VARIATIONAL METHODS
FOR NON-LOCAL OPERATORS OF ELLIPTIC TYPE
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ABSTRACT. In this paper we study the existence of non-trivial solutions for equations
driven by a non-local integrodifferential operator £ x with homogeneous Dirichlet boundary
conditions. More precisely, we consider the problem

Lxu+ I+ f(z,u) =0 inQ
{ u=20 in R™\ Q,
where ) is a real parameter and the nonlinear term f satisfies superlinear and subcritical
growth conditions at zero and at infinity. This equation has a variational nature, and so
its solutions can be found as critical points of the energy functional J» associated to the
problem. Here we get such critical points using both the Mountain Pass Theorem and
the Linking Theorem, respectively when A < A; and A > A1, where A\; denotes the first
eigenvalue of the operator — L.
As a particular case, we derive an existence theorem for the following equation driven
by the fractional Laplacian
(=A)°u —Au= f(z,u) inQ
{ u=20 in R™\ Q.
Thus, the results presented here may be seen as the extension of some classical nonlinear
analysis theorems to the case of fractional operators.
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1. INTRODUCTION

Recently, a great attention has been focused on the study of fractional and non-local
operators of elliptic type, both for the pure mathematical research and in view of con-
crete applications, since these operators arise in a quite natural way in many different con-
texts, such as, among the others, the thin obstacle problem, optimization, finance, phase
transitions, stratified materials, anomalous diffusion, crystal dislocation, soft thin films,
semipermeable membranes, flame propagation, conservation laws, ultra-relativistic limits of
quantum mechanics, quasi-geostrophic flows, multiple scattering, minimal surfaces, materi-
als science and water waves. For an elementary introduction to this topic and for a — still
not exhaustive — list of related references see, e.g., [3].

In this work we consider the non-local counterpart of semilinear elliptic partial differential
equations of the type

(1.1) { —Au—u= f(z,u) inQ

u=20 on 082,
namely
(=A)Y’u— Au = f(x,u) inQ
(1.2) {uzO in R"\ Q.

Here, s € (0,1) is fixed and (—A)® is the fractional Laplace operator, which (up to normal-
ization factors) may be defined as

(1.3 Ay ule) = [ HEEDEEE R 4y ere

(see [3] and references therein for further details on the fractional Laplacian).

Problem (1.1) has a variational nature and its solutions can be constructed as critical
points of the associated Euler-Lagrange functional. A natural question is whether or not
these topological and variational methods may be adapted to equation (1.2) and to its
generalization in order to extend the classical results known for (1.1) to a non-local setting.

To be precise, in the present paper we study the following equation

(1.4) Lrxu+ A+ f(x,u) =0 in Q
' u=0 in R"\ Q,
where L is the non-local operator defined as follows:

1

(1.5) Licula) =3 / (u(a: +y)+u(z—y) — 2u(x)>K(y) dy, z€R".

Here K : R"™ \ {0} — (0,+00) is a function such that

(1.6) mK € LY(R"), where m(z) = min{|z|?, 1} ;
(1.7) there exists # > 0 and s € (0,1) such that K (z) > 0lz|~™+2) for any = € R\ {0} ;

(1.8) K(x) = K(—x) for any z € R™\ {0}.

A typical example for K is given by K(z) = |o|~ (2%, In this case Lk is the fractional
Laplace operator —(—A)* defined in (1.3).

In problem (1.4) the set Q C R™, n > 2s, is open, bounded and with Lipschitz boundary.
The Dirichlet datum is given in R™\ 2 and not simply on 92, consistently with the non-local
character of the operator L.
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The weak formulation of (1.4) is given by the following problem (for this, it is convenient
to assume (1.8))

/ (u(z) — u())(0(z) — W) K (@ — y)dzdy — X / u() () de
RQ'IL

(1.9) /f:vu plx)dr Ve Xy

u € Xp.

Here the functional space X denotes the linear space of Lebesgue measurable functions
from R” to R such that the restriction to € of any function g in X belongs to L?(£2) and

the map (z,y) — (9(z) — g(y)) VK (z —y) is in L*(R*"\ (CQ x CQ),dzdy) ,
where CQ2 := R™ \ 2. Moreover,
Xo={9eX:g=0ae inR"\Q}.
We note that
(1.10) C2(Q) C X,,

see, e.g., [6, Lemma 11] (for this we need condition (1.6)), and so X and Xy are non-empty.
Finally, we suppose that the nonlinear term in equation (1.4) is a function f : @ xR — R
verifying the following conditions:

(1.11) f is continuous in Q x R;

there exist aj,a2 > 0 and g € (2,2%),2* = 2n/(n — 2s), such that

(1.12)
|f(2,t)| < a1 + as|t| ! for any = € Q, t € R;
t
(1.13) PH(l) @ = 0 uniformly in z € Q;
(1.14) tf(x,t) >0 for any z € Q, t € R;
(1.15) there exist 4 > 2 and 7 > 0 such that for any # € Q, t € R, [t| > r

0 < pF(z,t) <tf(x,t),

where the function F' is the primitive of f with respect to its second variable, that is

(1.16) F(x,t):/o flx,7)dr

As a model for f we can take the odd nonlinearity f(z,t) = a(z)|t|??t, with a € C(Q),
a>0in Q, and q € (2,2%).

When dealing with partial differential equations driven by the Laplace operator (or, more
generally, by uniformly elliptic operators) with homogeneous Dirichlet boundary conditions,
the above assumptions are standard! (see, for instance, [1, 5, 8]). In our framework, the
exponent 2* plays the role of a fractional critical Sobolev exponent (see, e.g. [3, Theo-
rem 6.5]).

We remark that f(x,0) = 0, thanks to (1.13), therefore the function u = 0 is a (trivial)
solution of (1.4): our scope will be, then, to construct non-trivial solutions for (1.4). For
this, we will exploit two different variational techniques: when X\ < A1 (where, as usual,
we denoted by A1 the first eigenvalue of —L, see Section 3), we construct a non-trivial
solution via the Mountain Pass Theorem; on the other hand, when A > A\;, we accomplish

IFor the sake of completeness, we remark that condition (1.14) is not implied by the other ones. Indeed,
we can consider a function a € C(R) such that |a(t)] < 1 for any ¢t € R, a(t) = 1 if |¢| > 1 and a(t) = —1,
when |t| < 1/2. Taking f(t) = a(t)|t|92t with ¢ € (2,2%), it is easy to check that f satisfies (1.11)—(1.13)
and (1.15) (for instance with r = 1 and u = g), but it does not verify condition (1.14).
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our purposes by using the Linking Theorem. These two different approaches are indeed the
non-local counterparts of the famous theory developed for the Laplace operator (see, e.g.,
[1, 4, 5]).

The main result of the present paper is an existence theorem for equations driven by
general integrodifferential operators of non-local fractional type, as stated here below.

Theorem 1. Let s € (0,1), n > 2s and Q be an open bounded set of R™ with Lipschitz
boundary. Let K : R™\ {0} — (0,+00) be a function satisfying conditions (1.6)—(1.8) and
let f:Q xR — R verify (1.11)(1.15) .

Then, for any A € R problem (1.9) admits a solution uw € Xy which is not identically
zero.

In fact, if A is small (i.e. A < A1), we can find a non-negative (non-positive) solution of
problem (1.9) (see Corollary 21).

When \ < A1, the thesis of Theorem 1 is still valid with weaker assumptions on f (see
[7], where the case A = 0 was considered).

In the non-local framework, the simplest example we can deal with is given by the frac-
tional Laplacian (—A)®, according to the following result:

Theorem 2. Let s € (0,1), n > 2s and Q be an open bounded set of R™ with Lipschitz
boundary. Consider the following equation

(u(2) ~ u())(2(z) ~ o(y) bt ot de
ar) [ AP0 dray - [ u@)ele)do= [ flau(@) o)

for any p € H*(R") with o =0 a.e. in R™\ 2.
If f : QxR — R is a function verifying (1.11)—(1.15) , then, for any A € R problem (1.17)

admits a solution uw € H*(R™), which is not identically zero, and such that v = 0 a.e. in
R™\ Q.

We observe that (1.17) represents the weak formulation of the problem (1.2) . When s = 1,
equation (1.2) reduces to the standard semilinear Laplace partial differential equation (1.1):
in this sense Theorem 2 may be seen as the fractional version of the classical existence result
in [5, Theorem 5.16] (see also [1, 4, 8, 9]).

