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Abstract

We consider the semiclassical limit of nonrelativistic quantum many-boson systems with delta po-
tential in one dimensional space. We prove that time evolved coherent states behave semiclassically as
squeezed states by a Bogoliubov time-dependent affine transformation. This allows us to obtain prop-
erties analogous to those proved by Hepp and Ginibre-Velo ([Hep], [GiVel, GiVe2]) and also to show
propagation of chaos for Schrédinger dynamics in the mean field limit. Thus, we provide a derivation of
the cubic NLS equation in one dimension.
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1 Introduction

The justification of the chaos conservation hypothesis in quantum many-body theory is the main concern of
the present paper. This well-know hypothesis finds its roots in statistical physics of classical many-particle
systems as a quantum counterpart. See, for instance [MS], [Go] and references therein.

Non-relativistic quantum systems of N bosons moving in d-dimensional space are commonly described
by the Schrodinger Hamiltonian

N
HN::Z—Axi—i—ZVN(xi—xj), xeRY, (1
i=1

i<j

acting on the space of symmetric square-integrable functions L2(RN) over RN, Here Vy stands for an
even real pair-interaction potential. The Hamiltonian (1), under appropriate conditions on Vy, defines a
self-adjoint operator and hence the Schrodinger equation

i0, PN = HNPN, 2)

admits a unique solution for any initial data ‘PON € L*>(RYN). The interacting N-boson dynamics (2) are
considered in the mean field scaling, namely, when N is large and the pair-potential is given by

W) = V),

with V independent of N. The chaos conservation hypothesis for the N-boson system (2) amounts to the
study of the asymptotics of the k-particle correlation functions ¥,  given by
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where 73, = WN(x1,--- . xn)¥N(1,---,yN). More precisely, this hypothesis holds if for an initial datum
which factorizes as

lP% =@(x1) - @o(xn)  such that ||(P0||L2(]Rd) =1,

the k-particle correlation functions converges in the trace norm

Yon 5 @ (x1) - 0 () @ o) - 9 (), 4)

where @, solves the nonlinear Hartree equation

{ 0,0 =—A@p+Vx|p|2e 5)
D=0 = Po -

The convergence of correlation functions (4) for the Schrodinger dynamics (2) is equivalent to the statement
below :

gﬂ(‘l’%ﬁN‘PM = lim - NN XY ) OV, Y, xk)dxy - dxedyy -+ dyg
= {9 097"), (6)

where Oy are observables given by Oy := 0 ® 185 acting on L2(RN) with & : L2(R%) — L2(R%) a
bounded operator with kernel & and k is a fixed integer. The relevance of those observables is justified by
the fact that Oy are essentially canonical quantizations of classical quantities.

In the recent years, mainly motivated by the study of Bose-Einstein condensates, there is a renewed
and growing interest in the analysis of many-body quantum dynamics in the mean field limit (for instance
see [ABGTL,[BEGMY],[BGM],[ESY],[EY],[FGS],[FKP],[FKS], etc.). For a general presentation on the
subject we refer the reader to the reviews [Spo] and [Gol]. Various strategies were developed in order to
prove the chaos conservation hypothesis or even stronger statements. One of the oldest approaches is the
so-called BBGKY hierarchy (named after Bogoliubov, Born, Green, Kirkwood, and Yvon) which consists
in considering the Heisenberg equation,

{ atpl‘ = i[pﬁHNL

7
Pi—o = o™ (0N, ™

together with the finite chain of equations arising from (7) by taking partial traces on 0 < k < N variables.
Since p; are trace class operators one can write the corresponding hierarchy of equations on the k-particle
correlation functions ¥ \:

N
] 1
9N = Z[_AX:'+A,-M<,N+N Y VEi—x) = V=) %N
i=1 1<i<j<k
1
+= / V(x—x;) = V(i —y)] A dxsr -+~ dxn
NlSiSkJ;lgjgN RN-K)d J J)IIN A Xt
1
N Vxi—xj) =V(yi—yj dxpar - od
Nk+1<lZ’<j<N/R<Nk)d[ (x x]) (y y./)]%\l Xk+1 XN
7/12N = @o(x1) - @o(xx) (1) Po(vk) .

An alternative approach to the chaos conservation hypothesis uses the second quantization framework
(details on this notions are recalled in Section 2). Consider the Hamiltonian,

e H, — /R Va' (x)Va(x) dx+§ /R Vir—y)a* (@ ()a(x)aly) dady,

where a,a* are the usual creation-annihilation operator-valued distributions in the Fock space over L?(R?).
Recall that a and a* satisfy the canonical commutation relations

la(x),a" ()] = 8(x—y), [¢"(x),a"(y)] = 0 =[a(x),a(y)].



A simple computation leads to the following identity

1
€ Hs‘LAZ(RdN) = Hy, ife= 7N .

Thus, the statement on the chaos propagation stated in (6) may be written (up to an unessential factor) as

lim< —ite~ IHS\PO pWick ,—ite™ 1ng,0> ﬁ(p >’

e—0

where b"ic* denotes £-dependent Wick observables defined by

k
WZCk . e e
b /Rde H“ Xi) O(x1, Xy, 3 Yk) Fla (vj) dxy -+ -dxpdyy - - dyg,

with &'(x1,--- ,x;¥1,- -+ ,yk) the distribution kernel of a bounded operator & on L?(R¥¢). Therefore, the
mean field limit N — o for Hy can be converted to a semiclassical limit € — O for H;. The study of the
semiclassical limit of the many-boson systems traces back to the work of Hepp [Hep] and was subsequently
improved by Ginibre and Velo [GiVel, GiVe2]. The latter analysis are based on coherent states, i.e.,

n!

which have infinite number of particles in contrast to the Hermite states ‘PON = (p0 “N_ However, a simple
argument in the work of Rodnianski and Schlein [RoSch] shows that the semiclass1ca1 analysis is enough
to justify the chaos conservation hypothesis and even provides convergence estimates on the k-particle
correlation functions. The authors of [RoSch] considered the problem under the assumption of (—A+1)"/2-
bounded potential (i.e., V(—A+ 1)_1/ 2 is bounded). The main purpose of the present paper is to extend the
latter result to more singular potentials using the ideas of Ginibre and Velo [GiVe2].

For the sake of clarity, we restrict ourselves in this paper to the particular example of point interaction
potential in one dimension, i.e.,

V(x)=6(x), xeR. (8)

This example is typical for potentials which are —A-form bounded (i.e., (—A+1)"1/2V(=A+1)"1/2 is
bounded). Indeed, we believe that such simple example sums up the principal difficulties on the problem.
Moreover, we state in Appendix C some abstract results on the non-autonomous Schrédinger equation
which have their own interest and allow to consider a more general setting. We also remark that the results
here can be easily extended to the case V (x) = —3(x) at the price to work locally in time.

The paper is organized as follows. We first recall the basic definitions for the Fock space framework
in Section 2. Then we accurately introduce the quantum dynamics of the considered many-boson system
and its classical counterpart, namely the cubic NLS equation. The study of the semiclassical limit through
Hepp’s method is carried out in Section 6 where we use results on the time-dependent quadratic approx-
imation derived in Section 5. Finally, in Section 7 we apply the argument of [RoSch] to prove the chaos
propagation result.

2 Preliminaries

Let $ be a Hilbert space. We denote by £ () the space of all linear bounded operators on $). For a linear
unbounded operator L acting on ), we denote by Z(L) ( respectively 2(L)) the operator domain (respec-
tively form domain) of L. Let D; denotes the differential operator —idy; on L?(R") where (x1,--- ,x,) € R".

In the following we recall the second quantization framework. We denote by L2(R") the space of
symmetric square integrable functions, i.e.,

¥, c L2(R™) iff ¥, cL*(R™) and W,(x1, -, %) = PalXo,,- -, X6,)  ae.,



for any permutation ¢ on the symmetric group Sym(n). The orthogonal projection from L?(R"?) onto the
closed subspace L2(R"?) is given by

1 n
Sn¥nlort, - xn) = HGESZ( )\P”(xc(l)a"' o) Pn € LF(R™M).
ym(n

We will often use the notation
S(R™) = &,.7 (R")

where .7 (R™) is the Schwartz space on R". The symmetric Fock space over L?(R) is defined as the
Hilbert space,

F = @L?(R”d) ,
n=0
endowed with the inner product

Z R”dﬂ@”(‘xh”' 7-xn> dx1 "'d.Xn7

where ¥ = (W), pen and @ = (P,) e are two arbitrary vectors in .#. A convenient subspace of .# is given

as the algebraic direct sum
alg

= @%(R“d) .
n=0

Most essential linear operators on .# are determined by their action on the family of vectors
2 md
(p®n xlv -5 X H(th (pEL(]R),

which spans the space L?(R”d) thanks to the polarization identity,

GnH(Pi(xi)— Z er- H Z &;9;( xl
=1 Py |

==l

For example, the creation and annihilation operators a*(f) and a(f), parameterized by € > 0, are defined
by

a(f)e™ = Ven (f,@)p”"V
a (e = Ven+1) Gui( fR90%), Yo, f e L*(RY).

They can also by written as

:\/E/Rdma(x)dx, a*(f):\/E/Rdf(x)a x)dx

where a*(x),a(x) are the canonical creation-annihilation operator-valued distributions. Recall that for any
¥ = (P),cn €., we have

[a(x) )" (x1, -+ o) = /(n+ DR (x xp, - x),

* n 1 u n— A
[a (x)\p]( )(Xlw' Xp) = % Z5(x_xj)\p( 1)(,“,... Ry Xn) s
i=1

where § is the Dirac distribution at the origin and £; means that the variable x; is omitted. The Weyl
operators are given for f € L?(R?) by

)

o I )

N



and they satisfy the Weyl commutation relations,

W(fW(f2) = e S0 w(f + f), 9)
with f1, /> € L? (Rd).

Let us briefly recall the Wick-quantization procedure of polynomial symbols.

Definition 2.1 We say that a function b : ./ (R?) — C is a continuous (p,q)-homogenous polynomial on
S (RY) iff it satisfies:

(i) b(Az) = AIAPb(z) for any A € C and z € /' (RY),

(ii) there exists a (unique) continuous hermitian form Q : .7,(R44) x .#,(R%) — C such that

b(z) = Q(z%1,7%P).
We denote by & the vector space spanned by all those polynomials.

