NON-STATIONARY COMPOSITIONS OF ANOSOV DIFFEOMORPHISMS
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ABSTRACT. Motivated by non-equilibrium phenomena in nature, we study dynamical systems
whose time-evolution is determined by non-stationary compositions of chaotic maps. The con-
stituent maps are topologically transitive Anosov diffeomorphisms on a 2-dimensional compact
Riemannian manifold, which are allowed to change with time — slowly, but in a rather arbitrary
fashion. In particular, such systems admit no invariant measure. By constructing a coupling, we
prove that any two sufficiently regular distributions of the initial state converge exponentially
with time. Thus, a system of the kind loses memory of its statistical history rapidly.
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1. INTRODUCTION

1.1. Motivation. Statistical properties of dynamical systems are traditionally studied in a sta-
tionary context. Let us elaborate briefly, discussing only discrete time for simplicity. Suppose
M is the set of all possible states of the system. Given the state x, € M at some time n > 0,
the state of the system at time n+ 1 is assumed to be either (i) z,,,1 = T'x,, where T': M — M
is an a priori specified map used at every time step or (ii) z,4+1 = T,4+1%,, where the maps
T, : M — M are drawn randomly and independently of each other and of zg,...,z;_; from
a set of maps ¥ according to a distribution 7. Now, suppose the initial point xg has random
distribution p: Prob(zg € E) = u(FE), for all measurable sets F C M. By stationarity we mean
that Prob(z, € F) = p(E), for all n > 0, for all measurable sets £ C M. This condition
translates to u(T~'E) = p(E) in case (i) and to [ pu(T'E)dn(T) = p(E) in case (ii). In either
case the measure p is called invariant. The reader may verify that these definitions result, in-
deed, in a strictly stationary process in that all finite dimensional distributions are shift-invariant:
Prob(zg,4n € E1, ..., Tk, +n € En) = Prob(zy, € Ey, ...,z € E,,), for all choices of the indices
and of the measurable sets. Let f be a measurable function on M, which represents a quantity
whose observed values f(z,) at different times one is interested in. Given an invariant measure
one may, for example, study the statistical behavior of the sums Z;:Ol f(z;) of observations,
making use of the fact that (f(x,)),>0 is a stationary sequence of random variables.

A key ingredient in obtaining advanced statistical results on interesting systems is chaos, that
is to say the dynamical complexity due to sensitive dependence of the trajectories (x,),>0 on
the initial point xy. In this paper we initiate a program to free ourselves from the standard
constraint of stationarity, advocating the following view:

Much of the statistical theory of stationary dynamaical systems can be carried over
to sufficiently chaotic non-stationary systems.
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The deliberately imprecise statement above is proposed as a guideline and challenge instead
of a theorem. We believe that a result obtained for a strongly chaotic stationary system quite
generically has a non-stationary counterpart if the corresponding non-stationary system continues
to be sufficiently chaotic.

The inspiration for undertaking the program stems from non-equilibrium processes in nature
where it is often unfounded or simply false to assume that an observed system is driven by
stationary forces. For example, it is conceivable that an ambient system governed in principle by
measure preserving dynamics is, for all practical time scales, in a non-equilibrium state, so that
the subsystem actually being observed is better modeled separately in terms of non-stationary
dynamical rules. The remark is by no means limited to situations of physical interest alone, but
seems to lend itself rather universally to applied sciences. Second, from a purely theoretical point
of view it appears very restrictive to focus only on stationary dynamical models.

In order to advance the program in a meaningful way, we need a concrete model to work
with. Deferring technical definitions till later, let the state x,, € M of the system at time n be
determined by the action of the composition 7T}, o --- o T} on the initial state zo € M, where
each map T; : M — M describes the dynamical rules at time . For us, the constituent maps
T; are topologically transitive Anosov diffeomorphisms on a 2-dimensional compact Riemannian
manifold M, which form a prime class of nontrivial chaotic maps. It is clear that some additional
control is needed; for instance, an alternating sequence of an Anosov diffeomorphism 7" and its
inverse T~! would yield 7}, o --- o T} = id for even values of n, which does not result in chaotic
dynamics. To that end, the maps T; are here assumed to evolve slowly with time 7, but otherwise
they may do so in a rather arbitrary fashion. We point out that the maps 7; need not be randomly
picked, there is no assumption of stationarity, and for large n the map T, may be far from the
map 7;. Even if all the maps T} preserved the same initial measure, so that the random variables
x, were identically distributed, the process (z,),>0 would typically fail to be stationary.

We call such compositions non-stationary and think of them as descriptions of dynamical
systems out of equilibrium.

We prove in this paper that the system at issue loses memory of its initial state exponentially.
More accurately, assume zy has either distribution p! or p? and call p! and p2, respectively,
the corresponding distributions of z,,. Our main result states that if ' and p? are sufficiently
regular, then the difference [ f duy, — [ f du2 tends to zero at an exponential rate with increasing
n, provided f is a suitable test function. This type of weak convergence is natural due to the
invertibility of the dynamics: the supports of the measures p! and 2 will never overlap unless
they did so initially. Instead, they tend to concentrate increasingly on unstable manifolds due to
the contracting direction of the maps 7; and then wind wildly around the phase space M due to
the expansion on unstable manifolds. Hence, one cannot hope to identify ever-increasing portions
of p} and p? unless one first integrates against a test function that possesses some regularity
along stable manifolds. In spite of the convergence of the difference ! — p2 for arbitrary initial
measures ;' and p?, in general the limit measures lim,, .o !, do not exist individually even in
the weak sense. It is more appropriate to think that all regular measures are attracted by a
moving target in the space of measures.

Finally, let us point out that in the real world, where observations take place on finite time
scales, one is not interested in the excessively distant future. To underline this, the results here
are finite-time results, in which the sequence Ti, ..., T, is assumed to be known only up to some
finite value of n. The lack of infinite future leads to certain technical problems to be discussed
and dealt with below.
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In [12] analogous results were obtained for uniformly expanding and piecewise expanding
maps. The situation of the present paper is markedly more complicated because our Anosov
diffeomorphisms have a contracting direction. Some steps in this direction were taken in [2],
where mixing for certain arbitrarily ordered compositions of finitely many toral automorphisms
was established. There are other studies which contain at least some elements that in spirit
are not very far from our setting. In [3,4] compositions of hyperbolic maps — all close to each
other — were studied and limit theorems proved. An abstract operator theoretic approach for
obtaining limit theorems was described in [9], with applications to piecewise expanding interval
maps. Moreover, symbolic dynamics of non-stationary subshifts of finite type was considered
in [1]. An extensive literature on random compositions of maps exists. It will not be reviewed
here, as the present paper concerns quite a different type of questions. Nevertheless, some of the
techniques developed below should be useful in the context of random maps as well.

1.2. Structure of the paper. In Section 1.3 we describe the precise setting of the paper. In
particular, we explain what kind of compositions of maps we are interested in and discuss our
standing assumptions. After that, the main result of the paper, Theorem 2, is formulated.
Section 1.4 introduces some basic concepts needed throughout the paper. The Introduction ends
with Section 1.5, which discusses what the author perceives as the most important contributions
of the paper, including a technical version of Theorem 2.

In Section 2 we define finite-time stable and unstable distributions and stable foliations needed
to keep track of the dynamics with appropriate accuracy. We also prove quantitative results
concerning the distortion effects of the dynamics. Subsequently, we are able to define in a
meaningful way finite-time holonomy maps which satisfy useful bounds.

In Section 3 we formulate the central result of the paper — the Coupling Lemma. It is then
used to prove Theorem 4, which subsequently implies Theorem 2. The Coupling Lemma itself is
proved in Section 4, which is the most technical part of the paper.

To maintain the flow of the discussion, some key technical facts have been separated from the
main text and presented in the appendices. They are cited in the text as needed. Appendix B
is of special interest; there we prove the uniform Holder regularity of the finite-time stable and
unstable distributions introduced in Section 2.

1.3. Compositions of Anosov diffeomorphisms. Fix ¢ € N. For each 1 < ¢ < Q, let
T, : M — M be a topologically transitive C* Anosov diffeomorphism on the 2-dimensional
compact Riemannian manifold M with metric d embedded in an ambient space RM 1 The
Riemannian volume is denoted by m. The map T, admits an invariant Sinai-Ruelle-Bowen
(SRB) measure, p,, which is mixing; see for example [5]. In general, such a measure is not
absolutely continuous with respect to the Riemannian volume. Let U, = ]D(f 0 €q) be disk
neighborhoods of small radii ¢, > 0 in the C? topology. Now, pick a finite sequence (7},) of
Anosov diffeomorphisms such that

T,eU, Vnel,=(nge1,ng, (1)
where 0 = ng < n; < --- < ng. For technical reasons, also set T,, = fQ for all n > ng. We
assume that the intervals I, are long enough:

[y = ng —ng—1 = Ny, (2)

ISuch a diffeomorphism is topologically conjugate to an automorphism of the torus.
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where the numbers Ny, 1 < ¢ < @), will be assumed suitably large. We will be interested in the
statistical properties of the compositions

T,=T,0---0T} n < ng. (3)

The maps T, y serve as successive guiding points which the sequence (7,) follows in the space of
Anosov diffeomorphisms, spending a sufficiently long time NNV, in each neighborhood 4, before
moving on to Uy,+1. We also write 7,,,, =T, 0--- 0T, for m < n.

