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Abstract: In this paper we analyze a free quantum particle in a straight
Dirichlet waveguide which has at its axis two Dirichlet barriers of lengths
(4 separated by a window of length 2a. It is known that if the barriers
are semiinfinite, i.e. we have two adjacent waveguides coupled laterally
through the boundary window, the system has for any a > 0 a finite
number of eigenvalues below the essential spectrum threshold. Here we
demonstrate that for large but finite /1 the system has resonances which
converge to the said eigenvalues as /1. — 00, and derive the leading term
in the corresponding asymptotic expansion.
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1 Introduction

Tunneling resonances belong to the number of most traditional and important topics
in quantum mechanics. The fact that a quantum particle can leave a region in which
it is classically confined by tunneling through a potential barrier was noted in early
days of the theory [1] and the discovery of artificial radioactivity several years later
demonstrated that it can give rise to a resonance process. Over the years, the
tunneling resonance effect became a subject of countless studies, among which one
can find many examples of a rigorous analysis — see, for instance, [2, 3, 4, 5, 6].
Potential barrier tunneling is, however, only one of many instances where quan-
tum mechanics confronts us with effects which defy out intuition based on an ev-
eryday macroscopic experience. Another one is represented by purely geometric
binding in situations where there is no classical trapping: examples are bound
states in bent [7] or laterally coupled [8] waveguides. In this paper we will deal with
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a system akin to the last named example, let us therefore recall it in more detail.
If we have two adjacent waveguides, i.e. straight planar strips in which the particle
dynamics is described by (a multiple of the) Dirichlet Laplacian, the spectrum is
absolutely continuous and can be found trivially by separation of variables. It is
sufficient, however, to connect the two strips by a opening window in the common
boundary, and the spectrum changes: a finite number of isolated eigenvalues ap-
pears under the continuum threshold despite the fact that the phase space volume
corresponding to classically trapped trajectories is of measure zero. In addition, the
system exhibits also resonance associated with higher transverse modes [8].

In this paper we are going to discuss a different kind of resonances. We suppose
that the barriers separating the two waveguides are not semiinfinite but of finite
lengths ¢, cf. Fig. 1. Consequently, at their far ends the guide is not divided and
the essential spectrum threshold is lowered to the lowest transverse-mode energy
of the joint guide. The memory of the bound states in the vicinity of the window
remains, however, in the form of resonances which are especially pronounced when
the barriers are long. Of the various possible definitions of a resonance we choose
the most ‘classical’ one, based on solution of the corresponding equation with the
specific asymptotic behavior at large distances. It is not difficult to see that such
resonances coincide with those defined by an exterior complex scaling. One natu-
rally expects that they are at the same time also scattering resonances of our double
waveguide system but we will not address this question here.

Our aim in this paper is to demonstrate existence of these resonances and their
behavior as the barrier lengths tend to infinity. We are going to show that for all
sufficiently large ¢+ the number of resonances coincides with the number of eigen-
values in the semi-infinite barrier case, and that the complex energies associated
with the resonances converge to the latter as /.- — oo. Moreover, we will find the
leading term in the corresponding asymptotic expansion. It contains the peculiar
factors decaying exponentially with respect to /. reminiscent of the Agmon metric
[22] in case of potential barriers. One can think of it as of a tunneling effect even
if the classical particle in such a guide would not be trapped. The role of potential
barriers is played by the narrow parts of the channel; in the physicist’s terminology
one would say that all the modes are evanescent in the considered range of energies.

For the sake of simplicity we consider here only the case with transverse mirror
symmetry when the two guides have the same width. The system then naturally
decouples into the even and odd component with only the former one being non-
trivial [8]. One can thus analyze one waveguide only; the absence of barriers in the
window and in the ‘outer’ regions is described by Neumann boundary conditions.
In the next section we describe the problem in technical terms and formulate our
main result expressed in Theorem 2.1. The rest of the paper is devoted to its proof.

Before passing to our proper problem, let us add a comment on its broader
context. One can regard the exterior broad-channel (or Neumann) parts as distant
perturbations separated by ¢_ + 2a + ¢, with /1 considered large. There is a large
number of problems of this type. A classical example is a double-well Schrodinger
operator with the wells wide apart. Such systems have been studied extensively —
see, for instance, [9], [10], [11], [12], [13], [14], [15], [16], [17] — and there is no need
to stress that the mechanism determining their spectral properties is the same tun-



neling as mentioned above in connection with resonances. Recently we managed to
analyze a considerably more general class of of operators with distant perturbations
and to prove general convergence theorems and to describe asymptotic behavior of
their spectra and the resolvents — cf. [18], [19], [20], [21], [25], [26], [27]. The gen-
eral approach we have developed is useful here, since the technique employed in this
paper is based on the main ideas put forward in the cited work.

