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Abstract

We construct a mathematically well-defined framework for the kinematics of
Hamiltonian QCD on an infinite lattice in R3, and it is done in a C*-algebraic
context. This is based on the finite lattice model for Hamiltonian QCD developed
by Kijowski, Rudolph e.a. (cf. [22]). To extend this model to an infinite lattice,
we need to take an infinite tensor product of nonunital C*-algebras, which is a
nonstandard situation. We use a recent construction for such situations, developed
in [9]. Once the field C*-algebra is constructed for the fermions and gauge bosons,
we define local and global gauge transformations, and identify the Gauss law
constraint. The full field algebra is the crossed product of the previous one with
the local gauge transformations. The rest of the paper is concerned with enforcing
the Gauss law constraint to obtain the C*-algebra of quantum observables. For
this, we use the method of enforcing quantum constraints developed by Grundling
and Hurst (cf. [10]). In particular, the natural inductive limit structure of the
field algebra is a central component of the analysis, and the constraint system
defined by the Gauss law constraint is a system of local constraints in the sense
of [14]. Using the techniques developed in that area, we solve the full constraint
system by first solving the finite (local) systems and then combining the results

appropriately. We do not consider dynamics.
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1 Introduction

QCD is an important component of the standard model, and the explicit construction
of a field C*-algebra for it is still an unsolved problem in mathematical physics. The
construction of a field algebra is a kinematics problem and it precedes the hard problem
of dynamics, which involves interactions, so it seems more tractable. There is a deep
body of theory developed for the locality properties of the field algebras of quantum field
theories in space-time (cf. [15] for a survey), and of course any explicitly constructed
field algebra of this system must be consistent with that. There is also extensive work
on the Hamiltonian model of a Fermion in a nonabelian classical gauge potential in
R3, cf. [6, 24, 25], and it leads to interesting proposals for the field algebra of the fully
quantized model [16].

Thus far, the best explicit rigorous constructions of appropriate field algebras have
been for lattice approximations of Hamiltonian QCD in R3 cf. [22, 23, 20, 21]. Unfor-
tunately due to a technical problem explained below, these models have been confined
to finite lattices. This is the main problem which we want to address here, i.e. we
want to construct the field C*-algebra for QCD on an infinite lattice in R3. Using this
field algebra, we then want to define gauge transformations and solve the Gauss law
constraint, hence identifying the physical observables.

More specifically;- for the model of QCD on a finite lattice developed by Kijowski,
Rudolph e.a. [22, 23, 20, 21], one finds that the field algebra is isomorphic to the
algebra of compact operators IC(H) on a separable infinite dimensional Hilbert space H.
As this has (up to unitary equivalence) only one irreducible representation, one obtains
a generalized von Neumann uniqueness theorem for the system. For an infinite lattice,
when passing to infinitely many degrees of freedom, one has to expect inequivalent
representations. Explicitly, for the gauge part of the algebra, one needs to take an
infinite tensor product of the algebras associated to the links of the lattice (these are
also isomorphic to IC(H)). This means that the standard theory for infinite tensor
products does not apply. However, there is a little-known definition for an infinite
tensor product of nonunital algebras developed by Blackadar cf. [3], which however has
some drawbacks. Recently this approach was further developed by Grundling and Neeb
in [9], where an infinite tensor product of nonunital C*-algebras was constructed which
has good representation properties. This is what we use for our construction of the field
algebra of our model, and as expected, this new field algebra has many inequivalent
representations.

Once we have the field algebra of our model, we can define (local and global) gauge
transformations, extend the field algebra to include the implementers of these, and
identify the Gauss law constraint. Enforcement of quantum constraints is not a simple

matter, in fact compared with Quantum Electrodynamics, the analysis of the Gauss law



is much more complicated. This is due to the fact that in QCD the Gauss law constraint
is neither built from gauge invariant operators nor is it linear in the gauge connection
fields. Here we use the general method of enforcing quantum constraints developed by
Grundling and Hurst (the T—procedure, cf. [10]). It is crucial for this, that the constraint
system defined by the Gauss law constraint is a system of local constraints in the sense
of Grundling and Lledé [14]. This allows us to solve the full constraint system by first
solving the finite (local) systems and then combining the results appropriately.

In this paper, we do not consider boundary effects, and we postpone colour charge
analysis to a separate project. Boundary effects were analyzed for finite lattice systems
by Kijowski and Rudolph in [20], where it was shown that from the local Gauss equation
one can extract a gauge invariant, additive law for operators with eigenvalues in Z3. As
in QED, this implies a gauge invariant conservation law:- the global Zs-valued colour
charge is equal to a Zs-valued gauge invariant quantity obtained from the color electric
flux “at infinity”. The discussion of the boundary data yielding this flux is a subtle
task, see [21].

Our paper is organized as follows. We start Sect. 2 with a statement of our initial
assumptions, and construction of the Fermion algebra. In Sect. 2.1 we define for each
link the field algebra for the gauge connection, recall the method developed in [9], and
then use it to construct an infinite tensor product of the link algebras. We then take
the tensor algebra of this gauge field algebra with the fermion algebra, and consider
a natural inductive structure of it in Sect. 2.2. We call it the kinematic field algebra.
In Sect. 3.1 we define the action of the local gauge transformations on the kinematic
algebra, and in Sect. 3.2 we do this for global gauge transformations. This requires us to
choose a gauge invariant approximate identity in the link algebras, and we analyze this
issue. In Sect 3.3 we construct the full field algebra as a (discrete) crossed product of the
kinematic algebra with the local gauge transformations. This contains all the relevant
information of the system, and in Sect. 3.4 we define the local Gauss law constraint.
The rest of the paper is dedicated to the enforcement of this constraint. We first review
the heuristic Gupta-Bleuler constraint method in Sect. 4.1, then in Sect. 4.2 we review
the T-procedure of enforcing constraints (cf. [10]), and show how the current constraint
system fits into it. In Sect. 4.3 we solve the constraint system for a finite lattice in terms
of the T-procedure. These results are used in Sect. 4.4 to solve the constraint system for
the local algebras in the inductive limit of the full field algebra. Finally, in Sect. 4.5 we
show that the full system of constraints is a system of local quantum constraints in the
sense of [14]. Using techniques from [14] we then solve the constraint system fully for
the local observables, but for global observables the constraining remains unresolved.
There are two appendices; one to make contact with physics notation for our system,

and the other to state a result on constraint subsystems which we need.



2 The Kinematic Field Algebra

We consider a model for QCD in the Hamiltonian framework on an infinite regular cubic
lattice in Z3. For basic notions concerning lattice gauge theories including fermions, we
refer to [33] and references therein. For the convenience of the reader, and to make
the presentation more self-contained, we will spell out details of the underlying classical
gauge connection field.

We list our input assumptions and fix notation. First, for the lattice, define a pair
A = (A% A') as follows:

o A:={(n,m,r) €R3 | n, m, r € Z}N X where X is an open connected set in R>.
Thus A° is a unit cubic lattice (possibly infinite) contained in X, and its elements

are called sites.

e Let A! be the set of all directed edges (or links) between nearest neighbours, i.e.
A= {(z,y) e A°x A° | y =z +e; forsomei} where the e; € R® are the
standard unit basis vectors. Define a map 7 : A — P(AY) = power set of A°,
by n((z,y)) := {x,y}, i.e. it is the map which “forgets” the orientation of links,
then A! will denote a choice of orientation of A, i.e. it is a section of 7, i.e. for
each {z,y} € n(A!) it contains either (z,y) or (y,z) but not both. Thus the pair

(A% A1) is a directed graph, and we assume that it is connected.

e Sometimes we need to identify the elements of A? with subsets of R? and we will
make the natural identifications, e.g. a link (z,y) € A' is the undirected closed

line segment from x to y.

Below, the set X will play no role, so that one may just consider the lattice A® = Z3. If
one wants to analyze surface effects, X will become more important.

Next, to define our model of lattice QCD, we will associate to each lattice site x € A°
a fermionic particle (the quarks), and associate to each link (z,y) € A a bosonic particle
(the gluons).

To motivate our definition of lattice QCD on A, assume that we have a classical

matter field with a gauge connection on R3. To be precise,

e Let G be a connected, compact Lie group (the gauge group, usually SU(3)), and
let V be a finite dimensional complex Hilbert space on which G acts smoothly as
unitaries (e.g. V = C?), so we take G C U(V).

o Let qp : E — M :=R? be a smooth vector bundle with typical fibre being V.

The classical matter fields are defined as the smooth sections of E. The space V repre-

sents “internal degrees of freedom” of the matter field.



Consider an atlas 7x of local trivializations of the bundle qz : E — M, ie. T =
{(U;, ¢:) | i € I} for an index set I, where U; C M is open, M is covered by {U; | i € I},
and bijections ; : qgl(Ui) — U; x V. We denote:

eilp) = (asp). @i(p)), Piv = @ilap (z),
Pioiqp' (xr) — V and  gi;(x) = Gig 0@71 V-V

T

for all + € U; N U;. The functions g¢;; : U; N U; — GL(V) are called the transition

functions, and these are smooth.

e Let qg : F — M be a G—bundle, i.e. it has an atlas of local trivializations for
which the transition functions g;; take their values in G' (such an atlas is called a

G-atlas or a G-structure).

This is the structural assumption which is the starting point for a local gauge theory.
Using the transition functions, one can construct an associated G—principal fibre bundle
q: P — M. This principal bundle P encodes the G—structure of E, in the sense that two
bundles £ and E’ with the same base space M, fibre space V and inclusion G C GL(V)
have equivalent G—structures iff their associated G—principal bundles are equivalent (cf.
Theorem 8.2 in [34]).

Now we have a radical simplification;- if the base M is o—compact and contractible
to a point, then the principal bundle P is trivial (cf. [17], Sect. 4.12 for the topological
category and [26] for the passage to the smooth category). Thus, since M = R? satisfies
these properties, we conclude that P and hence E must be trivial, i.e. we may assume
that P = R® x G and E = R® x V. Thus the classical matter fields are T'(E) =

C>=(R3, V). If we restrict I'(E) to the lattice A°, we obtain [] V. For the quantum
z€N0
theory we want to make these into fermions, so

Definition 2.1. Assume the quantum matter field algebra on A is:
Fa o= CAR(P(A°, V) = C*( | &) (2.1)
IS

where §, = CAR(V,) and V, := {f € (*(A°,V) | f(y) =0 if y # x} = V.
We interpret §, = CAR(V) as the field algebra for a fermion at x. We denote the
generating elements of CAR((?(A°, V)) by a(f), f € ¢*(A°, V), and these satisfy the

usual CAR-relations:

{a(f),alg)} = (f,ig)1 and {a(f),alg)} =0 for fgel*(A° V)  (22)

where {A, B} := AB + BA. Note that the odd parts of §, and §, w.r.t. the fields a(f)

anticommute if x # y.

This defines the matter fields on the lattice sites.



2.1 The gauge field algebra.

Next, we want to define the algebra for the quantum gauge fields on A. Continue the
analysis above of a classical matter field with a gauge connection on R3. There are
many equivalent definitions of a connection on P = R3 x G. We define a classical gauge

connection on P as a C°°(M)-linear map
®:X(M) —autP  suchthat q.(®(X))=X for XeX(M),

where aut P := {X € X(P) | (Ry).(X) =X Vg € G } = the G-invariant vector fields,
and R, is the principal right action of g € G on P. Integrable elements of aut P generate

elements of the principal bundle automorphisms:
Aut P ={y €Diff P |yo R, = Ryo7 ¥g €G}.

The parallel transport of an element p € q~!(z) C P along a curve ¢ : R — M through
z = ¢(0) is defined as the unique curve cg : R — P such that Lcq(t) = ®(X(c(t))) and
co(0) = p. In fact this defines maps 7 : q~'(z) — q~*(c(t)) by 7'(p) := ca(t), hence
7' G — G as P is trivial. As 7' commutes with R, i.e. 7/(hg) = 7'(h)g for all h, g € G,
let g = h™' so 7i(e) = TH(h)h ! i.e. T8(h) = 7'(e)h. Thus ¢ is just left multiplication
by the element 7%(e) € G.

Returning now to the lattice A, it is natural to model the classical connection ® on
it, by associating to each link (z,y) € A! the parallel transport 7! : q~!(z) — q~(v)
along the link, which we have just seen is left multiplication by an element of G. Thus,
our model for a classical connection on the lattice A, is a map ®, : A' — G. Therefore,
our classical configuration space for the connections is [[ G, hence its phase space is

LeAt
[T TG = I] (G x g*).

LeAl LeAl
To construct the field algebra for the quantum system corresponding to this, we

first choose a field algebra for the quantum system corresponding to a single factor
T*G = (G x g*). The classical configuration space G has a distinguished set of motions
on it, given by left multiplication by elements of G. Thus it seems reasonable to take
the transformation group algebra, which is the crossed product C*-algebra C(G) x, G
where A : G — Aut C(G) is the action

A(f)(R) == f(g~'h) , [€C(G), g.heG. (2.3)

The algebra C(G) x, G is also called the generalised Weyl algebra, and by definition
its representations produce covariant representations for the action A : G — Aut C(G).
The derived action dA : g — Der(C*(G)), satisfies the relation:

[AM(A), Ty =Ty, s for Ae g, feC®G), (2.4)



where X4 € X(G) is the associated right-invariant vector field and 77 : C*(G) —
C*°(G) denotes multiplication by f. These are thought of as generalized canonical com-
mutation relations, especially when represented on L*(G).

Thus for every link £ € A' we will assume a generalised Weyl algebra C(G) x, G
where G is our compact gauge group. It is well-known that C(G) x\ G = K(L*(G))
cf. [31] and Theorem I1.10.4.3 in [2]. Next, we need to combine these. Since for the

classical connection field, the phase space is [[ T*G, it seems that for the quantum
LeAt

system we must take a tensor product @ (C(G)x\G). In the case of a finite lattice, this
LeA!

is fine, and the C*-tensor norms are unique. Moreover, since C(G) x, G = K(L*(G))
and K(H;) @ K(Hz) = K(Hy ® Hs), it follows that

X (C(G) x1G) 2 K( @ L*(G)) = K(H)
LeA!
e
for a finite lattice, where H is a generic infinite dimensional separable Hilbert space. So

the field algebra for a finite lattice is

Fr2 ) (C(G) 4, G) = Fr @ ’C(ﬁl (@) =2 K(H)
et
as §x is a full matrix algebra. This shows that for a finite lattice there will be only one
irreducible representation, up to unitary equivalence.