This classical result is an application of two critical points theorems (the Mountain Pass
Theorem and the Linking Theorem) to elliptic partial differential equations. In the present
paper we prove that the geometry of these classical minimax theorems is respected by the
non-local framework: for this we develop a functional analytical setting that is inspired
by (but not equivalent to) the fractional Sobolev spaces, in order to correctly encode the
Dirichlet boundary datum in the variational formulation. Of course, also the compactness
property required by these minimax theorems is satisfied in the non-local setting, again
thanks to the choice of the functional setting we work in. For all these reasons we think
that Theorem 2 may be seen as the natural extension of [5, Theorem 5.16] to the non-local
fractional framework.

The paper is organized as follows. In Section 2 we give some basic estimates on the
nonlinearity f and its primitive and we introduce the functional setting we will work in.
In Section 3 we deal with an eigenvalue problem driven by the non-local integrodifferential
operator —L and we discuss some properties of its eigenvalues and eigenfunctions. In
Section 4 we prove Theorem 1 performing the classical Mountain Pass Theorem and the
Linking Theorem. As an application, we consider the case of an equation driven by the
fractional Laplacian operator and we prove Theorem 2. Section 5 is devoted to some
comments on the sign of the solutions of the problem. The paper ends with an appendix
where we give the detailed (but fully elementary) proof of the statement on the eigenvalues
and eigenfunctions of the operator —L .
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2. SOME PRELIMINARY RESULTS

In this section we prove some preliminary results which will be useful in the sequel.

2.1. Estimates on the nonlinearity and its primitive. Here we collect some elemen-
tary results which will be useful in the main estimates of the paper. We use the growth
conditions on f to deduce some bounds from above and below for the nonlinear term and its
primitive. This part is quite standard and does not take into account the non-local nature
of the problem: the reader familiar with these topics may skip it.

Lemma 3. Assume f: QxR — R is a function satisfying conditions (1.11)~(1.13). Then,
for any € > 0 there exists § = 6(¢) such that for any x € Q and t € R

(2.1) |f2,t)] < 2elt] + qb(e)|t]7!
and so, as a consequence,
(2.2) |F(x,t)| < elt]* +d(e) |7,

where F' is defined as in (1.16) .
For the proof of Lemma 3 see [7, Lemma 3| (similar estimates are also in [5, §]).

Lemma 4. Let f : Q xR — R be a function satisfying conditions (1.11) and (1.15). Then,
there exist two positive constants ag and ayq such that for any x € Q and t € R

(2.3) F(x,t) > as|t|" — ay .
Proof. Let r > 0 be as in (1.15): then, for any # € Q and ¢t € R with [t| > r >0

t f(z,t)
Flat) - *

Suppose t > r. Dividing by ¢ and integrating both terms in [r,¢] we obtain

F(x,r)

(2.4) Flet) > —

th foranyz € Q, teR, t > 1.

Since z — F(x,7) is continuous in Q, by the Weierstrass Theorem there exists min F(z, ).
€N
Hence, by (2.4) we get

(2.5) F(z,t) > min F(x,r)r #t" forany x € Q, t € R, t > 7.
z€eQ
With the same arguments it is easy to consider the case t < —r, and to prove that

o _
00 e > wmin F(a, —r) e for any 2 € Q. t € Ryt < -1

F(x,t) >
(I )/ r# zeQ

so that for any = € Q and ¢t € R with [t| > r we get
(2.6) F(x,t) > as|t|",

where a3 = r~#min {migF(x,r) ,min F'(z, —T)}. Note that ag is a positive constant,
z€Q e

being F(z,t) > 0 for any z € Q and ¢ € R such that [t| > 7 (see assumption (1.15)).
Since the function F' is continuous in {2 X R, by the Weierstrass Theorem, it is bounded
for any = € 2 and ¢ € R such that |t| < r, say

(2.7) |F(z,t)] <as in Qx{t|<r},

for some positive constant a4 . Hence, the estimate (2.3) follows from (2.6) and (2.7), taking
ag = a4 +agr* > 0. O
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2.2. The functional setting. Now, we recall some basic results on the spaces X and X.
In the sequel we set Q = R?"\ O, where
(2.8) O = (CO) x (CQ) C R*",

and CQ =R"\ Q.
The space X is endowed with the norm defined as

(29 ol =l + ( [ lo(0) = oKz~ i)

It is easily seen that || - ||x is a norm on X (see, for instance, [7] for a proof).
In the following we denote by H?*(€2) the usual fractional Sobolev space endowed with
the norm (the so-called Gagliardo norm)

) — 2
(2.10) ol = lallaey + ([ A2 0L

1/2
o= s dx dy) .

X

We remark that, even in the model case in which K (z) = |z|~("*2%), the norms in (2.9) and
(2.10) are not the same, because € x ) is strictly contained in @ (this makes the classical
fractional Sobolev space approach not sufficient for studying the problem).

For further details on the fractional Sobolev spaces we refer to [3] and to the references
therein.

In the next result we recall the connections between the spaces X and Xy with the usual
fractional Sobolev spaces (for a proof see [6, Lemma 5]).

Lemma 5. Let K : R"\{0} — (0,400) satisfy assumptions (1.6)—(1.8) . Then the following
assertions hold true:

a) ifve X, then ve H*(Q). Moreover
0]l s () < e(@)]lv]lx ;
b) if v e Xy, then v e H¥(R™). Moreover
[0l 1= () < [0l my < c(0)]Jv]x -
In both cases c(f) = max{1,0~/2} | where 6 is given in (1.7).

Now we give a sort of Poincaré-Sobolev inequality for functions in Xy. This result is
proved in [6, Lemma 6.

Lemma 6. Let K : R™\ {0} — (0,+00) satisfy assumptions (1.6)—(1.8). Then

a) there ezists a positive constant c, depending only on n and s, such that for any
v € Xp

[v(z) —v(y)|?

2 _ 2
HUHLQ*(Q) = H'UHLQ*(Rn) < C/R2n W(Zl‘dy,

where 2% is given in (1.12) ;
b) there exists a constant C' > 1, depending only on n, s, 0 and Q, such that for any
v € Xp

[ @) oK ) dedy < i < © [ ole) o) PK G ) dedy,
Q Q
that is
1/2
v = v — v 2 xr — T
2.11) lollx, ( /Q v(z) — v(y)PE (e - y) d dy)

is a norm on Xy equivalent to the usual one defined in (2.9).

In the sequel, we take (2.11) as norm on Xy. The following result holds true (see [6,
Lemma 7] for the proof).
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Lemma 7. (Xo,| - ||x,) is a Hilbert space, with scalar product
(212) (1), = | () ) (00) o) K 9) ey

Note that in (2.11) and in (2.12) the integrals can be extended to all R?", since v € Xj
(and so v =0 a.e. in R™\ Q).

Finally, we recall a convergence property for bounded sequences in X (see [6, Lemma 8],
for this we need that 2 has a Lipschitz boundary):

Lemma 8. Let K : R" \ {0} — (0,400) satisfy assumptions (1.6)—(1.8) and let v; be a
bounded sequence in Xo . Then, there exists vo, € L¥(R™) such that, up to a subsequence,

Vj — Vs in LY(R™)

as j — +oo, for any v € [1,2%).

3. AN EIGENVALUE PROBLEM

Here we focus on the following eigenvalue problem

—Lrgu=Au in
(3.1) {u:O in R™\ Q,
where s € (0,1), n > 2s, 2 is an open bounded set of R” and K : R™\ {0} — (0,400) is a
function satisfying (1.6)—(1.8).
More precisely, we discuss the weak formulation of (3.1), which consists in the following
eigenvalue problem

- L, (@) = u)el@) = plu) K@ = p)dzdy = A [ u@hpla)dn Vg€ Xo

u € Xp.

We recall that A € R is an eigenvalue of — L provided there exists a non-trivial solution
u € X of problem (3.1) — in fact, of its weak formulation (3.2)— and, in this case, any
solution will be called an eigenfunction corresponding to the eigenvalue A.

The study of the eigenvalues of a linear operator is a classical topic and many functional
analytic tools of general flavor may be used to deal with it. The result that we give here is,
indeed, more general and more precise than what we need, strictly speaking, for the proofs
of our main results: nevertheless we believed it was good to have a result stated in detail
with complete proofs, also for further reference.

