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Abstract

Burgers vortices are explicit stationary solutions of the Navier-Stokes equations which
are often used to describe the vortex tubes observed in numerical simulations of three-
dimensional turbulence. In this model, the velocity field is a two-dimensional perturbation of
a linear straining flow with axial symmetry. The only free parameter is the Reynolds number
Re =T'/v, where T is the total circulation of the vortex and v is the kinematic viscosity. The
purpose of this paper is to show that Burgers vortex is asymptotically stable with respect
to general three-dimensional perturbations, for all values of the Reynolds number. This
definitive result subsumes earlier studies by various authors, which were either restricted to
small Reynolds numbers or to two-dimensional perturbations. Our proof relies on the crucial
observation that the linearized operator at Burgers vortex has a simple and very specific
dependence upon the axial variable. This allows to reduce the full linearized equations
to a vectorial two-dimensional problem, which can be treated using an extension of the
techniques developped in earlier works. Although Burgers vortices are found to be stable
for all Reynolds numbers, the proof indicates that perturbations may undergo an important
transient amplification if Re is large, a phenomenon that was indeed observed in numerical
simulations.

1 Introduction

The axisymmetric Burgers vortex is an explicit solution of the three-dimensional Navier-Stokes
equations which provides a simple and widely used model for the vortex tubes or filaments
that are observed in turbulent flows [1, 30]. Despite obvious limitations, due to oversimplified
assumptions, this model describes in a correct way the fundamental mechanisms which are
responsible for the persistence of coherent structures in three-dimensional turbulence, namely
the balance between vorticity amplification due to stretching and vorticity dissipation due to
viscosity. If one believes that vortex tubes play a significant role in the dynamics of turbulent
flows, it is an important issue to determine their stability with respect to perturbations in the
largest possible class. So far, this problem has been studied only for the axisymmetric Burgers
vortex and for a closely related family of asymmetric vortices [27, 21].

As was shown by Leibovich and Holmes [19], one cannot hope to prove energetic stability
of the Burgers vortex even if the circulation Reynolds number is very small. To tackle the
stability problem, it is therefore necessary to have a closer look at the spectrum of the linearized



operator. This is a relatively easy task if we restrict ourselves to two-dimensional perturbations.
Assuming that the vortex tube is aligned with the vertical axis, this means that the perturbed
velocity field lies in the horizontal plane and does not depend on the vertical variable. Under
such conditions, the Burgers vortex is known to be stable for any value of the Reynolds number.
This result was first established by Giga and Kambe [15] for Re < 1 and then by Gallay and
Wayne [11] in the general case. Moreover, a lot is known about the spectrum of the linearized
operator, which turns out to be purely discrete in a neighborhood of the origin in the complex
plane. Using perturbative expansions, Robinson and Saffman [27] showed that all linear modes
are exponentially damped for small Reynolds numbers. This property was then numerically
verified by Prochazka and Pullin [25] for Re < 10, and finally rigorously established in [11].

The situation is much more complicated if we allow for arbitrary three-dimensional pertur-
bations. In that case, it was shown by Rossi and Le Dizes [28] that the linearized operator does
not have any eigenfunction with nontrivial dependence in the vertical variable. While this result
precludes the existence of unstable eigenvalues, it also implies that stability cannot be deduced
from such a simple analysis, and that continuous spectrum necessarily plays an important role.
Unfortunately, the vertical dependence of the perturbed solutions is not easy to determine, as
can be seen from the note [3] where a few attempts are made in that direction. The only rigorous
result so far is due to Gallay and Wayne [12], who proved that the Burgers vortex is asymptoti-
cally stable with respect to three-dimensional perturbations in a fairly large class provided that
the Reynolds number is sufficiently small. For larger Reynolds numbers, up to Re = 5000, an
important numerical work by Schmid and Rossi [29] indicates that all modes are exponentially
damped by the linearized evolution, although significant short-time amplification can occur.

In this paper, we prove that the axisymmetric Burgers vortex is asymptotically stable with
respect to three-dimensional perturbations for arbitrary values of the Reynolds number. As in
[12], we assume that the perturbations are nicely localized in the horizontal variables, but we
do not impose any decay with respect to the vertical variable. Our approach is based on the
fact that the linearized operator has a very simple dependence upon the vertical variable: the
only term involving z3 is the dilation operator x30,,, which originates from the background
straining field. This crucial property was already exploited in [28, 3, 29], but we shall show that
it allows to reduce the three-dimensional stability problem to a two-dimensional one, which can
then be treated using an extension of the techniques developped in [11]. Although the spectrum
of the linearized operator remains stable for all Reynolds numbers, the estimates we have on
the associated semigroup deteriorate as Re increases, in full agreement with the amplification
phenomena observed in [29].

We now formulate our results in a more precise way. We start from the three-dimensional
incompressible Navier-Stokes equations:

OV + (V,V)V = VAV—%VP, V.V =0, (1.1)

where V = V(z,t) € R? denotes the velocity field, P = P(x,t) € R is the pressure field, and
x = (x1,22,73)" € R? is the space variable. The parameters in (1.1) are the kinematic viscosity
v > 0 and the density p > 0. To obtain tubular vortices, we assume that the velocity V' can be
decomposed as follows:

V(z,t) = V¥(x) +Ul(x,t) , (1.2)
where V* is an axisymmetric straining flow given by the explicit formula
_— -3 0 0
Vi(x) = % —x9 | = yMuz where M = | 0 -3 0] . (1.3)
223 0 0 1



Here v > 0 is a parameter which measures the intensity of the strain. Note that V-V* = 0, and
that V* is a stationary solution of (1.1) with the associated pressure P* = —1p|V*|2. Our goal
is to study the evolution of the perturbed velocity field U(z,t).

To simplify the notations, we shall assume henceforth that v = v = p = 1. This can be
achieved without loss of generality by replacing the variables z, ¢ and the functions V', P with
the dimensionless quantities

1/2 ~ ~ 174 ~ P
F = (1) e, d=nt, V=—_  p=__
v (yv)1/2 pyv
For further convenience, instead of considering the evolution of V' or U, we prefer working with
the vorticity field Q@ = V x V =V x U. Taking the curl of (1.1) and using (1.2), (1.3), we obtain
for € the evolution equation

o0+ (U,V)Q— (2, V)U = LQ , V-Q=0, (1.4)
where L is the differential operator defined by

LOQ = AQ — (M2, V)Q + MQ . (1.5)

Under mild assumptions that will be specified below, the velocity field U can be recovered
from the vorticity €2 via the three-dimensional Biot-Savart law

1 (z —y) x Qy)

Vi) = A R3 [z —yl|3

dy =: (KgD *Q)(az) . (16)
In what follows we shall often encounter the particular situation where the velocity U is two-
dimensional and horizontal, namely U(z) = (Uy(z), Ua(21,),0) " where 2, = (z1,22)" € R2.
In that case the vorticity satisfies Q(z) = (0,0,Q3(x;)) ", and the relation (1.6) reduces to the
two-dimensional Biot-Savart law

L[ (zn—yn)*
Un(zn :_/ ——5 Q3(yn) dyn = (Kap *Q3)(z1) , 1.7
(@) = 57 [ = 2u(m) ( )(an) (1.7)
where Uy = (Uy,Us) " and xﬁ = (—x9,21)".

We can now introduce the Burgers vortices, which are explicit stationary solutions of (1.4)
of the form 2 = a(, where a € R is a parameter. The vortex profile is given by

0
G(z) = 0 , where g(zp,) = ﬁe—\wﬁ/# (1.8)
9(xn)

The associated velocity field U = aU% can be obtained from the Biot-Savart law (1.7) and has
the following form

U%x) = w(|zp)®) | 21 | where w9(r) = L(1—6_7’/4) . (1.9)
0 2nr

If Q = aG, it is easy to verify that o = ng Q3(xp) dxp. This means that the parameter a € R
represents the total circulation of the Burgers vortex aG. In the physical literature, the quantity
|| is often referred to as the (circulation) Reynolds number.



The aim of this paper is to study the asymptotic stability of the Burgers vortices. We thus
consider solutions of (1.4) of the form Q = aG + w, U = aU% + u, and obtain the following
evolution equation for the perturbation:

Ow + (u, Vw — (w,V)u = (L — al)w , V-w=0, (1.10)
where A is the integro-differential operator defined by
Aw = (U9 VIw — (w, VYUY + (u, V)G — (G, V)u . (1.11)

Here and in the sequel, it is always understood that u = K3p * w.

An important issue is now to fix an appropriate function space for the admissible pertur-
bations. Since the Burgers vortex itself is essentially a two-dimensional flow, it is natural to
choose a functional setting which allows for perturbations in the same class, but we also want
to consider more general ones. Following [12], we thus assume that the perturbations are nicely
localized in the horizontal variables, but merely bounded in the vertical direction. As we shall
see below, this choice is more or less imposed by the particular form of the linear operator (1.5).

To specify the horizontal decay of the admissible perturbations, we first introduce two-

dimensional spaces. Given m € [0, 00|, we denote by py, : [0,00) — [1,00) the weight function
defined by

1 if m=0,
pm(r) = ¢ (1+4&)™ if 0<m< oo, (1.12)
e/t if m=o0.
We introduce the weighted L? space
L) = {£ e @) | [ 1#@)Pon(lan?)don < oo} (113

which is a Hilbert space with a natural inner product. Using Hoélder’s inequality, it is easy to
verify that L?(m) < L'(R?) if m > 1. In that case, we also define the closed subspace

L3(m) = {f € L*(m) ( [ Fan)dz =0} (1.14)

Next, we define the three-dimensional space X (m) as the set of all ¢ : R®> — R for which
the map xj, — ¢(xp,,23) belongs to L?(m) for any 3 € R, and is a bounded and continuous
function of z3. In other words, we set

X(m) = BC(R;L*(m)),  Xo(m) = BC(R;Li(m)) , (1.15)

where “BC(R;Y)” denotes the space of all bounded and continuous functions from R into Y.
Both X (m) and X((m) are Banach spaces equipped with the norm

9l x(m)y = sup [|6(,23) [ £2(m) - (1.16)
zr3€R

Our goal is to study the stability of the Burgers vortex 2 = aGG with respect to perturbations
w € X(m)3. In fact, we can assume without loss of generality that w belongs to the subspace

X(m) = X(m) x X(m) x Xo(m) € X(m)®, (1.17)

which is invariant under the evolution defined by (1.10). This is a consequence of the following
result, whose proof is postponed to Section 6.1:



Lemma 1.1 Fiz m € (1,00]. If & € X(m)?3 satisfies V- & = 0 in the sense of distributions,
then there exists & € R such that

/ ws(xp,z3)dey, = @, forallxzs €R . (1.18)
RQ

In view of Lemma 1.1, if Q = aG + @ for some @ € X (m)3, we can write Q = (o + @)G + w,
where & is given by (1.18) and w = @ — @G. Then w € X(m) by construction, and we are led
back to the stability analysis of the Burgers vortex (o 4+ &)G with respect to perturbations in
X(m).