Each Tq admits a unique continuous invariant splitting of the tangent bundle: for each x € M,

"M = E;, @& E,,, where the 1-dimensional linear spaces E;; depend continuously on the
base point z, D, T, E;, = E;,qu and D, T E;, = E;qu. In fact, in our 2-dimensional setting,

the dependence on the base point is C'** for some a > 0, because the so-called bunching
conditions [10] are satisfied. The families £y = {E},} and E; = {E;  } are called the unstable
and stable distributions of 7, > Tespectively, and their integral curves are called unstable and

stable manifolds of fq, respectively. By continuity, the angle between £ and Ej at each point is
uniformly bounded away from zero. The maps also have continuous families of unstable cones,
{Cy.}, and stable cones, {C; ,}. These can be defined by setting

Cy, = {v" +v° " e By, vt e by, 0% < agl|v"]|},
Co,= {v"+0° " € B, v el ,, lv"]] < aql|v*|},

for some constants a, > 0 such that
(C1) D, TyCy, C {0} Uint C;i}lff and D, T, "C;, C {0} Uint C;,i;”x if n > p,,
(C2) |D,T7v[| > CoAy||v|| if v € Cy, and || D, T, ™|l > CoA7[[v| if v € C

q7x ’

for constants p, > 1, 0 < 5(1 < 1, and Kq > 1.
We make the following standing assumptions:

(AO0) p, =1 in condition (C1) above.

(A1) D,TC;, C {0} UintC'y, and D,T7'C;, C {0} UintC; ., for all T € U,

(A2) There exist constants 0 < C, < 1 and A, > 1 such that, if each T; € U, for a fixed ¢,
| DTy > CoAr||vl| if v € C, and || DT, || > CoAZ o] if v € C; .

(A3) D,TCy, C {0} UintCy,, r, if T € Uyyr and D,T7IC Ly, CH{OFUINEC oy, i T € Uy,

(A4) The numbers q, can be assumed small.

Convention 1. From now on we will assume that () reference Anosov diffeomorphisms Ty, ..., Ty
have been fived. When we say that a result does not depend on the choice of the sequence (T;),
we mean that the result holds true uniformly for all finite sequences (T;).2, of any length ng,
provided (1) and Assumptions (A) are satisfied and the numbers N, appearing in (2) are large
enough.

Given 0 < v < 1, we say that a function f : M — R is a y-Hoélder continuous observable, if

|f(x) = fy)]

|f|, = sup ———"— < 0.
v Ty d(il,‘7y)'y

We are now in position to state our main theorem, which is reminiscent of weak convergence
of measures in probability theory.
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Theorem 2 (Weak convergence). There exist constants 0 < n < 1 and C' > 0, for which the
following statements hold. Let du' = p'dm (i = 1,2) be two probability measures, absolutely
continuous with respect to the Riemannian volume m, such that p' are strictly positive and n-
Holder continuous on M. If f is continuous, then

/ fOTndul—/ f o, dp
M M

where Ag(n) = o(1). Given 0 <~ < 1, there exist constants 0 < 6, < 1 and C, = C,(p', p*) > 0
such that, if f is y-Holder, then Ap(n) = C, B0} with By = C(sup f — inf f) + |f],y. In either
case, the various constants do not depend on the choice of the sequence (T;), in particular its
length ng, as long as the earlier assumptions hold and the numbers Ny appearing in (2) are large
enough. Among the constants only C., depends on the densities p', and in fact it only depends
on the Hoélder constants of In p'.

< Ag(n), n < ng,

In other words, if f is continuous, the difference between the two integrals [ mt o T, dut is
eventually arbitrarily small, assuming there are sufficiently many maps in the finite sequence
(T;) of ng maps. The latter means that at least one of the intervals I, in (2) is sufficiently
long, and consequently ng is large. What is more, the rate of convergence is exponential, if f is
Holder continuous. By approximation, one can get an o(1) estimate also for general continuous
densities p'.

Let us emphasize once more that despite such convergence or pairs of measures, it does not
make any sense to speak of a limit measure, because the maps T;, keep evolving with time —
possibly drifting very far from 7). Furthermore, all observations in our theorems are restricted
to times not exceeding (the arbitrarily large but finite) ng.

Theorem 2 remains true for much more general, SRB-like, initial measures. It is enough that
each measure u' can be disintegrated relative to a measurable partition P? such that the partition
elements W € P’ are smooth unstable curves with respect to the cones {C{',} with uniformly
bounded curvatures and the conditional measures p‘|W have regular densities. See below for
details.

In our formulation of the theorem, the convergence rate 6, is constant. The latter depends on
the reference diffeomorphisms 7}, 1 < ¢ < (). A sharper, variable, convergence rate that depends
also on the time interval I, that n belongs to, can be deduced from the proof.

We finish the section by discussing Assumptions (A) and how they could be relaxed.

Assumption (A0) is one of convenience; we could as well assume that 7T}, o---oTj is sufficiently

close to TP, but have opted for a streamlined presentation. Assumptions (A1) and (A2) state

that compositions of maps belonging to U, have similar hyperbolicity properties as powers of 7.
The following lemma is proved after a few paragraphs:

Lemma 3. Assumptions (A1) and (A2) are satisfied if €, is sufficiently small.

Assumption (A3) guarantees that hyperbolicity prevails when a transition from U, to Uy
occurs. The first part of (A3) could be relaxed by replacing the map 7' € U, by sufficiently
long compositions 7,, = 1), o --- o T} of maps with each 7; € U,+1: given a sufficiently large
rg >0, D,T,C¢, C {0} UintC,, 7, if n > ry and T; € Uyyy for 1 < i < n. The assumption
is then satisfied, for example, if U, N Uy;+1 # @ and if g, is small, for all g. However, U, and
Uq+1 need not overlap or even be close to each other, as most vectors in the tangent space T, M
get eventually mapped by 7, = T;, 0 --- o T} into C!,, 7., if each T; € Uy and if g4y is small.
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Similar remarks hold for the second part of (A3). This way, the sequence (7,,) used to build up
the compositions (3) might, without affecting our analysis, involve occasional long jumps from
one neighborhood U, to the next, as long as the number of steps |/,| spent in each neighborhood
U,, see (2), is sufficiently large.

Assumption (A4) means that the cones can be assumed narrow. This is not restrictive for
our purposes either, as it follows from (C2) that arbitrarily narrow cones can be treated by
considering sufficiently long compositions of maps in a given U, with a sufficiently small .

Recapitulating, it would be adequate to assume that the properties above hold eventually, for
sufficiently long compositions of maps, and in this case the assumptions are very natural and
easily fulfilled. For technical convenience and notational ease, we assume from now on that all
the nice properties hold immediately, after the application of just one map.

Proof of Lemma 5. We will prove the claims for unstable cones, going forward in time. Similar
arguments work for the stable cones, by reversing time. N N N
(A1): Suppose T € Uy. By the chain rule D,TCy, = Dz (TT,')D.T,Cy,, where D, T,Cy, C

{0} Uint C;LT . By the continuity of the cones with respect to the base point and the fact that
»hq

D,qu(TTq_l) =1+ O(g,) ?, we have D,TCY, C {0} Uint C!;,, provided ¢, is sufficiently small.

Compactness guarantees that ¢, can~be chosen independently of x.

(A2): Foreachiand x, D,T; = D, Ty+E&; -, where sup, . ||€; .|| = O(gy). We can bound || D, Ty —
DquNH < C(N)e,. If g, is sufficiently small, we have ||D,Zyv| > ||Dﬂ~ﬂqNU|| — C(N)ggllv]| >
sCANv|| for v € C¥,. Now assume N = N(q) is so large that ;C,AY > 1. Here N depends

neither on x, on v, nor on the choice of the maps 7; € U,. Let us set A, = (%&17\5]\[)1/]\7. The
uniform estimate || D,7,v| > ¢,||v|| holds with some ¢, = ¢,(IN) for 1 < n < N. Now, assume
n=*kN+1,0<1<N. Then |D,Tov| > ¢l|D;Tpnv|l > AN |v]|. Thus, we can take
Cq = cq/AY. O

1.4. Unstable curves with smooth measures. We call a smooth curve W C M unstable
with respect to {C;w} if its tangent space at each point x € W is contained in the unstable cone
Coo, dee., T,W C C¢,. Stable curves are defined similarly. Let W (z,y) C W denote the subcurve

of W whose end points are x,y € W. The length |W| of a curve W is given by

w

where my, stands for the measure my, on W induced by the Riemannian metric. Also, let k(1)
stand for the maximum curvature of W: if u(x) is a unit tangent vector of W at x depending
smoothly on z, then k(W) = sup ||u - Vul|.

It is convenient to consider curves of bounded length and curvature only. Hence, we introduce
two length caps, L and ¢ < L, and a curvature cap K, and say that a smooth curve W is standard,
if ¢ < |W| <L and if kK(7,IW) < K for all n > 0. If |W| > L, we can always “standardize”
it by cutting it into shorter subcurves. If an unstable curve is of length less than ¢, it will
eventually grow under the application of the sequence (T}), such that |Z,W| > ¢ for sufficiently
large n. The dynamics also flattens unstable curves, such that x(7,W) < K for all sufficiently
large n, even if k(W) > K. We will confirm these last two facts in the following. Finally, there

2Here it is understood that M is embedded in the ambient space RM and that quw(qu_ 1) acts between the
linear subspaces T3 M and T, M of RM.
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are no discontinuities which would introduce more short curves under the dynamics by cutting
longer ones. Taking these considerations into account it is quite natural to commit to the mild
constraint that all curves are standard curves to begin with. This will help keep the somewhat
technical discussion as clear as possible.

A standard pair (W,v) (w.r.t. {Cy,}) consist of a standard unstable curve (w.r.t. {CZ,}), W,
and a probability measure, v, on W. The measure v is assumed absolutely continuous with
respect to my, on W with a density, p, that is regular in the following sense: for some global
constants C, > 0 and 7, € (0, 1] to be fixed later *,

|In p(x) —Inp(y)| < C|W (z,y)

e (4)

for all z,y € W. In particular,
sup p < Crwim

infp —
which implies inf p > ﬁe‘crmr > ze~ ™ >0, since [, pdmy = 1. Moreover, inf p < - I
W' C W, we obtain by using the previous facts that
e _ (W] CeL
e S WV(W/> S (& .
Hence, if D = €2 L™ and W/, W" Cc W,
v(W”) _ v(W') v(W’)
D! < <D : 5
W =W =P ®)

Formally, a standard family is a family G = {(W,, Va) }aea of standard pairs together with
a probability factor measure Ag on the (possibly uncountable) index set 2 and a probability
measure jig satisfying

1o (B) = / va(B N W) dAg(a)

for each Borel measurable set B C M. The measure pg is supported on U, W, and

Eq(f) = /Mfdug - / [ ey o))

for each Borel measurable function f on M. In Theorem 4 we assume that a standard family is
associated to a measurable partition.

