ON THE SPECTRUM OF TWO DIFFERENT
FRACTIONAL OPERATORS

RAFFAELLA SERVADEI AND ENRICO VALDINOCI

ABSTRACT. In this paper we deal with two nonlocal operators, that are both well known
and widely studied in the literature in connection with elliptic problems of fractional type.
Precisely, for a fixed s € (0, 1) we consider the integral definition of the fractional Laplacian
given by

s __c(n,s) 2u(x) —u(z +y) — u(z — y) n
(=A)’u(z) = 5 /n S dy, ze€R",
where c(n, s) is a positive normalizing constant, and another fractional operator obtained
via a spectral definition, that is

Aqu = Zai i ei,

ieN
where e; , A; are the eigenfunctions and the eigenvalues of the Laplace operator —A in 2
with homogeneous Dirichlet boundary data, while a; represents the projection of u on the
direction e; .
Aim of this paper is to compare these two operators, with particular reference to their
spectrum, in order to emphasize their differences.
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1. INTRODUCTION

Recently in the literature a great attention has been devoted to the study of nonlocal
problems driven by fractional Laplace type operators, not only for a pure academic interest,
but also for the various applications in different fields. Indeed, many different problems
driven by the fractional Laplacian were considered in order to get existence, non-existence
and regularity results and, also, to obtain qualitative properties of the solutions.

In particular, two notions of fractional operators were considered in the literature, namely
the integral one (which reduces to the classical fractional Laplacian, see, for instance, [7, 8,
9, 10, 14, 15, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33] and references therein) and the
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spectral one (that is sometimes called the regional, or local, fractional Laplacian, see, e.g.
[2, 4, 5, 6, 35] and references therein).

For any fixed s € (0,1) the fractional Laplace operator (—A)
by

S

at the point x is defined

(11) (_A)SU(x) . 2 /” QU(:C) - U(T?/r"}r/?)s_ U(ZL‘ — y) dya

where ¢(n, s) is a positive normalizing constant! depending only on n and s.

A different operator, which is sometimes denoted by A, is defined as the power of
the Laplace operator —A, obtained by using the spectral decomposition of the Laplacian.
Namely, let 2 be a smooth bounded domain of R™, and let A\; and e, k € N, be the
eigenvalues and the corresponding eigenfunctions of the Laplacian operator —A in € with
zero Dirichlet boundary data on 0f2, that is

—Aek = )\kek in
e, =0 on 012,

normalized in such a way that [lex||;2(q) = 1. For any s € (0,1) and any u € Hg(Q) with

u(x) :Zaiei(m’), x e,

1€EN

one considers the operator

(1.2) Ay = Zai A;e;.
€N

Aim of this paper is to compare the two previous definitions of fractional Laplace opera-
tors. First of all, we would like to note that these two fractional operators (i.e. the ‘integral’
one and the ‘spectral’ one) are different (in spite of some confusion that it is possible to
find in some of the existent literature in which the two operators are somehow freely in-
terchanged). Indeed, the spectral operator Ay depends on the domain € considered (since
its eigenfunctions and eigenvalues depend on ), while the integral one (—A)* evaluated at
some point is independent on the domain in which the equation is set.?

Of course, by definition of Ay, it is easily seen that the eigenvalues and the eigenfunctions
of As are respectively N\j, and ej,, k € N, that is the s-power of the eigenvalues of the
Laplacian and the very same eigenfunctions of the Laplacian, respectively.

On the other hand, the spectrum of (—A)® may be less explicit to describe. We refer to
[28, Proposition 9 and Appendix A], [23, 24], [25, Proposition 5] and [30, Proposition 4] for
the variational characterization of the eigenvalues and for some basic properties.

A natural question is whether or not there is a relation between the spectrum of Ag and
(—A)® and, of course, between the respective eigenfunctions. In the present paper, by using
the classical regularity theory for the eigenfunctions of the Laplace operator —A and some
recent regularity results for the fractional Laplace equation (see [22, 23, 24, 32]), we will
show that the eigenfunctions of A5 and (—A)® are different (for more details see Section 2).
In particular, we will show that the eigenfunctions of (—A)*® are, in general, no better than
Holder continuous up to the boundary, differently from the eigenfunctions of A (i.e. of the
classical Laplacian) that are smooth up to the boundary (if so is the domain).

IDifferent definitions of the fractional Laplacian consider different normalizing constants. The constant
¢(n, s) chosen here is the one coming from the equivalence of the integral definition of (—A)® and the one
by Fourier transform (see, e.g., [7] and [10, (3.1)—(3.3) and (3.8)]) and it has the additional properties that

lim (—=A)°u = —Awu and lir(r)1+(—A)Su = u (see [10, Proposition 4.4]).
S5—r

s—1—

2Also, the natural functional domains for the operators (—A)® and A, are different, but this is a minor
distinction, since one could consider both the operators as acting on a very restricted class of functions for
which they both make sense - e.g., C5°(Q2).
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Furthermore, with respect to the eigenvalues of Ay and (—A)®, we will prove that the
first eigenvalue of (—A)® is strictly less than the first one of As. To this purpose we will
use some extension results for the fractional operators As and (—A)® (see [7, 34]).