In the case of an infinite lattice, the situation is considerably different, and we will
expect inequivalent representations when passing to infinitely many degrees of freedom
(as in quantum field theory). First, note that since C(G) x, G = K(L?*(G)) is nonunital,
the standard theory for infinite tensor products breaks down, i.e. an infinite tensor
product of these is undefined. The problem of infinite tensor products for nonunital
C*-algebras is still relatively undeveloped, in fact Takesaki states in [39] on p84 that
“the infinite tensor product of non-unital C*-algebras is not defined.” There is however
a little-known definition for an infinite tensor product of nonunital algebras developed
by Blackadar cf. [3], but this uses a choice of reference projections in the sequence,
and representations of the resultant C*-algebra, depends on the choice of projections.
Recently in [9], extending Blackadar’s construction, an infinite tensor product of IC(H)
was constructed which has good representation properties w.r.t. a natural Weyl algebra
in its multiplier algebra. This is very close to the situation which we have here, so we
will choose this method of construction for the full bosonic field algebra. We describe
the construction. Further details, and proofs of the rest of the claims in this subsection

can be found in [9].

k
Observe first, that the representation theory of IC(H) (resp. Q) KC(H)) is precisely
1

the regular representation theory of the Weyl algebra CCR(R?) C M (K(H) (resp.



k
& CCR(R?) = CCR(R?*) using minimal tensor norm) hence we would expect that the
n=1

representation theory of “@) IC(H)” (if this object is given a proper meaning) should

n=1

be the regular representations of the Weyl algebra @ CCR(IR?), where the latter tensor
n=1

product is well-defined as CCR(R?) is unital. This is precisely what we have for the
construction in [9].

We start with Blackadar’s construction [3]. Let £, := IC(H), and choose a sequence
of “reference projections,” i.e. for each n € N, choose a nonzero projection P, € L,.
Define C*-embeddings

\Ijék:E(k)HE(f) by U (A ®- Q@A) =40 A, QP11 ® - ® Py,

k
where k < £ and L*) := & L£,. Then the inductive limit makes sense, so we define
n=1

L= Q) Ly = 1lim {L£", Wy}
n=1

and write ¥;,: L&) — £ for the corresponding embeddings, satisfying ¥, o Wy; = ¥, for
§ < k. Since each £, is simple, so are the finite tensor products £* ([41], Prop. T.6.25),
and as inductive limits of simple C*-algebras are simple ([19], Prop. 11.4.2), so is £. It
is also clear that L is separable, and it is nuclear as it is an inductive limit of nuclear
algebras.

Since Wy ppi(Ly) = Ly @ Poy1 @+ -+ ® Pryp, where Ly, € L®) this means that we can

consider £ to be built up out of elementary tensors of the form
Up(li® - QLg) = Li®Ly®- - @ Ly @ Py @ Pyyo®- -+, where L; € L; (2.5)

i.e. eventually they are of the form - - ® P, ® P,y1 ® ---. We will use this picture
below, and generally will not indicate the maps ¥ . By componentwise multiplication,
we can also identify elementary tensors 1 ® --- ® 1 ® P, ® Pry1 ® --- in the multiplier
algebra M (L). The representations 7 of £ are well-behaved w.r.t. the reference sequence
{P:}%2, in the sense that

slimr(1®--- 1P, QP ®---)=1,

k—o0

and this restricts the corresponding regular representations on & CCR(R?) C M(L).

Thus, if we do not want our representations to depend on the %Bloice of the reference
sequence of projections, we will need to go beyond a single Blackadar product L.

As we saw, for every sequence of projections P, € L) we obtained a Blackadar
product £. We now want to examine a collection of them, where our choices of P, € L,
will “fill out” the full Hilbert space H.



There is a (countable) approximate identity (E,),en in K(H) consisting of a strictly
increasing sequence of projections E,, with dim(E,H) = n. For each k, choose such an
approximate identity (EY)pen C L1, = K(H), then for each sequence n = (ny, ng,...) €
N> := NV, we have a sequence of projections (Eflll), Er(é), . ) from which we can con-
struct an infinite tensor product as above, and we will denote it by L[n]. For the

elementary tensors, we streamline the notation to:

A ®-® A ® En]iy ;:A1®...®Ak®E(k+1)®E(k+2)®...eﬁ[n],

Nk+1 Nk+2

where A; € L;, and their closed span is the simple C*-algebra L[n].
Next we define componentwise multiplication between different C*-algebras £[n] and

L[m]. For componentwise multiplication, the sequences give:

(B, ED,..)-(BY, ED,...)= (B, E?,...)

ni nz’ my) m2) P17 p2

where p; := min(n;, m;), i.e. multiplication reduces the entries, and hence the sequence
(Efl), Ef), EF’) . ) is invariant under such multiplication. So we define an embedding
L[n] C M(L[1]) for all n, where 1 := (1, 1,...) by

AB® - ®A,B,® AnHEan) e ® AkEfk) ® E[]ern ifn<k
MBI & ® 4By @ EST By - @ EYYB, @ B[],y ifn >k

n

for the left action, and similar for the right action on L£[1]. Since multiplication by
elements of L£[1] can separate the elements of £[n], the embeddings are faithful. Using
these embeddings L[n] C M (L[1]) we see that

Ln] - Llm] C L[p], (2.6)
where p; := min(n;, m;), and in fact
Ln] C M(L[p]) D L[m]. (2.7)

Since L[n] € M(L[1]) for all n, we can define the C*-algebra in M (L[1]) generated by
all L]n], and denote it by L[E]. By (2.6), this is just the closed span of all £[n] and
hence the closure of the dense *-subalgebra Lo C L[E], where

Lo:=> L)y and Lnlo:=|JLY @ En.
neNee keN
Note that if two sequences n and m differ only in a finite number of entries, then
L[n] = L[m], and hence we actually have that the correct index set for the algebras
L[n] is not the sequences N>, but the set of equivalence classes N*° / ~ where n ~ m

if they differ only in finitely many entries. We have a partial ordering of equivalence

10



classes defined by [n] > [m] if for any representatives n and m resp., we have that
there is an N (depending on the representatives) such that ny > my for all & > N . In
particular, we note that products reduce sequences, i.e., we have L[n] - L[p] C L|q] for
i = min(ns,py), 50 [n] > [a] < [p).

Let ¢ : N>/~ — N> be a section of the factor map. Then L[E] is the C*-algebra
generated in M(L[1]) by {L[¢(7)] |7 € N*/~}, and it is the closure of the span of the
elementary tensors in this generating set.

From the reducing property of products, we already know that L[E] has the ideal
L[1] (we will see that it is proper), hence that it is not simple. However, it has in fact
infinitely many proper ideals and each of the generating algebras L[n] is contained in

such an ideal:
Proposition 2.2. For the C*-algebra L[E], we have the following:
(i) L[E] is nonseparable,

(ii) Define I|ny,...,ng| to be the closed span of

{Lld]o | [a] < [ng] for some € =1,... k}.
Let [p] > [ng] strictly for all ¢ € {1,..., k}, then L[p]NZ[ny,...,n,] = {0}.

(i1i) Iy, ..., 0| is a proper closed two sided ideal of L|E].

(iv) Define Lny, ... ,ng] :=C* (Lny]U---UL[ng]) .
Then Lny,...,ng] C Zny,...,n| and

C* (Lny,...,ng] - Lng41]) € Llas, ..., qx], where (qj)e = min((nj)g, (nk+1)g) .

The main attraction of the C*-algebra L[E], is that its representation theory is exactly

o0
the regular representations of & CCR(R?), which naively is what one would require
n=1

(0.9}
for the representation theory of “@) K(H)”. One of the main costs of using it, is that

n=1

N
the finite tensor products @) KC(H) are not contained in L[E], but are contained in
=1

its multiplier algebra M (L[E]). This is not a serious problem because a representation
(resp. state) on L[E] extends uniquely to M (L[E]) on the same representation space
(resp. as a state), and hence to subalgebras of M (L[E]).

One could interpret the sequences of projections as specifying the “type” of infinite
lattice in which we embed our finite systems. As these sequences restrict the represen-
tations, they have physical content, so in the next main section we will try to obtain
sequences which are natural from the physical point of view (e.g. being gauge invariant).
To conclude:

Definition 2.3. The field algebra for the quantum connection fields on a lattice is L[E],
where the components L, = K(H) = C(G) x5 G are labelled by links £ € A'.

11



2.2 The kinematic field algebra.

From the matter and gauge field algebras, it is now natural to take:

Definition 2.4. The kinematic field algebra is Ap = Fa @ LIE]. It has a unique tensor

norm as §a s nuclear.

Note that 2, is not unital since L£[E] is not unital, and it is not simple since
L[E] is not simple. As mentioned, we will restrict our choice of approximate identi-
ties (E{)pen C Lx = K(H) below when we have defined gauge transformations. In
fact A, is not yet the full field algebra, since information of important physical trans-
formations is still absent. Below we will extend it to a crossed product of the gauge
transformations, to obtain the full field algebra.

We next consider a natural inductive limit structure for this field algebra. Let S

be a directed set of open, bounded convex subsets of R? such that |J S = R3, where
Ses

the partial ordering is set inclusion. Let AL = {z € A’ | z C S} (using the natural
identification of elements of A" with subsets of R3), and note that S; C S, implies

Ay, C Ay, and |J Ay = A" Define §g := C’*( U, %x) C % and then ) = lim Fyg is
SeS TENG —
an inductive limit w.r.t. the partial ordering in S.

To identify the analogous inductive limit for £][E], enumerate the links {¢, s, ...} =
A' and recall that £[E] has the dense *-subalgebra

Ly := Z Ln]y and L[n]y:= U L® @ Enlp where £ =£,0---® L.
neN> keN
This suggests that for an S € S we should take those elementary tensors in each L[n],
which can only differ from E[n]; = Eflll) ® E,(é) ® - -+ in entries corresponding to links in

AY. Denote the set of these elementary tensors by Es[n], and define

Ls[E]:==C*( | &sm]) c L[E],

neNoe

then again we have the inductive limit structure £[E] = lim Lg[E] w.r.t. set inclusion,

since Eg,[n] C Eg,[n] if S; C Sy, and L[n]y = |J Es[n].
Ses

Proposition 2.5. Given as above, a directed set S of open, bounded convexr subsets of

R3 such that |J S = R3, partially ordered by inclusion, then
Ses

where Fg := C*( U Sx) and Lg[E] = C’*( U 8g[n]).

CEEA% neNee

12



Proof: Now the field algebra A, = §y ® L[E] = (lln Fs) ® (121 Lg/[E]) and we want
to show that this is isomorphic to lim (85 ® ,CS[E]). Note first that for a fixed S € S
that Span{FQ L | F' € §g, L € ﬁgﬁj} C 2, is the algebraic tensor product of Fs with
Ls[E], and that the restriction of the C*-norm of 2, to this is still a cross—norm (as it is
one on the full algebra). Thus the closure of this space in 2, is precisely Fs@Lg[E] =: Ag
as this algebra has a unique tensor norm. By construction we have that g, C Ag, if
S1 C Sy, and the *-algebra |J 2g contains all of (xgxo Sx) ® ne%m L[n]y, hence it is

SES
dense. Thus A, = lim Ag = lim (SS ® ES[E]) as required. [

Recall though that the algebras Lg[E] are not the local algebras Q) L C M(L[E]),
KkEA}S
since the elementary tensors A; ® -+ ® Ay ® E[n|g11 € Es[n| generating the Lg[F]

contain the extra parts F[n],y;. As remarked above, this is not a serious problem
because a representation (resp. state) on L[E] extends uniquely to M(L[E]) on the
same representation space (resp. as a state), and hence to subalgebras of M (L[E]).

Thus L[E] determines states and representations on all the local algebras @ L.
ZkEAls

3 (Gauge transformations and the local Gauss law

We next consider the gauge transformations. Classically, Gau P = C*°(M, G) because
P = R3 x (G is trivial. However, M = R3 is not compact, and in this case it is customary
to assume that local gauge transformations are of compact support (cf. [18]). The global
gauge transformations are taken to be the constant maps v : M — G (for nontrivial P

global gauge transformations need not exist).

3.1 Local gauge transformations.

As the local gauge transformations are of compact support, they restrict on the lattice

A° to the group of maps v : A° — @ of finite support, i.e.
Gaud =G = {7: A > G | [supp(y)| < oo}, supp(y) = {z € A® | ~(x) # e},

This is an inductive limit indexed by the finite subsets S C A°, of the subgroups

GaugA = {7y : A - G | supp(y) C S} = [] G, and we give it the inductive limit
zES
topology. As the groups || G are compact, Gau A is amenable, hence any continuous
€S
automorphic action of it on a C*-algebra will have an invariant state. Moreover, as G

is connected, so is any finite product [[ G, and as every element of Gau A is in one of
€S
these, Gau A is connected (a more general result is in Prop. 4.4 of [8]). By choosing

a strictly increasing chain of finite subsets S C A® with union A°, we conclude from

13



[8] that the inductive limit Gau A is an infinite dimensional Lie group, with (infinite

dimensional) Lie algebra
gaud =g = {v: A — g | |supp(v)| < oo} = Span{Y -4, | Y € g, z € A%}

where §, : A — R is §,(y) = 1 if y = = and zero otherwise.
Next, we consider the action of the gauge group on the lattice. The action of v €
Gau A on classical configuration space ( [ V) x ( [] G) is by

(T va)< (I 90) = (T v@)va) < ([] @) gev(we)™)  where €= (z4,10).

For the quantum case, we define an analogous action « : GauA — Aut®, as follows.

Using the tensor structure Ay = Fa ® L[E], we will define a as a product action:
Q= a; ® of/ where o' s Gau A — Aut Fy and o’ : GauA — Aut L[E]
for v € Gau A. The first component of the action is given by:

a’(a(f)) == a(y-f) where (v-f)(x) =~v(x)f(x) forall z€ A’ fel?(A° V)

since f + 7 - f defines a unitary on ¢*(A° V).
For the second component action o2, we first show how to define it on an individual
tensor factor L = C(G) x\ G of L[E]. Fix a pair z, y € A° and let:

7: GauA — Aut C(G) be (7 /)(g) = f(v(2) g7 (v))

which corresponds to the classical action on G. Since 7,0 \;, = )\W(x) ho(z)~1 © T recalling
that C(G) x, G is generated by ¢ € LY (G, C(G)), we extend 7, to an automorphism on
C(G) %G by setting (6(¥))(g) := 7, (¥ (v(z)'g(z))). Since the product and adjoint
in L'(G,C(G)) C C(G) x, G are given by
(b x (o) = [ nls) Avals9)) ds
UHg) = A(WlgT))

it is clear by straightforward verification that 6 is an automorphic action. In fact, as it

only uses the evaluations of v at two points, it is a compact action
0:GxG— Aut (C(G) x\G) .