Proposition 9 (Eigenvalues and eigenfunctions of —L ). Let s € (0,1), n > 2s, Q be an
open bounded set of R™ and let K : R™\ {0} — (0,+00) be a function satisfying assump-
tions (1.6)—(1.8). Then,

a) problem (3.2) admits an eigenvalue A1 which is positive and that can be characterized

as follows
(3.3) = min [ ue) - uw)PK (- e dy,
2=t *
or, equivalently,
[ lu@) — ul) PK (@ — y)dedy
(3.4) A= min ZBT ;

u€Xo\{0} / \u(w)]Q dr ’
Q
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b) there exists a non-negative function ey € X, which is an eigenfunction correspond-
ing to A1, attaining the minimum in (3.3), that is |le1||2() = 1 and

(3.5) M= [ le@) — @)K (@ - gdedy;

c) Ay is simple, that is if u € Xg is a solution of the following equation

36 [ (o)~ u)e@) - pu) Kz~ pdzdy =1 [ ul@hpla)ds Vg€ Xo.
then u = Cey, with ( € R;

d) the set of the eigenvalues of problem (3.2) consists of a sequence {’\k}keN with?

(37) O<>\1<)‘2<"'<)\k<)\k+1<---
and
(3.8) A — 400 as k — +00.
Moreover, for any k € N the eigenvalues can be characterized as follows:
(39) M= min [ Jule) — ul) K (o - e dy.
u€Pp g R2n
H“”LQ(Q)ZI

or, equivalently,

L, lule) = ) PR e = o dy

3.10 Akl = min )
( ) i u€Pk11\{0} / ‘u(x)’2 de
Q
where
(3.11) Pri1:={u€ Xo s.t. (u,ej)x, =0 Vj=1,...,k};

e) for any k € N there exists a function exr1 € Piri1, which is an eigenfunction
corresponding to Agy1, attaining the minimum in (3.9), that is |lext1llr2@) = 1
and

(3.12) Mt = [ levin(@) = o) PR (@ = y) dodys

f) the sequence {ek}keN of eigenfunctions corresponding to A\ is an orthonormal basis
of L*(Q) and an orthogonal basis of Xo ;

g) each eigenvalue \j, has finite multiplicity;> more precisely, if Ay, is such that
(3.13) A1 < A=+ = >\k+h < )\k+h+1
for some h € Ny, then the set of all the eigenfunctions corresponding to Ay agrees
with
span{eg, ... ,extn} -

2As usual, here we call A1 the first eigenvalue of the operator —L . This notation is justified by (3.7).
Notice also that some of the eigenvalues in the sequence {Ak} wey Ay repeat, ie. the inequalities in (3.7)
may be not always strict.

3We observe that we already know that the eigenfunctions corresponding to A; are span{e;}, thanks
to ¢), so g) is interesting only when k > 2.
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The proof of this result is deferred to Appendix A, where we give a perhaps lengthy but
fully elementary and self-contained exposition, by putting some effort in order to use the
least amount of technology possible (for instance, no general theory of linear operators is
needed to read it).

4. PROOFS OF THEOREMS 1 AND 2

In order to prove Theorem 1, first we observe that problem (1.9) has a variational struc-
ture, indeed it is the Euler-Lagrange equation of the functional ) : Xy — R defined as
follows

W) = [ @) = uPK @ =) dvdy =5 [ fula)de~ [ Ploua)d,

Notice that the functional 7y is well defined thanks to assumptions (1.11) and (1.12),
to the fact that L?"(Q2) — L4(Q2) continuously (being € bounded), and to Lemma 6-a).
Moreover, Jy is Fréchet differentiable in u € X and for any ¢ € Xy

(i) = [ (0(e) = ) (ola) = o)) K@~ ) dady

i\ /Q u(z) o) dz — /Q F (o u(@)) () da

Thus, critical points of 7y are solutions to problem (1.9). In order to find these critical
points, we will apply two classical variational results, namely the Mountain Pass Theorem
and the Linking Theorem (see [1, 4, 5, 8]), respectively in the case when A < A; and
A = A1, where \; is the first eigenvalue of the non-local operator —L (as introduced in
Proposition 9) .

Both these minimax theorems require that the functional 7

(1) has a suitable geometric structure (as stated, e.g., for the Mountain Pass Theorem
in conditions (1°)—(3°) of [8, Theorem 6.1] and for the Linking Theorem in (1) and
(I5) of [5, Theorem 5.3]);

(2) satisfies the Palais—Smale compactness condition at any level ¢ € R (see, for instance,
[8, page 70]), that is

for any ¢ € R any sequence u; in X such that

Tatu) — ¢ and sup {[{ T (u), 0)] = ¢ € Xo, [gllx, =1} =0
as j — +o0o, admits a subsequence strongly convergent in X .

We will show indeed that our functional possesses this geometric structure (according
to the different values of \) and that it satisfies the Palais-Smale condition. We start by
considering the case when the parameter A is less than Aq .

4.1. The case A < A\;: Mountain Pass type solutions for problem (1.9). In this
setting we assume that the nonlinearity f satisfies* conditions (1.11)—(1.13) and (1.15).

In this subsection, in order to verify that the functional 7, satisfies the assumptions of
the Mountain Pass Theorem, we need the following lemma:

Lemma 10. Let K : R™\ {0} — (0,+00) satisfy assumptions (1.6)—(1.8) and let A < A1 .
Then, there exist two positive constants m{‘ and Mf‘, depending only on X\, such that for
any v € Xy

@y il < [ @) - v@PK @ dedy =2 [ @) de < Mol

4For completeness, we observe that, when A < A1, we do not need hypothesis (1.14), which is needed just
when A > A\i. In fact, the result stated in Theorem 1 holds true under slightly weaker assumptions on f.
For instance, when A < Ay, one could assume the conditions of [7, Theorem 1], where the case A = 0 was
dealt with .
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that is

1/2
42 olxes = ( [ 100) —o)PK = g dody - [ o) ds )

is a norm on X equivalent to the ones in (2.9) and (2.11).
The constants my and M7 are given by

m} =min{l,1 — A/\1} and M; =max{1,1 —\/\}.

Proof. Of course, if v = 0, then (4.1) is trivially verified, so we take v € Xg \ {0}. For the
following computation, it is convenient to distinguish the case in which 0 < A < Ay from
the case in which A\ < 0 (we remark that A\; > 0, by Proposition 9-a)).

So, first we assume that 0 < A < Ap: then, it is easily seen that

/ o) — v(y) PK ( — y) dudy — X / o(@)|? dz < / lo(z) — v(y) 2K (& — y) de dy
R2n Q R2n

Moreover, using the variational characterization of A; (see formula (3.4)), we get

[ @) = o) = yydedy =2 [ o) da
R2n Q

A

>(1-1) /R o) — o) Kz — y) drdy.

The above estimates imply (4.1) when 0 < A < Ap.
When A < 0, arguing in the same way, we obtain

/R% lv(z) — v(y)|° K (z — y) dz dy
/ [o(@) = oY) K (z = y) dzdy — A / () |? da
R27 ;

<(i-3) /R o) — o(p)PK (e y) ddy.

N

which proves (4.1) in this case too.
Then, we have to show that formula (4.2) defines a norm on X . For this we claim that

43)  (wolxa= [ (u) = ue)(ele) ~ o) Kl ~ ) drdy =2 [ u@plo)do

is a scalar product on Xy. Indeed, by (4.1) and the fact that |- || x, is a norm (see Lemma 6-
b)) it easily follows that (v,v)x, » > 0 for any v € Xy and that (v,v)x,,» = 0 if and only
if v = 0, while the properties of the integrals give easily that (u,v) — (u,v)x,, \ is linear
with respect both variables and symmetric. Hence, the claim is proved. Since

vl x0x = /v, 0) x0, 2

formula (4.2) defines a norm on Xj.
Finally, the equivalency of the norms follows from Lemma 6-b). O

Now we can prove that the functional 7, has the geometric features required by the
Mountain Pass Theorem.

Proposition 11. Let A < Ay and let f be a function satisfying conditions (1.11)—(1.13).
Then, there exist p > 0 and § > 0 such that for any v € Xo with ||u||x, = p it results that

In(u) = 3.
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Proof. Let u be a function in Xy. By (2.2) we get that for any £ > 0

W) > 5 [ fule) = u)PK @ = pdedy =5 [ juta) do

2
£ u\xr GL’L‘ (5 3 u\xr GL’L‘

m)\
(4.4 > 5 /R  Ju@) — @)K (@ — y)dedy - llull32q) — 5 ulfq
mi\ 2 (2% —2)/2% . 112
> 5 |, @) = uw)PK (@ — y) dody — el Jule o

— Q1 5 e

thanks to Lemma 10 (here we need A < A1), the fact that L% (Q) < L?(Q) and L% (Q) —
L9(2) continuously (being Q2 bounded and max{2, ¢} = ¢ < 2*).