A standard family can, for example, consist of just one standard pair {(W,v)} and the Dirac
point mass factor measure dy. Another natural example of a standard family {(W,, va) }aes
is obtained by considering an Anosov diffeomorphism and taking as {W,}.ca @ measurable
partition consisting of unstable manifolds of bounded length and letting the Riemannian volume
induce the factor measure and the conditional measures v,,.

1.5. Main contributions. A technical version of our main result is the following theorem. It
states that for reasonable initial distributions pg and pe, the images 7,ug and 7,ues converge
exponentially in a weak sense.

3¢, has to satisfy the condition in Lemma 9 and 7, is determined in Lemma 22. Both depend on the reference
sequence 11, ..., T, but not on the choice of (T3).
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Theorem 4. There exist constants C' > 0 and 0 <9 <1, and 0 < A < 1, such that the following
holds. For any standard families G and &, any v > 0, and any v-Hélder observable f *,

| foTudug— [ foTudue
M M

By =C(sup f—inf f) +[f], and 0,= max(9, A7) Y2

The various constants do not depend on the choice of the sequence (T;), in particular its length ng,
as long as the earlier assumptions hold and the numbers N, appearing in (2) are large enough.

SBfQ nSnQ,

n
v

where,

As a consequence of Theorem 4, we prove the earlier Theorem 2, which is stated in terms of
less technical notions and is closer in spirit to the weak convergence of probability theory.

The proofs of Theorems 4 and 2 rely on a coupling method that has its roots in probability
theory. It was carried over to the study of dynamical systems by Lai-Sang Young [13,11] who
used it to prove exponential decay of correlations for Sinai Billiards and uniqueness of invariant
measures for randomly perturbed dissipative parabolic PDEs. Bressaud and Liverani [5] also
used coupling to give explicit estimates on the decay of correlations for Anosov diffeomorphisms.
The present paper takes advantage of a version of Young’s coupling method introduced by Dmitry
Dolgopyat and Nikolai Chernov [8,7].

A considerable amount of work is devoted to obtaining uniform bounds, which is more involved
than in the case of iterating a single map. A central issue is that the finite sequences (11, ..., T,,)
of maps that we consider do not possess stable and unstable manifolds, because defining such
objects requires an infinite future and an infinite past, respectively. Thus, we have to resort to
artificial, finite-time, foliations that describe the dynamics sufficiently faithfully but are by no
means unique. Moreover, in the single map case the regularity properties of the foliations of the
manifold into stable and unstable manifolds play an important role. Our construction should
therefore also yield regular foliations. In addition, the amount of regularity must not depend
on the choice of the sequence (11,...,T,,) (as long as Q > 1 and the maps T;, 1 < ¢ < @,
have been fixed and the earlier assumptions are satisfied), since the goal is to prove the uniform
convergence result in Theorem 4.

At the heart of Dolgopyat’s and Chernov’s method lies the Coupling Lemma (corresponding
to Lemma 13). In its proof, one constructs a special reference set called the magnet. By mixing,
any standard pair will ultimately cross the magnet as if it was attracted by the latter. Once
two standard pairs cross the magnet, parts of them can be coupled to each other using the
stable foliation. In this paper, we generalize the idea by considering time-dependent magnets
and time-dependent, finite-time, foliations for the coupling construction.

2. DISTORTIONS AND HOLONOMY MAPS

2.1. Stable foliations W™. As pointed out above, there is no well-defined sequence of stable
foliations associated to the finite sequence (11,...,7;,) of maps. A way around this is to try
to augment the sequence with a fake future consisting of infinitely many maps — in our case
T, = Ty for n > ng — and to consider the uniquely defined stable foliations of the resulting

infinite sequence of maps. This sequence of stable foliations naturally depends on the chosen

4Given a sequence (T;), it is in fact enough to assume that f is Holder continuous along the finite-time stable
leaves associated to that particular sequence; see Section 2.
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future and it is not a priori clear whether they have very much to do with the finite-time dynamics
(1 <n <ng) which is the only thing we are interested in.

For a sequence (T;) satisfying the earlier assumptions, we can define a sequence of stable
distributions on the manifold M, by pulling back the stable distribution E¢ , of T, o- More
precisely, let us first define Ef = Ef) , for n > ng + 1 and then

1
E;L = DTn+1$Tn+1E§L—‘++1I7 O S n S nQ
With this definition,
Dm%,mEglil = E%L i) n 2 m 2 1.

Assumptions (Al) and (A3) guarantee that E} C {0} UintC;, forn+1¢€ [, and 1 <q < Q.
By Assumption (A4), the angle between £} and E; , can be assumed uniformly small, for n € I,
and 1 < ¢ <Q.

The distributions E™ above are the tangent distributions to the stable foliations W™ of the
sequences (T;)isn. If W . 18 the stable leaf of TQ at x, then W) = Wz forn > ng +1 and

_ +1
W = n+1W” 0 <n<ng.

T Try1x?

Notice that y € W2 if and only if limy_.oo d(7n ni12, Ty nt1y) = 0.
For technical reasons, we also define F}' = EY', for n < 0 and then

F'=D, 1TF;_}, 1<n<ng. (6)
Assumptions (A1) and (A3) guarantee that F;' C {0} UintCy, for n € [, and 1 < ¢ < Q. By
Assumption (A4), the angle between F' and Ej . can be assumed uniformly small, for n € I,
and 1 < ¢ < Q. The distributions F™ are in fact the unstable distributions of the sequence
(T;) augmented with the past T; = T for i < 0. They serve as Holder continuous reference
distributions that allow us to accurately compare different unstable vectors.

In Appendix B we show that the distributions F™ and E™ for all n are uniformly Hoélder
continuous.

2.2. Distortion. It is necessary to control the distortion and growth of curves under maps 7.
Given a curve W we denote by Jw T the Jacobian of the restriction of T to W. If v is any
nonzero tangent vector of W at x, then

| DT

loll -
Lemma 5 (Growth of unstable curves). Fiz 1 < ¢ < Q and let T; € U, for each i. If W is an
unstable curve with respect to {C%,}, setting Ay = supl,||Dqu|| + &g,

JwT(x) =

CLANW| < [T,W] < AW, 7)
If W, W, ..., T,W are stable curves with respect to {C; .}, then
!W\
7, < -

Proof. Since |T,W| = [, dng,w = [y, TwT, dmw = fW||D Tz || dmyy (x), where v, is a unit

vector tangent to W at :1: it suffices to observe that C,Ay < ||D,7,v.| < A} in the “unstable

case” and || D, 7,v.|| < in the “stable case” O

C’A”
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Lemma 6 (Curvature of unstable curves). Fiz 1 < ¢ < Q and let T; € U, for each i. There exist
Ky and, for any K’ > 0, Ko(K') and ny(K"), such that
Kla n Z Ny,

AT W) < {K2 n>0

holds if W is an unstable curve with respect to {C¢,} and k(W) < K'. Notice that K; < Ky is
independent of K.

Remark 7. We can now fix some K' and set K = Ky(K') in the definition of standard pairs.
In particular, this means that any unstable curve W with length between ¢ and L and curvature
k(W) < K' is a standard curve.

Proof of Lemma 6. Let W be an unstable curve and v its parametrization by arc length, such
that u(z) = ¥(t) € C, with z = «(t). Note ||ul| = 1. The curvature of W at z is the length of

F(t) = u(z) - Vu(z).
Setting V' = DT,u, v(y) = V(z)/||V(z)] is the unit tangent of 7,W at y = 7,,x. The curvature
of T,W at y is thus obtained from
v(y) - Voly) = Du(y)o(y) = IV (2)[|7" Du(y) DTo(z)u(z) = [V (2) |7 Da(v(y))ulz).
Here the chain rule D,(v(y)) = Dv(y)D7,(z) was used. Now
Dy (v(y))u(z) = DIV (2)| 7V (2))u(z) = V()] DV (z)u(z ) ( )D(IV ()] )u(z)
= [V(@)|' DV (2)u(z) + V() (=[V(@)|*V(2) - DV (x)) u(z)
= [V(@)I7 DV (z)u(z) — [V (2) " v(y) (v(y) - D ( Ju(x)),
such that
v(y) - Voly) = V(@) (DV (z)u(x) = v(y) (v(y) - DV (z)u(z))),
or compactly
v-Vo=|V|2(DVu—-uv(v-DVu)). 9)

Notice that DVu — v (v - DVw) is the component of DVu orthogonal to v and hence ||[DVu —
v(v-DVu)| <||DVull. Furthermore, as Duw = u- Vu, which we recognize to be the curvature
of W at x, we have

DVu = D*T,(u,u) + DT, (u - Vu). (10)
Using Lemma 26 and || D7Z,ul| > C, A7 ||lul|, we see from (9) and (10) that
ID*Tn(u, )|, [ DTn(u - V)|
DTl 1D Tul® (11)
< (CoAg) P ID* Tl + (CoA) ™ Copllu - Vull.
Fix an N such that (C,AY)'Cy < 1. ITterating (11),
(CaAg) ~*supery || D* Tl
1 - (CqAéV)ilc#

lv- Vol < [VIZ DVl <

R(ToV) < (AN C) R (TW).

A uniform bound maxo<;«y K(Z;W) < a + b- k(W) is also obtained, so we are done. O
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If W carries a measure v with density p, then 7, carries the measure 7, whose density,
which we denote 7,,p, is
p(Z, ')
(Tnp)(2) = =715 =
IwT (T, ')

For controlling the regularity of such densities, we have the following result.