This can be simplified by recalling that the crossed product C(G) x, G is just the
closure of the space spanned by L'(G)-C(G), using the canonical containments L!'(G) C
C*(G) € M(C(G) x» G) D C(G) (cf. Thm 2.6.1 in [43]). Thus, if we consider ¢ - f €
LYG) - C(Q) for ¢ € LYG), f € C(GQ) then

0+(p - f) = 0y() - 75(f)  where 0,(p)(g) = ¢(v(z) "g7(x)) and
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(7, /)(9) == f(v(z) " g7(y)) is as above. Thus df(v) = do(v) + dr(v) for v € gau A on
the span of (L*(G) N C*(G)) - C=(@G). This will be useful below.

Next, to define o, we combine these actions for the full algebra L[E]. Recall that
we enumerated the links A = {¢,, = (z,,y,) | n € N}, and that L[E] is generated by

the elements

A ®-- @A @ Enj € LY @ Enjyyy where A€ L =C(G) G

(note that £LY) ® E[n];+; € L® @ E[n]y4; if j < k, simply by putting some A; = ,(L?)
For a given v € Gau A there is always an m large enough so that

supp(vy) C {xn,yn | n=1,...,m}. Thus
Oz,zy(Al ® - ® A ® E]py) = Hi(Al) ®-® 65(14;6) ® Enlg; forall k>m

where Og(Aj) is 0.,(A;) where the pair (x,y) is replaced by (z;,y;) = ¢; in the definition
above. Explicitly, if we let A; = ¢ - f € LY(G) - C(G), then

07(A;)(g) = ol (@) - TI(f) where o(0)(9) == o(v(z;) 'gr(z;)) and (3.8)

(T2 f)(g9) == f(v(2;)" g~(y;)). This completely defines o? : GauA — Aut L[E] and
hence o, := o@ ® a%. Note that « is continuous w.r.t. the inductive limit topology of

GauA.
Remarks:

1. Note that the orientation of links in A! was used in the definition of o?, because

the definition of # based on a pair (x,y) treated the z and y differently.

2. The use of compact support for the gauge transformations was crucial. If one
did not assume this, then it may not be possible to define a?y because vy may
not map elementary tensors of the type A; ® -+ ® Ay ® Enl;1 to one of the
type B; ® --- ® B; ® E[m];+1 as it may not preserve the approximate identities
which they are based on. This means that global gauge transformations cannot be
defined, unless one chooses approximate identities (Er(Lk))neN which are invariant

with respect to the gauge action. This is what we will do in the next subsection.

3.2 Global gauge transformations.

As mentioned in the last remark, the action o? : Gau A — Aut L[E] cannot in general
be extended to the constant maps, unless the (ET(Lk))neN are chosen to be gauge invariant.
We examine this issue. Recall that for v € Gau A, a% is given by 9’; in the £*® factor for
all k, so we consider the invariance of (ET(Lk))nGN w.r.t. 08 : GauA — Aut £;,. Explicitly

. . . k, .
this action is 05(L) =6, ) .y (L) Where

0:GxG— Aut (C(G) x, G)
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is given as follows. Let ¢ € LY(G), f € C(G), then for L = ¢ - f € L}(GQ) - C(GQ) C
C(G) x, G we have

Och,s)(L) = Ons) (0~ f) = U(hﬁ)(SO) : T(hﬁ)(f) where U(h7s)(¢) (9) = ‘P(h_lg h)
and (4, 1)0) = F (")

Lemma 3.1. (i) Let o : C(G) x\ G — B(L*(G)) be the irreducible representation
given by mo(p - f) = mi(@)ma(f) for ¢ € LYG) and f € C(G) where

(m () (g) = / oe(h gy dh  and  (ma(f)9)(g) == F9)b(o)

for all v € L*(G) (Schridinger representation). Then my is a covariant repre-
sentation for 0 with unitary implementers W, . € U(L*(@)), h, s € G, given by
Wiot) (9) = Y(h~lgs). Constant vectors, i.e. (g) = c € C for all g are in
L*(G) and invariant w.r.t. W.

(i) There is an approximate identity of commuting projections (E,,)nen for C(G) x\G
which is invariant w.r.t. 6 : G x G — Aut (C(G) %, G).

Proof: (i) It is well-known that m(C(G) x» G) = K(L*(G)) (cf. Theorem I1.10.4.3
in [2]), hence that 7 is irreducible. Direct verification also shows that W : G x G —

U(L?*(G)) is a continuous unitary representation. We verify implementation of 6:
(W(h,s)ﬂ_l (SD)W(;}S)@D) (g) = (Wl(@)W(;}s)w) (h_lgS)

= [ o (WL 0) 7 gyt = [ ote) () (g

= [ o) () (171 ) d = (o, (0))0) (9
(W2l WL ) (9) = (mal HWSL ) (hgs)
= f(h™"gs) (W, v) (W gs) = (ma(7,  ))) (9)

which produces W(h@)ﬂ(L)W(;,ls) = 7(0(n,s)(L)) as required.

(ii) Since G x G is compact, the representation W : G x G — U(L*(G)) is a direct or-
thogonal sum of finite dimensional irreducible representations of G'x G. The projections
onto these finite dimensional subspaces are therefore in K(L*(G)) = m(C(G) x\ G),
and as these projections commute with W they are invariant wrt. 6 : G Xx G —
Aut (C(G) % G). Moreover, they form a commuting set with total sum the identity,
hence by taking larger and larger sums of them we obtain the desired approximate iden-
tity. |

Given this Lemma, one may therefore choose approximate identities (Eflk))neN invariant

with respect to 6, and use these to construct L[E]. Henceforth we will assume that such
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a choice has been fixed, and we assume that approximate identities (E,(Zk))neN have been

chosen such that the constant vector ¢, := 1 is in the range space of each E% in the
Schrodinger representation .

Given this choice of approximate identities, we now have for £[E], that the action
a : GauA — AutA, extends from GauA = GO to all of GAO, which includes the
constant maps, i.e global gauge transformations. In particular on Ay = §y ® L[E], we

have a product action: a, :=al ® a2, v € GA” where as before

ai(a(f)) == a(y-f) where (v-f)(x) =~v(x)f(x) forall z€A’ fel?(A° V)

since f +— 7- f defines a unitary on £2(A°, V). Moreover, by the invariance of (E,gk))neN,

the same formula
A2 (A @ @ Ay @ Bln)q) = 0,(A) @ -~ @ 65(Ay) @ Bl

is valid, but now for all v € GA”. So global gauge transformations are given by o, where
v(z) =g € G for all z € A",

Remarks:

1. Recall from Proposition 2.5 that for a directed set S of open, bounded convex

subsets of R? such that |J S = R3, then
Ses

where §g := C’*( g\o &C) and Lg[E] := C*( ELRJIOO Eg[n]). With the choice of in-
xX S n

variant approximate identities (E,(Lk))neN above, it is clear that the extended action
o GM — Aut A, preserves each of the “local” algebras Ag = Fs @ Ls[E]. More-
over, a “local” algebra g cannot tell the global gauge transformations apart from
certain local gauge transformations. That is, given any global gauge transforma-
tion ., where v(z) = g € G for all z € A” and a “local” algebra g, then there is
a 7, € GauA such that o, [As = Qoo | As, for example take v (z) = g = ()
if v € S and vy (r) =eif x € S. This is not true for the full algebra 2, because
given a global gauge transformation a., we cannot find a v, . € Gau A which will
work for all Ag C Ap.

2. From Lemma 3.1, we obtain a very natural representation for £[FE] with the choice
of approximate identity made here. For 21y = §y ® L[E] define a product repre-
sentation m = Tryek ® Moo Where mTgoc is the Fock representation of §, = CAR(H),
and 7, is an infinite tensor product of Schrodinger representations m (one for
each factor £, of L[E]), but where we choose the reference sequence to be just

the sequence (v, ¥y, ...) where ¢y = 1 is the constant vector. This means we can
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consider the representation space Hy, of T to be spanned by elementary tensors
of the type
P1O R @YY ® -+, ¢ € L*G).

Then, if we consider the action of L[E] on it, we see

Too(A1 @ @ A @ EMp1) (01 @ 01 @Y Qthy ® - - )

= mo(A1)p1 @ -+ @ To(Ak)pr @ Yo @ 1o @ -+
because Wo(Ey(lj))l/Jo = g for all n and j. Hence all of L[FE] can be represented
on Hs. In fact, since each factor of the representation is covariant, and 1y is an
invariant vector, we also get that m is covariant w.r.t. « : GN = Aut 2Ap, and it
has an invariant vector Q ® (¢y ® 1o ® - -+ ) where Q is the Fock vacuum vector.
Thus the vector state of this vector is a a(GAO)—invariant state on A,. This is
interesting as this means that we have an invariant state for the much larger group

action o : GA” — Aut 2, not just for its restriction to the amenable group Gau A.

We claim that the representation m = gy ® Too is faithful. Since mpoq is already
known to be faithful, we only have to show that 7, is faithful (since the tensor
norm for Fy ® L]E] is unique, using Theorem 4.9(iii), p208 in [38]). Recall that
L[E] is the C*-algebra constructed from all Ln] C M(L[1]) in M(L[1]), hence
we have a faithful embedding £[E] ¢ M(L[1]). Now the restriction m.[L[1] is
faithful as £[1] is simple and 7, is nonzero on it. But then the extension of 7
to M(L[1]) is faithful, hence 7, is faithful on L[E].

3.3 Defining the full Field algebra.

There is physical information contained in the gauge action o : G2 — AutA, as
a(GauA) is the local gauge transformations and «(G) is the global gauge transforma-
tions (identifying G with the constant maps in G*°). It is therefore desirable to extend
the field algebra %A, to ensure that in physical representations, the generators of the
unitary implementers of « are affiliated to our field algebra. Usually, one takes the
crossed product, but in this context e.g. the crossed product “Ax x, (GauA)” can-
not be defined because Gau A is not locally compact. In fact for non-locally compact
groups, it is a very hard question as to what C*-algebra should play the role of the
crossed product. In such a situation, the best one can do at the moment, is to endow
the given group with the discrete topology, which makes it locally compact, and then to
use the crossed product w.r.t. this discrete group. This has the disadvantage of having
too many representations, in particular it allows those covariant representations where
the unitary implementers are not continuous w.r.t. the original group topology. In the
present context one may argue that as the gauge transformations will be factored out

by a constraint procedure, the topology of the gauge group is not physically relevant.
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Concretely, our strategy is as follows. Let Gau® A denote our chosen group in GA” of
physically relevant transformations (this should at least contain the local gauge transfor-
mations Gau A C GAO). Let Gaug A denote Gau® A equipped with the discrete topology.
Then take the discrete crossed product A, X, (GaujA). As it is convenient to have an

identity in our field algebra, we will take instead
Feo = (A @ C) x, (Gaug A)

where 20, @ C denotes A, with an identity adjoined. It is generated as a C*-algebra by
a copy of R, as well as by unitaries Uy, g € Gau® A such that U,AU; = ay(A) for all
A ey, and UyUp, = Ug,. Algebraically

Fo = (A @ C) x4 (GaugA) = C* (UGaugA URAy) where 2y :=Fr @ L[E]

= [UG An] + [UGau; Al

e x *
aug A

where we use the notation [-] for the closed linear space generated by its argument.
The representations of F,. consist of all covariant representations for o : Gau®A —
Aut(2, & C), whether continuous or not.

The natural choice for our full field algebra, is F. where we take Gau®A to be the
group generated in G by Gau A and G (the constant maps in G2°), as this will include
both local and global gauge transformations. However, with our eye on the subsequent
work below (enforcing constraints) we will make the smaller choice where we take F, with
Gau® A = GauA. The reason why we will not include unitaries corresponding to global
gauge transformations, is because locally these implement the same automorphisms as
some local gauge transformations (see remark (1) at end of Subsect. 3.2). Thus, if we
enforce local gauge invariance through constraints, then the images of these unitaries
will commute with all the local algebras, hence with the image of 2, and hence will be
of no physical relevance. Thus, to conclude, henceforth for our full field algebra we will
take

Fe=(Ar & C) x4 (GaugA) = C* (Ug,,, 4 YHAn) -

3.4 The local Gauss law.

We consider the local gauge transformations. Given the action o : GauA — Aut Ay
defined above, an (abstract) Gauss law element will be a nonzero element in the range of
the derived action da : gau A — Der(A3°) where A% is the algebra of smooth elements

of the action. Since o, := a} ® a2, it is of the form
da(v) = do!(v) @ 1+ 1 ® da*(v), v € gaul, on  Fy @LIE]® CAT,

i.e. it is a sum of a matter part and a radiation part. The Gauss law condition, is simply

the enforcement of of it as a constraint, i.e. setting it to zero in an appropriate way. We
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will investigate this below. Concrete Gauss law elements consist of implementers of the
derivations da(v) in a—covariant representations by selfadjoint operators, and clearly
these will be the generators of the unitaries implementing the one-parameter groups
t — a(exp(tr)).

To obtain an explicit form for da(v), recall that gau A consists of finite spans of
elements v = Y -6, for Y € g,z € A° and these are the generators of the one-
parameter groups t — exp(tY - 9,) € GauA. Thus the matter part of the Gauss law,
da'(Y - 6,) € Der(FY), is given by

A (Y 5.)(a(f)) = alexp(tY -5.)f)|_ =a(s. V) € §. = CAR(VL),

In fact, as V is finite dimensional, this is defined for all f € §,, hence §3° contains the
dense *-algebra generated in Fa by the set {a(f) | f € (*(A° V)}.