Summarizing, the results given in this paper are the following:

Theorem 1. The operators (—A)° and As are not the same, since they have different
etgenvalues and eigenfunctions. In particular:

e the first eigenvalues of (—A)® is strictly less than the one of As;

e the eigenfunctions of (—A)® are only Hélder continuous up to the boundary, dif-
ferently from the ones of As that are as smooth up the boundary as the boundary
allows.

For further comments on similarities and differences between the operators As and (—A)*

for s = 1/2 see [13, Remark 0.4].

The paper is organized as follows. Section 2 is devoted to a comparison between the
eigenfunctions of As and (—A)*. In Section 3 we deal with the spectrum of the two fractional
operators we are considering. Section 4 is devoted to the extension of the operator Ay, while
in Section 5 we discuss the relation between the first eigenvalues of A; and (—A)*.

2. A COMPARISON BETWEEN THE EIGENFUNCTIONS OF Ag AND (—A)*

This section is devoted to some remarks about the eigenfunctions of the operators A; and
(—A)*. Precisely, we will consider the following eigenvalue problems in a smooth bounded
domain € C R", with Dirichlet homogeneous boundary data, driven, respectively, by Ag
and (—A)*,

Asu=Au in
(2.1) { u=20 on 0f)
and
(—=A)*u=Au in Q
(2.2) {u:() in R"\ Q.

Note that in (2.2) the boundary condition is given in R™ \ © and not simply on 952, due
to the nonlocal character of the operator (—A)®.

In what follows we will denote by ej 4, and e s, k € N, the k-th eigenfunction of A,
and (—A)*, respectively.

Taking into account the definition of A, it is easily seen that its eigenfunctions ey, a,,
k € N, are exactly the eigenfunctions of the Laplace operator —A, i.e.

ek,AS = €L .

Also, since e, € C°°(2) N C™(Q) for any m € N (see, for instance, [11]), then

(2.3) er, 4, € C ()N c"(Q).

Of course, constructing the eigenfunctions of (—A)?® is more difficult. In spite of this, we
have some regularity results for them. Precisely, denoting by d(z) = dist(z,0), x € R,
by [22, Theorems 1.1 and 1.3] and [30, Proposition 4], we have that

ek,s/0jg € C%*(Q) for some a € (0,1),

namely ey 5/ (5"99 has a continuous extension to Q which is C%*(Q2). In particular, ey s is
Holder continuous up to the boundary.

Aim of this section will be to show that the Hélder regularity is optimal for the eigen-
functions ey, s of (—A)®. To this purpose, first of all we recall the notion of Poisson kernel
of fractional type and, then, we discuss the optimal regularity of the eigenfunctions ey, .
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2.1. Poisson kernel of fractional type. Here we recall the notion of Poisson kernels of
fractional type and their relation with the Dirichlet problem (see [20, Chapter I]).

First of all, for any » > 0, € B, (that is the ball of radius r centered at the origin)
and y € R™\ B,, we define

lyl? —=r2) |z —yln’

with ¢o(n,s) > 0. It is known (see [20, Appendix]) that, for any fixed = € B, the function
I(x) 32/ Pr(z,y)dy
R"\ B,
is constant in x. Therefore, we normalize ¢,(n, ) in such a way that?
(2.4) / P (z,y)dy=1.
R”\ B,

The function P, plays the role of a fractional Poisson kernel, namely if g € C(R™) N L*(R")
and

/ Pr(z,y)g(y)dy ifx € B,
(2.5) ug(z) == R™M\Br
g(x) if x e R"\ By,
then ug is the unique solution of

(=A)’ug =0 in B,
(2:6) { Ug =g outside B, .
For this, see [20, 33].

2.2. Optimal regularity for the eigenfunctions of (—A)?®. In this subsection we prove
that the C% “regularity of the eigenfunctions ek, s is optimal. Precisely, we show that, in
general, the eigenfunctions of (—A)® need not to be Lipschitz continuous up to the boundary
(i.e. the Hélder regularity is optimal).

For concreteness, we consider the case

(2.7) n > 2s,

the domain Q := B, and the first eigenfunction e; ; (normalized in such a way that
le1,sllz2mny = 1 and e1 s > 0 in R™, see [28, Proposition 9 and Appendix A]) of (=A)® in
B,, ie.

(—A)SGLS = )\1756175 in Br
(2.8) { e15=0 in R"\ B,.

We prove that
Proposition 2. The function e; s given in (2.8) is such that
e1,s € WH(B,).

Proof. The proof is by contradiction. We suppose that e; s € Whe(B,) and so e1,s €
WLHoo(R™), that is

(2.9) le1,5(@)| + [Ver, (@) < M, @ € R”

for some M > 0.
From now on, we proceed by steps.

Step 1. The function ey s is spherically symmetric and radially decreasing in R™ .