= IrwT, '(x) p(T, ' x).

Lemma 8 (Distortion bound). Fiz 1 < q < Q and let T; € U, for eachi. If T,7'W is a standard
unstable curve with respect to {Cf;@} forall0 <n < N and if x,y € W, then

JwT, " (x)
TJwT,(y)

Here C44 > 0 is a constant that do not depend on W or the choice of (T;).

‘ln < Cag|W(x,y)l, n < N.

Proof. We first prove that the distortion factor of any map 7" € U, is close to that of ﬁ]. To this
end, let W be an unstable curve with respect to {C;m}, xr € W, and v a unit vector tangent to

W at x. Then
Fw T~ () = Fu Ty (@) = [IDT 0l = ID.T; ll| < (DT = DT ol
= ||D,T (D1, Ty — Dy, T) DT, o
< C|Dgr, T, = Dra, T\ T Ty () < Ceg TwT; ().

Next, let v parametrize W (z,y) according to arc length. Because

J d WT () d N
SaT 00| = [FID0r 00| - ‘HD i 17§t;||'£<DV(t)T 4(1)
<[ @) = 1oz —wmt»+ny<t>T-w<t)||

< sup”DiT*lH + supHDIT 1H||fy

and because the curvature ||| < K for all standard unstable curves,

Wizl g

In Jw T~ (z) —In TwT ' (y)| = /0 o Tw T (y(t)) dt

dt

S 5d7q|W<x) y)|7

B /WW"%JWT—W»
IR TwT=(7(1))

where éd,q is independent of the choice of T. The desired estimate follows. Indeed, writing
x_j = (%,n—j-ﬁ-l)_lxv y_j = (Z@ n—j+1)_1y7 and W_j = (Z@,n-j-ﬁ-l)_lw (Wlth %,n-ﬁ-l = 1d)>

<N CagW @™ y7)|.

J=0

‘l TJwT; (x)
IwT,; 1 y

j=
Moreover, by (7), |W = (x 7,4y~ J)| Cy AW (,y)]. D
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2.3. Image of a standard family.

Lemma 9. Fiz 1 < ¢ < Q and let T; € U, for each i. Let G = (W,v) be a standard pair with
respect to {C;',.} and assume that C, satisfies

20y L' < C,.

Forn > 1n C%/ln A,, denote by W; the (finitely many) standard pieces of the image T,W after
it has been standardized by cutting into shorter pieces and split the image measure T,v into the
sum . c;v;, where v; is a probability measure on W; and Y, c¢; = 1. Then each (W;,v;) is a
standard pair w.r.t. {C¢',}.

Proof. We only need to check that the density, p;, of v; is regular. For x € W;, p;(z) = Jw, T, (x)-
p(T.7'z)/c;. Thus, for any pair x,y € W;,

Iw T, (x)
Iw, T, (y)
< CT|W(I]:L_1'$7 %—1y> T+ Od7Q|Wi(I7 y)
< (GCGMAT + Cag L) Wiz, y)[™ < Ci{Wi(w,y)

) = )] < 10T ) = (T 9)| + o

Uis

We used Lemma 8 and also W;(x,y) = T,(W(Z, 'z, 7, 'y)) together with Lemma 5. O

Thus, G, = {(W;,1;)} is a standard family equipped with the factor measure g, (i) = ¢;. More
generally, if G is a standard family, G,, obtained by processing each standard pair in a similar
fashion is a standard family.

2.4. Holonomy maps. A holonomy map is a device needed in the coupling construction for
coupling some of the probability masses on different points. Let W; and W5 be two unstable
curves (w.r.t. {C{,}) connected by the stable foliation W°. In other words, for each point
x € W, the leaf W? intersects Wy and conversely for each point y € W, the leaf Wz? intersects
Wi. We assume that the curves W; are close enough and not too long, so that the connected
pairs (z,y) € Wi x Wy are uniquely defined by demanding that the connecting leaf be shorter
than a small number ¢, < 1. Then the holonomy map h : W; — W, is defined by sliding along
the leaf: hx = y. Since the images 7, WW; are connected by the stable foliation WW", one can define
the holonomy map h,, = 7, oho 7,71 : T,W; — T, W,.

Remark 10. Notice that if the curves W; carry measures v; that are compatible in the sense that
vy = huy, then the images T, W; carry compatible measures: T,vo = h,T,v1. This will guarantee
in the following that once some of the masses on two points have been coupled to each other, they
remain coupled.

The holonomy map h is said to be absolutely continuous, if the measure h™lmyy, is absolutely

continuous with respect to the measure myy,. In this case the Jacobian, which measures distortion
-1
under the holonomy map, is defined as the Radon-Nikodym derivative Jh = db_mwy) T

dmwy,

change-of-variables formula for integrals is dmw,(y) = Jh(x)dmw, (z) with y = ha °. For any

SGiven a Borel set A C Wy, we have [, , dmw, = (h™'mu,)(4) = [,
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xr € Wy, we have hx = 7, 'h,7,z. It is elementary to check that if h,, is absolutely continuous,
then h inherits this property via the identity

jW17;L(x)
JIw, T, (hx)

By reversing the argument, we see that if h,, is absolutely continuous for some m, then h, is
absolutely continuous and (12) holds for all values of n > 0.

Ih(z) = Thrw T, (0 Tox) - Thy(Taz) - Fw, To(z) = - Ihy(Tyw). (12)

Lemma 11 (Absolute continuity of the holonomy map). Let h be as above. It is absolutely
continuous. Moreover, there exist constants ¢y > 1 and 0 < p < 1, independent of the curves Wy
and Wy and the choice of the sequence (T;);%,, such that

I Th, ()] < eip” (13)

holds for x € Wy and 0 < n < ng. In particular, e=* < Jh < e,

As a curiosity, (13) continues to hold for n > ng since T,, = T, o- In particular, the precise value
of Jh(z) could be obtained as the limit lim,,_, % However, we only care about n < ng.

What is important above is that ¢; and p do not change when the lengths of the intervals I, in
(2) and hence the value of ng are increased arbitrarily.

Proof of Lemma 11. Denote 2™ = T,z and y = hx for x € Wy, and W = 7T,W; for i = 1,2.
We also write y" = 7,y = h,x2™. Since T, = TQ and W1 = W), for all z, for all n > ng,
we know the following: h inherits absolute continuity from h,,,, (12) holds for all n > 0 as
explained above, and lim,, .., Jh,,(z") = 1. Therefore, with the aid of the chain rule Jy 7, (z) =
Twn—1Tp(x" 1) -+« Fo Ty (2Y), we conclude that

JwnTny1(2™)
TwyToa(y™)

JThy,(z™) = H

n>m

By Assumption (A3), we may use Lemma 27 on each of the time intervals [,. Since |Inz| <
max(z — 1,271 — 1) for all z > 0, we see that (27) implies (13):

jW n+1< ) <

In
TIwyThia(y™)

In Thy, (2™)] < Y

n>m

O

Lemma 12 (Regularity of the holonomy map). There exist 0 < n, < 1 and Cy, > 0, such that
the following holds. Let W1 and Wy be standard unstable curves connected by the stable foliation
WY as above. For xy,x19 € Wy such that [Wi(z1,xs)| < 1,

|In Jh(z;) — In Jh(zs)| < Cu|Wi(x1, 22)|™.

Proof. Denote " = T,x for all z in W' = T,W;. We also set y; = hz;, y/' = 7,y;, and

leTm<x1)

|In Jh(x1) — In Jh(zy)| < |In T T (a)

+ ) [InJhy,(x

i=1,2

'1 jWQ m
jWg m
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for all m. The last sum can be bounded with the aid of (13). Using the chain rule Jy7,(x) =
T T (2" ) -+« FpoTy(2Y), Lemma 8 and the bounds (7),

A PR S (e
le?;LQ(x2) _OSQSQfl jWI"q'];qH,an(:ng)
S Z Cd,q—‘rl ‘Z’Lq+1,nq+l (Wlnq (x?q7 x;q)) }
0<g<Q~-1
< Z Cd7q+1AZf11_nq|W 1 a$2 )‘
0<g<Q~-1
< Y CageAys T AR W (21, )|
> ,q+144g41 2 1 1 1,42
0<g<Q-1
g
<
< (jm Con ) WiGonel 3 ()

1<q<Q

maxi<q< Cag <
- 1-— (maXISqSQ Aq)_l
= C]\nQ |W1(l’1, I2)|

max Aq> |Wh (21, 22)|

1<q<@Q

Similarly, for any m,
‘ln le ( ) jW2Tm(y2)
Iw, T (2) Iwy T (1)

Notice from the definition of C' and A that they are independent of the curves W; and of the
sequence (77). Because [Wa(y1, y2)| < Subw, (4, 20 Th - [Wi(z1, 22)],

< CA™|\Wa(y1,y2)|-

< ON™|Wy(xy,29)| and 'ln

JIwy T (1) ‘ Iw, Tin (y2) - _
In ——=———| + |In ———=| < CA"(1 + e)|[Wi(z1,72)| = ca A" |Wi (21, 72)].
’ T | T Gy | = CA L F )Wz 22)] = AT W21, 22)]
Finally, choose m = 5l Then ym = |Wi(er, )|, A7 = Wi (. z0) [*3/127, and

’ lnjh(xl) —In jh(l‘g)’ S QCl,um + CQ/_\m|W1(£L'1, 1‘2)’ S (201 + Cz)’Wl(.%’l,.Ig)‘l_ln/_\/“nu‘.

3. COUPLING LEMMA AND THE PROOF OF THEOREMS 4 AND 2

Let (W, v) be a standard pair and dv = pdmy,. We will be interested in densities of the form
7p where 7 : W — [0, 1] is a function. These can be considered as portions of the measure v. In
practice, we will replace W by the rectangle W =W x [0, 1] with base W and dv by the measure
dv = dv ® dt, where dt denotes the Lebesgue measure on [0, 1], and look at the subdomain
{(x,t) e W : 0<t < 7(2)} of W. Introducing the rectangle facilitates bookkeeping.

