e. the nonlinearity f satisfies (1.13) and u € X (see (2.29)), (1.14))
the coefficients a; satisfy the parity

az,a1 € X, as,aq €Y, (3.3)
and L maps X into Y, namely L is reversible, see Definition[2.9

Remark 3.2. In the Hamiltonian case (1.11)), assumption (Q)-(1.7)) is automatically satisfied (with a(p) =
2) because

f(gov Ly Uy Ug s Uz u:r;vw) = G(QD7 Z,u, uw) + b(% Z,Uu, uz)’u/a::r + C(QO, Z,u, uw)uig; + d((pa Z,u, ua:)ua:ww

where
b=2(2 , F)+2(3%, , F), c=02F, d=02F,

Z121T Z1Z21%20

and so
Ouaf = bt 2290 = 2dy + 21y + 22ds,) = 2(02, + 2102 ] + 2202, + 202, ).

The coefficients a;, together with their derivative 9,a;(u)[h] with respect to u in the direction h, satisfy
tame estimates:
Lemma 3.1. Let f € CY, see (1.3). For all s < s < q—2, ||u|lsg+3 < 1, we have, for alli=0,1,2,3,
llai(w)lls < e C(s)(1+ llullsss), (3.4)
[0uai()[A]]ls < e C(s)(1nlls4s + l[ullsallhllag+3) -

If, moreover, A\ — u()\) € H® is Lipschitz family satisfying ||u|\§;3_(37) <1 (see (2.2)), then

sl < e Os) (1 + [lull357) - (3.6)
PROOF. The tame estimate (3.4) follows by Lemma (z) applied to the function 0., f, i =0, ..., 3, which
is valid for s + 1 < ¢. The tame bound (3.5)) for

3
Oua;(u)[h] 52(82 ) (ap,x,u,umum,umm) okh, i=0,...,3,

ZkZi
k=0

follows by (6.5) and applying Lemma i) to the functions 82 _ f, which gives

2k Zi

12,2, 1) (0, 2, s U, U, Uz ) | s < C(5)]] ]

for s + 2 < q. The Lipschitz bound (3.6)) follows similarly. B

ootz (14 [lufls+3),
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3.1 Step 1. Change of the space variable

We consider a ¢-dependent family of diffeomorphisms of the 1-dimensional torus T of the form

y:x+ﬂ(so,x), (37)

where (3 is a (small) real-valued function, 27 periodic in all its arguments. The change of variables ({3.7))
induces on the space of functions the linear operator

(AR)(p,z) := h(p,x + B(p, x)). (3.8)
The operator A is invertible, with inverse
(A7) (p,y) = v(e,y + B, y)), (3.9)

where y — y + 3(¢, y) is the inverse diffeomorphism of , namely

r=y+0(py) <= y=z+Ppx). (3.10)

Remark 3.3. In the Hamiltonian case (1.11)) we use, instead of (3.8)), the modified change of variable (|1.25))
which is symplectic, for each ¢ € TV. Indeed, setting U := 0 *u (and neglecting to write the ¢-dependence)

Qu Av) = [ 01 (00 (U + 5D} (14 Balo)(e + Bla) do

- / U+ B(@) (1 + Ba())o(z + Bx))dx — ¢ / (1+ Ba(@))ola + B(a))de

T

= /TU(y)v(y)dy =Qu,v), wveHy,

where ¢ is the average of U(x + B(x)) in T. The inverse operator of (L.25) is (A~'v)(p,y) = (1 +
By (e, y))v(y + B(p,y)) which is also symplectic.

Now we calculate the conjugate A~ LA of the linearized operator £ in (3.1)) with A in (3.8]).
The conjugate A~taA of any multiplication operator a : h(p,x) — a(p,z)h(p, ) is the multiplication
operator (A~1a) that maps v(p,y) — (A~1a)(p, y) v(p,y). By conjugation, the differential operators become

AW 0, A=w- 0, +{A Hw - 0,8)} 9y,
AT, A= {ATH L+ B2)} 0y,
AT s A = {AT 1+ 52)?} Oy + {AT (Bea) } Oy,
AT Oz A = {AT 1+ 82)°} Oyyy + {3AT (L + B2) Bral} Oyy + {A™ (Braa) } Oy,
where all the coefficients {A71(...)} are periodic functions of (¢,y). Thus (recall (3.1))

Ly = ATLA=w- 0y + b3(0,y)Dyyy + b2(0,9)Dyy + b1, y)y + bo(p,y) (3.11)

where
b3 = A_l[(l + a3)<1 + /626)3]; bl = A_l[w : a&pﬁ + (1 + a3)ﬁ:}:mw + U/Zﬁza: + al(l + 51)]; (312)
bo = A (ao), by = A7H(1+ a3)3(1 + Bz) Bea + a2(1 + B,). (3.13)

We look for G(p, x) such that the coefficient b3(p,y) of the highest order derivative Jy,, in (3.11)) does not
depend on gy, namely

ba(e ) B2 A1+ as)(1 + B.) )0 y) = bl (3.14)

for some function b(¢) of ¢ only. Since A changes only the space variable, Ab = b for every function b(¢p)
that is independent on y. Hence (3.14)) is equivalent to

(1+ as(e,2) (1 + Balp,2))” = b(o), (3.15)
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namely

Be=po,  pole,a) i= ()3 (1 +as(p,2)) "° — 1. (3.16)

The equation ([3.16)) has a solution 3, periodic in z, if and only if fT po(p, ) dz = 0. This condition uniquely
determines

b(p) = (;T/T(Hag(@,x))‘idx)_g. (3.17)

Then we fix the solution (with zero average) of (3.16]),

Blp,z) = (97 ' po)(p, ), (3.18)
where 0, ! is defined by linearity as
. ijz
o leliT = % viezZ\{0}, 9;'1=0. (3.19)

In other words, 9, 'h is the primitive of h with zero average in .

With this choice of 3, we get (see (3.11)), (3.14))
Ly =ATLA=w- 0, +b3(0)Dyyy + b2, y)Dyy + b1(0,4)0y + bo(,y), (3.20)

where b3(p) := b(yp) is defined in (3.17).

Remark 3.4. In the reversible case, 3 € Y because ag € X, see (3.3). Therefore the operator A in (3.8),
as well as A~ in (3.9), maps X — X and Y — Y, namely it is reversibility-preserving, see Definition

By (3.3)) the coefficients of L1 (see (3.12)), (3.13))) have parity
bg, b, € X, bo,bg €Y, (321)

and L1 maps X — Y, namely it is reversible.

Remark 3.5. In the Hamiltonian case (1.11)) the resulting operator L1 in (3.20) is Hamiltonian and
ba(p,y) = 20yb3(p) = 0. Actually, by (2.31), the corresponding Hamiltonian has the form

1
K(p.v) =5 [ ba()e? + Bale. ) dy, (322)
T
for some function Bo(p,y).

3.2 Step 2. Time reparametrization

The goal of this section is to make constant the coefficient of the highest order spatial derivative operator
Oyyy of L1 in , by a quasi-periodic reparametrization of time. We consider a diffeomorphism of the
torus T" of the form

p—et+walp), T’ ofe) eR, (3.23)

where « is a (small) real valued function, 2w-periodic in all its arguments. The induced linear operator on
the space of functions is

(Bh)(p,y) := h(e +walp), y) (3.24)

whose inverse is

(B~'0)(9,y) = v(d +wa(¥), y) (3.25)

where ¢ = ¥ + w@(?¥) is the inverse diffeomorphism of ¥ = ¢ + wa(yp). By conjugation, the differential
operators become

B7'w-9yB=p(0)w-0y, B0,B=0,, p:=B'(1+w- ) (3.26)
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Thus, see (3.20)),
B™'LiB = pw- 0y + {B b3} Oyyy + {B b2} Oyy + {B 01} 0y + {B o} (3.27)

We look for a(yp) such that the (variable) coefficients of the highest order derivatives (w - 0y and 0y,,) are
proportional, namely
{B™103}(0) = map(¥) = ma{B (1 + w - dp) }(V) (3.28)

for some constant m3 € R. Since B is invertible, this is equivalent to require that
b3(p) = ms(1+w- dpa(p)). (3.29)
Integrating on T” determines the value of the constant ms,

ms = ﬁ /TV bs () dp. (3.30)

Thus we choose the unique solution of (3.29)) with zero average
1

alp) = = (w- )~ (bs — m3)() (3.31)
where (w - 8,) 7! is defined by linearity
—1 il . el 14
(w-90,) e '7iw-l’l7é07 (w-0,)""1=0.

With this choice of o we get (see (3.27)), (3.28))

B™'LiB = p L, Lo :=w - 0y +m3 Oyyy + c2(V,y) Oyy + c1(V,y) 0y + co(V,y), (3.32)
where B-1p
Ci= L i=0,1,2. (3.33)
P

Remark 3.6. In the reversible case, o is odd because bs is even (see (3.21) ), and B is reversibility preserving.
Since p (defined in (3.26])) is even, the coefficients c3,c1 € X, ca,co €Y and Lo : X — 'Y is reversible.

Remark 3.7. In the Hamiltonian case, the operator Lo is still Hamiltonian (the new Hamiltonian is the old

one at the new time, divided by the factor p). The coefficient co(9,y) = 0 because by = 0, see remark .

3.3 Step 3. Descent method: step zero

The aim of this section is to eliminate the term of order d,, from £ in (3.32).
Consider the multiplication operator
Mh :=v(,y)h (3.34)

where the function v is periodic in all its arguments. Calculate the difference
Lo M — M (w- Dy +m30yyy) = Todyy, + T10, + Tp, (3.35)
where
Ty := 3mgvy + cov, Ty = 3mguyy + 2covy + c1v,  To 1= w - Oyv + M3vyyy + CaUyy + 10y + cov.  (3.36)

To eliminate the factor T5, we need

3msvy + cov = 0. (3.37)
Equation (3.37) has the periodic solution
1
V,y) = —— (9 e2) (¥ 3.38
o(i,y) = exp{ — 5 (0, e2)(0,0)} (3.38)
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provided that
/ co(d,y)dy = 0. (3.39)
T

Let us prove (3.39). By (3.33)), (3.26), for each ¥ = ¢ + wa(yp) we get

1 1 _ 1
Lot = i LB = s [ e

By the definition (3.13)) of b2 and changing variable y = 2 + 3(p, ) in the integral (recall (3.8]))

Jtetondy & [ ((+a)30+ 5.)00s + 014 5.) (14 5,) do
T T

ﬁmw(@ﬂm) a2(907w)
L b(@){3 R dx+/1ril+a3(%x) dx}. (3.40)

The first integral in @D is zero because O, /(1 + Bz) = 0, log(1 + 5;). The second one is zero because of
assumptions (Q)-(L.7) or (F)-(L.6), see (L.26). As a consequence is proved, and has the periodic
solution v defined in . Note that v is close to 1 for € small. Hence the multiplication operator M
defined in is invertible and M~ is the multiplication operator for 1/v. By and since Tp = 0,
we deduce

Ly =M LM =w: g+ m30yyy +d1(0,9)0y +do(9,y),  di:=

T;
=01 3.41
i (3.4

Remark 3.8. In the reversible case, since cy is odd (see Remark) the function v is even, then M, M~}

are reversibility preserving and by (3.36) and (3.41) di € X and dy € Y, which implies that L3: X — Y.

Remark 3.9. In the Hamiltonian case, there is no need to perform this step because co = 0, see remark[3.7

3.4 Step 4. Change of space variable (translation)
Consider the change of the space variable
z=y+p()
which induces the operators
Th(d,y) = h(0,y +p(9)), T o(d,2):=v(d,z —p¥)). (3.42)
The differential operators become

T 'w-09T =w- 09 + {w - Oyp(¥)} 0., ’T*lay’f = 0,.

Thus, by (3.41)),
L4:=T 3T =w- 09 +m30,ss + e1(9,2) 0, + eo(9, 2)

where
e1(0,2) == w- Ogp(V) + (T 1d1) (9, 2), eo(V,2) := (T do) (¥, 2). (3.43)

Now we look for p(9) such that the average

1

— [ e(¥,2)dz=my, VIeT”, (3.44)
2w T

for some constant m; € R (independent of ). Equation (3.44)) is equivalent to

w-Ogp =mq — /le (9, y)dy =: V(9). (3.45)
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The equation (3.45) has a periodic solution p(¥) if and only if [}, V() dd = 0. Hence we have to define

1
= A4
mi = e [ D) dody (3.46)

and
p(9) == (w- D)~V (V). (3.47)

With this choice of p, after renaming the space-time variables z = x and ¥ = ¢, we have
1
L4 =w-0p+ M30zqz + e1(p, ) 0z + eo(p, x), o / er(p,x)dr=my, YoeT". (3.48)
T

Remark 3.10. By (3.45), (3.47) and since d1 € X (see remark @), the function p is odd. Then T and
T~ defined in (3.42)) are reversibility preserving and the coefficients ey, eq defined in ([3.43)) satisfy e; € X,
ep €Y. Hence L4 : X — Y is reversible.

Remark 3.11. In the Hamiltonian case the operator L4 is Hamiltonian, because the operator T in (3.42))
is symplectic (it is a particular case of the change of variables (1.25)) with B(p,z) = p(p)).