In what follows we always consider the solutions w(z,t) of (1.10) as X(m)-valued functions
of time, and we often denote by w(+,t) or simply w(t) the map x — w(z,t). A minor drawback
of our functional setting is that we cannot expect the solutions of (1.10) to be continuous in
time in the strong topology of X(m). This is because the operator L defined in (1.5) contains
the dilation operator —x30,,, see Section 2.1 below. To restore continuity, it is thus necessary
to equip X(m) with a weaker topology. Following [12], we denote by Xj,.(m) the space X (m)
equipped with the topology defined by the family of seminorms

19l x,m) = sup ||6(, 23) I L2(m) > nelN.

|z3]<n

In analogy with (1.17), we set Xjoc(m) = Xjoe(m) X Xjoe(m) X Xojoc(m), where Xg joc(m) is of
course the space Xo(m) equipped with the topology of Xj,.(m).

We are now able to formulate our main result:

Theorem 1.2 Fizm € (2,00] and o € R. Then there exist 6 = 6(a,m) > 0 and C = C(a,m) >
1 such that, for any wo € X(m) with V - wo = 0 and ||wolx(m) < 0, Eq. (1.10) has a unique
solution w € L®(Ry ;X (m)) N C([0,00) ; Xjoe(m)) with initial data wy. Moreover,

Jo®lltom) < Cllwollgm e, forallt>0. (1.19)

Theorem 1.2 shows that the Burgers vortex aG is asymptotically stable with respect to
perturbations in X(m), for any value of the circulation @ € R. If one prefers to consider
perturbations in the larger space X (m)?, then our result means that the family {aG}qacr of all
Burgers vortices is asymptotically stable with shift, because the perturbations may then modify
the circulation of the underlying vortex. The key point in the proof is to show that the linearized
operator L — aA has a uniform spectral gap for all o € R. This implies a uniform decay rate in
time for the perturbations, as in (1.19). However, it should be emphasized that the constants
C and 0 in Theorem 1.2 do depend on «, in such a way that C'(a, m) — oo and §(a,m) — 0 as
|a] — oo. This is in full agreement with the amplification phenomena numerically observed in
[29].

The proof of Theorem 1.2 gives a more detailed information on the solutions of (1.10) than
what is summarized in (1.19). First of all, we can prove stability for any m > 1, but the
exponential factor e~*/2 in (1.19) should then be replaced by e, where n < (m — 1)/2 if
m < 2. Next, thanks to parabolic smoothing, we can obtain decay estimates not only for w(t)
but also for its spatial derivatives. Finally, due to the particular structure of the linear operator
L — aA, it turns out that the horizontal part wy = (w1,ws)’ of the vorticity vector has a faster
decay than the vertical component w3 as ¢ — oco. Thus, a more complete (but less readable)
version of our result is as follows:



Theorem 1.3 Fiz m € (1,00], o € R, and take p € (1,3), n € (0,3] such that 2 < m + 1
and 2n < m — 1. Then there exist § = 6(a,m) > 0 and C = C(a,m,pu,n) > 1 such that, for
all initial data wo € X(m) with V - wo = 0 and |lwollxmm) < J, Eq. (1.10) has a unique solution
w e LRy ;X(m)) NC([0,00) ; Xjpe(m)). Moreover, for all t > 0,

Cllwollx(m)
&) m) —ut
Hamwh(t)”X(m)z = a(t)‘6|/2 e ) (1.20)
Cllwollx(m)
&) m) —nt
10, ws()lx(m) < @z ¢ (1.21)

where a(t) =1 — e~ and B € N3 is any multi-index of length |3| = 1 + B2 + B3 < 1.

The decay rates (1.20), (1.21) are optimal when 5 = 0, but it turns out that vertical deriva-
tives such as Oy wp(t) or Oy,ws(t) have a faster decay as t — oo, see Sections 4 and 5 for more
details. In any case, we believe that the optimal rates are those provided by the linear stability
analysis, as in Proposition 4.1 below.

The rest of this paper is devoted to the proof of Theorems 1.2 and 1.3. Before giving the
details, we explain here the main ideas in an informal way. As was already mentioned, the main
difficulty is to obtain good estimates on the solutions of the linearized equation

Ow = (L —al)w , Viw=0. (1.22)

Once this is done, the nonlinear terms in (1.10) can be controlled using rather standard argu-
ments, which are recalled in Section 5. To study (1.22), we use the fact that the operator L — oA
depends on the vertical variable in a simple and very specific way. Indeed, it is easy to verify
that [0yy, L] = —0y, and [Ogz,, A] = 0. This key observation, which already plays a crucial role
in the previous works [28, 3, 29], implies the following identity:

853 ell=ad) ) = =kt et(L—O‘A>a§3w0 , (1.23)

for all k € N and all t > 0. If we take k € N sufficiently large, depending on |a|, we can use (1.23)
to to show that 9% w(t) decays exponentially as ¢ — oo if w(t) is a solution of (1.22). Then,
by an interpolation argument, we deduce that all expressions involving at least one vertical
derivative play a negligible role in the long-time asymptotics, see Section 4 for more details.
This “smoothing effect” in the vertical direction is due to the stretching properties of the linear
flow (1.2).

As a consequence of these remarks, we can restrict our attention to those solutions of (1.22)
which are independent of the vertical variable 3. We call this particular situation the vectorial
2D problem, and we study it in Section 3. Note that the perturbations we consider here are
two-dimensional in the sense that 0,,u = 0,,w = 0, but that all three components of u or w
are possibly nonzero. This is in contrast with the purely two-dimensional case considered in
[11, 12], where in addition us = w; = we = 0. Nevertheless, it is possible to show that the
solutions of (1.22) with 0,,w = 0 converge exponentially to zero as ¢t — oo, and that the decay
rate is uniform in «. Extending the techniques developped in [11, 12], this can be done using
spectral estimates and a detailed study of the eigenvalue equation (L — aA)w = Aw. It is then a
rather straightforward task to complete the proof of Theorem 1.2 using the arguments presented
above.

Remark. The vortex tubes observed in numerical simulations are usually not axisymmetric:
in general, they rather exhibit an elliptical core region. A simple model for such asymmetric



vortices is obtained by replacing the straining flow V* in (1.3) with the nonsymmetric strain
Vi(x) = yMyx, where A € (0,1) is an asymmetry parameter and

14X
-5 0 0

My=| 0 -2 0]. (1.24)
0 0 1

Asymmetric Burgers vortices are then stationary solutions to (1.4), where the operator L in the
right-hand side is defined by (1.5) with M replaced by M. Unlike in the symmetric case A = 0,
no explicit formula is available and proving the existence of stationary solutions is already a
nontrivial task, except perhaps in the perturbative regime where either the asymmetry parameter
A or the circulation number « is very small. In view of these difficulties, asymmetric Burgers
vortices were first studied using formal asymptotic expansions and numerical calculations, see
e.g. [27, 21, 26]. The mathematical theory is more recent, and includes several existence results
which cover now the whole range of parameters A € (0,1) and « € R [12, 13, 22, 23]. In addition,
the stability with respect to two-dimensional perturbations is known to hold at least for small
values of the asymmetry parameter [13, 22]. However, the only result so far on three-dimensional
stability is restricted to the particular case where the circulation number « is sufficiently small,
depending on A [12].

Using Theorem 1.2 and a simple perturbation argument, it is easy to show that asymmetric
Burgers vortices are stable with respect to three-dimensional pertubations in the space X(m),
provided that the asymmetry parameter A is small enough depending on the circulation number
«. This follows from the fact the the linearized operator at the symmetric Burgers vortex has
a uniform spectral gap for all @ € R, and that the asymmetric Burgers vortex is O(X) close
to the corresponding symmetric vortex in the topology of X(m), uniformly for all & € R [13].
Although this stability result is new and not covered by [12], it is certainly not optimal, and we
prefer to postpone the study of the three-dimensional stability of asymmetric Burgers vortices
to a future investigation.

2 Preliminaries

In this preliminary section we collect a few basic estimates which will be used throughout the
proof of Theorems 1.2 and 1.3. They concern the semigroup generated by the linear operator
(1.5), and the Biot-Savart law (1.6) relating the velocity field to the vorticity. Most of the
results were already established in [12, Appendix A], and are reproduced here for the reader’s
convenience.

As in [12], we introduce the following generalization of the function spaces (1.13) and (1.15).
Given m € [0,00] and p € [1,00), we define the weighted LP space

D) = {1 € @) |15 - /R £GP (a2 oy < o0}
and the corresponding three-dimensional space

XP(m) = BC(R;LP(m)) , 9l xP(m) = Sllé%“¢(’,w3)|hp(m) :
T3

Iftm>2-— %, we also denote by L{(m) the subspace of all f € LP(m) such that [, fdzp = 0. In
analogy with (1.17), we set XP(m) = XP(m)x XP(m)x X} (m) , where X} (m) = BC(R; LE(m)).



2.1 The semigroup generated by L

If we decompose the vorticity w into its horizontal part wj, = (wy,ws) " and its vertical component
ws, it is clear from (1.3) and (1.5) that the linear operator L has the following expression:

Lhwh> <(£h + L3 — §)Wh>
Lw = = 2 , 2.1
(Lgu)g (ﬁh + Eg)wi), ( )
where Ly, is the two-dimensional Fokker-Planck operator
ﬁh—Ah—l—— Vh—l—l—z J+Z ”8%4—1 (2.2)
j=1 7j=1

and L3 = 8:%3 — 230y, is a convection-diffusion operator in the vertical variable.

As is shown in [10, appendix A], the operator L£j is the generator of a strongly continuous
semigroup in L?(m) given by the explicit formula

et _\Ih*yh\z
(e f)an) = dmal(t) /Rze WO fype)dyy . >0, (2.3)

where a(t) = 1—e~t. Similarly, the operator £3 generates a semigroup of contractions in BC(R)
given by

_lzge t—y3?

(e f)(x3) = A f(y3)dy3 : t>0, (2.4)

m/

see [12, Appendix A]. Note that the semigroup e'“3 is not strongly continuous in the space
BC(R) equipped with the supremum norm. This is mainly due to the dilation factor e™! in
(2.4). However, if we equip BC(R) with the (weaker) topology of uniform convergence on
compact sets, then the map t — €3 f is continuous for any f € BC(R). This observation is the

reason for introducing the space Xj,.(m) in Section 1.

Since the operators £;, and L3 act on different variables, it is easy to obtain the semigroup
generated by L3 = L + L3 by combining the formulas (2.3) and (2.4). We find

_lzgeTtyg)?