A standard family G = {(W,, Va) Yaeca can similarly be replaced by G = {(Wa, 7a) aca. The
measure g induces canonically a measure fig on UaW,. A map T on M extends to a map
on M x [0,1] by setting T'(x,t) = (T'(z),t) and all observables on M extend to observables on
M x [0,1] by setting f(z,t) = f(x).

We are now in position to state the following key result.
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Lemma 13 (Coupling Lemma). Consider two standard families G = {(Wa,ua)}aegl and € =

{(Ws,v5)}gess. There exist an almost everywhere defined bijective map © : U,W, — UzW,
called the coupling map, that preserves measure, i.e., O(fig) = fig, and an almost everywhere

defined function T : UaW, — N, called the coupling tz’me, both depending on the sequence (T;),
such that the following hold:

(1) Let (z,t) € Wy, a € U, and O(x,t) = (y,s) € Wy, B € B. Then the points =
and y lie on the same leaf, say W, of the stable foliation W°. If n > Y(xz,t), then
the distance of the points T,x and T,y along the leaf T,W of the stable foliation W"
satisfies |T,W (Tpx, Tyy)| < oY@ Here 0y > 0 has been introduced earlier and
A= maXj<g¢<Q Aq_l < 1.

(2) The exponential tail bound

fig(T > n) < Cyiy (14)
holds for uniform constants Cy > 0 and 9y € (0,1).

Proof of Theorem 4. We use the coupling between G and £ given in the Coupling Lemma:
| foTudug— [ soTidue
M M

:l/‘ (fofEJCut)dﬂg@zt)—b/' (f o T)(y, s) dite (y, )
Mx[0,1] Mx[0,1]
- / (f o T) (. t) diig (. 1) — / (f o T, 0 0)(x,1) djig(a, 1)
Mx[0,1] Mx[0,1]
[ GeTi-foTie0) dig
Mx[0,1]

:/ (fo%—fo%O@)dﬂg—F/ (fO%—fO%O@)dﬂg.
T<n/2

T>n/2
By (14),

< Cy(sup f — inf f)o%>.

| (GeTi-feTio0) dig
T>n/2

On the other hand, assume Y(x,t) < n/2. Then |(fo7, — fo7,00)(z,t)] < |f\7(€0)\”_Y(m’t))W,
by the Coupling Lemma, such that

/ (foT,— foT,00)dig
T<n/2

Since {y < 1, the proof is complete. O

< GlfLAm.

Proof of Theorem 2. First notice that both of the measures p* can be disintegrated using a
suitable measurable partition of M so that we almost obtain two standard families, with the
nuisance that the Holder constants of the logarithms of the conditional measures possibly exceed
C; in (4). In the latter case we need a finite waiting time N = N(p', p?), depending on the Holder
constants of In p?, until the densities regularize and yield true standard families; see the proof
of Lemma 9. For y-Hélder observables the result then follows immediately from Theorem 4,
with the above waiting time giving the constant C,(p*, p*) = 0 N_If f is only continuous,
we fix an arbitrarily small € > 0 and, by Stone-Weierstrass theorem, pick a ~-Holder f. such
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that ||f — flle < . Then |[, foT.du' — [\, foT du*| < C,(p",p*)Bp0" + 26 < 3¢ if
n > In(=/Cy(ph p?)By.)/ n0, a

4. PROOF OF THE COUPLING LEMMA

4.1. Outline of the proof. The idea of the proof is to construct special tiny rectangles, called
magnets, which can be thought to attract unstable curves. Mixing guarantees that a small
fraction, say 1 percent, of any high enough iterate of any unstable curve will ultimately lie on a
magnet. Once two unstable curves from two different standard families cross a magnet, we are
able to couple a fraction of their masses by connecting some of their points lying on the magnet
with very short stable manifolds. This has to be done with due care, because the resulting
coupling has to be measure preserving.

The process is then repeated recursively, and so the construction of the coupling map © and
the coupling time function T is recursive. It can be shown that after a fixed finite number of
iterates a fixed fraction of the remaining masses can always be coupled, so that the measures on
the unstable curves can be ‘drained’ at an exponential rate.

Since we are dealing with compositions of diffeomorphisms from the sequence (7;) rather than
iterates of a single diffeomorphism, we need to use time-dependent magnets. For n € I, T,, € Uy,
and the magnet to be used should reflect the structure of the reference diffeomorphism fq. In
our time-dependent, finite time, setting it is not even a priori clear what coupling should mean.
We choose to construct a coupling via the stable foliations W™ that vary from one point in time
to the next. As mentioned earlier, these foliations are artificial in the sense that they depend
on the artificial future 7,, = Ty for times n > ng although in reality we only consider the
compositions 7, = T, 0--- 0T} for n < ng. We then have to pay special attention to uniformity:
our convergence rates, etc., should depend neither on the particular value of ng nor on the
particular finite sequence (71, ..., T,,) as long as the reference automorphisms (71, . .., Ty) have
been chosen and the earlier assumptions on (71, ..., T,,,) are being respected.

4.2. Magnets and crossings. In this subsection 1 < ¢ < @ is fixed for good. Unstable curves
and standard pairs are to be understood as being defined with respect to the cone family {C,}
with ¢ fixed.

Consider the Anosov diffeomorphism fq. A ‘rectangle’, SR C M, is a closed and connected
region bounded by two stable manifolds and two unstable manifolds of Tq. These are called the

s- and u-sides of the rectangle, respectively. Recalling that W, . denotes the stable leaf of Tq
at x, we also assume that the size of the rectangle in the stable direction satisfies [W;  NR| < Lo.
We say that an unstable curve W crosses the rectangle properly, it

(P1) W crosses & completely, i.e., W N R contains a connected curve W’ connecting the two
s-sides of the rectangle, and
(P2) both components of W \ W’ are of length strictly greater than ¢/10,

both hold. In other words, a crossing is proper if the curve crosses the rectangle completely and
there is a guaranteed amount of excess length beyond each s-side of the rectangle. Here ¢ is
the lower bound on the length of a standard curve. Finally, an unstable curve W crosses the
rectangle super-properly, if (P1),

(P2%) both components of W \ W’ are of length strictly greater than ¢/5, and

(P3) each z € W NR divides the curve W; N R in a ratio strictly between 1/10 and 9/10.
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all hold. Thus, in a super-proper crossing there is more guaranteed excess length than in a proper
crossing and the curve also stays well clear of the u-sides.

Lemma 14. There exists a finite set of rectangles, {R* : 1 < k < ko}, such that each standard
unstable curve crosses at least one of the rectangles super-properly.

Proof. Every closed standard curve crosses some rectangle SR super-properly. Since crossing a
rectangle R super-properly is an open condition in the Hausdorff metric, the set Uy of all closed
standard curves crossing R super-properly is an open set. The collection formed by all the sets
Usz is an open cover of the space of closed standard curves equipped with the Hausdorff metric.
The latter space is compact. We can therefore pick a finite subcover and the corresponding
rectangles. O

We now pick arbitrarily one of the rectangles 8¥. This special rectangle, that we will denote
by Ry, will be called a magnet. It will serve as a reference set on which points will be coupled.

Lemma 15. Fiz n > 1. By taking ¢, sufficiently small (depending on n) the following holds.

If W is an unstable curve and TZ‘W crosses R, super-properly, then T,W crosses R, properly,
provided each T; € U,.

Proof. For any point x, we have the bound d(7,z, fq"m) < C(n)e,. O

If W is an unstable curve and n is fixed, let W?. i € J, be the connected components of

n,.’
W FL Ry, thimt correspond to super-proper crossings. T }Et is, each Wr‘ii is a subset of a longer
curve W, C T7W which crosses R, super-properly and W}, N R, = W/ .

Lemma 16. There exist a subrectangle B, C R, and a number s’ > 1 such that the following
holds. Assume that W is an unstable curve that crosses a rectangle RE properly, n > s', and
T'R*NB, # @. Every component of TyRF N R, that intersects B, intersects WL, for precisely
one value of the index i € J.

In words, each intersection of Tq”%k with B, yields a super-proper crossing of fq”W, as long
as n is large enough.

Proof. We assume that the magnet R, is so small that the leaves of the unstable foliation of fq
are almost parallel lines on JR,;. This can be guaranteed by considering only sufficiently small
rectangles in the proof of Lemma 14. Now, choose B, C R, to be a rectangle whose distance
to the u-sides of R, is sufficiently large; say each x € B, divides the curve Wy NR, in a ratio

between 1/5 and 4/5. As Tq is one-to-one, the components of fgiﬁk NR, are disjoint. Assuming
s’ is large, these components are very thin strips, almost aligned with the unstable foliation. Pick
such a component and assume that it intersects B,. It is a safe distance away from the u-sides of
the magnet. Inside this component lies a piece V' of the curve T;}"‘W The piece V' has to extend

to a super-proper crossing of R,, because W crosses MF properly and because n, is large. Thus,
V is actually a subcurve of one of the W . O

Lemma 17. There exist numbers d’ > 0 and s” > 1 such that if (W,v) is a standard pair and

n > s", then v(T,; " (UiesW,1 ;) > d".