3.5 Step 5. Descent method: conjugation by pseudo-differential operators

The goal of this section is to conjugate L4 in 1-) to an operator of the form w - 0, + M30see +M10; + R
where the constants ms, my are defined in ([3.30) -7 and R is a pseudo- dlfferentlal operator of order 0.
Consider an operator of the form

S:=1+ w(g&, )8 ! (3.49)
where w : T"*! — R and the operator 9! is defined in . Note that 9,10, = 0,0, 1 = mp, where g is
the L?-projector on the subspace Hy := {u(p,x) € L?( ']I""“1 ¢ Jpu(e, ) de =0}

A direct computation shows that the difference
L4S — S(w - 0p + M3y +m10y) = 1105 + 10 + 710, (3.50)
where (using 9,79 = m90y = Or, 05 1 Oraz = Oux)
r1 = 3mgw; +ei(p,x) —m (3.51)
rg = eg-+ (3mgwmc +eqw — mlw)ﬂ'o (3.52)
o1 = W OpW A+ M3Wase + €1W, . (3.53)

We look for a periodic function w(p,x) such that 1 = 0. By (3.51)) and - we take

w = Sts —0, my — e1]. (3.54)

For € small enough the operator S is invertible and we obtain, by (3.50)),
L5 :=81L,8 =w - 0p + M30pze + M0, + R, R:=8ro+7r10,"). (3.55)

Remark 3.12. In the reversible case, the function w € Y, because e; € X, see remark|3.10. Then S, S™!
are reversibility preserving. By (3.52) and (3.53), 7o € Y and r—1 € X. Then the operators R, Ls defined
in (3.55) are reversible, namely R, L5 : X — Y.

Remark 3.13. In the Hamiltonian case, we consider, instead of (3.49), the modified operator
S = emowlemd 1y mow(p, )0t + ... (3.56)

which, for each ¢ € T, is symplectic. Actually S is the time one flow map of the Hamiltonian vector field
mow(p, )0, 1 which is generated by the Hamiltonian

1
Hs(p,u) := . /Tw(go,x)(aglu)de , wu€Hj.

The corresponding Ls in (3.55) is Hamiltonian. Note that the operators (3.56) and (3.49) differ only for
pseudo-differential smoothing operators of order O(d;2) and of smaller size O(w?) = O(£?).
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3.6 Estimates on L5

Summarizing the steps performed in the previous sections we have (semi)-conjugated the operator
L defined in (3.1)) to the operator L5 defined in (3.55)), namely

L= L5D5", O, := ABpMTS, &y:= ABMTS (3.57)

(where p means the multiplication operator for the function p defined in (3.26)).
In the next lemma we give tame estimates for L5 and ®;, 5. We define the constants

o:=210+20+17, o :=210+v+14 (3.58)
where 79 is defined in (|1.2) and v is the number of frequencies.

Lemma 3.2. Let f € C9, see (1.3)), and s < s < q — 0. There exists § > 0 such that, if eyy " < & (the
constant o is defined in (1.2))), then, for all

[ullsg+o < 1, (3.59)
(i) the transformations ®1, Py defined in are invertible operators of H*(T**1), and satisfy
[@:hlls + 127 2lls < Cls) (I1Blls + ulls+ol]ls, ) (3.60)
fori=1,2. Moreover, if u(X), h(\) are Lipschitz families with
22 < 1, (3.61)
then
[@:hl[ 5P+ @7 Rl < O (1AL + ull 557 RIS, = 1.2, (3.62)
(ii) The constant coefficients ms,my of Ls defined in satisfy
Ims — 1] + [m| < eC, (3.63)
|Oums (w)[R]] + |Ouma (u)[h]| < eCllA]o - (3.64)
Moreover, if u(\) is a Lipschitz family satisfying , then
Ims — 1|HPO) 4 |my |MPO) < ¢ (3.65)
(#i7) The operator R defined in satisfies:
IRls <eC(s)(1 + llulls+o), (3.66)
0uR(w)[1][s < eC () ([|allstor + tllstollPllsotor) (3.67)

where o > o’ are defined in (3.58)). Moreover, if uw(\) is a Lipschitz family satisfying (3.61), then

RIFPO) < eCs)(1+ [lul75): (3.68)
Finally, in the reversible case, the maps ®;, @;1, i = 1,2 are reversibility preserving and R,Ls : X — Y are
reversible. In the Hamiltonian case the operator Ls is Hamiltonian.

PrOOF. In section[ll m

Lemma 3.3. In the same hypotheses of Lemmal[3.3, for all ¢ € T", the operators A(y), M(p), T (p), S(¢)
are invertible operators of the phase space H: := H*(T), with

A= (@Al < Cls)(1Rllms + lullssorallPllm), (
1A= (@) = Dhllz < eCls) ([Pl gz + lullstsoallhll m2), (
[M(P)T(2)S(@) ks < C(s) (17l s + [ullsrollhllaz ) (3.71
I(M(D)T ()S(e) ™ = Dhlla: < evg 'Cls) (1Ml garr + [wllsrollblla2)- (
Proor. In section[ll m
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4 Reduction of the linearized operator to constant coefficients

The goal of this section is to diagonalize the linear operator L5 obtained in (3.55)), and therefore to complete
the reduction of £ in (3.1)) into constant coefficients. For 7 > 74 (see (1.2])) we define the constant

B:=Tr+6. (4.1)

Theorem 4.1. Let f € C9, see (1.3)). Let v € (0,1) and 59 < s < q— o — [ where o is defined in (3.58),
and B in (4.1). Let u(X) be a family of functions depending on the parameter A € A, C A :=[1/2,3/2] in a
Lipschitz way, with

Li
| 200 < 1 (4.2)

Then there exist &y, C (depending on the data of the problem) such that, if

57_1 < 507 (43)
then:
(1) (Eigenvalues) YA € A there exists a sequence
pE(A) = pst (A w) = G5 (N) +15°(N), A5 (N) = 1( = ma(N)* +ma(N)j), j € Z, (4.4)

where mg,my coincide with the coefficients of Ls in (3.55) for all A € A,, and the corrections r3° satisfy
g — 1{FPO) 4 iy |[UPO) 1 | iP0) < e v e Z. (4.5)

Moreover, in the reversible case (i.e. (1.13)) holds) or Hamiltonian case (i.e. (1.11)) holds), all the eigenvalues
w;° are purely tmaginary.
(ii) (Conjugacy). For all ) in

A% = AR (u) = {A €Ny M- 14 p(N) — (V)] = 2905% = K} () 77, Ve Z¥, j ke Z} (4.6)

there is a bounded, invertible linear operator ®o(X\) : H® — H*, with bounded inverse ® 1(\), that conjugates
Ls in (3.55) to constant coefficients, namely

Loo(N) = D (N) 0 L5(A) 0 Po(A) = A0 - 9y + Doo(N), Dao(N) = diag;jczu;°(N) - (4.7)
The transformations ®, @3l are close to the identity in matriz decay norm, with estimates

Li - Li - Li
[@oc(\) = ZI7%57 + |0 (\) = 11755 < e (o) (L + lull s 0, )- (4.8)
For all ¢ € T”, the operator ®,(p) : HS — HS is invertible (where HS := H*(T)) with inverse (®(p)) ! =
0 ), and

(@3 (9) = Dhllm: < ey ' C(s)(IAllag + lullstorsrs 1l 7r1)- (4.9)

In the reversible case ®oo, 1 : X — X, Y — Y are reversibility preserving, and Lo : X — Y is reversible.
In the Hamiltonian case the final Lo, is Hamiltonian.

An important point of Theorem is to require only the bound for the low norm of u, but it
provides the estimate for ®%! — I in also for the higher norms | - |5, depending also on the high norms
of u. From Theorem we shall deduce tame estimates for the inverse linearized operators in Theorem

Note also that the set A% in depends only of the final eigenvalues, and it is not defined inductively as
in usual KAM theorems. This characterization of the set of parameters which fulfill all the required Melnikov
non-resonance conditions (at any step of the iteration) was first observed in [6], [5] in an analytic setting.
Theorem extends this property also in a differentiable setting. A main advantage of this formulation is
that it allows to discuss the measure estimates only once and not inductively: the Cantor set A% in
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could be empty (actually its measure [AZ] =1 — O(y) as v — 0) but the functions x5°()) are anyway well
defined for all A € A, see . In particular we shall perform the measure estimates only along the nonlinear
iteration, see section @

Theorem [4.1]is deduced from the following iterative Nash-Moser reducibility theorem for a linear operator

of the form
EQZW'3¢+DQ+R0, (410)

where w = \@,
Dy := m3 (X, u(N))Ozze +mi(Xu(N)0z, Ro(Au(N)) :=R(\u(N)), (4.11)

the ms(A, u(A)),mi(A, u(X)) € R and u(X) is defined for A € A, C A. Clearly L5 in (3.55)) has the form

(4.10). Define
N_y:=1, N,:=NJ YWw>0, x:=3/2 (4.12)

(then N,41 = NX, Vv > 0) and
a:=TT+4, o9:=0+p0 (4.13)

where o is defined in (3.58) and [ is defined in (4.1)).
Theorem 4.2. (KAM reducibility) Let ¢ > o + so + 8. There exist Cy > 0, Ny € N large, such that, if

NE°|Ro|ZP Y1 < 1, (4.14)
then, for allv > 0:
(S1), There exists an operator

L, =w-0y,+D, +R, where D, =diag;cs{p;(\)} (4.15)
) = 10+, i) = —i(ma (A u(N)F? —ma(Au(N)j), JEZ,  (4.16)

defined for all X € A} (u), where AJ(u) :== A, (is the domain of u), and, for v >1,
A = A (u) == {)\ €N)fiw L4+ ) — g (V)] 2 7|j3<l>73| Y[I|< N, 1, j,k € Z}. (4.17)

Forv>0,r7 = 7, equivalently p; = u_ and

[y L) = |y VPO) < e (4.18)

The remainder R, is real (Deﬁnition and, Vs € [sg,q — 0 — (],

Li Li o Li Li
RSP < [RolES N2 IRUEES < [RolES” N,e (4.19)
Moreover, for v > 1,
L,=d L, 1,1, @ _1:=1+7, , (4.20)
where the map V,_1 is real, Toplitz in time ¥,,_1 := V,_1(p) (see (2.17)), and satisfies
0,1 5P < [Ro| Py TINZTIN, (4.21)

In the reversible case, R, : X — Y, \I/l,,l,i)l,,l,(I);}1 are reversibility preserving. Moreover, all the
wi(A) are purely imaginary and pi = —p” ;, Vj € Z.

(S2), For all j € Z, there exist Lipschitz extensions 15 (-) : A — R of /() : A} — R satisfying, for v > 1,

|N’J ~u 1|L1p S |Rl/ 1 glp(’}’) (422)
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(S3), Let ui(A), ua(N), be Lipschitz families of Sobolev functions, defined for A € A, and such that conditions
4.2), (4.14) hold with Ry := Ro(u;), i = 1,2, see (4.11)).

Then, for v >0, VA € AJ' (uy) N A2 (uz), with y1,72 € [v/2,27],
IRy (u2) = Ru(u1)lsg < N0 flur —uallsgrons [Ru(uz) =Ro(ur)lso+s < eNp—illur — uzllse 4o, - (4.23)
Moreover, forv > 1, Vs € [sg,50 + 03], Vj € Z,
| (7% (u2) = 7% (ur)) = (ry ™ (u2) =75 Hwr)) | < [Ru—1(u2) = Ry—1(u1)ls s (4.24)
[P () — (1)) < €Clur — walloy 4o - (4.25)
(S4), Let uy,uq like in (S3), and 0 < p < /2. For all v > 0 such that

eCNJ_yflur —ua|2h,, <p = AJ(u1) €A P(u2). (4.26)

Remark 4.1. In the Hamiltonian case V,,_1 is Hamiltonian and, instead of (4.20)) we consider the symplectic
map
O,_1 :=exp(P,_1). (4.27)

The corresponding operators L,, R, are Hamiltonian. Note that the operators (4.27)) and (4.20) differ for
an operator of order W2_,.

The proof of Theorem [4.2]is postponed in Subsection We first give some consequences.

Corollary 4.1. (KAM transformation) VA € N,>oA] the sequence

P, :=Pyodio0-- 0D, (4.28)

Lip(y)

converges in | - |5 to an operator P, and

Lip(y

oe — IIXPD @t — 1| < C(s) [Ro|MP) 4L (4.29)

In the reversible case @, and @ are reversibility preserving.

Proor. To simplify notations we write | - |5 for | - \Llp(w). For all v > 0 we have (TDVH = &)V od, 1, =
D, +D,9,1 (see (4.20)) and so
|15 g ulso + C|Pulsg Wiy, ! |y s (1 +20) (4.30)

where ¢, := C'|Rg |_I;;iﬁ YTINZTTIN @ Tterating (4.30) we get, for all v,

~ ~ ip(v) ., —1
1By 11lsg < [PologMus0(1 4 £,) < [Bo)s LR < g (4.31)

using ([A.21) (with v = 1, s = s¢) to estimate |®g|s, and (£.14). The high norm of ®,, 1 = &, + &, ¥, 4 is

estimated by (2.10), [@.31) (for ®,), as

[Pytals < @y [s(1 4+ C(s) |\IIV+1|50) +C(s) |Wutal,
EEm
< 1@ +el) el ) = [Rolsg 77 N €l = [Rolsrsy TN

Iterating the above inequality and, using II;>0(1 + 5( )) <2, we get

[Dusals <o Y el + [@ols < C(s)(1+ [Rolsrpr ™) (4.32)
j=0
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using |®ols < 1+ C(s)|Ro|s 37! Finally, the ®; a Cauchy sequence in norm | - |, because

N . v+m—1 N _ E-10) v+m—1 _ N
Boim—Buls < S 18— Bils S 0 (1Bl Wsalen + Byl [ Wl )
Jj=v Jj=v

L o
< D Rolays v N <o [Rolayg v N (4.33)

Jjzv

Hence @, g ®o. The bound for oy — I in (&.29) follows by (£.33) with m = oo, v = 0 and |®g — 1|, =
2 13)

|Wols <77 Rols+p. Then the estimate for D' — I follows by
In the reversible case all the ®,, are reversibility preserving and so ®,, ®., are reversibility preserving. B

Remark 4.2. In the Hamiltonian case, the transformation &)V in (4.28) is symplectic, because ®, is sym-
plectic for all v (see Remark . Therefore O, is also symplectic.