Using (1.7) and Lemma 6-a)-b), we deduce from (4.4) that for any ¢ > 0

A
my

L[ (o) = PR (@ =) de dy

2
(2*—2)/2* / [u(z) — u(y)| dz dy
Rn [T —y[rtEs

2 q/2
(2" —q)/2* / u(z) — uly)l” dy
R2n |z —y[nte

A (2% —2) /2*
> (- [ ) — w) PR~ y) dedy
2 0 ]RQn

8(e)ct/2|Q|2 —9)/2 q/2
e ([, (o)~ st P (e~ o)

A (27=2)/2 a/2|0)|(2"—a)/2"
_(mi ed s 6(g)c?7Q q
= (5 - =) lul’, : Jull,

Choosing & > 0 such that 2e¢|Q|?" =2/2" <m0, by (4.5) it easily follows that

2 —2
Taw) = allulk, (1-wlulg?) |
for suitable positive constants « and .
Now, let u € X be such that ||ul|x, = p > 0. Since ¢ > 2 by assumption, we can choose
p sufficiently small (i.e. p such that 1 — kp9=2 > 0), so that
inf  J(u) = ap®(1 —rp?™?) = 5> 0.

ueXg
llull xq=p

In(u) =

—ec|Q

—6()c?? |0

(4.5)

=

Hence, Proposition 11 is proved. O

Proposition 12. Let A < A1 and let f be a function satisfying conditions (1.11)—(1.13) and
(1.15). Then, there exists e € Xo such that e > 0 a.e. in R, |le||x, > p and Jr(e) < 3,
where p and B are given in Proposition 11.

Proof. We fix u € Xg such that ||ul|x, =1 and u > 0 a.e. in R™: we remark that this choice
is possible thanks to (1.10) (alternatively, one can replace any u € X with its positive part,
which belongs to Xg too, thanks to [6, Lemma 12]).

Now, let ( > 0. By Lemmas 4 and 10 (here we use again the fact that A\ < A1) we have

Ticw) =5 [ loula) = uly) P (o~ hdody - 5 ¢ [ fu@)Pde ~ [ PlaCuta) da

M)\
< ¢ g gﬂ/ ()" da + ag |9
Q
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Since p > 2, passing to the limit as ¢ — +oo, we get that J,(Cu) — —oo, so that the
assertion follows taking e = (u, with ¢ sufficiently large. U

Propositions 11 and 12 give that the geometry of the Mountain Pass Theorem is ful-
filled by Jy. Therefore, in order to apply such Mountain Pass Theorem, we have to check
the validity of the Palais—Smale condition. This will be accomplished in the forthcoming
Propositions 13 and 14.

Proposition 13. Let A\ < A\ and let f be a function satisfying conditions (1.11)—(1.13)
and (1.15). Let c € R and let u; be a sequence in Xo such that

(4.6) In(uj) — ¢
and
(4.7) sup {[{ T (w5) 0)] + @ € Xo, llellg =1} — 0

as j — +o0.
Then u; is bounded in X .

Proof. For any j € N by (4.6) and (4.7) it easily follows that there exists x > 0 such that

(4.8) NACHIENGE

and

(4.9) (i), —2—)| < s
Huj ||X0

Moreover, by Lemma 3 applied with ¢ = 1 we have that

(4.10) ‘ /Szm{|uj|<r} (F(m,uj(;p)) - %f(l"u](m)) U](:E)) da:‘

2
< (7“2 +6(1)r? + . r+ %5(1)7“q_1> Q] =:&.

Also, by Lemma 10 (which holds true, since A < A1), (1.15) and (4.10) we get

1, 1 1
Talg) = (A (w5), u5) = (5 - ﬁ) <”uj”%(0 - )‘HUH%Q(Q))

I
1 1
@) > (5-3) il

1
B /m{|uj|<r} (F(fﬂ,ua' (2)) = f(@, (@) uj(x)) de

1 1 -
> (5-2) mluli, - 7.
As a consequence of (4.8) and (4.9) we also have

T(u;) - %Uﬁ(uﬁ,uﬁ <k (1 + Jullx,) -

This and (4.11) imply that, for any j € N
lujllx, < fe (14 llujllx)
for a suitable positive constant k.. Hence, the assertion of Proposition 13 is proved . g

Proposition 14. Let f be a function satisfying conditions (1.11)~(1.13) and (1.15). Let u;
be a sequence in Xo such that u; is bounded in Xo and (4.7) holds true. Then there exists
Uso € Xo such that, up to a subsequence, ||u; — uoo||x, — 0 as j — +o00.
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Proof. Since u; is bounded in Xy and Xy is a reflexive space (being a Hilbert space, by
Lemma 7), up to a subsequence, still denoted by u;, there exists uo, € Xg such that u; — us
weakly in X, that is

[ 050 = 050 (4(0) — o(0) K — ) iy —
(4.12)

L, (o) = ) (60) = ) K@ =) ddyfox amy ¢ € Xy
as j — +o0o. Moreover, by Lemma 8, up to a subsequence,
uj — Uy in L*(R™)
(4.13) Uj — Uso in LI(R™)
Uj = Uso a.e. in R"
as j — +oo and there exists £ € L4(R™) such that
(4.14) lu;j(z)] < l(xz) ae inR"™ foranyjeN

(see, for instance [2, Theorem IV.9]).
By (1.12), (4.12)—(4.14), the fact that the map ¢ — f(-,¢) is continuous in ¢ € R and the
Dominated Convergence Theorem we get

(4.15) /Q £y 3 () () ds — /Q (2 oo () Yt (&) dt
and
(4.16) /Q £ (43 () o () dz — /Q £ (2 100 (&) thoo ()

as j — 4o00. Moreover, by (4.7) we have that
0= (TR} = [ fus(e) =) PE o = y) o dy

()2 de — z,ui(x))u;i(x) dz .
—)\/Q|Ug()!d /Qf(,g())g()d

Consequently, recalling also (4.13) and (4.15), we deduce that

@1n) [ o) = w0 PR @ = g dody = A [ Ju @) do [ o)) da

as j — +o0o. Furthermore, using again (4.7),

0 (T (1)), uoo) = / (uj(2) = uj(y)) (oo () — tce(y)) K (x — y) da dy
(4.18) R

[ wleyuta) de = [ Flaui(o) o) do
as j — +oo. By (4.12), (4.13), (4.16) and (4.18) we obtain
—u ’K(z— T dy = Uoo () ]? dz T, Uoo (X)) Uoo () d .

(@19) [ o) = ()P K =) dody = A [ o) o+ [ (o) e 0)
Thus, (4.17) and (4.19) give that

[ @)~ i )PE @ =y dedy = [ (o)~ s ()P o — ) do dy,

R2n R2n
so that

(4.20) [l 0 = [lteoo | x4

as j — +oo.
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Finally we have that

s = e, = s + sy =2 [ (05(0) = 0500 (e () = o)) K 0 = 9) oy

= 2l =2 [ o) — w0 P (o — ) dody =0
as j — 400, thanks to (4.12) and (4.20) . Then, the assertion of Proposition 14 is proved. [

Remark 15. Note that Proposition 14 holds true for any value of the parameter A, so we
can use such result also for A > A;.

4.1.1. End of the proof of Theorem 1 when A < Aj. When A < Aq, the geometry of the
Mountain Pass Theorem for the functional 7 is provided by Propositions 11 and 12, while
the Palais—Smale condition is a consequence of Propositions 13 and 14.

FiGURE 1. The Mountain Pass type geometry of Jy when A < Ap.

So, we can make use of the Mountain Pass Theorem (for instance, in the form given by [8,
Theorem 6.1]; see also [1, 5]): we conclude that there exists a critical point u € X of Jy
such that

Ia(u) = B> 0= Jx(0),
so that u # 0. O

4.2. The case A\ > \;: Linking type solutions for problem (1.9). Since A > \{, we
can suppose that
A € [Aky, A1) for some k € N,
where \g is the k-th eigenvalue of the operator —Lf, as defined in Section 3.
We recall that, in what follows, e; will be the k—th eigenfunction corresponding to the
the eigenvalue A\ of —Lg, and

Pry1 = {u € Xo s.t. (u,ej)x, =0 Vj=1,....k},
as defined in Proposition 9, while span{ey, ..., e} will denote the linear subspace generated

by the first k£ eigenfunctions of —L g for any k € N.
First of all, we need a preliminary lemma.