2 Problem setting and the main result

Let x = (z1,x5) be Cartesian coordinates in the plane. By II we denote a horizontal
strip of width 7, i.e. Il := {x : —00 < 21 < +00,0 < x5 < 7} C R% On its lower
boundary we fix two disjoint segments of lengths ¢, and ¢_ assuming that the
distance between them is 2a > 0 being centered at the origin of coordinates so that
we have v, = {a < 1 < {4, ©3 = 0} and v_ = {—(_ < 21 < —a, zy = 0},
respectively. Having in mind the physical meaning of the model we will speak of
them as of (Dirichlet) barriers. The remaining part of the lower boundary consisting
of three intervals separated by 7. we denote as I', and the whole upper boundary
as v — cf. Fig. 1. Our aim is to analyze the following boundary-value problem,

ou

(A —=XNu=0 inIl, u=0 on v Uy U~ and
aZL’Q

=0on ', (21)

with the behavior at infinity prescribed as

u(z) = Cy(N) elv A3 cos % + O(e_Re\/gm) for x; — 400,
T (2.2)
u(z) = C_(A)e "V 75" cos % + O(e"ev %_’\’”1) for x; — —o0.

The choice of the square-root branch is fixed by the relation v/1 = 1, furthermore
C4(X\) are some constants and A € C is the spectral parameter. The solution is
understood in the generalized sense as an element of the Sobolev space Wy, (IT),
however, by embedding it is infinitely differentiable up to the boundary for all
|z1| large enough which makes it possible to interpret the asymptotics (2.2) in the
classical sense.

As we have indicated the main object of our interest in this paper are resonances
of the problem (2.1), (2.2) situated in the lower complex halfplane in the vicinity of
the segment Ev 1] for large values of the barrier lengths ¢, and ¢_, in particular, their
asymptotic behavior as those lengths tend to infinity. Resonances are understood
here as the values of A, for which the problem (2.1), (2.2) has a nontrivial solution.

To formulate our main result we need a few more notions. Consider the segment
I'y == {|z1] < @, 2 = 0} of length 2a on the lower boundary of II which may be
called the central window; the remaining part of the lower boundary will be denoted
as 7, cf. the left picture on Fig. 2. We introduce the following sesquilinear form
on the space Ly(II),

ho(u,v) == (Vu, VU)LQ(H) ,



Figure 1: Scheme of the model

with the domain consisting of functions from W3 (IT) the trace of which vanishes
on 7, U~. It is easy to see that this form is closed, symmetric, and bounded from
below. The self-adjoint operator associated with it will be denoted as Hg, in other
words, H, is the Laplacian on IT with Dirichlet boundary condition on v U v, and
Neumann one on I',.

It is well known [8, 23, 29] that the operator Hg has for any a > 0 a nonempty
discrete spectrum consisting of a finite number of eigenvalues A\;, j = 1,...,n,
contained in the interval (i, 1); without loss of generality we may assume that they
are arranged in the ascending order. Each of these eigenvalues is simple and the
corresponding eigenfunctions are even and odd in the variable z; for j odd and
even, respectively, and in the limit y — 400 they behave asymptotically as

Vi(z) =V e VI Psing, + O(e” VN (2.3)
where ¥; are nonzero constants.

We shall split now the lower boundary of the strip II into two halflines v, :=
{r:21<0,29 =0}, T\ :={x: 21 > 0,29 =0}, cf. the right picture on Fig. 2, and
consider the boundary-value problem

oV
(A+)\j)V}:O in II, V;=0 on yU~,, 8_33320 on I',, (2.4)
2

with the following asymptotic behavior,

Vi(z) =k Vo= T oo T2 + O(e*\/g“) , r1 — 400,
’ g 2 (2.5)

Vi(z) = ks eVIT20% gipy gy e V70T gin gy 4 (’)(e_v‘l_ko’“) , T — —00,

where kji are complex constants. Solution of such a problem is again understood in
the generalized sense and in view of the embedding the asymptotics as 1 — 400
are valid in the classical sense. In addition, it is not difficult to see that in the
vicinity of the coordinate origin the function V;(-) has a differentiable asymptotics,
namely

Vi(z) = ﬁjr% cosg + O(r%) : (2.6)

where (r,0) are the appropriate polar coordinates and f; is a complex constant.
For the sake of brevity we write ¢ := ({4, 0_).
Now we are in position to state our main result.
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Figure 2: The auxiliary problems

Theorem 2.1. For all {4 and (_ large enough there is a unique resonance A\;({)
of the problem (2.1), (2.2) in the vicinity of each point X\;, 7 = 1,...,n, and a
unique nontrivial solution of (2.1) corresponds to Aj. The corresponding resonance
asymptotics as min{l,,{_} — 400 is given by the formula

00— b TP
The constants 3; and V; do not vanish and k; satisfies the relations

~_ (Repy)?
Rek; = 81— \)

2
20’ Imk* — (Imﬁj)

N SV vy e s R

3 Reduction to an operator equation

The aim of this section is to rephrase the problem, using the ideas worked out in
[18], [19], [20], [21], [25], [26], [27], as an operator equation; analyzing the latter we
will be able to derive the leading terms in the resonance asymptotics.