Next, we consider the radiation part of the Gauss law, hence o?. Recall that we
have enumerated the links A' = {¢, = (z,,y,) | n € N}, and that for each link
Uy = (2, yx) there is an action 6% : Gau A — Aut £ where 0’; only depends on 7(xy)
and v(yx). Thus o?(y) = o?(exp(tY - §,)) will only affect the links which contain .
Let L(z) :={k € N | {y = (x,yx) or ly = (x,x)}. As A is a cubic lattice, there are at
most 6 links connected to a vertex z so |L(z)| < 6, hence L(z) = {ki1, ko, ..., k;} where
j < 6. Then

043(31 Ai® E[n]”) =
Al @ Ap 1 @05 (Ap) @ A1 @ -+ A1 @ 0% (Ag) © A1 @ -+ A, @ Elnl,,

for n > k;, and so

Z Ay -6.) = 30 (doh(Y -6 +drt(y -6)

keL(x keL(z)

since df*(v) = do*(v) + dr*(v) for v € gau A on the span of (LY(G) N C>®(Q)) - C=(G).
In particular, if & € Li(z) := {k € L(z) | {x = (x,yx)}, then from (3.8) we get for
Ay =@ - f e (LNG)NC>(G)) - C*(G) that

0 (Ar)(9) = 0¥ () - T5(f) where ¥ (p)(g) = (e ¥ ge) and
(75 £)(g) :== f(e7™g) as y(x) = exp(tY). Then clearly
dr*(Y - 6,)(f)(9) = —f( o)=Y lg) =—df(Y)(g9) and
do(Y - 8,)(¢)(eD) = “p(ee M)

| d
dt =0~ g7
= ady(2)(p)(e?) VZeg

o(exp(—tady(2))) }t:O
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where Y is the right invariant vector field on G generated by t — e¥'g. On the other
hand, if k € Ly(z) := L(z)\L1(x) = {k € L(z) | & = (zx,2)} then of is the identity,

03(A)(g) = ¢ Ti(f) where (7f)(g) = f(ge™)

hence drk(Y 0.)(f)(g) = %f(g €ty) ’tzo =Y f)g) =df(Y)(9)-

So all components of the Gauss law elements have been made explicit

da(Y -6,) = da (Y -6,) 01 +10 3 (da’f(y.ax)wrk(y.@)) vreAYeg.

keL(x)

For the algebra §¥ ® L[E]*® C A on which this acts, the first factor F con-
tains *-alg{a(f) | f € (*(A°,V)}, and the second factor L[E]* contains the
span of all elementary tensors A, ®---® A, ® E[n]i, € L[E] such that A; €
(LYG)NC>=(Q)) - C>=(G) C L, for all j.

Note that the Gauss law elements will only be represented concretely in representa-
tions 7 for which t — W(Uexp(t,,)) is continuous for all v € gau A. Moreover, in the case
that G is abelian, i.e. G = T (electromagnetism) we see that do* = 0 for all k, which

simplifies the last expression.

4 Enforcement of local Gauss law Constraints.

Here we want to obtain the algebra of physical observables from our chosen field algebra
F. = (ApdC) x, (Gaug A) by enforcing the local Gauss law constraint, and by imposing
gauge invariance in an appropriate form. There is a range of methods in the literature

for enforcing constraints, but here we will consider two:

e The method developed by Kijowski and Rudolph in [20], and this is summarized

below, following Theorem 4.5.

e The T-procedure developed by Grundling and Hurst (reviewed in [10]) is based
on enforcing the constraints as state conditions in the universal representation. It
is based on Dirac’s method for enforcement of constraints, and it is summarized

below in Subsection 4.2.

For the case of a finite lattice, we will show below in Theorem 4.13 that these two
methods produce the same result. Here we want to apply these methods to the system

constructed in Section 3.
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4.1 Heuristic constraint method.

The best established method in physics for extracting the observables from a gauge
theory, is based on the Gupta-Bleuler method for QEM, which we now review. (We will
not consider BRST-methods, as there are several non-equivalent methods, and they are

hard to cast in C*-algebraic format [5]). It has the following special features.

(1) The theory is represented on an indefinite inner product Fock—Krein space H.
There is a representation of the Poincare group on H, and the Krein inner product
on H is invariant w.r.t. the Poincaré transformations, but not the Hilbert inner
product. The use of an indefinite inner product space, is required by a number
of theorems, e.g. a covariant representation of a vector potential which is weakly
local cannot be a normal Hilbert space representation, it must be done w.r.t. an

indefinite inner product (cf. [42]).

(2) Gauge invariance is imposed as a state condition, by the noncausal constraint

1

o) = (94,) ") = i) [yt

Po
It is necessary to use this constraint since the canonical commutation relations

prohibit nonzero solutions for full constraint 0" A, (x).

(3) Then Maxwell’s equations (in terms of the vector potential) are imposed as state
conditions instead of as operator identities. This is necessary, because from the
work of Strocchi (e.g. [35, 36]), we know that Maxwell’s equations are incompatible

with the Lorentz covariance of the vector potential.

The constraint selects the physical subspace
H={veH | x(h)=0,he S(R",R) }.

Then H' is positive semidefinite w.r.t. the Krein inner product (-,-), so the heuristic
theory constructs the physical Hilbert space Hpnys as the closure of H'/H" equipped
with inner product (-,-) where H” is the zero norm part of H'. At the one particle
level, H' consists of functions satisfying p, f*(p) = 0, and H" consists of gradients
fu(p) = ip,h(p). The physical observables consist of operators which can factor to Hphys,
and in particular contains the field operators F),,. These satisfy the Maxwell equations
on Hphys, because F,,* maps H' to H".

The heuristic theory above, has been cast into C*-algebra format cf. [14]. The T-
procedure has also been applied to Gupta-Bleuler electromagnetism (cf. [14]), and it
was found that one could avoid the use of indefinite metric representations, by allowing
the use of nonregular states for the Weyl algebra. This sidestepped the theorems which

require indefinite metric for gauge theories, and it produced exactly the same final
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algebra of physical observables and representation, than what one obtains from the
usual Gupta-Bleuler method.

We also remark that for gauge theory on a lattice, the use of an indefinite metric
is again not required, and in e.g. [20], it was sufficient to constrain in ordinary Hilbert

space representations.

4.2 Enforcing constraints by T-procedure - method.

In this section we review the T-procedure for the enforcement of constraints, and we
show that the system defined in Section 3 satisfies its input assumptions. A convenient

review of the T-procedure is in [10]. The starting point is:

Definition 4.1. A quantum system with constraints is a pair (F, C) where the
field algebra F is a unital C*—algebra containing the constraint set C = C*. A

constraint condition on (F, C) consists of the selection of the physical state space by:
&p = {w € S(F) | m(C), =0 YO e c} ,

where S(F) denotes the state space of F, and (m,, Hy, ) denotes the GNS—data of w.
The elements of Sp are called Dirac states. The case of unitary constraints means
that C =U — 1 for a set of unitaries U C F,, and for this we will also use the notation
(F, U).

Thus in the GNS-representation of each Dirac state, the GNS cyclic vector €, sat-
isfies the physical selection condition for the physical states, e.g. for H’ above. The
assumption is that all physical information is contained in the pair (F, &p).

In our case, of the system defined in Section 3, we will take the field algebra
defined above: F, = (A & C) x, (GaugA). In representations = for which ¢ —
TT(Uexp(tr)) i continuous for all v € gau A, the concrete Gauss law elements 7(da(v))) €
Der (7 (FX®L[E]*)) are given by 7(da(v))(A) = i[B,, Al for A € 7(FF ® L[E]>) where
T(Uexp(tv)) = exp(itB,). These are enforced as state constraints by selecting the physical
subspace by the condition B,% = 0. This condition is the same as 7(Uexp(w))y) = ¢ for
all t € R. As (G is a compact connected Lie group, each element in G is an exponential,
hence this also holds for any finite product of GG’s and hence for Gau A. Thus the con-
dition B, = 0 for all v is the same as 7(U,)y = ¢ for all g € GauA. This justifies our
choice for constraint set as C = U, , — 1, i.e. we have the case of unitary constraints
with U = U, ,- Our system with unitary constraints is the pair (Fe, Ug,, ,)-

For the general case of unitary constraints (F, i), we have the following equivalent
characterizations of the Dirac states (cf. [11, Theorem 2.19 (ii)]):

&Sp = {w €S(F)|wlU)=1 YU¢ u} (4.9)

— {weB(F) |w(FU) =w(F) =w(UF) YFeF, Ucu} (410
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From these, we note that &p is already selected by any set Uy C F, which generates
the same group as U in F,. In particular, in the context of our lattice model, a useful

generating subset of U, , is
U = {Uexpr) |[tER, v=Y -6, forall Y eg zec A"},

and in fact the system we will analyze below is (F., Up).
Observe that (4.10) shows that a(,  , leaves every Dirac state invariant, i.e. we have
woay =w forall we &p, g € GauA. Since F, is a crossed product, on the kinematic

field algebra A, C F. we also have the converse:

Proposition 4.2. For the system above with unitary constraints (Fe, Ug, ,), we have
that Sp[Ax = &% [Ay where G = {u) €EB(F) |woa,=w Vge GauA}, and
where oy was extended from Ay to F. by setting it to be oy = Ad(U,).

Proof: We already know that &p C &% | hence that GDTQIA C §Gan [‘QlA. We only
need to prove the inclusion G&2" [\QIA - GD[\QIA, i.e. that any w € GG [\QlA has an

extension to F, as a Dirac state. First recall that
Fe= A ®C) x, (GaugA) = [UGaudA (Ap D C)}

where we use the notation [-] for the closed linear space generated by its argument. Now
Gau A C Gaug A where Gauy A is the (discrete) group generated by Gau A U G. Thus

Fo = (Ay B C) %, (GauA)y = [Uy,, , - (A1 &C)] C

where (GauA); denotes GauA with the discrete topology. Let w € &%u (2y),
then by Corr. 2.3.17 [4] we obtain a covariant representation (m,,V*) of the action
a : GauA — Aut(Ay @ C) such that V,*Q, = Q, for all g € GauA. By Prop. 7.6.4
and Theorem 7.6.6 in [29] we know that this covariant pair defines a representation
T (An ©C) o (Gau )y — B(H,) by T(A) := m,(A) and 7(Uy) := V,* for all A € A,
g € GauA. It is obvious that this representation extends 7,,, hence we can define an
extension of w to F? C F. by w(F) := (4, 7(F),) for all ' € F?. Since w is a state,
and as W(U,) = (s, V;°Q,) = 1 it follows that w € &p on F¢. Since the unitary con-
straints U, , C F¢, any extension of w to F, is still a Dirac state, and this concludes

the proof. |

Thus on the kinematical field algebra 25, the Dirac states and the Gau A—invariant
states are the same.

The choice of the Dirac states for a constraint system (F, C), determines a lot of
structure. First, let N, := {F € F | w(F*F) = 0} be the left kernel of a state w and let
N :=n{N, |w e &p}. Then N = [FC] (where we use the notation [-] for the closed

linear space generated by its argument), as every closed left ideal is the intersection of the
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left kernels which contains it (cf. 3.13.5 in [29]). Thus N is the left ideal generated by C.
Since C is selfadjoint and contained in N we conclude C € C*(C) € NNN* = [FC]N[CF],
where C*(-) denotes the C*—algebra in F generated by its argument.

By Theorem 5.2.2 in [28], we know that if A is a Banach algebra with a bounded
left approximate identity and 7" : A — B(X) is a continuous representation of A on the
Banach space X , then for each y € Span(7T'(A)X) there are elements a € A and x € X
with y = T'(a)z, i.e. [T(A)X] =T(A)X. Thus, if X = F and T : C*(C) — B(X) is
defined by T'(C)F := CF, then N* = [CF] = [C*(C)F] = C*(C)F, hence N = FC*(C).

Theorem 4.3. Now for the Dirac states we have [14]:
(i) Gp£0 iff 1¢CC)iff 1¢NNN*=:D.
(i) w e &p iff 7, (D), = 0.

(iii) An extreme Dirac state is pure.

We will call a constraint set C first class if 1 ¢ C*(C), and this is the nontriviality
condition which needs to be checked [12, Section 3].

For our system (F, Ug,, ), We automatically have & # 0, since F, always has the
trivial Dirac state wy given by wo(Ug,, z2s) = 0, wo(Ug,, ,) = 1 on F?, which extends
as a Dirac state to F.. However, to verify that constraining will produce physically
nontrivial results, we need to check via Proposition 4.2 that there are gauge invariant
states on ™Ay C F., as these will extend to Dirac states on F. for which N, N N}
will not contain 2A,. At the end of Subsection 3.2 we constructed a representation
T = Trock ® Too Which was covariant and had a nonzero invariant vector. The vector
state of this invariant vector is therefore a gauge invariant state on 2, and shows that
our constraint system is physically nontrivial.

We recall the rest of the T-procedure before we implement it for the present system.
Define

O={FeF||[F,D|:=FD—-DFeD VD eD}.

Then O is the C*—algebraic analogue of Dirac’s observables (the weak commutant of the

constraints) [7].
Theorem 4.4. With the preceding notation we have [14]:

(i) D =NNN* is the unique mazimal C*—algebra in N {Kerw | w € Sp}. Moreover
D is a hereditary C*—subalgebra of F, and D = [CFC].

(i) O = Mg(D) .= {F € F. | FD € D 5 DF VD € D}, i.e. it is the relative
multiplier algebra of D in F.

(ii) O ={F e F| [F,C] CD}.
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(iv) D = [OC] = [CO] = [COC]. (Thus D = OC*(C) = C*(C)O by Theorem 5.2.2
in [28] quoted above).

(v) For the present case C = Ug, , — 1, we have Uy, , C O and O =
{FeF.|aF)—FeD VgeGauA}.

Proof: Only the last statement in (i) needs proof, as the rest is in [14]. Clearly [CFC] C
N NN* =D is hereditary by Theorem 3.2.2 in [27]. Since

N =[FC)={F e F | F*F € [CFC]}
it follows from Theorem 3.2.1 in [27] that [CFC] = N NN* = D. n

Thus D is a closed two-sided ideal of O and it is proper when &p # () (which is the
case for our current example). From (iii) above, we see that the traditional observables
C' C O, where C' denotes the relative commutant of C in F.. (In our case C' is just the
gauge invariant elements of F..) Note also that two constraint sets C;, Co which select
the same set of Dirac states Gp, will produce the same algebras D and O, but need not
produce the same traditional observables, i.e. C{ # C) is possible. In examples, O is
generally much harder to obtain explicitly than ' C O. In our example, U, , and Uy
will produce the same D and O.

Define the maximal C*—algebra of physical observables as
R :=0/D.

This method of constructing R from (F, C) is called the T—procedure. We call the
factoring map ¢ : O — R the constraining homomorphism. We require that after
the T—procedure all physical information is contained in the pair (R,&(R)), where
S(R) denotes the set of states on R. The following result justifies the choice of R as
the algebra of physical observables (cf. Theorem 2.20 in [11]):

Theorem 4.5. There exists a w*—continuous isometric bijection between the Dirac states
on O and the states on R.

An established alternative method for enforcing constraints (cf. [20]) in this context,
is to take the traditional observables C' (gauge invariant observables) and then to factor
out by the ideal generated by the Gauss law (the state constraint C). Since C need not
be in C’' (e.g. for nonabelian gauge theory), the term “ideal generated by the Gauss law”
needs interpretation. The easiest interpretation of this ideal, is as the intersection of C’
with the ideal which C generates in C*(C' UC) C O. By Theorem B.1 below, the ideal
generated by C in C*(C' UC) is just C*(C' UC) N D, hence the “ideal generated in C' by
C” is just DN C'. Thus the physical algebra obtained is C'/(DNC') C O/D = R. For
particular field algebras, these algebras can coincide (cf. [14] for the Weyl algebra with
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linear constraints), and below in Theorem 4.12 we will show for our model on a finite
lattice, that they also do.