Lemma 16. Let K : R" \ {0} — (0,+00) satisfy assumptions (1.6)—(1.8) and let A €
[Aks Ak+1) for some k € N. Then, for any v € Ppiq

@) [ @ v @PK -y dedy =2 [ @ de > m ol
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where
(4.22) mpyr =1 =M A1 > 0.

Proof. First of all note that A > A\ > Ay > 0 thanks to Proposition 9-a) .
Let v € Pgy1. If v = 0, then (4.21) is trivially verified. Now, assume v # 0. The
variational characterization of A\;11 (see formula (3.10)) gives that

/ o) — v(y) PK ( — y) dudy — X / fo(2)|? da
R2n Q

A
> (1-522) [, @) = o) P (e = ) dedy.
k+1/ JRr2n
Since A < Agy1, Lemma 16 is proved. [l

Now, we prove that the functional J has the geometric structure required by the Linking
Theorem. This will be accomplished in the subsequent Propositions 17-19.

Proposition 17. Let A € [Ag, Agt1) for some k € N and let f be a function satisfying
conditions (1.11)—(1.13). Then, there exist p > 0 and [ > 0 such that for any u € Priq
with ||u||x, = p it results that Tx(u) = (.

Proof. This proof is very similar to the one of Proposition 11: the only difference is that
Lemma 10 is not available in this case, and we need to replace it with Lemma 16 (this will
change mi‘ in the proof of Proposition 11 with mﬁ 11, and the rest is pretty much the same).
We give full details for the facility of the reader.

Let u € Pr11. By (2.2) we get that for any € > 0

) > 5 [ fule) = ) K (e~ y)dady = 5 [ futa) P

—E/Q|u(x)|2d3:—5(e)/ﬂ|u(x)|qd3:
A

m
(4.23) > ot /R Ju(@) —u@)PK (@ — y)de dy — llull32 ) — 5 |ulfq

A

m * *
>t /]R lul@) —u@)PK (z = y) dvdy — el 722 ul 7 g

— Q=02 5(e)ul

q
2* (Q) ’
thanks to Lemma 16 (being A\ < A < Ag11) and to the fact that and L2 (Q) — L?(Q) and
L¥ () — L(Q) continuously (being Q bounded and max{2, ¢} = q < 2*).

Using (1.7) and Lemma 6-a), we deduce from (4.23) that for any ¢ > 0

A

) > 52 [ ula) — ul) PR (@ =) dody

2
_ el -/ / [u@) = wW)” )
pen T —y|ntEs

2 q/2
 §(e)ct/2 (@ 02" Ju(z) —uy)]”
§(e)c??|Q </R2n p—ET da dy

(4.24)

A (2 —2)/2*
> (Mt ) [ ute) — ) PR — ) drdy
2 9 RQn

8(e)ct/2|Q|2 —9)/2" a/2
e ([, 1) - ut)PKa ) oy

(M _ ecQ|@ 2/ 2 (e)ct/?|Q| -2
- 5 7 llull%, 0 ||uHXO,
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by Lemma 6-b) .
Choosing € > 0 such that 2ec|Q|*"=2)/2" < m2+10, by (4.24) it easily follows that

—2
Inw) = allul, (1= slulll?) |

for suitable positive constants « and .
Now, let u € Pyy; be such that ||u|x, = p > 0. Since ¢ > 2 by assumption, we can
choose p sufficiently small (i.e. p such that 1 — kp?=2 > 0), so that
inf  Jy(u) = ap?(1 —rp?™?) =5 >0.
u€Pp 4
llull x,=p

Hence, the assertion of Proposition 17 follows. g

Proposition 18. Let A € [Ag, Apt1) for some k € N and let f be a function satisfying
conditions (1.11), (1.12) and (1.14). Then, Jx(u) < 0 for any u € span{ey, ... e} .

Proof. Let u € span{ey,...,ex}. Then

k
u(x) = Zuiei(az) ,
i=1

with u; € R, i =1,...,k. Since {61, T, } is an orthonormal basis of L?(2) and an
orthogonal one of X by Proposition 9-f), we get
k
(4.25) / u(z)? de =Y uf
{2 i=1
and
k
(4.26) L, tule) = ) PR = ) dody = 3 e,
i=1

Moreover, by (1.14) and (1.16) it is easily seen that
(4.27) F(z,t) >0 for any z € Q, t € R.
Then, by (4.25)—(4.27) and using (3.5) and (3.12), we get

k
) = 5 Y (Il =) = [ Flout@)da
12?
<52 u(lleilk, - )
=1
1,
:§Zui()\i—)\) <0,
thanks to the fact that \; < A\ 21)\ foranyi=1,...,k. O

Proposition 19. Let A > 0 and let [ be a function satisfying (1.11)—(1.13) and (1.15).
Moreover, let F be a finite dimensional subspace of Xo. Then, there exist R > p such that
Ia(u) <0 for any u € F with ||ul|x, = R, where p is given in Proposition 17.

Proof. Let u € F. Then, the non-negativity of A and Lemma 4 give
1 A
Ta) < Sllullk, = Slullze) — a3/ u(z)|" dz + a4 Q]
2 2 Q
1
(4.28) < gllulk, - asllull g + a1

1 -
< 5l = s llull, + a1 19,
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for some positive constant ag, thanks to the fact that in any finite dimensional space all the
norms are equivalent.
Hence, if ||u||x, — +oo, then
Ii(u) — —o0,
since p > 2 by assumption, and so the assertion of Proposition 19 follows. |
Propositions 17-19 and [5, Remark 5.5-(i44)] give® that Jy has the geometric structure

required by the Linking Theorem. Therefore, it remains to check the validity of the Palais—
Smale condition: this will be done in the next Proposition 20.

+ Aspcm{el, e ‘aek}
R
O W
+.- '~ !
R ! -
\ 1 e } :
~. p : k+1 - '
— e — !
' '
! 1
! 1
! 1
]P)/ﬁLl : 1
' '
N '
~. '
Se 1
Sso 1
... F :
1
1
1
1
1

4

FIGURE 2. The Linking type geometry of Jx when X\ = A1.

In order to prove the Palais—Smale compactness condition we argue essentially as in the
case of the Mountain Pass, but some non-trivial technical differences arise (especially when
dealing with the boundedness of the Palais—Smale sequence), and so we prefer to give full
details for the reader’s convenience.

Proposition 20. Let A > A\ and let f be a function satisfying conditions (1.11)—(1.15) .
Let c € R and let u; be a sequence in Xo such that

(4.29) IA(uj) — ¢
and
(4.30) sup {[( T (), 0)] = ¢ € Xo, llpllxg =1} =0

as j — +00.
Then u; is bounded in X .

5In particular, we use Proposition 19 with A € Ak, Ak+1) and
F .= span{ei,...,ex+1} = span{ei,...,ex} ® span{ex+1},

while [5, Remark 5.5-(4i7)] is used here with V' := span{ei,...,ex} and e := ex41. With this choice, F =
V @ span{e} .
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Proof. The spirit of the proof is similar to the one of Proposition 13. Nevertheless, the use

of Lemma 10 is not possible in this case, and this causes some technical difficulties that

require the introduction of an additional parameter . Here are the details of the proof.
For any j € N by (4.29) and (4.30) it easily follows that there exists k > 0 such that

(4.31) |Ta(uj)| < &

and

(4.32) (T4 (ug), )| < w
1

Let us fix v € (2, ), where p > 2 is given in assumption (1.15) . By Lemma 3 applied with
€ = 1 we have that

‘ /m{|uj<r} (Pt @) -
< <r2 +o(1)r? + %r + %(5(1)7“‘]_1) Q| =: &

~ fauy (@) (o) ) do

(4.33)

so that, using also (1.15) and Lemma 4,

) = 2T u) = (5= ) (sl = Ml
/Q F(z,u;(x if(a:,u](a:))u](x» dz
> (5-3) (InlB, — M)
+ <; - 1> /Qﬂ{|u]-|>r} F(z,uj(x))dx
(434) -/ e (P - = fouy (@) (o) de
> (5-3) (IlBe — M)
+ <% - 1> /Qﬂ{|u]-|>r} F(z,uj(z))de — R