Let X+ € C*(R) be a nonnegative cut-off function satisfying the relations

Xg(x1) =0 for z;>1, Xg(r)=1 for z; <0,
1

1 T
Xo (1) =0 for xz; <0, Xo(r1)=1 for z; >1.

Furthermore, we consider nonnegative cut-off functions xi, y+ € C*°(R) such that

X_(x1)=0 for =3 >—-a+1, X_(x;)=1 for z; < —a,
X+(x1) =0 for z3<a—1, X+(z1)=1 for z1>a,
Xo (21, 04) = Xo (21 — €4) Xo (#1,0-) = Xo (21 + ().
We denote by x¢ the function of the form
Xo(x1, ) = xd (x1,04) + xo (21, 0-) — 1 (3.1)

and by § the shift operator acting as

(S(X)u)(xl, x9) = u(z) — X, 29) ,



where X is a real number. Let II(A, B) be a rectangular section of the strip,
II(A,B) :={A < x; < B, 0 < 29 < 7} determined by the numbers A, B.
We will introduce an auxiliary problem. We split the boundary as in (2.4) and
analyze the inhomogeneous boundary-value problem
ou

(—-A—XNu=g inlIl, u=0on yUy.,, ——=0 on [, (3.2)
al'g

with the asymptotic behavior changed from (2.5) to

u(x) = é\_*_(g? )\) ei\/)\—%:m coS % + O(e—Re\/ %—)\m) for z; — +00, (3 3)
u(@) = C_(g,\) e sinwy + O (e ReVi-Am) for x, — —o0.

We assume here that g € Lo(II) is a function satisfying suppg C II(—1,1) and
ai(g, A) are complex constants. Solutions of this problem are understood in the
same sense as the solutions of (2.4), (2.5).

We shall seek solutions to equation (2.1) in the form

() = xo(@1, o) + x (21) (S(Co)us ) (2) + X (2) (S(~€)u- ) (2),  (3.4)

where ug := (Ho — A\)"'go with a function gy € Lo(II) having the property that
supp go € II(—a — 1,a + 1). By definition the function u, satisfies the equation

(Ho — M) uo = go (3.5)
and behaves asymptotically in the following way,
up(z) = C(go, A) eV A sinay + O(e” RV for 1y — +oo, (3.6)

where CY (go, A) are some constants. The function u, is determined as the solution
to the boundary-value problem (3.2), (3.3) with a right-hand side g = g, € Lo(II)
satisfying supp g, C II(—1,1). The function u_ is introduced in a bit more compli-
cated way, namely we suppose that its mirror image in the z; variable, u_(—z1, z3),
solves the problem (3.2), (3.3) with a right-hand side g(x) = g_(—x1,x2), where
g— € Lo(II) with suppg_ C II(—1,1).

In view of the definition of xg, X+, ug, ux the function u, given by (3.4) satis-
fies the boundary conditions of the problem (2.1) and has the needed asymptotic
behavior (2.2). It remains to check that u, solves the equation (2.1). To this aim,

we substitute the Ansatz (3.4) into it obtaining

(=2 =) (xoer, o) + xe (0) (S ) (@) + x-(22) (S(~LJu_) (1)) =0

Taking into account the cut-off functions definitions, the problem (3.2) and the
relation (3.1), we arrive at the equations

9o+ Tig+ +T-g- =0,

~ 3.7
g+ +T+90 =0, (3.7
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where P v U
X+ X+ +
2 =S5(L/
dxz? + dzy Oz’ Us = S(&lx)us,

Tego = —S(F(x) <Uo

Tigr = Uy

da? + 28351 dz,

The operators 7o = T2(A,€) map from Ly(I(—a — 1,a + 1)), and T2 = To(\, )
from Lo(II(—a — 1,a + 1)) into Ly(II(—1,1)); it is obvious from the construction
that all of them are bounded.

Next we are going to formulate a number of auxiliary result which we shall
need to analyze the equations (3.7). For simplicity we will denote in the following
by Ao a fixed eigenvalue A; of the operator Hy and 1y will be the corresponding
eigenfunction ;.

d2X§ Oug dX(%[)

Lemma 3.1. The eigenfunction 1y of Hy can be represented as a uniformly con-
vergent series,

Z\IJi TV Noa gy nxy for Lz >a, (3.9)

where the convergence is understood in the sense of the norm of W, (H\H(—a, a)).
The coefficients \I/ satisfy the relations

n

o

Zn’lpoi,n‘z < CHwO“IQ/V%(H(—a,a)) (310)

i=1
with some constant C.
It is easy to check the lemma using separation of variables.

Lemma 3.2. For any f € Lo(Il) with supp f C lI(—a — 1,a+ 1) and all X in the
vicinity of A\g we have the representation

<f7 7700)[/2(1_1)
Ao — A

(Ho—N)"'f = Yo+ Ro(A)f (3.11)
where Ro(A\) is the reduced resolvent in the sense of Kato, holomorphic in X\ in
the vicinity of Ao and acting in the orthogonal complement to the eigenfunction 1.

Moreover, we have the estimate

IRoN) fllwzanni(—sp)) < Coe | fll Ly—a—t,a+1)) » (3.12)

where 0 = min {\/1 — Ao, Rev1 — /\}, b>a+1, and C is a constant independent
of f, X and b.

Proof. Validity of the expansion (3.11) follows from formula (3.21) in [30, Sec. V.3.5].
Let us check the estimate (3.12). To this aim, we denote w = Ro(X) f € W (II\IL(—

b,b)).



From (3.5), (3.6) and the definition of the function f we derive an equation which
should be satisfied by the function w,

(FA=XNw=K¢y in INI(-a—-1a+1), K:=—(f%0)r.m)-

Substituting now the expansion (3.9) for the eigenfunction ¢y from Lemma 3.1, we
get

(A = Nw) (z1, x2) KZ‘IIjE eTVI=do®iginng, for +a;>a+1.

