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Abstract: We establish an abstract infinite dimensional KAM theorem dealing with unbounded
perturbation vector-field, which could be applied to a large class of Hamiltonian PDEs containing
the derivative d, in the perturbation. Especially, in this range of application lie a class of derivative
nonlinear Schrodinger equations with Dirichlet boundary conditions and perturbed Benjamin-Ono
equation with periodic boundary conditions, so KAM tori and thus quasi-periodic solutions are ob-
tained for them.

1 Introduction and Main Results
Consider a Hamiltonian partial differential equation (HPDE)
Ww=Aw+F(w),

where Aw is linear Hamiltonian vector-field with d := ord A > 0 and F (w) is nonlinear Hamiltonian
vector-field with d := ord F and is analytic in the neighborhood of the origin w = 0.

Whend = ord F <0, the vector-field F is called bounded perturbation. For example, in this case
lie a class of nonlinear Schrodinger equations (with d = 0)

it 4 e+ V (X)u A+ |ul?u =0
and a class of nonlinear wave equations (with d = —1)
Uy — Uy +V(x)u+ W =0.

For the existence of KAM tori of the PDEs with bounded perturbations has been deeply and widely
investigated by many authors. In this field of study there are too many references to list here. We
give just two survey papers by Kuksin [8] and Bourgain [4].

When d = ord F > 0, the vector-field F is called unbounded perturbation. According to a well-
known example, due to Lax [11] and Klainerman [5] (See also [7]), it is reasonable to assume

d<d-1

in order to guarantee the existence of KAM tori for the PDE. The quantity d — d measures the
strength of nonlinearity of the PDE. The smaller the d — d is, the stronger the nonlinearity is. When
d —d =1, the nonlinearity of the PDE is the strongest.
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For the PDE with unbounded Hamiltonian perturbation, the only previous KAM theorem is due
to Kuksin [7] where it is assumed that d —d > 1. Kuksin’s theorem is in [7] used to prove the
persistence of the finite-gap solutions of KdV equation, as well as its hierarchy, subject to periodic
boundary conditions. See also Kappeler-Poschel [10]. Another KAM theorem with unbounded
linear Hamiltonian perturbation is due to Bambusi-Graffi [2] where the spectrum property is inves-
tigated for the time dependent linear Schrodinger equation

iy(t) = (A+eF(1))y(r)

withd —d > lalso.
The assumption d —d > 1 excludes a large class of interesting partial differential equations such
as a class of derivative nonlinear Schrédinger (DNLS) equations

iy + e — Mou+if(u,i)u, =0
subject to Dirichlet boundary conditions, and perturbed Benjamin-Ono (BO) equation
uy + 7 uy, — uu, + perturbation = 0

subject to periodic boundary conditions, where . is the Hilbert transform. In both cases, d —d =
1. In the present paper, we will construct a KAM theorem including d —d > 1 and limiting case
d —d = 1 and show the existence of KAM tori for DNLS and perturbed BO equations.

If the Hamiltonian operator A has continuous spectra, there is usually no KAM tori for the HPDE.
Therefore, we should assume that the Hamiltonian operator A is of pure point spectra before stating
our theorems. Taking the eigenfunctions of A as a basis and changing partial coordinates into action-
angle variables, from the HPDE one can usually obtain a small perturbation H = N + P of an infinite
dimensional Hamiltonian in the parameter dependent normal form

N= ) wj(é)y.,-%ZQj(é)(u%v%) (L.D)
1<j<n ji>1

on a phase space
PP =T X R X 4P x (%P 3 (x,y,u,v)

with symplectic structure ¥ < j<, dy;Adx;j+Y i~ duj\dv;, where {47 is the Hilbert space of all real
sequences w = (wy,ws,---) with

2 2aj 2 2
Iwlia, = X 7% Iwjl* < oo,
jz1

where a > 0 and p > 0. The tangential frequencies ® = (@, - -, ®,) and normal frequencies Q =
(Q1,€y,--+) are real vectors depending on parameters & € IT C R”, II a closed bounded set of
positive Lebesgue measure, and roughly

Q&)=+

The perturbation term P is real analytic in the space coordinates and Lipschitz in the parameters,
and for each § € IT its Hamiltonian vector field Xp = (P, —P%, —P,,P,)" defines near .7 := T" x
{y =0} x {u =0} x {v =0} areal analytic map

Xp: PP — P,

where



In the whole of this paper the parameter a is fixed. Moreover, throughout this paper, for convenience,
we will adopt lots of notations and definitions from [10].

We denote by 32(%”' the complexification of Z2%?. For s,r > 0, We introduce the complex 7p-
neighborhoods in Z2¢”

D(s,r): |Imx| <s, [y|<r?, lullap +[[V]lap <7 (1.2)
and weighted norm for W = (X,Y,U,V) € 231

Y], [Ullag

1%
IWlliag = X1+ 15 + 1V]laq

+ :
r

where | - | denotes the sup-norm for complex vectors. Furthermore, foramap W : D(s, r) x IT— 234,
for example, the Hamiltonian vector field Xp, we define the norms

HW”r,a,q.D(s,r)XH: sup ”WHMNP
D(s,r)xIT
. Ase W
W3t o=, Sup_ sup [3ecWlraa,
gceng4cnen) 156l

where AgeW = W(;6) —W(-;¢). In a completely analogous manner, the Lipschitz semi-norm of
the frequencies @ and Q are defined as
lip |Ag ¢ @] | |lip jfs\Aé;CQj\

|lo|f = sup , Q%= sup sup———2— (1.3)
T ggengsc 1€ Cl O e gemesgizt 164

for any real number §.
Theorem 1.1. Suppose the normal form N described above satisfies the following assumptions:

(A) The map & — (&) between I1 and its image is a homeomorphism which is Lipschitz contin-
uous in both directions, i.e. there exist positive constants M| and L such that |w|lr11p < M and
—1lip .
(B) There exists d > 1 such that
1Q; — Q| > m|i* — j4| (1.4)
for all i # j > 0 uniformly on Il with some constant m > 0. Here Q= 0;
Q;(8)
j5

(C) There exists & < d — 1 such that the functions & — are uniformly Lipschitz on 11 for

Jj > 1, i.e. there exist a positive constant M, such that |Q\llp5 < M

(D) We additionally assume
4ELM, < m, (1.5)

where E = |0 := SUPgen lo(&)]-

Set M = My + M,. Then for every B > 0, there exists a positive constant 7, depending only on
n,d,8,m, the frequencies @ and Q, s > 0 and B, such that for every perturbation term P described
above with
d=p—qg<d-1 (1.6)
and o i
1
€= ||XP||T-,H-,%D(S-T)><H+ MHXPHVIE,L],D(&,HXH < (ay) P (.7

for somer>0and 0 < o < 1, there exist



(1) a Cantor set I1y, C Il with
M\ g| < 0, (1.8)

where | -| denotes Lebesgue measure and c¢i > 0 is a constant depends on n, @ and Q;

(2) a Lipschitz family of smooth torus embeddings ® : T" x I1y, — PP satisfying: for every

non-negative integer multi-index k = (ky, ..., ky),
k &5k lip e
195 (P = @o)llrap,mrxrig + 31195 (P = Po)ll, g p 0o xm,, < 26777 /0, (1.9)
where 9% := kLklk with |k| := ki|+ - + |kal|,
axll--~8x,,"

D):T'xMI— F, (x&)— (x0,0,0)

is the trivial embedding for each &, and c¢; is a positive constant which depends on k and the
same parameters as Y;

(3) a Lipschitz map ¢ : 11, — R” with

a .
[0 — 0l + 710 oI, < ce. (1.10)

where c3 is a positive constant which depends on the same parameters as 7,

such that for each & € Ty the map ® restricted to T" x {&} is a smooth embedding of a rotational
torus with frequencies ¢ (&) for the perturbed Hamiltonian H at &. In other words,

t—®0+r9(&),E), reR

is a smooth quasi-periodic solution for the Hamiltonian H evaluated at & for every 6 € T" and
& eIl,.

This theorem can be applied to the class of derivative nonlinear Schrodinger equations mentioned
above. However, the assumption (1.5) excludes the perturbed Benjamin-Ono equation mentioned
above. Thus, in the following, we give a modified version of the above theorem:

Theorem 1.2. The above theorem also holds true with, respectively, replacing the assumption (D)
and conclusion (1) by the assumption (D*) and conclusion (1*) below:

(D*) Foreveryk € Z" and | € = with 1 < |l| <2 (here |l| =Y ;51 |l;
{8 eIl: (k,o(5)) +(1,Q(§)) = 0}

has Lebesgue measure zero; Moreover, if 6 = d — 1, we additively assume that there exist
0y < d—1, a partition Q = Ql+ 02 positive constant M3 and My with

), the resonance set

8ELMy < m, (1.11)

such that |Q! |1ip50‘n < Mj,

2,lip .
Q |75,H < My,
(1*) a Cantor set Iy, C I1 with |IT\I1y| — 0 as a — 0, where |- | denotes Lebesgue measure.

This paper is organized as follows: In section 2 we give an outline of the proof of the above
theorems, and some new difficult and ideas compared with [7] [10] are exhibited. In sections 3-6
the above theorems are proved in detail. The proof of Theorem 1.2 is the same as that of Theorem
1.1 except the measure estimate. Thus, sections 3-5 and subsection 6.1 are devoted to the proof of
Theorem 1.1, while the measure estimate for Theorem 1.2 is given in subsection 6.2. In sections
7-8 Theorem 1.1 and Theorem 1.2 are applied to derivative nonlinear Schrodinger equations and
perturbed Benjamin-Ono equation, respectively. Finally, a technical lemma is listed in section 9.



2 Outline of The Proof and more Remarks

The above theorems generalize Kukisn’s theorem from d < d — 1 to d < d — 1 such that the range
of application is extended to a class of derivative nonlinear Schrédinger equations and perturbed
Benjamin-Ono equation. Here we would like to compare the proof of our theorems with that of
Kuksin’s theorem. By and large, as any KAM theorem, in both cases Newton iteration is used to
overcome the notorious small divisor difficult. Therefore, our proof is mainly based on Kuksin’s
approach in [7]. (Also see [10]). There is, however, some essential differences between the proof
of our theorems and that of Kuksin’s theorem. In order to see clearly the differences, let us give the
basic procedure of the proof of KAM theorem from [7] and [10], which consists of the following
steps.

2.1. Derivation of the homological equations. For convenience, introduce complex variables
7= (u—iv)/v2 and 7 = (u+iv)/\/2. Assume we are now in the v-th KAM iterative step. Write the
integrable part Ny of the Hamiltonian Hy

Ny ={o,y)+ Z Qjz;Z;
j=1
and develop the perturbation P, into Taylor series in (y,z,2):

P, :SvRv+O(|y|2+|Y|||Z

|a,p+ |||

3
ap)

where &, goes to zero very fast, for example, taking &, ~ £/ 4" and
Ry = R*(x) + (R",y) + (R*(x),2) + (R*(x),2) + (R¥(x)z,2) + (R¥(x)Z,2) + (R¥(x)z,2) = O(1).
A key point is, very roughly speaking, to search for a Hamiltonian function of the same form as Ry :
Fy = F¥(x)+ (F”,y) + (F*(x),2) + (F*(x),2) + (F¥(x)z,2) + (F¥(x)Z,2) + (F¥(x)2,2)

which satisfies
{Nv7Fv}+Rv:O7 (2.1)

where {-,-} is the Poisson bracket with respect to the symplectic structure

Y, dyjndxj—i) dzindz;.