Let us define for all j € Z

pe(N) = Hm v\ = a3+ (\), r°(A) = lim #()\) VA€A.

v— 400 J v— 400

It could happen that A} = 0 (see (4.17)) for some 1. In such a case the iterative process of Theorem
stops after finitely many steps. However, we can always set pny := /7;-"’, Yv > 1p, and the functions
p5° A — R are always well defined.

Corollary 4.2. (Final eigenvalues) For allv €N, j€Z

~y | Li ~v | Li Li —a ~0/Li Li Li
e =B = e =T S O Rl N g = P = P < CRol ) (43)
PRrROOF. The bound (4.34]) follows by (4.22)) and (4.19) by summing the telescopic series. B
Lemma 4.1. (Cantor set)
A% CNyseA). (4.35)

PROOF. Let A € AZ). By definition A%2Y C A := A,. Then for all v > 0, || < N,, j #k
liw - 1+ p — pig| > liw - 1+ p3® — | = | — u5°| = |k — 1y

&), @&39) _ . » . -
> 2| = K07 — 20 Rolsg+s N, 2 7[5 - K2 (0)

because 1j% — K2|{) 7 2 AN; T = 20| Rolags 5N, . W

Lemma 4.2. For all A € A% (u) ,

pie(A) =125 (A), 17 (A) =50, (4.36)

—j
and in the reversible case
BEO) =~ (), TE) = =15 (). (4.37)

Actually in the reversible case /ﬁ;o()\) are purely imaginary for all X € A.

PrOOF. Formula ([4.36) and (4.37) follow because, for all A € AZ) € N,>0A} (see ([£.35)), we have p = p”

ry = Tj, and, in the reversible case, the 7 are purely imaginary and u? = —p”;, 7% = —r” ;. The final
statement follows because, in the reversible case, the p%()\) € iR as well as its extension f7/(\). W

Remark 4.3. In the reversible case, (4.37) imply that us° = ry® = 0.
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Proof of Theorem We apply Theorem - to the linear operator Ly := L5 in , where Rg =R
defined in satlsﬁes

, 1
Rl 5 <Otso +8) (14 [ulE70),5) E 26C(s0 + ). (4.38)

Then the smallness condition (4.14)) is implied by (4.3]) taking &g := Jp(v) small enough.
For all A € A2Y C N,>0A} (see ([4.35), the operators

- |Llp(“r)
L, 0, +Dy+ Ry “— w-0p+ Do =t Lo, Do :=diagjezp;” (4.39)

because

Lip(v) Lip(v) IR O|L1p(v) N—©

CRe |L1p(’Y)N R, srp N5

g
D), — Doo|SP) = sup |p¥ — | o Ny
JEZ

Applying @ iteratively we get L, = &); 150&),, 1 where &)V 1 1s deﬁned by (4.28)) and 5,, 1 — Py in
| |s (Corollary [4.1)). Passing to the limit we deduce (£.7). Moreover and (4.38) imply (.5). Then
, (13.68) (apphed to Rop = R) imply .

Estimate follows from (in H3(T)), Lemma[2.4] and the bound (4.8).

In the reversible case, since ®,,, ®Z! are reversibility preserving (see Corollary . and Ly is reversible
(see Remark and Lemma7 we get that Lo is reversible too. The eigenvalues u° are purely imaginary
by Lemma

In the Hamiltonian case, Lo = L5 is Hamiltonian, ®, is symplectic, and therefore L, = ® 1 L5P, (see
{4.7)) is Hamiltonian, namely Do, has the structure Do, = 0,13, where B = diag;_.({b;} is self-adjoint. This

means that b; € R, and therefore p3° = ijb; are all purely imaginary. B

4.1 Proof of Theorem [4.2]

ProoF OF (Si),, i = 1,... 74. Properties (4.15))-(4.19| in (Sl) hold by ([#.10)-([{.11)) with (9 defined in
[(.16) and rY(\) = 0 (for (#.19) recall that N_; := 1, see ([4.12)). Moreover, since m,, mg are real functions,

,u] are purely imaginary, ,u] = ,u and pj = —ul ;- In the reversible case, remarkulmphes that Ry := R,
Loy := Ly are reversible operators Then there is nothing else to verify.

(S2), holds extending from Aj := A, to A the eigenvalues £9(\), namely extending the functions m; (X),
m3(A) to my(N), m3(N), preserving the sup norm and the Lipschitz semi-norm, by Kirszbraun theorem.

(S3), follows by - for s = 50,80 + 3, and (4.2 . -
(S4), is trivial because, by definition, AJ(u1) = Ay = Ay~ " (u2).
4.1.1 The reducibility step

We now describe the generic inductive step, showing how to define £, (and ®,, ¥,, etc). To simplify
notations, in this section we drop the index v and we write + for v + 1. We have

LD w - 0y(B(h)) + DDA + R
w - Oph+ Vw-,h + (w - 0,U)h + Dh+ DUh + Rh + RUA

- <I>(w O h + Dh) + <w 9,0 + [D, U] + HNR) h+ (H}VR + qu) h (4.40)

where [D, ¥] := DU — UD and IIyR is defined in (2.19).

Remark 4.4. The application of the smoothing operator Iy is necessary since we are performing a dif-
ferentiable Nash-Moser scheme. Note also that Iy regularizes only in time (see (2.19)) because the loss of
derivatives of the inverse operator is only in ¢ (see (4.44) and the bound on the small divisors (4.17))).
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We look for a solution of the homological equation
w- 0,0+ [D, U] +TIyR =[R]  where [R]:=diag;c;R’(0). (4.41)

Lemma 4.3. (Homological equatlon) For all X € A),,, (see ([L.17)) there exists a unique solution
U := U(p) of the homological equation (4 . The map U satisfies

‘\m?ip(’y) < N2+, 1 |R‘T;ip(7) ) (4.42)

Moreover if v/2 < 1,72 < 2v and if ui(\), ua(N\) are Lipschitz functions, then Vs € [so,50 + 8], A €

AZ+1(U1) N AZil(U'?)

|A1 W] < CN27+17_1(|73(U2)|s||U1 — u2|lsg+on + |A12R\s) (4.43)

where we define AoV := U(uy) — U(ug).
In the reversible case, VU is reversibility-preserving.

PrOOF. Since D := diag;cz(p;) we have [D,\I/];? = (uj — uk)\Ilk ) and ( amounts to

w - 0, U5 () + (15 — i) TH(0) + RE(9) = [RIf, VjkeZ,

7

whose solutions are W% () = 37,5, WF(1)e? with coefficients

Ri (1)
J if (5 —k,1 0,0) and |I| < N, where §(\) :=iw -1+ pu; — ps,
\If;c(l) — 5ljk(>\) (.7 ) # ( ) | | l]k( ) Hj — Mk (444)
0 otherwise.
Note that, for all A € AVH, by and (1.2)), if 5 7& k or | # 0 the divisors d;;5(A) # 0. Recalling the
definition of the s-norm in we deduce by (4.44), (4.17), (L.2), that
|U|, < 7’1NT\R|S, VAEA) . (4.45)
For A\, Ao € AZ+1,
[RE(D (A1) = RE(D)(N2)] |01 (A1) — ik (A2)|
TR (M) = T ()| < —2 ¢ +|RE(D)(Aa)| H2 ! 4.46
| ]( )( 1) ]( )( 2)' = ‘5ljk(>\1)| | ]()( 2)| |5ljk(>\1)”5ljk(>\2)| ( )
and, since w = A\,
() _
00k (A1) = Gun(A2)] =" [(Ar = A2)@ - L+ (5 — pu) (A1) — (15 — ) (A2)] (4.47)
[E16)
< = Nl ] Ima (M) = ma(M2)[]57 = K]+ [ma () = ma(Ao)|lF — K|
+rj (A1) = ri(A2)| + [ri(Ar) — re (M)
< =l (4 ey P = B ey = Rl ey (4.48)

because
ymz|iP = ymg — 1P < [mg — 1|LPO) <eC,  |my [VPO) < e, VPO <eC VG € Z.
Hence, for j # k, ey~! <1,

1016 (A1) — 01 (A2)| EAS] -
0150 (A1) [[01j% (X2)]

| Ui o
‘)\ —)\2‘(“‘+|]3—k3l)m<|)\l_)\2|]v2 +1’7 2 (449)
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for |I| < N. Finally, recalling (2.3)), the bounds (4.46)), (4.49) and (4.45) imply (4.42). Now we prove (4.43).
By (4.44), for any X € A)L (u1) N A (u2), L € Z¥, j # k, we get

ARE( j
AlZ‘II;C(l) = 511;(;1()) - Rf(l)(w m (4.50)
where
|A12015k| = [ Ava(pj — )| < |Avams| 177 = K2+ [Arama | [5 — k| + [A1orj| + [ Arar
% eli® = B |lur — uallsoto, - (4.51)

Then [@50), E5L), eyt <1, 97 175 ' <47t imply
[A12W5 ()] < N¥7y 7 (|802REW)]| + R (1) (w2) [[ur = ollag )

and so (4.43) (in fact, (4.43) holds with 27 instead of 27 + 1).
In the reversible case iw - I+ p; — pp € iR, T—; = p; and p_; = —p;. Hence Lemma [2.6/and (4.44) imply

&
TR = R0 — Ry = Tk(1)
- —iw- (=) +a= —For iwe Dy — !

and so U is real, again by Lemma Moreover, since R : X — Y,

B RE(=1) —RE(I)
ko7 — J = J =k
k(- o (D —pn W (D= )

which implies ¥ : X — X by Lemma Similarly weget ¥: Y — Y. m

Remark 4.5. In the Hamiltonian case R is Hamiltonian and the solution U in (4.44]) of the homological
equation is Hamiltonian, because 0;jr = 0_1k; and, in terms of matriz elements, an operator G(yp) is

self-adjoint if and only if G?(l) =G(-1).

Let ¥ be the solution of the homological equation (4.41]) which has been constructed in Lemma By
Lemma if C(s0)|¥|s, < 1/2 then ® := I + ¥ is invertible and by (4.40) (and (4.41)) we deduce that

£+ = (I)il,C(I) =W - a@ + D+ + R+ , (452)

where

D, =D+[R], Ry:=0a" (HﬁR FRY — \1/[72]). (4.53)

Note that £ has the same form of £, but the remainder R is the sum of a quadratic function of ¥, R and
a remainder supported on high modes.

Lemma 4.4. (New diagonal part). The eigenvalues of
Dy = diagjez{,uj()\)}, where uj =+ Rg(()) =p)+r;+ R;(O) = py + r;r, r;” =7+ Rg(O),
satisfy uj = TJ_F] and
i i j ()|l li .
1 = " = I =i = [RIO)™ <RI, Vi€Z (4.54)
Moreover if ui(X), ug(X) are Lipschitz functions, then for all A € A3 (u1) N A)? (us2)
|A127‘;~r - A127‘j| S |A12R|50 . (455)

In the reversible case, all the ,uj' are purely imaginary and satisfy ,uj = f,ufj for all j € Z.
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PRrROOF. The estimates (4.54))-(4.55) follow using (2.4) because |R§(O)|lip = |R8’;;|”p < RGP < [R|EP and

|Arar} = Avary| = |ALRY(0)] = \A12RE§;5| < [A12R|o < [A12R]s, -

Since R is real, by Lemma [2.6]

REQ) = RZE(-1) —  RI0)=R(0)

—J

and so u;' = /Tfj If R is also reversible, by Lemma

RE() = —RZN(=1), REQ) =RI5(-1) =-Rk1).

—J —J
0y — R j - +_ + oo
We deduce that R7}(0) = —R”}(0), R}(0) € iR and therefore, yij = —p"; and pj € iR. W

Remark 4.6. In the Hamiltonian case, D, is Hamiltonian, namely D, = 0.8 where B = diag,;_.o{b;} is
self-adjoint. This means that b; € R, and therefore all Wy =1ijb; are purely imaginary.

4.1.2 The iteration

Let v > 0, and suppose that the statements (Si), are true. We prove (Si), 11, i = 1,...,4. To simplify

notations we write | - | instead of |- |I;ip(7).

PROOF OF (S1),41. By (S1),, the eigenvalues i are defined on A}. Therefore the set A, ; is well-defined.
By Lemma [4.3] for all A € A, there exists a real solution ¥, of the homological equation (4.41)) which
satisfies, Vs € [s9,q — 0 — ],

(.42) T — — T —a
|\IJV‘S < NE 1 |RV|57 ! < |RO|5+IBV 1N3 1 Nl/—l (456)

which is (4.21]) at the step v + 1. In particular, for s = sq,

3 i _,, &
C(s0) [Wuly, < C(50) [Rolgyypr 'NITH NG TS 1)2 (4.57)

for Ny large enough. Then the map &, := I + W, is invertible and, by (2.13|),

@1, <2, |8, S 1+C(s)|W, s (4.58)

Hence ([4.52)-(.53)) imply £,,1 := ®,;'£,®, = w- O0p + Dyy1 + Ryy1 where (see Lemma

DV+1 = Dl/ + [Ru] = diagjeZ(M?Jrl) ’ M;Jrl = M]V + (Ru); (0) ’ (459)

with 5 = p”%! and

Ryy1:=0,'H,, H,:=Iy R, +R, ¥, —T,[R,]. (4.60)
In the reversible case, R, : X — Y, therefore, by Lemma U, ®,, &, are reversibility preserving, and

then, by formula (4.60)), also R,4+1: X — Y.
Let us prove the estimates (4.19) for R, 1. For all s € [sg,¢ — 0 — 3] we have

0, @, .
|Ru+1‘s <s ‘(I)yllso (lHﬁVRVLS + |Ru|s|\111/|50 + |RV|50|\IIV‘S) + |¢V1‘S(‘H]L\]VRV|50 + |RV|50|\IIV|50)
(4.58)) n 1
<o 2(I0, Ruls + Rl Wuloy + [Rulsol Wl ) + (14 10 1) (1T, Rolag + [Ruleq s,
@57

-+ U U <2Hl N2+~ R 4.61
<o Oy, Ruls + Ruls[Wulse + 1 RulsoWuls <o Uy, Ruls + N7 [Ruls|Rulsy - (4.61)
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Hence (4.61) and (2.20]) imply
|RV+1|5§5NU_6‘RV|S+ﬁ + N37+17_1|RV|5|RV|50 (4.62)
which shows that the iterative scheme is quadratic plus a super-exponentially small term. In particular

D .ED 2, EDEDED .
|Ru+1|s Ss Ny ﬂ‘RO|s+BNV71 + N3T+1 1|R0|s+,3|R0|50+ﬁ | 0‘s+ﬁNu ¢

(x = 3/2) which is the first inequality of (4.19) at the step v + 1. The next key step is to control the
divergence of the high norm |R,41]s+g. By (4.61) (with s + 3 instead of s) we get

|Ru+1‘s+ﬁ <s+8|Ruls+p + N3T+17_1|RV|S+B‘RV|EO (4.63)

(the difference with respect to ([£.62) is that we do not apply to |IIy, Ry|sts any smoothing). Then ([£.63),
(4.19), (4.14)), (4.13) imply the inequality

|Ru+1|s+ﬁ <C(s+ ﬂ)‘RV|s+ﬁ’

whence, iterating,
IRu+1ls+8 < No|Rols+s

for Ng := No(s, 3) large enough, which is the second inequality of ([4.19) with index v + 1.