(T3 ) () = 2a020) ( tﬁhgb(.,yg))(xh)dyg . t>0. (2.5)

7o

In [12, Proposition A.6], it is shown that this expression defines a uniformly bounded semigroup
in X (m) for any m > 1, and that the map t +— €'’ is strongly continous in the topology of
Xioe(m). Moreover, the subspace Xqo(m) is left invariant by e‘*3 for any ¢t > 0. Using these
results and the relation (2.1), we conclude that the three-dimensional operator L generates a
uniformly bounded semigroup in the space X(m), given by

-
etlw = (e‘gt/2etL3w1, e 326ty etL?’wg) , t>0. (2.6)

As is easily verified, if V- w = 0, then V - etfw = 0 for all ¢ > 0.

The asymptotic stability of the Burgers vortices relies heavily on the decay properties of the
semigroup e’ as t — oo. In the proof of Theorems 1.2 and 1.3, we also use the smoothing
properties of the operator et for ¢ > 0, and in particular the fact that e*’ extends to a bounded
operator from XP(m) into X?(m) for all p € [1,2]. All the needed estimated are collected in the

following statement.



Proposition 2.1 Let m € (1,00], p € [1,2], and take n € (0, %] such that 2n < m — 1. For any
B = (B1,32,03) € N3, there exists C > 0 such that the following estimates hold:

Ce_(%""ﬁii)t

102 hwp | x (myz < — 1 lwnllxeamyz (2.7)
a(t)p 272
Ce_(TH',BS)t

Hagetlziiw?,”X(m) < ﬂ”wij)”)ﬁ’(m) ) (28)
a(t)p 272

for any w € XP(m) and all t > 0. Here a(t) =1—e~" and || = B1 + B2 + B5.

Proof. We first assume that m € (1,00). If p € [1,2] and B, = (81, 52) € N?, it is proved in
[10, Appendix A] that

C
— i leeemy . >0, (2.9)
T

AL
1078 fll 2 (my < —
a(t)r?

LA

for all f € LP(m). If in addition f € L§(m), we have the stronger estimate

Ce™
|02 en £ p2(my < — 7 1o t>0, (2.10)
aftyp 3

where 77 > 0 is as in Proposition 2.1. On the other hand, using (2.5), we find by direct calculation

06_63t
10533 f| oo (r) < t)ﬁ_g Il oo ) t>0. (2.11)
a(t)2

Here, as in (1.23), the stabilizing factor e comes from the dilation operator —230,, which
enters the definition of L3. Now, if we start from the representation (2.5) and use the estimates
(2.9)—(2.11), we easily obtain (2.7), (2.8) by a direct calculation, see [12, Proposition A.6].

To complete the proof of Proposition 2.1, it remains to show that (2.9), (2.10) still hold
when m = oo. If t € (0,1), estimate (2.9) is easily obtained by a direct calculation, based on
the representation (2.3). Using this remark and the semigroup property of e**», we conclude
that it is sufficient to establish (2.9), (2.10) in the particular case where p = 2 and (), = 0.
This in turns follows easily from the spectral properties of the generator L£;. Indeed, it is
well-known that Ly, is a self-adjoint operator in L?(co) with purely discrete spectrum (L) =
{—% |k =0,1,2,...}. Moreover, the subspace L2(00) is precisely the orthogonal complement of
the eigenspace corresponding to the zero eigenvalue, see for example [11, Lemma 4.7]. It follows
that e’“» is a semigroup of contractions in L?(c0), and that HetﬁthLz(oo) < e_t/QHfHLz(OO) for
all t > 0 if f € L3(cc). This proves (2.9) and (2.10), with n = 1/2. O

2.2 Estimates for the velocity fields

If the velocity u and the vorticity w are related by the Biot-Savart law (1.6), we have |u| < J(|w]),
where J is the Riesz potential defined by

J(6)(@) = - / L sdy,  weR. (2.12)

T ar R |7 —yl?

Since w will typically belong to the Banach space X(m), we need estimates on the Riesz potential
J(¢) for ¢ € X(m). We start with a preliminary result:



Lemma 2.2 Let py € [1,2), pa € [1,2], and assume that ¢ € XP1(0) N XP2(0). If g1,q2 € [1,00]
satisfy

2p1 2p2
< 2.1
5 B = p2<Q2<2_p2, (2.13)
then J(¢) = J1(¢) + Jo(@) with J;(¢) € X% (0) fori=1,2, and we have the following estimates
[J1(®)l|xa1 0y < Clp1,q1) 1Bl xr(0) (2.14)
[J2(P)l xa20) < C(p2;q2)[|#ll xv2 (0 - (2.15)

Proof. We proceed as in [12, Proposition A.9]. We first observe that

J(¢)(xp,x3) = / F(xh;w3,y3)dy3+/ F(xp;23,y3) dys
|z3—y3]|>1 lz3—y3|<1
= J1(¢)(xh, x3) + J2(P)(wh, 23)
where
D (Yn, y3) 2
Fl(xp; = d R R .
($hax37y3) /RQ |xh — yh|2 + ($3 — y3)2 Yn Th € 5 r3,Y3 €

For any a € R, let f,(yn) = (a® + |yn|?)~'. Then f, € L"(R?) for any » > 1 and any a # 0, and

there exists C, > 0 such that c
T

i

[ fallrme)y <
la

Moreover, we have F'(-;x3,y3) = ¢(-,y3) * fz3—y; Dy construction. Thus, if we take 1 < p,q,7 <
oo such that 1 + % = % + %, we obtain using Young’s inequality

C?“”¢('7y3)|HL R2
IF 23, 93) Loy < 160G, ) ool fog—gs L2y < )

_2
|$3 - y3|2 T

To estimate J;(¢), we choose p = p1, ¢ = ¢q1. In view of (2.13), the corresponding exponent
r = rq satisfies 2 < r; < oo, so that 2 — % € (1,2]. By Minkowski’s inequality, we thus find

\M@mmmmas/ 1P (23, 55) | o =) dys < C(r1) sup (190 ys)l| s ) -
|z3—y3|>1 y3€R

Taking the supremum over x3 € R, we obtain (2.14). Similarly, to bound J2(¢), we take p = po,
g = ¢qo. Then 1 < ry < 2, so that 2 — % € (0,1). We thus obtain

[J2(9) (-, z3) || oo m2y < / (523, y3)l| La2 m2) dys < C(r2) sup [|6(,y3) | pe2 (m2)
|z3—ys|<1 y3€R

and (2.15) follows. Finally, the uniform continuity of J;(¢)(-,xz3) with respect to x3 can be
verified exactly as in the proof of [12, Proposition A.9]. O

As an immediate consequence, we obtain the following useful statements.

Proposition 2.3 Let ¢ € X(m) for some m € (1,00]. Then J(¢) € X2(0) for all g € (2,00),
and there ezists a positive constant C = C(m,q) such that

[T xa0) < Cllllx(m) - (2.16)

10



Proof. If m > 1, we recall that X (m) < XP(0) for all p € [1,2]. Thus we can apply Lemma 2.2
with p1 =1, po =2, and ¢1 = g2 = ¢q € (2,00), and the result follows. O

Corollary 2.4 Let ¢1, ¢po € X(m) for some m € (1,00]. Then ¢1J(p2) € XP(m) for all
p € (1,2), and there exists a positive constant C = C(m,p) such that

@1 (P2) | xp(m) < Cllo1llxm)llP2llx(m) - (2.17)

Proof. We proceed as in [12, Corollary A.10]. Let p € (1,2), and take ¢ € (2,00) such that

% = % — % For any z3 € R, we have by Holder’s inequality

1/p

@10, 23)(P2) (s 23) | Lo (m) = (/R2 pm (|2 2V | b1 (n, 23) [P T (92) (2n, 3) [P dxh)

= (/R2 pm(znl?)| 1 (2h, 25) d$h>1/2 </R2 |J(¢2)($h,x3)|qd$h>l/q
= H<Z51(.,a;g,)HLz(m)HJ(@)(.,xg)HLq(O) '

Taking the supremum over 3 € R and using Proposition 2.3, we obtain (2.17). Finally, it is
clear that the map 3 +— ¢1(-,z3)J(¢2)(-, z3) is continuous from R into LP(m). O

We conclude this section with an estimate on the linear operator (1.11) which will be needed
in Section 4.

Lemma 2.5 Let p € [1,2] and 2 — % <m < oo. For any B € N3, there exists C > 0 such that

108 Awlxomy < C D 105wllxom)- (2.18)
1BI<|B]+1

Proof. It is sufficient to prove (2.18) for § = 0. The general case easily follows if we use the
Leibniz rule to differentiate Aw (we omit the details).

Assume thus that w belongs to XP(m), together with its first order derivatives. Since the
function UY defined in (1.9) is smooth and bounded (together with all its derivatives), it is clear
that }

10, V)wllomy + 1w, VIUC gy < C D 107w 00 -
161<1
We now estimate the term (u, V)G = (K3p *w, V)G, using the fact that |Ksp *w| < J(|w]).
Since |w| € X1 (0)NXP(0) by assumption, we can apply Lemma 2.2 with p; = 1, ¢; = o0, p2 = p,
and g3 € (p, 2277’1)). By Holder’s inequality, we easily find

[ (wDIVGlxpny < CllT(wlxo0)
[ T2(jwDIVGlxpmy < CllJ2(lw])]lxa2(0)

Cllwllxrm) >
Cllwlixe(m) -

Clllwlllx (o)
Clllwlllxr (o)

IA A

<
<

We conclude that ||(u, V)G|lxrm) < [[(K3p *w, V)G|lxp(m) < Cllwllxp(m)- In a similar way, com-
muting the derivative and the convolution operator, we obtain the estimate [|(G, V)ulxp(m) <
(G, V)(K3p * w)[lxp(m) < Cl[VW|xp(m)- This completes the proof. O
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3 The vectorial 2D problem

In this section we study the linearized equation djw = (L —aA)w in the particular case where the
vorticity w does not depend on the vertical variable. As was explained in the introduction, this
preliminary step is an essential ingredient in the linear stability proof which will be presented
in Section 4.

If Oyp;w = 0, then L3w = 0, and the expression (2.1) of the linear operator L becomes
significantly simpler. On the other hand, we know from (1.11) that

Av = AMw — Aow + Agw — Ayw (3.1)
where
Alw = (UG,V)W = (UhGavh)w ) A3w = (u7 V)G = (uhavh)Ga (3 2)
Mow = (w0, V)UY = (wy, V,)UE , Aw = (G,V)u = goy,u . '

Here u = K3p * w is the velocity field obtained from w via the three-dimensional Biot-Savart
law (1.6). Since Oy,w = 0, we have dy,u = 0, hence Aqw = 0 in our case. Moreover, it is easy to
verify that u = (up,us), where u;, = Kop *ws. Thus, we see that

_ _ _ ((Lh = Dwn — a(A — Mwp\ _ (Lapwn
(L—aNw = Lyw = < Lo — oA +1~\3)W3 =\ 2 yws) (3.3)

where Aswy, = (wh, Vh)U,? and Asws = (Kap *ws, Vi)g.