3More explicitly, one can choose ¢,(n, s) := I'(n/2) sin(rs) /m/P+1 | see [20, pages 399-400)].
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Proof. For this, since e, > 0 in R", we consider its symmetric radially decreasing re-
arrangement ej . (see, e.g., [19, Chapter 2| for the basics of such a rearrangement). We
observe that e} ; vanishes outside B, , since so does e, 5. Moreover, we recall that the L2
norm is preserved by the rearrangement, while the fractional Gagliardo seminorm decreases,
see, e.g. [1, 3, 21]. Then, by this and since \; , is obtained by minimizing the fractional
Gagliardo seminorm under constraint on the L?-norm for functions that vanish outside B,
(see [28, Proposition 9]), we conclude that the minimum is attained by e ¢ (as well as by

617 s)-
Since A1 4 is a simple eigenvalue (see [28, Proposition 9 and Appendix Al]), it follows that
e} ¢ = e1,s and Step 1 is proved. g

Now, let @ be the fractional fundamental solution given by
Q(z) :=c1(n, s)|z|**™™, = cR"\ {0}.

Here the constant ¢;(n,s) > 0 is chosen in such a way that (—A)®Q@ is the Dirac’s delta &y
centered at the origin (see, e.g., [20, page 44] for the basic properties of fractional funda-
mental solutions).

We define
(2.10) 0(x) == A1, sQ * e1,s(x) = A1 sc1(n, s) /]Rn ]y\zs_"el,s(x —y)dy, x€R"
and
(2.11) v(z) =€y s(x) —0(x), xeR".

First of all, notice that ¥ > 0 in R", since Ay, s >0, @ > 0 and e; s > 0 in R".
Step 2. The function v is spherically symmetric and radially decreasing in R™.

Proof. Indeed, if R is a rotation, we use Step 1 and the substitution ¢ := Ry to obtain for
any x € R"”

o) = Meer(n,s) [P e (o - y)dy =
Rn
= A1, sc1(n, s) / |y[25_”el,s(7€(x — y)) dy
Rn

~ser(n,s) / G121 (Re — ) djf = 5(Ra),

that shows the spherical symmetry of .
As for the fact that o is radially decreasing in R", we take p > 0 and define

9(0,...,0,p) = —/ > "er s(—y, p — yn) dy,

(2.12) v(p) == — (M1, sc1(n, 5))

where we used the notation y = (', y,) € R"! x R for the coordinates in R".
The goal is to show that for any p > 0

(2.13) vi(p) = 0.
For this, first note that

vi(p) = — / |y
R2N{|p—yn|<T}

- / |y
RO {|p—yn|>r}

-/ gl
RO {|p—yn|<r}

’25—n

er,s(—y'sp—yn)dy
|2s—n

e, s(—y',p—yn)dy

er,s(—=y,p—yn)dy,
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since {|p —yn| > 7} C {|(=¥,p — yn)| > r} and €1, vanishes outside B,. Also, since

the function ey s is spherically symmetric and radially decreasing in R™ by Step 1, we
write 1, 5(z) = —FE(|z|) with £/ > 0 in R*. Thus,

v(p) = / W E((—y s — ya)l) dy
RrO{|p—yn|<r}

and so
- P~ Yn
e = [ (= o)) o Yy
* RrO{|p—yn|<r} " ’(_y/7 p— yn)’
Now, let us consider the following change of variables
~/ /
y =y
2.15 ~
(2.15) {yn:=2p—yn.

First of all, note that if g, —p > 0, then —g, < 2p — ¥, < Un, so that
(2p - gn)2 < 372

and

7,20 = )| = V1T + 2p = 52)2 < VTP + 52 = 131
As a consequence of this and recalling that n > 2s, we obtain that
- ~ 25— 125
(2.16) (720 = ga)| 7" = 917"
Therefore, by (2.15) and (2.16) we get

- p—y
> E (s p — ) ) o dy

/R"ﬂ{Oép—ynér} (=50 — Yn)

- ~ N[28=T gt s~ ~ Yn — P -
= (7,20 — Gn) E'([(F'sp = 0n)) 7e———=~ di
/an{oggn—pgr} | | G p = )
~ 25— ~ ~ gn —p ~
> G2 E (7, p — Gn)|) o ——— di,
/Rnn{oggn—pgr} G o — )

due to the fact that E/ > 0in RT.
Hence, recalling (2.14), we get

vl (p :/ yQS—nEl ' p—n P —Yn dy
+(p) R"l"‘l{|p—yn|<'r’}‘ | (I )|)|(—y/,,0—yn)|

2s—n 1/ ’ P —Yn
yl“ " E(|(~Y =) dy
ot (I ")DI(—@/,,O— Yn)|

- p—y
4 / 2B~y p— g)) Yy
R*N{0<yn—p<r} ‘(_y P — yn)‘

/Ian{ng_yn <r}

~125—n 10/ ~/ ~ gn_p ~
0] E(@p—0))7——=dy
91 (I )D(\(y’,p—yn)l

25— ~ . pP—Y
+ [ B (7= ) oy
R™O{0<Gn—p<r} (=7, p = Fn)

2 /
R N{0<Gn —p<r}

=0,

due to the fact that |(§', p — gn)| = [(=7, p — §n)| . Hence, (2.13) is proved.