By Lemma the elgenvalues MVH = uj + r”“ deﬁned on AZ+1’ satisfy ,u”+1 = u’”;l, and, in the
reversible case, the M] are purely imaginary and ,u”"’l —p” ] .
It remains only to prove ) for v + 1, which is proved below.
PROOF OF (S2),,,. By -,
. E1
|NV+1 Jy_lLlp(’}/) _ |7,;/+1 1/|L1p M <R, |L1p(v) IRo tﬂliﬁ N7 (4.64)

By Kirszbraun theorem, we extend the function u; —py = rj”H 7% to the whole A, still satisfying (4.64)).

In this way we define i *1. Finally (4.18) follows summing all the terms in (4.64) and using (3.68).
PrOOF OF (S3),.,. Set, for brevity,

R =R, (w), 9 =T, (u), @ _,:=&, 1(w), H. ,:=H, 1(u), i:=12,

which are all operators defined for A € A7 (u1) N AJ?(uz). By Lemma |4.3| one can construct ¥? := W, (u;),
O = d,(u;), i =1,2, for all A € ADH(ul) N A% (u2). One has

(7K _
O (LTS Y Y IR TN
,

27—+1N1/77al'7_1 (|R0|50+,3 + 5) ||u2 - u1||50+02

2T+1N 157 ||u2 - ulHﬁo-‘rffz < HU2 - u1||50+02' (465)

for ey~1 small (and ([#.13))). By (2.14)), applied to ® := ®,,, and (4.65)), we get

|A12(I);1|s <s (|\Ijzlz|s + |\I}12/|8)||u1 - u2||50+02 + A1V, [, (4.66)

which implies for s = 59, and using (4.21]), (4.14)), (4.65)

[A12® s, < [lur — uzllsgt o (4.67)

Let us prove the estimates (4.23) for A19R, 11, which is defined on A € A:,“H(ul) N AZ’il(ug). For all
s € [s0,50 + O], using the interpolation (2.7) and (4.60)),

ARy 41 ]s <o [A12®) o[ Hlsg + [A12®, oo |H s+ [(92) 7 o[ A2 Hylsy + [(P2) Hso| Ar2Hyls . (4.68)
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We estimate the above terms separately. Set for brevity AY :=|R, (u1)|s + |Rv(u2)|s. By (4.60) and (2.7),

|AH,|s < ’HJI\'/VAHRVL-’-|A12‘I’V|S\R,1,|so +|A12‘Pu|so|Rll,|s +|U2[s|A2R, lso + |‘If,2,|50|A12Ru|s

ED.ED .
<s |HJJ\_L,A12RV‘S + N3T+1’Y 1A5VDAZHu1 - u2||50+<72

+ N T AL A LR s + NI T AL [A LR, - (4.69)

Estimating the four terms in the right hand side of (4.68) in the same way, using (4.66)), (4.60), (4.42),
@43), [@21), [@67), (@58), ([@69), [.19), we deduce

|A12Ru+1‘s <s |HﬁuA12RV|S + N37+17_1AZA5VO ||U1 o u2||50+02
+N3T+1’Y_1AZ|A12RU‘5O + N3T+17_1AZO|A12RV|S . (470)

Specializing (4.70) for s = s and using (3.68)), (2.20)), (4.19), (4.23)), we deduce

A1 Ry 11lsy < C(eN,—1 N, P + NJTHIN 202y Juy — ualsgron < Ny Jur — tzlsgros

for Ny large and ey~! small. Next by ([4.70) with s = 50 + 3

)., @
|A12Ry |50+ S50+ Agipllur —uzllsoton + [A12R 5045

< C(so + B)eNy—1lur — uz|lsg+o, < eNyllur — uallso+o,

for Ny large enough. Finally note that (4.24)) is nothing but (4.55).
ProOOF OF (S4),.,. We have to prove that, if Ce N |[u1 — uzl|so 10, < p, then

AeA) (u) = XeA) f(u2).

Let A € A), (u1). Definition ([£.17) and (S4), (see (4.26)) imply that AJ,  (u1) € AJ(u1) C A)7P(uz).
Hence A € A77P(ug) C Az/z(ug). Then, by (S1),, the eigenvalues (X, u2(A)) are well defined. Now (|4.16})
and the estimates (3.64)), (4.25) (which holds because A € AY(uq) N AY ®(uy)) imply that

(1 = 1)\ uz(N) = (1f = )y (W) < 1] = 1) uz(V) = (1] — 1) (A ur (V)]
) —

+2sup|7‘ (A, ua (X)) = rf (A, ua (A)]
JEZ
< eClP = K lluz — ullto, - (4.71)

Then we conclude that for all [[| < N, j # k, using the definition of A7), (u1) (which is (4.17) with v + 1
instead of v) and (4.71)),

w1+ (u2) = pig(uz)| = fiw - L4 plf (un) = pig ()| = (= i) (u2) = (uF = i) ()|
> A7 =R = Celi® = kP llur — uz]lso 0,
> (y=pli* = K107

provided CeN/ |lu1 — u2l|sy+0, < p. Hence X € A) 7 (uz). This proves (4.26) at the step v + 1.

4.2 Inversion of L(u)

In ([3.57) we have conjugated the linearized operator £ to L5 defined in (3.55), namely £ = ®;L5®;*
In Theorem we have conjugated the operator L5 to the diagonal operator L., in (4.7]), namely L5 =
O Loo® L. As a consequence

L=WiL Wyt W;=dd,, i=1,2. (4.72)
We first prove that Wy, Wy and their inverses are linear bijections of H®. We take
Yy</2, T>T0. (4.73)
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Lemma 4.5. Let 5o < s < q— o0 — (3 — 3 where § is defined in ) and o in . Let u:=u(X) satisfy

[lu ||§;13r(;i_ﬁ+3 <1, and ey~ < § be small enough. Then W;, i =1, 2 satzsfy, V)\ € AQV( ),

IWihll, + Wi h]|, < C(s) (IRl + lullysors 121, ) (4.74)
IWih]|“2O) [ 5P < o) (IRJER + | 20, 1RIERG)Y (4.75)

In the reversible case (i.e. (L.13|) holds), W;, Wl i =1,2 are reversibility-preserving.

7

Proor. The bound , resp. - follows by (4.8 ., ’, resp. -, and Lemma E In

the reversible case W;=" are reversibility preserving because ® ol are rever51b1hty preserving. W
By (.72)) we are reduced to show that, VA € A2 (u), the operator

Lo = dingye (M0 1+ 1PV}, (V) = —i(ma(V)° — mi(N)7) + ()

is invertible, assuming (1.8)) or the reversibility condition (1.13]).
We introduce the following notation:

1

oy = ——
cu (2m)r 1

/ u(p, ) dedr, Pu:=u—Tou, Hi :={uec H*(T"T): Oou = 0}. (4.76)
Tv+1

If holds, then the linearized operator £ in satisfies
L:HT — H, (4.77)
(for 5o < s < g —1). In the reversible case (|1.13])
L:XNHT - YNH CHj,. (4.78)
Lemma 4.6. Assume either or the reversibility condition . Then the eigenvalue
et (\) =75°(\) =0, VYAe AR (u). (4.79)

PROOF. Assume (|1.8). If §° # 0 then there exists a solution of Loow = 1, which is w = 1/r§°. Therefore,

by (7).

ﬁWQ[l/Tgo] = EWQU} = Wlﬁoow = Wl[l]
which is a contradiction because IIcW;[1] # 0, for ey~! small enough, but the average IlcLW3[1/r§°] = 0
by ([4.77). In the reversible case rg® = 0 was proved in remark [ |
As a consequence of ([4.79)), the definition of A% in ([4.6) (just specializing (4.6]) with k = 0), and (1.2))
(with v and 7 as in (4.73))), we deduce also the first order Melnikov non-resonance conditions
(4)°
U

Lemma 4.7. (Invertibility of L) For all A\ € A% (u), for all g € HE, the equation Low = g has the
unique solution with zero average

_ gij i(l- j
L) glp, ) = S—1—C s 4.81
(¢, 2) (M;OM oL+ (V) (4.81)

VYA€ A2, iAo - T+ p(N)] > 2y

v(l,4) # (0,0). (4.80)

For all Lipschitz family g :== g(\) € H§, we have
Li _ i
et < oy gl B (4.82)

In the reversible case, if g € Y then L g € X.
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PROOF. For all A € A% (u), by (4.80)), formula (4.81)) is well defined and
12 NgM], <7 g s - (4.83)
Now we prove the Lipschitz estimate. For A1, Ao € A% (u)
L A)g(A\) = £ (A2)g(he) = Lo (A)[g(M) = g(a)] + (£ (M) = £ (A2)) g(A2) - (4.84)
By (4.83)
_ _ Li
AL ADlg) = 9Q)llls < llgr) = g2 s <37 gl A = ol (4.8)
Now we estimate the second term of (4.84)). We simplify notations writing g := g(\2) and &;; := A& -1+ p3°.

81 (o) — 815 (A ' _
(L) = £ (N2))g = Z 915 (A2) — 01 (A\1) giyeletin) (4.86)
iz 0(A)d(A2)

The bound (4.5) imply |u§-’°\“p <ey 1j|? <|j|® and, using also (4.80)),
7'6”()\2) — a0 (U@
101 (A1) 11615 (A2)] 74)°

Then and ([(.87) imply |[(Lt(A2) — L (A1))glls < ’Y_ngH?pgT+1|)\2 — \1| that, finally, with (4.83)),
i prove (4.82). The last statement follows by the property (4.37)). B

In order to solve the equation Lh = f we first prove the following lemma.

A2 — M| < (VT 71N — A, (4.87)

Lemma 4.8. Letso+7+3<s<q—o0—[F—3. Under the assumption (1.8) we have
Wi(Hgy) = Hgo Wfl(Hcs)o) = Hg - (4.88)

PRrROOF. It is sufficient to prove that Wy (Hg,) = H§, because the second equality of (4.88)) follows applying
the isomorphism W~ 1. Let us give the proof of the inclusion

Wi(Hio) € Hig (4.89)
(which is essentially algebraic). For any g € Hgy, let w(p,z) := L lg € Hi; " defined in (4.81). Then
h = Wow € H*™7 satisfies
Lh WiLooWy th = Wi Loow = Wig.
By (4.77) we deduce that Wig = Eh E Hi, ™™ 3. Since Wig € H® by Lemma we conclude Wig €

H* N Hé 773 = Hg,. The proof of ([@89) is complete.

It remains to prove that H§, \ W, (Hgo) = (). By contradiction, let f € Hg, \ Wi (Hg,). Let g := W, ' f €
H?® by Lemma Since Wig = f ¢ Wi(H), it follows that g ¢ H, (otherwise it contradicts (£.89)),
namely ¢ := IIcg # 0. Decomposing g = c+Pg (recall (4.76))) and applying Wy, we get Wyg = ¢W; [1]+W;Pg.
Hence

Wi[l] = ¢ (Wrg — Wi Pg) € Hg,

because Wig = f € H§, and W1PPg € W1 (H§,) C H, by (4.89). However, IIcW;[1] # 0, a contradiction. m

Remark 4.7. In the Hamiltonian case (which always satisfies (|L.8] .), the Wi(v) are maps of (a subspace
of) H} so that Lemma- 18 automatic, and there is no need of Lemma

We may now prove the main result of sections [3| and
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Theorem 4.3. (Right inverse of L) Let
T =2r+7, p:=4r+0+ [+ 14, (4.90)
where o, 8 are defined in (3.58)), (4.1) respectively. Let u(X), A € A, C A, be a Lipschitz family with

Li
lull 2 < 1. (4.91)

Then there exists 6 (depending on the data of the problem) such that if
eyt <4,

and condition (1.8)), resp. the reversibility condition (1.13)), holds, then for all X € A% (u) defined in (4.6,
the linearized operator L = L(A,u(X)) (see (3.1)) admits a right inverse on HE,, resp. Y N H®. More
precisely, for sg < s < q— u, for all Lipschitz family f(\) € Hy, resp. Y N H®, the function

hi=L =Wl W s (4.92)
is a solution of Lh = f. In the reversible case, L™ f € X. Moreover

— i — Li Li Li
17 AP < )y (AR + Il AP ) (4.93)

Proor. Given f € Hjy, resp. f €Y ﬂ H?, with s like in Lemma H the equation Lh = f can be solved
for h because II¢f = 0. Indeed, by (4 , the equation Lh = f is equivalent to Lo Wy Yh = W f where
W lre H§, by Lemma resp. W1 f € Y N H? being VV1 reversibility-preserving (Lemma -) As a
consequence, by Lemma [£.7] all the solutions of Lh = f are

h=cWol] + Wol Wl f, ceR. (4.94)

The solution is the one with ¢ = 0. In the reversible case, the fact that L= f € X follows by (4.92] -
and the fact that WZ, Wl are reversibility-preserving and £3! : Y — X, see Lemma

Finally (4.75)), (4.82)), (4.91) imply
_ i — Li Li Li
L1 A5 < Cls)r (I NEET 7 + lallS R s 105 )

and (4.93)) follows using (6.2)) with bg =89, ag =850+ 27+ 0+ 8+ 7,¢g=274+7,p=5—50. &
In the next section we apply Theorem to deduce tame estimates for the inverse linearized operators
at any step of the Nash-Moser scheme. The approximate solutions along the iteration will satisfy (4.91)).