1<j<n =1

By &, := Xglv F, denote the time-1 map of the Hamiltonian vector field Xe, . It is a symplectic
transformation. A simple calculation shows that &, changes H, = N, + P, into

Hyy1 = Hyo®y = Ny+ Ryt + Oy + |yl[2]lap +112l[3,5) 22)

with :
ﬁv-&-l = 533{{NV,FV}7FV}+£\2/{RVaFv}+"' :

Our task is now to search for F, satisfying {Ny,F,}+ Ry, = 0 which is a set of the first order
partial differential equations:

0 -0 F*(x) =R*(x), ©-0F’(x)=R(x),

® - . F%(x) +iAF%(x) —iF%(x)A = R¥(x),



where A = diag (Q;: j =1,2,...). Let us consider the last equation which is the most difficulty one.
By F;;(x) and R;;(x), denote the matrix elements of the operators F<* and R¥, respectively. Then the
last equation becomes

—io - cFj(x) + (& — Q) Fij(x) = —iR;;(x), i, j=1,2,... (2.3)

or
((k, @) +Q; — Q;)Fij(k) = —iRi;(k),

where F; (k) and R; (k) are the k-th Fourier coefficients of Fj;(x) and R;;(x), respectively. One can
assume R;;(0) = 0, otherwise R;;(0) is put into Q; as a modification of the normal form N,. Thus,
(2.3) can be solved by
= Rij(k)
Fij(k) = -
J( ) <k7a)>+Ql—QJ
under the non-resonant conditions

(k,o)+Q;—Q;#0 unless k=0,i=j.

This is actually the KAM iterative procedure for bounded perturbation P. However, the thing is not
so simple when the perturbation P is unbounded, i.e., d = p — g > 0. When

Xp: PP — P4 d=p—q>0,

one has, very roughly, i i
Rij (k)| = [i|" 4| — oo, as |i] 4] j] — o.
This leads usually to I?, (k) — oo. In other words, the solution F, or the transformation ®, =X, !

eyFy
would be unbounded. One should note that the coordinate transformations ®, = Xglv F, must be

bounded even if the the perturbation P is unbounded in order that the domains of the KAM iteration
are always in the same phase space #?“? and that the KAM iterative procedure can work. In order
to guarantee the bounded-ness of Fy, it is required in [7] and [10] that

Qi = = [il" I i
or rather roughly,
|(k, ) +Q; — Q| = [i|"~! + 7.
Together with d < d—1, one has that for i # 7,
- 9+ 1719
|Fij(K)| ~ —— == = O(1).
I T

It is clear that this estimate fails when i = j. To avoid this plight, Kuksin[7] smartly put the whole
R;(x) rather than R ;j(0) into Q; as a modification of the normal form Ny so that it is not necessary
to solve the equation for Fj;(x). In doing so, the term Ny becomes into the generalized normal form
(i.e. normal frequencies depend on the angle variable x)

Ny _NV+ZRJJ xX)z;Zj = Z (Qj+Rjj(x))z;Z),
Jj=1 j=1

the homological equation (2.1) is modified into

{NV7FV}+RV :07 2.4)



and the remaining term R, | is changed into

- 1 o
Ryt :58\2/{{NV7FV}7FV}+£\2/{RV>FV}+"" (2.5)
Accordingly, the homological equation (2.3) becomes into
—iw- 0yFjj(x) + (& — Qj + Rii(x) — Rj(x))Fij(x) = —iRi;(x), i7# J. (2.6)

Letu =Fjj(x), A = Q; —Qj, i(x) = Rii(x) —R;j(x) and r(x) = —iR;;(x). Then this equation can be
abbreviated as an abstract equation

—io- du+ (A +p(x))u=r(x). 2.7

Since R;; and R; are large, p1(x) is usually large. And the coefficient 11 (x) involves the angle variable.
The equation of this type is called “small-denominators equations with large variable coefficients”
by Kuksin [6]. Remark that, for simplicity, the modification of @ is omitted here.

2.2. Solving the homological equations. In order to make KAM iterative procedure work, the
existence domain of the solution u should be the strip-type neighborhood of T” with some width
§>0: D(s) :={x € C"/2nZ" : [Im x| < s}. Assume

u(x) = C7,

where C is some small constant and where ¥ should be usually a large magnitude. Since (2.7) is
scalar, it can be solved directly and estimated by

sup u(x)| < %7 [Irlls, 0<o<s, (2.8)
xeD(s—0)

where |[|7[|s := sup,cp(y) [7(x)]. This estimate is, however, not good enough to support the KAM
iteration procedure, since the solution u becomes too large as u is large. In fact, in the v-th KAM
iteration step, ¥~ 2". Thus, u =~ exp (2") goes to infinity very rapidly, which makes the coordinate
transformations essentially unbounded. When d<d- 1, Kuksin’s lemma [6] can solve this problem.
Following Kuksin [6], we assume there are constant C > 0 and 0 < 0 < 1 such that

A8 >Clulls, 2.9)

Kuksin’s Lemma states that under suitable non-resonant conditions on @, the solution u satisfies the
estimate:

1

[ulls—o < Crexp(C2C5~7 )|l (2.10)
where C; and C; are positive constants depending on only 7 and ¢, and C3 > 0 is a constant depend-
ing on the non-resonant conditions. When this estimate is applied to (2.6), one needs to take

A=Qi—Qinil—f a4 a4 0 j=1,23,....

From this, we see that there is indeed a constant 0 < 6 < 1 such that (2.9) holds true if d < d — 1.
Therefore, the solution u of the homological equation (2.7) has a uniform bound independent of the
size of u. This makes the coordinate transformation bounded. We see also that d = d — 1 leads to
6 =1 in (2.9). In this case, the estimate (2.10) is invalid. (The right hand side of (2.10) is equal to
o.) Now it is clear that we need some new estimate for the solution u# covering not only the case
d < d — 1 but also the limit case d = d — 1. The new estimate has been obtained in our recent paper
[12]: )

lulls—o < CaePr]l, @.11)



where Cy is a constant depending the non-resonant conditions on @ and where C is a positive constant
small enough. Since the parameter ¥ (which measures the magnitude of the perturbation ((x)) goes
into the exponential in the right hand side of (2.11), in this sense, the upper bound of this new
estimate looks weaker than that of the original Kuksin’s lemma. However, compared with (2.8),
there is some essential improvement in (2.11): there is an s in the exponential in (2.11). This number
s will be used crucially in the following manner: In the v-th KAM iteration, we let s = 27V, One
will find that there is no the small divisor problem in the homological equation (2.7) when ¥ > some
large constant K = 2"(5/4)"|In¢€|. In this case, the homological equation (2.7) can be solved by the
implicit function theorem. So the non-trivial case is when ¥ < K. At this time, we find that

eC’J7s ,g SV_C
with &, := £5/9" and the constant C < 1. Thus, by the new estimate (2.11) and noting ||r||s < &y,
we have
lulls-o < & lIrlls < & &y S &v. (2.12)

In the usual KAM iteration, one would have obtained ||u||;_¢ <2Vey < €. Although here €, Ce, >
2Ve,, inequality (2.12) can guarantee the KAM procedure to be iterated. Therefore, although the
new estimate (2.11) is weaker than that of the original Kuksin’s Lemma, it can covers both d<d—1
and the limit case d = d — 1, and it is sufficient for the proof of the KAM theorems of the present
paper.

2.3. Estimate of the remaining terms Ry 1, etc. Recall Ry, = O(1). By (2.11), F, = O(&; ©) with
0 < C« 1. Thus,

{Fv,Rv} = 0(&,°).
By (2.4),
{Ny,F,} = —R, =0(1).
Thus,
{{M.F} F}={0(1),0(g,)} = O(&, ).

Consequently, by (2.5), very roughly,

~ 1 _ _

Ry = ES\%{{NaFv}aFv} e {Ry, Fy}+--=0(&,C) = 0(ey11) := &y 1Ry 1,
where Ry = O(1). Therefore, we can rewrite Hy| as

Hyy = Nv+1 +&v11Ry 11 +0(\y\2 + |y|||z||a,p + ||Z||C3LI’)' (2.13)

2.4. Convergence of the iterative procedure. Repeating the above procedure and letting v — oo
and noting &, — 0 very fast, one can finally get

He:=lim Ho® 00 @y = Neo+ Oy + Y[zl + 1213 ),

V—o0
where Noo = limy_... Ny = (0w, y) + ¥ 51 Qw0 j(x)2;Z;. The system corresponding to He, is

== — 0.+ Oy + [[2llap)
. 0 o
y=—%= = Oy + |ylllzllap + 1212,

+ OHoo . .
gj=—i%z = —iQu jzj+ O + |17 ), J>1.

It is clearly seen that

Teo 1= {(x,y,z,Z) € P x= Wt,y=0,z=72=0,t € R}



forms an invariant torus of the hamiltonian vector field Xy . Going back to the original vector field
Xy, then (limy_,o P 0 --- 0Dy ) T is an invariant torus of the Hamiltonian system defined by H.

2.5. Estimate of the measure of the parameters. When d = d — 1, another new difficult also arises
in search for F. It is under suitable non-resonant conditions that either (2.11) or (2.10) can hold true.
In other words, one has to remove some resonant sets consisting of “bad” parameters &, equivalently,
to remove the “bad” parameters @ when @ = (&) depends on & in some non-degenerate way. For
example, we need to eliminate the resonant set

{8 ell: (k, 0(S)) + Qi(§) — Q;(S) is small}

where i # j € N and k € Z". Clearly we hope that the Lebesgue measure of the set is small. To that
end we need to verify that (k,®(§)) +Q;(§) —Q;(&) is twisted with respect to & € I, equivalently,
twisted with respect to @ € (I1), that is, we need to show

(%) 1= [(k, ©) + Qi(£(©)) = Q;( (@) ghry) > 0,

where 0 (& (w)) = .

Recall |Q; — Q;| > m|i? — j4|. Thus, (k,®) +Q; —Q; is not small if |k| < Cy|i? — j4| with some
constant Cy depending on m and |@|r. Now we assume |k| > Cp|i¢ — j¢|. At the v-th KAM step,
because of the modification of frequencies from unbounded perturbation, we have

Q)10 = 0G°)+0(i%).

By a small trick (See §3.2 below.), we can let 6 = d . Therefore, there exists a constant C, such that

*) = k=G + ) (2.14)

> %C‘o(id’l—kjd’l)—c](i‘i—kj‘i) (2.15)
Ln ditad o detedy A Npd o d

> (GG T =6 ) (), (2.16)

which is similar to (10.50) in [7] (See also page 174 in [10]). When d < d — 1, it follows from (2.16)
that (x) > 0 if
4C1\ o=
max(i, j) > ( ! ) v 2.17)
Co
Therefore, if d < d — 1 it remains to verify the twist condition (x) > 0 just for only finite number of
cases

(k,i,j): Coli® — j| < k| <Ci(i"+j*) and i j<.x. (2.18)
Note that the constant . is independent of i, j and &, so is the number of the cases. For these cases,
the measure estimate of the resonant sets can be dealt with by some initial assumptions (For example,
see Proposition 22.2 in [10]). When d=d—1, # = +oo. However, it follows directly from (2.15)
that (x) > (3Co— Cy) (i + j4=1) > 0 if Gy > 2C;. This completes the measure estimate of the
resonant sets for Theorem 1.1. One can verify that the condition Cy > 2C is indeed satisfied by
DNLS equations.
However, the inequality Cy > 2C is not satisfied by BO equation. The procedure of the measure
estimate of the resonant set is modified as follows: _
Assume that Q can be split into two part: Q; = Q} 4 Q7 such that |Q}|2}EH) < Gy j% with & <

d—1,and |Q§|2§n) < (34! with C; suitably small. Thus,
()2 (K= Gali® 4 %) = C3(* "+ 7))

|V I A - .
E(ECO—Q)(ld L4 = Gy + ).