Solutions to the last equation are found easily using separation of variables. They
are of the form w = P1 + P», where

00 + —v/n?2—Xga
\Ifo,n e

P,=K VY (eiV n?=do(@1Fae) _ oFv "2”\(“%)) sinnry, +x1>a+1,
n—= 0 B
P, = Z VV(itneqE V2 =do(r1Fa) gipy nxs, +z>a+1,

and Woi’n are the Fourier coefficients of w(=+a, x3), respectively. We have the esti-

mates
o

Zn|W(i:n|2 < 0Hw||l2/[/21(n(—b,b))' (3.13)

n=1
Here and in the remaining part of the proof we will denote by C' unspecified con-
stants independent of A\, n and f.
Let us check the estimate (3.12) for x; > b. Writing x = (z1, x9) it is straight-
forward to check the inequality

lolmonn <2 [ [P@Par+e [ R@Pan @
11(b,+00) (b, +00)

Let us evaluate the first integral,

Py( K2 eV N; +N 3.15
| 1 Z ‘)\ )\0’2 ( 1+ 2)’ ( )
(b,+00)
where
+oo

_ /n2_ .
N; = /e ZRevr®=Az1 gin2 Tmv/n2 — A2y day

b
—+00

2
N, = / e~ 2V n? Aoz (1 — e_(Re Vn?=A—y/ "LAO) 1 cosImvn? — )\:C1> dxy .

b
(3.16)



Using now the representation
1—e " cosve = (1 — e"””) + ef’““"(l — Cos V:I;) with p,v €R,
we derive an estimate to the second integral in (3.16), namely
Na <2Q1 +2Q2,

where

+0o0

Q1= / 6_2\/712——%”“ <1 — e_(Rem_\/ "2_)‘0):61)2 dzy,

b

+o00
Qo = / e 2Revn-Aui 54 fm n22— ATy dz;.

b

Using the real and imaginary parts of the identity

A= Xo
\/nQ—/\—i-\/nQ—)\o

V2 =X —/n2 =X\ =

and taking into account the considered range of A\, we get the inequality

A=A
maX{Re (\/n2 —A—V/n? - )\0), Im (\/n2 —A—Vn? - )\0)} < C’l—o|.
n
Combining it with the estimate
1—et<tell teR,

we infer that
A — Xof?

max{N;, Qi, Qo} < Ob? e 2ReVri=Ab 5

(3.17)

n

Substituting the last estimate into (3.15) and taking into account the bound (3.10)
for the coefficients \Ilain from Lemma 3.1 together with the relation K = —(f, %), ),
we find

2 _
|P1(2)|"dz < Cb?e QQbeH%Q(H(—a—LaH))- (3.18)
I1(b,400)

Arguing in a similar way and using the inequalities (3.13), (3.17) in combination
with the relation w = Ro(\) f, we derive a bound for the second integral in (3.14),

2 —9b /1=
/ Py(z)|” de < CO* e ™1 |17, i actat1))
I1(b,+o00)

The last result together with (3.18) yields the estimate
[l Lamo o0y < COE™ | fllLari(-a-1,0+1)) -
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Calculation the first and the second derivatives of the function W and using the
analogous reasoning, it is straightforward to check the estimates

Hw||W21(H(b,+oo < Che” Qb||f||L2 (I(—a—1,a+1)) »
[wllwz @400 < CO Pl flLai(-a-t1,at1)) -

This implies the sought estimate (3.13) for the norm [[Ro(A)fllwzqi(p+oc))- The
bound for [[Ro(A) fllwz(ri(—se)) i checked in the same way. O

Lemma 3.3. For any function f € Lo(I1) with supp f C II(—1,1) and all \ in the
vicinity of Ao, the operators T1 are of the form

_ o), Pxi O i
Tun 07 =~ L0 s, (4, D 0T D) 0y,

where the operators R+ (A, €) : Lo(Il(—a—1,a+1)) — Lo(II(—1, 1)) are holomorphic
as functions of \ in the vicinity of A\g. Moreover, the inequality

IR Of wanry S Clx e I lnamen),

holds true with a constant C' independent of f, +, and \.

The claim of the lemma follows directly from the representation (3.8) and
Lemma 3.2. We shall need also a statement concerning embedded eigenvalues.

Lemma 3.4. For any A € [1/4,1] the boundary-value problem (3.2), (3.3) with the
vanishing right-hand side has only a trivial solution.

Proof. Consider the rectangle I1(— Ry, Ry) with fixed Ry, Ry. We multiply equation
(3.2) by x;u and integrate it twice by parts in the region II(—R;, R) taking into
account the boundary conditions imposed on the function and its behavior at zero.
It yields

ou ou
0= A—=)N)—dz = A=) d
/ ( )(%1 r = / 8I1( Yriude
II(—R1,R2) II(—Ri1,R2)
I ou B h 5%
81’1 e RZa_l’lxlu I dSL’Q + Rl / ( Rl, LCQ) a . dQJg (3]_9)
0 0
[ ou ) r 8%
—_— dzs — R R das .
+ 01 le1=—Ry (’9$1x1u t1=—Ry 2 2/ ul Q’xQ)é?a:l 21=Ro 2
0 0