The Schwartz kernel theorem ensures for any continuous (p,q)-homogenous polynomial b, the existence
of a kernel b(.,.) € ./ (R¥P+4)) such that

b(Z) :/Rd(pﬂ])l;(kl’”. 7k;’kla o ?kp)z(kll)z(ka)z(kl)z(k[’) dk/dk?

in the distribution sense. The set of (p,¢)-homogenous polynomials b € & such that the kernel b defines a
bounded operator from L2(R?) into L2(R%) will be denoted by &2, ,(L*(R?)). Those classes of polyno-
mial symbols are studied and used in [AmNil, AmNi2].

Definition 2.2 The Wick quantization is the map which associate to each continuous (p,q)-homogenous
polynomial b € &, a quadratic form b"* on . given by

(W) = e[ K (alk) alk)Walk) alky)®) 5 dkdk
~ Ve e Vnln—p+q)! «/ (n— p+q / / dkdK Bk, k) P (k, x)@" P+ (K x),
n=p Rd n—p) Rd p+q)

forany ®, ¥ € 7.

We have, for example,

a*(f) = <Z,f>WiCk and a(f) — <f,Z>WiCk.

Furthermore, for any self-adjoint operator A on L?>(R¢) such that .7 (R¢) is a core for A, the Wick quanti-

zation A
dr'(A) := (z,Az)"V'*

defines a self-adjoint operator on .%. In particular, if A is the identity we get the e-dependent number

operator )
N := <Z,Z>ka-

We recall the standard number estimate (see, e.g., [AmNil, Lemma 2.5]),
‘(‘P,bWiqu)>’ < |‘E||$(L§(]Rdﬁ),L%(qu)) IN92%]| x ||NP||, (10)

which holds uniformly in € € (0,1] for b € 2, ,(L*(R)) and any ¥, € Z(N"(P-4)/2),



3 Many-boson system

In nonrelativistic many-body theory, boson systems are described by the second quantized Hamiltonian in
the symmetric Fock space . formally given by

2
€
—8/ a* (x)Aa(x)dx+ — / / a*(x)a* (y)o(x —y)a(x)a(y)dxdy. (11)
R4 2 Jrd Jrd
The rigorous meaning of formula (11) is as a quadratic form on ., which we denote by A", obtained by
Wick quantization of the classical energy functional
1
h(z) = /]Rd |Vz(x)[?dx+P(z), where P(z)= E/Rd lz(x)[*dx, z€.7(RY). (12)
More explicitly, we have for ¥ € ./
, o 2
<‘P,hW’Ck‘I’> = ¢ Z n/d Bxl‘P(”) (x1,+ yxn)| dxy---dxy
n=1 Ren
2y 1) NN Lo
+ € ng'z 5 /Rd(nq) WY (xa,x0, -+ yxn)| dxp---dxy,.

Moreover, in one dimensional space (i.e., d = 1) one can show the existence of a unique self-adjoint operator
bounded from below, which we denote by H, such that

(P, H¥) = (P, 1) forany We.7.

This is proved in Proposition 3.3.
In all the sequel we restrict our analysis to space dimension d = 1 and consider the small parameter &
such that € € (0,1]. The e-independent self-adjoint operator,

) n
S =P+ Y [P+ Y AP | = (e7dD(—A) + e HNF 1) P,
n=1 j=1

with u > 0, defines the Hilbert space 7. f given as the linear space ¥ (Sll/ 2) equipped with the inner product

(W, D) su = (S, 5, D) 5.

gk =
‘/+

We denote by .Z* the completion of 2 (S;l/ 2) with respect to the norm associated to the following inner
product
—1/2qy o—1/2
(W, @) 5u = (5,0, 85, @) 5.

Therefore, we have the Hilbert rigging
Fhc 7Tt

Note that the form domain of the e-dependent self-adjoint operator dI'(—A) + N* with u > 0 is
Q(dT(—A) +N*) = Z!  forany € € (0,1].

Lemma 3.1 Forany ¥, ® € .,

(%, PYiek@)| < - [T () + N*]2]| x [[[dD(-4) +N] 2]

I

Proof. A simple computation yields for any ¥, ® € .

=

; —1
<‘P7PWZC]<CI)> = Z 82% -1 (m) (Xz,XQ,X3, te ,Xn) CD(”) (x27x27-x37 tee ,Xn)d)CQ o 'dxn .
n=2




Cauchy-Schwarz inequality yields

1/2
. o -1
‘<\P7PWle(I)>‘ S lzgzn(nz ) /Rn—l |\P(n)(-x27x21-x3a"' 7xn)|2dx2"'dxn]
n=2 .

1/2
> ,nn—1
" [2282(2)/]R |‘I’(”)<XZaxzaXsa---,xn>|2dx2---dx"] ‘

Using Lemma A.1, we get for any o(n) >0

- 2V/2 2
(n—1) ()" "
2n(n— 2 o gmy 1 2 pm g )
x a(n)(D? ®" MY 1 LOR
LZZ e GO AR R R
Hence, by choosing a(n) = m it follows that
e . 1/2
(@, PY)| < Y en(D2 W0 Y en(n— 1)A(# ), W)
4 n=2 n=2
. . 1/2
x| Y en(DZ @, @™) + ¥ e3n(n—1)%(@", o)
n=2 n=2
1
2 _ 3 _ 3
< 4\/<l11, [dT(—4) + N3]®) x \/ (@, [dT(~A) +N?]) .
This leads to the claimed estimate. |
Remark 3.2 Note that, as in Lemma 3.1, the estimate
2
. €
(@ P )| < T (1P| 5 (13)

holds true for any ¥, ® € .¥ and € € (0, 1].

We can show that /" is associated to a self-adjoint operator by considering its restriction to each

sector Lf (R™), however we will prefer the following point of view.
Proposition 3.3 There exists a unique self-adjoint operator H such that
(P, hVikD) = (¥, H D) forany ¥ € F3,® € D(He) T3

—it/eHe

Moreover, e preserves fi

Proof. We first use the KLMN theorem ([RS, Theorem X17]) and Lemma 3.1 to show that the quadratic
form h"ik 1 N3 41 is associated to a unique (positive) self-adjoint operator L with

(L) = 2(d[(-A) +N?) = 73.
Observe that we also have
[[dT(—A) +N3]/2W|| < [|LY?W|| for any W € .3 . (14)
Next, by the Nelson commutator theorem (Theorem B.2) we can prove that the quadratic form A" is

uniquely associated to a self-adjoint operator denoted by He with Z(L) C 2(Hg) N ﬁi and deduce the

invariance of 3‘? Indeed, we easily check using Lemma 3.1 and (14) that

. 5
‘(T,hw’d‘@) < 22| 1LY for any W, € 7. (15)



Furthermore, we have for ¥, ® € ﬁi and A >0
(LAL+1)"" ik QL +1)71®) — (AL+ 1) 7", Vi L(AL+1)"'d) = 0. (16)
The statements (15)-(16) with the help of Lemma B.3, allow to use Theorem B.2. |
Remark 3.4 The same argument as in Proposition 3.3 shows that the quadratic form on %. i given by
G:=¢e ldl(-A)+&e2PVik L g7 IN 1,

is associated to a unique (positive) self-adjoint operator which we denote by the same symbol G.

4 The cubic NLS equation

Let H°(R™) denote the Sobolev spaces. The energy functional & given by (12) has the associated vector
field

X:H'(R) — H'(R)
z — X(z)=—-Az+0:P(2),

which leads to the nonlinear classical field equation

ido = X(9)
17
= —Ap+|ofe {17

with initial data @,—o = ¢ € H I(R). It is well-known that the above cubic defocusing NLS equation is
globally well-posed on H*(R) for s > 0. In particular, the equation (17) admits a unique global solution on
C(R,H™(R)) NC'(R,H™ 2(R)) for any initial data ¢ € H"(R) when m = 1 and m = 2 (see [GiVe3] for
m =1 and [T] for m = 2). Moreover, we have energy and mass conservations i.e.,

h(@) =h(eo) and [|@rlz2r) = [[90llr2(r)

for any initial data ¢y € H'(R) and ¢; solution of (17). It is not difficult to prove the following estimates

10l7e@ < 200lpe ldellpe < 2l0llpe h(e)?,
-2 p+2 p=2 2 p+2 2 (18)
10l < 27Nl 100117, < 2% lloll s M)

for p > 2 and any ¢ € H'(R). Furthermore, using Gronwall’s inequality we show for any ¢y € H>(R) the
existence of ¢ > 0 depending only on ¢g such that

1012y < € 1190l 2y (19)

where ¢; is a solution of the NLS equation (17) with initial condition ¢y.

5 Time-dependent quadratic dynamics

In this section we construct a time-dependent quadratic approximation for the Schrodinger dynamics. We
prove existence of a unique unitary propagator for this approximation using the abstract results for non-
autonomous linear Schrodinger equation stated in the Appendix C. This step will be useful for the study of
propagation of coherent states in the semiclassical limit in section 6.

The polynomial P has the following Taylor expansion for any zo € H'(R)

()
D o)l

4
P(z+z0) = -
=



Let ¢; be a solution of the NLS equation (17) with an initial data ¢y € H' (R). Consider the time-dependent
quadratic polynomial on . (R) given by

)
RO = 2o (@)

= Re [ 200" pl02dx+2 [ P o0 dr.

Let {A;(7) };cr be the e-independent family of quadratic forms on . defined by
€As(t) 1= dT(—A) + Py (r)Vick (20)
Lemma 5.1 For ¢y € H'(R) let
By 1= 162(||gol| 2 ) + 1)* (h(g0) +1) and 0 := 16*(||go]| 2 () + 1)/ */h(@o) + 1.
The quadratic forms on . defined by
SH(t) :=Ax (1) + %1 !N+ %1, teR,

are associated to unique self-adjoint operators, still denoted by S, (t), satisfying

o S(t)>1,

o 7($:(1)'/?) = F! forany t €R.