It follows from & < d — 1 that there is a constant % = .7 (d, &, Co,C>,C3) > 0 such that (x) > 0
if max{i,j} > A and %C‘o > C3. The latter inequality is satisfied by BO equation with d = 2 and
8y = 0. We also mention that the partition of Q into Q! + Q? is rather natural. In fact, Q! is usually
regarded as the initial frequency vector, while Q2 corresponds to the modification in KAM iteration
steps.

Remarks. 1. In [12] we mentioned Theorem 1.1 above and its application to DNLS equation
without proof. In this paper we give the proof and add Theorem 1.2 and a new application to
Benjamin-Ono equation.

2. The proofs of both (2.10) and (2.11) depends heavily on the fact that the homological equation
(2.7) is 1-dimensional so that the solution can be expressed explicitly. This dimensional restriction
requires that the normal frequency Q;’s must be simple, i.e., Qi. = 1. Therefore, the range of ap-
plication of Theorems 1.1 and 1.2 and Kuksin’s KAM theorem ([7]) lies in those PDEs with simple
frequencies such as DNLS equation subject to Dirichlet boundary conditions, KdV and BO equa-
tions with periodic boundary conditions. For a class of DNLS equation

1t 4 1y — Mou+i(|u)?u), =0

subject to periodic boundary conditions, the multiplicity Qg- = 2. And for Kadomtsev-Petviashvili
(KP) equation

(s + e Furee)c Huy, =0, u=u(t,x,y), (x,y) € T?,
its frequency multiplicity Qg- — o0 as | j| — oo. There is nothing to know about the existence of KAM

tori for these two classes of PDEs with perturbations. In particular, the existence of KAM tori for
KP equation is a well-known open problem by Kuksin. See [8],[4].

3 The Homological Equations

3.1 Derivation of Homological Equations

The proof of Theorem 1.1 employs the rapidly converging iteration scheme of Newton type to deal
with small divisor problems introduced by Kolmogorov, involving infinite sequence of coordinate
transformations. At the v-th step of the scheme, a Hamiltonian

Hy =Ny +Py
is considered, as a small perturbation of some normal form N, . A transformation ®, is set up so that
Hyo®y =Nyy1+ Py

with another normal form Ny, and a much smaller perturbation P,;. We drop the index v of Hy,
Ny, P,, ®, and shorten the index v+ 1 as +.
Using convenient complex notation z = (u—iv)/v/2 and Z = (u+iv)/v/2, the generalized normal
form reads
N=(0().y)+) Qjx:&)zzj. (3.1)
jz1
Let R be 2-order Taylor polynomial truncation of P, that is,

R=R"+(R,y) + (R%,2) + (R%,2) + (R¥z,2) + (R¥Z,2) + (R¥z,2), (3.2)

where (-,-) is formal product for two column vectors and R, R, K%, R*, R¥, R%, R¥ depend on x
and &. For a function u on T", let

1
W= Gy /T u(x)dx.

10



By [R] denote the part of R in generalized normal form as follows
[R] = [R*] + ([R],y) + (diag(R¥)z,Z),

where diag(R¥) is the diagonal of R%. Note that [R*] and [R”] are independent of x. In the following,
the term [R*] will be omitted since it does not affect the dynamics.

The coordinate transformation @ is obtained as the time-1-map X} |,—; of a Hamiltonian vector
field Xz, where F is of the same form as R:

F =F 4+ (F,y) + (F%,2) + (F%,2) + (F%z,2) + (F¥Z,7) + (F%z,7), (3.3)
and [F]) = 0. Denote dgy = Y1 <p<p a)ba%b, A =diag(Q;: j > 1). Then we have
Ho®=(N+R)oX}+(P—R)oX}

=N+{N,F}+R+/Ol{(1—t){N,F}+R,F}ox;dz+(P_R)ox;

=N+ Y (9:Q),F)z;z; + ([R"],y) + (diag(R¥)z,Z) (3.4)
21
+ (—0pF*+R") (3.5)
+ (= 0pF” + R — [R],y) (3.6)
+ (= 0pF* +iAF* + R, 7) 3.7
+ (= dpF* —iAF? + R%.2) (3.8)
+ (=0 FZ +iAF% +iF¥A + R¥)z,7) (3.9)
+ ((—0pFZ —iAFZ —iFZA + RF)Z,7) (3.10)
+ ((—00F* —IAFZ +iFZA + R¥ — diag(R%))z,Z) (3.11)
1
+/ {(1=t){N,F}+R,F}oXkdt+ (P —R) o X}. (3.12)
0

We wish to find the function F such that (3.5)-(3.11) vanish. To this end, F*, F?, F*, F?, F%, F%
and F¥ should satisfy the homological equations:

doF*=R", (3.13)

doF’ =R’ — [R], (3.14)

doFf —iQ;Ff =R:, j>1, (3.15)

doF; +iQ;F; =R5, j>1, (3.16)

doFf —1(Q+Q)FF =R, i,j>1, (3.17)
oF7 +i(Qi+Q))FF =R, i,j>1, (3.18)
OoF +i(Qi—Q)FF =R:, i,j>1, i#]. (3.19)

3.2 Solving the Homological Equations
LetQ=(Q;:j>1),Q=[Q]and @ = Q — Q. Define

(k) = max{1,[k[}, (l); = max{l,| ledljl}~
iz

11



Moreover, for an analytic function u on D(s), we define

ulsr =Y Jite] [k|7ell,
keZn

where fy 1= (27) ™" [ u(x)e"**dx is the k-Fourier coefficient of u.

Consider the conditions § <d —landd=p—g<d—1.1f8 > d, decreasing g such that 6 = d,
then for the new g, the inequality (1.7) still holds true; if § < d, increasing 8 such that § = d, then
for the new &, the assumption (C) still holds true, and if d=d—1,the assumption (D*) is satisfied
with Q, = 0. Thus, without loss of generality we assume § = d < d — 1 in the following.

Equations (3.13)-(3.19) will be solved under the following conditions: uniformly on IT,

(k. 0(E)+ 1.BEN > oL, k#0, <2 (.20
(LQEN > m(l),, 0<|I|<2, (3.21)
Qe <awi®, =1, (3.22)

with constants T >n,d > 1,0 < 1 < 1/8, m > 0, and a parameter 0 < o« < m. We mention that d is
the same as in Theorem 1.1 and ¢, m will be the iteration parameters ¢, my in the v-th KAM step.
Equations (3.13) (3.14) can be easily solved by a standard approach in classical, finite dimen-
sional KAM theory, so we only give the related results at the end of this subsection. Equations
(3.15)-(3.18) are easier than (3.19) and can be solved in the same way as (3.19) done, so we only
give the details of solving (3.19) in the following.
For any positive number K, we introduce a truncation operator I'x as follows:

Tk =Y, f™,  Vf:T'=C,

k<K

where f; is the k-Fourier coefficient of f.
Set Cy = 2|w|n/m and K being a positive number which will be the iteration parameter K, in
the v-th KAM step.

(1) For (i, ) with 0 < |i? — j4| < CoK, we solve exactly (3.19):

doF +i(Qi—Q))FT = R (3.23)
(2) for (i, j) with |i€ — j4| > CoK, we solve the truncated equation of (3.19):
Qo +iTk ((Qi—Q)FF ) =TkRS, TxFi =FF. (3.24)

Comparing (3.24) with (3.19), we find that (3.11) doesn’t vanish. Actually, at this time, (3.11) is
equivalent to (R¥z,7) with the matrix elements of R% being defined by

e [ 0 = <Gk,
R = (3.25)

(1-Ti)(~i(Q - QFF+KF), i~ /| = CoK.
Letting Q;; = Q; — Q; = Q; i+ fz,;,- and dropping the superscript ‘zZ” for brevity, (3.23) (3.24)

(3.25) become . y
—iaij+QijEj+QijEj = —iR,'j, (3.26)

12



—iawf‘}j +QijE'j +FK(QijFij) = —iFKR,'j, (3.27)
5 [0, 0<|if—j <Gk,
YL (=Tk)(—i94F; +Ryy), i = %) = CoK.

We are now in position to solve the homological equations (3.26) (3.27) by using the following two
lemmas, which have been proved in [12] as Theorem 1.4 and Lemma 2.6 respectively:

(3.28)

Lemma 3.1 ([12]). Consider the first order partial differential equation
—idpu+Au+p(x)u=px), xeT" (3.29)
Sfor the unknown function u defined on the torus T", where ® = (@, -+ ,@,) € R" and A € C. Assume
(1) There are constants o, ¥ > 0 and T > n such that
o
[K[*”

oy
14 [k|®

k- | > ke 7"\ {0}, (3.30)

k-o+A| >

keZ" (3.31)

(2) w:D(s) — Cis real analytic (here ‘real’ means [L(T") C R) and is of zero average: (1] = 0.
Moreover, assume there is constant C > 0 such that

[tlser1 <C7. (3.32)
(3) p(x) is analytic in x € D(s).

Then (3.29) has a unique solution u(x) which is defined in a narrower domain D(s — ©) with 0 <
o < s, and which satisfies

c(n, 1) 20¥s/a
sup  Ju(x)| < ———=e" % sup |p(x)]| (3.33)
xeD(s—o) ayo A xeD(s)

for 0 < o < min{1,s}, where the constant ¢(n, ) = (6 +6)"[1+ (32)7].
Lemma 3.2 ([12]). Consider the first order partial differential equation with the truncation operator
Ik

—idpu+Au+Tk(uu) =Tgp, xeT", (3.34)
for the unknown function u defined on the torus T", where @ € R", 0 # A € C, and 0 < 2K || < |A|.
Assume that L is real analytic in x € D(s) with

. Al
|figlels < = (3.35)
keXZ:” 41

for some constant 1 > 1, and assume p(x) is analytic in x € D(s). Then (3.34) has a unique solution
u(x) with u =Tgu and

up u() < 20 up [p()], (.36)
xeD(s—0) | |G xeD(s)
sup (1~ T () ()] < L9010 g (o) (3:37)
xeD(s—o) 10 x€D(s)

for0 < o <s, where the constant ¢(n) = 4(20e 4 20)".
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Set 0 < 0 < min{1,s/5}. In what follows the notation a < b stands for “there exists a positive
constant ¢ such that a < ¢b, where ¢ can only depend on n, 7.”
First, let us consider (3.26) for (i, j) with 0 < |i — j¢| < CoK. From (3.20) (3.21) we get

o
[(k,(8))| > e ke 2"\ {0}, (3.38)
= afi — j|
k, o Qi > ke 3.39
|< I (§)>+ ljl— 1—|—‘k|f I e ( )
From (3.22) we get _
Q15041 < ap(® + %) < 2apli - 4. (3.40)
Applying Lemma 3.1 to (3.26), we have
1 d_
IFjlps—20) < Wﬂ)" ¥ IRijIps—o)- (3.4D)
In view of
i = j| < GoK,
we get
1
Filpis-20) < gra—sargmree ™ IRijl(s-o)- (3.42)