In other words, the fraction of W that will cross the magnet R, super-properly after n steps
is at least d”.
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Proof. Fix a k such that IV crosses RF properly. This is possible by Lemma 14. By Lemma 16,
if a component of T;ﬁ‘{k N R, intersects the subrectangle B, it is crossed by the curve com-

ponent Wq for precisely one value of the index ¢ € J. In this case let fﬁﬁ‘f denote the former
component of T”S)%k NNR,. Thus R i 1s only defined for a subset Jg, C J of indices. We have
(T (Ui, )) V(T;(U ze:f%qu )) = v(T, " (Uie, Wil iNR0D) = ctg (T, (Vienn, Red)) =

q q_ n,i
Chiq(U zeﬁgq% 1) = cpg(U zej%qmn:?m%q) = C,uq(an%k NBg) > §4g(R*)p1g(By) if n > 5" and 5" is
large. The last step in the estimate follows from mixing of the invariant measure p,. The third
step relies on the absolute continuity with bounded Jacobians of the holonomy maps of 7}, as well
as on the regularity of v and of the conditional measures of 11, on the unstable leaves of Tj,. To

finish, notice that d” = p,(R*)1,(B,) > 0, since the interiors of R* and B, are nonempty. [

For an unstable curve W, let W, ; now be the connected components of 7,, W NR,, labeled by 1,
that correspond to proper crossings. That is, each W, ; is a subset of a longer curve W,,; C 7, W
which crosses R, properly and W,,; N R, = W,,;.

Corollary 18. There ezist numbers dy > 0 and 56 > 1 such that the following holds. Let T; € U,
for each i and (W,v) be a standard pair. If n > sp, then v(T,  (U;W,,)) > dj.

Proof. Fix m > In c% /InA,. By Lemma 9, (7,,W,7,,v) can be broken into a finite collection
of standard pairs (Wj,v;) such that 7,,W = U;W; and T,,v = }_, c;v;, where 0 < v; < 1 and
>_;¢;j = 1. For each j, by Lemma 17, there is a finite collection of disjoint (minimal) subcurves

Vir C W; such that T;HVM crosses the magnet R, super-properly. Moreover, >, v;(V;x) > d”

and, by Lemma 15, the images 7,457 m+1Vj cross the magnet 9B, properly. We also have
T (Ui U Vig) = 325 ¢ 0, v(Vig) > d”. Let us relabel the collection of the subcurves 7,1V, C
W by U;. We have so far shown that v(U;U;) > d” and that 7,,4,U; crosses the magnet R,
properly.

We are almost done, but we still need to truncate each U, to a subcurve Ul so that 7, ¢ U, =
Tm+s7Up N R, and argue that V(Ulﬁl) > oa/(UlUl) for some constant o« > 0. Such a trun-
cation amounts to choosing the subcurve V x =17, Ul of Vi, C W; so that Ty, 1s7 mi1 ‘7
Tontsrmi1Vie N Ry Now v;(Vig) > av;(V;,) follows from two observation:

° \VJ k| is bounded uniformly away from zero, because 7, ¢~ m+1V] r crosses R, completely.
o | Thssrmi1Vjk \Ry| is bounded uniformly from above, because |Ts ik \Ry| was assumed

to be as small as possible (for a super-properly crossing curve). Therefore |Vj; \ Vx| =
Vik \ Tt o i1 Rl is bounded uniformly from above.

Indeed, it is implied that |Vjz|/|Vix] > o' for some o/ € (0,1] so that, by estimate (5),
v;(Vig)/v;(Vik) = D71 for all j, k.
Notice that only s” affected the size of ¢,. This happened when Lemma 15 was used. O

4.3. Time-dependent magnets. For the rest of the section, let (T;) be a sequence of the form
described in the Introduction, which is not confined to a neighborhood ¢, of any one map fq.
The Coupling Lemma needs to hold for the compositions in (3). For this reason we cannot use
the same magnet for all times. Moreover, the stable foliation YW" that we will use to couple points
(more correctly some of the probability masses carried by these points) on the magnets changes
with time. This will guarantee that what has aleady been coupled will always remain coupled.
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Therefore, we need to introduce the following time-dependent magnets: For every ¢ € {1,...,Q}
and every n € I, define

M, ={z € R, : W, NR, connects the u-sides of R, and has only one component}.

In other words, 9, consists of those leaves of WW" that connect the u-sides of R, and are entirely
inside R,.

We say that an unstable curve W crosses I, properly if n € I, and W crosses R, properly.
Assuming that the cones C; , are narrow enough, 91, is close to R,, and we have [W NIM,| >

W AR

Lemma 19. Assume that W crosses the magnet R, properly and that W carries the measure
dv = pdmyy, where p satisfies (4). Then, for alln € I,

1
v(WNnm,) > §u(W NR,).

Proof. By (4), p(y) > p(x)e”GWORl™ for any z,y € W N R,. In particular, we can aver-

age the left side over W N M, and the right side over W N R,, obtaining v(W N M,) >
%G*CAWHWWV(W N MR,). Since R, has small diameter, the exponential factor is close
to 1. For n € I,, we also have [W N9, | > 3|[W NR,|. O

For a standard family with respect to {C{,}, G = {(Wa, Va) faca, let Wo i be the connected
components of 7, W, NI, that correspond to proper crossings, and introduce the notation

Wa,n,* == ,];L_l(UiWa,n,i)-
Next, we generalize Corollary 18 of Lemma 17.

Lemma 20. There exist numbers sq > 1 and dy > 0, such that the following holds. If (T;) is
a sequence of the general form described in the Introduction and G = {(Wa, Va) }aea a standard
family with respect to {C}',} then, for 1 < q < Q and ng_y + 50 < n < ny,

,ug(UaWoz,n,*> = / Va<Wa,n,*) d)\g(Oé) > dO-
2
In other words, there are time windows for n, such that a significant fraction of the image
under 7, of the standard family G lies on the magnet 91,,, ready to be coupled.

Remark 21. Fizing some 1 < q < Q and k € I;, Lemma 20 can be applied to the shifted
sequence (Ti)i>k and G = {(Wa, Va) faca a standard family with respect to {C;,}. Then, if
k—14 sy <n<ng, as well as if ng_1 + sp < n < ngy for some q € {g+1,...,Q}, at least a
do-fraction of its image under T, i, lies on the magnet M, as a result of proper crossings.

Proof of Lemma 20. The sj in Corollary 18 depends on g. We take sy larger than the maximum
of these numbers over 1 < ¢ < Q. If ng1 + 50 < n < ng, and if sy is taken sufficiently
larger than sj, then the image of G under 7, _, ., after standardizing the curves becomes a
standard family with respect to {C;,}. Applying Corollary 18 to this standard family and the
map T, i 4s-s,+1 yields a lower bound on the 7, ug-measure of proper crossings of R,. From
this we infer a lower bound on the proper crossings of 91, by the regularity of densities with the
aid of Lemma 19. O
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4.4. Coupling step. Consider first two standard families, G = {(W,,v,)} and € = {(W3,v3)},
consisting of one standard pair each.

A good fraction of the images 7, W, and 7;,Wj3 cross the magnet 9,, properly, so that
TsoVa(UiWasoi) = VaWases) > do and Tg v3(U;Wp s i) = vg(Wpsos) > do. Here i and j run
through some finite index sets and 7, v is the pushforward of v.

Recall that, for a curve W, W denotes the rectangle W x [0, 1] with base W and if W carries
a measure dv then W carries the measure di = dv ® dt. We will construct a coupling from a
subset of U; W, ,.; to a subset of U; W, ; and then show that the complements of these subsets
can be coupled recursively.

With small preliminary preparations, we can assume that the cardinalities of the index sets
for ¢ and j are the same, so that we can pair each Wa,so,i with precisely one W,@,so,i- Furthermore,
we can assume that their relative masses agree:

’9078072'(‘;[/@780,2') _ ﬁﬁ,soﬂ (W@So,i)
Zoc,so Z/@7SO

Here ¥, 4., is the measure on VAV”SO,@- and Z 5 = >, ﬁ_750’l(W_7507l> = v, (W, 5x)- To see that
no generality is lost making such assumptions, consider a rectangle W with a measure ¥ on it.
We can subdivide it into lower rectangles W x I, where I}, C [0, 1] is an interval. Then, each
W x I, is stretched affinely onto W x [0, 1] and equipped with the measure dvy = |I|dv. In
other words, we end up with replicas of W equipped with lowered measures. Such an operation
on W is measure preserving, because the pushforward of the measure 0|y, under the affine
map A : W x I, — W x [0,1] is precisely . Subdividing the rectangles in the families {W, 4}
and {W@SOJ} as necessary, and relabeling the resulting rectangles, we can tune the number of
rectangles as well as their relative weights so as to arrive at the convenient situation described
above. Each rectangle VAVHSM- now comes with an associated affine map A, ; (which is the
identity if no subdivision of the particular rectangle was necessary). Some of the rectangles will
have a common curve as their base on the manifold M, but this is not a matter of concern.

For each fixed i, we can couple a subset of Wy, to a subset of Wy, ; as follows. Choose a
number 7, € (0,1/2] such that

Vi, (15)

d

30. (16)
Now, fix 2. Omitting some ornaments for the sake of readability, let h stand for the holonomy
map from W, 5 ; to Wj 4 ; associated with the stable foliation W* and denote by p. the density
of U, with respect to dmw_, , ® dt.

The subset W/

80,1

Ta * Za,so -

= {(z,t) € Wasi : 0 <t < 7.} is coupled to a corresponding subset

WASM = {(y,s) € Wg’s()’i : 0 < s < 75(y)} via the coupling map 0, WC’Y’SOJ — Wé,so,i :
(z,t) — (y,s) with
y = hx and s = Tﬁ’i(y)t.
TO[
Notice, however, that 73, is not constant but a function. It is given by the consistency rule
TaPa(T)
2 naly) = S (1)

The expression on the right-hand side of (17) equals the pushforward of the density 7,p, under
the holonomy map, evaluated at y = hx. This guarantees that the coupling is measure preserving;:
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if f is a measurable function Wés .. — R, then

| et tunint = [ [T 1600 pal) a0

a,s(),t asoz

=W el a0

— /Wﬁ /0 f(y,TﬂT—i) > dt} j}f(?) dmw, . ,(y)

[ 8.0 () - -
L (y’s)d‘s] o )= [ S0 )

8,50,

We thus have a coupling for each value of the index i, and have therefore managed to couple
exactly dy/2 units of mass between the families {W,.,;} and {W,,;} via a measure preserving
map.