Proof. The case ¢y = 0 is trivial. By definition of Wick quantization we have for ¥, ® € .7,
(@, Py (1)Vikw) — 2 il en [ |(p,(x1)|2m‘l‘(”) (o1, on) o - dy
+§68\/(n+1)(n+2) /Rncb(”)(xl,-- X (/ o (x) w2 xx,x1,~--,x,,)dx> dxy - dx, 21)
= .
+;8\/m/w WO (xy,x) (/R @ (x)2D+2) (x,x, x1, - - - ,xn)dx> dxy - dx,.

Therefore, using Cauchy-Schwarz inequality, we show

(@, Po(0)V R < 2oy IV 2] x N2

=

1/2
Y e(n+2)[ [ (xxx, ,xn>|iz<Rnﬂ)]

191 [V + )20
n=0

oo

12
n+2 2
e(n+2)||@ (x,x,xl,...,xn)|L2(Rn+l)] .

n=0

+ 1]y (N + €)' 2)| % l

Now we prove, by Lemma A.1, the crude estimate

|<CD7P2(¢)Wick\P>\ < max(H(PtHizt(R)a||(Pt‘|1%w(R)) [2HN1/2¢HX||N1/2‘PH
IV +€) 2] x[[(odT(—8) + ' N) 2|
Ve P (T () + o W)

This yields for any ot > 0

(@, P ()" )| < o max(|| @[y gy || )
|| [dT(=A) + (' +3)a" N+ a~'e1] > )| (22)
|| [d0(=A) + (™! +3)a "' N + or‘el]l/z‘PH.



Remark now that (18) yields
max (|| [Fs gy 101l 7)) < 2 (1190l l2z) + 1) v/R(@0) + 1.

= 3(I[ollr2(m +1)g/2\/W>O, we obtain

e (@, ()W) < F|[e71dT(—A) + Die !N+ 1]/ 2@)|
x||[e71d0(—A) + %1e~ N + 5, 1]1/2 9|

Hence, for o~

(23)

Applying now the KLMN theorem (see [RS, Theorem X.17]) with the help of inequality (23) we show that
Sr(t) = As(t) + e IN+ o1 with ¥ > (@ ' +3)a™ !, and % > a1 +1,

are associated to unique self-adjoint operators S (¢) satisfying S>(¢) > 1. Furthermore, we have that the
form domains of those operators are time-independent, i.e.,

2(8:(1)) = 71
for any r € R. ]

Remark 5.2 The choice of ¥y, ¥, in the previous lemma takes into account the use of KLMN'’s theorem in
the proof of Lemma 6.3.

We consider the non-autonomous Schrodinger equation

{ idu=As(t)u, tecR,

u(t=s) =u. 24

Here R 5 ¢ — A;(¢) is considered as a norm continuous ¥ (Jl Z1)-valued map (see Lemma 5.3). We
show in Proposition 5.5 the existence of a unique solution for any initial data u; € ﬁ}r using Corollary C 4.
Moreover, the Cauchy problem’s features allow to encode the solutions on a unitary propagator mapping
(t,5) — Ux(t,s) such that

Uz(l Sy =y,

satisfying Definition C.1 with 7 = ., #, = ! and I = R.
In the following two lemmas we check the assumptions in Corollary C.4.

Lemma 5.3 For any ¢y € H'(R) and t € R the quadratic form A,(t) defines a symmetric operator on
L(FL, FL) and the mapping t € R — Ay (t) € L (F L, FL) is norm continuous.

Proof. Using (23) we show for any ¥, ® € .

(@,42(1)F)] < |(D,e 1dT(~A)P)| + |(®, e Py (r)Vickw)|
< |18)2@|] |15V + 2oy )15, || ||S) 2| (25)
<

3100 (1)) 51 @]

Pir

where ¥, ¥, are the parameters introduced in Lemma 5.1. Hence, this allows to consider A (¢) as a bounded
operator in (71, 71). Since Ay (t) is a symmetric quadratic form it follows that it is also symmetric as
an operator in & (7}, 71).

Now, using a similar estimate as (22) we prove norm continuity. Indeed, we have

|<(I)7 [Az([) —Az(s)}‘}’>| = g*l |<CI)7 [Pz(l‘) _PZ(S)}WiCk\IIH
4max(ll¢f—¢flle(R>,|||<pz — |5l ) 1] 1 [[]] 5 -

IN

Note that it is not difficult to prove that

max (1107~ @7l |10 = [0 ) — 0 whent —s.

This follows by (18) and the fact that ¢, € C°(R,H'(R)). [ |

10



Lemma 5.4 For any ¢y € H*(R) there exists ¢ > 0 (depending only on @g) such that the two statements
below hold true.
(i) Forany ¥ € ﬁi we have

10, S2(0) )] < & HVIS2(1)' 29| 5.
(ii) For any ¥,® € 2(8,(1)%/?), we have
(W, 42(1)S2(1)P) — (S2()¥, A2 (1) @) | < ¢ ||S2(1) /2| 5 1S2(1) '@ 5.
Proof. (i) Let ¥ € ., we have

AP, (0)F) = &' o(¥,P(t)V*P)
= e (P, [P0 ),

where d,P,(t) is a continuous polynomial on .#(R) given by
OP:(1)] = 2Re [ 23)” 91109, (x) d+ 4Re [ [0 () () v

A simple computation yields

93]

(P, [0,P (1)) P) =4Re ) ne /R @ (x1) @ (x1) [P (x1, -, x) [P dxy -+~
n=1

+Z£\/(n+2)(n+l)/ WO (xp,--- ,x, (/ @ (x) 0y g, (xx) P2 (x,x7x17--~7xn)dx> dxy -~ dxy,
n=0 R”

~+hc.
From (18) we get
2
i < H(Ptat(PIHLI(R)/ sup ‘P(">(x1,~~~,x,,) dxy---dx,
Rn—1 x €R
< H‘PtHLZ(R) x Hat(PtHLZ(R) <(1 _ale )\P(”)Q}l(")hz(m).

Now we apply Cauchy-Schwarz inequality,

oo

(2, [PV ®) < 4|l 2w 1002 (Z (1—=02)wt i >>Lz<w>>

- 1/2 - 1/2
+z|<p,m)|at<pt||Lz<R)<Ze<n+2>|w("+2)<x,x,.>|zz(wﬂ)> x<ze<n+1>||w<">|iz<w)> .

n=0 n=0

In the same spirit as in (22), we obtain a rough inequality
(0P O R)] < max((|o] =) |92 w) 119001l 2w [4\I(dF(*A) +N)' 2P
+2 \|(dr(_A)+N+1)1/2qf|\2} .
Observe that (23) implies S1 < 355(¢) for all r € R. Hence, we have
e '[P ) < 6max((| @l 191 2) 190l 2 ) 1915

< lgmaX(H(ptHL‘”(]R)a||(pl||L2(R)) ||at(pt||L2(]R) ||52(f)1/2lp||.2¢~

This proves (i) since (18)-(19) ensure the existence of ¢ > 0 (depending only on ¢yp) such that

max (|| ||z=(ry: |01l 2 () 119 ][ 2y < eI
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(i) If ¥, ® € 2(S,(1)*/?) the quantity
C = (V,A5(1)S () D) — (S2 (1), Az (1) D),

is well-defined since A, (r) € Z(F1,.F1) and Sy(t)2($2(1)3/?) € D(S2()'/?) = FL. Note that N €
L(FL,F1). Hence, we can write

(P, [S2(1) — 1€ 'N — 1] S5 (1) @) — (S2(1)W, [S2 (1) — D& 'N — 1] D)
= O ((S2(t)P, e 'ND) — (NP, $>(r) D)) .

€

Observe that, for A >0, e !N(Ae"'N+1)"L.7! c Z! and that

s— lim e 'NAe" !N+ 1) ' =¢e 'Nin Z(ZL, 7).

—0

Therefore, we have
¢ = O Jim, (S2(1)¥,e " 'N(Ae !N+ 1)) — (e 'NAeT N+ 1)1 S, (1) D) .

G,

Let N; denote e '!N(Ae~'N +1)~!. A simple computation yields

€6y = (W,P()VHN, @) — (N P, Pa(t) "k )
(W, g(t)VEN, @) — (N, ¥, (1) Vi D) ,

where g(t) is the polynomial given by

g0 =Re [ )" @(xd

A similar computation as (21) yields

=

€ = ZK(”) W) (xy, -, x) (X1, X (/(p "+2 xx,x1,~-~,xn)dx> dxy ---dx,
0 Rll

n=»

- Z K(n) D" (xy,- -+, x,) (/R @ (x)?P0+2) (x, x,x1, - - - 7x,,)dx) dxy---dxy,

=0 Rn

where

K(n) = (n—|—2)\/(n+ 1)(n+2) B n\/(n—l— 1)(n+2)
(A(n+2)+1) (An+1) '
Note that k(n) < 2(rn+2). Hence, using Cauchy-Schwarz inequality, we show

=)

1/2 1/2
Gl < 20 fag) [Z(Hz)”w(”niz(w)] [Z(”””q’("“)(x,x’->||iz<w+l>]
n=0 n=0

=)

oo =)

1/2 1/2

+2 | ‘(Pt|‘i4(R)
n=0 n=0

Using Lemma A.1, with a = 7 we get

- n 1« n n n
Y 2 D ) By S 5 X (n+ 2R WO WD) g 2) O
n=0 n=0
1
S E <\P7S1ly>7

together with an analogue estimate where W is replaced by ®. Now, we conclude that there exists ¢ > 0
depending only on ¢q such that

B G| < clllp i@l 6)

This proves part (ii). ]
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Proposition 5.5 Let ¢y € H*(R) and A(t) given by (20). Then the non-autonomous Cauchy problem

idu=At)u, teR,
u(t =s) = uy,

admits a unique unitary propagator Us(t,s) in the sense of Definition C.1 with I = R and . = F..
Moreover, there exists ¢ > 0 depending only on ¢y such that

clt|

102,01 551, < €

Proof. The proof immediately follows using Corollary C.4 with the help of Lemma 5.3-5.4 and the inequal-

1ty
181 < 81 (1) < e2Sy,

which holds true using (25). |

6 Propagation of coherent states

In finite dimensional phase-space, coherent state analysis is a well developed powerful tool, see for instance
[CRR]. Here we study, using the ideas of Ginibre and Velo in [GiVe2], the asymptotics when € — 0 of the
time-evolved coherent states

V2
e e W (== o),

for W in a dense subspace ¢, C .# defined below. We consider the following Hilbert rigging
Y, CF CY_,
defined via the €-independent self-adjoint operator (see Remark 3.4) given by
G:=¢g 1dl(—A)+&e2PVik L g7 IN 41,
as the completion of ¥ (Gil/ 2) with the respect to the inner product
(P, @), = (G*'?¥ G ) ;.
We have the continuous embedding
FicYg. c Tl

The main result of this section is the following proposition which describes the propagation of coherent
states in the semiclassical limit.