Then, let us consider (3.27) for (i, j) with |i — j4| > CoK. From (3.22) (3.21) we get

200|Qij] < Q)]

Olg< IO <an(i®+ %) < . 3.43
| t]|s,07| 1]|s,‘:+17 YO(l +7J )7 m‘l—]| 74|l.—j| ( )
Now applying Lemma 3.2 to (3.27), we have
1
|Fijlp(s—20) < WIRijID(S_G), (3.44)
- 1 _
|(1=Tk)(4Fij) | p(s—20) < We 9KG/IO‘Rij|D(x76)~ (3.45)

For a bounded linear operator from ¢“7 to ¢*4, define its operator norm by || - ||aq,p- As in lemma
19.1 of [10], in view of (3.42) and (3.44), using Lemma 9.1 below, we get the estimates of F%:

||FzzHa7p-,p-,D(sfza)v HFZZ”a,q,q,D(sfzo) < e4COYOKSHRZZHa-,q-,p-,D(S)

oo+t
< ﬁe‘*%’“ Xkl a.q.0(5.1)- (3.46)
Multiplying by z, Z we then get
P2 2 oge-20) < NP ppie-20) (347
and finally by Cauchy’s estimate we have
1

4 s
X229 lrap.0(s-30.1) < GommrerT® K| XR | a.q.05.1)- (3.48)
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To obtain the estimate of the Lipschitz semi-norm, we proceed as follows. Shortening Ag¢ as A

and applying it to (3.26) and (3.27), one gets that, for (i, j) with 0 < |i — j| < CoK,
100 (AF;)) + QijAF;j + Qi jAF; ) = —idaoF;j — (AQ;))F;j +iAR;; := Qi)
and that, for (i, j) with |i¢ — j¢| > CoK,
100 (AF;)) + QijAF;j + Tk (QijAF;j) = —i0poFj — Tk ((AQi))Fj —iAR;;) := Q;).

For 0 < |id—jd| < CoK, we have

|A®| 5 .5
1Qijlps—30) < ——|Fijlps—20) + (i +J°)IAQ| s p(s) | Fijl p(s—30) T+ [ARij | D(s—36
e4C0)/0KS
< a6n+f+l(|Aw|+|AQ| 8.D(s )|R11|Ds o) +|ARIJ|D
4Co 10K |A(D|+|AQ|
e 8,D(s
< ontt+l ( a |RIJ|D (s—o) +|AR11|D (s—o) )

Again applying Lemma 3.1 to (3.49), we have

|AE]|D(S

eSComks (IAOJI +1AQ| 5 ps

_40) < — -
40) afid — jd|g2n+2e+] o

For |i¥ — j4| > CyK, we have

1 (A0 +]AQ| s p(s
1Qij|p(s-30) -

<03" |le|Ds o) +|ARIJ|Ds G)'

Again applying Lemma 3.2 to (3.50), we have,

1 [Ao| +[AQ[_5p(s
|AF}j|D(s740') < m|id — jd|G4n (

1Rl piso) + AR s )

) 9KG/10 7 |Aw|+|AQ|.
e 5.D(s
|(1=Tk)(QijAF;) | p(s—a0) < <

“Ji— ot m

In view of (3.52) and (3.54), applying Lemma 9.1 below again, we get the estimates of AF%:

||AFZZ||a,p,p.,D(s—4a)’ ||AFZ2||a,q,q,D<S*4U)

8CoNKs Ao|+|AQ|_ B _ _
e <| | ‘ | §,D(s) ”RZZ”a,q,p,D(s) + ||ARZZ||a,q,p,D(s)> ]

oottt o

Dividing by | — {] # 0 and taking the supremum over IT, we get
=) IF= ]
a,p,p,D(s—40) I’ a,q,q,D(s—40) <11

eSCo)/()KS

M lip
et (IR ot en + IR, )

where M := |(J)\llp + |Q|11p - Thus, in the same way as (3.48), we get

eSC()yoKs

lip M lip
X2z 2 ||,apD (s-50,)xT1 < oinizeia (a”XRHr,a,q,D(x,r)XH + |XR,,a,q,D(S7,)Xn> :
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(3.49)

(3.50)

(3.51)

‘R11|Ds o) +|AR1]|D > (352)

(3.53)

(3.54)

IRUIDs o) T 1AR; [ p(s— o). (3.55)

(3.56)

(3.57)

(3.58)



For A > 0, define i
-1 = 11 e+ AL (I -

The symbol ‘A" in || - ||} will always be used in this role and never has the meaning of exponentiation.
Set 0 < A < a/M. From (3.48) (3.58) we get

A SCO’}/OKY
HX<FzZz,Z> ||r,a,p,D(375G,r)><H < P T L) I RHra 4.D(s,7)xIT* 3.59)

Now considering the homological equations (3.13) (3.14), by a standard approach in finite di-
mensional KAM theory, we can easily get

1
”XF‘HrapD(s o,r) ”XF) )) ||rapD(s o) < QG HXRHr,a,q,D(s,r)v (3.60)
lip ip
HXF ”rapD —20,r)xIT’ HXF‘ ||rupD( —20,r)xI1
1 M

i
<W(5 IXR | ..., <11 + ||XR||,],5,q’D(s,,)xn)~ (3.61)

From (3.60) (3.61) we get

1

A
A e A L AN

(3.62)

For the other terms of F, i.e. (F%,z), (F%,Z), (F¥z,z), (F¥Z%,Z), the same results - even better -
than (3.59) can be obtained. Thus, we finally get the estimate for F:

A SCO}/OK\
X117, p,pis—50,0) <11 < o gz IXR I g, b5, <1 (3.63)
4 The New Hamiltonian
From (3.4)-(3.12) we get the new Hamiltonian
Hod=N,+P,, .1
where N = (3.4) and
1
P, = 1é+/ {(1=1)(N4+R) +R,F}oXkdt + (P —R) o X}, 4.2)
0

where R = (3.7) + -+ (3.11) 1= (R%,2) + (K%, Z) + (R%z,2) + (R¥Z,Z) + (R¥z,Z). The aim of this
section is to estimate the new normal form N, and the new perturbation P, .

4.1 The New Normal Form
In view of (3.4), denote N, = N + N with

N= (B,y) + Z QijZj,
Ji>1

where
= [R], 4.3)
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Qi =Rj;+(0:Q,,F”) =Rj; + (9:Q;,F”). 4.4

From (4.3) we easily get
|w‘H< ||XR||ra,qur) 11 (45)

In the following, we estimate Q = (Q j 1 j > 1). In view of the second estimate of (3.60),

~ X ~ }’oJ
|<aij’F)>|D(s76) < |'QJ"S~,T+1 HX<F-V,y) ”r,a,p,D(st,r) < ot tn || R”ra 4D (s,7)"

Thus, together with
-5
|Rjj‘D(s—6) <J ||XR||r,a,q7D(s,r)a

we get

A 1

|Q|757D(s70') < W ||XR||r,a,q,D(s,r)' (4.6)
Applying A to Q j» we have

Afzj:ARjj—(axAQj,Fy>—<8X§2J-,AFY>. 4.7

Since

|ARjj|D(S—20) < jéHAXR”r,a,q,D(s,r)v

5y |AQ| 5 p(s
|<8XAQjaF)>|D(S—ZG) < g |AQ]"D(S—G) ”X(Fy,y) ||r7a,p7D(s—26,r) < W ” R”ra .q,D(s,r)>

|<aXQj7AFy>|D(S—26) < |Q,f|S,T+1 ”AX(FV,y) ||r,a,p,D(s—26,r) < (X’}/()j ”AX(FY,y) ”r,a.p,D(s—ZG,r)v

we get
0, syt < zrrzerr (g IXellnag.ofasy st + KB ooy (48)
Therefore, from (4.6) (4.8) we get
Q1% 5 0, zG>Xn<ﬁH XR |12 g D5y (4.9)

4.2 The New Perturbation

We firstly estimate the error term R% with its matrix elements R; j1n (3.28). Split R% into three parts:
R% = 8"+ 82+ 83 such that S I,S2 have their matrix elements as follows:

0 if |i—j% < CoK
sl = ’ o~ ST ' 4.10
: {(1—FK)(—lQijFij)7 if |i—j > CoK, (4-10)
’ —(1-Tk)(Rij), if 0<|i?—j < CoK,
S = { 0, if i=j or |il— 4| > CoK, “11)

and S is the cut-off of the perturbation R%, that is,
§* = (1-Tk)(R* — diag(R¥)). (4.12)
In view of (3.45), and using Lemma 9.1 below, we get
e—9Ka/10

= ||RZZHa,q,p,D(x)~ 4.13)

HS ||u,qp7 —20) < e
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From (3.55) and

B 6791(0'/10 s 5
(1=Tk)((A))Ej) Ins-30) < 5 (0 +J°)IAQ] 5 p(s-20)|Fij|D(s-20)
o—9Ka/10
< WMQLS,DQJQ IRij|D(s—0)s 4.14)
by using Lemma 9.1 below, we get
—9Ka/10
li e M li
”Sl ”alpqu —40)xI1 < 7 ('R ZHa .4,p,D(s)xT1 + HRZZH,;[;,,D )><I'I> 4.15)
Since oo /10
e (o2
1871 p(s—20) < T“Ri,f||D(S—G)7 (4.16)
by Lemma 9.1 below, we get
) 79Kc/10
IS ||a,q,ﬁ,D(S726) < Tmax{h —Jl: " —J | < COK}HRZZHa .4,p.D(s
C0K€79K6/10 ~
< o2n HRZZHa,q,p,D(s)
C0674K0'/5 ~
< wHRZZHa,q,p,D(s)- (4.17)

Again applying Lemma 9.1 to AS?, we can get

—4Ko /5 .
2 (lip Coe 7 lip
||S ||aqus 40)x H<WH ZzHa,q,p,D(s)XH' (418)
It is obvious that oK /10
e "° -
HS3 |a,q-,p-D(S*0> < Ton HRZZ||MM.,D(S)7 (4.19)
S3 lip e—9K0'/10 RZZ lip 4.20
” ||a,q,p,D(st)><l—I < on H ”a,q,p,D(s)xH' (4.20)
Thus
(1 + C0)674K0'/5
”X(Riz,z) Hr,a.,q,D(sf?vc,r) < T ||XR||r,a,q,D(s,r)7 (4.21)
. —4Kc /5
lip (1 + Co)e M
”X@ZZ&Z) r,a,q,D(s—50,r)xI1 < oontl ”XR”ra ,q,D(s,r)xI1 + HXRHra .D(s,)xTT | 4.22)

Therefore, from (4.21) (4.22) we get

(1+C()) —4Ko /5

HXR«ZZ ||ra,q7 —50,r)X xI < oon+l ||XR||

2 e DI (4.23)

For the other terms of R, i.e. (R?,z), (R?,Z), (R¥z,7), (R¥Z,Z), the same results - even better -
than (4.23) can be obtained. Thus, we finally get the estimate for the error term R:

(1+Cp)e*K03
HX Hra,qu 50,r)x H<THXR”ra,qur) I (4.24)
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Now consider the new perturbation (4.2). By setting R(t) = (1 —t)(N +R) +tR, we have

1
X, =Xt [ ()" B Xeldr + (1) (X — X, 4.25)

‘We assume that

2
1Xp |1 < 0”7 9N ,-8ConKs (4.26)
Pllra,q,D(s,r)xIT = Bo .