Then, by (2.12), the spherical symmetry of ¢ and the fact that \; s and ci(n,s) are
positive constants, we get that v is radially decreasing in R™. This concludes the proof of
Step 2. O

Next step will exploit assumption (2.9) taken for the argument by contradiction.
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Step 3. The function v is such that
e W (By,).

Proof. To check this, we observe that for any =z € R”

5(z) = Arsc1 (n, 5) / W2 Mer o (@ — ) dy = Arsci(n, 3) / W2 mer (@ — y) dy,
R B

()

since e, s vanishes outside B, by (2.8). Here, B,(z) denotes the ball of radius r centered
at x.

Now, we notice that if z € By, then B,(x) C Bs,. As a consequence, recalling also (2.9),
we obtain that for any x € B,

6@+ V3@ < Aealn) [P (fense — )+ Veru(o = o)) dy

By ()
< Agsal(n, s)M ly>*~" dy,
B37‘
which is finite (being s > 0). Hence, Step 3 is established. O

Now we can conclude the proof of Proposition 2.
For this, note that, from (2.9) and Step 3, we get

v=e]s—0UE Wl’OO(BQT) ,
i.e. there exists M > 0 such that
(2.17) lv(z) — v(y)| < M|z —y]

for any z,y € Ba,.
Also, by (2.10) and the choice of @

(=A)°D = A se1,5 ¥ (—A)°Q = A1 se1,s % 00 = A1, s€1,s
and so, by (2.8) and (2.11)
(—A)SU = (—A)SGLS - (—A)S’D = )\1756175 - )\1756175 =0

in B,. Therefore, we can reconstruct v by its values outside B, via the fractional Poisson
kernel, that is, for any = € B,

(2.15) ww = [ A,

for this see (2.5) and (2.6) .
Since (2.11) holds true and ey s = 0 outside B,, by (2.18) we deduce

ww = [ P dy

(219) = [, e [ i dy

—~ [ Py
R"\ B,

N
—~
<
N—

=Y
<
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By (2.11), (2.17), (2.18) and (2.19) we get
‘/ (2, y)0(y) dy — 0(0,...,0,7)
n\BT

= |—/ P.(xz,y)v(y)dy +v(0,...,0,7) —eq,s(0,...,0,7)
R"\ B,
(2.20)

/ Py(z,y)o(y) dy — v(0,...0,7)
R"\ B,

= |v(0,...,0,7r) —v(z)|
< M|(0,...,0,7) — x|
for any = € B,.

If in (2.20) we take z := (0,...,0,7 — ) € B, for a small € € (0,7), recalling (2.4), we
deduce that

Me = M|(0,...,0,7) — x|

> /Rn\BT Py (2, y)i(y) dy — (0. .., 0,7)
_ /Rn\BT Bo(z,y) <17(y) —5(0, ... ,0,7«)> dy
(221 —ome [, (Geti) Sy
= com ) ~af?)" [ (SP - ;2’)2,)3:_55,’3
. 5(0,...,0,7) —
> colm &7 (r = el /y|>r (ly? - rzgs(ly’P + I)yn _(fl ef2)"/
=" /y|>r fe(y) dy

where

0(0,...,0,7r) —9(y)
(I = 72)" (1" + |y — 7+ 22)™"
We remark that f.(y) > 0 for any |y| > r, since
(2.22) 0(0,...,7) = 0(y) for any |y| > r,
thanks to Step 1. Moreover

fs(y) = Co(”» 8) r’

i 0(0,...,0,7) — 0
hm+ fs(y) = Co(na S) r’ ( s ) (y) n/
=0 (ly2 =r2) (192 + lyn — 7[2)
So, we divide by £° the inequality obtained in (2.21) and we use Fatou’s Lemma: we conclude
that

0 = liminf Me'~% > lim inf/ fe(y)dy
ly[>r

e—0t e—0t
v(0,...,0,r) —v
— Co(n’ S) TS / U( 75 Y 7/’,.) U(y) n/2
wi>r (lyl* = r2) (1’1 + lyn — 71?)
This and (2.22) yield that o(y) is constantly equal to ©(0,...,0,r) for any |y| > r, so that,
in particular, if 2* := (0,...,2r) we have that
(2.23) On0(2*) =0.

dy .
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On the other hand, by (2.10),

1 0

anﬁ(x*) = 87 5 — Z‘2s_n
n T

|z e1,5(2) dz

T=x

=(2s—n) / |a* — z\zs_"_Q(x; — zn)e1,s(z) dz
B,

A1sci(n, s)

*

= (25 —n) / (|z'\2 +|2r — zn]2)(257n72)/2(27“ — zp)ers(z)dz,
which is strictly negative, by (2.7). This is a contradiction with (2.23) and hence Proposi-
tion 2 is proved. O

3. THE SPECTRUM OF Az AND (—A)*

In this section we focus on the spectrum of the operators A and (—A)*. In what follows,

we will denote by
O< A <Xd<...< <.

the divergent sequence of the eigenvalues of the Laplace operator —A in Q with Dirichlet
homogeneous boundary data, while by A, 4, the sequence of eigenvalues of problem (2.1)
and, finally, by A; s the eigenvalues of (2.2).