1 1
> (5 - ;) (s, = Al 2y
1) bl e (1-5)
+az|——1] |y 1—=1|Q
(2= 1) bl o (1-2) 101 -

Moreover, for any € > 0 the Young inequality (with conjugate exponents p1/2 > 1 and pu/(pu—
2)) gives

/N

2¢ =2 _o9/,_
(4.35) s 2@y < 2 s ; 2202 g
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Hence, by (4.34) and (4.35) we deduce that
1, ., 11 ) 1 1) 2
R . N> = — = . —_ )= ||#
) = 1 whw) > (5= ) Il =3 (5= 2) Z sl

Y <1 _ l) p—2 2/ (1=2) 1|
2 v) w

7 7 N
(4:36) tas (5 - 1) R p— (1 - ;) 0/ -

1 1
—(5-2) i,
" 11\ 267, .
+ [os (? B 1) - <§ - ?) ﬂ 117 () = Ce»

where C; is a constant such that C; — 400 as € — 0, being . > v > 2.
Now, choosing € so small that

1 1\2
a3<ﬁ—1>—A<———>—€>o,
v 2 v) p

1, 11
(4.37) In(uj) — ;<~7,\(Uj)7uj> 2 <§ - ;) ||Uj||§(o - Ce.

by (4.36) we get

As a consequence of (4.31) and (4.32) we also have
Talis) = 2 (T4 (ug) ) < 1+ o)
so that, by (4.37) for any 7 € N
5 < fo (14 [l )
for a suitable positive constant k.. Hence, the assertion of Proposition 20 is proved . g

By Proposition 20 and Remark 15 we deduce the validity of the Palais—-Smale condition
for the functional Jy, when A > A;.

4.2.1. End of the proof of Theorem 1 when X > Ai. If A > A\{, we can assume that A\ €
[Aks Ak+1) for some k € N. In this setting, the geometry of the Linking Theorem is assured
by Propositions 17-19. The Palais—Smale condition is given by Propositions 14 and 20
(recall also Remark 15).

So we can exploit the Linking Theorem (for instance, in the form given by [5, Theo-
rem 5.3]): we conclude that there exists a critical point u € X of 7). Furthermore,

In(u) = B> 0=J7(0),
and so u #Z 0. This ends the proof of Theorem 1. ([l

4.3. Proof of Theorem 2. It is a consequence of Theorem 1 by choosing
K(a:) — ’x|7(n+25)

and by recalling that Xy C H*(R"™), due to Lemma 5-b) . O
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5. SOME COMMENTS ON THE SIGN OF THE SOLUTIONS OF (1.9)

In this section we discuss some properties about the sign of the solutions of equation (1.9).

As in the classical case of the Laplacian (see [5, Remark 5.19]), one can determine the
sign of the Mountain Pass type solutions. Indeed, about problem (1.9) the following result
holds true.

Corollary 21. Let all the assumptions of Theorem 1 be satisfied. Then, for any A < Ay
problem (1.9) admits a non-negative solution uy € Xo and a non-positive solution u_ € X
that are of Mountain Pass type and that are not identically zero.

Proof. In order to prove the existence of a non-negative (non-positive) solution of prob-
lem (1.9) it is enough to introduce the functions

t
Fi(a:,t):/o fe(z,7)dT,

with
t if ¢t > if ¢
Fraty = JT@D 20 0 ey =10 =0
0 if t<0 flx,t) if t<0.

Note that fi satisfy conditions (1.11)- (1.14), while assumption (1.15) is verified by fy
and Fy in  and for any ¢t > r, and by f_ and F_ in Q and for any ¢t < —r.
Let J f : Xo — R be the functional defined as follows

T =5 [ @) = u)PK @ =gy dedy =5 [ Ju@)P do = [ Feloulw)d.

It is easy to see that the functional J. f is well defined, is Fréchet differentiable in u € X
and for any ¢ € X

(T @.9) = [ | (o) = ulw) (ple) = o) K @ =) dody

[ u@pla) o = [ falou@)pla) do.

Moreover, J. f satisfies Propositions 11-14 (because we can choose the sign of e in Proposi-
tion 12) and 7. /\i(O) = 0. Hence, by the Mountain Pass Theorem, there exists a non-trivial
critical point u4 € Xq of J/\fc .

We claim that w4 is non-negative in R™. Indeed, we define ¢ := (uy )™, where v~ is the
negative part of v, i.e. v~ = max{—v,0}. We remark that, since u; € Xy, we have that
(ug)™ € Xo, by [6, Lemma 12], and therefore we can use ¢ in (5.1). In this way, we get

0= (TF) (), (ug)")
- / (g (2) — 14 () ()~ (@) — (ug)~ () K (& — ) der dy

[ g (@) (us) (@) de /Q Fila,us (@) (us)” (@) de

Q
= [ (@) = @) () () = ()" @) Ko = ydody = A [ [(we)(2)
R27 Q

= [ (u) "Xy = AMl(us) 71720
>m? || (uy) |3, =0,

thanks to Lemma 10, the choice of A, the definition of f; and of negative part. Thus,
again since A < A1, it follows that ||(u4+)”||x, = 0, so that u; > 0 a.e. in R™, which is the
assertion.

With the same arguments it is easy to show that w_ is non-positive in R™. This ends
the proof of Corollary 21. O

(5.1)

2
‘da:
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APPENDIX A. PROOF OF PROPOSITION 9

The proof we present is rather long, since it is given in full detail, but it is self-contained
and elementary (for instance no explicit background on the theory of linear operators or
on harmonic analysis is required to read it, and we do not really make use of the non-local
elliptic regularity theory).

We start by proving some preliminary observations. Let J : Xg — R be the functional
defined as follows

1

T =3 [ 1ue) — ) Ko - ) dady = 5 lulf,.

We remark that
(A1) (T'(u),v) = /}RQ" (u(z) —u(y)) (v(z) —v(y)) K(z—y) dedy = (u,v)x, = (T (v),u).

Claim 1. If X, is a (non-empty) weakly closed subspace of Xo and M, = {u € X, :
ullL2() = 1}, then there exists ux € My such that

(A.2) min () = T ()
and

/ (1x(2) — 1)) (@) — 9(v)) K (z — ) drdy = A, / we(@)p(a) de Yo € X,
R2n Q
where X\, := 27 (uy) > 0.

(A.3)

In order to prove (A.2), we use the direct method of minimization. Let us take a mini-
mizing sequence u; for J on M,, i.e. a sequence u; € M, such that

(A-4) J(uj) — inf J(u)>0> —coas j — +00.
UEM*
Then the sequence J(u;) is bounded in R, and so, by definition of 7, we have that

(A.5) l|lujl x, is also bounded.

Since X is a reflexive space (being a Hilbert space, by Lemma 7), up to a subsequence,
still denoted by wj, we have that u; converges weakly in X( to some u, € X, (being X,
weakly closed). The weak convergence gives that

/R% (uj(x) —u;(y)) (e(x) — o) K(z —y) dody —

L, (04le) = 0a0) (6(0) = (0)) K o = g) oy for amy € X
as j — 4+o0o. Moreover, by (A.5) and Lemma 8, up to a subsequence,
(A.6) wj — u, in L*(R™)

as j — 400, and so [Jux||r2(q) = 1, that is u, € M, . Using the weak lower semicontinuity
of the norm in Xy (or simply Fatou Lemma), we deduce that

. 1 .
dim J(uj) = £ lim luj(x) —uj(y)IQK(a:—y) dx dy
j—+o00 2 j—+oc0 Jp2n
1 .
> 5 [ 0e0) — w PR = ) dody = T(w) > i, Tw),
RQn UEM*

so that, by (A.4),

Tl = 1, T

This gives (A.2).
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Now we prove (A.3). For this, let € € (=1,1), ¢ € Xy, cc := [Jux + €| 12(q) and ue =
(uy + €p)/c.. We observe that ue € M,,

¢ = HU*H%Q(Q) + 2e/§2u*(x)g0(w) dx + o(e)
and  [|u. + eplx, = [luallk, + 2€(us, 0)x, + ole).
Consequently, being [u|[z2) =1,

Ml + 26€us, @) x5 + 0(e)
1+ 2¢ [, ux(z)p(x) dz 4 o(€)

_ (2J(u*) + 2e(ue @) xo + 0@) (1 B 26/

Q

2\7(u6)
up(z)p(x) dz + 0(6))

= 27 () + 2¢( (e, 9)x, — 27 () / uu(@)p(x) dz) + ofe).