for 0 < A < a/M with some 0 < 1 < 1/16 and 0 < ¢ < min{s, 1}, where B; = co2""**+1) with
¢ being a sufficiently large constant depending only on 7, 7 and |o|r. Since R is 2-order Taylor
polynomial truncation in y, z,Z of P, we can obtain

HXRHra,qur H<||XP||ransr)><H7 (4.27)
A A
||XP —Xr ||nr,a,q,D(S,4nr)><H < ||XP ||r7a,q7D(s,r)><I'I' (4.28)
As in lemma 19.3 of [10], we obtain
8C0)/0KS
”DXFHrappD( —60,r)xID ”DXFHra,qu(s 60,r)xI1 < WH RHra,qD(s r)xIT (4.29)
From (3.63), (4.5), (4.9), (4.24), (4.29) and (4.27) we get
A 3C0NKs
HXF ||r,a7p,D<S*5CFJ’)><H < o ra,q D(s,r)xID’ (4.30)
1
||XNHra .4,D(s—20,r)xI1 < o2n+2t+1 || PHra .q,D(s,r)xIT (431)
(1+Co)e*ko/s
HX Hra,qD (s—50,r)xI1 < oS+l HXP”r,a,%D(s,’r)xHa (4.32)
2 SCOY()KS
IDXE2,  p 6071 IDXE I 0.0 60711 < oI 23 [ (4.33)
Moreover, together with the smallness assumptions (4.26), by properly choosing ¢, we get
2
A A A no
||XF||r,a,]7,D(s750',r)><H7 ”DXF”r,a,p,p,D(sfé(f,r)><I'[7 ||DXF||r,a,q,q,D(s760',r)><H < o (4.34)

with some suitable constant co > 1. Then the flow X} of the vector field X exists on D(s —70,r/2)
for —1 <7 <1 and takes this domain into D(s — 60,r). Similarly, it takes D(s — 85,r/4) into
D(s—70,r/2). In the same way as (20.6) in [10], we obtain

A
HXF 1d”ra ,p,D(s—T70.,r/2)xI1 < ||XF||r,a,p,D(sf6G,r)><H’ (4.35)
A
”DXF IHra .p,p,D(s—80,r/4)xI1 < HDXF”ra,p p,D(s—60,r)xI’ (4.36)
”DXF 1||ra7qus 8o,r/4) ><H< HDXF”rmqu —60,r)xIT" (4.37)

Also in the same way as (20.7) in [10], we obtain that for any vector field Y,

”(DXF) Y”nran (s—90.,1mr) ><H< ||Y||rlra,qD(s 7o .4nr)xI1 (4.38)
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From (4.27) (4.31) (4.32) and the assumption (14 Cp)e *K%/5 < 1, we get

||XR Hran( 50'r)><r[< 3n+21’+1 || P”ran(\ r)xIT* (439)

Moreover, we have

1 Xr(0)s X< D560 0/2) 11
< ||DXR HrquD( —60,r/2) XHHXF”rapD —60,r/2)xI1

+||DXF||raqus 60,r/2) ><H||XR Hran( —60,r/2)xI1
3C010Ks

2
oobntit+4 (H PHra,qD(sr)xH) : (4.40)
Hence, also
SC()}/()KY 2
Xk XEN .0 60'r/2)><H<W(H Xp|I} 0 g (s ) - (4.41)

Together with the estimates of R in (4.32) and Xp — Xg in (4.28), we finally arrive at the estimate

A
HXP+ ||17ru q,D(s—90,nr)xI1

1 (BGeSCOYQKs Bcef4K6/5

=3 an? I P”mv‘ID(”)XH+ an? )HXPHransr) e (4.42)

This is the bound for the new perturbation.

5 Iteration and Convergence

Set B/ = mm{ B’ 4} and Kk = ‘3—‘ % Now we give the precise set-up of iteration parameters. Let

v > 0 be the v-th KAM step.

oy = % (9+27"), which is used to dominate the measure of removed parameters,

my = 6(9+27"), which is used for describing the growth of external frequencies,
Ey ?"(10 27V, which is used to dominate the norm of internal frequencies,
MLV_M”)(]O 27Y), Mgv_@(lo 27V), My =M, +M,,, which are used to dom-

inate the Lipschitz semi-norm of frequencies,

L, = 1‘9—0(10 —27V), which is used to dominate the inverse Lipschitz semi-norm of internal
frequencies,

1
T v . . .
Jo=1 =1, Jy=J§ , which is used for estimate of measure,

sy = s0/2Y, which dominates the width of the angle variable x,
oy = sy /20, which serves as a bridge from sy to sy 1,

—9(n+1+1)

By = Bg, :=cOy, , here c is a large constant only depending on n, T and Ej,
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v
e = (& XL %)( )3Ku+1 )K , which dominates the size of the perturbation P, in v-the KAM
iteration,

Ky =5|lngy|/(40y), which is the length of the truncation of Fourier series,

1-p 71 _ _ —
TI =& By, ryi1 =My, Dy=D(sy,ry), v =,

5.1 Iterative Lemma

Lemma 5.1. Suppose that

(awo) H LT %_T(()). (5.1)

Suppose Hy, = Ny + Py is regular on Dy X I1,, where Ny is a generalized normal form with coeffi-
cients satisfying

_ l

k(&) + (1N = oL k£0, <2 52

(LQv(E)) = my(l)y, O<I| <2, (5.3)

Qv syt < (@0 —a)p0/°,  j>1, (5.4)

‘(DV|HV <Ey, |60v|llp <M.y, |w71|lalf/(l'lv) <Ly, (5.5)

Q1™ 5, < Moy (5.6)

onIly, and Py satisfies

||XPV ”rvﬂ ¢.Dy Iy < é&y. 5.7

Then there exists a Lipschitz family of real analytic symplectic coordinate transformations ® | :
Dyy1 xI1y — D,y satisfying

Ay v _1-B'
[P-+1 = ldHrvﬂ p.Dy 1 xI1y? DDy 41— IH"V a,p,p,Dy.1 xI1y? DDy _I”rv,a,q,q,DvH xITy < OTSV g ’
(5.8)
and a closed subset
Iy =11, \ U ml‘:zﬂ (oy11), (5.9
k[>Jv,|1|<2
where n
1 (0) = {& €T (@) + (10 (€] < gt | (5.10)
such that for Hyy1 = Hy o®y 1 = Ny11 + Py+1, the estimate
vt = ol Qv =[5, |, S B (5.11)
holds and the same assumptions as above are satisfied with ‘v + 1’ in place of ‘v’
Proof. Setting Cp y = 2Ey /my, then it’s obvious Cp , < 4Cp . Thus we have
BCov10Kvsy < o’ (5.12)
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by Kysy = 20K, 0y, = 25|Ingy| and choosing ¥ small enough such that 800Cy o < B’. In view
1-p’

of the definition of 1y, namely T]v =g "BV, the smallness condition (4.26), namely &, <
2
aé—’\}”e_SCO-VYOKVsV, is satisfied if
1-g/ _ Oy
€ < —. 5.13
v =g (5.13)

To verify the last inequality we argue as follows. As By and o, ! are increasing with v,

)™ ”=(ﬁ<§ )" < ﬁ o)~ (5.14)

By the definition of &, above, the bound @y, > 9y /10 and the smallness condition on & in (5.1),

Oy

=

e < (e [ (2

v u=0 Oy

IN

(;";) <1. (5.15)

So the smallness condition (4.26) is satisfied for each v > 0. In particular, noticing k¥ > 5/4, we
have

113/Bv< Yo

< Svis (5.16)

Now there exists a coordinate transformation CI>V+1 :Dy41 x Iy — Dy taking Hy into Hy 1. More-
over, (5.8) is obtained by (4.30) (4.33) (4.35)-(4.37), and (5.11) is obtained by (4.31). More explic-
itly, (5.11) is written as

|®y 41— oy, [Qvir— Qv‘—é,DVHxHV < Bygy, (5.17)
I I M

@it — vl Qv =[5, S T Bey. (5.18)
» aV

In view of (5.16)-(5.18), by choosing 7y properly small, (5.3)-(5.6) are satisfied with ‘v 4 1’ in place
of ‘v’. As to the diophantine conditions, in view of the definition of Il in (5.9), only the case
(k) < Jy remains to verify. In this case, by the definition of J,,, we have

Y  ay—a
v < W v+1

Byey < S < T (5.19)
Hence, for k # 0 and (k) < J,,
[(ky @v41 = @v) + (1, Qv = Q)| < [kl[@vs1 — ov]+2(0) | Qvi1 — Qv s

< 3[k|{l),Bvey
|k[{1)

< (Otv—OCv+1)T+1d
(1)

< (av—avmﬁ (5.20)

on Dy x IIy. This completes the proof of (5.2) with ‘v 41’ in place of ‘v’. On the other hand,
from (4.42) we get

1 /B, e3Cov0Kvsy B.e—4Kvov/5
1Xp, 17 < (2 ey + 2 +1v )&y
Pyt iy y,a,q.Dyqq xIy 3 avn3 avn3

1 B / B '

< ( VZS\I, Py v 1ﬁ+nv>
3\an? ocvnv
B

- @)l
Oy

= &+ (5.21)
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This completes the proof of iterative lemma. U

5.2 Convergence

We are now in a position to prove the KAM theorem. To apply iterative lemma with v = 0, set
N():Nv P():I)v S0 =, rn=r

and similarly Eg = E, Lo =L, Mg = M, Moo = Mp, mo =m, g = & and g = A = ot/M. Define
7 in the KAM theorem by setting
1 . 3K#+l B
r=wn n=g([187) (5.22)
u=0

where 9 is the same parameter as before and 7y; only depends on n, T, E, s, B. The smallness
condition (5.1) of the iterative lemma is then satisfied by the assumption of the KAM theorem:

1

&= IXR 122 4 oty < (@) < (c020%) 7 . (523)

The small divisor conditions (5.2) are satisfied by setting

Mo=11\ |J R(w), (5.24)
(kD)#(0,0),J1]<2

and the other conditions (5.3)-(5.6) about the unperturbed frequencies are obviously true.
Hence, the iterative lemma applies, and we obtain a decreasing sequence of domains D, x IT,
and a sequence of transformations

Y =djo0---0P,: Dy xII,_| — Dy,

such that H o ®Y = N, + P, for v > 1. Moreover, the estimates (5.8) and (5.11) hold.
Shorten || ||;.a,p as || - || - and consider the operator norm

v
1Ll = sup 1M
wo Wiz
For r > 7, these norms satisfy ||AB||,.7 < Wl < |IW||7. For v > 1, by the chain
rule, using (5.8) (5.16), we get
\4 =)
D" sty < TT10®ully o, < T (14 55) <2 629
= p=1
. v i
v (|11p 1p
DD ”ro,rv,Dvxl'Iv,l < Z ”Dq)IJHrﬂ,r“,DﬂxHu,, H HDCI)P”ervapXHp—l
u=1 1<p<v,p#u

v =My 1 _ M
_ gylie < R < 2o
E DDy = 1], 1, et _2}]1 o 57 = gy (5.26)

IN

Thus, with the mean value theorem we obtain

||¢)V+l - CI)v”r()stJrl xITy

<DV | 1g.ry.y x| Pv41 —id|ry Dy, <11y < 2| Pyst —idlry yy w11y, (5:27)
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Hq)erl _q)vlllip

rO,Der] XHV
li . i
<D [0y pyst,, 1Pv1 = idllry 0y scrty + DRV [y Dy sty [Pyt =il b e,
My . -l
< g 1Pyt~ il oy ety +2[ Py —id[l} p, |, - (5.28)
It follows that " N
|@v+! 7q)v||ro,Dv+1 i, < 3[[ Py fid||rv"’Dv+1 «Il, - (5.29)
From (5.29) (5.8), we get
1 Ao By 1-p
@Vt — q>vHr07Dv+1 i, < OTVEV ) (5.30)
For every non-negative integer multi-index k = (ky,...,k,), by Cauchy’s estimate we have
k 1 Ao BV l—ﬁ/kl!'.’k}’l!
|95 (DY fcI>V)||r0’Dv+2Xnv < SOTVSV ) (5.31)
2V+2

the right side of which super-exponentially decay with v. This shows that ®¥ converge uniformly on
D, x 1y, where D, = T" x {0} x {0} x {0} and ITy = ", > I1y, to a Lipschitz continuous family
of smooth torus embeddings -

O:T" x Iy — PP,

for which the estimate (1.9) holds. Similarly, the frequencies @, converge uniformly on I, to a
Lipschitz continuous limit ., and the frequencies Q, converge uniformly on D, x Il to a regular
limit Q.., with estimate (1.10) holding. Moreover, Xy 0o ® = D® - Xy, on D, for each £ € 1, where
N, is the generalized normal form with frequencies @, and Q.. Thus, the embedded tori are invariant
under the perturbed Hamiltonian flow, and the flow on them is linear. Now it only remains to prove
the claim about the set IT\ I1, which is the subject of the next section.