We can gain further understanding of the algebras D, O, R through the hereditary
property of D. Denote by 7, the universal representation of F on the universal Hilbert
space H, [29, Section 3.7]. F” is the strong closure of m,(F) and since m, is faithful we
make the usual identification of F with a subalgebra of F”, i.e. generally omit explicit
indication of m,. If w € &(F), we will use the same symbol for the unique normal

extension of w from F to F”. Recall the definition from Pedersen [29]:

Definition 4.6. For a C*-algebra F, a projection P € F" is open if L = F N (F"P)
15 a closed left ideal of F.

We then know from Theorem 3.10.7, Proposition 3.11.9 and Remark 3.11.10 in Ped-

ersen [29] that the open projections are in bijection with:
(i) hereditary C*-subalgebras of F by P — PF'PNF,
(ii) closed left ideals of F by P — F"PNF,

(iii) weak *-closed faces containing 0 of the quasi-state space Q(F) by
P—-{weQF) | w(P)=0}.
Theorem 4.7. For a constrained system (F,C) there is an open projection P € F"
such that [14]:
(i) N=F'PNF,
(ii) D=PF ' PNF and
(iii) &p = {w € 6(F) | w(P) = 0}.

Since any hereditary C*-subalgebra of F can be obtained as the algebra D of a set
of constraints (just take C = D), this characterises the possible sets of Dirac states Sp

as the intersections of &(F) with weak *-closed faces of Q(F) containing 0.

Theorem 4.8. Let P be the open projection in Theorem 4.7. Then [14):
O={AeF|PAQ1—-P)=0=(1-P)AP}=P'NF
What these two last theorems mean, is that with respect to the decomposition

H.,=PH,® (1 —P)H,
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we may rewrite
D
D — {Fe]-"F: 0 ,DEP]-"”P} and
00
AO /! U
0 = {Fef(F:(O B),AePJ—"P,Be(]l—P)]—"(]l—P)}.

It is clear that in general O = P'NJF can be much greater than the traditional observables
C' N F. To appreciate this difference, consider the example where F = B(H) for a
separable Hilbert space H, and let C = KC(H) = compact operators. Then C' = C1, but
O = B(H).

We can identify the final algebra of physical observables R with a subalgebra of F” :

Theorem 4.9. For P as above we have:
R(1-P)(PPNF)cF"

Notice that this just means that R is the restriction of P’ N F to the subspace
(1 — P)H, of the universal representation, and that (1 — P)H, is the annihilator of
N, hence of C. Thus a simplified (equivalent) version of the T-procedure, is to select
the space {¢p € H, | m(C)Y = 0} = (1 — P)H,, select the set of all elements of F
which preserves this space together with their adjoints (this is P’ N F), and restrict it
to (1 — P)H, to obtain R. In other words, it is just the enforcement of the constraints
by state condition in the universal representation.

Regarding transformations of the system, consider the automorphisms of F which
factor through to R, i.e. those which preserve both O and D. Define

T:={acAuwF | D=a(D)},

then since O = Mg(D), an o € T also preserves O and so defines canonically an
automorphism o' on R when we factor out by D. Define the group homomorphism
T:YT— AutR by T(a) = «, then KerT consists of all the transformations which
become the identity on the physical algebra R, i.e. “gauge transformations” (in a
different sense than encountered above). In fact, in the case of our assumed constraint
system (F., Ug,, ) we obtain from Theorem 4.4(v)and (ii) that a, , = AdUgq,,x C
Ker T, so we can indeed claim that R consists of gauge invariant observables, though

not necessarily obtained from the traditional gauge invariant observables U éau A C Fe

We now return for a more detailed analysis of our assumed constraint system
(Fe, Up). Our strategy in the rest of this paper, will be to first analyze the constraint

systems for finite lattices, and then to use these to analyze the full system.
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Recall from Proposition 2.5 that 2, has an inductive limit structure over any directed

set S of open, bounded convex subsets of R? such that |J S = R3, partially ordered by
=
inclusion. In particular

mA:Zlﬁan;::hﬁlggg@DﬁgLED

where §g 1= C’*( U SI) and Lg[E] := C*( U Eg[n]). Here we will only be concerned

x€AG neNe©
with the particular case where S is a linear increasing chain S = {S; | k € N}, S| C

Sy C S3 C ---. Note that as each S; is open bounded and convex, it only contains

finitely many lattice points. We can equip
Uy = {Uexpiu) |tER, v=Y -4, forall Y eg, ze A},
with the same inductive limit structure as follows. Let
Uy = {U €Uy | [U,As] # 0} = {Uexpivs,) |t ER\O, Y € g\0, z € 5.}
where the “lattice envelope” S, of S € § is
S,:={rx e A" | 3= (x4,y) € A" suchthat £NS#0 and 2, =2 or y ==z}.

If we denote C; := L{OSZ' —1,thenC; CCoC...,and C =Uy— 1 = ,iLjICZ». The group
generated by L{(fi is denoted by Ug,, s, S0 these sets of unitaries produce equivalent

constraint sets. We also obtain an inductive limit for 7, = [U, - (s ® C)] by

Gaug

Fe=1limFg where Fg:= [Ugons - @As ®C)] = [Ugous - (Fs @ Ls[E] @ C)] .

This suggests that we analyze the “local constraint systems” (Fg,,C;). Below we will
see that i < j implies that Uy = L{(;q ?NFs,, hence the set of constraint systems (Fs,, C;),
i € N, is a system of local quantum constraints in the sense of [14] (Def. 3.3). Such
systems were studied in detail in [14], and in Section 4.5 below, we will apply this
analysis. However, first we need to solve the constraint system for an individual “local”
system (Fg,,C;). To do so, we will solve the corresponding system for a finite lattice in
the next subsection.

We start with the constraint system for the finite lattice, i.e. the system (F, gi, Ci)

where
F& = [Ugpps, - (CAR(Hs,) ® L) @ C)] € M(Ap %4 (GaugA)) D F,

with the same constraints C; := Us" — 1. Note that F& is not contained in F, though
C; C F.NFE. Moreover F¢ only differs from Fg, by the replacement of L5 by Lg, [E].
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4.3 Enforcing the Gauss law constraint for finite lattices.

In this subsection we will obtain a full analysis of the constraint data (Df , OF RF )

for the the finite lattice system (F, g , C;) in S;. First observe that

FE = [Ugas, - (As, ®C)] = (As, + C) %, (Gang S;)
= [Uq As] + [Ugaus,) where  Ag, == g, @ L5V

au S; i

and Gauy S; := {7 € GauA | supp(y) C (S;)e} = [] G with the discrete topology.
xe(Si)e

Lemma 4.10. With notation as above, we have that [Ug,, s As,] is a closed two-sided

ideal of F&. Moreover [Ug,, 6. As,] N [Ugans) = {0}, -6 F&E [ Uqnus,As:] = [Ugus,]

Proof: That [Ug,, SiASi] is a closed two-sided ideal of fé‘; is clear by construction,
so we prove the second statement. Consider a faithful representation V' : [Ug, SJ —
B(H), and let ¢ : Ag, + C — B(H) be the character ¢(A + A1) = A1 for all A €
Ag;, A € C. Then the pair (V, ) defines a covariant representation, i.e. ¢(ay(B)) =
V(Uy)e(B)V(Uy)* = ¢(B) for all B € Ag, + C and g € GauS;. Thus it defines a
representation 7 of the crossed product F§ = (Ag, + C) x4 (Gaug S;) on H by n(B) :=
@(B) for all B € Ag,+C, and w(U,) = V(U,) for all g € Gau S;. As F§ = [Uq,, s, As.|+
[Ugans,]s it is obvious that ( [Ucanss, - Ag]) = 0 and 7 is faithful on [Ugans,): hence

m(FE) = [Ugays,) and Ker (1) = [Uq,, 5 As:]- n

As Hg, is finite dimensional, §s, = CAR(Hg,) is just a (full) matrix algebra, and as
L) = R{Lyx | e N S; # 0} is a finite tensor product of factors £, = K(H), it is
isomorphic to K(H) and hence CAR(Hs,) ® L£5) = K(H). This has the following

consequences:

e The algebra Ag, := CAR(Hs,) @ L) = IC(H) has (up to unitary equivalence)
only one irreducible representation 7 : Ag, — B(H,). This representation 7 is

faithful, and 7 (Asg,) = IC(H).

e Note that the enforcement of the constraints C; := U5" — 1 will put [US] C Fi
and hence [Ug,, 5] equal to C1, hence the only nontrivial part of F; § which needs

to be analyzed w.r.t. constraints is the closed two-sided ideal [Ug,, g - As,] =
Ag, X, (Gaug S;) C .'Fé::

e For the action a : Gau S; — Aut Ag,, as GauS; = ][ G is compact, we know
IG(Si)e

from [32] that the invariance algebra is A2 = p(As, %o (Gaus;))p for some
projection p € M (ASZ. X o (Gau Si)), where the equality is realised in the multiplier
algebra M (Agi X o (Gau SZ)) using the imbedding of Ag, in it. We will find a similar
structure in Theorem 4.12 below.
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e All automorphisms of K(H) = Ag, are inner, hence there are unitaries W, €
M(Ag,) implementing o, € Aut Ag, = Aut (Ag, + C), g € Gau S;, and the uni-
taries are unique up to scalar multiples. The map g — W, need not be a group
homomorphism, and it is well known that the obstruction for this to be the case, is
a nontrivial H*(Gau S;, T) (second Moore cohomology group), cf. [30]. Sufficient
conditions for a trivial H%(Gau S;,T) are in [40].

Proposition 4.11. Let G be a connected compact Lie group. Then

(i) there is a representation of .7:5_ which is irreducible on the subalgebra Ag, C ]:g;.
Hence the irreducible representation  of As, = CAR(Hs,) @ L5 is also covariant
for the action a : GauS; — Aut Ag,.

(i) the action a : GauS; — AutAg, is inner, i.e. there is a strictly continuous

homomorphism V : GauS; — UM (As,) which implements «.

(iii) Let H denote either Gau S; or Gauy S;. Then we have an isomorphism
o As, Xo H — Ag, @ C*(H). Eaplicitly it is obtained by defining o5 (A® f) €
C.(H, As,) by o5 (A® f)(g) = AV f(g) for A€ Ag,, feCe(H) and g € H.

(iv) We have that

f;: = (ASZ + (C) Ao (Gaud Sz) = ASi Ao (Gaud Sz) + C*(Gaud Sz)
and that ¢ [As, ® C*(Gaug S;) + 1 @ C*(Gaug S;)] — F&

is an isomorphism where E(AR f1+1® f2)(g) = A‘/;lfl (g)+Vg*1f2(g) for A e Ag,
and f; € C.(Gauy S;).

Proof: (i) Recall that
Q. = oz# ® 0‘3 where a':GauS; — Aut CAR(Hg,) and o?: GauS; — Aut £

We show there is a product representation of irreducible covariant representations.
For o! : GauS; — Aut CAR(Hg,), we only need to take the Fock representation,
which is irreducible and covariant. Regarding o : GauS; — Aut £, recall that
L) = & Ly where Ay :={¢ € A' | {NS; # 0}, and that o> = ® 6" However,

RIS LrEA,
by Lemma 31.1(i), we have for each £; an irreducible representation 7, which is covari-
ant w.r.t. 0% : G2 — Aut L. Thus, by taking the (finite) tensor product of all of these
covariant representations m, for 6%, ¢, € A}gi, we obtain an irreducible covariant rep-
resentation for o? : GauS; — Aut £5), and tensoring it with the Fock representation
produces the desired irreducible covariant representation for a: Gau S; — Aut Ag,. As
F g is a crossed product, this defines then a representation of .7-"5, which is irreducible

on Ag,.
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(ii) The representation 7 : F§ — B(H,) in (i) is irreducible (hence faithful) on Asg,.
As 7 (As,) = K(H,), which is an essential ideal in B(H,) = M(K(H,)), = produces
a faithful homomorphism from B(H,) into M(Ag,) by Prop. 3.12.8 in [29]. Since 7
is covariant we have the unitary implementers U] := 7(U;) € B(H;), which there-
fore define the unitaries V;, € UM (Ag,) which also implement ay,. It is clear that
g — Vj is a homomorphism which is strictly continuous, since the strong operator
topology and strict topology w.r.t. the compacts coincide on unitaries. Thus the action
a: GauS; — Aut Ag, is inner.

(iii) By (ii), the action « is inner for H. Thus by Lemma 2.68 and Remark 2.71 of [43],
the action o : H — Aut Ag, is exterior equivalent to the trivial action ¢ : H — Aut Ag,,
hence the crossed products are isomorphic by ; : Ag, x, H — Ag, X, H, where the
isomorphism is given by 11 (A - f)(g) :== Af(g)V, " for A € Ag, and f € C.(H). How-
ever, by Lemma 2.73 of [43] we know that the crossed product Ag, x, H is isomorphic
to the tensor product Ag, ® C*(H) (using nuclearity of Ag, for the tensor norm). Ex-
plicitly this isomorphism vy : Ag, ® C*(H) — Ag, X, H is given by ¥o(A® f) = A- f.
Thus we obtain the claimed isomorphism @' := 11 o 1)y, which explicitly is given by
v (A® f)(g) =i(A- f)lg) = Af(9)V, "

(iv) This follows from the previous part, keeping in mind that F§ = C *(Uﬁg ‘U .ASI,) =
CUgans, YAs) = [Ugaus, - As: + Ugaus,]» and that [Ug, o - As,] = As, X, Gaug S;. m

Remark: Observe in part (iv) that if we extend £ to M(Ag,) ® C*(Gauy S;), then
£V, ®6,) = 0, = U, where 6,(y) = 1 if x = y and it is zero otherwise. So we may
consider U, to be the product of V, with some independent part which commutes with
As,. Note that V,7'U, commutes with all of M(Ag,).
Theorem 4.12. For the system (F§ , C;) above, we have that
(i) There is a projection P, € M(As,) such that ay(P,) = P, for all g € GauS; and
OZF N -AS,- = Pa-ASiPa I, (]1 — Pa)ASi(]l — Pa),
,DzF ﬂASi = (]1 - Pa)ASi<I[ - Pa)
and (OF N As,) / (DF N As)) = PoAs,Pa.
Moreover U,P, = P, = P,U, for all g € GauS; and so C;P, = 0.