By definition of A,, it easily follows that the eigenvalues A 4, are exactly the s-power
of the ones of the Laplacian, that is

(3.1) AA, = A, kKeEN.
As for \g s, we refer to [28, Proposition 9 and Appendix A}, [25, Proposition 5] and

[30, Proposition 4] for their variational characterizations and some basic properties. In

particular, we recall that for k € N
_ 2
[ bty
R? xR"

(3.2) Akys = c(n, s) min [z =y
2 uePk,s\{O} / |U(.’L‘)|2 dx
Q
where
Py,s = Xo(Q) := {u € H*(R") s.t. u=0 a.e. in R"\ Q}
and

(3.3) Pr,s i= {u € Xo(Q) s.t. (u,ejs)xo) =0 Vj=1,....,k—1}, k>2
with

In what follows we will show that As; and (—A)® have different eigenvalues. Of course,
at this purpose we will use properties (3.1) and (3.2), but the main ingredient will be the
extension of the operator Ag, carried on in the forthcoming Section 4.

4. ONE-DIMENSIONAL ANALYSIS

In this section we perform an ODE analysis related to the extension of the operator Ay,
as it will be clear in the forthcoming Section 5.

This analysis is not new in itself (see also [7, Section 3.2] and [34, Section 3.1]): similar
results were obtained, for instance, in [34] by using a conjugate equation and suitable special
functions such as different kinds of Bessel and Hankel functions. Here, we use an elementary
and self-contained approach.

Given a € (—1,1) in what follows we denote by Wa'*(R™) the following Sobolev space

WIA(RT) = {g c Wl (RT) : / t*|g(t)|* dt < +oo and / tg(t))? dt < —l—oo}
R+ R+
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endowed with the norm

1/2
I8 lolpeeny = ([ eloOPar+ [ elawpa)
R+ R+

Here, as usual, we used the notation Rt := (0,+00). We also denote by I/Vlla2 (RT) the

closure, with respect to the norm in (4.1), of the set of all functions g € C®°(R*)NC°(RT)
with bounded support and ¢(0) = 1.
It is useful to point out that Wy (R*) and Wllf (RT) are contained in a classical Sobolev

space. Precisely, denoting by W'P((0,x)), p > 1 and x > 0, the classical Sobolev space
endowed with the norm

lollwrsomy = (190 + 1880amy)
the following result holds true:
Lemma 3. Fiz a € (—1,1) and k > 0. Then,
Wo(RT) € WH((0, k)
for any p € [1, a*), with
o {2/((1—1— 1) if ae(0,1)
2 if a€(—1,0].
Moreover, there exists C,, > 0 such that
lgllwrr o) < Cullgllyrzge
for any g € Wi (RT) .

Proof. Let a € (—1,1), g € WC}’Q(RJF) and p € [1, a*) . We use the Holder Inequality with
exponents 2/(2 — p) and 2/p (note that both these exponents are greater than 1, thanks to
the choice of p) to see that

T R e CIR

p @-p)/2 [ p/2
< [ / tp“/@p)dt} [ / t“[g(t)]2dt]
0 0

2-p  opraye—p| 0 2 "*
_ —p(1+a))/(2-p tgt)2dt| < +oo,
i | L) < e

again since p < a*.
A similar inequality holds if we replace g with ¢, and this proves the desired result. O

Hence, as a consequence of Lemma 3, the functions in Wff(R*) are uniformly continuous
in any interval, by the standard Sobolev embedding, and have a distributional derivative
which is well-defined a.e.

Now, for any A > 0 and any g € Wllf (RT), we consider the functional

Grlo)s= | (lato) e+ Ag(o)?) a.
The minimization problem of G is described in detail by the following result:
Theorem 4. There ezists a unique gy € Wllf(]RJr) such that

(4.2) my = inf  G\(9) = Gi(gn),
geEW I (RT)

that is, the above infimum is attained.
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Moreover, gy € C®(RT) N CO(RT) and it satisfies

ax(t) + %QA(t) —Aga(t) =0 for any t € R
(4.3)

g (0) =1,
and
(4.4) lim %y (t) = —myA@+D/2,

t—0t
Finally,
(4.5) gx(t) € [0,1] and gx(t) < O for allt € RY and . ligl gx(t) =0.
—+o00

Proof. By plugging a smooth and compactly supported function in G, we see that m) €
[0, +00), so we can take a minimizing sequence g; in W11a2 (R*), that is a sequence g; such

that
Ga(g;) — my

as j — +o00.
In particular, G(g;) < my + 1. As a consequence of this, HgJHW“(Rﬂ is bounded

uniformly in j. Hence, there exists gy € WII(?(RJF) such that g; — gy weakly in Wff(R*)
as j — +oo. Also, for any k € N, k > 2, we have that

k

k
G [ (P +150F) de< [ (gOF +195(0F) de < myr 1,
1/k 1/k

where C, = (1/k)* if a > 0, while Cj, = k% if a < 0. Namely, ||g;|lw1.2(1/x4) is bounded
uniformly in j.