For any a € R and any m € (1,00], the operator .%, defined by (3.3) is the generator of
a strongly continuous semigroup in the space L?(m)3. This property can be established by a
standard perturbation argument, see Lemma 3.2 below. Our main goal here is to obtain accurate
decay estimates for the semigroup e’ as t — oco. As is clear from (3.3), the evolutions for
wp, and ws are completely decoupled, so that we can consider the semigroups e'“=h and e'Zes
separately. The main contribution of this section is:

Proposition 3.1 Fizm € (1,00], « € R, i € (0,3), and take 1 € (0, 3] such that 1 + 21 < m.
Then there exists C' > 0 such that

tfa,hwhHL2(m)2 Ce_‘utHwhHLz(m)Q , t>0, (3.4)

”et"%"?’ngLz(m) < Ce_megHLz(m) , t>0, (3.5)

IA

e

for allw € L*(m)? x L3(m).

Estimate (3.5) was obtained in [11, Proposition 4.12] for m < oo, and the proof given there
extends to the limiting case m = oo without additional difficulty. Remark that the decay rate
e~ is obtained using the fact that ws € LZ(m): If we only assume that w3 € L?(m) for some
m > 1, then (3.5) holds with 7 = 0. Note, however, that w is not assumed to be divergence-free
in this section.

From now on, we focus on the semigroup e, which has not been studied yet. To prove
(3.4), we use the same arguments as in [11, Section 4.2]. We first establish a short time estimate:

Lemma 3.2 Fizm € (1,00], « € R, and T > 0. There ezists C = C(T,m,|a|) > 0 such that

o 1 o
OiU£T<H€M“’hwh||L2(m)2 +a(t)2thetfa'hwhHL?(m)‘l) < Cllwnllp2@my? > (3.6)
<t<

for all wy, € L?*(m)?. Here a(t) =1—e".

12



Proof. Given w) € L?(m)?, the idea is to solve the integral equation
t
wp(t) = et(ﬁh_%)wg - a/ e(t_s)(ﬁh_%)(Al — Ag)wp(s)ds tel0,T], (3.7)
0

by a fixed point argument in the space X7 = {wy, € C([0,T], L?(m)? | ||wp||x, < oo} defined by
the norm )
[wnllxy = sup [[wr(t)llz2my2 + sup a(t)2[Vawn ()l L2(m)s -
0<t<T 0<t<T

From (2.9) we know that ||et(£h_%)w2||XT < C’1Hw2||L2(m)z, for some C7 > 0 independent of T'.
To estimate the integral term in (3.7), we first observe that the velocity field U¢ defined by
(1.9) satisfies

sup (14 lzp)|UC ()| + sup (14 |zp)2VAUC (x1)] < oo . (3.8)
(EhERz (EhERz

In view of the definitions (3.2), we thus have

11+ lzn)Mwnllzgmye < ClHVawallL2(mys » (3.9)
11 + |2a)* Aownll L2(my2 < Cllwnllp2my2 - (3.10)

Using these estimates together with (2.9), we can bound

| [/ ctmrenas - eyt

L2 (m)z

IN

t
C/ e‘%“‘s)(Hwh(s)HLz(m>2 + HWM(S)HLZ(W“) ds
0

IN

t
Cllwnllxr / e 369)a(s) F ds < Ca(T)} |wnxy -
0

In a similar way,

t
(t=)(Lh=3) (A — A 11
th/o e 2 (A 2)wh(s) dS‘LZ(m)‘l (3.11)
t e—%(t—s)
< C [ S ()l + IVhn() | 2mys ) ds < Cllnllxy -
0 a(t—s)2

Summarizing, we have shown that [lwsllx, < Cillwpllr2my2 + Cylala(T)?||wp || x,., for some

positive constants Cp,Cy. If we now take T > 0 small enough so that Cylaa(T)Y/? < 1/2,
we see that the right-hand side of (3.7) is a strict contraction in X7. We deduce that (3.7)
has a unique solution, which satisfies ||wp|x, < 2C’1||w2||Lz(m)2. Since wy(t) = elZenw? by
construction, this proves (3.6) for 7' sufficiently small, and the general case follows due to the
semigroup property. This concludes the proof. O

We next consider the essential spectrum of the semigroup eeh, and begin with a few

definitions. If A is a bounded linear operator on a (complex) Banach space X, we define the
essential spectrum o.45(A; X) as the set of all z € C such that A — z is not a Fredholm operator
with zero index, see [17] or [5]. The essential spectral radius of A in X is given by

Tess(A; X) = sup{]z\; z € O'ESS(A;X)} < 00 .

13



If |z| > ress(A; X), then either z is in the resolvent set of A, or z is an eigenvalue of A with
finite multiplicity, see [5, Corollary IV.2.11]. In the latter case, we say that z belongs to the
discrete spectrum of A.

In what follows, we consider the linear operator %, j as acting on the complexified space
L?(m)?, i.e. the space of all wy, : R? — C? such that lwnllL2(m)2 < oo. Our first result shows
that the essential spectral radius of the operator etZe» in L?(m)? does not depend on a.

Proposition 3.3 Let m € (1,00] and a € R. Then for each t > 0 we have

7‘658<et"%’h ;L2(m)2) = T558<et$°vh ;L2(m)2> = e (T (3.12)

Proof. Since %, = £;,— 3, the last equality in (3.12) follows from [10, Theorem A.1] if m < oc.
If m = oo, then e*» is a compact operator for any ¢ > 0, hence rezs (20" ; L2(00)?) = 0. To
prove the first equality in (3.12), we fix ¢ > 0. Our goal is to show that the linear operator
Ay (t) = etZah - el(ern=3) i compact in L?(m)2. By Weyl’s theorem, this will imply that both
semigroups have the same essential spectrum, hence the same essential spectral radius. In view
of (3.7) we have, for all wy, € L?(m)?,

t
Ao (t)wp, = —a/ e(t_s)(ﬁh_%)(Al — Ay)esZanyy, ds . (3.13)
0

Let w(xzp) = 1+ |zp|. If m < oo, it follows from (2.9) and definition (1.13) that
lw e “*whllr2nye < Clle“ whllz2gniryz < Cllwwnllzzgnye (3.14)

for all wy, € L%(m)? and all t > 0. If m = oo, we know from [13, Proposition 2.1] that
w(—Ly, +1)~Y2 is a bounded operator in L?(c0)2, and since £, is the generator of an analytic
semigroup we easily obtain

C
||wet£hwh||L2(m)z < CH(-ﬁh+1)1/2et£hWh||L2(m)2 < a(t)1/2 HWhHLz(m)2 ) (315)

for all t > 0. Now, starting from (3.13) and using either (3.14) or (3.15) together with (3.9),
(3.10), and Lemma 3.2, we find

IA

t e—g(t—s) . .
|w Aa(O)wnll L2 (m)2 C'|04|/0 W(HE "g“”‘whllm(m)z + [|[Vpe fa’hwhHLz(my) ds

e—%(t—s)

t
Clalllnllny | 7=z 4 < Clollonlizgn:

IA

Moreover, proceeding as in (3.11), we find || VL An(t)wnlL2(mys < Clallwnl2(my2- Thus we have
shown that wA,(t) and V;A,(t) are bounded operators in L?(m). By Rellich’s criterion, we
conclude that A, (t) is a compact operator in L?(m)?, for any ¢ > 0. This completes the proof.

]

In view of Proposition 3.3, the spectrum of the semigroup e*“=» outside the disk of radius
e~ (2D ip the complex plane is purely discrete. By the spectral mapping theorem [5], to control
that part of the spectrum it is sufficient to locate the eigenvalues of the generator %, ;. Thus
we look for nontrivial solutions of the eigenvalue problem

ga,hwh = \wy , (3.16)

where wy, € L?(m)? and X\ € C satisfies Re A > —4 — 1. The following auxiliary result shows
that the eigenfunctions wy, always have a Gaussian decay at infinity.
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Proposition 3.4 Let m € (1,00) and o € R. If wy, € L?*(m)? is a solution of (3.16) with
ReA > —2 — 1, then wy, € L?(00)?.

The proof of Proposition 3.4 is postponed to Section 6.2 below. Note that a similar result
for the nonlocal operator %, 3 has been obtained in [11, Lemma 4.5], and plays a key role
in the derivation of estimate (3.5). Thanks to Proposition 3.4, we only need to control the
eigenvalues of .Z;, j, in the Gaussian space L?(00)?. This is the last important step in the proof
of Proposition 3.1.

Proposition 3.5 If \ is an eigenvalue of £, in L?(c0)?, then Re A < —%.

Proof. Assume that wy, € L?(c0)? is a nontrivial solution of the eigenvalue problem (3.16), for
some o € R and some A € C. Using (3.3), we thus have

3
o, = Lpwp, — W (UF V) wp + alwy, Vi)US (3.17)

where the velocity field U is defined in (1.9). Since %, is a relatively compact perturbation
of Loy = Ly — %, both operators have the same domain, and it follows that w; belongs to
the domain of L. In particular, we have Vywy, € L?(00)? and |xp|wy, € L%(00)?, see e.g. [13,
Section 2].

In the rest of the proof, we denote by (-,-) the inner product in the complexified space
L?(c0)?, namely

ho) = [ plonhan) - Tl don

where p(z1) = poo(|zn]?) = €lnl*/4. We also denote ||wp||? = (wp,wn). We recall that L), is a
selfadjoint operator in L?(c0)? which satisfies —Lj, > 0 on L%(0c0)? and —Lj, > 1/2 on L3(c0)?.
For later use, we observe that the (unbounded) operator wy, — (UF, Vj,)wy, is skew-symmetric
in L2(00)?, because the vector field p(z,)U%(z1,) is divergence-free.