We are now in position to describe the desired coupling map © from a subset W, C W, to a
subset Wg - Wg Define

18058

»80,% |

Wo = {(z,t) € Wy : (Fay, Aggyit) € W ., for some i},

a,80,1

WB ={(y,s) € Wﬁ : (Fso¥s ApspiS) € Wﬂ,sm for some i}.

The bijective map © : W, — Wg is defined for a point (z,t) € W,, such that (Fsoy Ags.it) €
W' . by the rule

OLS()Z

(y,8) = O(z,t) <= (Fouu, Agspis) = O ;(Feg, Mg so.it)-

S0,1

Because the affine maps and the couplings ©f ; are measure preserving, also © is measure
preserving; the pushforward of the measure ug|Wa under O is ﬂg|wﬁ. In particular, the amount of

coupled mass equals fig(Wa) = jie(Ws) = do/2. Finally, the coupling time function Y : W, — N
is defined by

Y(z,t) = s.

We now have a complete description of how to couple dy/2 units of mass of any two standard
pairs. Thus, given two standard families G = {(Wa, Vo) taea and € = {(Wp,v5)}sem, we can
couple a subset W, C W, with a subset Wg C Wﬁ for any pair (o, 5) € A x B, in which case
we have v,(W,) = v5(W3) = do/2. Recall that the index sets 2 and 9B carry probability factor
measures Ag and Ag, respectively. They detail how much weight is assigned to standard pairs.
Suppose the sets A and B are finite or countable. Splitting off subrectangles if necessary and
stretching them affinely onto complete rectangles as described earlier, we can assume that there
exists a bijection A : A — B that preserves measure, i.e., A\g = A\¢. Hence, the coupling map
© can be constructed from a subset UaEQlWa C UaemWa to a subset UﬁesBWg C UgE%Wg so that
measure is preserved and in particular so that ﬂg(UaEnga) = ﬂg(UﬁegBWQ) = dy/2. On UnecaWa
we set T = s9. The map © can be constructed also for uncountable families, but we omit the
details [7].
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4.5. Recovery step. Our task is to couple the remaining points of W, \ W, to those of Wg \ Wg
and to extend © and Y to all of W,. We do this recursively. But first we need to prepare the
uncoupled parts of the images Fj, W, and FSOWﬁ so that they also can undergo the coupling
procedure described above.

On the one hand, we have the sets Fj, Wa \ UiWa7507i and }"SOW5 \ UZ-VAVQSOJ which consist of
several rectangles whose base curves do not represent proper crossings of the magnet 9M,,. In the
worst case, such a base curve is the excess piece of a longer curve that has crossed the magnet
M, properly, but by definition such excess pieces have a uniform lower bound on their length.

On the other hand, we also have the sets W4, \ VAVC’Y’SO,Z- = {(2,t) € Wy gi : Ta <t <1} and
Wisoi \ Wé’soﬂ- = {(y,5) € Wi : 754(y) < s < 1} whose bottom complements were coupled
already. We stretch each W, 4, \ W/,

the density p, on it by (1 —7,)pe. Similarly, we stretch each Wpq, . \ W,é,SO,i onto Wy, so that

s affinely onto the complete rectangle Wa,so,ia replacing

each vertical fiber {s : (y,5) € W4, 754(y) < s < 1} is mapped affinely onto [0, 1], and replace
the density pg by the density (1 — 75;)ps. These transformations are measure preserving; the
pushforward of the original measure on the incomplete rectangle is precisely the new measure on
the complete rectangle. Notice that the base curves W_ ; are quite short — of the size of the
magnet — but nevertheless have a uniform lower bound on their length.

In conclusion, a finite recovery time r, will be sufficient for the map 7,4, 5,41 to stretch the
base curves of all the remaining rectangles above to standard length. In fact, some may grow too
long but can then be standardized by cutting into shorter pieces, as has been discussed earlier.

We still need to address the issue of regularity of (1 — 7,)p, and (1 — 75,)ps as well as show
that 75, is actually well defined, i.e., that its values do not exceed 1.

Lemma 22. Let us take 1, = ny °. Then sup7s; < 1. Taking the recovery time ro sufficiently

long, the densities (1 — 7,)pa and (1 — 75,;)pg become regular under Ty, +ry so+1-

Proof. Throughout the proof we assume that sq is sufficiently large to begin with.

By (the proof of) Lemma 9, p, and ps are regular densities on the curves W, 5, ; and Wg g, i,
respectively. Since multiplication by a constant preserves the regularity of a density, (1 — 74)pa
is regular. Showing that (1 — 74,(vy))ps(y) is regular requires some analysis.

Recall that the holonomy map h maps W, ,; onto Wy, ,; by sliding along the connecting
leaves of the stable foliation W?®. Both curves as well as the leaves are inside the magnet.
Assuming that the magnet is sufficiently small, h is as close to the identity as we wish: given any
d > 0, we may assume that |Jh — 1| < §. This follows immediately from Lemma 11, because it
can be applied to the k-step pullback of h that maps ’2;;180_k 1 Wa,s,i OntoO ’ngéo_k 1 Wi 50,0 With
k large and the connecting leaves of W?* ~* sufficiently short (shorter than ;) for Lemma 11 to
apply.

For each © € W, 5, denote y = ha € Wy, ;. As [Wps.i(y1,y2)| = fwa(mm) Jhdmyy,

,80,17
(1 - 5)‘W0¢7807i(x1’ xQ)’ < ’W@So,i(ylayﬁ‘ < (1 + 5)|Wa750,i(x17x2)|' (18)
Observe that from (4) follows easily

e*Cr‘W-,SO,ilnr S |W.,So,7;’ p' S eCrlw-,so,i‘nr

V.,so,i(W.,so,i)

6This fixes the value of 7.
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or

v, soi(W. S0 z)
p. = #(1 + O(lW_’S i nr))'
’Wuso,i‘ ’

By making the magnet small, the values of p, on W, ; are thus as close to its average as we
wish. By (17),

75 (y) < Ta PQ(I> < Ta I+ O(|Wa,so,i|nr> |W5780,i| Za,so < 1 . 1+01+ O(|Wa,so,i|nr)
ST 1 =0p5(y) T 1 =014+ O(Wasoul™) [Wasoil Zoso — 2 1 =014 O(|Wpsl™)’

where we have recalled (15), (16), Zgs, = vg(Wpsyx) > do, and (18). The right-hand side can
be made arbitrarily close to %, so that we can take, say, sup 73, < %.
From (17) and Lemma 12 it then follows that

| In(75,:(y1)ps(y1)) — (7,4 (y2) ps(y2))| < |Inpa(z1) — Inpa(22)] + | In Th(zs) —In Th(z)|
< CilWasi(21, 22)|™ 4+ Cu|Wa so.i (21, 22) ™
< (e i) (1= 0) M0, )P0

Hence, In(75,p3) is Holder and then so is In7g; = In(75,p3) — In ps. Using the estimates
min(a,b)|Ina — Inb| < |a — b] < max(a,b)|lna — Inb| a,b>0
obtained from the mean-value theorem,

[ In(1 = 75,:(y1)) — In(1 = 78,4(42))|

_ 7i) — mi)| . sup s
- 1 —sup7g; — 1—sup7g,

< 3(2C; + Cu) (1 — 0) 7O |Wg o iy, ) [P0,

|In75,(y1) — In 75, (y2)|

A similar estimate is obtained for (1 — 75,;)ps. The Holder constant is too large for the density
to be regular, but (the proof of) Lemma 9 guarantees that it will become regular after a finite
number, 7y, of time steps. 0

Finally, at time sq+1y, we normalize the measures on all the rectangles to probability measures
thereby modifying the factor measures (see Introduction) associated with the rectangle families.
As a result, we have two new standard families that can be coupled just as the original ones.

4.6. Exponential tail bound. For the standard families G and &, the first coupling is con-
structed at time sy, when enough mass of each family is on the magnet 9, :

do
5"
After every coupling, there is a recovery period of ry steps, during which curves too short can
grow to acceptable (i.e., standard) length and densities get regularized sufficiently. After recovery,

another sq iterations are required to bring enough mass from each standard family on a magnet
for the next coupling to be constructed. At the moment of the (k + 1)st coupling,

do

ﬂg(T:kZ(80+T0)+80|T> (k—l)(So—i‘To)"‘So): 5
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is the fraction of the previously uncoupled mass of each standard family G and £ which lies on
the magnet My (so4r)+s, and becomes coupled. Hence,

do dy

fig(T = k(so+ o) + s0) = (1—5)k.

This finishes the proof of the Coupling Lemma. U

APPENDIX A. SUBSPACE DISTANCE

A natural notion of distance between subspaces A, B C RM is obtained by comparing orthog-
onal projections to the subspaces in the operator norm:

dist(A, B) = | Ps — Pl (19)
where P, are the corresponding orthogonal projections. Notice that
Piop = Py+ Pg, if AL B. (20)
We will also measure the distance between 1-dimensional subspaces using the metric

dist/(A, B) = min lu— o] = vV2(1— (A, B)"?, (21)

u€A,veB: |Ju||=|lv||=1

where

(A, B) = max (u,v).

€A, vEB: [lu]=[lv]| =1

Let u € A and v € B be unit vectors such that (u,v) > 0. Then
1
1Pav = Povll =1 = {u,0)* 2 1= (u,0) = Sflu = vl

Hence,
dist’(A, B) < v2dist(A, B)Y/2.

APPENDIX B. UNIFORM HOLDER CONTINUITY OF THE (UN)STABLE DISTRIBUTION

Lemma 23. For all n, the distributions E™ and F™ (see Section 2) are Holder continuous with
the same parameters, and the latter do not depend on the choice of the sequence (T7).

Before giving the proof, we need two auxiliary lemmas.