Now, we perform a diagonal compactness argument over the index k. Namely, we take
an increasing function ¢, : N — N and we use it to extract subsequences. We have a
subsequence gg,(;) that converges a.e. in [1/2,2] to g\ with 9g,(j) converging to gy weakly
in L2([1/2,2]) as j — +oo. Then, we take a further subsequence 9ss(e2(j)) that converges
a.e. in [1/3,3] to gy with g4, (4,()) converging to gy weakly in L*([1/3,3]) as j — 4oo.
Iteratively, for any k € N, we get a subsequence g¢,....4,(;) that converges a.e. in [1/k, k] to
gx With gy, o...0g,(;) converging to gy weakly in L3([1/k, k]) as j — +oo.

Hence we look at the diagonal sequence g; := gy o..op,(j)- By construction g; converges

J
to g\ a.e. in R" as j — 400 and therefore, by Fatou Lemma,

(4.6) lim inf/ tg; (1) dt > / t*|ga(t)|* dt.
J—too Jr+ R+

On the other hand, by the weak convergence of jj to g in L2([1/k, k]) as j — 400, we have

that gy € L?([1/k, k]) and so t(t) := t%g,(t) is also in L?([1/k, k]), which gives

k k

[ giou = [ e,

J=too J1/k 1/k

that is

k k

tin [ eg0a@d= [ 0P
J=+00 J1/k 1/k
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for any k € N, k > 2. As a consequence of this, we obtain that

k
0 < liminf/ t0g;(t) — ga(t)* dt
1

k . k k .
(4.7) znminf(/ t“|gj(t)]2dt—i—/ t“|g’,\(t)]2dt—2/ tagj(t)‘g)\(t)> dt
J=+oo N J1/k 1/k 1/k

k k
zhminf/ ta|g'j(t)|2dt—/ tga ()| dt
J=Foo J1/k 1/k

forany ke N, k > 2.
By (4.6), (4.7) and the positivity of A we get

my = lim Gx(g;)
= lim </ t“|gj(t)|2dt—|—)\/ t“ldj(t)|2dt>
J—+00 R+ R+
k
> liminf (/ t“\gj(t)\th—i—)\/ t“!sij(t)Pdt)
Jj——+oo R+ 1/k

k
N RO Y RACIR
R+ 1/k

for any k£ € N, k > 2. By taking k& — 400, we deduce that my > Gx(gx). This proves
that the infimum in (4.2) is attained at g). The uniqueness of the minimizer is due to the
convexity of the functional G. This completes the proof of (4.2).

Now, notice that, since gy € Wi’s(Rﬂ, then g (0) = 1 and gy € WHP((0, %)) for any p €
[1,a*) and any x > 0, by Lemma 3. Hence, it is uniformly continuous on (0, ) for any
k > 0, by the standard Sobolev embedding, and so it can be extended with continuity at 0,
that is the function gy € CO(RT).

Moreover, by taking standard perturbation of the functional G at g\ + ¢, with ¢ €
C§°(R1) and € € R small, one obtains that

(4.8) /R (00000 + Na®I(W) ) de =0,

Hence, g, satisfies weakly an ODE and so gy € C*®°(R™) by uniformly elliptic regularity
theory (see for instance* [16, Theorem 8.10]). Moreover, integrating by parts in (4.8) it
easily follows that g, solves problem (4.3).

Now, we prove (4.4). For this, it is convenient to reduce to the case A = 1, by noticing
that if g™ (¢) := g(t/v/A), we have that

Ga(g™) = AD2G (g)
and therefore
(4.9) my = AT 2m;and  ga(t) = 1 (t/VN).
Let us fix ¢ € C5°([—1,1]) with ¢(0) =1 and let
(#) == t*(g1(D)(t) + 1 (D) (1))
By the Cauchy—Schwarz Inequality, we have that

/R 0 dh < Gil01) Gi(9) < v,

4n further detail, g) satisfies [16, Equation (8.2)] withn =1, ¥ =a'' = Xt*, b' =b' =0, =¢' =0,
d = t* and this equation is uniformly elliptic in bounded domains separated from 0: so we can apply [16,
Theorem 8.10] with f = 0 and obtain that gy € W2 (b1, b2) for any by > by > 0 and any k € N.
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so that v € L'(RT). Therefore, by the absolute continuity of the Lebesgue integral, for any
fixed € > 0 there exists d; > 0 such that if 0 < 1 < t9 < §; then

/tz V(r)dr < e,

t1
As a consequence, the function

+oo
I(t) .= /t ~y(T)dr

is uniformly continuous in (0, 1) and therefore it may be extended with continuity at 0 as
follows

410 1= [ o= [ (@) + i) dr

By (4.3) with A = 1 it is easy to see that for any ¢t € RT

“i(t) = 5 ().