Q

This and the minimality of w, imply (A.3) (for this, notice also that J(u«) > 0 because
otherwise we would have u, = 0, but 0 € M,). Hence, Claim 1 is proved.

Claim 2. If A # X are different eigenvalues of problem (3.2), with eigenfunctions e and
é € Xy, respectively, then

(e,8)x, = 0 = /Q e(2)é(x) dx .

To check this, we may suppose that e £ 0 and € # 0. We set f := e/|le]|12(q) and fi=

€/ll€ll 2 (q), which are eigenfunctions as well and we compute (3.2) for f with test function f
and viceversa. We obtain

A/ f(@)f(x)de = / (f(x) = FW)(f(x) = (W) K (x - y)de dy
Q R2n

(A7) ) )
=3 [ f@)f)da,
that is
(A=%) | f@)f(x)dz=0.
So, since A # A,
(A.8) f(2)f(z)de =0.

Q
By plugging (A.8) into (A.7), we obtain

o fx = [ (@) = @) (@) = F) K = e dy o
This and (A.8) complete the proof of Claim 2.
Claim 3. If e is an eigenfunction of problem (3.2) corresponding to an eigenvalue \, then
L o) = e PR (@ = ) dy = Al o
Indeed, by (3.2),

/ (e(z) —e(w)(p(x) — e(Y) K (x — y)dx dy = A/ e(z)p(z)dr Ve X.
R2n Q

By choosing ¢ := e here above, we obtain Claim 3.

Now we are ready for proving Proposition 9.
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Proof of assertion a). For this, we note that the minimum defining A; (see for-
mula (3.3)) exists and that A\ is an eigenvalue, thanks to (A.2) and (A.3), applied here
with X, := Xp.

Proof of assertion b). Again by (A.2), the minimum defining A; is attained at some
e1 € Xo, with ||€1HL2(Q) = 1. The fact that e; is an eigenfunction corresponding to A; and
formula (3.5) follow from (A.3) again with X, = Xj.

Now, we show that we may assume that e; > 0 in R™. First, we claim that

if e is an eigenfunction relative to A1, with [[e[|z2(q) = 1, then
(A.9) both e and |e| attain the minimum in (3.3);

also either e > 0 or e <0 a.e. in ().

To check this, we use Claim 3 and (3.5) (which has been already proved): we obtain
(A.10) 2J (e) = /R% le(z) —e()|> K(z —y)dedy = M\ = 2T (e1) .
Also, by triangle inequality, a.e. z,y € R™
[le()] — le@)I| < le(x) - e(y)].
But, if z € {e > 0} and y € {e < 0}, we have that

le(2)] = le(y)l] = le(x) + e(y)| = max{e(z) + e(y), —e(x) — e(y)}
<e(@) —e(y) = le(x) — e(y)].

This says that

T (lel) < T(e),

Al
( ) and J(le]) < J(e) if both {e > 0} and {e < 0} have positive measure.

Also, |e| € Xq (see, e.g., [6, Lemma 12]) and || || HL2(Q) = |lell 2(q) = 1. Hence, (A.10),
(A.11) and the minimality of e; imply that J(|e|]) = J(e) = J(e1) and that either {e > 0}
or {e < 0} has zero measure. This proves (A.9).

By (A.9), by possibly replacing e; with |ej|, we may and do suppose that e; > 0 in R™.
This completes the proof of b).

Proof of assertion c¢). Suppose that \; also corresponds to another eigenfunction f; in
Xo with f; # e;. We may suppose that f; # 0, otherwise we are done. By (A.9), we know
that either f; > 0 or f; < 0 a.e. in ). Let us consider the case

(A.12) fi >0 ae. inQ,

the other being analogous. We set

fl ::L and g ::el—fl.
[ f1llz2 (o)
We show that
(A.13) gi(zr) =0 ae zeR".

To prove (A.13), we argue by contradiction, by supposing that
(A.14) g1(z) #0 ae. zeR".

Then, also g; is an eigenfunction relative to A and so, by (A.9), we get that either g; > 0 or
g1 < 0a.e. in Q. Then, either e; > f1 or e; < f1, and thus, by (A.12) and the non-negativity
of €1

(A.15) cither €2 > f? or €7 < f} ae. in Q.
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On the other hand,
/Q (@) = [2(@)) dz = lerl3a0) = I1Filagy = 1= 1=0.

This and (A.15) give that e? — f2 = 0 and hence e; = f1, so g1 = 0 a.e. in €. Since g
vanishes outside €2, we conclude that g; = 0 a.e. in R™. This is in contradiction with (A.14)
and so it proves (A.13).

Then, as a consequence of (A.13), we obtain that f; is proportional to e;, and this
proves c).

Proof of assertion d). We define A\j; as in (3.9): we notice indeed that the minimum
in (3.9) exists and it is attained at some epq € Pgyq, thanks to (A.2) and (A.3), applied
here with X, := P, which, by construction, is weakly closed (this fact easily follows from

(2.12) and (3.11)).
Moreover, since P41 C P C X, we have that

(A16) O</\1<)\2<"'<)\k<)\k+1<"'
We claim that
(A.17) AL F£ A

Indeed, if not, eo € Py would also be an eigenfunction relative to A1, and therefore, by
assertion c¢), eo = ey, with ¢ € R, and ¢ # 0 being eo # 0. Since ey € Py, we get

0= (e1,e2)x, = Cller, -
This would say that e; = 0, which is a contradiction, thus proving (A.17). From (A.16)

and (A.17) we obtain (3.7).
Also, (A.3) with X, = P41 says that

/R% (ex+1(x) = er1(y)) (p(x) — () K(z — y) dw dy
(A.18)

Nt [ ewn@ela)ds Vo€ P,
Q
In order to show that A;,1 is an eigenvalue with eigenfunction ey41, we need to show that

(A.19) formula (A.18) holds for any ¢ € Xg, not only in Pj;.

For this, we argue recursively, assuming that the claim holds for 1,...,k and proving it
for £+ 1 (the base of induction is given to the fact that A is an eigenvalue, as shown in
assertion a)). We use the direct sum decomposition

1
Xo = Span{ela s 7ek} @ (Span{elv s ,6k}> = Span{ela s 7ek} @ PkJrl )

where the orthogonal L is intended with respect to the scalar product of X, namely (-, ) x, -
Thus, given any ¢ € X, we write ¢ = @1 + @2, with p9 € Pr4q and

k
Y1 = § Ci€q,
=1
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for some cq,...,c; € R. Then, from (A.18) tested with w9 = ¢ — @1, we know that
L (1@ = 1) (20) = o) K = 9) dady = e [ exn(e)elo) do
= [ (e1(0) = exa ) (91(0) = 91(0) K =) dody

(A.20) —)\k+1/96k+1($)901($)d$

|

ci [/Rgn (ert1(z) — ert1(y)) (ei(z) — ei(y)) K(z — y) da dy

=1

—)\k+1/ek+1($)ei($)d$ .
Q

Furthermore, testing the eigenvalue equation (3.2) for e; against ey for i = 1,...,k
(notice that this is allowed by inductive assumption), and recalling that ey € Py, we
see that

0= / (exs1(2) — exna () (i) — ei(y)) K (@ — ) dudy = Ay / exsr (2)es(z) de
R2n Q

so that, by (A.16)

[ (ernale) = i) (eso) - i) Ko = g) dody =0 = [ e(@esta)da,
R2n Q

for any i = 1,...,k. By plugging this into (A.20), we conclude that (A.18) holds true for
any ¢ € Xg, that is A\;y11 is an eigenvalue with eigenfunction ey 1.
Now we prove (3.8): for this, we start by showing that

if k,h € N,k # h, then

(er,en)x, =0= / ex(x)en(z) dx .

Q

(A.21)

Indeed, let k£ > h, hence kK —1 > h. So

L 1
e € P = (span{el, e ,ek_l}) C (span{eh}> ,
and therefore
(A.22) (ex en)x, =0.

But ey is an eigenfunction and so, using equation (3.2) for ey tested with ¢ = e;, we get

/ (ex() — ex(y))(en(@) — en(y) Kz — ) dedy = Ay / ex(@)en(z) de.
R2n )

This and (A.22) give (A.21).