6 Measure Estimate

6.1 Proof of (1.8)

‘We know
M\Il, = | U =% (6.1)
v=0 ‘k‘>-]v—1=|1‘52
o . —KY/(t+1)
where J_| =0,Jy =7, and
- l
= { € €M1 k() + 1.9 < eyt | 62)

with IT_; =II. Here, o, and Q, are defined and Lipschitz continuous on I1y,_{, and @y = o, Q=0
are the frequencies of the unperturbed system.

Lemma 6.1. If y is sufficiently small and T > n+1+2/(d — 1), then
[T\ Iy | < ca, (6.3)

where ¢ > 0 is a constant depends on n, d, E, L and m.
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Proof. We only need to give the proof of the most difficult case that / has two non-zero components
of opposite sign. In this case, rewriting IR}, as
[ — ]

(k)

oy, = {é €Tl £ [k @ (E)) 4+ Qua(E) — B (6)] < o } P2 (64

we only need to estimate the measure of

«=UJ U Ry (6.5)

V20 [k[>Jy 1.

[x]

To estimate the measure of Uy, _, iz R};;» we introduce the perturbed freql.lencies {=wy(&) as
parameters over the domain Z := @y (Ily) and consider the resonance zones R};; = @y (Ry;;) in Z.
Regarding Q, as function of ¢, then from the iterative lemma above, we know

10 : 10
¢l <Ev < 5k, EBP <L, < 5 Lo, (6.6)
o g a9
Qv = Qy jlz > mylid — j4| > Emo|1d—1d|, (6.7)
_ . 10
1Qy 15 < LyMy, j° < (5>2L0M2,015, (6.8)

where Ey, Ly, mg, Ma o are just E, L, m, M5 in theorem 1.1.
Now we consider a fixed SR,‘C/I. i

If k| < 195?‘, |id — j4|, we get |(k,§)| < 91"—0"|i‘"—j"|. In view of (6.7) and o, < ¥, we know 9'%,‘{’1.1.
is empty.
If k| > 196"—EVV|id—jd , we have |k| > %(1%)3%05—1-]8). Fix w; € {—1,1}" such that k| =k-w;

and write { = aw; +w, with w; Lwy. As a function of a, for r > s,

(k. O = kIt =), 6.9)
(19vi =By )l < (g PLM(E + 7)1 =), (6.10)
Thus
(80 + 00— )l > Ikl —s5) (1 (15 PLMGP + /1K)
> k-0 (1-205 P50
> o), 6.11)

by using the assumption 4ELM, < m in theorem 1.1 and the fact (9/10)° > 1/2. Therefore, we get

2y o = 20 ., (PE
|i)‘ik,-j|§10(d1amZ) Oy <k>f+1 glO(;E) o <k>f . (6.12)

Going back to the original parameter domain IT, by the inverse frequency map @', we get

o
|Ris] < e (6.13)
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where ¢; = 5(10/9)?"*2(2EL)" /m. Consequently, we have that for any |k| > Jy_1,

o
URLl < U Ry < Q—7 (6.14)
i#] 4 141 <(10/9)3 (E /m) K] k)

where ¢; = ¢; (2(10/9)3(E/m))2/(d_1>. Moreover, since T > n+1+2/(d — 1), we have

o
U ®yl<ea—— 6.15)
‘k‘>~]v—lvi7£j v-1

where c3 > 0 depends only on n. The sum of the latter inequality over all v converges, and we finally
obtain the estimate of lemma 6.1. O

6.2 Proof of Theorem 1.2

Since the proof of the case 6 = d < d—1 can be found in [7] or [10], we assume § =d =d — 1 in
the following. _ ‘

From the assumption (D*) we know Qg = Q! + Q? with \Ql|llp50,n < M3 and |Qz\lip3_n < My.
Thus in v-th KAM step, setting Q, = Q' + Q%, we know Q(Z) =02 and

.
Q315 1 < May, (6.16)
where the iteration parameter My, = %( 10-27).

In the following we consider the excluded set of parameters under the assumption (D*) instead
of (D). Our aim is to verify the conclusion (1¥) in Theorem 1.2.

In the same way as [10], we write IT\ [Ty, = E}, + 22, where

2= U =, (6.17)
0<|k|<Jp,|I|<2
==U U Ry (6.18)

V20 [k[>max(Jo,Jy—1),|l|<2

Since |k| < Jp and for each k there are only finitely many / for which 9‘{2[ is not empty, the set ), is a
finite union of resonance zones. For each of its members we know that |SR21\ —0asa—0forl#0
by the first part of assumption (D*), and for / = 0 by elementary volume estimates. Thus |Z},| — 0
as a — 0. In the remainder of this section we estimate the measure of Z2,.

Lemma 6.2. If Y is sufficiently small and T > n+1+42/(d — 1), then
22| < ca, (6.19)
where ¢ > 0 is a constant depends on n, d, E, L and m.

Proof. Asin Lemma 6.1, we only need to give the proof of the most difficult case that / has two non-
zero components of opposite sign. Seeing (6.4) for the definition of PRy, ;» we only need to estimate

the measure of
U U R (6.20)
v>0 |k|>max(Jo,Jy_1),i#]
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For the measure of U max(sy.J,_,).ij Riij» We introduce the perturbed frequencies § = oy (&) as
parameters over the domain Z = @, (I1,) and consider the resonance zones R}, ;= oy(RY;) in Z.
The estimate (6.6) (6.7) still hold true. Moreover, for va i= Q}- +Q2 .. we have the estimate

v,Jj’
i 10
Q)17 < Lubs > < - LM3 >, 6.21)
» s 10 .
Q01 < LyMa® < ()P LMaj°. (6.22)

Let 6; = min(6 — &y, 8) and 6, = max(1,8/6;),
J2ELM; 20

10 s
— Jo = —LM3L}".
9) m ; * 9 3Ly

L= (

Choose 7y sufficiently small so that
1

=% ">, (6.23)

and thus J, > Jy > J, for all v > 0. Now we consider a fixed ml‘c/ij with |k| > J,.
If [k| < 2| — j|, then $RY, . is empty.

10E, i j
If |k| > f(;”EVV i — j?|, we have
1.9 .m,. .
k> (55 £ (@0 +7°)- (6.24)

Fix w; € {—1,1}" such that |k| = k-w and write { = aw; +w; with wi Lw,. As a function of a, for
>,

(k&) s = [K| (£ —s), (6.25)
10 ) )
(12! ~ QI < LM (% +j%) (1 —s), (6.26)
Q202 i< (et s B 6.2
(JQy,; — v,j|)|s_(§) 4 (% +j°)(t —s). (6.27)
We claim 0 L
3LM3(i50 + %) < |2J (6.28)
In fact,
(1) If i% + j% > L, in view of (6.24) and
2(i% + %) (% 4 jO)<i® 4 9, (6.29)

then (6.28) follows from

9 3 s Sondy S 9 3mos 5 20 S0 L B
> (—) — 1 N> (—)" — = — : .
[kl = (1) 5 (0 + 70 +77) = (15)7 5 (0 + )L = FLM3 (% + j%); - (6.30)

(2) Ifi% + j% < L,, then
10 10 10
5LM3(1'50 +j%) < ?LMg(i‘s‘ +70)% < ?LMgLf* - (6.31)
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This completes the proof of (6.28).
In view of (1.11) in assumption (D*), (6.24) and the fact (9/10)® > 1/2, we get

— < —k|. .
( 9 ) LMy (i° + j°) < 20|k| (6.32)
Thus, from (6.25)-(6.28) and (6.32),
_ _ 1
((k,8) +Qvi = Qv j)[s > %Vd(f —). (6.33)

In the same process as (6.12)-(6.15) in Lemma 6.1, we finally obtain the estimate of lemma 6.2. [

7 Application to Derivative Nonlinear Schrodinger Equation

In this section, using Theorem 1.1, we show the existence of quasi-periodic solutions for a class of
derivative nonlinear Schrédinger equations subject to Dirichlet boundary conditions

iut+uxx_MGu+if(u7ﬁ)ux:07 (t»x) eERXx [0,7[], (7.1)
u(t,0) =0 =u(t,n), :
where My is a real Fourier multiplier,
Mgsin jx = ojsinjx, o; €R, j>1, (7.2)

and f is analytic in some neighborhood of the origin in C? with

f(u7ﬁ) = f(u’ﬁ)’ f(_uv_”_[) = _f(u7ﬁ)'

We study this equation as a Hamiltonian system on some suitable phase space &?. As the phase space
one may take, for example, the usual Sobolev space 7> ([0, 7]). The same as in [9], introducing the
inner product

T
(u,v) = Re/ uvdx, (7.3)
0
then (7.1) can be written in Hamiltonian form
0
a%l — —iVH(u), (7.4)
L, 1 (7 _ 1 /7 _
H(u) = ~ / e x4 / (Meu)idx+ ~ / (u, ) iwydlx, (71.5)
2 Jo 2 Jo 2 Jo

where the gradient V is defined with respect to (-,-), and g(z1,22) = —i J> f(z1,§)d§. To write it in
infinitely many coordinates, we make the ansatz

2 . .
u=s9=7Y 4;9;, ¢j=\/;smjx, jz L (7.6)

jz1

The coordinates are taken from the Hilbert space 68” of all complex-valued sequences g = (q1,42," )
with .
lqllz, =Y lg;?j*e* < oo, 1.7)

jz1
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We fixa>0and p > % in the following. Then (7.4) can be rewritten as

o0H
Ggi=—2i—, j>1 (7.8)
! 9g;
with the Hamiltonian
H(g) = A+G
1 . 1 /7 _
= 3 Y (P +oplgil*+ 5/0 8(Lq, 7§ (S q)xdx. (7.9)
j=>1

The perturbation term G has the following properties:

Lemma 7.1. Fora >0 and p > % the function G is analytic in some neighborhood of the origin in
E(Ia:’p with real value, and the Hamiltonian vector field X¢ is an analytic map from some neighborhood

of the origin in (& into Zﬁé"’*l with

1X6lap-1 = O(l4llZ,)- (7.10)