Using separation of variables we represent the function u for x; > 0 as
u(z) = Cy e'V A=3%1 cog % + 4 (z), (3.20)

where the function u(z) decays exponentially and satisfies the relation

™

/ﬁ(xl,xg) coS % dzy =0.
0
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Next we find the limit of the expression (3.19) as Ry — 400 taking into account
equation (3.2), relation (3.20), boundary conditions imposed on the function v and
its asymptotic behavior; we get

ou ou |2
= A—AN—dz = — d
! / o ngrar=— [ g
—0o0,R2) I1(—o0,R2)
/——x u dzy — R ] u(Ry, )82u dz
3:151 81‘1 r1=R> 2 2 22 axl r1=R2 2
0 (3.21)

N 1 . 1
=iZ |G\ A= 7+ 7RO (A - 5)

4
du |? [ (00 0 - e
_9 il = 7 _ -
/ 8x1 v / (8:61 8x1 S $1U( )(%%)
II(—o0,R2) 0
It remains only to evaluate the integral over the region II(—oo, Ry). To this aim we

consider the region II(—o0, 0). Taking into account relation (3.20) and the definition
of the two regions, we find

d.ﬁCQ .
r1=R>

ou |2 Ou |2 Ou |2
-2 — | dz=-2 — | dz—2 — d
/ 0y ’ / 0z v / 0y ’
II(—o0,R2) I1(—00,0) TI(—o00,R2)\II(—00,0)
ou |2 ou |2 ~ 12 1
— 2 T qr — 2 K a4z —#|C <)\——)R
| a2 [ [l ar—rer (- pm
I1(—00,0) II(—o0,R2)\II(—00,0)

We substitute the last identity into (3.21) and evaluating its limit as Ry — 400,

we get
Ou |2 ou |2
0=—2 Tz — 2 ‘—
/ a«'El v / (9351

I1(—00,0) TI(—o00,00) \II(—00,0)

T A 1
dx+1§‘0+‘2 A— 1

This is equivalent to the following two relations
ou |2 ou |2 T~ 2 1
2 )— dz +2 G e =0, TG A -~ =
/ o / ozl " 1] 1

I1(—00,0) IT(—00,00)\II(—00,0)
which imply that u(x) is independent of x and aJr = 0; this allows us to conclude
that the function u(-) is equal to zero identically. O

The idea of the proof of the last lemma is borrowed from Lemma 3.3 in [24].

Lemma 3.5. For any f € Ly(Il) with supp f C II(—1,1) the operators Ti(\,£) are
uniformly bounded and satisfy the inequalities

1T 0 fllwz -1,y < Cla e[| fll Lym-1,1)) (3.22)

with a constant C' independent of f, A\, and (4.
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Proof. The operator boundedness is checked by Lemma 3.4 in analogy with Lem-
mata 5.2, 5.3 of the paper [29], and the bounds (3.22) are derived using separation
of variables and transformations we have used above in the proof of Lemma 3.2. [J

Let us return now to discussion of equations (3.7). We introduce the Hilbert
space

hy
L= {h: hQ , hz GLQ(Rd;Cn)7 2217273}
hs3

with the scalar product

We denote

0 T(\O T-(\0)
T = |[To(N0 0 0
(A0 0 0

on this space. Using this notation we can rewrite equations (3.7) as
g+TN\Og=0

interpreting this relation as an operator equation in £. It can be analyzed using the
appropriate version of Birman-Schwinger method described in the papers [28, 29],
which makes it possible to rephrase the search for resonances of the problem (2.1),
(2.2) to finding zeros of an explicitly given function.

In accordance with Lemma 3.3 we have the representation

(g ¢)2
Wy + R(A Y 3.23
b+ RO g = (323
where
O
o . )
“Xo aodo
p=101], ¥5:= —L1) (%o X afldfcl) ,
0 £-) (o X°+2§’§fi’;i>
0 =T, —T_
RN L) = Ri(NE) 0O 0 cL.
R_-(\E) 0 0



We note that, as a consequence of the definition of the vector ¥y — recall that 1)
is exponentially decaying by Lemma 3.1, we have the estimate

[Tolls = O(e /0t 42/ T00-) (3.24)
Putting together the first and the last term in (3.23), we get

M\IJO =0, (3.25)

(1+ R\ 0)g — S

where I is the unit operator. To analyze this equation, we need one more lemma;
recall that we have introduced ¢ = min {\/1 — Ao, Rev1 — )\}.

Lemma 3.6. For any f € £ and \ in the vicinity of Ao we have
[ROOFle < CLre™ + e I

with a constant C' independent of f, X, and (.

The claim follows easily from Lemmata 3.3 and 3.5.
By the last lemma, the inverse (I + R()\,E))_l exists for /1 large enough. In
such a case we can apply it to both sides of equation (3.25) obtaining

g — —(97 ¢)£ (I + R(A, 6))_1\110 =0.
Ao — A
Taking the scalar product of the two terms with the function ¢ defined above we
get
(.g? ¢)2 -1 .
(9:9)e — m((l + R\ €)Wy, ¢>£ =0,

or equivalently

(9,0)e(1- Aol—A((I+R(A’£))_1\I}0’¢>Q> —0.

The scalar product (g, ¢)e does not vanish, since otherwise we would have g = 0
and the eigenvalues A of the perturbed operator would be zero. We may thus cancel
the factor (g, ¢)e obtaining

A= — ((1 +R(A)) W, ¢>£. (3.26)

4 The resonance asymptotics

The aim of this section is, using the preliminaries discussed above, to prove that
equation (3.26) locally has a unique solution and to construct the leading term in
the resonance asymptotics of the perturbed problem (2.1), (2.2).