5 The Nash-Moser iteration

We define the finite-dimensional subspaces of trigonometric polynomials

Hy={ue M) u(pa) = S uyeterinl
[(L,J)ISNn

where N, := Ngn (see ) and the corresponding orthogonal projectors
I, =1y, : L2(T**Y) - H,, IIl:.=1-T1I,.
The following smoothing properties hold: for all a, s > 0,
MLl 5200 < N2l 5200, Va(x) € H': [IEul5P0) < Ny o[l S50, wu(d) € B, (5.1)

where the function u(\) depends on the parameter X in a Lipschitz way. The bounds (5.1)) are the classical
smoothing estimates for truncated Fourier series, which also hold with the norm || - |5 defined in (2-2).

33



Let
F(u) := F(\u) := Ao - Opu + Uz + £F (0, &, U, Uy, Ug, Ugga) - (5.2)

We define the constants
K = 28 + 6, By := 50+ 11y, (5.3)

where p is the loss of regularity in (4.90)).

Theorem 5.1. (Nash-Moser) Assume that f € C?, q > s9+ p+ 31, satisfies the assumptions of Theorem
or Theorem[1.5 Let 0 < v < min{vy,1/48}, 7 > v + 1. Then there exist § > 0, C, > 0, Ng € N (that
may depend also on ) such that, if ey~! < &, then, for all n > 0:

(P1),, there exists a function uy : G, € A — H,, XA — uy(N), with HunHESTZ) <1, ug := 0, where G,, are
Cantor like subsets of A :=[1/2,3/2] defined inductively by: Go := A,

27n|j3 — k3|
0"
where v, := v(1 4+ 27™). In the reversible case, namely (1.13)) holds, then u,(\) € X.

The difference hy,, := u, — u,—1, where, for convenience, hy := 0, satisfy

Grir = {)\egn i - 1 52 () — 2 ()| > Vi k ez, leZ”} (5.4)

hall520) < Cen™INOY, oy =18 4 2. (5.5)

(P2) [|F(un)|[siP < CueNy*.

(P3), (High norms). [[un||2%}) < Cuey 'Ng and || F(u,)|[2RG) < CLeNg.

(P4),, (Measure). The measure of the Cantor like sets satisfy

Go\ G| < Cv, |Gn\ Guia| SACN', n> 1 (5.6)

All the Lip norms are defined on G,.

PROOF. The proof of Theorem [5.1|is split into several steps. For simplicity, we denote || ||“P by || ||.

STEP 1: prove (P1,2,3)p. (P1)g and the first inequality of (P3)q are trivial because ug = hg = 0. (P2)o
and the second inequality of (P3) follow with C. > max{||f(0)|lso N, || f(0)|lso+s No “}-

STEP 2: assume that (P1,2,3), hold for some n > 0, and prove (P1,2,3),+1. By (P1),, we know that

ltnllso+p < 1, namely condition (4.91) is satisfied. Hence, for ey~! small enough, Theorem applies.
Then, for all A € G,,+1 defined in (5.4)), the linearized operator

Ln(A) = LA, un (X)) = F'(X, un(N))

(see (3.1)) admits a right inverse for all h € H,, if condition (1.8]) holds, respectively for h € Y N H* if the
reversibility condition (1.13)) holds. Moreover (4.93)) gives the estimates
125 0lls <o v (Illssry + NunllosallBllg ) s VRO, (5.7)
1£5 hllsy <7 N llsg , VA(A) € Haga (5-8)

n

(use (5.1) and |lup|/sg+p < 1), for all Lipschitz map h(A). Then, for all A € G,,11, we define
Unp+1 = Un + hn+1 S Hn+1 , hn+1 = 7Hn+1£;1Hn+1F(Un) ; (59)

which is well defined because, if condition (1.8) holds then II,,11F(u,) € H,, and, respectively, if (1.13)
holds, then IT,, 1 F(u,,) € YNH? (hence in both cases £, 111,11 F(uy,) exists). Note also that in the reversible
case hp4+1 € X and so up41 € X.

34



Recalling and that £,, := F'(u,,), we write
F(upt1) = F(up) + Lohni1 +Q(tn, hnt1) (5.10)
where
Qun, hnt1) =N (up + hng1) — N(up) — N (un)hnt1,  N(u) = f(@, 2, U, Ug, Upg, Uz )-
With this definition,

F(u) = Lyu+eN(u), F'(u)h = Lyh+eN'(uw)h, Ly :=w-0y + Opza-

By (5.10) and (5.9) we have
F(unt1) = F(u,)—L Hn+1£_lnn+1F(un) +eQ(tn, hpy1)

= My Fup) + Lol £, 1 F(ug) + €Q(tn, bngr)
= Hn+1F(un) + Hn-&-lﬁnﬁglnn—HF(un) [ﬁann+1}£;1Hn+lF(un) + EQ(Um hn+1)
= Ty Fun) 4+ €N (un), Ty 125 T 1 F(un) 4 €Q(un, hnyr) (5.11)

where we have gained an extra € from the commutator
(L0 ] = [Lo + eN"(un), ] = [N (up), T4
Lemma 5.1. Set
Un o= ltalagn + 7 IE @t s wa =7 ()l - (5.12)
There exists Co := C(11, p, v, $1) > 0 such that
w1 < CoNZ A UL (1 4+ w,) + CoNST2 w2 Uiy < CoNIT2 (1 + w,)? U, (5.13)

PRrROOF. The operators N’ (u,) and Q(uy,-) satisfy the following tame estimates:

1QCuns W) ls <o Illsas (Illsss + o lsssbllsos) VRN, (5.14)
1Qun, h)llsy < NppallBlZ,  VA(A) € Hnsa, (5.15)
N (ua)hlls <s [1Blls+s + lunlls+sllhllso+s  VR(A), (5.16)
where h(\) depends on the parameter )\ in a Lipschitz way. The bounds and - follow by [6.2) -(Z)

and Lemma, is simply (5.14) at s = s, using that ||u,||se+3 § 1 Up, b1 € Hypp and the
smoothing (5.1)).

By (5.7) and (5.16), the term (in (5.11)) R, := [N"(uy), Hj 1)L, T p1 F(uy) satisfies, using also that
un, € Hy, and (5.1)),

1Ralle o™ Ve (1F ) s + || F )l ) a8 2= 3+ (5.17)
| Ralleo oot 7 Nl (1P )l 0 + lin g1 (n) sy ) (5.18)

because p > 71 + 3. In proving (5.17) and (5.18), we have simply estimated N (u,)IL},; and IL:, N7 (u,,)
separately, without using the commutator structure

From the definition of hy 41, using and (5.1)), we get

Mot lla0 Seorsn 7 1Nn+1(||F<un>||go+m o Nt o0 1 2t ) (5.19)
Mot leo Seo V™ NE 21 F 1) g (5.20)
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because p > 7. Then

luntillsot8: lttnllso o1 + 1t 1llao-+o:
o lnllegn (1477 NP )y )+ Ve NP ) g (5:21)
Formula for F(uny1), and (5.18), (5.15), (5.20), ey~ ! < 1, , imply
1 (un1)llsg oot Nofd ™ (llF(un)llsowl + ||un||50+51”F(un>||50) +ey PN I F(a)lZ, (5.22)
Similarly, using the “high norm” estimates (5.17), (5.14)), (5.19), (5.20), ey~! < 1 and ,

IF (s )llso, Zoorsn (1P nllsg s + ltomlao 0P (unllsg ) (14 Moy + NEEP9 I ()l ) (5.28)

By (5.21), (5.22) and (5.23]) we deduce (5.13)). ®

By (P2),, we deduce, for ey~! small, that (recall the definition on w, in (5.12))

w, < ey 'CLN,; " <1, (5.24)

Then, by the second inequality in (5.13)), (5.24), (P3),, (recall the definition on U, in (5.12)) and the choice
of k in , we deduce U, 4+1 < C*sq/*an 1, for Ny large enough. This proves (773)n+1

Next, by the first inequality in , -, (P2),, (recall the definition on w,, in ) and ., we
deduce w41 < C.ey 'Nf,,, for NO large, ey~! small. This proves (P2),11.

The bound at the step n + 1 follows by and (P2),, (and (5.3)). Then

n+1
[tntallsorn < lluollsorn + Z Ihellson < ZC ey lN <l
k=1 k=1

for ey~! small enough. As a consequence (P1,2,3),,+1 hold.
STEP 3: prove (P4),, n > 0. For all n > 0,

Gn \ Gny1 = U Ryji(un) (5.25)
ez ,j,kel
where
Riji(un) = {)\ € Gt NG - 1+ 12 (A un(N) = 12 (A un (V)] < 2305 — K| <z>*f} . (5.26)

Notice that, by the definition (5.26)), Rk (un) = 0 for j = k. Then we can suppose in the sequel that j # k.
We divide the estimate into some lemmata.

Lemma 5.2. For eyt small enough, for allm >0, |I| < N,
Riji(un) € Ryji(tn—1). (5.27)
PrROOF. We claim that, for all j, k € Z,
(15> = 172) () = (5% = ) (un—1)| < Celj® =K IN;*, VA €Gy, (5.28)

where p3°(un) == p5° (A, un(A)) and « is defined in (4.13). Before proving (5.28) we show how it implies
B.27). For all j # k, [i| < N, A € Ga, by (5:29)

(AL - 1+ p5e (un) — pg” (un)| > A0 - T+ p5o (un—1) = g (un—1)| = [(15° — pp") (un) — (157 = pg”) (Un—1)]
> 2y, 1153 = K1) 7T = Cel® — K3INTY > 29,15 — K1) 7T
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for C’e'y*lNT*O‘ 2’“rl <1 (recall that v, := (14 2~")), which implies (5.27).
PROOF OF . By (&.4),
(k5" = py )(Un) = (15° = ) (un—1) = =i[ma(un) = ma(un—1)] (5% = k%) +i[m1(un) = mi(up—1)](j = k)
+ r‘?o(un) — r}’o(un,l) — (rk (upn) — 7} (un,l)) (5.29)

where m3(u,) := m3(A, u,(\)) and similarly for my,7$°. We first apply Theorem [4.2(S4), with v =n +1,
Y =Yn—-1, Y — P = Yn, and uq, usz, replaced, respectlvely, by tn—1, Uy, in order to conclude that
A (un—1) © AT (un)- (5.30)

The smallness condition in (4.26]) is satisfied because o2 < p (see definitions (4.13]), (4.90)) and so

T T 2 —1 T—0 —n
eCNy |lun — un—1llsotor < CNlltn — Un—1llsgtp < €7 CONT™7 < ypo1 — Y =1 p =172
for ey~1 small enough, because o1 > 7 (see @ m . Then, by the definitions (| and @, we have

gn::gnflmAgg" ! ’ mA’Yn ! Un 1 CAnJrl U — 1 ’An

n+1
v>0

Next, for all A € G, C A"\ (up—1) NAY" (u,) both r"H(un 1) and r"+1(un) are well defined, and we

deduce by Theorem |4 (S3) with v = n + 1, that

n n (#.25)
7 ) = 17 ) T2 et — tnllog - (5.31)
Moreover (4.34) (with v = n + 1) and (3.66) imply that
175 (un—1) = 75 ()| + 5o (un) = 17 (un)l < e(U A+ [un—1llsopo + [unllsgrpra) N ®
< eN;“ (5.32)
because 0+ < p and [[up—1|lsg4put ||Unllso+n < 2 by (S1),,_, and (S1),. Therefore, for all A € G,,, Vj € Z,
|75 (un) = 15 (un—1)| < |rf ™ (un) = 3 1) [+ 175 (wn) = 777 (u) |+ 175 (wn—1) = ™ ()
E31),E32)
< ellun — Un—1llsgt0o, + N, * ’ eN, (5.33)
because o1 > « (see (|.13)), (5.5))). Finally (5.29), (5.33), (3.64), |un|lso+p < 1, imply (5.28). m
By definition, Ryjx(un) C Gy, (see (5.26)) and, by (5.27), for all |I| < N,,, we have Ry;x(un) C Rijg(wn—1).
On the other hand Ry, (un—1) NG, =0, see (5.4). As a consequence, V|| < Ny, Ryjx(u,) =0, and

(5.25))
Gn\Gnt1 C U  Ruyslwn), ¥n>1 (5.34)
|l|>N,,j,kEZ

Lemma 5.3. Let n > 0. If Ryji(uy) # 0, then |53 — k3| < 8lw - 1.