To complete the proof of (3.8), suppose, by contradiction, that Ay — ¢ for some constant
c € R. Then )y is bounded in R. Since HekH%(O = M\, by Claim 3, we deduce by Lemma 8
that there is a subsequence for which

€k; — €oo N L*(Q)
as kj — 400, for some ex € L?(). In particular,
(A.23) ex, is a Cauchy sequence in L?(12).
But, from (A.21), ex; and ey, are orthogonal in L?(2), so
lex, — %-H%Z(Q) = Heij%%Q) + ||€ki\|%2(9) =2.

Since this is in contradiction with (A.23), we have established the validity of (3.8).
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Now, to complete the proof of d), we need to show that the sequence of eigenvalues
constructed in (3.9) exhausts all the eigenvalues of the problem, i.e. that any eigenvalue of
problem (3.2) can be written in the form (3.9). We show this by arguing, once more, by
contradiction. Let us suppose that there exists an eigenvalue

(A.24) A AN e

and let e € X be an eigenfunction relative to A, normalized so that |le[/72(q) = 1. Then,
by Claim 3, we have that

(A.25) 2J (e) = /RQn le(x) — e(y) > K (z —y) dedy = \.

Thus, by the minimality of \; given in (3.3) and (3.5), we have that
A=2T(e) =2T(e1) = A1

This, (A.24) and (3.8) imply that there exists k € N such that

(A.26) e <A< Apyr -

We claim that
(A.27) e Pri.
Indeed, if e € Py, from (A.25) and (3.9) we deduce that
A=2T(e) = Mgyt -

This contradicts (A.26), and so it proves (A.27).

As a consequence of (A.27), there exists ¢ € {1,...,k} such that (e,e;)x, 7 0. But this
is in contradiction with Claim 2 and therefore it proves that (A.24) is false, and so all the
eigenvalues belong to the sequence {/\k} kEN" This completes the proof of d).

Proof of assertion e). Again using (A.2) with X, = Py, the minimum defining Ay
is attained in some epy1 € Priq. The fact that ex,q is an eigenfunction corresponding to
Ak+1 was checked in (A.19), and (3.12) follows from (A.3).

Proof of assertion f). The orthogonality claimed in f) follows from (A.21). So, to end
the proof of f), we need to show that the sequence of eigenfunctions {ek} pen 1S a basis for

both L?(Q) and Xo.
Let us start to prove that it is a basis of X(. For this, we show that
if v € X is such that (v,ex)x, =0 for any k € N

(A.28) then v =0.

For this, we argue, once more by contradiction and we suppose that there exists a non-
trivial v € X satisfying

(A.29) (v,ex)x, = 0 for any k € N.

Then, up to normalization, we can assume |[v[|z2(q) = 1. Hence, from (3.8), there exists k €
N such that

27(0) <N = min [ Jula) = u(o) P (e =)o dy.

u€Pp
H“”LQ(Q):l

Hence, v ¢ P41 and so there exists j € N for which (v, e;)x, # 0. This contradicts (A.29)
and so it proves (A.28).
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A standard Fourier analysis technique then shows that {ek} pen 1S @ basis for Xg. We
give the details for completeness (the expert reader is welcome to skip the argument): we
define E; := e;/||eil| x, and, given f € Xj,

J
fi =Y {f EBi)x,Fi.
i=1
We point out that for any j € N
(A.30) fj belongs to span{eq,...,e;}.

Let vj := f — f;. By the orthogonality of {ek}keN in X,

0 < [|vsll5, = (v5,v5) %0
J
= 1£ 1%, + 1513, — 20, Fidxo = 13 + (Fs fi) X0 — 22<f, Ei)%,
=1
J

= 1fll% = (s Ei)k, -

i=1
Therefore, for any j € N
J
2 2
Z<f, Ei)x, < Iflx,
i=1
and so
+o0o
Z( f,Ei)%, is a convergent series.
i=1
So, if we set
J
2
Tj = Z<f7 EZ>XO ’
i=1
we have that
(A.31) 7; is a Cauchy sequence in R.
Moreover, using again the orthogonality of {ek} pen 1 Xo, we see that, if J > j,
J 2
los =i, = || 3 (£ Bdxo B
i=j+1 0
J
= > (LEYx,=7/—1;.
i=j+1

This and (A.31) say that v; is a Cauchy sequence in Xy: by the completeness of Xg (recall
Lemma 7), it follows that there exists v € X such that

(A.32) v; — v in Xg as j — +00.
Now, we observe that, if j > k,
</Uj7 Ek>Xo - <f7 Ek>Xo - <f]7 Ek>X0 - <f7 Ek>Xo - <f7 Ek>Xo =0.
Hence, by (A.32), it easily follows that (v, Ex)x, = 0 for any k£ € N, and so, by (A.28), we
have that v = 0. All in all, we have that, as j — +o0,
fi=f—-vi—f—-v=fin Xy.

This and (A.30) yield that {ek}keN is a basis in Xj.

To complete the proof of f), we need to show that {ek}keN is a basis for L?(Q). For this,
take v € L*(2) and let v; € C§(Q2) be such that [[v; — v|[12(q) < 1/j. Notice that v; € X,
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due to (1.10); therefore, since we know that {ek}keN is a basis for Xj, there exists k; € N
and a function w;, belonging to span{es, ..., ex;} such that

|vj —wjllx, <1/5.
So, by Lemma 6-b),
v — wjllL2) < llv; — wjllx < Cllv; —wjllx, < C/j.
Accordingly,
v —wjllz2) < lv = vjll2@) + v — willz2@) < (C+1)/7.

This shows that the sequence {e }xen of eigenfunctions of (3.2) is a basis in L2(€). Thus,
the proof of f) is complete.

Proof of assertion g). Let h € Ny be such that (3.13) holds true. We already know
that each element of span{eg,...,exp} is an eigenfunction of problem (3.2) correspond-
ing to Ay = -+ = Agan, due to e). So we need to show that any eigenfunction ¢ # 0
corresponding to A belongs to span{ey,...,ex1p}. For this we write

1
Xo = span{ey,...,ex1n} @ (Spaﬂ{ekw-,eﬂh})
and so ¥ = Y1 + 9, with

i
(A.33) Yy € spanieg,...,exipn}t and g € (span{ek, .. ,ek+h})
In particular,
(A.34) (1,199)x, = 0.

Since 1 is an eigenfunction corresponding to Ay, we can write (3.2) and test it against 1
itself: we obtain

T /R (9) () K (e —y) dedy

= [9l%, = lvil%, + lv2l%, -

(A.35)

thanks to (A.34).
Moreover, from e) we know that ey, ..., egyp are eigenfunctions corresponding to A\ =
-+ = Ag4p, and so

(A.36) 11 is also an eigenfunction corresponding to Ay .

As a consequence, we can write (3.2) for ¥; and test it against 15: so, recalling (A.34), we
obtain

A / 1 (@)a(e) di = / (1(2) — 11 (4)) (a(2) — 2(W))K (& — y)de dy
(9] R2n

= <¢17¢2>X0 = 07
that is
/ W () () dz = 0
Q
and therefore

(A.37) 19172 () = 11 + 2072y = 1911720 + 1¥2l72) -

Now, we write
k+h

P = Z cie;
i—k
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with ¢; € R. We use the orthogonality in f) and (3.12) to obtain

kth kth
13, = D lleillk, = Y i
i=k ik
(A.38) -
=AY = Mellll7z ) -
ik

Now, we use (A.36) once more: from that and the fact that 1 is an eigenfunction corre-
sponding to A, we deduce that 1 is also an eigenfunction corresponding to Ay . Therefore,
recalling (3.13) and Claim 2, we conclude that

<1/}27 61>X() == <w27 ek—1>X0 - 0 .
This and (A.33) imply that

1
(A39) P9 € (Span{el, R 7€k+h}) = Pk+h+1 .
We claim that
(A.40) be = 0.

We argue by contradiction: if not, by (3.10) and (A.39),

L, lute) = ) PR (e =)o dy

A < Apphyl = min
u€P 41 \{0} / ‘u(x)’2 de
Q
(A41) L W) = ) PR = )y
< n

[ osto? do
Q

el
[WalZaey
So, we use (A.35), (A.37), (A.38) and (A.41) to compute:
MlolZa = Il + Il
> Ml liz) + Akllvelliegq)
= Mll¥lZ2) -

This is a contradiction, and so (A.40) is established.
From (A.33) and (A.40), we obtain that

¢ =1 € span{eg, ..., epin}
as desired. This completes the proof of g) and it finishes the proof of Proposition 9. 0
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