We now take the inner product of (3.17) with wp, and evaluate the real part of the result.
Using the skew-symmetry of the operator (U, }? , V1), we easily obtain

3
Re |lwp]|? = (Lpwn,wn) — §”WhH2 + aRe((wn, Vi) U wp) (3.18)
3
= (Chinn) = gl +20Re | plan)an - n) it -G () o

where u9(r) is defined in (1.9). On the other hand, it follows from (3.17) that the scalar function
Ty, - wp, € L?(00) satisfies

)\.Z'h cWh = Eh(xh . wh) - 2xh s Wh — a(UE,Vh)(a;h . wh) - 2Vh cWh -

Thus, proceeding as above and using the same notation (-, -) for the inner product in L?(c0), we
find

Re Hxh . whH2 = (ﬁh(xh . wh),xh . wh> - 2”$h . wh|]2 - 2Re<Vh *Why T - wh> . (319)
Finally, the two-dimensional divergence V, - wy, € L(00) satisfies

)\Vh cWh = Eh(Vh -wh) — Vh cWh — a(U}?, Vh)(Vh . wh) s (3.20)
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hence
Re\ ||V - wil? = (Lr(Vh - wn), Vi - wn) — Vi - wnl? (3.21)

Since Vj, - wy, € L&(0), it follows from (3.21) that Re\||Vy, - wp|? < —2(| V), - wp|/®. Thus
we must have Re A < —%, unless Vp - wp = 0. In the latter case, we deduce from (3.19) that
Re A ||zp, - wpl|? < —2[|2p - wpl|?, hence Re A < —2 unless zy, - wy, = 0. But if this last condition
is met, it follows from (3.18) that Re A [lwy > < —3||wp |, hence Re A < —3 because wy, is not
identically zero. Summarizing, we conclude that Re A < —% in all cases. g

Remark. Actually the conclusions of Proposition 3.5 can be slightly strengthened. First, in
the invariant subspace where Vj, - w, = 0, one can show that all eigenvalues of %, j, satisfy
Re A < —2. This follows from the proof above if we use in addition the fact that wj, € L3(c0)?,
due to the divergence-free condition. The result is clearly sharp, because if g(xy) is defined by
(1.8) it is easy to verify that the function wy, = xﬁg(azh) satisfies £, pwp, = —2wy, for any a € R.
On the other hand, if wy, is a solution of (3.17) such that Vj, - w;, # 0, we have Re A < —% if
a # 0. This follows from (3.21), because we know from [10, Appendix A] that

1
(Ln(Vh-wh), Vi -wp) < —§\|Vh'wh||2,

unless Vj, - wp, = (a121 + agxe)g(xyp,) for some aq,as € C. But this ansatz is not compatible with
(3.20) if a # 0. In fact, using the techniques developped in [24] or [9], it is possible to show
that, given any M > 0, the eigenvalue equation (3.20) restricted to the orthogonal complement
of the space of all radially symmetric functions in L?(co) has no nontrivial solution such that
Re A > —M, if |o] is sufficiently large depending on M.

It is now easy to conclude the proof of Proposition 3.1. As was already mentioned, we only
need to prove that estimate (3.4) holds for any p < 3/2. If po(m) > 0 denotes the spectral
radius of the operator eZe» in L?(m)?, this is equivalent to showing that log po(m) < —3/2, see
[5, Proposition IV.2.2]. But that inequality follows immediately from Propositions 3.3, 3.4, and
3.5, since m > 1. The proof of Proposition 3.1 is now complete. O

4 Linear stability

Equipped with the results of the previous section, we now study the linearized equation (1.22)
in its full generality. Using Proposition 2.1 and a perturbation argument, it is not difficult to
verify that the linear operator L — aA generates a locally bounded semigroup in the space X(m)
for any @ € R and any m € (1, oo|, see Proposition 4.2 below. The goal of this section is to show
that the semigroup e!(!=*4) extends to a bounded operator from XP(m) to X(m) for any ¢t > 0
and any p € [1,2], and satisfies the following uniform estimates:

Proposition 4.1 Fix m € (1,00, p € [1,2], o € R, and take p € (1, %), n € (0, %] such that
2u <m+1 and 2n < m — 1. For any B = (B1, 2, 33) € N3, there exists C > 0 such that

_ Ce_(/»"i'/@?))t

|08 (etE O‘A)wo)h||x(m)2 < Wuwonxp(m) ) (4.1)
a(t)r 2" 2
—a Ce_(n+53)t

192 (e! - A)WO)?)”X(m) < ——— 5 llwollxe(m) (4.2)
a(t);—fr‘z—‘

for any wo € XP(m) and all t > 0. Moreover, V - wy =0, then V - e L=aM) o =0 for all t > 0.

The proof of this important result is divided into several steps.
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4.1 Global existence and short time estimates

We first prove that the linearized equation (1.22) has a unique global solution in X(m).

Proposition 4.2 Fizm € (1,00, p € [1,2], and o € R. Then, for any wy € XP(m), Eq. (1.22)
has a unique solution w € LS (Ry;X(m)) N C([0,00); X (m)) with initial data wo. Moreover,
for any B € N3, there exist positive constants Cy, Co (independent of ) such that

G &
(t)l—%Jr% llwollxe (m) for 0<t< o1 (4.3)
al(t)r

107w (®)lxm) <

where a(t) =1 —e~'. Finally, if V-wy =0, then V -w(t) =0 for all t > 0.

Proof. We proceed as in the proof of Lemma 3.2. Let e’ be the semigroup generated by L
which is given by the explicit expression (2.5). The integral equation corresponding to (1.22) is

t
w(t) = etlwy — a/ eI Aw(s)ds =: (Fw)(t), t>0. (4.4)
0
Given k € N\ {0} and a sufficiently small 7" € (0, 1], we shall solve (4.4) in the Banach space

Uk = {w € LE((0,7)5X(m)) 0 C(0, T X, (m) | [wller < o0}

equipped with the norm
114181 3 1Bl og
Wk = sup a(t)r 272 ||0fw(t)|x(m) + sup a(t)? |0 w m) ) s
el = 32 (sup al)) ™ F10%wO)llxn + sup_alt) = 102(0) oo

where a(t) = 1 — e~ If wy € XP(m), we know from Proposition 2.1 that the map ¢ — e*lwy

belongs to Uy, for any T > 0, and that [|e“wollkr < Cillwollxw(m) for some C1 > 0 depending
only on k, m, p.

Given w € U7, we now estimate the integral term in (4.4). Using Proposition 2.1 and
Lemma 2.5, we find

clia m _ ¢ O (3) 500
08 A gy < CIACE om) € s [0l
’ (m) 1,1 T
a(t —s)p 27 2 a(t —s)p 27 2
< Cj‘wﬂkﬁ\ T 0<s<t. (4.5)
a(t —s)p 272 q(s)2

Similarly we have H@fe(t_s)LAw(s)HXp(m) < Ca(t — S)_% a(s)_%HthT for 0 < s < t. In the

particular case where 3 = 0, it follows that
H/ (=)L A (s dsH < Ca(t)' "7 |wllpr (4.6)
[ ey, < cativlia . 0<t<T. @)
Assume now that 1 < || < k. If / < § and |f'| = |3] — 1, we have from Lemma 2.5

108 Ny < C 3D 100y € — BT <<
1BI=18] a(s)r 272
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’ ’ ’ B4 +65 , ’
Thus, writing aer—S)L = 8§_6 85 elt=s)L — af‘ﬁ (73 Q_BS)te(t_s)Lﬁf, and using Proposi-

tion 2.1 again, we obtain

Cllwllr.z

1026l Aco(s) xmy < ClOE =08 Ar(8) sy < .

- a(t — s)% a(s)%_%*"? 4

1 _ 18]

for 0 < s < t. Similarly, we have H@fe(t_s)LAw(s)HXp(m) <a(t—s)"2a(s)” 2 |w|k . Combining

(4.5) and (4.8), we obtain the following estimate

% /t et =)L Aw(s) ds”X
0

t
t 4 t 18]
< C’(/2 alt — 5)_%+%—T a(s)_% ds + / a(t — S)_% CL(S)_%+%_T dS) lwller — (4.9)
0 5

1_1_18
< Cat) » 2 |wlkr, 0<t<T,

which generalizes (4.6). Similarly, the generalization of (4.7) is

H@f /Ot et =L Aw(s) ds‘

18]
< Cat):F|wller, O0<t<T. (4.10)

XP(m)
Summarizing, we have shown that the linear map F' defined by (4.4) satisfies the estimate
~ 1 .
[Fwller < Cillwollxem) + Cla|T?|lwllkr , i 0<T <1,

where C' > 0 depends only on k, m and p. Arguing as in [12, Corollary A.7 and Remark A.§],
it is also straightforward to verify that Fw € C([0,T]; X} (m)) if w € Upp. If we now assume
that T < Ca(1 + |af?)~!, where Cy = 1/(4C?), we see that F is a strict contraction in Uy 7.
As a consequence, the integral equation (4.4) has a unique fixed point w € Uy, 7, which satisfies
[wlle,r < 2C1 ||lwollxp(m)- This proves that equation (1.22) is locally well-posed in XP(m), and
since the local existence time T is independent of the initial data, the solutions can be extended
globally in time. Finally, since both operators L and A preserve the divergence-free condition,
it is easy to check that, if V - wp = 0, then the solution w of (1.22) satisfies V - w(t) = 0 for all

t > 0. This completes the proof. O

4.2 Decay estimates for the vertical derivatives

Proposition 4.2 shows that the linearized equation (1.22) is globally well-posed in the space
X(m) for m > 1, but does not provide accurate estimates on the solution w(t) = =My,
for large times. In this section, we focus on the derivatives of w(t) with respect to the vertical
variable x3. Using identity (1.23), we shall show that 8§3w(t) decays exponentially as ¢t — oo,
provided k € N is large enough depending on |«|. Albeit elementary, this observation plays a
crucial role in the proof of Proposition 4.1, because it will allow us to simplify the study of the
semigroup e!(Z=24) by disregarding most of the terms involving a vertical derivative.

Proposition 4.3 Fixm € (1,00|. There exist positive constants Cs, Cy such that, for all a € R,
all k €N, and all wy € X(m) with 0%,wo € X(m), the following estimate holds:

0 =oM< Oy elOHlaPERE gk ol g (4.11)
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Proof. In view of (1.23), it is sufficient to prove (4.11) for k = 0. If wy € X(m), we know from
Proposition 4.2 that there exist constants C; > 1 and C5 > 0, depending only on m, such that
the solution w(t) = e'L=Nyyq of (1.22) satisfies lw(®)llxm) < C1llwollxm) for t € (0,to], where
to = Co/(Ja?> +1). Using the semigroup property, we can iterate this bound, and we easily
obtain

— 2
" Em N wglseny < Cs e U g ||y, £>0,

where C3 = C; and Cy = Cy 1 log(C1). This concludes the proof. O

4.3 Decomposition of the linearized operator

Motivated by Proposition 4.3, we now decompose the linear operator L — aA as follows:
L—aA = %4, 4+ L3—aH, (4.12)

where %, is defined in (3.3) and L3 = 92, — 230,,. We recall that the operator .%, does not
involve any derivative with respect to the vertical variable x3, and does not couple the horizontal
and vertical components of w = (wp,w3) . In view of (3.1)—(3.3), the last term in (4.12) has the
following expression:

H = A3 —As— Ay,
where Az, A4 are defined in (3.2) and As after (3.3). More explicitly, we have

Heo — <th> _ < _Q(K3D * 8acg,(“f)h >
Hsw (K3p *w — Kop xw3,V)g — g(K3p * Opsw)3 /)

where Ks3p, Kop are the Biot-Savart kernels (1.6), (1.7), and g is defined in (1.8). Here * denotes
the convolution with respect to the horizontal variables, so that

(4.13)

(ap ) ansa) = [ Kaplan = ) aloms ) do

Thus, unlike .%,, the operator H involves vertical derivatives, and couples the horizontal and
vertical components of w. As was already observed in Section 3, we have Hw = 0 whenever
Oz,w = 0, see Proposition 4.5 below.