PROOF. If Ryjx(un) # 0 then there exists A € A such that [iAw - I + p3* (A, un(N) — pt (A un(N))] <
27,]3% — K3|(1)~7 and, therefore,

1155 A\ un () = 122 (N un (V)] < 275 = K207 +2[@ - 1]. (5.35)
Moreover, by (4.4), (3.63), (4.5), for € small enough,
. . . o1 1. . 1
152 = 21 = |msl® = K2 = |mallj = k[ = [r5°] =[] = 515° = k| = Celj — k| = Ce = 215" = k| (5.36)
if j # k. Since 7, < 2y for all n > 0, v < 1/48, by (5.35) and (5.36) we get

- 1 Ay, . L.
20012 (5 - g )0 - K1 2 35 - #)

proving the Lemma. B
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Lemma 5.4. For alln > 0,

| Ruji(un)] < Cy ()77 (5.37)
Proor. Consider the function ¢ : A — C defined by
o(A) = DT pFT(A) = g (A)

MG -1 — imz(A\) (72 — k) + i (W) — k) + () — r°(\)
where mg(A), mq(A), ‘T;?O()\), u‘;"()\), are defined for all A € A and satisfy (4.5) by ||un||§;ﬁ_(l)gn < 1 (see
(P1),,). Recalling | - [P < ~y~1|.|MPO) and using (&5)

15— " < g [ PP17% — k2| [ TP LG — k| (R e [T < Cey T - . (5.38)
Moreover Lemma [5.3] implies that, VA1, A2 € A,

638 1 |73 — k3|

[6(\) = 6(A2)| > (|- 1] = [15° = p ™) Ay = Ao = (5= Cor ) = KlIA = 2ol = A1 = A

1

for ey~ small enough. Hence

bl =K 9 _ T2y

O PR T

| Rijr(un)| <

which is (5.37)). ®

Now we prove (P4)o. We observe that, for each fixed I, all the indices j, k such that R;;x(0) # 0 are
confined in the ball j2 + k% < 16|w||l|, because

5% = K[ =15 = Kllj* + 5k + K*| = 5% + k* = jk| > 5 (52 + k%), Vi k€Z, j#k,

and |52 — k3| < 8|@||l| by Lemma As a consequence
629 ©.27) —r
9\ B | U R <32 X Ra(0)] T YA =0y

Lj,k 1EZY 2+4+k2<16|@) 1] lezv

if 7> v+ 1. Thus the first estimate in (5.6) is proved, taking a larger C, if necessary.
Finally, (P4),, for n > 1, follows by

(5-34) 15.37)
Gu\ Gt 2 ORI (A LD S
>N, i IkI Ol /2 11> N, [ IRI Ol /2
< > AT <N, T < CyN, !

[1]>Nn

and (5.6]) is proved. The proof of Theorem is complete. B

5.1 Proof of Theorems [1.1], [1.2], [1.3] 1.4 and

ProoF oF THEOREMS [L.1], [[.2], [[.3] Assume that f € CY satisfies the assumptions in Theorem or in
Theorem with a smoothness exponent ¢ := q(v) > s9 + u + $1 which depends only on v once we have

fixed 7 := v + 2 (recall that so := (v + 2)/2, (1 is defined in (5.3) and p in (4.90).

For v = &%, a € (0,1) the smallness condition ey~! = e!17% < § of Theorem [5.1]is satisfied. Hence on the

Cantor set Go := Nyp>0Gn, the sequence u, () is well defined and converges in norm || - ||§;I4).(Z)gx (see (5.5))
to a solution us, (A) of

F(\us(N) =0 with  sup [[tee(N)||lsg4p < Cey ! =Cet™®,
A€Go0
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namely u,(A) is a solution of the perturbed KdV equation (1.4) with w = A@. Moreover, by (5.6), the
measure of the complementary set satisfies

A\ Gool €D 1Gn\Guia| SCv+ Y ACON, ' < Cy = Ce",

n>0 n>1

proving (1.9). The proof of Theorem is complete. In order to finish the proof of Theorems or it
remains to prove the linear stability of the solution, namely Theorem

PROOF OF THEOREM |[1.4] Part (i) follows by (4 , Lemma heorem (applied to the solution
Uoo (A)) with the exponents & := o + 5+ 3, Ao (u ) = A% (u), see (4.6). Part (ii) follows by the dynamical
interpretation of the conjugation procedure, as explained in section [2.2] Explicitely, in sections [3] and [] we
have proved that

L=ABpWL W IBTA™Y W := MTSP,

By the arguments in Section we deduce that a curve h(t) in the phase space H is a solution of the
dynamical system ([1.19) if and only if the transformed curve

v(t) == W (wt) B~ A (wt)h(t) (5.39)

(see notation (2.18)), Lemma[3.3] (4.9)) is a solution of the constant coefficients dynamical system (11.20)).

PROOF OF THEOREM If all p; are purely imaginary, the Sobolev norm of the solution v(t) of (1.20)
is constant in time, see 1] We now show that also the Sobolev norm of the solution A(t) in - does
not grow in time. For each t € R, A(wt) and W (wt) are transformations of the phase space H 5 that depend

quasi-periodically on time, and satisfy, by -, - .,

A= @t)gllzrs + IWHH@t)gllm: < C(9)lgllay, Yt ER, Vg = g(z) € H, (5.40)

where the constant C(s) depends on ||u|s+o+84s, < +00. Moreover, the transformation B is a quasi-periodic
reparametrization of the time variable (see (2.25))), namely

Bf(t) = f((t)) = f(r), B 'f(r)=f(7'(r) = f(t) Vf:R— H, (5.41)
where 7 = ¥(t) :=t + a(wt), t =~ 1(7) = 7 + &(w7) and «, & are defined in Section Thus

1h0) e B2 | A BW @tpo(t)lm: 2 C(s)[BW (b))l EE ()W (wr)o(r)l| s
"2 () lom) s B2 cs)lletro) iz B2 Cs)IW (wro) B A (wro)hi(ro) i
() [ B~ A wro)h(mo) s B2 C(s)|A OOz 2 Cl)|1(0)] 1

having chosen 79 := 9(0) = «(0) (in the reversible case, a is an odd function, and so a(0) = 0). Hence (1.22)
is proved. To prove (|1.23), we collect the estimates (3.70)), (3.72), (4.9) into

[(A= (@t) = Dgllas + (W (wt) = Dgllas <ev ' C(s)lgll s, VEER, Vg € H, (5.42)
where the constant C(s) depends on |[ul/s4o+8+s,- Thus

(5.39)

Ih Ol B2 JA@)BW @tpo(0)]lms < IBW(wt)o(t)]lm; + | (Alwt) - DBW (wt)o(t)]m;
B r o) + o7 ) BW wt)old) e
= ||W<w>v<r>||H;+m*c(s)nvv(w)v(f)HH;H
" o)z + 1V (@) = Do) g + &9 C) o) gz
" o)l + e o) gz B o)z + 29 C ) 0(r0) gz
15.39)

=" ||W (wro) B~ A" (wro)h(70) || 2 +57710(5)\|W71(MO)BflAfl(mo)h(To)HH;“.
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Applying the same chain of inequalities at 7 = 79, t = 0, we get that the last term is
< [1(O0) s + v IO g0+

proving the second inequality in (1.23)) with a := 1 — a. The first one follows similarly.

6 Appendix A. General tame and Lipschitz estimates

In this Appendix we present standard tame and Lipschitz estimates for composition of functions and changes
of variables which are used in the paper. Similar material is contained in [26], [27], [7], [2].

We first remind classical embedding, algebra, interpolation and tame estimates in the Sobolev spaces
H*® := H*(T¢ C) and W% := W*>(T4,C),d > 1.

Lemma 6.1. Let so > d/2. Then
(i) Embedding. [[ullz= < C(so)llulls, for allu e H™.
(73) Algebra. |uv|ls, < C(s0)l|ullsollv]lse for all u,v € H®.
(791) Interpolation. For 0 < s; <s <sg, s =As1 + (1 — \)sq,
lulls < N3, lulls; ™, Yu € H=. (6.1)
Let ag,bo > 0 and p,q > 0. For all w € H**Pta o ¢ Hbotrta

[ellao+pllvllog+q < Nltullag+prqllvllon + lellagl[vllbg+ptq - (6.2)

Similarly, for the [ulsoo =5 <5 | DAu| o norm,

[t]s,00 < C(31752)|u|§‘1700\u|1*’\ Yu € W9, (6.3)

52,00 7
and Yu € Waotrta,e 1y ¢ Jybotpta.co
[t ag+p,00|V]bg+g,00 < Ca0s bo, s @) ([lag-tp+a,00[Vlvo,00 + [Ulag,00 [V]bg+p+4,00) - (6.4)
(iv) Asymmetric tame product. For s > sg,
luvlls < C(so)l[ullslvlls, + Cls)ullsollolls,  Vu,v € H?. (6.5)

(v) Asymmetric tame product in W*>. For s >0, s € N,

‘uv‘s,oo S % ‘U|L°°‘U 8,00 + C(S)|U|S,OO‘U‘L°° ) vu,'U c WS | (66)

(vi) Mixed norms asymmetric tame product. For s >0, s € N,

luv|ls < 2 |ulpe=||vlls + C(s)|uls collv]lo, Yu€ WS>® ve H®. (6.7)
If w := u(\) and v := v(\) depend in a lipschitz way on A € A C R, all the previous statements hold if we
replace the norms ||+ ||s, |+ |s,c0 with the norms || - ||I§]p(v), | - ?}&W

PRrROOF. The interpolation estimate (6.1)) for the Sobolev norm (1.5)) follows by Holder inequality, see also
[38], page 269. Let us prove (6.2)). Let a = agA+a1(1—X), b =bo(1 —A)+b1A, A € [0,1]. Then (6.1]) implies

A 1-A
lullallvolle < (llullag [vlle,) ™ (ulla [vlle) ™ < Mullagllvlls, + (1 = Mllulla, [[v]6, (6.8)
by Young inequality. Applying witha =ap+p, b=0by+¢q, a1 =ap+p+4q, b =by+p+q, then

A =q/(p+q) and we get (6.2)). Also the interpolation estimates (6.3]) are classical (see e.g. [26], [I0]) and
(6.3)) implies (6.4]) as above.
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(iv): see the Appendix of [10]. (v): we write, in the standard multi-index notation,

D*(w) = Y Cp,(D’u)(DVv)=uD+ >  Cg(D u)(Dv). (6.9)
B+y=a B+y=a,B7£0

Using |(DPu)(Dv)|pe < |DPulpe|DYv|pee < |u]|g),00|v]j4),00, and the interpolation inequality (6.3) for
every 8 # 0 with A :=|8|/]a| € (0,1] (where |a| < s), we get, for any K > 0,

A 1-A
O,y | D ul Lo | D V0| o < Cpy O (5) ([0] 10 [l s,00) ™ ([0]s,00 0l £ )

C(S) 1 A
= 2 [(KCp ) folzoe ul0] (J0]s.00 ul )
_Cls)
- K
Then follows by , (6.10) taking K := K(s) large enough. (vi): same proof as (v), using the
elementary inequality ||(D”u)(Dv)|lg < |DPulpe|Dv|o. @

We now recall classical tame estimates for composition of functions, see [38], section 2, pages 272275,
and [42]-I, Lemma 7 in the Appendix, pages 202-203.
A function f: T x By — C, where By := {y € R™ : |y| < 1}, induces the composition operator

f(u)(x) = f(x,u(x), Du(x), ..., DPu(x)) (6.11)

where DFu(z) denotes the partial derivatives 0%u(x) of order || = k (the number m of y-variables depends
on p,d).

1-X

L]
{(KCpy) T [v] Lo |u

si00 F [V]s,00|t] L} (6.10)

Lemma 6.2. (Composition of functions) Assume f € C"(T? x By). Then
(i) For all w € H™P such that |ulp oo < 1, the composition operator (6.11)) is well defined and

IF@)llr < Cllfller(lullrp +1)
where the constant C depends on r,d,p. If f € C"2, then, for all |ulpco, |hlp.co < 1/2,
[F(u+h) = F@)]|, < Clfllerr (hllrp + [Blpoolltellrip)
Hf(u +h) — f(u) — f/(u)[h]HT <Clfller+ ‘h|p’00(|‘h||r+p + |h|p,00||u||r+p) .
(#9) The previous statement also holds replacing || ||, with the norms | |, cc-

Lemma 6.3. (Lipschitz estimate on parameters) Let d € N, d/2 < sg <s,p >0, v>0. Let F be a
C'-map satisfying the tame estimates: V||ulsg+p < 1, h € H*TP,

[E(u)lls < C(s)(X + lullstp) (6.12)
10uF (uw)[Pl]ls < C(s)([[Plls+p + l[ellstpllpllso+p) - (6.13)

For A C R, let u(\) be a Lipschitz family of functions with ||u||Lip(V) <1 (see (2.2))). Then

so+p
IF@IEP < Cs) (14 [l 57)-
The same statement also holds when all the norms || ||s are replaced by | |s,c0-
PrROOF. By (6:12) we get supy [F(u(A)]ls < C(s)(1 + [[ufE07). Then, denoting ui := u(X;) and
h:=wu(A2) —u(A1), we have
1
1 (uz) = Fun)[s < / [0uF (ur + t(ug — ur))[h] [|s dt
0

!
< sy + ||h||so+p/0 (@ = B)|u) s + tlu(Xe) orp) dt
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whence

[ (A1) = Fu(a))lls

Lip(7) Lip(y)
su + [|lu su w( A + [|u(A
LR Dyl <s lullgin” + lullsorp Al,i(” A ls4p + Nu(A2)lls1p)
A1#A2
L Li Li Li
<o [l ZE + SR ZEY < O (s) ull K7

because ||uH£J;ﬂ(; ) <1, and the lemma follows. m

The next lemma is also classical, see for example [26], Appendix, and [27], Appendix G. The present

version is proved in [2], adapting Lemma 2.3.6 on page 149 of [25], except for the part on the Lipschitz
dependence on a parameter, which is proved here below.