Proof. Seth(zi,z2) =[5 J5' f(n,§)dnd§. From f(u,ii) = f(u,ii), we know h(u, i) is real. In view
of the definition of g(z;,z) above,

—9h(uwi) _Oh(u,q)

il = = .11
gl = i o .11
Therefore,
. [Tdh . (®/0h oh _ T _ — B _
0=—i A adx = —1/0 (aux—k ﬁux)dx = ./0 (g(u7 i) uy —g(u,u)ux)dx =2(G—-G). (7.12)
This illustrates that G is real valued. In view of G in (7.9), we have
G i[r
=—— i), ¢idx, = . 7.13
3, 2/0 flu,@)upjdx, u=%q ( )

From f(—u,—i) = —f(u,i), we know that £(0,0) =0 and f(u,)u, can be expanded as Fourier
sine series. Thus the components of the gradient G; are the Fourier sine coefficients of f(u, i)u,.
Now the estimate (7.10) can be obtained in the same way as that of Lemma 3 in [9]. O

Pick a set
J={ji<jp<--<ja}CN

as n basic modes. We assume

Gjbnga bzla"'ana
{ 0;=0, jdl, (7.14)

and take & := (&,---,&,) € [1 C R" as parameters, where II is a closed bounded set of positive
Lebesgue measure. We introduce symplectic polar and real coordinates (x,y,u,v) by setting

4j, = 2(117 +yb)eiiXb7 b= 17 1, (7 15)

where I = (I, ---,I,) is fixed. Then we have

—3 Y dajndg; = ¥ dysndx+ Y dujidv;. (7.16)
=1 1<b<n iad
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Therefore, up to a constant term, the Hamiltonian (7.9) can be rewritten as

H = N+P
1
= Y oy+5 Y90 +v])+Glglxyuv) (7.17)
1<b<n jd

with symplectic structure Y1 <,<, dysNdxp, + ) j¢;dujNdvj, where

0y =jp+&, b=1,n, (7.18)
Q=7 jéJ. (7.19)
It’s obvious that the tangential frequencies @ = (@, - - , ®,) and normal frequencies Q = (Q;: j ¢ J)

satisfy the assumptions (A) (B) (C) (D) in Theorem 1.1. From Lemma 7.1 above, we know there
exists 7 > 0, such that, for every fixed I satisfying |I| = O(r?), the Hamiltonian vector field Xp is real
analytic from D(1,r) to 2%P~! with

”XP”r,a,pfl,D(l,r) = 0(7’) (7.20)

Moreover, since Xp is independent of &, we know

lip -
”XP”r,a,pfl,D(l,r)XH =0. (7.21)

Therefore, defining € as (1.7), we have
e=0(r). (1.22)
We simply assume |IT| = O(1) and fix B = 1/5. Then by letting & = O(r>/3), the inequality in (1.7)

is satisfied when r is small enough. Now Theorem 1.1 yields the following

Theorem 7.2. Consider a family of derivative nonlinear Schrodinger equation (7.1) parameterized
by the Fourier multiplier Mg with 6 = 6(&) defined by (7.14). Then for any 0 < € < 1, there is a
subset Il C IT with

I\ ITe| = O(e™?), (7.23)

such that for every & € I, the equation has a smooth quasi-periodic solution of the form

u(t,x) = 3. 4;(1)9;(x), (7.24)
jz1
where {G;}j>1 are quasi-periodic functions with frequencies @' := (@}, -, ®}). Moreover,
o' — | =0(¢), (7.25)

and for every non-negative integer v, there exists a positive constant ¢ depending on v such that

vl <ee el (7.26)

2j 2914 4
Y &2 2| =112 < e, (7.27)
£ drv
JET
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Remarks. 1. The estimate (7.25) follows from (1.10) in Theorem 1.1. From (1.9) in Theorem
1.1, we know

dv(fb—eb—a);?t) dyy 2aj 2pdqj 1/2 1
(e =) (o | o )2 (R 1 )

= 0(e77 Ja) = 0(e"/%),

where Gj, = \/2(I, +5p)et, 1 <b<nand 6 = (6y,...,6,) € T". Furthermore,

dv(fb —6,— (D;}f) . 1/6 dvib _ 13/6
SR o), = o), (7.28)
d'q;
2aj 2]7 J 7/6
(Z b ) o(e7/9). (7.29)

The estimate (7.26) follows from (7.28) and I = 0(8 ). The estimate (7.27) follows from (7.29).

2. Under Dirichlet boundary conditions, in order to get the Hamiltonian (7.9) of discrete form,
one needs to develop u = u(t,x) into Fourier sine series (7.6). Once it is done, the nonlinearity must
be developed into Fourier sine series in proving the regularity of nonlinear Hamiltonian vector field
(see Lemma 7.1). This excludes the usual nonlinearity (|u|>u),. Naturally, one expects to investigate
the DNLS equation with nonlinearity (|u|?u), subject to periodic boundary conditions. In this case,
one must extend Lemma 3.1 to higher dimension. In present time, this is an open problem.

8 Application to Perturbed Benjamin-Ono Equation

The Benjamin-Ono equation describes the evolution of the interface between two inviscid fluids
under some physical conditions (see [3]). Under periodic boundary conditions it reads

U+ vy —uu, =0,  (t,x) e Rx T, (8.1)

where u is real-valued and .77 is the Hilbert transform defined for 27-periodic functions with mean
value zero by

HF)0)=0, A (F)(j)=—isen()f(j), j€Z\{0}. (8.2)

The Benjamin-Ono equation is an integrable system (see [1]). For the global well-posedness of
the Cauchy problem of the above equation, see [13], [14]. In the first subsection, we transform the
Benjamin-Ono Hamiltonian into its Birkhoff normal form up to order four. In the second subsection,
by using Theorem 1.2, we prove there are many KAM tori and thus quasi-periodic solutions for the
above equation with small Hamiltonian perturbations.

8.1 Birkhoff Normal Form

We introduce for any N > 3/2 the phase space

0 ={ue2(TR): a0)=0, [uli= Y [iPMa()P <o}

Jjez\{0}
of real valued functions on T, where
o 1
a(j) = /0 u(x)e_j(x)dx, ej(x)= \/ﬁeux.
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Under the standard inner product on LZ(T;R), equation (8.1) can be written in Hamiltonian form

du d 0H
~=__~-Z7- 8.3
ot dx du 8-3)
with Hamiltonian | |
H(u) = 7/ u(Huy)dx — 7/u3dx. (8.4)
2 Jr 6.Jr
To write it in infinitely many coordinates, we make the ansatz
x) =Y %q,(t)e;(x), (8.5)
J#0

where ¥; = +/|j|. The coordinates are taken from the Hilbert space £y, /2 of all complex-valued
sequences g = (q;) jxo With

||61||N+1/z = Z g7V <o, q_;=g;. (8.6)
J#0
Then (8.3) can be rewritten as
. . OH 1, j>1
qj—*ldjiaq_j, Gj{ _1’ jS—l (8.7)
with the Hamiltonian
H(g)=A+G =Y lajl*~ f Y vwndaar (8.8)
j=>1 JHk+1=0

The function G is analytic in £y, /, with real value, and the Hamiltonian vector field X is an
analytic map from £, into £y_; ;, with

X6 Iv-1/2 = Ollgll11/2)- (8.9)

In the following theorem, we transform the above Hamiltonian into its Birkhoff normal form up to
order four.

Theorem 8.1. There exists a real analytic symplectic coordinate transformation ® defined in a
neighborhood of the origin of {y/, which transforms the above Hamiltonian H into its Birkhoff
normal form up to order four. More precisely,

Ho®d=A+B+R (8.10)
with |
B=—c 3 min(j,k)lq;|al’, (8.11)
T .
Jik>1
IX&lln-1/2 = O(lqllx112)- (8.12)

Proof. (1). The first step is to eliminate the three order term G. Define F* =Y ; k10 qu iqxq1 by

6v2m Aj+ A+ (8.13)

iFjj = .
0, otherwise,

{ 1Yt for j+k+1=0,
J
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where A; = 6;j%. Then we have

{AF}+G=0, (8.14)
where { -} is Poisson bracket with respect to the symplectic structure —iY. ;~;dg;Adq— ;. Letting
P, = F3, then

Ho®; = HOX;3|1=1

1 1
A+{A,F3}+/ (1_t){{A,F3},F3}ox;3dz+G+/ (G.F3} oXlodi
0 0

1
A+/ t{G,F*}oX!.dt
JO

1
A+ %{G7F3}+%/ (1-){{G,F*},FP}oX..dt. (8.15)
0

The j-th element of vector field X3 reads explicitly

. OF3 —0; Vit
—ioj=—— = —io; Z 3F Pkl = q1q;- (8.16)
94 k=] 2V A+ Mt A
For any j,k,l # 0 with j+k+1=0,
D+ Ao Ay = 2kt max{] 1, [kl 1]} (8.17)
Thus,
Ye+1 %Y |:max{|k+l|,|k|7|l|} <£ (8 18)
Akoi+ M4 N 2/[(k+Dkl]  — 2
Hence we have the estimate
1
| —io; |_ larllai| = —=g-;, (8.19)
fa q-; 4\71(;, 4/rm°’

where g_; stands for the sum Y, |qx||g:|. Obviously, g = (g;) 1o is the two-fold convolution of
w = (|gj|) jzo0, that is, g = wxw. Thus, for any r > 1/2,

1
a7 8l < elwllz = ellall, (8.20)
where ¢ > 0 depends only on r. This establishes the regularity of the vector field Xp;.
(2). The second step is to normalize the four order term %{G,F 3} in (8.15). By a simple calcu-
lation, we have

X3l <

0G oF3

1 i
—{G,F}} = -
2 jgb jﬁqj 2q_; j
1 )Ym’}/n
= -0 YiYeYidiqi qmqn
16w = ’(MZJ.J )(m;n']/l i+ A+ Ay )
1 (m + 1) YY1 Yon Yo
= — Y e k1 m Y- (8.21)
167 k l,m,n7é0 2fm-ﬁ-n'i'afm'f'afn
k+!l+m+n=0
k+1+40
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Let B consist of all terms with k4+m =0 or k+n =0 in (8.21). Then write B explicitly,

! 2 ] (kD] | o s
Loy T L (kDK
167 k;) 2’2/( — Z)Lk |Qk| 7 kJJ{Zi[#O )Lk+l 71}( 711 |qk| |QZ‘

1 1
= —— Z I||qi|* — — Z o max{|k|, |I|, |k +1|}qcl?q:*
16m 26 167 ) i120

B =

1 1
= —— Y klgt - — Uael1ag? 8.22
Snz |qx] i Y lallal? (8.22)

k>1 k>1>1

which is (8.11). Let Q = %{G,F 31 — B. We will find a coordinate transformation &, = X;4 to
eliminate Q. In complete analogy to the first step we let

F4 = Z FkﬁmnquIIQInQrzv (8.23)
k,l,m,n#0
I (M) YV Yon Yo for k+l+I’I1-|-n =0
iy = 07 At At A e A A A kt+Lk+mk+n#0 " (8.24)
0, otherwise.
Then we have
{AF}+0=0. (8.25)
In order to complete the second step, we only need to establish the regularity of the vector field Xj..
We claim that for fi,, := %W’@k"‘ll + A+ An) withk+1+m+n=0and k,l,m,n k+
Lk+mk—+n=#0,
1
[ Fiamn| > 5 max{ [k, 1], m]. n]}. (8.26)

We prove this claim in four cases. Ahead of the proof, we give a simple inequality for two positive
integers a, b:
2ab>a+ b,

which will be frequently used. Without loss of generality, we assume |k| > || and |m| > |n| because
of their symmetry in fi,.