Lemma 24. For 1 < q < @, there ewist constants k, € N and 0 < C; < 1 such that the
following holds when e, is small enough. If each T; € Uy, for a fived q and if v € TLMN\C ,,

then || D, Tov|| > CiAz||vl| for alln > 1 and D, T,v € C'., for alln > k,. These statements are
uniform in x.

q7x )

CoA7[[v*|| and [[v®]| > CoAZ|vg||. We have vl > Cra A2 Jvg || > 2a;, ||vg]] for n > kg, if kg is

Proof. If v € T,M \ C: ., we have |[v"|| > a,||v®]]. But v® = DxTvq"v“’s € E;’%?I, and ||v]] >
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sufficiently large. Because || D, Ty, — D, Ty%|| < Cey, || DoTi,v*|| > ¢ljv|, and || D, Ty"v"|| > ¢l|v*|
hold with some C' = C(k,) and ¢ = ¢(k,), we have

1D2 e, 0" || > | DaTirv"|| = Cegllv”|| > | DT (1 = Ce'e,)
> 24| D, TFvf||(1 — Cce,)
> 20, (| D, Ty, v°|| = Cegl|v*)(1 = Celey)
> 20| D, Ty, v°||(1 — Oc™eg)? = ag || DTy, 0%,

u
@, Tiq

The uniform estimate ||D,7,v| > ¢,||v| holds with some ¢, = ¢,(k;) < 1for 1 <n < k,. If
n = kg +m, |D, Tl > CAT| DTy, v|| > ¢,CoAT||v]|. Hence, we can set C; = chq/AZq, SO
that || D, Z,v|| > C;A7||v] for all n > 1. O

q

provided g, is small enough. This estimate shows that Dﬂ}qv eC

The next result on linear maps is cited from [6, Lemma 6.1.1] up to notational changes.

Lemma 25. Let L and £2, n € N, be two sequences of linear maps RM — RM . Assume that

n’

for some b >0 and 6 € (0,1),

1L, — L2 < 66", n>0.
Suppose there are two subspaces Y and £ of RM and constants C, > 1,0 < \, < i, with \, < b
such that

ILiv]| <CAY  ifve &l

ILiw|| > Cotu if w L EL
Then

dist(€',£?) < 32 P s p—n ) /(nb—1n )
) g * A .

*

Proof of Lemma 23. We generalize the case of a single map found in [6]. As the orthogonal
complements (T, M)+ of T, M in RM form a smooth distribution (T M) on M, we first prove
that the distribution E° @ (T M)+ is Holder continuous on M and then deduce the Hélder
continuity of E°.

Let P, be the orthogonal projection RM — T, M. It depends smoothly on z. We define

L9Y(z) = D,T; 0 P,.
This map extends D,T; to a linear map R — RM. Let us also set
Lo(z) = L (Tp_1) - - L(l)(x).
Recall from above that E) C C{ . Setting C' = [Ti<4<0 Cq and A = min;<,<q Ay, we have
DTl < CTIAT ol v e K,
by (A2). This translates to
ILa(@)oll < CTHATloll, v e Ep e (ToM)™. (22)

By Assumption (A4), we can make the cones so narrow that a vector in 7, M perpendicular to
EY lies in the complement of C . Setting C' = [1<,<q Cy> Lemma 24 thus yields

| D, T,wl|| > C"A™||w||, we T, M:w L EL.

In other words,

I£a(2)w]| = C'A"Jw]l,  w L By (TeM)*. (23)



26 MIKKO STENLUND

Clearly ||LW(x)|| = ||D,T;||. For brevity, let us write b = suppsup,c || D.T|| and by =
SUPy SUp, e || Do (D210 Py) ||, where T runs over Uy U- - -Ulg. Since L, 1(x) = L") (T,2) L, (),

[1£nt1(x) = Lya (y)
< LT[ ([La(@) = La()]| + |12 (Toz) = LD (Toy) | |£a(y)|
<bi[|L(x) = L)l + bo|| Tnw — Toyl| b} < ba||Lo(x) — La(y)l] + bob?" |z — .
As ||L1(x) — Lo(y)]| < be|lx — y]|, we obtain the bound

1£a(x) = L)l < cllz — yllb1", (24)

. b
with the constant ¢ = m

The bounds (22), (23), and (24) show that all conditions of Lemma 25 are satisfied, if we
take L) = L,(z), L} = Ln(y), &' = EY & (T,M)*, and £* = E) & (T,M)*. Writing o =
2InA/(2Inb; +1InA) and K = 3max(C~!, C"71)2A2% ¢°,

dist (ES @ (T,M)*, E) & (T,M)*") < K|z —y|*

provided ||z —y|| < 1/c.
By compactness of the manifold and smoothness of the distribution (T M)+, we have
dist((T, M)+, (T,M)*) < L||z — y|| for some L. Hence, by (19) and (20),

dist(Ey, B)) < (K + L)z —yl*  if [z —yll < 1/c
Notice that this bound does not depend on the sequence (7;);>1. Moreover, the same upper

bound is obtained for each distribution E™ by disregarding the first n maps and considering the
sequence (7});>n instead. The result for F™ is obtained by reversing time. O

APPENDIX C. INCLINATION LEMMA TYPE RESULTS

Lemma 26. Fizx 1 < q < @ and let T; € U, for each i. There exists a constant Cy > 0 such
that, for all w € C}, and all © € T,M with ||w|| = [|@| = 1, the vectors w, = D,T,w and
W, = D, 7,7 satisfy

[|wal

the angle between w, and w, tends to zero at a uniform exponential rate:

(e 1eet)
ol T |

for some 0 < c <1 and C' > 0.

If also w € C!

q,x’

< min(c, CA;*") (25)

Proof. We first construct “fake” stable and unstable distributions for finite sequences T1, ..., Ty.
Fix N > 1. First, choose a distribution EV such that E) C C;, for all z. Then define the

distributions £, 0 < n < N, by pulling back: E" = DTn+len+1En+1 C C, .- Next, choose

T, +1

a distribution £ such that F C C¥, for all z. Then set recursively F7' = D 1, T, Fj’f_ll for

n > 1. We will use E" and F’ " as coordinate axes. Let ¢} € E” and i € F " be unit vectors
oriented so that D,T,e" and e?’j point in the same direction and D, T,f" and f"“ point in the
same direction.

Recall from Section 1.3 that the angle between Ej, and E , is uniformly bounded away from
zero. In other words, there exists a ¢, > 0 such that (E“ E§x> <1—2Y, for all x € M.

@
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By Assumption (A4), the cones can be assumed narrow enough, so that (U, V)
subspaces U C C;, and V' C C; , and for all z € M. Because of this, |{e}, f;)| <
and all 0 <n < N. Thus, we have the uniform bounds

V(0 + %) < |laf® + pel||? < 2(a®* + 3%,  Va,3, 0<n<N. (26)
Now write w, = a,f7 , + Bner , and W, = a,f7 , + Bne%z and estimate, for 0 <n < N,
|l _ 2062+ 02) _ 243 2B|D.Tuedl® _ 233 265(CeA7)
a2 0k} GRaIDLTLRIP T vEed T U2ed(C,Ap?

We have used Assumption (A2) to bound the norms involving D,7,. From (26), a2, 33 < ¢, .
As w is an unstable unit vector, |ag| is bounded from below by some A, > 0. Thus

<1 —1), for all
1 — 1), for all x

I I
[wnll? = $3AZ

But N was arbitrary, so the bound holds for all n > 0. In particular, C'y does not depend

on the constructed distributions. A computation also shows that, if both w,w € Cj,, then

1 — wp, Wp)|/||wn ||| @] is of order ﬂnﬁn/an&n < C’;4A;4”ﬂoﬁ~0/aod0 < C’A;‘l”. O

Lemma 27. Fiz 1 <¢<Q,0<A<1, andd >0. Fix N>1andT; € U, for 1 <i < N.
Take two points x1,xe and assume that d(T,xq, T,xe) < SN if 0 < n < N. Suppose Wy, Wy are
unstable curves with respect to {C;!,} and that x; € W;. Then

Jr,w, Trni1 (1)
anWQTn-Fl(IZ;Z'rQ)

The constants C' > 1 and 0 < p < 1 are independent of N, of the curves W;, and of the choice
of Ty, ..., Tn, as long as the bound on d(7T,x1,7T,x2) continues to hold.

(1+C)=C% 0<n<N.

—1| <o 0<n<N-1. (27)

Proof. Choose FIO = E_and define Fg = Dy, T, F;‘fllz for 1 <n < N. By Lemma 23 7, the

q,T
distributionsf? " belong to a fixed Holder class, no matter which T3, ..., Ty and N are chosen.
Notice that F)' C C};x for 0 <n < N.
Let u} (i = 1,2) stand for a unit tangent vector of 7,W; at xI' = T,z;. We also write
L(x) = D,T, ., o P,, where P, is the orthogonal projection RM — T, M, which is smooth.
Ir.wi Toi1(27)

1 1
— 1| < — || DpnTrqu”|| = | Dyn Trpirus ||| = — ||| L{zP)u™|| — || L(xD)usy
T wnToa (28) ’_ c || Doy Taut | = | Dag Toaus || Cqu (@P)ut|| — [|L(z3)usz ]

1 n n n : n n
< & (126 - LI+ 12 in ot - o))

q
< C (A" +dist' (U7, U3)) .

We have denoted by U;" the linear subspaces of RM spanned by u? and recalled the definition in

(21). The angle between U;" and F} decays exponentially: dist’ (U, Fin) < CA;?" due to (21)

and (25). Hence, it suffices to prove exponential decay of dist'(ﬁ’ﬁf, }7’;%) But this follows from

Holder continuity and the assumption d(z7, xh) < 0A™. O

"Lemma 23 has been formulated for F™ as defined in (6). Considering the special case Q = 1, we can clearly
recover the claimed result for F™ as defined here.
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