Lemma 6.4. (Change of variable) Let p : R? — R? be a 2r-periodic function in W™, s > 1, with
IPl1,00 < 1/2. Let f(z) = x + p(x). Then:

(i) f is invertible, its inverse is f~(y) = g(y) = y + q(y) where q is 2n-periodic, g € W*°°(T¢ R?), and
Iq]s,00 < C|pls,00. More precisely,

lqlze = [plee, [Dqlre <2[Dplre=, [Dgls—1,00 < C|Dpls—1,00- (6.14)

where the constant C' depends on d, s.
Moreover, suppose that p = py depends in a Lipschitz way by a parameter X € A C R, and suppose, as
above, that |Dypx|pe < 1/2 for all \. Then q = qx is also Lipschitz in A\, and

lg|L2) < C(|p|1;f§§”> - {sup Al 1,00 } P2 ) < PP, (6.15)

The constant C' depends on d, s (and is independent on 7).
(i7) If u € H*(T?, C), then uo f(z) = u(x + p(x)) is also in H*, and, with the same C as in (i),

luo flls < C(lulls + [Dplo—1o0llullr), (6.16)

luo f—ulls < C(Iplz=lullsr1 + [plsoolull2), (6.17)
i Li i Li

luo fFIEPO < & (|ful| X2 + [p| L) |fu)| 5. (6.18)

(6.16)), (6.17) (6.18) also hold for uog .

(#91) Part (i) also holds with || - || replaced by | - |k,00, and || - ||Llp('y replaced by | - U pm, namely
|uof‘500 < C(|u|soo+|Dp|sfl,oo|u|1 oo) (619)
o fISE < Cul 0 +1DPL R ul5E”)- (6.20)

PrOOF. The bounds (6.14)), (6.16)) and (6.19) are proved in [2], Appendix B. Let us prove (6.15). Denote

pa(z) := p(\, ), and similarly for gy, gx, fx. Since y = fr(z) = z+pa(z) if and only if = gx(y) = y+ar(v),
one has

0(y) +oa(oa(y) =0, YAE€A, yeT? (6.21)
Let A1, A2 € A, and denote, in short, g1 = ¢x,, g2 = ¢x,, and so on. By (6.21]),

qg1 — g2 =pP2°g2 —P1°4G1 :(p2092*p1 092)+(p1092*p1 091)

= Ay (pa —p1) + /O AN (Dapr) dt (g2 — 1) (6.22)

where Ay 'h:=ho gy, A;'h:=ho (g1 +tlga — g1]), t € [0,1]. By (6-22), the L* norm of (g» — 1) satisfies

1 1
g2 —q1|L= < |A3 " (p2 *p1)|Loo+/ |A; N (Dyp1)| Lo dt |2 —q1| = < |p2 *P1|Loo+/ | Dypr| oo dt |qg2 —q1| 1o
0 0
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whence, using the assumption |D,p1|p~ < 1/2,
lg2 — q1lze < 2|p2 — pilres -
By (6.22), using , the W#°° norm of (g2 — ¢1), for s > 0, satisfies

(6.23)

_ 3 (1 .- .
0-leoe < 145 G2p) oty [ 1A Dapt)li dt 2= 1ot CO6) [ AT (Dbl i g
0 0

Since [A; ' (Dyp1)|p = |Dapi|r= < 1/2,

3 _ b
(1 B Z)|‘I2 — 1ls,o0 < [A7 (P2 = p1)ls,00 + C(S)/ [ A7 (Dap1)ls,0 dt g2 — 1]z
0

Using €29, €19, € and (T3

lg2 — q1ls,00 < C(S)(Ipz — P1ls,00 + {iulz [PAls+1,00 } P2 _p1|L°°>
€

and (6.15]) follows.

Proof of (6.17). We have uo f —u = fol A (Dyu) dtp where Ayu(z) = u(z + tp(x)), t € [0,1]. Then, by
(67 and (519),

1 1
<. / 1A (Dy)|o dt |pl e + / 1A (Do)llo dt [pl.
0 0

<s  ullsslpleee +[pls,oo0lplro< lulle + |pls.collull1

1
H /0 Ay(Dyu)dtp

S

which implies (6.17)).
Proof of (6.18)). With the same notation as above,

1
ug 0 fo —ui o fi = (ugo fa —ugo fi)+ (ug o fi —uy o fr) Z/ Ay(Dyug) dt (f2 — f1) + A1(uz — uy),
0

where A1h = ho fi; and Ath = ho (fy +t[fo — f1]). Using and (6.16)),

1
| [ Ayt (2= )], <o (12l + (509 Daslecrc) 1 Daialls ) 2 = pr ] + [ Dol = i
0 S

and || Ay (uz —u1)||s <s |lue — ui|ls + |Dapils—1,00 ||tz — u1]]1. Therefore

lugo fo—uio fills <s [p2—pi|oe (Sl)l\p lualls+1 + (Slip \P/\|s,oo)(81)l\P ||U,\||2))

+p2 — Pils.co (sup [Juallr) + [luz — walls + (sup [pals,00) [luz — uallx
A A

whence (6.18]) follows. The proof of (6.20]) is the same as for (6.18)), replacing all norms || - ||s with |- |s,cc. ®

Lemma 6.5. (Composition) Suppose that for all ||u|s,4u, < 1 the operator Q;(u) satisfies

”thHs < C(s)(Hh”ern + H“”Hm h”SUJrTi)? 1=1,2.
Let 7 := max{ry, 72}, p:= max{u1, uo}. Then, for all

||uH50+T+H <1,

the composition operator Q := Q1 o Qo satisfies the tame estimate

1QAlls < C(8)(IPlls+ritra + ullstrspsllRllsgsrira)-

(6.24)

(6.25)

(6.26)

Moreover, if Q1, Qa, u and h depend in a lipschitz way on a parameter X, then (6.26)) also holds with || - ||s

replaced by || - |57

PROOF. Apply the estimates for (6.24]) to ®; first, then to ®,, using condition ((6.25)). W
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7 Appendix B: proof of Lemmata and

The proof is elementary. It is based on a repeated use of the tame estimates of the Lemmata of the Appendix
A. For convenience, we split it into many points. We remind that s¢ := (v + 2)/2 is fixed (it plays the role
of the constant sy in Lemma [6.1)).

Estimates in Step 1.
1. — We prove that b3 = b defined in (3.17)) satisfies the tame estimates

s 15 < 2 C(s) (1 + lfullss), (7.1)
[0ubs () ]lls < & C(s) (1hlloss + ullsssllbllag+s),
Ibs = 1|EP0) < & C(s) (1 + [[ull{57). (73)

Proof of (7.1). Write by = b (see (3.17)) as
by —1 = p(Mglas) — 9(0)]) —6(0), () i=(1+6)5, Mh= — [ hdr, g(t):=(1+0"}. (74)
Thus, for & small,

1bs — 1]ls < C(s)[[M[g(as) = g(0)] ||s < C(s)llg(as) — g(0)]ls < C(s)l|as]|s-

In the first inequality we have applied Lemmal6.2)(i) to the function ¢, with u = 0, p = 0, h = M([g(as)—g(0)].
In the second inequality we have used the trivial fact that | Mh|s < ||h||s for all h. In the third inequality
we have applied again Lemma i) to the function g, with u = 0, p = 0, h = a3. Finally we estimate az by
(3.4) with sg = s, which holds for s +2 < gq.

Proof of . Using , the derivative of b with respect to u in the direction h is

Oubs(u)[h] = ¢'(Mlg(as) — g(0)]) M (g'(az)Ouas[h] ).

Then use (6.5)), Lemma 1) applied to the functions ¢’ and ¢’, and (3.5).
Proof of (7.3). It follows from (7.1}, (7.2) and Lemma

2. — Using the definition (3.16]) of pg, estimates (7.1)), (7.2]), (7.3]) for b3 and estimates (3.4)), (3.5), (3.6)
for ag, one proves that py also satisfies the same estimates (7.1)), (7.2), (7.3) as (b3 — 1). Since 8 = 9, 'po

(see (3.18)), by Lemma [6.1)(7) we get
1Bls.c0 < C(8)1Bllstso < C5)llpollsssy < e Cs)(1+ [fullsrsors), (7.5)

and, with the same chain of inequalities,

10uBu)[h]ls,00 < € C(8) (1 Pllsts0+3 + [[ullstso+3llllso+3) - (7.6)

Then Lemma [6.3] implies
i Li
B2 < 2O (1 + ull ). (7.7)
for all s + 59 + 3 < ¢g. Note that z — z + B(p,z) is a well-defined diffeomorphism if |5]1,00 < 1/2, and, by
(7-5), this condition is satisfied provided & C'(1 + |[uls,+4) < 1/2.

Let (p,y) — (<p,y+ﬂ~(go, y)) be the inverse diffeomorphism of (¢, x) — (¢, z+ B(p, z)). By Lemma i)
on the torus T¥*1, 3 satisfies

7.5

~
|ﬁ|s,oo < C|ﬂ 5,00 < 60(8)(1 + ||uHS+3+50)' (78)

Writing explicitly the dependence on u, we have B(go, y;u) + ﬂ(cp, Y+ B(Lp, y;u); u) = 0. Differentiating the
last equality with respect to u in the direction h gives

Dup[h] )

@A) =~ (75
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therefore, applying Lemma [6.4{4ii) to deal with A~!, for the product (9,3[h])(1+ 3,)~!, the estimates
(7.5)), (7.6), (7.7) for 3, and (6.2) (with ap = s9+3, bp = s0+4, p =1, ¢ = s—1), we obtain (for s+s0+4 < q)

|0uBW)[h]]s,00 < & C(s) ([l 54150 + [ullsrarsollPllstsy) - (7.9)
Then, using Lemmawith p =4+ sp, the bounds ([7.8]), (7.9) imply
BLED) < e C(s) (1 + [ullsBT,)- (7.10)
3. — ESTIMATES OF A(u) AND A(u)~!. By (6.16)), (7.5) and (7.8),
JA)hs + [|Aw) " hlls < C(s)([[Rlls + llullstsorsllpllr)- (7.11)
Moreover, by (6.18), (7.7) and (7.10),
i — i Li Li Li
LA@RIIEPO) + [ A@w)  REPO < CCs) (RIS + ull By 25 7). (7.12)

Since A(u)g(p, z) = g(@, z + B(p, z;u)), the derivative of A g with respect to u in the direction h is

the product 9, (.A(u)g)_[h] = (A(u)gs) OuB(u)[h]. Then, by (6.7 , and -,
[0u(A(u)g)[R] [|s < EC(S)(||9||s+1||h||so+3 + lgll2lPlls+s0+3 + Hu||8+50+3||g||2||h||50+3)‘ (7.13)
Similarly 8, (A(u)"'¢)[h] = (A(w) ' g,) 8u3(u)[R], therefore ©.7), (7.9), (7.11) imply that

10 (AT (u)g)[h] [ls < eC(s) <HgHS+1”h”5o+3 + llgll2lllsts0+3 + IIUI|s+so+4||9||2thlso+3)~ (7.14)

4. — The coefficients by, by, bo are given in (3.12)), (3.13). By (6.7), (7.11), (3.61), (7.5) and (3.4),

1bills < eC(s)(1 + [lulls+so+6), @ =0,1,2. (7.15)
Moreover, in analogous way, by , (7.12)), (3.61)), (7.7) and (3.6),
Bl < eCs)(1 + llull2Fa) k), i=0,1,2. (7.16)

Now we estimate the derivative with respect to u of b;. The estimates for by and by are analogous. By (3.12))
we write by (u ) = .A( )~Lbi (u) where b := w - 9,0+ (1 + a3)Braat+ a2Bss+ a1(1 + ;). The bounds (3.5)),

@6, @3, B-61), and imply that

183 (w)[B][ls < eC(s) (Ihllstso+6 + [[ullstsorollPllso+6) - (7.17)
Now,
Auby(w)[h] = 0u (A(u) ™07 (w)) [h] = (BuA(u) ™) (b5 (w))[A] + A(w) ™" (9ubi (u)[h]). (7.18)
Then , (718), (7.11), (7.14), (with ag =50 +4, Bo=850+6,p=s—1,¢=1) imply
100 A) O ()[Bllls < C(s) (Ihllsrsors + lullsrsor7lBllso+3) (7.19)
AW "ot (W)Alls < eC(s) (Ilhllstso+e + [ullstsorollPllso+6)- (7.20)
Finally (7.18)), (7.19) and (7.20) imply
18ub1 (w)[]lls < €C(8) (Ihllstso+6 + [1ullstso+7/12lls+6), (7.21)

which holds for all s +5¢0+7 < gq.
Estimates in Step 2.
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5. — We prove that the coeflicient mg, defined in (3.30]), satisfies the following estimates:

Ims — 1], |ms — 1|MP0) < eC (7.22)
|Oums(u)[h]| < eC|lhllso4s- (7.23)

Using @30 ).

lms — 1] <

1
@y )l,/ |bs — 1| dp < C|lbs — 1|5, < eC.
TV

Similarly we get the Lipschitz part of (7.22]). The estimate ([7.23|) follows by (7.2)), since

|Oums(u)[h] | < |0ubs(uw)[h]| dp < Cl|Dubs(u)[R][lsg < eClhlgo+3-

(2m)" Jpv B B
6. — ESTIMATES OF «. The function a(yp), defined in (3.31)), satisfies

lalsoe < €95 C8) (1 + [ullstrotoots) (7.24)

i — Li
aHE) < eyt Os) (14 uf S0, L) (7.25)
Oua(@)[Plsoe < 79 C) ([llstrotoots + Hu||s+m+so+3||hu50+3>. (7.26)