(1) I,m,n have the opposite sign of k. Without loss of generality, we assume k& < 0 and /,m,n > 0.
In this case, we have
| - A’ern +zfm +An| = Zlmn|2|m—|—n\,

Ak 4+ A+ A+ A = 2(Im+ In4+mn) > 2(Im+1In) =21(|k| — 1) > |k,
which leads to (8.26).

(2) k,l,n have the opposite sign of m. Without loss of generality, we assume m < 0 and k,/,n > 0.
In this case, we have

| = Amtn+ A+ Ap| = 2|(m+n)n| > [m+n,

Ak + A+ A+ Ay | = 2(kl 4+ kn+In) > 2(kn+1n) = 2(|m| —n)n > |m|,
which leads to (8.26).
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(3) k,l have the same sign while m,n have the same sign. Without loss of generality, we assume
k,l >0 and m,n < 0. Here (8.26) follows from the following inequalities:
—Amn + A+ Ay 2mn
| | = =[nl,
m—+n +n

1
1[4+ A+ Ao+ Au| = 2{| (k= [n]) |k — |m|[2k[k — |m|| = 5 max{k,|m|}.

(4) k,n have the same sign while /,m have the same sign. Without loss of generality, we assume
k,n>0and [,m < 0. Here (8.26) follows from the following inequalities:

‘_ m+n+)~m+ln
m+n

20| A+ A1+ A + An| = dn(|m| — n)||m| — k| >2|m| |k — |m|| > max{k, |m|}.

|=2n

)

Finally, the proof of (8.26) is finished. From (8.26) we get
Y'Y Yin'Yu

Fio 1< ) 8.27
o = e max K] ] o, o} ®27
The j-th element of vector field X4 explicitly reads
. oF* . 4 4 4 4
_](7/'7a - = —lGj Z (F(fj)lmn—'_Fl(fj)mn +Flm(fj)n +Flmn<7j))qlqmqn. (828)
q-j l[4+m-+n=j
Hence we have the estimate
oF*4 1 1
|—ioj5—[< 5— VW Yal91Gmdn| < 5——8— (8.29)
]aq—j 27‘6” l+n§n:j " " 27”/] !

where g_; stands for the sum Y/, 4 n—j V¥ ¥n|q11|gm||gn|. Obviously, g = (g;) ;4o is the three-fold
convolution of w = (7|q;l) j0, that is g = wxwsw. Thus, for any r > 1,

1 3 3
IXpallr < 5 llgllrm1/2 < cllwliizy o = cllally, (8.30)
where ¢ > 0 depends only on r. This establishes the regularity of the vector field X4, and finishes
the proof of Theorem 8.1. O

8.2 Quasi-periodic Solutions for Perturbed Benjamin-Ono Equation

Here is our main result in this section:

Theorem 8.2. Consider the Benjamin-Ono equation (8.1) with a small Hamiltonian perturbation,
written in the Hamiltonian form
du d (dH JdK
TR ¢ mad riL
where the Hamiltonian H is defined by (8.4), and the Hamiltonian K is real analytic in a complex
neighborhood V of the origin in %1-,\/@’ which is the complexification of%N, N > 3/2. Moreover, K
satisfies the regularity condition

oK oK
o Ve gl <1 (8.32)

Then, for each index set J = {j; < jo < -++ < ju} CN, there exists an & > 0 depending only on J, N
and the size of V, such that for € < &y, the equation has uncountable quasi-periodic solutions with
frequency vector close to (j3,--- , j2).

8.31)
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Proof. Set the perturbed Hamiltonian A = H + ¢K. Then, by the transformation & in Theorem 8.1,
we get the new Hamiltonian, still denoted by H,

H=A+B+R+€eKo®, (8.33)

which is analytic in some neighborhood U of the origin of /yi/, with A in (8.8), Bin (8.11), R
satisfying (8.12) and the last term satisfying

[ Xkod|In—1/20 < 2. (8.34)

We introduce symplectic polar and real coordinates (x,y,u,v) by setting

{ qj, = Véb—"_ybeiix]% q—j, = V€b+ybeixba bzl,"'ﬂ’l, (8 35)

;= 5 (uj—ivj), q-j=J(uj+iv;), jeN =N\J,

Whereg = (517"' 75’1) € Ri Then

; 1 )
A=Y BCG+w) sy X Pui+v)), (8.36)
1<b<n JjeNL
—8xB = ) min(jp, jiy) (& +yp) Gy + i)
1<b b/ <n

+ Y min(y, )&+ ) (2 +12)
1<b<n,jeN,

1 L
+5 Y min(j, j) (W +v3) (w5 +v7). (8.37)
J»J €Nk

Thus the new Hamiltonian, still denoted by H, up to a constant depending only on &, is given by

i 1
H=N+P= Y wy+5 Y Qi(j+v))+Q+R+eK, (8.38)
1<b<n JjEN:

with symplectic structure Y1 <p<, dyp\dxp + . jen, dujAdvj, where

) 1 S
@ = jp— 7= L min(jb jy)Sy, (839)
T\ <h<n
s 1 S
Q=== Y, min(js, ), (8.40)
1<b<n
1 . 1 C 2, .2
0= - g3 min(jp, ju)yeyy = g— Y. min(jp, j)yp(+vj)
T i<hpi<n T 1<p<n,jeN,
1 s
- %Z mm(]d/)(u?—i—v?)(u?,—l—v?,). (8.41)
JoJ €Ny
Set
M= {{ R} :[g| <}, (8.42)

In the following we check the assumptions (A) (B) (C) and (D*).
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In view of (8.39), we know that £ — @ is an affine transformation from IT to R”. Regarding ®
as n-dimensional column vector,

jg aohoa o qh\ (&

) j% | i o2 o || &
0=0——AE=|B|-—= | i B - B||& 8.43
4z s ) 4| . . . . . 1 (8:43)

Ja ivod gz gn) \é

where @ is a n-dimensional column vector with its b-th element @, = ji and A is a n X n matrix with
its (b, m)-th element A, = min(j, jm). Let

T i
T = | I Tk . (8.44)
» . .

1 _ jn'—l fjn—z 1
Jn=Jn—1

Then by a simple calculation, we have AT = A := diag(j, — j,_1 : 1<b<n) (here jo = 0). Thus,

det(gg) (321G = )Gy = 2) U= 1) 0. (845

This implies that the assumption (A) is fulfilled with positive constant M; and L only depending on
the set J.
In view of (8.40), we know

Q= B, (8.46)
where B; is a n-dimensional row vector with its m-th element Bj,, = min(j, j,,). It’s obvious that

Q;~ %, thus, the assumption (B) is fulfilled with d = 2 and m = 1/2.
From (8.46), we get

1ij 1 1 . ..
Q7 = — Z Bjm=— min(j, j)- (8.47)
47[ m<n 4m 1<m<n
Thus,
—1 li n
o L= sup SR < (8.48)

that is, assumption (C) is fulfilled with § = 1 and M, = ﬁ

Moreover, taking &y = 0 and letting Q} =Q;j, Q? = 0 in the assumption (D*), then from (8.47)
we have

1 li li
' = sup [l = 4 Y Jmi=Ms, (8.49)
T 1<m<n

which only depends on J. On the other hand, since Q2 = 0, the positive constant M, can be chosen
arbitrarily small. Therefore, we can choose it small enough such that (1.11) is fulfilled. Thus the
second part of the assumption (D*) holds true.

In view of (8.46), regarding Q as an infinite dimensional column vector with its index j € N,,
we have

.1
Q=0- B¢, (8.50)
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where € is an infinite dimensional column vector with its Jj-th element Q = j2and Bisacoxn
matrix with its j-th row Bj. For the first part of the assumption (D*), regarding k and [ as n-
dimensional and infinite dimensional row vectors respectively, we have to check for every k € Z"
and/ € Z= with 1 < |I| <2,

kd+IQ+0 or kA+IB#0. (8.51)
By a simple calculation, we have BA~! = BTA~! = B, which is a oo x n matrix with its j-th row B;:

(1) B; = (%,O,W ,0) for j < jj, only the first element nonzero;

) Bj = (0, 0,120 _Jim_ ... 0) for j, < j < jms1 with 1 <m < n, only the m-th

Y Jmt1—Jm? Jm1—m
and (m+ 1)-th elements nonzero;

(3) B;=1(0,---,0,1) for j > j,, only the last element nonzero.

Then the second inequality of (8.51) is equivalent to
k+1B #0. (8.52)

Set N, = NIUN2UN2, where N! = {1<j < j1}, N2 = {1<j<j,}\J and N3 = {j > j,}. Notice
that for j € N! {JN? the nonzero elements of B ; are positive and less than 1. Thus the equality (8.52)
holds true for k € Z" and 1 < |I| < 2 except the following three cases:

(L
I — +2, j=5/2 b — Fl, m=1 )
771 0, otherwise ’ ™1 0, otherwise ’

(2) For a fixed m’ with 1 <m’ <n,

Fl, m=mw
=< Fl, m=m'+1 ;

0, otherwise

I — 2, j=(jw +jmw+1)/2 k
] 0,  otherwise ’ m

(3) I; =0 for j € N (UN2, and
0, 1<m<n
k’n:{ .

_ZjeN*lﬁ m=n

It’s easy to check that the first inequality of (8.51) holds true for all of the above three cases. There-
fore, the first part of the assumption (D*) holds true.
Now we consider sup norm and Lipschitz semi-norm of the perturbation

P=0Q+R+eK (8.33)

on D(s,r) x IL, where D(s,r) is defined in (1.2) by letting p = N+ 1/2 and IT is defined in (8.42).
‘We choose s > 0 a constant, and
r=gl/* (8.54)

In view of (8.41), we have

HXQHV,G,[)*LD(S,F)XH = O(,,Z) = 0(61/2)' (8.55)
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In view of (8.12), we know R is at least five order of g. Thus,
”XR”r,a,pf],D(s,r)XH = 0((81/5)5’”72) = 0(81/2)‘ (856)
In view of (8.34), we have
Xk lrap—1. D) = O(r %) = O(e1/2). (8.57)
From (8.55) (8.56) (8.57) we get
”XP”r,a,p—l,D(s,r)xH = 0(81/2)' (8.58)
Since Xp is real analytic in £, we have
li _
X 1,511 = O"/267%/%). (8.59)

‘We choose
a=¢e"y1 B=1/18, (8.60)

where 7 is taken from the KAM theorem. Set M := M + M,, which only depends on the set J. It’s
obvious that when € is small enough,

~ o li

&= [ Xpll a1 (o1 + 35 XD,y ey = O€V2) < (@) P, (8.61)
which is just the smallness condition (1.7). Now the conclusion of Theorem 8.2 follows from Theo-
rem 1.2. [
9 A Technical Lemma
Lemma 9.1. Let F = (F;j); j>1 be a bounded operator on (> which depends on x € T" such that all

elements (F;;) are analytic on D(s). Suppose R = (R;}); j>1 is another operator on (* depending on
x whose elements satisfy

sup |R;;(x)| < i P Fi(x)],  i# 9.1
) i—Jjl xen(s—0)

and R;; = 0. Then R is a bounded operator on {* for every x € D(s'), and

4n+1
sup [[R(x)|| < sup [|[F(x)]]- 9.2)
xeD(s") o xeD(s)
Proof. This is lemma M.3 in [10]. O
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