Proposition 6.1 For any ¢y € H>(R) there exists ¢ > 0 depending only on @q such that

Heit/eHgW(ﬁq)o)lP _ e""’(’)/EW(%‘z(Pz)Uz(% 0)¥
4

< geecl!

1/8
e e'® 1wy,

holds for any t € R and ¥ € 9 where @, solves the NLS equation (17) with the initial condition ¢y and
o(t) = [§ P(@s) ds. Here Us(t,s) is the unitary propagator given by Proposition 5.5.

To prove this proposition we need several preliminary lemmas.
Lemma 6.2 The following three assertions hold true.

(i) For any & € L*(R) and k € N, the Weyl operator W () preserves 2(N*/?). If in addition & € H'(R)
then W (§) preserves also F'. when u > 1.

13



(ii) For any & € H'(R), we have in the sense of quadratic forms on ﬁi ,

W(%é)* hWick W(T\fg) — h<.+€)Wick.

(iii) Let (R > t + @) € C1(R,L*(R)), then for any ¥ € Z(N'/?) we have in F

2 2 .
lS&tW(%(pt)‘P = W(%(Pt) |:Re<(pf7i8t(pt>+2Re<Z,i(9t(pt>ka:| \P
; 2
= [—Re((pt,i&(pt} + 2Re(z,i8,(p,>W’Ck] W(%go,)‘l’.

Proof. (i) Let .%, be the linear space spanned by vectors ¥ € .7 such that W) = 0 for any n except for a
finite number. It is known that for any £ € L?(R) and ¥ € .%

V2 V2

= W(;é)*NW(i—j:‘;)‘I’: (N+2Re<z,§>W"C’<+||5|\21)\p. 27)

For a proof of the latter identity see [AmNil, Lemma 2.10 (iii)]. Hence, by Cauchy-Schwarz inequality it
follows that

V2

IN'V2W (==
ie

O = (¥, [N+2RC<Z7§>Wick+H§I|21} 2
= (Y,(N+[IE]e DY)

oo n n 7x (n )x N .

+ ngb\/b‘( +1) /RH‘P( )(y) (_/Ré( YWD (x,y)d )dy+h

< (L8l 2e)? IV +1) V2.

Now, for k > 1 we show the existence of an e-independent constant C; > 0 depending only on k and
|1&1172(r) such that

V2

2 OWIP = (F.N) <G |(V+ 1) (28)

[INF2w (

This is a consequence of the number operator estimate (10) and the fact that N* is a Wick polynomial in
Yo<rs<k Prs(L*(R)) (see, e.g.,[AmNil, Prop. 2.7 (i)]). Thus, we have proved the invariance of 2 (N*/2)

since .% is a core of N¥/2.
Now the invariance of .%. J’: , L > 1, follows by Faris-Lavine Theorem B.1 where we take the operator

A=V2Re(z,E)W ™  and  §=85, =& 'd[(~A) + e “NH 11,

and remember that

W(E) = VRO

In fact, assuming & € H ! (R) we have to check assumptions (i)-(ii) of Theorem B.1. For any ¥ € % J'“rl , we
have by Wick quantization

2Re(z, E)Wihy = Z\/S(n—l—l)/R%‘IA"H)()C,M’...’xn)dx

n=0
+Z 72&()6])\11(” l)(xb 7-xja"'a-xn)'
n=1 j=1

Therefore, it is easy to show

IRe(z, &)W < Vell§|lamll(e'N+1)129|
< VellEllpg ISl
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and hence we obtain that Z(Sy,) C Z(A). Let ¥ € 2(Sy), a standard computation yields

VE((AW,S, W) ~ (S,%,A%)) = (a(~AE)¥, W)~ (¥,a(~AE)¥) o0
D (0 (E)W) — ke

Each two terms in the same line of (29) are similar and it is enough to estimate only one of them. We have
by Cauchy-Schwarz inequality

fa-a8w ) < | ¥ Vel [ F00) ([ “aEmEe i) a
n=0
< IE e 1ISY7EIP,
andfor 1 <0< pu—1
(e N (E)w)| < r;)«/s(n—l—l)(n—&—l)e/w‘{' (/g o ( xy)dx)dy
< 2HE |l IS IR

This shows for any ¥ € Z(Sy),
(P, [4,5,)) < C 15,9

Part (ii) follows by a similar argument as [AmNil, Lemma 2.10 (iii)] and part (iii) is a well-known formula,
see [GiVel, Lemma 3.1 (3)]. |

Set

2 ; ; 2
W(l‘) _ W(£¢l)* e*lw(t)/s e*ll/GHEW(l(PO) .
1€ 1€
Lemma 6.3 For any ¢y € H*(R) there exists ¢ > 0 such that the inequality

cle|

||W(t)||$(£ﬁ,91) <et
holds for t € R uniformly in € € (0,1].

Proof. Observe that the subspace 2., given as the image of Z(H,) .73 by W(‘i/—g(pg)* is dense in .%.
Let ¥ € . and ® € ¥, then differentiating the quantity (®,# (¢)¥) with the help of Lemma 6.2 and
Proposition 3.3, we obtain

i€d (@, W (1)¥) = (D, [P(¢) —Re(qr,id, @) — 2Re(z,id, )" “| # (1)'P)
+ <¢,W(g<pt)* ie)/eg, W(f%)\m. (30)

(1)

Let R, := 1[0 V](E N) and remark that s — limy_,.. R, = 1. Furthermore, we have that R,¥, C % + since
it easily holds that

IRv®| 1% < v* @[3,
Therefore, since W ( ‘[(pl)RVCID and W ( ‘[(pg)‘l-‘ belong to .73, we have

(1) = lim (Ry®, W(£¢)* TOWEH W (== g0) )

V—o0 8

= gim (Ry®,h(.+ @)V (1))

15



So, we get
i£0 (@, 7 (1)¥) = (1)+ lim (Ry® [(«p,) Re(@y,i0, ) — 2Re(z,idy )" | 7/ (1)W)

= lim (Ry®D, (eAs(t) + P3 ()" + PYikyy (1) W),

V—o0
=:£0(r)
where we denote
D( p DWp 1
P3(t)[z] i = —— 2Re/ o (x (x)]*dx and P(z) = a0 ——(o)[z] = §/R|z(x)|4dx.
A simple computation yields
(@, Py (1)) Z 2(n+1)e / ( / @ (x) D) (x,y) ¥ (x,x,y) dx) dy

oo

Z Z(n+1)e / 1</ @, (x) DO+ xxy)\y(")(x,y)dx>dy.
Rn

Using Cauchy-Schwarz inequality and Lemma A.1, we obtain

Wick l19tlz= @) T pWick -
(@, P30V )] < 2V2 B (@, e TPYIk 4 96T IN + 02 1]@) an

x /(P [e TPVick 4 91e~IN + 1 1]¥),

where ¥, ¥, are the parameters in Lemma 5.1. Hence, ©(t) extends to a bounded operator in (¥, ,%_)
since A, (¢) and PV belong to .Z(¥,,%). As an immediate consequence we obtain

i£d (D, W (1)¥) = (D,e01) ¥ (1)¥). (32)
Now, we consider the quadratic form A(z) on ¢, given by
A(t) :=0(t) + e 'N+ .
It is easily follows, by (18) and (31), that
(@, Py(1)Vidkw)| < 1| (—e"ldT(~A)+ &7 PVick 967 IN 4 051) 7 )| a3
| (&1 dT(—A) + £~ 1 PVick 4 9,6 IN + 0,1) /.

Therefore, using (23) and (33) we show that

Wick
| DPP DBp

g T(‘Pt)[z] + T(‘Pt)[z]

is form bounded by £~ 'dI'(—A) 4 £~ PYick 1 9~ IN + 9,1 with a form-bound less than 1 uniformly in
€ €(0,1]. Hence, by the KLMN Theorem [RS, Thm. X17], the quadratic form A(¢) is associated to a unique
self-adjoint operator which we still denote by A(r), satisfying 2(A(r)) = ¢, and A(¢) > 1. Moreover, it is
not difficult to show the existence of c¢;,cp > 0 such that

c1 81 SA([)SCQG (34)
uniformly in € € (0,1] for any € R . Now, we consider the non-autonomous Schrédinger equation
iatut = @(Z)M{ s (35)

with initial data ug € ¢,. Next, we prove existence and uniqueness of a unitary propagator ¥ (¢,s) of the
Cauchy problem (35). This will be done if we can check assumptions of Corollary C.4 with ¢, = J#,,
A(t) = 0O(r) and S(¢) = A(t). Thus, we will conclude that

clt|

A2 (1,00%]| 7 < e ||A(0) /2|5 (36)
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Observe that R 5 ¢ — O(¢) € £ (¥+,%_) is norm continuous since
|(@,(0(1) = ©(5)) )| <[]l [[42(0) — Aa(s) | 1 51) Wl + (@, €7 (P(r) — Pr(s)) "' ),
and an estimate similar to (31) yields
(@, (P3(1) = P3 ()" W) | < 2V2l100 — @) [| P |, |12l -
Let us check assumption (i) of Corollary C.4. We have for ¥ € ¥, C .Z!,
(W, A(1)P) = 9, (W, 2 (1) W) + 0 (¥, e~ 1 P3 (1) Vi)

A simple computation yields

o (W, e 1Py (1)Vihp) = 2Re

il Ve [ ( [ o (x,y)qmn(m,y)dx> dy] |

So, by Cauchy-Schwarz inequality and Lemma A.1, we get

_ 12
8t<‘P,e‘1P3(t)WiCk‘P>’ < 2/|0 |l 12wy ,~)‘|Iiz(w1)]
_ 12
X [Z n23||\P(n+1)(x,x,.)||i2(Rn>]
n=1
< 2V2(00 2 [1AG) /2P

The latter estimate with Lemma 5.4 (i) and (18)-(19) give us
10, (W, A1) )| < eI |A) /2.