So, by this and recalling that ¢(0) = 1 and ¢(t) =0 if t > 1, we get
1
r0) = @ 1 (r)e(r)) d
O = [~ (nn)or) +in(r)o(r)) dr

1
d ) . :
= [ | () o + winrrien)]| ar
0 T
(4.11) 1 g
g [ o)
Jm [ (7o) ) dr
= — lim g1 (t)p(¢
Jim ¢4g1 (£)e(t)
= — lim t%¢1(¢).
A )
Note that the computation carried on in (4.11) has also shown that the above limit exists.
Now, to compute explicitly such limit, we consider the perturbation
g1e = (g1 +e9)/(1+e)
with € € R small. First of all, notice that g1 . = g1 + ¢ — g1 + o(€) and so
9161 = |91 + 26910 — 2¢|on|* + o(e)

and similarly if we replace g with g1 .. It follows that

Gilgre) = Galan) +2¢ |7 (an(otr) = an(r) + n(r)or) = lin(em) ) e+ ofe).

Then, the minimality condition implies that

L7 (#0)6) = (O + in(r)() = an (7)) dr = 0.

Hence, by this, (4.10) and the definition of m; we deduce
= /]R+ T (91(T)¢(7) — g1 (T)? + g1 (r)d(7) — |9'1(T)\2) dr

= [ (0o +a@im)dr— [ (ln@F + 0(r)?) dr
R+ R+
= F(O) —1mj.
This and (4.11) prove (4.4) for A = 1. In general, recalling (4.9), we obtain

lim %G5 (t) = A7Y2 Lim % (tA™Y2) = A@HD/2 Jim (iA™Y2)3g, (A 71/2) = —my A@+D/2
t—0+ t—0+

)
t—0t
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thus establishing (4.4) for any A > 0.

Now, let us prove (4.5) For this we first observe that G1(|g1|) = G1(g1), which implies,
by the uniqueness of the minimizer, that g; = |g;| and so g; > 0 in RT,

We start showing that

(4.12) g1 < 0 in the whole of RT.

By contradiction, if g1 was increasing somewhere, there would exist t5 > t; > 0 such that
0 < g1(t1) < g1(t2). Let b:= (gi(t1) + g1(t2))/2 € (91(t1), g1(t2)). Notice that there exists
ts > to such that g(t3) = b: otherwise, by continuity, we would have that g(¢t) > b > 0 for
any t > to and so, using that a € (—1,1),

—+o00 +oo
Grlgr) >/ t“\gl(t)\zdt>b2/ 19 dt = +oo,

to t2
which is against our contraction.
Having established the existence of the desired t3, we use the Weierstrass Theorem to
obtain t, € [t1,t3] in such a way that
g1(tx) = max g;(t).
teftr,ts]
Note that, by definition of b,

g1(ts) = g1(t2) > b > g1(t1) .

Hence, t, # t; and also t, # t3, being g1(t3) = b. Thus, ¢, is an interior maximum for g;.
Accordingly ¢1(t,) = 0 and §;(tx) < 0. Thus, by (4.3),

0=§1(t*)+tgg1(t*) —q1(ty) <04+0—-b=—b<0.

This is a contradiction and it proves (4.12).
A consequence of (4.12) is also that ¢1(t) < ¢1(0) = 1 for any ¢t € Rt. Moreover, it
implies that the limit
¢:= lim ¢i(t) € [0,1]

t—+o00
exists. Necessarily, it must be
{=0.
Otherwise, if ¢ > 0, it would follow that g(¢) > £/2 for any t > t,, for a suitable t, > 0.
This yields that (using also that a € (—1,1))

+o0 Foo
Gilg) > [ el de> (/27 [ et = roc,
to to

which is against our contraction. All these considerations imply (4.5) for A = 1, and thus
for any A > 0, thanks to (4.9). O

5. A RELATION BETWEEN THE FIRST EIGENVALUE OF Ay AND THAT OF (—A)*

This section is devoted to the study of the relation between the first eigenvalue of A5 and
of (—A)*, that is between A\ 4, and Ay 5. Precisely, in this framework our main result is
the following:

Proposition 5. The relation between the first eigenvalue of (—A)® and the one of As is
given by
/\175 < )‘1,As .

Proof. Let us take a :=2s—1 € (—1,1) and for any (z,t) € Q x R, set
El(x7t) = g)\l(t)el(x)a

where the setting of Theorem 4 is in use, A1 is the first eigenvalue of the Laplacian —A and
e1 = e, a, is the first eigenfunction of the operator A (see Section 2).
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Notice that E; may be thought as an extension of e; in the half-space R® x RT that
vanishes in (R"\ Q) x RT . However, we point out that E; does not verify div(VE]) = 0 in
the whole of R x Rt .