Lemma 4.1. Equation (3.26) has a unique solution.
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Proof. Using z = A — )¢ in equation (3.26) we get
F(z):=2+G(2) =0,

where

G(z) = ((1+ RN + Z,Z))_quo,gb)S

The function z — G(z) is analytic |z| < 2o, where 2, is a sufficiently small positive
number. In the absence of G(z) we have at the left-hand side the identical function
z + z which has a unique simple zero at z = 0. We are going to show that G(z)
is a small perturbation. It follows from (3.24) and Lemma 3.6 that it satisfies the
bound

|G(2)| < C(e’Qm“ + e’zme‘) for all |z| < zo

with a constant C' independent of z and /4. It follows that
|G(2)] < (J<€+e_9Z+ + E_e‘@€*> < zp

holds for |z| = zp as ¢+ — +oo which makes it possible to apply to the function
F(z) Rouché’s theorem — cf. [31, Sec. IV.3] — by which it has just one simple root
in the circle |z] < 2. O

Equation (3.26) can be rewritten in the form
A= 2o ==((1=ROO + RXOO(1+RO,0) ) W0,0)

1 (4.1)
— (W, 0), + (RN, W0, 8) , — (RQ(A,é) (1+ R\, 0) Wy, ¢>£;

for the first term at the right-hand side we get (\IJO, ¢) o = 0 using the definitions of
the functions ¥y, ¢ and the scalar product in the space £.
Let A = A(¢) be a root of the equation (3.26). In view of the boundedness of

the operator (I + R()\,E))_l, Lemma 3.6 and the definition of the function ¢ we
have the inequality

|A = Xo| S C|R(A, O] = Ol + (_e ) (4.2)

with some constant C'. Expanding now the resolvent R(\, ¢) in relation (4.1) into
Taylor series, we get

A =20 = (RO, %0, 6)  + (A = X0) (R (No, W0, 8) , + O (IR )6l )

where \ is a point of the segment with the endpoints Ao, A in the complex plane.
Taking into account the identity R'(Ag,£) = R?*(N,¢) — cf. formula (5.8) in [30,
Sec. 1.5.2] — in combination with (4.2), (3.24) and Lemma 3.6, we infer from the
above relation that

A =X = (R(Xo) ¥y, ¢)£ + O(fie_gv I=hobt | g2 g3 1_’\°é*> : (4.3)

14



Next we evaluate the first term on the right-hand side, namely

(RO, 6), = —(Tes (-0 (1220 42 awom)’%)w

X9 5’x1 dl’l

2 ]
- (TS (s + 2 0 )

(4.4)

Using the definitions of the shift operator and the mollifiers together with the
asymptotic behavior of the eigenfunctions, we get the relations

+ a¢ dX:I:
/n (e (0D + 2T D) s

0x1 dl’l
dZXi
:—e”l_’\ozi\IlOi’l/QboE e:Fvl AT gin 2 deO
1

dN:t
F 2\/1_7%6?“931 sin & dX ) + (9( 7‘/m£i) )

X1

With the definition of 73 in view, the last relation takes the form

My = _\Ij({le*\/l*)\ofi /%Tigi dr + O(eﬂ/zl—)\oéi)

IR e vy SRS Xi 5 OUz dx v
— e v /wo Uid2 25 dx1>dx—i—(9(e )

:emfhp({l/(A%—A;)dx+o(eﬂft),

II

where

— d>y — dy
gy =e" =201 gipy g, dXO F QﬁejF =201 gipy g, dXO
z? L1

= o(—A = N)(x+Uz), Uy =S8ly)vy,

Af = doxa(-A - NUs, U-=S(~L)o,

and v, (x), v_(—x1, x9) are solutions of the problem (3.2), (3.3) with the right-hand
sides g4 (), g_(—x1,3), respectively. Integrating now the expressions for AT over
the rectangle II(— R, R) with a fixed R, using integration by parts and taking into
account the asymptotic behavior of the functions U as r — 0, we get

/ Afdr = — /wo —R, x5 —XiUi Rdx2
II(—R,R) .
%)
- / )Vl 032 i

—R

15



™

0
- /%(R, x2)a_$2Xj:Uﬂ:
0
R

0
=+ /7/10(95170)8—1;2Xi(/}

-R

dl‘g

xr1=

diL‘l

x2=0

™

+/Xi(_R)Ui( R 332)

o
8131

d.Z'Q
r1=—R

+ / XiUi(—A—)\)Q/JOdl‘.

II(—R,R)

Now we evaluate the limit of the last expression as R — +oo, take into account
the equation satisfied by the eigenfunction vy, boundary conditions imposed on
functions 1y, Uy, the definition of the cut-off function y,, and the asymptotic
behavior of the eigenfunction ; this yields the relations

/A+dx—/U+x1, 8% dz | /A dx—/U 21,0 a% day .
(9952 xo=0 8x2 xo=0

(4.6)
In the same way we find

a +oo
U A
—/A;d‘f_/wo(.xl,()) ax;— x2:0d$1 — / UJr(xl’O)@_x;) x2:0d$2,
11 a
U r 9
/A dI—\/@ZJO IEl, axQ e Odflfl— / U_(xl’o)a_if;) wz:odl‘g.