Now, we check assumption (ii) of Corollary C.4. We follow the same lines of the proof of Lemma 5.4
(ii) by replacing S»(¢) by A(¢) and A, (¢) by ®(¢). So, we arrive at the step where we have to estimate for
W ® e 2(A(r)*/?) and A > 0, the quantity

Gls()] = (¥ g(0)V N B) — (N e g()" ),
where Ny := & !N(2e"'N+1)"! and g(¢) is the continuous polynomial on .#(R) given by
g(0)[z] = Py (1) [z + P3(1)[z].

Note that the part €, [P,(¢)] involving only the symbol P»(z) is already bounded by (26). Thus, we need
only to consider €, [P;(¢)]. A simple computation yields

Glpw) = Trw [ ([ 8000t o) ax) dy

“Xx [ (@ ) PG ay,

n

where

K(n) = (n+1)\/en2(n+1) B ny/en2(n+1)
VT A D+ 1) (An+1)

satisfying |k(n)| < /n?(n+ 1) uniformly in € € (0,1] and A > 0. So, using a similar estimate as (31), we
obtain

[ G2 Ps(1)]] < NINGRE JINOREIP

1
\ﬁ ||(Pt||L°°(R
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This proves assumption (ii) of Corollary C.4. Now, we check that
W (t)="7(t,0).
In fact, for ® € 4, and ¥ € 2, we have

W (r+s)—#(r)

N

i0,(®, 7 (0,r) W (r)®) = =(O(r) ¥ (,0), ¥ (1)¥) +ilim (¥ (r+5,0)® P

W (r+s)—W (r)

and since by (30) we know that lim,_,( P exists in .%, we conclude using (32) that

D, 7 (0,1 )W (r)¥) = 0.

This identifies # () as the unitary propagator of the non-autonomous Schrédinger equation (35). Therefore,
by (34)-(36) we get

clel cle]

Ver W ()2 g1 < IIA0 P (1)) 57 < & ||A0) P¥]|5 < ver e ||,
for any ¢ € R uniformly in € € (0,1]. [ |
Lemma 6.4 For any ¢y € H*(R) and ¥ € 4, we have
17 ()% —Ua(1,00%]% = 2(¥,(1—R,)¥)—2Re(# (1)¥, (1 - R,)Us(t,0)'¥)

+21m /0 LW ()W, [O()Ry — Ruda(s)] Un(s, 0)®) ds.

where Ry := 0‘(8 N ) with 6 any bounded Borel function on R with compact support and here

O(s) = Az(s) +& 7' 0(2)",

with Qs(z) the continuous polynomial on . (R) given by

(3) 4)
0.0 = @)+ (@)l
Proof. We have
17 ()~ Ua(1,00%]% = 2|®|% —2Re(¥ (1)¥,Us(1,0)'¥)
= 2(¥,(1—Ry)¥) —2Re(¥ (1)¥, (1~ Ry)Us(1,0)¥) 37)

+2Re (W, RyW) — 2Re (W (1)W, Ry Us (1,0)).

Hence to prove the lemma it is enough to show that

R > 5+ Re(# (s)¥,RyUs(5,0)¥) € C'(R) (38)
and compute its derivative. Recall that the propagator Us(s,0) € C°(R, Z(Z!)), by Proposition 5.5 and
that # (s) € CO(R,.Z(%.)) since it is the unitary propagator of the Cauchy problem (35). It is easily seen
that

s+— RyUy(s,0)¥,
are in € CO(R,,%r) since R, maps continuously ﬁ}r into ¢, . We also have that
s— W (WeC(R,% ) and s+ Us(s,00¥ € C'(R,.F)).

This proves the statement (38). Therefore, we have

DRe(W, Ry W) — 2Re(# (1)W, RyUs (1,0)¥) — —fIm / i£d, (W (5), RyUs(s,0)) ds. (39)
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The fact that %/ (¢) is the unitary propagator of (35) with Proposition 5.5 yields
i05(W (s)¥,RyUs(s5,0)¥) = —(eO(s)# (s)¥,RyUs(s,0)¥) + (¥ (s)¥,Rv€A2(s)Uz (5,0)F).  (40)
Now, collecting (37), (39) and (40) we obtain the claimed identity. [ |

Proof of Proposition 6.1 We are now ready to prove Proposition 6.1.
First observe that we have

2
= |7 ()% - Ua(1,00%% .

F

He—it/ngW(\lf(PO)lP _ eiw(r)/sw(g(p,)uz(t,o)‘l’

Now, using Lemma 6.4 one obtains for ¢ > O (the case ¢ < 0 is similar) the estimate

|7 () —Ua(t,00¥]% < 2/(F,(1—R)¥)|+2|(# (1)¥,(1—Ry)Us(1,0)¥)|
+2 /0 1 (5)®, [O(5)Ry — RyAs(5)] Ua(s,0)W)] ds.

Here we consider o to be in the class C! (R ), decreasing and satisfying o(s) = 1 if s < 1 and & (s) = 0 if
s > 2. We have for v positive integer,

W(-R)W) < L Y (¥ (D2 4 1))

n=v-+1
(W, e~

<\—‘

<

Wr-a)+NY) < FIEE,.

1
v

Hence, we easily check with the help of Proposition 5.5 and Lemma 6.3 that

(7 (1), (1-R)U2(1,0)¥)| < 5 [[U2(t,0)¥]| 51 H”f//(t)‘PIIer'
< %eClquHlPHj}r ||1P||(¢+ S C1ev1r ||‘P||
Next, we show that there exists C > 0 depending only on ¢g such that
~1 Wick pp 12 .2
He Os(2)™" 2L <C(ve'“+ve).
The latter bound follows by Cauchy-Schwarz inequality, Lemma A.1 and (18),
. - Q12 Q1/2
Py(s) "' i )12 aF: 2 q(nt1) 2 /
(@, R < Vellollog | L+ DI g | | X w210 () o g
| n=1 i | n=1 ]
C oy 112 15, i 1 . q1/2
+ Vellollm@ | X 4+ DI g Y 21100 (x, ) 2
| n=1 ] |n=1 ]

IA

2 Vel -y [l (67 N+ 1) 2] 5 (1] 21
+ 2vVel @l (€7 N+ 1) 2] 5 [|@]] 51
and a similar estimate for Pk,
(@, PYER )| < V22D 21 (]| 51
Hence we can check that

[

. 1
H ()W, e 1 Qs (2) VAR, Uy (5,0)¥) | ds < C(vs1/2+v2£)/0 1 ()] 71 1|U2(5,0)®]| 71 ds.
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Now, by Lemma 6.3 and Proposition 5.5 we obtain

t ot o8
LIy 10200l 5y ds < [ [y V205,02 5y ds
4 S
< [ Iy, W5y ds
< WG, -
A simple computation yields
1[_e'N+2 e'N —— O\ Wik
Az(s)Ry —RyAs(s) = 2|:G( )—o( )} (/ o (x)%z(x) dx)
v \% R
1[_e'N-2 e'N — o, \ M
#3|oC-oS] ([owT )
We easily check that
e IN+2 e 'N 2
o(———)—ol ) < —llo'lle=y)
H v vV gy VY =

since 8’1dF(—A) + &~ 'N commute with €' N. Thus, using (23) there exists cg,c > 0 such that

[ 1076 a0 R0 ds < L[ )y (050500 ds

1 e
< e
\%

G -

Finally, the claimed inequality in Proposition 6.1 follows by collecting the previous estimates and letting
_o1/4
V=E¢g . ]
We have the following two corollaries.

Corollary 6.5 For any @y € H*(R) and any & € L*(R) we have the strong limit

$- “Y%W<-£§<Po)*e"’/”’e W(Eg)e /eHe W(%oo) = VRel0)
E— 1 l

where @, solves the NLS equation (17) with initial data ¢y.

Proof. It is enough to prove for any ¥, P € ¢, the limit:

V2 V2

tim (/<MW (%= o) W, W(E) e /o0 W (2~ o)) = VD) (9, ). 1)
E— l 14
Indeed, using Proposition 6.1, we show
L V2 L V2 V2 V2
(e /et (X2 )W (E)e W (N gu)®) = (W(EZg0)Ua(, 0 W (E) W (S ) Ua(1,0))
+ 0(e'®).

Therefore by Weyl commutation relations we have

o). 0pw wie w2

(W ( 90 Un(1,0)®) = (Us(1,0)F, W (&) Ua (1, 0) @)V 2Rel&:0),

Thus the limit is proved since s — limg_o W (&) = 1. |
Recall that .% is the subspace of .% spanned by vectors ¥ € .% such that ¥(") = 0 for any index n € N

except for finite number. Note that %yN¥, is dense in .%#.
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Corollary 6.6 For any ¢y € H*(R) and any ¥, ® € FyNY. and b € 2, 4(L*(R)), we have

lim <W(,£82<p0)\11, ¢t/ €He pWick o=it/eHe yy (.ingpo)@ =b(¢) (¥, D),
E— l l

where @, solves the NLS equation (17) with initial data ¢y.

Proof. Consider a (p,q)-homogenous polynomial b € &, ,(L*(R)). We have

\/E il ick ,—i \/E
o = (WS g0, /et ek e W (=2 gy )

2 , . 2
= (N+ l)qW(%%)‘P,e”/w‘? Bee /e (N + 1)"W(%<Po)¢> :

where Be := (N + 1)~9b"i*(N +1)~7. The number estimate (10) yields
[1Be|| < HEHJ(L%(RP),Lg(Rq)) )
uniformly in & € (0, 1]. Let N, be the positive operator given by
N; = N+2Re(z, )" +]| ¢ \iz(R) .

By (27), we get

o = (W(Q(po)(ﬂ]0+ )99, ol /€He Bgefit/eHEW(\ﬁ

- ) Mo+ 1)),

Now, observe that
lim (N +1)°® = (14 ][9] F0)"®  and  lim (Vo + 1) = (1+ ||| 22 )79

So, using Proposition 6.1 we obtain

(1+ ||<po||iz(R))”+‘f <W(i—\fgot)Uz(t,0)w, BEW(i—f@)Uz(t,O)cb) +0(e'®)
= (Ua(t,0)¥, (N +1)"7b(.+ @)V * (N, +1) P Up(1,0)®) + O(!/3).