Let R, (t) denote the semigroup generated by the linear operator %, + L3. In analogy with
(2.5), we have the following representation:

(Ra(t)w)(x)

_lzge~t—y3?
et <et$“w(-,y3))($h)dy3 ; >0, (4.14)

- T he

where a(t) = 1 — e~* and e'“* is the semigroup generated by .%,. Since R, (t) does not couple
the horizontal and vertical components of w, we can write

R h(t)wh>
R,(t)w = . ,
a(t) (Ra,3(t)w3
where R, ,(t) and R, 3(t) are the semigroups generated by %, ,+ L3 and .Z,, 3+ L3, respectively.
Using the results of Section 3, we obtain the following estimates:

Proposition 4.4 Fizm € (1,00}, a € R, u € (1, %), and take n € (0, %] such that 2n <m — 1.
Then there exists Cs > 0 such that

[Ran(Dwnll x(myz < Cs e llwnllxmy2 » (4.15)
| Ra,3(t)wsllx(my < Cse™ ™ |wsl x(m) - (4.16)

for all w € X(m) and all t > 0.



Proof. Both estimates follow from the representation (4.14), Proposition 3.1, and estimate
(2.11). The calculations are straightforward, and can be omitted here. We just remark that,
even if V-w = 0, the map xp — wp(xp,z3) usually has a nonzero divergence for all values
of 3 € R. This is why Proposition 3.1, hence also Proposition 4.4, was established without
imposing any divergence-free condition. O

We conclude this section with a useful bound on the linear operator H.

Proposition 4.5 Fiz m € (1,00] and v € (0,1). There exists Cs > 0 such that, for all w €
X(m) with Oy w € X(m), one has
[ Hrwll xmy2 < Coll0zswllx(m) 5 (4.17)
1—
”HSWHX(m) < 06(”8963‘””5&(771) + ”WhH;{((m)z”({)xgwhux(zl)z) . (4.18)
Proof. We use the expression (4.13) of the linear operator H. Since 0y,w € X(m), we know

from Proposition 2.3 that 0,,u = K3p * Op,w € X*(0). Thus, using Holder’s inequality, we
obtain

1/4
19 Ousullxm) < 10usullxs)( [ pm(lznl?)?g(@n)! dzn) < Cllduwllxm) -
R2

In particular, we have ||Hpw|| x(m)2 < C||Oswllx(m)-

We next consider the two-dimensional vector I = (K3p * w — Kop * w3), and estimate the
term (I,V},)g. Using the definitions (1.6), (1.7), it is straightforward to verify that I(z) =
Ii(z) + Iz2(x), where

Tr— 1
0@ = 5= [ I i) — sl dy

Cdr rs |z —yP?
B) = 3= [ 27 o) — o))y
dm Jgs |z —y[?
Since Vig(zp) = —g(@n)zn/2 and |z - (2, — yn) | < |2nllon — yul =7 yn|® for any o € [0, 1], we
can bound
Yn|?
(11, V)g@)] < Colan)loal Iy ) — wilns 2)] dy
lz3—ys|>1 [z =y
1
+ Cg(zp)|znl ——— w3 (Yn, y3) — w3(yn, z3)|dy .
|z —ys|<1 |IIT - y|

We now proceed like in the proof of Lemma 2.2. Integrating first with respect to the horizontal
variable y;, € R? and applying Holder’s inequality, we obtain

1
|(I1, Vi)g(z)| < Cg(xn)|on| RE - 17{ws (-, y3) — ws (s 23) Hl L1 (r2) dys

lzs—ys|>1 T3 —ys3
1

+ Cg(xp)|xn| —
|z3—ys|<1 |IIJ‘3 - y3|

ws (-, y3) — w3 (-, 23) || L2 (r2) dys -

Assuming 0 < o < m — 1, we have the estimate ||| - | f[| 12y < C|| || 12() for any f € L*(m),
hence

- 17{ws (- y3) — ws (s 23) g 2y + [lws (- y3) — ws( 23)2@e) < Clos — ysll|Ozswsll x (m) -
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We conclude that

1
(1, 9g@)] < Cotanlenl ([ [ du) sl
< jwa—ys/>1 T3 = y3|TH7 |3 —ys|<1 > 3#311X(m)

Cg(xn)|zpll|Ozswsl x(m) »

IN

which gives the bound H(Il,V)gHX(m) < C\\8x3w3\\X(m).
Finally we consider the term (I3, V},)g. Using again Holder’s inequality, we obtain

1
[(z)] < C 5 W (Yns y3) — wh(yn, 23)| dy
|z3—y3|>1 |z -y
1
+C 5 |wn(Yns ¥3) — wh(yn, 23)| dy
|zs—ys|<1 |z — y|
1
<C T lwn(-,y3) — wn(, 23) [ L1 (r2) dys
|zs—y3|>1 |x3 - y3|2 ®)
1
+/ T lwn (-, y3) — wh (", 23)| L2 (r2) dYs -
|zs—ys|<1 |$3 - y3| (&)

Since L*(m) — LP(R?) for p € [1,2], we have |lwp(-,y3) — wi(-,23)|| o)z < 2l|wn |l x(m)2 and
lwn (- y3) — wa(, 23) [l re)2 < 23 — Y3[[|Owswhl x (m)2- In particular, for any v € (0,1),

_ 1—
lwon (-, y3) = wn(z3)legeye < 27|23 = Y3l wnllk (2 10zswnllx (2 -

Thus we obtain
1—
Mallpo sy < Clleonl gy 10asn e -
1—y
X(m)?"
Proposition 4.5. O

and conclude that [|(12, Vi)gllxm) < CHwhH}((mFHamwhH This completes the proof of

4.4 Large time estimates

In this section we complete the proof of Proposition 4.1. Fix m € (1,00, @ € R, and assume
that wy € XP(m) for some p € [1,2]. Let w(t) = /L=y be the solution of the linearized
equation (1.22) given by Proposition 4.2. Take any k € N such that k > Cy(|a|? + 1) + 1/2,
where Cy is as in Proposition 4.3, and choose ty > 0 small enough so that estimate (4.3) holds
for all t € (0,t] and all 8 € N3 with |3| < k. Our goal is to control the solution w(t) for t > tg
and to establish the decay estimates (4.1), (4.2).

To this end, we first observe that w(t) satisfies the integral equation

() = Ralt— to)w(to) — a / Ra(t — s)Hw(s)ds , t> 1o . (4.19)

to

where R, (t) is the semigroup defined by (4.14). Fix 77 € (0,1/2) such that 27 < m — 1. By
Proposition 4.4, we have

t
lw®)lxmy < C5 e |w(to) [l my +Cs\a!/ e M Huw(s) || ) ds - (4.20)
to

To estimate the term |[Hw(s)||x(m), we first apply Proposition 4.5 with v = 1/2, and then the
classical interpolation inequality

1-1/k 1/k
10asllszm) < Cllwlizomy 10% @l -
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Using in addition Young’s inequality, we conclude that, given any e > 0, there exists C, > 0
such that
Oslal |Hw(s)llxmy < ellw(s)llxm) + Celld,w(s)lxm) - (4.21)

On the other hand, since k > Cy(|a|? + 1) + 1/2, it follows from (4.11) that
1050 () llxm) < Cae™ 205 w(to)lxmy » 5 = o - (4.22)

Replacing (4.21) and (4.22) into (4.20), we easily obtain

t
lw®)lx(m) < <C5”w(t0)”X(m) + Céllafﬁsw(to)\\sg(m)> e Mt=to) 4 6/ e 1) |w(s) |lxgmy ds

to

for some C{ > 0. Applying now Gronwall’s lemma, and using (4.3) to bound |lw(to)/x(m) and
|08 w(to)llxc(m) in terms of wy, we see that [[w(t)|xmm) < Ce " |lwollxe(m) for ¢ > to, where
1 = 7] — €. Finally, using (4.3) again to control the solution for ¢ < tg, we conclude that there
exists C7 > 0 such that

Cre ™
Jwollscmy < ——1— llwollxe(m) - (4.23)

a(t)» 3

[

for all t > 0. Since € > 0 was arbitrary, estimate (4.23) holds for any n € (0,1/2) such that
2n <m—1.

To conclude the proof, it remains to find the optimal decay rates for [|w (£)|x(m)» [|w3(E)[lx(m)
(including the value n = 1/2 if m > 2), and to establish (4.1), (4.2) for § # 0 too. First,
combining (1.23), (4.23) and using (4.3) again for short times, we easily obtain

. C e~ (n+1)t
1025w () 5xmy = 11025 N wolximy € ———1— llwollscr(m) - (4.24)

a(t)p

for all ¢ > 0. Moreover, if m > 2, we know from Proposition 4.4 that (4.20) holds with 77 = 1/2.
Thus, applying Proposition 4.5 to estimate ||[Hw(s)||x(m) and using (4.23), (4.24), we find that

lw(®)llsc(m) decays like e~'/? as t — oo, hence (4.23) holds with n = 1/2 if m > 2.