Remember that w = A, and |w - I| > 3yo|l|7™, VI # 0, see (1.2). By (7.1)) and -,
|als,00 < ll@llsta0 < Cvg HIbs = malstsgrre < C(8)75 (1 + utllsrga0+3)

proving (7.24). Then (7.25) holds similarly using (7.3) and (w-8,)"! = A~1 (@ - 9,)~!. Differentiating
formula (3.31) with respect to u in the direction h gives

dua(u)[h] = & - 0,) " (8ub3<uﬂhlms —Qbsaums<u>[h])

m3

then, the standard Sobolev embedding, (7.1J), ., -7 3) imply ([7.26)). Estimates and (
1 ),

hold for s+ 79 +50 +3 < ¢. Note that 1_' is a well-defined dlffeomorphlsm 1f lalt 0o < 1/2 and by

this holds by (3.59).
7. — ESTIMATES OF &. Let ¢ — 9 4+ wa(¥) be the inverse change of variable of (3.23]). The following
estimates hold:

|afs,00 < FO(3) (1 [fullstrotsota) (7.27)

~1Li Li
jalsin < () (1 ullEE ) o ) (7.28)
|3u07(U)[h]|s,oo < ( )(||hHS+To+50+3 + ||UHS+T0+50+4Hh||7'0+50+3)' (7.29)

The bounds , ) follow by (6.14 , , and , , respectively. To estimate the partial

derivative of & Wlth respect to u we dlfferentlate the 1dent1ty a(19 u) + a(¥ + wa(Y; u); u) = 0, which gives
- _ Oua[h]
=B (—=—).
u(w)[7] (1 +w- &pa)

Then applying Lemma uz) to deal with B!, for the product d,alh] (1+w-d,a)~!, and estimates

F25). [20). ([©3). we obtain (720)

8. — The transformations B(u) and B(u) ™!, defined in (3.24) resp. (3.25), satisfy the following estimates:

1Bu)hlls + 1Bw)~ Alls < C(s) (1Al + lullsry+sosllill1) (7.30)
1B)R|EPO) 4 (| Bu) = AP0 < C(s) (IR + [ul 24, 4 allI5 ™) (7.31)
10.(B <> lls < C(5)(lgllss1lklloo + gl Pllsson + lullssonlgllzlibllon) — (7:32)

10u(B(w) " 9)[llls < C(8)(IgllssillBllog + Nglilltllsson + lullstonrilgllhllo,) (7-33)
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where 0 1= 79+50+3. Estimates (7.30) and (7.31) follow by Lemmal[6.4(ii) and (7.24)), (7-27), (7.25), (7-28).

The derivative of B(u)g with respect to u in the direction h is the product fz Where f = B(u)(w - 0,9)

and z := dya(u)[h]. By (6.7), [|f2]ls < C(s)(|| flls|zlLe + | fllo]2ls,00). Then (7.26)), (7-30) imply (7.32). In
analogous way, (7.29)) and (7.30)) give (7.33).
9. — ESTIMATES OF p. The function p defined in (3.26), namely p = 1 + B~ (w - d,a), satisfies

p=1lsoe < 75 Cl8)(1+ |tullstrotonsa) (7.34)
i Li

lp— 152 < eqg T O(s) (1 + [ul|XP0L, Ls) (7.35)

10up() B s < %5 C(8) (1rllssrotonta + llstrotoossPllrotoosa): (7.36)

The bound ([7.34) follows by (3.26), (6.19), (7.24), (3.59)). Similarly (7.35]) follows by (6.20)), (7.25) and
(3.61). Differentiating (3.26)) with respect to u in the direction h we obtain

dup(u)[h] = 8, B(u) ™ (w - Dpa)[h] + B(u) ™" (w - 0 (Quer(u)[1])).

By (739, {20, and BT, we et

10 B(u) ™ (w - Bpa) [h]lls < 75 C(8) (1Pllstrorsora + [ullstrorsots|llrgrsots)- (7.37)
Using (7.30)), (7.26)), (3.59), and applying (6.2), one has
1B(uw) ™ (w - 0p(Bua(w) M) Ils < €79 C(8) (1Pllstro+sora + [llstrorsorallbllmgrsota) - (7.38)

Then (7.37) and (7.38) imply (7.36)), for all s + 79 + 80+ 5 < q.
10. — The coefficients cg, c1, co defined in (3.33)) satisfy the following estimates: for ¢ = 0,1,2, s > s,

leills < eC(s)(1+ [ullstrg+s046) (7.39)
i Li
lesl|ZP < eCs) (1 [l g 1r)s (7.40)
10ucilhllls < €C(8)(I1~llstrotso+6 + tllstrotsorzllAllro+250+6) - (7.41)

The deﬁnition of ¢; in (3.33), (6-7), (3:59), (7-30), (7-34), (7-15) and ev; " < 1, imply (7-39). Similarly (3.61)),
-, (7.35) and (7.16) imply (7.40). Finally (7.41]) follows from differentiating the formula of ¢;(u) and

using (8.59), (7.15), (7.33), (7.30), (6.5)-(6.7), (.34), (7.36).

Estimates in the step 3.
11. — The function v defined in (3.38)) satisfies the following estimates:

lo—1lls < eC(s)(L+ [ullstrossots) (7.42)

i Li
lo = 1|%P0) < eO(s) (1 + [|ul| Y20 17) (7.43)
18u0[Bllls < C(s)(Illstrotoots + lllstrotsortlBllrg+260+6) (7.44)

In order to prove (7.42) we apply the Lemma i) with f(t) := exp(t) (and v =0, p =0):

1
C2 [722)
T ) T 7S Cllealls S O [ulsrsanso) -

o1 = (- %

Similarly (7.43) follows. Differentiating formula (3.38) we get

ol = —1'( - 9.2) {15u (85 2) ) - ”m“’]}

3m3 3m3 3m3

Then using (3.59), (6.5), Lemma [6.2)7) applied to f' = f, and the estimates (7.39), (7.41)), (7.22) and (7.23)

we get (|7.44 -
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12. — The multiplication operator M defined in ([3.34)) and its inverse M~! (which is the multiplication
operator by v~!) both satisfy

IME | < C(s)([1Blls + llullstslhlls ) (7.45)
[MELR|EPO) < O (s) (||A)EPO) + [lu|| R [|R[|5PD), (7.46)
18, ME (w)g[h]|ls < 2C(s) (gl Pllsors + 1allsollhllsts + lellsros1llglloo2llsoss), (7.47)

with & —7'0—|—50+6

The inequalities ([7.45 ) follow by (3.59 , -7 .,

13. — The coefﬁaents dl, do, defined in , satisfy, for ¢ = O7 1

dills < eC(8)(1 + [[tlstros0+9)s (7.48)
i |[EPO) < eC(s)(1 + [[ul ZPO), 4 10)s (7.49)
18udi (W)[Alls < €C(8) (I Bllstros0+9 + [wllstroso+ 10l Bllor2s0+9) (7.50)

by (6.5), (3:59), (3-61), (7-39)-(7.41)) and (7.42)-(7.44).

Estimates in the Step 4.
14. — The constant m; defined in (3.46|) satisfies

[ma + [ma PO < 60, @umi (u)[B]] < eClhllryr2s0+9 (7.51)

by ([3-61), (7-48)-(7-50).

15. — The function p(?) defined in (3.47)) satisfies the following estimates:

Plsce < €75 "C(s) (1 + ||ullst2mo+250+9) (7.52)

i — Li
|p|L PO < ey 1C(S)(1 + H ||s+pZ‘r0+250+10) (7~53)
10up(W)[h]lsc0 < €75 " C(8) (I1hl]s42r0+25049 + [1€llst2me-+250+10 1Al rot25049) - (7.54)

which follow by (7.48)-(7.50) and (7.51)) applying the same argument used in the proof of (|7.25)).
16. — The operators 7, 7 ! defined in (3.42) satisfy

[T+ 0l < Cs)(1lls + l[ulls+ol1Bl11) (7.55)

IT*1h7) < O(s >(||h||£f1 + ull S5 1A ) (7.56)

10.(T* (w)g)h]lls < e ( )(llglls+1 17l + ||9||1||h||s+a— + lullssosllgll2linlls),  (7.57)

with ¢ := 279+ 250+ 9. The estimates and - follow by (6.16 , (6.18) and using (7.52]) and .

The derivative 9, (7 (u)g)[h] is the product (T( )9y) Oub Hence (6.7, (7.55) and (7.54) imply (7.57)
17. — The coefficients eq, €1, defined in , satisfy the following estimates: for i = 0,1

leills < eC(s)(1 + [lullst2ro+2s0+9), (7.58)

leill i@ < eCls) A+ [[ulli 5720 110): (7.59)

Hauei(u)[h]ﬂs < eC) (Illst2ror2s0+9 + ||u||5+27'0+250+10||h||27'0+250+9) : (7.60)

The estimates -, follow by (3.59), (3.61)), (3. 45|),., 7 and ( . The estimate
(3-43),

follows dlfferentlatlng the formulae of ey and ey in and applylng (2 48|7 7 50, (7.55) and
7 57

Estimates in the Step 5.
18. — The function w defined in (3.54) satisfies the following estimates:

”wHS S (S)(l + HU||5+27'0+250+9> (761)
[w][FPO) < eC(s) (1 + [|ull X%, o 110) (7.62)
[8uw(w)[h]ls < eC(s)([|hllst2ro+2s50+0 + ullst2ro+250+10/All2r+250+9) (7.63)
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which follow by (7-22), [7-23), [7-51), (7-58)-(7.60), (.59), (B-61).

19. — The operator S = I + wd; !, defined in (3.49), and its inverse S~* both satisfy the following
;)

estimates (where the s-decay norm | - |, is defined in (

85 =1 < eC(s)(1+ [[ullsy2m 1250 +9), (7.64)
i Li
S — I < eC(s) (L + Ilull i v 2e010): (7.65)
0,5 ()], < 6C(S)(||h||s+2m+2so+9 + [[ull 27 4250+ 10[| 2274350 +9) - (7.66)
Thus (7.64 ) 1 ) for S follow by (7.61] and the fact that the matrix decay norm |8 He<1,8>0,
using (2.5), (2.6), 2.8), (2.9). The operator S~ satisfies the same bounds 7.65) by Lemma .

which may be apphed thanks to (7.64)), (3.59)), (3.61) and € small enough.
Finally (7.66) for S~! follows by

0uS™H(u)[h] = =S7H(u) uS(W)[M] S (u) ,

and (2.7)), (7.64) for S7*, and (7.66) for S.

20. — The operatpr R, defined in (3.55)) , where rg, r_; are defined in (3.52), (3.53]), satisfies the
following estimates:

R[, < eC(s)(A+ [[ullss2m+2s0+12) (7.67)

Lip(v) Li
RIS < eC(s)(1+ ull 5850 a0y 15) (7.68)
|0.RW)R]|, < eC(s)(|Ihllsr2ro+2so+12 + [tll st 2my 250 413/ Pll2rp 1850 412)- (7.69)

Let T :=ro+r_10;'. By (2.5), [2.6), (6.5), (7.61), (7.62), (7.58), (7-59), (7-51)), (7.22), and using the trivial
fact that |9, s <1 and |7r0|s g 1 for all s > 0, we get

7|, < eC(s)A+ [lulls+are+2s0+12) (7.70)
Lip(v) Li
I[P < eCs)(+ ullsBin) a0 i1s)- (7.71)

Differentiating 7" with respect to wu, and using (2.5)), (6.5), 1|7.63|b, |7.60|}, (|7.51|), 1|7.22| and 1|7.23|b, one has
0. T (w)[h]], < eC(5)(|Ihlls+2re+250+12 + ullst2mo 2504131 Bll2ro +350-+12).- (7.72)

Finally (2.7), (2-10) (7.64)-(7.66), (7.70)-(7.72) imply the estimates (7.67)-(7.69).

21. — Using Lemma (3.59) and all the previous estimates on A, B, p, M, 7, S, the operators ®; =
ABpMTS and &3 = ABMTS, defined in (3.57)), satisfy (3.60) (note that o > 279 + 259 + 9). Finally, if
the condition (3.61)) holds, we get the estimate (3.62)).

The other estimates (3.63)-(3.68) follow by (7.22)), (7.23)), (7.51)), (7.67)-(7.69). The proof of Lemma

is complete.

Proof of Lemma For each fixed ¢ € TY, A(¢)h(x) := h(z + B(p,x)). Apply (6.16) to the change of
variable T — T, z — z + 3(p, x):

[A(@)hllm; < C(S)(HhHH; +18(e, ')|st°°(T)||h||H1)-
Since |B(p, )l () < |Bls,00 for all ¢ € T, by (7.5) we deduce . Using (6.17), (3-59), and
[(A(e) = Dhllag <s 1Ble[hll g+ + Bls,collhl 2 <s €(Hh||H;+1 + lulls+so+3lllla2)-

By (7.8), estimates (8.69) and (3.70) also hold for A(¢)~' = A~ () : h(y) — h(y + B(p,¥)).
The multiplication operator M(y) : H: — HS, M(p)h := v(p,-)h satisfies

[(M(p) = Dhllag = [[(v(p,-) = Dhllag <s llv(e, ) = Ulmg bl + [lo(e, ) = Ulazl1hl
<s 0 = UlstsollBllzzz + llv = Ulitso 1Bl zz <s e(Illz + lullstror2sorsllbllm)  (7-73)
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by (6.5), (2-5), Lemma2.4] (7-42) and (3:59). The same estimate also holds for M(p)~! = M~1(y), which

is the multiplication operator by v~'(¢g,-). The operators 7*!(p)h(z) = h(z £ p(p)) satisfy
1T hllmz = Ihllas, (T (@) = Dhllag < evg ' Cllhll e, (7.74)

by (6.17)), (3.59)), (7.52) and by the fact that p(y) is independent on the space variable.
By (2.12)), (7.64), (3.59) and Lemma the operator S(p) = I + w(p,-)0; ! and its inverse satisfy

x

1551 (9) = Dllarz <o (Illzrz + lullsszrseoollhlls). (7.75)

Collecting estimates (7.73)), (7.74)), (7.75) we get (3.71) and (3.72). Lemmais proved.
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