(i) Let w : F§ — B(H,) be a representation which is irreducible (hence faithful) on
As,. Then w(Py,) is the projection onto HS = {¢p € H, | Ui = ¢ Vg €
Gaug S}, where UJ = n(Uy), and

R(OFNAs) = KO K((HEL),  =(DFnAs) = K((HE)
and %((OZF N .AsJ/(’DZF N ASZ)) = IC(HS) ,

where T is the restriction of (OF N Ag,) to HE.
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(i) We have HE # {0}.

(w) Py = (1— Ps,)P; where Ps, € (F&)" is the open projection of Theorem 4.7 for the
constraint system (Fg, Ci), and Py € (fg)” is the central projection determined
by the ideal [Ug,, s - As;] of Fg,.

Proof: (ii) From Proposition 4.11, we have the representation 7 : F§ — B(Hr) which
is irreducible and faithful on Ag,. As 7 (As,) = K(H,), which is an essential ideal in
B(H;) = M(K(H)), m produces a faithful homomorphism from B(H,) into M (Asg,)
by Prop. 3.12.8 in [29]. Thus there exists a unique projection P, € M(Ag,) such that
7(P,) is the projection P% onto HS. By definition we have that w(U,)m(P,) = 7(P,)
and hence U, P, = P, = P, U, and so C; P, = 0.

As 7 is irreducible, it is cyclic, hence there is a projection P™ € m,(F&) on the
Hilbert space H,, of the universal representation 7, : ]—‘5_ — B(H,) such that P"H, —
H, and P"om, = 7.

Let Ps, € (F&)” be the open projection of Theorem 4.7 for the constraint system
(F&, Ci), specified by w(Ps,) = 0 iff 7, (C;)Q = 0 for w € S(F§). Thus 1 — Ps, projects
onto the Ug, g, Invariant subspace in all representations, and so P := (1 — Ps,)P™ is
the projection of H, onto HE.

By Theorem 4.8 we have that OF N Ag, = P§ N Ag,, so

T(Of NAs,) = P"(P;NAs,)
= {m(A)| A € As, suchthat [r(A), P"(1 - Ps,)] =0} as P™ € (FLY
= (P9 nn(4s,)

C 0

_ {w(A) € m(As,) ‘ w(A) = (0 D) , C € POr(As,)PC, D € (1 — P9)r(As,)(1 — PG)} ,

where the matrix decomposition corresponds to the decomposition H, = HS @ (HSE)L.
Since 7 (As,) = K(H,) we have that PSm(Ag,)PY € 7(Ag,), hence
T(Of N As,) = P9n(As,)PC & (1 — P9)m(As,)(1 — PC) = K(HE) & K((HE)Y) .
Since DF C Ps,OF, we conclude that
R(DF 1 As) = (1~ P)n(As)(1 — P) = K((HE)"),

hence as 7 is faithful, OF N Ag, = K(HS) @ K((HE)') and DF N Ag, = K((HE)*) and
hence the physical algebra in Ag, is

(0F N As) [ (DF N Ag) = K(HE),
where the isomorphism is obtained from restricting 7 (OF N Ag,) to HE.
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(i) Using the faithful homomorphism from B(H,) into M(Ag,), we obtain the cor-
responding statements in Ag, for the projection P, € M(Asg,) such that 7(P,) = PY
from part (ii).

(iii) To see that HE # {0}, recall from the proof of Proposition 4.11(i) that we have
a specific representation 7 as in (ii), and it is 7 = m; ® o where 7 is the Fock represen-
tation on the CAR-part of As, = CAR(Hs,) ® L5, and 7y is the (finite) tensor product
of copies of the usual regular representation of C'(G) x\ G = K(H) = L, on L*(G). The
implementing unitaries of a! for m; act on the Fock space of the first factor by second
quantized unitaries, hence the vacuum vector is an invariant vector. The implementing
unitaries W, € U (L*(@)) for the factor actions § w.r.t. the representation my (cf.
Lemma 3.1) are given by (W, jv) (g) := (h~1gs). Tt is clear that if ¢ is constant then
it is invariant w.r.t. W (as G is compact, the constant functions are in L*(G)). Thus,
the tensor product of the Fock vacuum with copies of these constant vectors will pro-
duce a nonzero element in HS. Thus by (i) the factor algebra (Of N Ag,)/(DF N As,)
is nontrivial, and as all representations as in (ii) are faithful, we obtain from (ii) that
K(HE) # {0} hence HE # {0} for all 7 as in (ii).

(iv) All representations 7 : .7-"5, — B(H) decompose uniquely into 7 = m @ 7o
where 71 (Py) = 1 and 7m3(Py) = 0 as [Ug,, s - As,] is an ideal of F&. Tt suffices to
verify the claim in all representations of these two types, since then it follows for the
universal representation. If 7(P;) = 1, then m is nondegenerate on [Ug,, g - As,] =
Ag, %, (Gaug S;), hence on Ag, by this property for crossed products. In particular,
for the representation in (i) we get that m((1 — Ps,)P;) = m(1 — Ps,) = P¢ =
m1(P,). This determines it in the multiplier of Ag,, hence for any representation which is
nondegenerate on Ag,, which includes all representations of F, g such that 7(P;) = 1. On
the other hand, for a representation mo with mo(Py) = 0, we have that mo((1 — Ps,)Py) =
0. Moreover as As, C [Ug,, g, - As,] we have (using ideal structure):

Py € M(As,) C A% C [Ugnns, - As,

K3

"= Py(F5)" < (F5)"

and so it is clear that mo(P;) = 0 implies that mo(F,) = 0. Hence we conclude that
Pa:(]l—PSi)PJ. |

Observe that as K(H;y) = K(Hs) iff dim(H;) = dim(Hs), we conclude from (ii) that
dim(HS) is the same for all representations m : F§ — B(H,) which are irreducible on

As..

We obtained above precisely the same result for the physical algebra than what the

traditional constraint method produces for this system:

Theorem 4.13. For the system (fg, Ci) above, the set of traditional observables in
As,, i.e. C/N Ag,, is the gauge invariant part AG of As,. Let m : F§ — B(Hx) be an
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irreducible representation which is irreducible on Ag,, then
m(AS) = m (€N As,) = K(HS) @ (K((HS)) nm(c)').

The “ideal generated in .Agi by the Gauss law” is taken to be DI N Ag, and its image

w.r.t. T s
T (DI NAS) = K((H7)") nw(C)'
hence the (traditional) algebra of physical observables is
AS/ (D] 0AG) = K(HT)
where the isomorphism is obtained by restricting w(Ag) to HE.

Proof: As Ag, commutes with \Uy® we have AG = AG = As, N (U5 = As,NC C
OF N As,. Thus by Theorem 4.12(ii):

C 0
m(AZ) C (0 NAg,) = K(HO)BK((HE)T) = { (0 D) \ CeKMHS), De /C((HS)L)}
Note that for g € GauyS; we have the decomposition

1 0
UJZ(ov) for ¥, = (1 POUF € U((HE)"),
g

hence

M(AS) € (Ugu,s) 0 (g g) C e K(HS), D e K((HS)H) ]

= { (g g) ’C € K(HS), D € ’C((Hf)l) N (VGaudSi),}
= K)o (K((r)") (')

We prove that the inclusion is an equality. If A+ B € K(HS) @ </C((Hf)L) N W(Ci)/>,
then as A € K(HS) C n(OF nAs,) D K((HE):) na(C;) > B, and 7 is faithful on
As,, there are unique Ay, By € OF N Ag, such that m(Ag) = A and 7(By) = B. As
7 is covariant and both A and B commute with all implementers UJ, g € Gauy S;,

we see that Ay, By € OF N Ag, are G-invariant, using faithfulness of m on Ag,, hence
Ao+ By € AZ. Thus

m(AS) = K(HS) @ (K((HE)*) n=(CY).
Then
T(Df NAS) = 7(Df nAs,)Nr(AS)
= K((HS) n (k) @ (K(HE)H) nm(c)') )
= K((H)) nr(c),
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and clearly 7(A§ )| HSY = K(HS), and the claim follows. ]

Now F& = C* (MOS "UAsg,) hence to obtain the full algebras D/ and OF we need to
consider the role of U5". By construction, C; € DF ¢ OF 3 1, hence Uy = C;+1 C OF.

Theorem 4.14. With notation as above, we have that

OzF = [Uc,ausi ) (OzF N ASi + C)} = [PaASiPa] + [(]1 - PO!)UGauSiASi<]1 - Pa)] + [Uc,ausi]
and D =B+ [CiUg,, ] where
B, = [CiUGauSi ('D;TJ N -ASZ)] = [CiUGauSZ-'ASiCi]
=[(1 = Pa)Ugays,As, (1 = Py)| = DI N (Ui s, Asi] -
Moreover: RE=0OF /DF = [P, As,P) +C = K(HS) +C,
where the last isomorphism is concretely realized in the representation m of Theo-
rem 4.12(ii).
Proof: From the fact that " generates Uy, s, s a group, we have that C* Uy =
Ugin Si] hence via the implementing relations we obtain:
F& = C" Uy U Ag,) = (As, + C) xq (Gaug S;) = [Ug,s, - As] + [Ugaus,) -
As US"  OF it is obvious that

OZF 2 [UGauS,- ’ (OZF N ASi + (C)} )

so we show the converse inclusion. By Theorem 4.8 we have that Of = Py N F&
where Ps, € (.7-"§7 )" is the open projection of Theorem 4.7 for the constraint system
(F&, Ci), specified by w(Ps,) = 0 iff m,(C;), = 0 for w € &(Ff). Let B € OF C
[Ugans, * As:] + [Ugaus,] = F§,, then since we already know that [Ug,, 4] C Of, it
suffices to assume that B € [Ug,, s, - As,| N O], ie.

Nn

B = lim SuMAP  for UM eUg,, and AV € Ag,

j=1
such that [B, Ps,] = 0, i.e. B = Pg,BPs, + (1 — Ps,)B(1 — Ps,). Recall from Theo-
rem 4.12(iv) that P, = (1 — Ps,)P; where P; € (F§)" is the central projection deter-
mined by the ideal [Ug,, g, - As,] of F&. Thus, since B is in this ideal, we get

B = P;BP; = (1 - P,)B(1 - P,)+ P,BP,

and hence N
B=lim Y U"((1-P)A" (1 - P,)+ PA"E,). (4.11)
j=1
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However we have that (1 — Pa)Agn)(]l - P) + PaAg-n)Pa € OF N As, by The-
orem 4.12(i), and hence B € [Ug, (O NAg)]. We conclude that Of =
[UGauSi (OF N Ag, 4+ C)], as claimed.

By Theorem 4.12(i) we have a projection P, € M(Ag,) such that U,P, = P, = P,U,
for all g € Gau S; and

Of N As, = PoAs,Po ® (1 — P,)As,(1 — P,) (4.12)

from which we obtain the second equality for OF.

Next, recall from Theorem 4.4(iv) that we have
Dj = [COf] = [CiUqu, 5, (0 N As,)] + [CiU g ) -
However DPs, = D for all D € Df D> C; hence [CilUg,,q (OF NAs,)] =
[CiPSiUGauSi (OZF mASz)] = [Cz(:ﬂ - PO‘)UGauSZ' (OZF ﬂASl)] = [CiUGauSi (DZF A ASZ)] by
the decomposition in Equation (4.11) for elements of [Ug, 5,(O0f N As,)] . This estab-
lishes the first equality B; = [C;Uq,, 5. (Df N As,)] for Df.

It is clear via Lemma 4.10, that B; = D] N [Ug,, g,As,] since [Ug,, ¢ As,] is a closed
two-sided ideal of F§ = [Ug,, g As,]+[Ugaus,] and [CiUq,, 5] C [Ugays,]- For the second
equality for B; use C;P, = 0 and
D] = [COfC]= [Ci<[PaASiPa] + (1 = Pa)Uqpug,A5: (1 — Po)l + [Ugay 5] )Ci]

= [CiUGauSiASiCi] + [UG CZ]
and so Bi = Df N [Ug,, 5,As] = [CiUg,, 5. As,Ci]- For the third equality recall from
Theorem 4.12 that (1—Py)As, (1—-F.) = D NAs, C DI N[Ug,, 5. As.] = [Cilg,, 5 As.Ci]

hence

au S;

au Si

(1 — POC)UGauSiASi(]l — P,)] C [CiUGauSiASici] —(*)
To get equality, note that Of N [Ug,, 5, As:] = [PaAs, Pal +[(1 — Pa)Ug,, 5, As, (1 — Po)]
is a sum of two ideals with trivial intersection, and that [CiUGau SiASiCi] = DZ-F N

[Ugans,As:] € OF N [Ug,us,As;] is also an ideal, as it is the intersection of two ide-
als. By (x) it suffices to show that [C;U,, ¢ As,Ci| N [PoAs, Pu] = {0}. If B € [PoAs, Po]
then P,B = B, however for any element B € [C;Ug,, SiASiCi] we have P,B = 0.
It follows that [C;Ug,, SiASiCi] N [Py Ag, P.] = {0} and hence B; = [C;U,, SiASiCZ-] =
(1= o)l As, (1 P,)].

Finally, let £ : OF — OF / DF be the constraining homomorphism. Then & (Uq

1 hence

R =¢0]) =¢(0f NAg,) +C= (0 n ASZ.)/(Df NAs,) +C = P,Ag,P,+C

auSi)

by Theorem 4.12(i), and using the faithful representation © we also get from Theo-
rem 4.12(ii) that RY = K(HE) + C. ]

We have now fully specified the constraint data for the finite constraint systems (F. éi:,, Ci).

For the physical algebra, we obtained the same result from two different methods.

37



4.4 Solving the local constraint systems.

Our aim in this section is to use the results above for the finite lattice constraint systems
(ng, Ci) to solve the corresponding “local” constraint systems (Fg,, C;) in the infinite
lattice. Recall that

FS}Z = [UGauSi ) (ASZ S (C)] = ("451 + C) N (Gaud Sz)
= [Ugans, - Asi] + [Ugans,] C M(2a X (GaugA)) D Fe and
[Ugaus, - s ® C)] = [Ugays, - U] + Ugans,] C Fe

au S; i

Fs,

7

where Ag, = Fs, ® L5 and As, := Fs, ® Lg,[E] and we have the same constraints
C; = Z/{g)g © — 1 for both cases. As F, 5‘7 differs from Fg, only by the replacement of £% by

Ls,[E], we examine the relation between these algebras. Recall that

Ls,[E]:=C*( | €sm]) c LIE],
neNee
where Eg,[n] denotes those elementary tensors in (J .y £*) ® E[n]g4q which can only
differ from E[n}; = E,gl) ® E%) ® - -+ in entries corresponding to links in Agi.