¥4

We set We = (N + 1)4(N, +1) 79U, (¢,0)¥ and ®¢ = (N + 1)? (N, + 1) "PU,(¢,0)P and remark that we can
show for ¢y # 0 and u a positive integer the following strong limit

- 1
P N DLy AN L — 42)
0 (10 )
This holds since we have by explicit computation
Al @]

l(algr) +a*(@))(N+ @]+ 1)l <

)

2VllelP+1 2ll@lP+1-¢
for € sufficiently small and hence we can write
Re

N+ D 4+ 1) = (N+ DN+ @+ 1) [(al@) +a (@) (N + ||+ 1) +1] 7

This proves (42) for g = 1 since s —lim;_.o Z¢ = 0. Now, we proceed by induction on y using a commutator
argument

(N DR N+ 1)) = (N DR+ D) HIN+ D)+ 1)
+ (N DN+ D) [N+ DR NN+ 1)
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with the observation that the second term of (r.h.s.) converges strongly to 0. Therefore, we obtain
1 1

lim W, = JU(0¥  and  limd, =
E—

S Us(1,0)®.
T (€ ) Z

2
U+ B g)
It is also easy to show by explicit computation that

w—lim(N+ 1) 9B (N+1) 7 =0,

for any b,; € P, (L*(R)) such that 0 < r < p and 0 < s < g. Hence, letting £ — 0, we get

limo/ = (1+ 1ol 7)) lim (We, (N +1)"b(r) (N +1)""Pe)
= b(¢) (Ua2(1,0)¥, Us(1,0)®@) = b(¢r) (¥, D),
since [[@y[|;2(r) = [|@0l[12(r) and s —limg_o(N +1)7# =1 for u > 0. |

We identify the propagator U, (¢,s) as a time-dependent Bogoliubov’s transform on the Fock represen-
tation of the Weyl commutation relations.

Proposition 6.7 Let ¢y € H>(R) and consider the propagator U, (t,0) given in Proposition 5.5. For a given
s € R let & € H?*(R), we have

gs ﬁ (t7 S) 55 )
ie iv/e

where B(t,s) is the symplectic propagator on L*(R), solving the equation

Us(t,s)W(

)Us(s,1) = W(

{950~ -8+ 200)1 50 + 000 @
[t=s = Gs>

such that B(t,s)E = &.

Proof. Observe that if ¢y € H*(RR) then the solution ¢, of the NLS equation (17) with initial condition

@y satisfies ¢, € CO(R,L=(R)). Hence, by standard arguments the equation (43) admits a unique solution
& € CO(R,H?(R))NC"(R,L*(R)) for any & € H*(R). Moreover, the propagator

B(1,9)6s =&,

defines a symplectic transform on L?(R) for any ¢,s € R. This follows by differentiating

Im(B(z,5)8,B(z,5)n),

with respect to ¢ for &, € H?(R). Furthermore, f3 satisfies the laws

B(s,s)=1,  B(t,s)B(s,r)=B(t,r)  for trseR.
Now, we differentiate with respect to # the quantity

Us(s,t) W(i) U,(t,s)

ive

in the sense of quadratic forms on ﬁ}r, with & solution of (43). Hence, using Lemma 6.2 (ii), we get

o Uz(s,t)W(.Q

AL

= Uas)W(EE) [WREE) iaa(W (RE) — iAa(0) u
(44)

—i (Re(&,i0.6) + ZRe(z,i &)™) | Ua(r.5)
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Now, by [AmNil, Lemma 2.10], we obtain

W(i\jzgé)*Az(t)W(i\?zg;) = & lm(t) [+ VE&]Vik,

where m(r)[z] is the continuous polynomial on .7’ (R) given by
m(t)[z] = (z,—Az) + P(1)[z] .
Therefore, the (r.h.s.) of (44) is null if we show that

m(t)[z+Ve&] —m(t)[z] — (eRe(&,id &) +2v/€Re(z,id,&)) = 0.

This follows by straightforward computation. |

7 Propagation of chaos

Propagation of chaos for a many-boson system with point pair-interaction in one dimension was studied in
[ABGT] (see also the related work [AGT]). Here we prove this conservation hypothesis for such quantum
system using the method in [RoSch]. Thus, we are led to study the asymptotics of time-evolved Hermite
states

e et gen with @y € HA(R), ||gol|2m) =1,
when n — oo with ng, = 1. We denote the coherent states by

Elgn) =W (L

where Qp = (1,0, ---) is the vacuum vector in the Fock space .%. To pass from coherent states to Hermite
states we use the integral representation proved in [RoSch],

27
®@n __ T —ibn i o :
o))" = o /0 e """E(e@)d6, where Y, T (45)

1/4

Asymptotically, the factor 7, grows as (2zn)'/* when n — co.

In the following proposition we prove the chaos conservation hypothesis.

Proposition 7.1 For any ¢y € H*>(R) such that llol|2(r)y = 1 and any b € 2, »(L*(R)), we have

lim <(Pg§n7eit/£,,Hgn bWick e—it/eann (po®n> _ b((P[)7

n—oo

where ng, = 1 and @; solves the NLS equation (17) with initial data @y.

Proof. It is known that if a sequence of positive trace-class operators p, on L?(R) converges in the weak
operator topology to p such that lim,_,. Tr[p,] = Tr[p] < oo then p, converges in the trace norm to p (see,
for instance [DA]). This argument reduces the proof to the case

b(z) = ﬁ(%ﬁ) (€i,2),

i=1
where f;,g; € L*(R). For shortness, we set
Eg=E(¢%qy) and Ej,=e¢ "/atag,,

Using formula (45), we get

T,:= <(p0®n7eit/£”H5n bWick e*i’/enHEn (pg'yn> _ ’y’% /[0 - e*in(efe’) <Et9/7 bWickE19> 4040’ .



It is easily seen that
(1\]+ 1)—Pe—i1/£;11'1£n (p(t)gn _ 2—pe—it/£,1Hgn (p(()gn )

Therefore, we write

4p ) , p p
n= y’i e MO0 Ey, (N+1) P [Ta"(f) [Tale)) (N +1) P Ep) d6do’.
(27)* Jjo,2np2 i=1 j=1
Now, we use the decomposition
p p o
[TaeWTac) = Y Tl — (@ f)] [lae)) — (g, 0 e )
i=1 j=1 1JC A, i€l jere
X H(ﬁv(pt> H<gj7(Pt>7
icl jes
where the sum runs over all subsets /,J of .4, := {1,---, p}. Thus, we can write
HIARI<2p gpo2 _
Fn _b((p[) — (273./;2 / e*l[(l’l*#})e (n #I) ]<E6/ BWlLk > dede/ (46)
I,JC,/%, [0 271']

where Ef := (N+1) 7 E% and B /(z) are sums of homogenous polynomials such that
<E9/7B1 leEe) H<(Pt7fi> H(gju(Pt> X <H[a(ft) - <fi7‘P19 ”Eé)/? H [a(é’j) - <gj7(Pt9>]Et9> .
icl jel icl¢ jere

We have, for 0 < #I,#J < p, by Cauchy-Schwarz inequality

IT leillze) [1fill2m)

(B4, B Ep) | <
iel,jel

[Tla(s) = (fis @2 NEG || > || TTlats)) —(gs. 0" )Ed
icl¢ z jere 7
In the following we make use of the positive self-adjoint operator
N:=N+2Re(z, @) "% +||@| 1.
Observe that we have for any 6’ € [0,27] and r > 1,
[Tla(r) = (£ 0 NEy || = | [TaE+ )77 (6)%0
i=1 KA i=1 7z
r—1
< |[[Ta() N +1)"Pa(f) 7 (1)
i=1 A
r—1 5
+ a(fi)la(fr), N+ 1)"PI# ()| -
=1 F

We easily show that
la(f) ()0l z < fllzw) Ve Y (Ol g, 71y -
Furthermore, we have

|la(f), (N+1)P|(N+1)"7 <Cé,,

()
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using (28) and the fact that [a(f,), (N + 1)?] is a Wick polynomial where we gained &, in its symbol, see
[AmNil, Proposition 2.7 (ii)]. Recall also that we have by the number estimate (10) and (28),

r—1
[Te(H(N+1)77 <c,
=1 2(F)
uniformly in n and 6’ € [0,27]. Therefore, we have
4p%%2 o~ l(n—#1)0—(n—#I)6 ]<E6/’Bchk ) d6de’| < Cyzen (#I+#)) :“0. 47
0<#I#I<p (27)* Jjo2mP2

It still to control the terms #/ = p,#J = p— 1 and #/ = p — 1,#J = p which are similar. In fact, remark that
we have

2
(4;72/;2/ efi[(nfp —(n—p+1) 6]<Et BWtck >d9d9,
[0,27]
4P ) o _
2; =tV Bk ottt o)) g

Now, a similar estimate as (47) yields that

)4 2 . n—oo
‘ 4 Y / i e*l[(nfp )0—(n—p+1)0'] <E9/, Bchk E9> 4040’ <C Yn\/a —50.
[0,27]

(27)?
Thus, we conclude that lim I', — b(¢;) = 0. |
n—oo
Remark 7.2

1) Let ¥, , be the k-particle correlation functions, defined by (3), associated to the states e it/ &t (pgg".

Then Proposition 7.1 implies the following convergence in the trace norm
,}Eﬂoﬁn =@ (x1) @ () @) @ (k) -

2) In terms of Wigner measures, introduced in [AmNil, AmNi2], Proposition 7.1 says that the sequence
(e~ it/Entley 0" )nen admits a unique (Borel probability) Wigner measure [, given by

1 2r
ut frd E 0 5€i9(Px d@
where 8,0, is the Dirac measure on L*(R) at the point ¢'° .