Also, note that the function £y € C®°(QxRT)NC(Q x RT), since e; € C®(Q)NC™(Q)
for any m € N (see formula (2.3)) and gy, € C®°(R*) N C%R*) by Theorem 4. Also,

. a T a- _ (a+1)/2
t1_1>%1+t OcEq (x,t) = tl—l>%l+t g (ter(r) = —my A e1(z),

thanks to (4.4).
Furthermore, since Gy, (gy,) is finite by Theorem 4, we have that

LYRT) 2 1%ga, ()7 +%1gx, (D)7 = 2t%gx, (1) g, (1)]
and, therefore, there exists a diverging sequence of R for which

(5.1) Rlim R%gx, (R)gx,(R)| =0.
—+00

Now, note that, using” the definition of E;, the fact that e; is the first eigenfunction of
—A (for this see Section 2), for any (z,t) € Q x RT we have

19|V Ey (2, 8)? = div (taEl(:z, 1)V E; (z, t)) — at" By (2, )0, By (x, 1)
B (2, ) AE (z, 1)
= div (t“El(x, HV E(z, t)) — at LBy (z, ) g, (er (z)
— t"Er(z, t)gx, (1) Ager(z) — tEr(z, t)ga, (Her (z)
(5.2) = div (t“El(x, 1)V E (z, t)) LB (2, £y, (Der (2)
+ Mt Er(z, t)ga, (t)er(z) — t"Er (2, 1)y, (t)er ()
— div (t“El(a:, HVE(z, t))
+ 1By (2, er (1) — ot~V (6) + Mgx, (6) — 9, ()
= div (taEl(ﬂc, HV Bz, t)) ,

thanks to (4.3).
By (5.2) and the Divergence Theorem, we have that

// t\VE(z,t)]?dzdt = lim // t\VE; (z,t)|? dz dt
QxR+ R—=+oo J Jax(o,R)

5.3 = i div (t*Ey(z, ) VE: (z,t) ) dz dt
( ) R—1>I—I|-IOO//QX(O7R) 1V< 1(x ) l(w )> v

= Jim [ (t“El(x, 10, B (x, t)) e — (t“El(:U, 10, B (x, t)) o dz ,

®We remark that here V is the vector collecting all the derivatives, both in = and it ¢. Similarly,
A=A, +082.
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since for any t € R™, Ey(-,t) = 0 on 99, being e; = 0 outside 2. Hence, by (5.3) and using
again the definition of F; we deduce that

// t\VE (z,t)|? dz dt
QxR+

= Jdim [ _(t El(m,t)atEl(x,t)>]t:R - (t El(x,t)atEl(x,t))ytzo} dz
— lim [ [REi(z, R)OE:i(z, R) — (taEl(x, )0, E (, t)) |t:0] dx
R—+o00 ot
= lim [ R (R)gn, (Ber @) = (95, (g, () ler(@) ) i=o| da
——-00 Ot
= dim | (R, (R (R)er ()2 4+ miA"T ey (@) 2) da
R—400 Q
. a . a+1)/2
= Jdim (R (R)ga (B) +mid™) s
_ ml)\ga+1)/2
=myA],
thanks to (4.4), the fact that ¢g,(0) =1, (5.1) and the choice of a. As a consequence,

inf // VU (z,t)|? do dt < // t|\VEy (x,t)|? dz dt
UeC(R™ xRT) nxR+ nxRT

1TC0 L2q)=1
(5.4) U(-,0)=0 outside @

_ // 11V B (2, )2 da dt
QxR+

S
= ml)\l 5

since E1(-,t) = e1(-)gx(t) =0 in R™\ Q for any ¢t € RT.

Now, we use a result in [7] to relate the first term in (5.4) to A1, s (which, roughly speaking,
says the optimal U is realized by the so called a-harmonic extension of v := U(-,0)). Namely,
by [7, formula (3.7) and its proof at page 1250] and [10, Proposition 3.4], we get

inf // t\ VU (z,t)|? do dt = my inf /|§|25m(§)]2d§
R” xR+ Y R

UeC (R xRT) HUHGC(]R”)il
HU(‘vo)HL2<Q>:1 Lz(ﬂl)_
U(-,00=0 outside o u=0 outside ©
2
c\n S
= ml ( ? 1nf // (2)‘ dxdy,
2 ueC(RM) o RP ‘x — y|nt2s
‘u”L2(Q)71
u=0 outside @
>mlc< min uy )‘Qd dy
= weXo(Q) nyR™ ‘.T,' — y‘n+23
lull 2 gy =1
=mj Ay,

thanks also to the variational characterization of A; s given in (3.2). Here @ denotes the
Fourier transform of u.
Thus,

inf // VU (2, 1)|? de dt = my) s.
UeC(R" xRT) n xR+
IUC0 2 gy =1

U(-,0)=0 outside @
This and (5.4) give that
AL <AL

)
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We claim that the strict inequality occurs. If, by contradiction, equality holds here, then

it does in (5.4), namely

E; € argmin inf // t*\VU (z,t)|* dz dt
UeC(RMxRT) R xR+
”U<'10)HL2(Q):1

U(-,0)=0 outside o

We remark that such minimizers are continuous up to R” x R+, and they solve the associ-
ated elliptic partial differential equation in R x R*, see [12]: in particular F; would solve

an elliptic partial differential equation in R” x R* and it vanishes in a nontrivial open set
(just take a ball B outside 2 and consider B x (1,2)).

As a consequence of this and of the Unique Continuation Principle (see [18]), E; has to

vanish identically in  x RT and so, by taking ¢ — 0, we would have that ej(x) = 0 for
any = € Q (here we use also the fact that gy, (0) = 1 by (4.3)). This is a contradiction and
it establishes that A1 s < A] = A 4,. OJ

Our main result, i.e. Theorem 1, is now a direct consequences of Propositions 2 and 5.
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