Lemma 4.15. Let Es[n] C M(L[E]) consist of E[n]; = ESY ® EY ® -+ except
for entries corresponding to links in A}%’ where it is the identity. Let Tg[E] :=
C*( U Esm])=[ U Es/[n]] C M(L[E]) denote the “infinite tails”, then

neN>® neNo>e
LolE) = (L5 Ty[E)] = L5 @ Ty [E)

and Fs, = [UG ASi] ® ’ZS'Z [E] + [UGauSi] ®1.

i au S;

Proof: Identify £% with £% ® 1 C M(L[E]), by which we mean that for the ele-
mentary tensors, only the entries corresponding to links in Alsi are not the identity.
Observe that Lg, [E] = [£% - Tg,[E]] . In fact, as both £5 ® 1 and 7g,[E] are generated
by elementary tensors with their only nontrivial parts in complementary factors, it is
clear that the algebraic span of the products of these generating tensors is an algebraic
tensor product. Recall from the line below equation (2.7) that the C*-norm is taken in
M (L[1]), and L[1] is a tensor product over the same index set as the elementary ten-
sors above. It is well-known that for a tensor product A ®,;, B, its multiplier algebra
M(.A R min B) in general strictly contains M(.A) Rmin M(B) (cf. [1] p286-287), and
hence on this subalgebra the norm of the multiplier algebra is a cross norm. Thus the
norm of M(L[1]) D L% @ 1U7Tg,[E] is a cross norm, so if we take the closure of the alge-
braic tensor product mentioned above, we get that Lg,[E] = [£% T, [E]] = L%®T,[E].

Note that s, = Fs, @ Ls[E] = Ts, @ L5 @ T,[E] = As, ® Ts,|[E]. Moreover
[UGauSZ' -As,| = As, Xq (Gaug S;) = (.Asi ® Tg, [E]) Xq (Gauy S;), and the action « acts

trivially on 1 ® 7g,[E], hence it is the product action a = o @ ¢ where o : Gauy S; —
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Aut Ag, is the restriction of v to the finite part As, ® 1 = F5, ® L5 @ 1. Tt follows from
Lemma 2.75 in [43] that (As,®7s,[E]) Xa(Gaug S;) = (As, ¥ or (Gaug S;)) @75, [E], using
the fact that 7g,[E] is commutative, hence nuclear. Hence the implementing unitaries
are of the form U, ® 1, and so

[UGauSi : Q[S] = (Asz >4OtF (Gaud Sl)) ® 73‘ [E] [UGauS ASz] ® ,]ng [E]

(3

and this proves the last equality, using Fs, = [Uq,, s - %s.) + [Ugaus,)- ]

Theorem 4.16. Given the constraint systems (F&, C;) and (Fg,, C;) above, and their
associated constraint data (DZF , OF RE ¢F ) and (Di, O, Ri,fz-) respectively, then

D; =B @ Ts,[E] + [CilUgy, 5] ® 1

where B; = [CiUGauSi (Df N .Agi)] = [CiUGauSiASiCi] =[(1 - PQ)UGauSiASi(]l — P,)] for
a projection P, € M(Asg,) such that UP, = P, = P,U for all U € Uaus, 2 L{gq" by
Theorem 4.12. Moreover

O = [Ugaus, (07 N As)|[+[Ugaus ] and  O; = [Ug,,5,(0F N As)]|@T5, [El+{Ug,, 5]
where OF N Ag, = Py As, Py ® (1 — P,)As, (1 — P,). Furthermore

Ri =& (0 N As) @ Tg,[B] + C = PoAs Po ® T [E] + C = K(HT) ® T, [E] + C
where w : F& — B(Hx) is any representation which is irreducible on Asg,.

Proof: First consider Fs, = [Ug,,s - As] ® T5[E] + [Ug,,s] ® 1. Note that
Ugin s - Ag,] ® Tg,[E] is a closed two-sided ideal of Fg,. By an analogous proof to
Lemma 4.10, we see that [Ug,, g - As,] ® 75, [E] N [Ug,,s,] ® 1 = {0}, and hence decom-
positions in terms of these two spaces are unique. By Theorem 4.4 we have D; = [C;Fs,C;]

hence
D; = [CiUGau SZASzCl] ® %z [E] + [CiUGauSi] ®1
= Bz®7:9z[ ] [CUGauS]®]1

where B; = [CiUg,, 5,45.Ci] = [CilUgaus (DF N Ag,)] = [(1 = Pa)Uqp, 5, As, (1 — Pa)] by
Theorem 4.14, which establishes the first claim.

The equality for O follows directly from OF = [Ug,, s (OF N Ag, + C)], obtained
in Theorem 4.14. Recall from equation (4.12) that

OF N As, = PoAs, P, ® (1 — P,)As,(1 — P,). —()

We now prove the stated equality for O;. Let A € Fg,, then by the decomposition for
Fs; we may write A = F' + C where F € [Ug,, 4 " As,] ® T, [E] and C € [Ug,, ] ® 1.
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As C € O; already, we only have to consider F. If F' € [UGauSi (OF N Ag)] ® 75, |E),
then

FD; = F(Bi ® T5,[E] + [CilU,, 5] © 1) € B © Ty, [E] C D;
because [UGauSi (Of N As,)] B: C [UGauSi (OF N Ag) (1 — Po)Ugau s, As; (1 — P,)]
c (1 - POC)UGauSiASi(]l — F)] =B (as [P, O] = 0)
and [UGauSi (OF N Ag,)] [Cillgans,) C [(1 = Po)Uquys,As: (1 — Po)] = B;

using C; P, = 0, and the decomposition () for OF N Ag, stated above. Likewise we also
get that D;F' C D;, and hence F' € O;, so we have shown that

0; 2 [UGausi(OzF n ASz)] ® ,Zgz [E] + [UGauSi] :

We prove the reverse inclusion. Let A € O;, then as above we may write A = F + C
where I € [Uq,, g " As,] ® Ts,[E] and C € [Ug,, 5] ® 1. As C € O; we have F € O;,
so we need to show that F' € [UGauSi(OiF NAs,)] ® Ts,[E]. Let P, := P, ® 1, then
P,FP,+ (1 — P)F(1 —P,) € [UGauSi<OiF N As,)] ® Tg,[E] by (x), so it remains to
show that the remaining part of F':

F:=P,F(1-P,)+(1-P,)FP, € [Uiaus, (OF N As,)] & Ts, [ E].

Explicitly F' € [U,

Gaus,As;] ® Ts,[E] has the form

Nn
F o= lim Y UPAY@T™  for UM el A" €As, T\ €Ty [E]

~ A~

so F = ]3F(]1—]3)+(]1—ﬁ)FPa

~ lim Z U (A (1= P + (1= PYAMP,) @ T € O,
since the other part P,FP, + (1 — P,)F(1 — P,) is in O;. Thus F is in the relative
multiplier of D;. Now (1 — P,)Ag, (1 — P,) ® 7g,[E] C D;, and so

F- (1= P As (1 = P) @ T [E] = PaF (1= By) - (1= P) As, (1 - P.) @ T [E]) € D,

and in fact it is in D; N [Ug,, g As;] ® Ts,[E] = B; @ T, [E]. However P, € M(As,)
by Theorem 4.12(iv), so if {Jyx | A € A} C Ag, is an approximate identity, then
(1 —P,)J\(1—-PF,) — (1 — P,) in the strict topology of M(Ag,) hence in the strong
operator topology of A% . Recall that Tg,[E] :== C*( |J Es[n]) € M(L[E]), and let

neNe©

{K, | v € T'} C T5,|E] be an approximate identity of it. Consider
Fr(l=P)A(1-P)&K, = PF(1=P)- (1= P)A(1 - P) @ K,)

Nnp
= lim Y UMPAY (- P,)(1 - P) @ TVEK,

J
Jj=1
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which is in B; ® 7g,[E] C D;. Construct the faithful representation
T @72t [Ugay 5.A4s:] @ Ts,[E] — B(Hi ® Ho)

where 71 1 [Ug,, ¢ As;] — B(H1) is the universal representation of [Ug, ¢ As,] (which re-
stricts on Ag, to its universal representation on its essential subspace), and my : 7g,[E] —
B(H>) is the universal representation of 7g,[E]. Then

(U PA (1= PR - P @ TVEL ) — 7 (U RAM (1= P 0 T

J

as A\, v — oo in strong operator topology. As the norm limit w.r.t. n can be inter-
changed with the strong operator limits w.r.t. A, = (since the product is continuous

w.r.t. strong operator topology), this implies that

n

r(F-(1=P)A1-P)eK,) — a(lm > U PAYQ-P)e1")

J
j=1

= W(ﬁaF(]l — ﬁa)> c 7(B; ® Ts,[E]) 5P

as A, 7 — oo in strong operator topology. As B; = [(1 — Pa)Uq,, 5. As, (1 — Pa)], we

have (1 — P,)B = B for B € B; ® 7s,[E], and hence (1 — P,)B = B for all B €
m(B; ® Tg,[E])~%°P. Thus

w(ZSQF(]l - Pa)> = 7(1 = P)r(BuF(1 = B,)) =0

and as 7 is faithful, IBQF(]I — I3a) = 0. Likewise we get that (1 — ﬁa)Fﬁa = 0, and
hence F = P,FP,+ (1 - P,)F(1—P,)=0¢ [UGau,Si(OiF NAs,)] ® 75,[E] and so

Oi = [Ugaus, (07 N As)] @ Ts, [E] + [Ugay 5]

To obtain the claimed equality for R;, we consider the factor map & : O; — R;.
Since [UGauSi(OiF NAs,)] ® T, [E] N [Ugans,) = {0}, we can analyze &([Ug,,s]) and
5,( [UGau Si(@f N .Asi)] ® T, [E]) independently. By construction, as D; = [C;O,C;] by
Theorem 4.4, thus factoring O; by D;, is a homomorphism which puts C; = Ll(‘)g =1
to zero, hence &(Z/l{)9 ‘) = 1 and as Ug,, s, 1s generated as a group by u[*? ‘, we have
§i(Ugans,) = 1 and hence &( [UGauSZ_]) = CI.

Next, recall that as 7g[E] is commutative (hence nuclear), the tensor norm
of [UGauSi(OiFﬂASi)] ® 7g,[F] is unique. Thus by I11.9.6.6 in [2] we have that
Ker (§F ® 1) = Ker (§]) ® Tg,[E] where ¢ is the identity map of 7, [E] and where
&t [Ugas, (OF N Ag))] — RF s the restriction of & to [Ug,,s(OF NAs,)] =
OF N [Ugays,4s,]. Now Ker (€F) = DF n [Ugaus,As:] = Bi by Theorem 4.14, hence
Ker (' ®1) = B;®Ts,[E] = D; N [Ugan 5,45:] @ Ts,[E]. As this is precisely the kernel of
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& restricted to [Ug,, 5,(Of N As,)] ® Ts,[E], we conclude that & coincides with £ @
on [UGauSi(OiF N AS,-)} ® Tg,|E], thus

fz( [UGauSZ<OzF N "451)} ® ,]-S/L [E]) = ng(OzF N "451> ® 7%1 [E]
using &' ( [UGauSi(OZF NAs,)]) = & (0F N As,) by §i(Ugaus,) = 1. Combining this
with the previous paragraph, we obtain

Ri= 52(01) = fl( [UGauSi<OiF N ’Asz):| ®,Z5'z [E]—i_[UGauSi]) = £ZF(01F N ASz) ®7—5'1[E]+C

as claimed. The remaining equalities are obtained from Theorem 4.14. |

4.5 Solving the system of local constraints.

Our aim in this section is to solve the constraint problem for the full system (F,C). As
remarked above, the set of local constraint systems (Fg,,C;), ¢ € N which it comprises
of, is a system of local quantum constraints in the sense of [14] (Def. 3.3). Such systems
were studied in detail in [14], and now we will recall and apply the relevant parts of that

analysis.
Definition 4.17. A system of local quantum constraints consists of the following:

(1) A directed set T of C*—algebras with a common identity 1, partially ordered by
inclusion, defining an inductive limit C*—algebra Fy (over f) We will call the
elements of T the local field algebras and F, the quasi—local algebra. There is
directed index set I together with a surjection F: I’ — T which is order preserving,
i.e. if y1 < g, then F(v1) C F(72).

(2) (Local Constraints) There is a map U from I" to the set of first class subsets of the

unitaries in the local field algebras such that

U() C F(y)u foral vy €T, and
if v1 < 2, then L{(%) = U(%) ﬂ}"(%),

This definition was adapted from Definition 3.3 in [14], where I and F had additional
structure, which we will not need. We first verify that our current system (Fg, ,Us"),
i € N satisfies these conditions.

Proposition 4.18. Let I' = N with its usual order, and let

(3

f(Z) =Fqg = [UGauSi 'lei] + [UGauSi] C F. = lim.'FSi

where we use the notation established above. Define U(i) = L{Osi, then the system
{(F@),U(@) | i € N} = {(Fs,,U5") | i € N} is a system of local quantum constraints.
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Proof: It is clear that (1) is satisfied. Regarding (2), it is obvious that if i < j, then
US CUY N F,, so it suffices to show that no U € Uy \US" is in Fs,. Recall that

Uy = {U€ely | [UAs] # 0} = {Uspuvs,) |t ER\O, Y €g\0, 2 €S}  where
U = {Uepw) |tER, v=Y -0, forall Y eg ze A%} and
S, == {xeA | 30=(xs,y) € A" suchthat (NS #( and z, =2 or y, = x}.

Now Fs = [Ug,. s - As]+[Uq,, s] and we have uniqueness for decompositions in terms of
these two spaces. If i < j, then [Ug,, ¢ - ™s] C [UGaqu -Ag,| and [Ugaus,) € [UGaqu]
hence Uy’ N Fs, C [Ugays) N Weaes) = Waas)- Now [Ugy,s] = C*(GangS;) so
as GauS; = (GauS;) x H where H := {vy € GauS; | supp(y) N (S;). = 0}, we have
C*(Gauy Sj) = C*(Gaug S;) @max C*(Hy). Thus [UGauSi] = C*(Gaug S;) @max CI1.
Moreover U €& u(fj\u(fi is of the form U = Uecpuy.s,) for t € R\0, Y € g\0
and = € (5;)c\(Si)e so exp(tY - 0,) € H hence U € Cl ®pax C*(Hy). As U im-
plements a nontrivial automorphism, it cannot be a multiple of the identity, hence

U & C*(Gaug S;) ®max C1 = U7 N Fs,. Thus Uy’ N Fg, = U and so (2) is satisfied. m

Given a system of local quantum constraints, v — (F(v), U(7y)), we can apply the
T—procedure to each system (F(v), U(7)), to obtain the “local” objects:

Sp

{wesFm) lww)=1 vUueum} = &p(FH).