11 —00

Substituting now the obtained expressions into (4.5), having in mind the definitions
of the functions U and the asymptotic behavior of vy, we arrive at the relation

day + O(e Vi t)

xo=0

M, = e_mgi‘l’i /1/)0 z1,0 )%Ui
X2

doy + O(e” Vi) (47)

To=

= VIRt g / (o1, 0)5 S0

Y

— af(gj:) 672\/@@[\1}({1 /wo th)e:I:MM da, + O(efﬂzi)

where the constants C_ (g9+) are determined by the asymptotics (3.3) of the func-
tions vy as x1 — +o0o. To evaluate the integral on the right-hand side of the last
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expression, we multiply the equation for the eigenfunction 1y by etV!=20%1 gin gz,
and integrate by parts over the region II(—R, R), obtaining

™

0
0= / e:l:mgm sin :Eg(—A N AO)@Z)O dr — /e:FmRSin :Egﬂ dzs
8£E1 z1=—R
II(—R,R) 0
i a -
Tl lz1=R
0 0

R T
- /@Z)g(l’l, 0) ei 1=Aoa d[El + \V 1-— Ao/wo(R, l‘g) ei 1_>\0RSiIlZL'2 d[EQ .
-R 0

Evaluating now the limit of the last expression as R — 400 and taking into account
the asymptotic behavior of the eigenfunction, we find

/w0($170) ei 1=R021 dxl = —Ty/ 1-— )\0 \I/E)t’l .

In view of the even/odd character of the eigenfunction 1y and the obvious identity
|Wo| = |@§1|, the relation (4.7) acquires the form

M:I: — _71.67((9:‘:) /1 . )\0|\Ij6t’1‘2672\/17)\05j: + O(ef\/élf)\oéi) .

It remains to determine the complex constants C_ (9+). To this aim we represent
the right-hand sides of the equations satisfied by vy as

gr = (= A=) (= Xge™V' M sinw,) .
From here it is easy to see that functions vy can be written as
vi(r) = —XT PV gin gy 4+ Vi (1),

where V, () = V;(z), V_(z) = V;(—z1,22), and V;(z) are solutions to the problem
(2.4)—(2.6). The obtained representation of vy implies

~

C—(gi) = k;»

where the complex constant £} is nonzero as we shall demonstrate below.
In this way we have proved the relations

g Mo dxy
(ES(HF&)(% X049 Yo XO)%) — kT = | [Pe 2T R0t
Lo(II)

dzy Oxq dxy

I

+ O(G_MZi) .
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substituting it into (4.4) and taking (4.3) into account, we get

A = o = ki my/T= Do ? (7208 o m2VIT00l )

+O(Bem Tk g 2o VIR0,

Next we are going to prove relations (2.7) and to check that 5; # 0. To this
aim we multiply equation (2.4) by V. and integrate it twice by parts over the
region II(—R, R)\w., where w,. is the semicircle of radius ¢ centered at the origin
of coordinates. This yields

dl'g
r1=—R

_ B r
0= / Vi(A—F)\o)a—leidl':—/viaTVi
1

II(—R,R)\we 0

ﬂ'_ 82
+/Vial’1 +

0

d;l'g /—Vi—Vi

d —V —V d
8x1 8.7}1 z1=—R 513'24—/ * * 2

6’x1 8961 z1=R

—/V > Vds+/—viv ds.
i@r@ml * or i@azl =

Owe Owe

Evaluating each of the obtained integrals and passing to the limits R — +o0o and
g — 0, we find

-1 B[
T 80o-1)

1
- _ +
Rek; = 5|k | (4.8)
The real and imaginary parts of the functions V.. obviously solve the problem (2.4).
Their behavior as z; — oo and r — 0 is obtained easily from the asymptotics
(2.5), (2.6) taking their real and imaginary parts, respectively. In analogy with the
above reasoning, integrating twice by parts in the identities

0
0= / Im Ve (A + Xo) 5— Im Vy dz,
3x1
II(—R,R)\we
9
0= ReVi(AqL/\O)—ImVidx
81‘1
I(~R,R)\w

we arrive at the following formulae
Im2 6]‘

“a(e 1)

k| (4.9)

-1
1—X’

Imk; = %\kﬂ? (4.10)

substituting now (4.9) into (4.10) and (4.8) we get (2.7). It remains to prove that
the constants Im ;" and W¥; do not vanish. This is the contents of the following
lemmata.
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Lemma 4.2. The coefficient V; in the asymptotics (2.3) is nonzero.

Proof. We use reductio ad absurdum; we shall suppose that W; vanishes. We mul-
tiply the equation in (2.4) by e*VI=%0%1gin g, and integrate twice by parts over
II(—R, R). Then we take into account the asymptotics (2.3) with ¥; = 0 and pass
to the limit R — oo obtaining

a

/ eTVIT20my(1,0) day = 0. (4.11)

—a

Let the function v; be even. We define one more function, namely

LU) := sinh AV 1-— )\0 T /ij(t,xg) cosh vV 1-— )\075 dt.
0

By (4.11) the function ®; satisfies the boundary conditions

0P;

®; =0 on yU",, .
T2

’ =0 on Iy,

and the equation which is easy to derive from (2.4),

(A+X)®; =24/1 — Agcosh/1—Ngxyep; in II. (4.12)
It is also clear that ®; € W3 (II(—R, R)) holds for any R > 0. From (2.3) with
VU, = 0 and the definition of the function ®; it follows that

O;(x) = OVl - =L () = O(eVTMl ) as [2y] — 0.