Next, to obtain a faster decay estimate for the horizontal component wy, we use (4.15) and
(4.17). Instead of (4.20), we find

t
lon Ol xmpz < C e 0| (w(t0))nllx(my2 +C\a!/t e Dy () lxgmy ds , (4:25)
0

for any p € (1,2). Since 05w () Ix(m) < Ce_("ﬂ)tH@monX(m) by (1.23), (4.23), we conclude
that [lws ()] x(my2 decays like e™#* as t — oo, provided p < 14 7. In other words, if y € (1, 3)
satisfies 2u < m + 1, we have

lonOllxmz = 1 Nwo)nlxmz < Ce ™ ([wolnllxmpz + 10zswollxim) »  (4.26)

for all ¢ > 0. Using the arguments leading to (4.25) and proceeding as in Proposition 4.2, we
can also derive the following short time estimate, which complements (4.3):

Cy

Co
Hagwh(t)HX(m)z < W(H(Wo)h”Xp(m)z + HamWO”XP(m)) , 0<t< alP11

(4.27)

D=
N
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Finally, to obtain decay estimates for the derivative 85 w(t), where 3 € N3, we can restrict
ourselves to ¢ > 2t;, where ¢; > 0 is small enough so that the short time estimates (4.3), (4.27)
hold for 0 < t < 2¢;. In view of (1.23), we have the identity

B HE—0N) ) — =Bsli=tn) g ot (E—ah) ((=20)(Lod) gl ot (L—ad)

h 3 .
Using the short time estimates (4.3), (4.27) with p = 2 to bound the first operator 85,’; el (L—ah)
then the long-time estimates (4.23), (4.24) or (4.26) to treat the middle term e(*~21)(L—ah)

and finally (4.3) again to bound the last term 953e/1(E=M)y we easily obtain (4.1) and (4.2),
together with the following estimate

C e (H"'IBS)t

102 (= Nasg)nlximpe < 55— (|@odnll ooz + 19rsollzogmy ) » >0, (4:28)
a(t)5_5+7
which will also be used in the next section. This concludes the proof of Proposition 4.1. O

5 Nonlinear stability

In this section we consider the nonlinear stability of the Burgers vortex and prove Theorems 1.2
and 1.3. Our starting point is the perturbation equation (1.10), which is equivalent to the
integral equation

2 t
wit) = ell-adlgy 4+ 3 /O ) E—eN N (o), w(s))ds , 20, (5.1)
j=1

where Nj(v,w) = (K3p * v, V)w, Na(v,w) = (v, V)Ksp * w, and K3p is the Biot-Savart kernel
(1.6). We first establish the following result, which already implies Theorem 1.2.

Proposition 5.1 Fizm € (1,0], a € R, and take n € (0, %] such that 2n < m —1. Then there

exist 6 = 0(a,m,n) >0 and C = C(a,m,n) > 0 such that, for any wy € X(m) with V - wy =0

and ||wollxmy < 6, Eq. (5.1) has a unique solution w € L*(Ry;X(m)) N C([0, 00); Xjoc(m)),

which satisfies

Cllwolsc(m

&é‘() e, >0, (5.2)
a(t)z

for any multi-index 8 € N3 of length |3] < 1.

IN

108w (t) [l (m)

Proof. Let U be the Banach space of all w € L®(R1;X(m)) N C([0,00); Xjpe(m)) such that
V- w(t) =0 for all t > 0 and |jw|ly < oo, where

181
lwlly = > supa(t) = e (|05w()lx(m) -
B1<1 0

Given wg € X(m) such that V -wp = 0, we denote by ® : U — U the nonlinear map defined by
2
(w)(t) = PN+ 0j(w,w)(t), t>0, (5.3)
j=1

where @1, @, are the following bilinear operators:

B, (w, B)(t) = /0 = L=0N) N (4 (s), G5(s)) ds , j = 1,2 (5.4)
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If [|wolx(m) is sufficiently small, we shall show that the map ® is a strict contraction in the ball
Brg = {w € U||jw|ly < K} for some suitable K > 0. It will follow that ® has a unique fixed
point w in By, which by construction is the desired solution of (5.1).

Since wy € X(m) and V-wg = 0, Proposition 4.1 shows that the map ¢ — et(L—ad)
to U, and satisfies the estimate

wp belongs

Het(L—aA)wOHU < C'1HW0HX(m) )

for some C7 > 0 (depending on m, «, n). On the other hand, if v,w € X(m), Corollary 2.4
implies that Ni(v,w) and Na(v,w) belong to XP(m)? for any p € (1,2), and satisfy the bound

[ N1 (v, W) xp(my3 + [N2(0, w) [ xp(myz < CllvllgmlIVwllxm)

for some C' > 0 (depending on m and p). If in addition V- v = 0, then denoting u = K3p * v we
find

/Z(Nl(v,v) + Ny(v,v))sdxy = . Vi - (vpus —upvs)dey = 0, (5.5)
R R

for all 23 € R, hence Ni(v,v) + Na(v,v) € XP(m). As a consequence, if w,& € U, we have
Nj(w(t),&(t)) € XP(m)3 for j = 1,2 and all ¢ > 0, and using Proposition 4.1 again we obtain
the following estimate for the bilinear operators ®;:

2 2 t
[Sotaswa],,, < 3 [ 102V N wle), )l ds

J=1 j=1
LI —n(t—s)
e ~
< OY [ — o N ()20 s
=170 a(t—s)r 2" 2
t o ent—s) ]
e o 18) ) [ V(5) oy 5
0 a(t—s)r 272
t omn(t=s) g—2ns ) Ce—nt )
<0 1_1,181 1 dSHWHUHWHU < WHWHUHWHU
0 q(t—s)r 212 a(s)2 aB)pt T

Since we also know that Nj(w(t),w(t)) + Na(w(t),w(t)) belongs to XP(m) for all ¢ > 0 and is
divergence-free, we have shown that ® maps U into U, and that there exists Cy > 0 (depending
on |a|, m, and 7) such that

|@w)llu < Chllwollsxem) + Callwllty,  [[@(w) — 2(@)|u < Co(llwlu + @) |lw — &l

for allw,@ € U. We now take K > 0 such that 202 K < 1, and assume that [|wo||x () < K/(2C1).
Then the estimates above show that ® is a strict contraction in the ball B, hence has a unique

fixed point w € B which, of course, satisfies (5.1). Moreover [|w|ly < 2C1 ||wo||x(m), hence (5.2)
holds with C = 2C;. This concludes the proof. O

Remark. The size ¢ of the local basin of attraction of the Burgers vortex aG in X(m) depends
a priori on «, m, and 1. However, as announced in Theorem 1.3, the dependence on the decay
rate n can easily be removed by the following (standard) argument. Given m > 1, we first
choose n = f(m) = min(3, 1) and apply Proposition 5.1 with that value of . We thus obtain
a constant 6 > 0 depending only on « and m such that, for any wy € X(m) with V- wg = 0
and [|wollx(m) < 6, Eq. (5.1) has a unique solution w € L*®(Ry;X(m)) N C([0,00); Xjoe(m)),

which converges exponentially to zero as ¢ — oo. In particular, given any n € (0, %] such
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that 2n < m — 1, there exists T' = T'(n) > 0 such that [lw(t)|x@m) < 0 for all ¢ > T, where
0 = 0(a,m,n) is the constant given by Proposition 5.1. By uniqueness of the solution, we
conclude that w satisfies (5.2) for any admissible value of 7.

In view of Proposition 5.1 and the remark that follows, the proof of Theorem 1.3 will be
complete once we have established the improved decay estimate (1.20) for the horizontal com-
ponent wy. A convenient way to do so is to repeat the proof of Proposition 5.1 using a different
function space, which incorporates a faster decay rate as t — co. Given p € (1,1 + n), where
n € (0, %] is as in Proposition 5.1, we introduce the space V C U defined by the norm

lollv = > > <SUP a(t) 2 D 08wy (1) x (ny2 + sup a(t) 2 e o 85w3(t)\|X(m)> :
Ko i1 0 ’ >0 i

As in the remark above, we can assume here (without loss of generality) that |85 wollx(m) is
finite and arbitrarily small, for all 3 € N? with |3| < 1. Using Proposition 4.1, we thus obtain

"B N |ly < Cs > [|08wollsc(m) -
181<1
for some C5 > 0. On the other hand, if v,w € X(m), the following estimates hold for any
p € (1,2):
[ N1R (v, W)l xpm)z < Cllvllxem) VWl xm)2
[N (v, 0)[| xp(mys < CUlvrllx )2 I Vawllxm) + Cllvsllx @) 102w lx(m)) »
025 N (v, 0) | xp(mys < C |03 l55(m) [Vl (am) + [0l [1025 Vol (amy) -

We now estimate the bilinear operators ®;(w,@) for w,& € V. First, using (4.28), we find
for t > 1:

t
10711 (w, @) (1) | x (2 < /0 107 {et =N Ny (w(s), @ () Yall x (mye ds

t e_u(t_s) _ _
< C/O —— 7 N1 (w(s), @ ()l xp(myz + 1023 N1 (w(s),@(8))l xp(m)3) ds

t e M

A
Q

1o Ul () [lscm) V@R ()] (x (my)2

o
Q
—~
T
V)
~—
Sl
|
Nl=
+
»

+10zsw () xc(m) V@ () 5 m) + [|w () |5 (m) 105 V() 5xm) ) s
b o—p(t—s) o—(utn)s
\

<C

T - ds [lwllv]@llv < Ce " [lwllv]i@llv - (5.6)
11,12 1
0 a(t—s)r 27 2 a(s)2
In the last inequality, we have used the definition of the norm in V and the fact that u+n < 1+2n.
The bound (5.6) also holds for ¢ < 1, and can easily be established using (4.1) instead of (4.28).
Next, to bound 0y, ® ,(w, @), we recall that 9,,etl—oN) = e~tetl=aMg . Applying (4.1),

we find

t
102505 ®1 1y (w, @) ()| x(myz < /0 e =) |02 {elt= =N g, Ny (w(s), () bl x (my2 ds
t o—(pF1)(t—s)
|

70 192 N1(w(s), 0(8) | x7 (s ds
0 a(t—s)r 272

<C

t e—(u-l—l)(t—s)e—(,u—l—n)s 3 Ce_(“+’7)t i
=C 1_1, 18 ds ||WHVHW||V < 118 ||wHVHw||V .
s—5+5 1 2417 q
" a(t—s)r" " > a(s)? a(t)»*
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Similarly, for kK = 0,1, we can estimate 853 D9 1, (w, @) as follows:

t
10,07 @21 (w, @) (1) | x (2 < /0 e M| 97 {el MmN gL Ny (w(s), @(8)) bl x oy ds

b o (utk) ()
|

<C 195, Na(w(5), &(5)) | xp (m)s ds
0 a(t—s)r 2t
t e—(ﬂ-l-k)(t—s)e—(,u—l—n)s . Ce_(l“i'k??)t i
<C 11 1d] = ds [lwllvll@flv < a5 lwlvl@lly
0 a(t—s)» 27 2 a(s)2 a(t)p T t3—3

Finally, using (4.2), we obtain for the vertical components of ®;(w,):

t
197, 07 @3(w, @) (#)xxmy < /O e M| eI N gL N (w(s), ()3l x(m) ds

b ok (t—s)
|

<C 1_1, 18] HaﬁaNj(w(s)v‘D(S))”Xp(m)3 ds
0 q(t—s)r 2tz
t o= (ntk)(t—s) o—(k+2n)s ) Clo— k)t

= C/ i1 18 & ds [lwllvli@llv < W”WHVHWHV
0 a(t—s)r 272 a(s)2 a(t)r

Summarizing, we have shown that ® defined by (5.3) maps V into V and satisfies the following
bounds:

1eW)llv < C3 ) 197wollx(my + Callwllf
BI<1
12(w) = @(@)[lv < Calllwllv + [l@]lv)llw = @llv

for all w,w € V. If K = 20335 HOEwOHX(m) is sufficiently small, it follows that ® is a

strict contraction in the ball Bx = {w € V||jw|lv < K}, hence has a unique fixed point there.
Denoting by w(t) the solution of (5.1) given by Proposition 5.1, this implies that ¢ — w(t + 7))
belongs to By if T > 0 is sufficiently large. In particular, w(t) satisfies (1.20) for some suitable
C > 0. The proof of Theorem 1.3 is now complete. O

6 Appendix

6.1 Proof of Lemma 1.1

Let x € C§°(R?) be a cut-off function such that x(z) = 1 if |25 < 1 and x(zp) = 0 if |25] > 2.
Given R > 0, we denote xg(xp) = x(zp/R), so that |Vyxr(zp)| < C/R. For any z3 € R, we
define

f(x3) = /R2 @3(zh, x3) dzy, | fr(x3) = /R2 w3(zh, v3)XR(TH) AT -

Since @3 € X(m) for some m > 1, it is easy to verify that ||f — fr[|z~®) — 0 as R — co. On
the other hand, for any test function ¢ € C§°(R), we have

‘/f T3) 5 963 dl’g‘ < /fR r3) i(xS)dx3‘+|’f_fRHL°°(R Hd ‘ (6.1)

The last term in the right-hand side converges to zero as R — oco. To treat the other term, we
observe that

/fR r3)— $3)d1173 = /R3 C33(!17}“$3)X1Lz(117h)C?—;/;($3)dil?s = (@3,

L'(R)

9
8%3

)
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where ¢r(xn, 3) = xr(zr)¥(z3) and (-,-) denotes the duality pairing of D'(R?) and C§°(R?).
Now, since V - @ = 0 in the sense of distributions, we have

<(D37 88¢R> = _<8W3 ) ¢R> = <Vh '(th ¢R> = _<(‘~uh7 Vh¢R> )
T3
so that

/fR Y 333)01963 = —/RS wp(Th, x3) - Vaxr(wp)(rs) doy dzg

Using the inclusion L2( ) — Ll(]R2) and the definition (1.15) of the space X (m), we thus find
C
‘/ fr( 333 333 dx?»‘ < —HwhHX 219l L (m) P 0.

Returning to (6.1), we conclude that the left-hand side vanishes for all ¢ € C§°(R), hence
df = 0 in the sense of distributions. Since f € BC(R), it follows that f is identically constant,
Wthh is the desired result. O

Remark. If w(x,t) is any solution of (1.10) that is integrable with respect to the horizontal
variables, we can define

¢($37t) = / W3(3§‘h,$3,t) d$h ) T3 € R , t >0.
R2

As was observed in [12], this quantity satisfies a remarkably simple equation

8t¢($37t) +$38w3¢(333,t) - 8 ¢($37 ) ; (62)

which can be solved explicitly. However, if w(-,t) € X (m)? for some m > 1 with V - w(-,t) = 0,
Lemma 1.1 shows that ¢(z3,t) does not depend on x3, and (6.2) then implies that ¢(z3,t) is also
independent of t. Thus, as was already mentioned, we can restrict ourselves to the particular case
where ¢ = 0 without loss of generality. Being unaware of this simple observation, the authors of
[12] have stated their stability result in a seemingly more general form, allowing (apparently) for
nontrivial functions ¢(zs,t), but thanks to Lemma 1.1 (which also holds in the slightly different
functional setting of [12]) the simpler presentation adopted here in Theorem 1.2 is exactly as
general.

6.2 Proof of Proposition 3.4.

This final section is devoted to the proof of Proposition 3.4, which shows that eigenfunctions
of £, 5 corresponding to eigenvalues outside the essential spectrum have a Gaussian decay at
infinity. For the nonlocal operator %, 3, the same result was established in [11, Lemma 4.5]
using ODE techniques, but we prefer using here a more flexible method based on weighted L2
estimates. In fact, we shall consider a more general elliptic problem of the form

—Lf+F(x, f,Nf)+Af = h, x €R™, (6.3)

where the unknown is the vector-valued function f = (fi,..., fy)'. Here and below we denote
by £ = A+ 5 -V + 5 the analog of operator (2.2) in dimension n. The data of the problem are
the functions F : R” x CV x C™V — CV and h: R” — C¥, and the complex number \.

For m € [0, 00], we denote by L?(m), H'(m) the following complex Hilbert spaces on R™:
m) = {1 e P@.0) | [ |f@)Pon(af)de < oo}
Hl(m):{fELzm ‘(%jfeLQ(m) forjzl,...,n},

where p,,, is the weight function defined by (1.12). Our main result is:
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Proposition 6.1 Let m € [0,00), A € C, h € L?(c00), and assume that F is a continuous
function satisfying

F(@,p,Q) < A@)pl +B@)IQl,  for all (1,p,Q) € R" x CY xC"™V | (6.4)
where A and B are bounded, nonnegative functions such that

lim sup A(z) = lim sup B(z) = 0. (6.5)

R0 ja)2R R0 ja)2R
IfReX > % — 2 then any solution f € H'(m)N of (6.3) satisfies f € H'(c0)V.

Proof. The proof is a simple modification of [16, Proposition 12], which in turn is inspired by

a recent work of Fukuizumi and Ozawa [6] where decay estimates are obtained for solutions of

the Haraux-Weissler equation. For k > 1, e > 0, and 6 € [0,m], we define the weight functions
(1—oklz|?

Che(z) = e T2 (y(z) = (L+ ]z, =z eR". (6.6)

Multiplying both sides of (6.3) by (p&k.e f and integrating by parts the real part of the resulting
expression, we obtain the identity

|t drPdstRe [ Fo (Vo). VIsdot [ 1P V(G da
R™ Rn Rn
— “Re [ G Pl f@). Vi) o+ (G- Red) [ GediPas ©7)
R™ Rn

+ Re Colkef - hdz .
R

Clearly, (L — s
Wé’k,e(!ﬂ) ;o Vp(a) = Co() - (6.8)

Thus, the second term in the left-hand side of (6.7) can be written in the following way:

20x
1+ |22

vék,e(x) =
Re Rnf' (fk@VCg, V)fdx + Re o f (Cgik,e, V)fdx

oxgegk,e _
= —/Rn‘f\?V. (1+‘x’2>dx—|—Re Rnf'(Cevfk,e,V)fda:

0¢o / 0¢o

— 2 . _ 2 .

= /Rn|f| EkeT V1+|$|2 dx an 1+|$|2:17 Ve, do
Cegk,s

1— 2
: n ‘x’2 ‘f‘Q dz + Re/ 8( E)k <€£k),5
R™

—nd
" e (4 £ |2%)?

f(z,V)fdx .

To bound this quantity from below, we observe that

6¢o oSk, e
2 _ < 902 : 24y
Jo VP Vs <2 || Sl

Moreover, for each n; > 0,

S(1— 2Cobne - 21— Pkl
“te [, S @ s < [ S as 91
9 (1—e? [ E*Colhelafl
< (I—m) - Colk.e|VfI7dz + 1—m /n (4k + |z[2)2 dz
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Thus, using the expression (6.8) of V¢ ¢, we find

= Cobkse | ;12 8(1 — €)0k? (ol | f|?
Re R"f‘ (V(C9£k75),V)fdl‘ > —C an 1—|—|l‘|2|f| dx—/Rn (4kf—|— |$|2)2(1+ |$|2) dz (69)

(1-¢ / Gz f” |
L—m Jen (dk+z?)>

- (1=m) /Rn Cob.o| V2 dx —

where C' = nf + 62 does not depend on k and . We next consider the third term in the left-hand
side of (6.7), which satisfies

2£ . . g Cegk,s
LTV = g [

k2<€£k,e|xf|2
o (@ + [22)2

|:L"f|2dx+2(1—e)/ dz . (6.10)

To estimate the right-hand side of (6.7), we use (6.4) and obtain, for each 7y > 0,
“Re [ G Pl f@. V@) < [ G APt [ GBI do
R" R" R™

B’ 2 2

< [t (as )P Aot [ GendViPde. (61
Rn 4:772 Rn
Finally, for each n3 > 0, we have
_ 1
Re | Cobpef - hdw < / Cobel FI* dz + - / Col,el bl dz . (6-12)
Rn Rn 13 JRrn

Substituting (6.9)—(6.12) into (6.7), we arrive at our basic inequality:

1 — )k*Colpelaf? 11— 2m + € 80
_ JVf2d / ( < - d
(m 772)/Rn Cole VI dz + | @k + [2]2)2 ( 1—m 1+ |:1:|2> v

C n B? ON o 1 o
< —_— - — — - = — . .
< /}Rn@fk,e{<1+‘x’2 +7 Re)\+A+4n2 + 13 2)!1’! +4n31h\ }dx (6.13)

To exploit (6.13), we first take 7, = 1y = % and @ = m. Using (6.5) and the assumption
that Re A > 7 — %, we see that there exists R > 0 independent of k > 1 such that, if n3 > 0 is
sufficiently small, the following inequality holds:

k2<0£k 5|xf|2 9 1
61_6 %dxéc € d$+—/ eh2dx7
(1-o | T ) I

where the constant C' > 0 is independent of & > 1. Thus, taking the limit & — oo and using
Fatou’s lemma, we obtain

T [ aslapyme s Posiar < e [

lz|<R

1 —e
|f1? da + i /]R (1+ [z?)me 5 1P |p 2 dz

which shows that e%mzf € L*(R?) for any € > 0. Next we choose 11 = %, N2 = %a n3 =1, and
6 = 0 in (6.13). Taking again the limit ¥ — oo and using Lebesgue’s dominated convergence
theorem, we find

L / T Y £ do 4 = / e Tl f 2 de < © / T f2 g 4 - / Tl 2 4 |
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where the constant C' > 0 does not depend on € > 0. This inequality shows that

L / e T |7 £ dag =6 / Tl f2dr < © TP f2 dt - / e 71l |p2 de |

for some R’ > 0 independent of € > 0. Taking now the limit ¢ — 0, we conclude that f € H!(c0),
which is the desired result. g

Proof of Proposition 3.4. We consider the eigenvalue equation (3.16), which can be written
in the form

. 3
—Lown + ahiwp — akowy, + <A + §)wh =0, (6.14)

where L}, is given by (2.2) and the operators Ay, Ay are defined at the beginning of Section 3.
We recall that |Aywp| < |US||Viwn| and |Agwp| < |V4US||wn|, where the velocity profile US
satisfies (3.8). Assume that ReA > —2 — 1 and let w, € H'(m)? be a solution to (6.14).
Applying Proposition 6.1 with n = N =2, F(z, f,Vf) = aA1f — alsf, and h = 0, we obtain
wy, € H'(00)?. This completes the proof of Proposition 3.4. O
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