D(y) = [FO)CHINCH) FO),

O(y) == {FeF(y)|FD-DFeD(y) VDeD()} = Mr(D()),
R(y) = O()/D(v) and constraint homomorphism & O0(y) = R(y).

In the case of our system {(Fs,,Uy") | i € N}, this corresponds to the constraint data
( . Di, O;, Ry, fi) analyzed in Theorem 4.16. We need to determine what the inclu-
sions in Definition 4.17 imply for the associated objects (&}, D(v), O(7),R(7), &).

Theorem 4.19. LetT' 5 v — (F(vy),U(7)) be a system of local quantum constraints. Let
7 < v imply that O(y1) € O(v) and D(v1) = D(y2) N O(11). Then the constraint
homomorphism &, : O(v2) — R(72) coincides on O(vy1) with &,,, and hence it defines
a unital *~monomorphism t12: R(y) — R(y2). In this case, the net v — R(y) has

an inductive limit, which we denote by Ry := lim R (7). Now we may consistently write
R(m) C R(v2) if 11 < 2.
Proof: Let 71 <72 and O(v) € O(y2) and D(y1) = D(y2) N O(y1). From

R(12) = 0(32)/D(2) = (0(1)/D(2) ) U ((O(12) \ O(1))/P(x2) )

it is enough to show that O(7y1)/D(v2) = R(m) = O(n)/D(71). Now, in O(y1) a
D(~y,)—equivalence class consists of A, B € O(+) such that A— B € D(v2) and therefore
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A= B € D(y2) NO(m) = D(71). This implies O(11)/D(72) = O(11)/D(n) = R(n).
Moreover, since 1 € O(v;) C O(72), and the D(7;)—equivalence class of 1 is contained
in the D(~,)—equivalence class of 1, it follows that the identity maps to the identity. We
obtain for 7; < 75 a unital monomorphism ¢15: R(71) — R(72). Next we have to verify
that these monomorphisms satisfy Takeda’s criterion: 15 = ta3 012 (cf. [37]), which will
ensure the existence of the inductive limit Ry, and in which case we can write simply
inclusion R(7y1) C R(72) for t12. Recall that t12(A+D(v1)) = A+ D(y2) for A € O(m).
Let 71 < 5 < 43, then by assumption O(v;) C O(72) C O(v3), and so for A € O(v),
t23(t12(A + D(m))) = ta3(A+ D(12)) = A+ D(73) = t13(A + D(v1)). This establishes
Takeda’s criterion. |

The pair of conditions O(7y;) € O(v,) and D(v;) = D(y2) N O(71) were analyzed in
Subsections 3.1 and 3.2 of [14] where together they were given the name of reduction

isotony.

Theorem 4.20. With notation established above, the system of local quantum con-
straints {(Fs,,Uy") | i € N} satisfies

(1) O; CO; and D;=D;NO; ifi <j. Thus R; CR;, and there is an inductive
limat, which we denote by Ro := limR,;.

(ii)) O; CO and D; =D N O; where (GD,D, O, R, 5) is the constraint data for the
full system F, = [Ucaud/\'@[/\@@ﬂ = lim Fg, with constraints C =Uy—1 = Ejl C;.
Thus & coincides with & on  O;, and hence defines a unital *~monomorphism

ti: Ri — R which is compatible with the containments R; C R;, hence we
denote it by R; CR. Thus Ry =limR; C R.

(iti) D;=DNFs, O;=0ONFs, and Ro=E(CHON ,ngsi)).
Proof: Let ¢+ < 7 and recall

Fs, = [Ug U] + [Ugaus,) and Uy ={U €Uy | [U,As,] # 0}

i au S; i

where g, := §s,®Ls,[E]. Thus for U € Uy\U5" we have [U, 2s,] = 0 and [U, Ugaus.) = 0,
and so [U, Fg,] = 0. Now from Lemma 3.3 in [14] we have that

0, C 0, iff O, C{FeFs |UFU —FeD; VU €Uy \U"
0, CO iff O, C{FeFs |UFU'—FeD VYU eU\Uy'}

and by the previous lines we have that UFU! — F =0 € D;ND for all F' € Fg, 2 O;
and U € MO\Ug ‘. So these requirements are always satisfied, hence O; C O; and O; C O

as claimed.
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Next, to show that D; = D; N O; note from the definition of D that D; C D;, hence
D; € D;N0O;. Since O; € O; we may regard these as new field algebras, so using
Lemma 3.2 in [14] we will have that D; = D; N O; if we can prove that every Dirac
state on O; (w.r.t. constraints C;) extends to a Dirac state on O; (w.r.t. constraints
C;). In fact, it is enough to prove that every Dirac state on O; (w.r.t. constraints C;)
extends to a Dirac state on &£ := C*(O; UUg,, Sj) C O; (w.r.t. constraints C;) because
any further extension of such a state by Hahn-Banach to O; remains a Dirac state w.r.t.
C;.

Now (as observed in the proof of Proposition 4.18) we have that GauS; =
(Gau S;) x H where H := {y € Gauls; | supp(y) N (S;)e = 0}, and ay acts trivially
on Fg,, hence on O;. Since U, ¢ C O;, we have & = C*(O; U Up) and recalling that
the unitaries Ug,, ¢ were the implementing unitaries of o, ¢ In the original crossed
product, this means that £ = O; x, H; where ¢ : H — Aut Q; is the trivial action.
Thus by Lemma 2.73 in [43], we obtain that & = O; x, Hy = O; ®@max C*(Hg). Now
by Theorem 4.9 in [38], given any two states w; on O; and we on C*(H,), we can define
a state wy @ wy on € = O; max C*(Hy) by w1 @ we(A ® B) = wi(A)ws(B) for all
A€ O; and B € C*(Hy). In particular, as C; is first-class, we can choose a state wy on
C*(Hy) = C*(Upg) such that we(Uy) = 1 for all h € H. Thus if w; is a Dirac state on O;
(w.r.t. constraints C;), then wy ® wy is a Dirac state on € (w.r.t. constraints C;) which
extends wy. This concludes the proof that D; = D; N O;, and thus (i) is proven.

For (ii), the same argument with suitable replacements proves that D; = DN O;.
Moreover, if we replace O; by Fg,, this argument also proves that D; = DN Fg,. To
see that (;: R; — 'R is compatible with the containments R; C R;, i.e. with the
monomorphism ¢;;: R; — R; obtained from (i), recall that ¢;;(A + D;) = A+ D; for
A € O;. Then by assumption O; C O; C O, and so for A € O, ¢, (Lij(A + DZ)) =
ti(A+D;) = A+ D = 1;,(A+D;). Thus ¢j o;; = 1;, and this also proves that the set
of monomorphisms {¢; | i € N} defines a monomorphism of Ry = limR; into R by the
universal property of inductive limits (Theorem L.2.1. in [41]). -

(iii) We already have above that D; = DN Fg,, so we prove that O; = O N Fg,.
As O; C O by (ii), we have O; € O N Fg,. Conversely, if A € O N Fg,, then
AD; = A(DNQO;) € DN Fs, = D;. Likewise D;A C D; hence A € O;. Thus
0, = ONFg,. Since £ : O — R takes each O; = ONFg, to R; C Ry and it is a homomor-
phism, it takes C*(O N Y Fs,) = C*(igN O;) to Rg. Since all R; C £(C*(ON Y Fs.)),
and these generate R it is clear that we have the claimed equality. |
Thus we have shown that the local physical observable algebras R; (obtained in The-
orem 4.16), combine into an inductive limit Ry, and produce a large part of the full

observable algebra R. If R # Ry, then the extra elements must be obtained from

O\C*(On 'UN Fs,), i.e. these do not come from “local” observables, so we may regard
1€
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the elements of R\Ry as global observables. It is not clear if there are any.
We would like to understand the inclusions R; € R;, in terms of the concrete

characterization in Theorem 4.16:
Ri=&(0:) =&/ (0f N As,) © Ts,[E] + C = K(HY) ® T, [E] + C

where 7 : F& — B(H,) is any representation which is irreducible on Ag,. Since for
i < j we have R; = &(0;) = &;(0;) C §(0;) = R;, we need to consider the inclusion
O; C O;. By Theorem 4.16

O; = [Ugans,(OF N As)|9T5, [E]+[Ugus]  where OF = [U

au Si au Si

(Of N ASi )] +[UGau Si]

and Ag, := s, ® L. As [Ugaus,) € [UGaqu] and & ( [UGaqu]) = C, we only need to

(OF N As,)] ® Ts,[E] C [Ug,s, (OF N As))] @ T, [E].

examine the inclusion [UGau s,

e We show how Lg,[E] C Lg,[E]. Now Lg,[E] = L5 @ Tg,[E], and so it is generated
by elements of the type L ® Es,[n] where L € £ and Eg,[n] is as in Lemma 4.15.
Then Eg,[n] = E;;® Eg,;[n] where Ej; is the finite tensor product consisting of those
entries of BV @ B2 ®- -+ corresponding to links in Agj\A}qi. Now L% ® E;; C L5
since (ES))pen C Ly, hence L ® Eg,[n] = L @ Ey; © Es,[n] € £5 @ Tg,[E]. Thus
we have identified £5 @ Tg,[E] C L5 ® Tg,[E] and hence Lg,[E] C L, [E].

e Since §s, C Fs, it follows that Ag, ® E;; = §s, @ L7 @ Ej; C Fs, @ LY = Ag,.
We claim that (Of N Ag,) ® Ei; € (OF N Ag,), and hence (O] N Ag,) @ Ts,[E] €
(O] N Ag,) ® T, [E] . That (O] N Ag,) ® E;; C Asg, is obvious. To see that it is

in Of note that [U(fj \Us*, (OF N Ag,) @ Ej;] =0, and that
Us", (Of N As,) ® E;j] € Bf ® E;; C D

where via Theorem 4.14 we have B; = Df N [Ug,, s, As] = [CiUgqu, 5. As.Cil,
and the last inclusion follows from B ® E;; = [CiUq,n siASz'Ci] ® E; C
[Ci(UGauSiASi ® Eij)Ci} C Df. This inclusion

(07 N As) ® Ts,[E] € (O] N As,) ® T, [ E]
fully specifies the inclusion R; C R; because R; = & ((OF N As,) ® Tg,[E]) + C.

We conclude that we have concretely characterized the algebra of local physical ob-
servables Ry = limR; C R, but that the existence and nature of the global physical

observables R\Ry remain an open question.
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5 Conclusion.

We have extended the finite QCD lattice model in [22, 23, 20, 21| to an infinite lattice.
We defined both local and global gauge transformations on it, and we identified the
Gauss law constraint. Using the T-procedure and the local structure of the constraints
we solved the constraint system, and identified the algebra of local physical observables.

There are three directions in which this model needs to be developed in future work.
First, the open question of the existence and nature of the global physical observables
R\Ry needs to be settled. Second, we need to analyze boundary effects, i.e do colour
charge analysis and connect to the results for the finite lattices in [20, 21]. Third, and
more ambitiously, we need to define and analyze the dynamics of the system, and obtain

suitable ground states.

A Connecting with physics notation.

Here we will make contact with the formulii appearing in the existing work of construct-
ing a field algebra for QCD on a finite lattice. These formulii are written in a physics
viewpoint, i.e. there are explicit choices of bases, and transformations are written in-
finitesimally, i.e. in a Lie algebra framework.

Explicitly, recall that the quantum matter field algebra on A is:

Fa = CAR(P(A°, V) = C*( | &)
z€AO
where §, := CAR(V,) and V, := {f € #(A°V) | fly) =0 if y # a2} 2 V.
We interpret §, = CAR(V) as the field algebra for a fermion at x. We denote the
generating elements of CAR((*(A° V)) by a(f), f € (*(A°, V), and these satisfy the

usual CAR-relations:

{a(f)7a(g)*} = <f7 g>1 and {a(f>’ a(g)} =0 for fg€ €2<AO’V)'

Now V = W®C* where W has the non-gauge degrees of freedom, and C* has the gauge
degrees of freedom. In particular, there is a smooth irreducible unitary action of the
structure group G on C* (if G = SU(3) we take k = 3) which produces a smooth unitary
action of G on V. If {wy,...,wy} is an orthonormal basis of W and {ey, ..., ez} is an
orthonormal basis of C¥, then w.r.t. the orthonormal basis {w, ®es |a=1,...,(, A=

1,...,k} of V, we obtain the usual physics indices
@<wa ®eq - 5:17) = waA(x) € S

for the quark field generators.
For the gauge connection part, recall that for every link ¢ € A! we assumed a
generalised Weyl algebra C(G) x, G = K(L*(G)) where G is our compact gauge group,
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and our full gauge system contains a certain (infinite) tensor product of these. Fix a link
(x,y) € A, then using the action of the structure group G on CF, define the function
Uf(z,y) € C(G) by Us(x,y)(9) = (ep,gea), g € G, using the orthonormal basis
{ea | A=1,... k} of C*. The algebra generated by these functions (w.r.t. pointwise
operations) separate the points in GG, hence it is a dense subalgebra of C'(G). The action
A: G — Aut C(G) by A\(f)(h) := f(g~'h) f € C(G), g,h € G produces

AQ(Ug(m7y))(h) = (eBag_lheA) = Z(eB’g_leC)(€C7 heA) .
C

If g =exp(itE) for E € g, t € R, then

d

ANE)(UAw,9)(h) = i 3 (en, e Fec)(eo,hea)_y = 3 ES (@, ) UA (. y)(h)
C C

gives the derived action, where E§(x,y) := (ep, Fec). Since d) : g — Der(C*°(G)), the
extension of dA\(E) from the Uj(x,y) to C*°(G) is as a derivation, i.e. via the Leibniz

rule for derivations. The physics relations are written in terms of U§(x,y) and E§(z,y).

B More on subsystems of constraints.

Assume that C € A C F where C is a first—class constraint set, and A, F are unital C*—
algebras. Now there are two constrained systems to consider;- (A, C) and (F, C). The
first one produces the algebras D C O C A, and the second produces D, C O, C F,

where as usual,

N = [AC]=A-C*(C), D=NON', O=M, D) and
Ny = [FCI=F-C*(C), Dr=NNN;,  Op=Mg(Dy)

with constraining homomorphisms § : O — R = O/D and {,: O, — R, = O/D,.
Then we have (cf. Theorem 3.2 of [13]):

Theorem B.1. Given as above the constraint systems C C A C F then
N.NA=N, D,NA=D, and  ONA=0.
Hence R =0/D = (0,NA)/(DrNA), thus £:]O =¢.

Thus we can always enlarge our given algebra to a larger more convenient one, then
we only need to intersect our constraint algebras D, O, with the original algebra to

obtain our required constraint algebras.
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