Appendix
A Elementary estimate
Lemma A.1 For any o > 0 and any ¥ € .7, (R"), we have
O 2 ) ) o
\/§<Dx1lp " ' >L2(R") + 2\/§|\P

Proof. Let ¥/, &’ € R"! and g € .7(R"). Let us denote the Fourier transform of g by

86 = [ e gwax

£0) = g [, (5 [ 068008 ) gt
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We have



Cauchy-Schwarz inequality yields

dé
) d / 5 a o d X/ _—
[o@ s < [ o@ 6 @ +aghas B
Therefore, we get
' 2 1 : 2
! / _ s ~ / ’
[ le@0)ax = G L / ORIV
< 2(81,8"1° (a7 + a&f)dgdg’.
Set g(xlw" ,Xn) — l{l(n)(m\;gz’xz\gl X3, ’xn)’ we obtain
2 1 2
/ "P(n)(xz,xz, )| dxpedx, = — §"(0,x2,-+ ,x)| dxz---dxy
Rr—1 f Rnfl

M(ELEN (0 + all + ald)dEdE!

IN

D(ELENN (a7 + ol + ag])dgidE’ .

Thus, by Plancherel’s identity we obtain

n a n n
/RH () (xp, 30, ) Py -y < ﬁ((D,%] +D§2)‘P< )l )>L2(R”) \f|‘P |L2 R
Thanks to the symmetry of ¥, it is easy to see that
(D7, +D3,) ¥, W) = 2(D7 W) ).
Hence, we arrive at the claimed estimate (48). |

B Commutator theorems
Here we first recall an abstract regularity argument from Faris-Lavine work [FL, Theorem 2].
Theorem B.1 Let A be a self-adjoint operator and let S be a positive self-adjoint operator satisfying
e 2(S)C 2(4),
o Li[(AY,SY) — (SY,AW)] < c||SV2¥| | for all ¥ € 2(S).
Then 2(S) is invariant by e~"4 for any t € R and the inequality
182~ )| < e |5V 2w
holds true.

Next we recall the Nelson commutator theorem (see, e.g., [RS, Theorem X.36°],[N]) with a useful regularity
property added as a consequence of Faris-Lavine’s Theorem B.1.

Theorem B.2 Let S be a self-adjoint operator on a Hilbert space ¢ such that S > 1. Consider a quadratic
form a(.,.) with 2(a) = 2(S8/?) and satisfying:

(i) |a(¥, )| < ClHSI/Z‘PH ||S1/2<I>||f0rany Y e @(51/2);
(i) |a(¥,SP) — a(SY,P)| < 62||Sl/2‘1‘|| ||Sl/2<I>Hf0r any ¥, ® € 9(5‘3/2),
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Then the linear operator A : D(A) — H#, D(A) = {® € D(S'/?): A 5 ¥ — a(¥, D) continuous } asso-
ciated to the quadratic form a(.,.) through the relation

(W,A®) ,, = a(¥, D) for all ¥ € D(5'/%),® € D(A)

is densely defined and satisfies:

1. 2(5) C Z2(A) and ||AY|| < c||SY|| for any ¥ € 2(S);

2. A is essentially self-adjoint on any core of S;

3. e " preserves 2(S'/?) with the inequality

I8¢ ]| < 2l |52
where A denotes the self-adjoint extension of A.

Proof. The point (3) follows from Theorem B.1 since its assumptions:

o 7(5)C 2(A),

o Li[(A¥,S¥) — (S¥,AP)] < c|[SV/2P||?, for any ¥ € Z(S),

hold true using items 1), 2) and hypothesis (ii). |
We naturally associate to a self-adjoint operator S > 1 acting on a Hilbert space ¢, a Hilbert rigging
A1 where 5 is defined as (S 1/ 2) endowed with the inner product

W, 0) 0, = (S"7y,5'29) .,
and 77 is the completion of & (S’l/ 2) with respect to the inner product
V.0, = (S7"Py.s7120) 4.
Assumption (ii) of Theorem B.2 can be reformulated in some other slightly different ways.

Lemma B.3 Consider a self-adjoint operator S satisfying S > 1 with the associated Hilbert rigging
defined above. Let A be a symmetric bounded operator in £ (.1, 7-1), then the three following state-
ments are equivalent,

(1) There exists ¢ > 0 such that for any ¥, ® € 2(5°/?),

[(SW,AD) — (A, S®)| < ¢ [|¥]|zs,, [|Pl|.7, 5

(2) There exists ¢ > 0 such that for any ¥,® € 2(S"/%) and A > 0,

{(AS+1)"'SPAAS +1) 7' D) — (AAS + 1) "W, (AS+1)7'SD)| < ¢ [|¥]|r1, ||D|

i1 o
(3) There exists ¢ > 0 such that for any ¥,® € 2(S"/%) and A > 0,

{(AS+1)7'SW,AD) — (A, (AS+1)715®)| < ¢ |||

A 1@l -

Proof. ¢ (1)=(2):
Observe that if A > 0 then (AS+1)"'2(5/2) ¢ 2(8%/?). Assume (1) and let us prove (2) for ¥,® €
2(8"?). Using (1) with ¥ = (AS+1)"'W € 2(5%/?) and ® = (AS+1)~'® € 2(5%/?), we obtain

[(SP,AD) — (AP, SP)| < c||(AS+1)""¥|

x[[(AS+1)""®|

(49)

Hy Ay

It is easy to see that the right hand side of (49) is bounded by c||¥|| ,, ||®P|| . Thus, we obtain (2). Now,
to prove (2)=(1), we observe that (AS+1)2(5*/%) C 2(5'/?) and use (2) with ¥, = (AS+1)¥ € 2(5'/?),
®; = (AS+ 1)@ € 2(S"/?) such that ¥, ® € Z(5>/?). Therefore, we get for 1 > 0

[(SW,AD) — (A¥, S®)| < ¢ [[Wallr, x [Pallz

250

(50)
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Letting A — 0 in the right hand side of (50), we obtain (2).
e (2)&(3):
Let ¥,® € 2(S'/?) and A > 0, we have as identity in 2 (1,7 1)

AAS+1DAS+1) ' =AASAS+1) "'+ AAS+ 1)},

since AS(AS+1)~! € L () and (AS+1)~! € L (). Therefore, since (AS+1)"'S¥ € 77, and
(AS+1)"18® € 27,4, the following computation is justified

(AS+1)71SW,AD) — (A, (AS+ 1) ' s®)
=((AS+1)7'SP,AAS+1)(AS+ 1)) — (AAS+ 1)(AS+ 1)1, (AS+1) "' sD)
= ((AS+1)7'SP,AAS+ 1) 1®) — (AAS+1) "W, (AS+ 1) 15D).

So, this shows the equivalence of the statements (2) and (3). |

C Non-autonomous Schrodinger equation

Consider the Hilbert rigging
FC CH C I

This means that ¢ is a Hilbert space with an inner product (.,.) and S%; is a dense subspace of %
which is itself a Hilbert space with respect to another inner product (.,.) s, such that

H =N (u7u)% < ||u‘

The Hilbert space 7 is defined as the completion of # with respect to the norm

||| =)y Yu€ A

w2 = sup |(fyu) |- (51
e IS llw, =1

This extends by continuity the inner product (.,.) s to a sesquilinear form on J# x J%; satisfying
[, 8) e | <l 1]l Vu€ AL NG € A

Furthermore, we have

||| . = sup |(u,8) | (52)
e ||€ll =1

Let I be a closed interval of R and let (A (t)) 1 denote a family of self-adjoint operators on ¢ such that
PD(A(t)) N is dense in .77, and A(r) are continuously extendable to bounded operators in £ (%, 7).
We aim to solve the following abstract non-autonomous Schrddinger equation

{ idu=A(t)u, tecl

u(t=0)=up, (53)

where ug € J%; is given and ¢ — u(t) € J%, is the unknown. This is a particular case of the more gen-
eral topic of solving non-autonomous Cauchy problems where —iA(t) are infinitesimal generators of Cp-
semigroups (see [Si],[Ki]). We provide here a useful result (Theorem C.2) which follows from the work of
Kato [Ka].

Definition C.1 We say that the map
IXI>(t,s)—Ul(t,s)
is a unitary propagator of the problem (53) iff:
(a) U(t,s) is unitary on ¢,
(b)U(t,t) =1and U(t,s)U(s,r) =U(t,r) forallt,s,r €1,
(c) Themapt € I — U(t,s) belongs to CO(I, L (.)) NC\ (I, L (H, , 7)) and satisfies

i U(t,s)y =AU (t,8)y, Vye i Vi,sel.
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Here C¥(1,8) denotes the space of k-continuously differentiable B-valued functions where B is endowed
with the strong operator topology.

Theorem C.2 Let I be a compact interval and let 7€, C 7€ C € be a Hilbert rigging with (A(t))
SJamily of self-adjoint operators on € as above satisfying:

(i)I>t— A(t) € L (S, 7£.) is norm continuous.

(i) R > T ™A € L(H#),) is strongly continuous.

(iii) There exists a family of Hilbertian norms (||.||;)

rer @

1e On Ay equivalent to ||.|| s, such that:

Je>0vy e |yl < eyl and ||yl < e[|yl

Then the non-autonomous Cauchy problem (53) admits a unique unitary propagator U (t,s).
Moreover, the following estimate holds

Yy e A, (UGl <yl

Proof. We follow the same strategy as in [Ka] and split the proof into three steps. We assume, for reading
convenience, that the interval / is of the form [0, 7], T > 0 however the proof works exactly in the same way

for any compact interval. Remark also that there is no restriction if we assume that ||.|| . = ||.||o.
Propagator approximation:
Let (fo,- - - ,1,) be a regular partition of the interval / with
T .
tj=—, j=0,---,n
n

Consider the sequence of operator-valued step functions defined by

n—1

An(t) == A(T) Ly () + Z(,)A(tj) V(1)
=

for any n € N* and ¢ € I. Assumption (i) ensures that
lim [|4, (1) = A(@)[| 2 ) = 0,
uniformly in # € I. We now construct an approximating unitary propagator U, (t,s) as follows:
-iftj <t,s <tj then Uy(t,s) = e 1179401
Siftj <s<tjp <<ty <t <tpq then Uy(t,s) = e AW . omiltjn1=9A) (54)
if <t <tjgy <o <t <5<ty then Uy(t,s) = e UHiDAW) L o=il=Al)

forany j=0,---,n—1land/=1,--- ;n with j <.
By definition, the operators U, (t,s) are unitary on ¢ for t,s € I and satisfy

Unt,t) =1,  U(t,s)" =Uyx(s,1). (55)
Moreover, one can first check that
U, (t,5)Uy(s,7) = Up(t,r) for r <s <t, witht,s,r €1l

and then extend it for any (z,s,r) € I? with the help of (55). Therefore, U, (t,s) satisfy the properties (a)-(b)
of Definition C.1. Again by (54) and assumptions (i)-(ii) we have

iUy (t,5) W =A,(0)Uy(t,8)y  and  —idsUy(t,5)W = Uy(t,8)An(s)y, (56)
forany w € %4 andany ¢,s #¢t;, j=0,--- ,n.