8931

Now we multiply equation (4.12) by v;, integrate twice by parts over II(—R, R) and
pass to the limit R — 400 taking into account the last asymptotics and (2.3) with
¥, = 0. This yields

O:2\/1—Ao/g/)?(x)cosh\/l—)\oxl dz >0
1

implying that ¢;(z) = 0 which is impossible.
In case of an odd 1; we proceed in the analogous way replacing the auxiliary
function ®; by

—cosh\/l—onl/tlpj (t,z9)sinh /1 — Agt dt,

0

arriving again at the absurd conclusion ;(z) = 0. O

Lemma 4.3. The constant k;r in relation (2.5) is nonzero.
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Proof. We will again proceed by contradiction. We suppose that k;r vanishes and
consider the function y satisfying the equations

X(xz1) =1 for z; <0, X(z1) =0 for z;>0.
In view of the standard embedding theorems the function
%(m) = Vi(z) — x(z1)e V120" sin 1y (4.13)

belongs to the spaces WZ(II(—o0,0)) and WZ(II(0, R)) for all R > 0, and at the
point z; = 0 these functions and their first derivatives with respect to z; have a
first-kind discontinuity. It is not difficult to check that V;(z) solve the equation
(2.4) in the region II(—o0,0) U II(0, +00) and exhibit the asymptotic behavior

Vj(x) :kjeiVAO_ixl COS%—}-O(G_V%_)\OM), T — +00,
(4.14)
Vi(x) = k; eVIT0%gin 1y + O(e_v4_’\°x1) , rp — —00,

where k’j =0.
Now we multiply the equation in (2.4) by eV A0~ T71 ¢og %2, integrate twice by

parts over II(—R, R) and take into account the boundary condition imposed on VJ
and the asymptotic behavior of these functions. Passing to the limit R — co we
It is easy to check that

get
4 . 1
d.l’l:— (\/1—)\0—1 /\0——) . (415)
x2=0 3 4
0

T D,

—00

0 ~
/ e—iy/)xo—% xl%
61'2

Next we define the function

_ R V1= —iy/ Ao — 3
Vi(z) = Vi(z) — Crx(x1) eV sinay, O =

\/1—)\0+i,//\0—§’

which also belongs to the spaces W2 (II(—o0,0)) and WZ(I1(0, R)) for any R > 0. In
view of (4.15) the function ‘7] solves the equation from (2.4) in the region II(—o0, 0)U
I1(0,4+00) and satisfies the boundary conditions from (2.4). It follows from (4.15)
and (4.16) that

=0. 4.1
axQ diL‘l 0 ( 7)

x2=0

0 ~
/ efi\/)\ofi x1%

It is not difficult to check that

= 2v1 — Ao , v, 2ivT = Aoy /Ao — §
V;(0,2q) = sin x5 , E =
VI=Xo—iy/ Ao — 1 o VI=Xo—iy/ho—1

sin oy .




Consider now the function

Z,(z) = V-1 / e VAT (1 ) dt (4.18)

which belongs to WZ(I1(—o0,0)), WZ(I1(0, R)) and W (II(—R, R)) for all R > 0. In
view of (4.17) and boundary conditions satisfied by XN/J it is not difficult to check that
the function Z; satisfies the boundary condition from (2.4); by a direct computation
one checks that it satisfies also the equations

(—A — )\0)ZJ =0 1in H<—OO, 0) s

S Ta [ [0V N .
(—A o A())Z] — ol Ao—3 ®1 <|:a_xi:| B —1 /\0 — Z [‘/;}x10> =0 in H(O, ‘I—OO) .

Furthermore, the function Z; exhibits the asymptotic behavior (4.14) with l<:jjE re-
placed by other complex constants. We notice also that

0. ~ 2y/1 =X
Zj(0,22) = 0, S22(0,5) = Vj(0,2) = -
VI=Do+1iy/Ag— 1

81’1
In this way, the function Z; solves the problem with the jump (4.19). Such a solution
is unique as it is easy to deduce from Lemma 3.4. On the other hand, the solution
can be also expressed in terms of the original function V/:

ey (e e (T e T ).

From here and definition (4.18) one can derive the differential equation

% + Chpj = Cg)(e(\/m_i\/m)%1 sin o,
1

sinzy.  (4.19)

Zj(x)

where

AT o~ 1
qu:e_l AO_%xl‘/j, 02:\/1—>\0—i )\Q_Z,

2v1T =X (V1= 2o —iy/Xo — 1)
Cs = )
VI—=2o+iy/ o —3

Vi(z) = e ViThom (04(332) + x sin xg).

solving it we arrive at

The function V; satisfies the boundary-value problem (2.4) and the asymptotic
requirement (2.5), hence we necessarily have

Vi = e ViTh%iyging,, x>0,

however, such a function does not belong to W5 (IT), and therefore it cannot
represent a generalized solution to the problem (2.4), (2.5). O

21



It follows from the last lemma and identity (4.10) that the imaginary part of
the constant k; does not vanish. This concludes the proof of Theorem 2.1.
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