Convergence of the approximation:
Assumption (iii) implies that

||efisnA(tn) . .efislA(ll)lI/”T < ecTec(Sle-'-Jrs,,)”lI/HO’
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and

||e—is1A(t1) . 'e_iS”A(t”)l[/H() < eCTeC<Sl+"'+Sn) | |1I/| ‘T :

forany s; >0, j=1,---,n. Hence, using the equivalence of the norms ||.||o = ||.|
the existence of M > 0 (M = €7 such that

s, and ||.||7 one shows

|Ua(t,5)|| 2y <M =1 and by duality ||Us(t,5)|| 2 ) < M e (57)
Furthermore, the same argument above yields
U (e, )]s < Ty (58)
Using (56) we obtain for any y € J&,
O [Un(t, r)Un(r,)W] = i Un(t,7)[An(r) = Am(r)|Un(r, $) ¥/, (59)

for r # %, r# % with j=1,--- ;max(n,m). Integrating (59) we get the identity
t
Unlt:5)¥ = Un(t.5)y =i [ Unle.r) [A0(r) = A Un )y
N

Now (57) yields

1Un(t,5) = Unt,9)|| e ey < M2t = s[> sup Am(r) = An (D) 22 ) - (60)
re

Therefore, for any ¢,s € I, the sequence U,(¢,s) converges in norm to a bounded linear operator U(z,s) €
L (4, 7). Since Uy(t,s) are norm bounded operators on ¢ uniformly in #, it follows by (57) that
they converge strongly to an operator in .#(2) continuously extending U (t,s). Moreover, this strong
convergence yields

HIEEO((PaUn(taS)W)%:(¢7U(t7s)l,])ﬁf vwet%ﬁqu)e%'

where (.,.) s is the continuous extension of the inner product of .7 to the rigged Hilbert spaces 5. Thus,
using (57), we obtain

(0, U(t,5)W).r| < M 9] ]e || W],
Hence, it is easy to see by (52) that
1U(t,9)] 2 < M
A similar argument yields
U (#,5)l|.2e) < 1. (61)

Now, since U, (¢, s) satisfy part (b) of Definition C.1, we easily conclude that
Ut,t)=1, U(t,rU(rs)=U(t,s), t,s,rel, (62)

by strong convergence in £ (7). Furthermore, combining (61) and (62) we show the unitarity of U (z,s)
on J#. Thus, we have proved that U (¢, s) satisfy (a)-(b) of Definition C.1.

For any y € 5%, the continuity of the map I > 7 — U,(t,s)y € S follows from the definition of
U,(t,s). Now, we prove

im(¢,U(t,5)¥)r = (9, ¥)r VY € A5,V €S,
by applying an € /3 argument when writing

(9, U(t,9)W)or = (& W) el < 1190 =l [[U ()Wl oes +1(95, [U(1,5) = Un(t,5)] W) |
(O, [Un(t,5) = 1)l + 110 — Ol e [ Wl
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where ¢ — ¢ in JZ_. Therefore, by the duality (J#, ) ~ 57, we get the weak limit

w—lmU(t,s) =1,

t—s

in £ (% ). Now, observe that when t — s we can show by (57) that

limsup [[U(1,5)y||z, < |yl -

t—s

So, we conclude that

timsup U (r,5)y— w2, < timsup (|[wl13, +1U(.5) v, —2Re(w.U1.9)) ) =0.

t—s

This gives the continuity of 7 ¢ — U(t,s)y € S since we have in 77,

s—=1limU(t,s) =s—1limU(t,r)U(r,s) = U(r,s).

t—r —r

Now, we have for y € JZ, as identity in J#_

T
Ay =y —iA(s) fo “Clydr, (63)

since this holds first for y € Z(A(s)) N7, and then extends by density of Z(A(s)) NJ%,. in ;.. By (63)
we have

‘ | e*iTA(s) v—y

. 1 ! —irA(s
XY a0l < HIAG)zore | [l Oy = viLe, dr

and hence using assumption (ii), we show the differentiability of 7 +— e~ ")y for y € 7, . By differen-
tiating e =AY, (r,s)w with y € ., and then integrating w.r.t. r, we get

. 1 .
Un(t,s)y —e 0946y — i [ 71 0=PAS) A () — Ay (r)|Un(r,s) wdr.

Letting m — oo in the latter identity and estimating as in (60), one obtains

. !
[U(t,5)p — e 10| < M2 /S A(s) =AWz, ey dr| W]z, -

Using the fact that

(t=5)A(s) yr —
. e vy
}13;|t_s|/|\ (g pdr=0 and lim—— Y=Y — a5y
it holds that U
fim || L5V "’+1A(S)WH ~0
t—s t—s A

Thus, we obtain with the help of (62)

iU (s,r)y = lim U(t,s)U(s,r)y —U(s,r)y

t—s r—s

=A@)U(s, )y,

for any y € 5, and any r,s € I. Hence we have proved the existence of a unitary propagator U (¢, s) for the
non-autonomous Cauchy problem (53).

Uniqueness:
Suppose that V(z,s) is a unitary propagator for (53). By differentiating U, (¢,r)V(r,s)y, vy € 5% with
respect to r we get

V(t,$) ¥ — Un(t,5)y = i./: Un(t, P)[An(r) — APV (15w

31



Using a similar estimate as (60) we obtain

1
. <M sup ||V (59)|| /S IA(r) = An(D)l 2 ) dr | |1V

r€(s,t]

HV(tvS)W_Un(tas)lﬂ A

and since the r.h.s. vanishes when n — oo we conclude that V(z,s) = U (¢, ).
Finally, the uniform boundedness principle, equivalence of norms ||.||;, .|| and the inequality (58) give
us the claimed estimate,

vy ey, (U@ s)yll <liminf [|Uy(7,5)yl]; < Syl

Remark C.3 It also follows that (t,s) — U(t,s) € L (%) is jointly strongly continuous.

In the following we provide a more effective formulation of the above result (Theorem C.2) which
appears as a time-dependent version of the Nelson commutator theorem (see, e.g., [N], [RS] and Theorem
B.2).

We associate to each family of self-adjoint operators {S();cs,S} on 5 such that § > 1, S(¢) > 1 and
2(S(1)"/?) = 2(S'/?) for any r € I, a Hilbert rigging .| defined as the completion of Z(S*!/2) with
respect to the inner product

V. 0) ., = <Sil/zllfvsil/2¢>,;f- (64)

Corollary C.4 Let I C R be a closed interval and let {S(t);cr,S} be a family of self-adjoint operators on a
Hilbert space 7€ such that:

e S>1andS(t) > 1,Vt €1,

o 2(S(t)'/?) = 2(5'/2), Vit € I, and consider the associated Hilbert rigging .| given by (64).
Let {A(t) }se1 be a family of symmetric bounded operators in £ (1, 71) satisfying:

o t€l— A(t) € L(F 1,54 1) is norm continuous.

Assume that there exists a continuous function f : I — R, such that for any t € I, we have:
(i) for any w € 2(S(1)'/?),

19w, S W) < £0) 1IS()" 2w
(i) for any ®,¥ € 2(S(1)3/?),
[(S()W, A1) @) — (A1), S()D)] < (1) |IS()"/>|| [IS()' ]|

Then the non-autonomous Cauchy problem (53) admits a unique unitary propagator U (t,s). Moreover, we
have

t
1S(0)' 72U (2,5)w]| < & s DT I8 (5) 1 2y
In addition, if we have cy,cy > 0 such that ¢S < S(t) < ¢3S for t € I, then there exists ¢ > 0 such that
WUt 5)|.ze,) <c A @ g e (65)

Proof. First observe that the operator A(#) satisfies the hypothesis of Nelson’s commutator theorem (The-
orem B.2) for any 7 € I. Hence, we conclude that A(z) is essentially self-adjoint on 2(S(t)>/?) which is
dense in .77, ;. We keep the same notation for its closure. Moreover, the unitary group ¢'™() preserves
;1 and we have the estimate

15(6)" /2™ Oy < &/ O [y . (66)
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Now, observe that 7 — ¢~ #A(s )l// € S} is weakly continuous for any ¥ € 7. This holds using a 1/3-

argument with the help of the estimate

(£ (™0 =Dy | < (LD F = fil e TWllor, + (€4 = 1) e, w)

where fi € S is a sequence convergent to f in .77 and ¢ is near 0. Since strong and weak continuity

of the group of bounded operators e "AL) in & (1) are equivalent, we conclude that assumption (ii) of
Theorem C.2 holds true.
By assumption (ii), we also have

d 12,012 12,012

2 1150) < OISyl

Hence, by Gronwall’s inequality we have
1S 2yl < eSO 5() Py, vrs el (67)
Now, we use Theorem C.2 with the Hilbert rigging
o =I C I CH =70
and the family of equivalent norms on J#, given by

1l = 115@)" 2wl

Indeed, assumptions (i)-(iii) of Theorem C.2 are satisfied in any compact subinterval of / with the help of
(67)-(66). Therefore, we obtain existence and uniqueness of a unitary propagator U(z,s) of the Cauchy
problem (53) in the whole interval I with the following estimate

U (2,5) ]| < &2 maXeeac 1Oy,

for any 7,5 € I and where A(z,s) stands for the interval of extremities ¢, s.
Using the multiplication law of the propagator, we obtain for any partition (19, - - - ,#,) of the interval
A(t,s) the inequality

||U<rsw||,<ne o maxeen, £ |y
j=0

where A; are the subintervals [¢;,7;,1]. Since f is continuous, by letting n — oo, we get

Uyl < & ESOE |y,

Finally, the assumption ¢1S < §(¢) < 28 for ¢ € I, allows to involve the norm |[|.|[ s, , . Thus we have

1)
U (t,)¥lle, < —=IUEs)Y]l < — \/E 2 STl |y <‘/C1 e s f)dr] ]z, -

\F
|
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