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Abstract

Path integral representations for generalized Schrodinger operators obtained un-
der a class of Bernstein functions of the Laplacian are established. The one-to-one
correspondence of Bernstein functions with Lévy subordinators is used, thereby
the role of Brownian motion entering the standard Feynman-Kac formula is taken
here by subordinated Brownian motion. As specific examples, fractional and rel-
ativistic Schrodinger operators with magnetic field and spin are covered. Results
on self-adjointness of these operators are obtained under conditions allowing for
singular magnetic fields and singular external potentials as well as arbitrary in-
teger and half-integer spin values. This approach also allows to propose a notion
of generalized Kato class for which hypercontractivity of the associated general-
ized Schrodinger semigroup is shown. As a consequence, diamagnetic and energy
comparison inequalities are also derived.



1 Introduction

1.1 Context and motivation

Feynman-Kac-type formulae prove to be a useful device in the analysis of spectral
properties of a wide class of self-adjoint operators. Besides their prolific uses in the
physics literature, functional integration poses remarkable new mathematical problems
which can be addressed in terms of modern stochastic analysis.

The Feynman-Kac formula is a functional integral representation of the kernel of

the semigroup generated by the Schrodinger operator

1
H= §p2 +V, (1.1)
for which it was originally derived. Here p = —iV is the momentum operator and V' is

a potential. The Laplacian gives rise to an integral representation of the kernel of e~

in terms of the Wiener measure, while V' introduces a density with respect to it. This
implies that the ground state and various other properties of H can be analyzed by
running a Brownian motion under the potential V. Standard references on applications
to the spectral analysis of Schrédinger operators include [Lie73, Lie80, Shi87, Sim82],
with updated bibliography in [Sim04]. We also refer to [DC00] for an approach with
the Feynman-Kac formula. While functional integration can be extended to include
several other operators also covering quantum field models (see [LHB09] and references
therein), the analysis based on random processes having almost surely continuous paths
remained a basic feature.

In the mathematical physics literature there appear to be relatively few systematic
attempts in going beyond continuous paths to replace them with cadlag paths (right-
continuous with left limits), also allowing jump discontinuities. On the other hand, such
more general Lévy processes than Brownian motion prove to be useful in describing
important features such as spin in terms of path measures. Another source of problems
leading to paths with jump discontinuities are models featuring fractional Laplacians.

The aim of the present paper is to construct path integral representations for gener-
alized Schrodinger operators including both non-relativistic and relativistic Schrédinger
operators with vector potentials and spin. We propose a thorough study of this prob-
lem, extending the methods developed in [HLOS8| to the case of Lévy processes with
cadlag paths.

By a generalized Schrodinger operator here we mean a Schrodinger operator in



which the Laplacian is replaced by a suitable pseudo-differential operator. Namely,

instead of the operator

1
§(a~(p—a))2+V (1.2)
studied in [HLO8|, where ¢ = (01, 09,03) are the Pauli matrices and a is a vector

potential, we consider a class of general self-adjoint operators of the form

v (5o o)) +v (13)

where W is a Bernstein function on the positive semi-axis (see below). In particular,

this class includes not only relativistic Schrodinger operators

Vie-(p—a)?+m? —m+V (1.4)

but also more general fractional Schrodinger operators

(300 -a)?) +v, (15)

with @ € (0,1). The vector potential plays the role of magnetic field in appropriate
contexts, however, we will use this terminology for all cases we consider, even when
they may have other interpretations.

The application of functional integral techniques to relativistic Schrodinger opera-
tors, without magnetic field or spin, has been earlier on addressed in [CMS90]. The
process involved is closely related to 1/2-stable processes, which can be understood
in terms of a first hitting time process of Brownian motion. In the interesting papers
[ALS83, ARS91] a path integral for relativistic Schrédinger operators with vector poten-
tial and spin 1/2 is presented, however, in a non-rigorous language. A functional inte-
gral representation also has been established for the Schrodinger semigroup with vector
potential in [ITa86], applied in [Ich87] and completed in [Ich94], where, however, the
operator concerned was a pseudo-differential operator associated with the symbol of the
classical relativistic Hamiltonian defined through Weyl quantization. It should be noted
that the terms in (1.3)—(1.5) involving a vector potential cannot be defined as pseudo-
differential operators associated with simple and plain symbols. A further step has been
made by addressing various problems of potential theory and heat kernel estimates of
more general a-stable processes [BB99, BJ07, BKM06, CS97, Ryz02, KS06, GROT7]; see

also the influential work [Bak87] involving the Cauchy process. Such processes relate



with fractional Schrodinger operators

1 ,\"

(§p ) +V (1.6)
and are motivated by further models of physics, chemistry, biology and, more recently,
financial mathematics [BG90, BBACT02, EK95, MKO04].

Fractional Schrodinger operators and stable processes provide just one special case
of a sensible class of extensions. In the present paper we consider generalized Schro-
dinger operators obtained as Bernstein functions of the Laplacian to which we add an
external potential V', and in various versions, a vector potential and a contribution
from a spin operator. In a sense, this is the greatest desirable generality as Bernstein
functions with vanishing right limits at the origin stand in a one-to-one correspondence
with Lévy subordinators. Subordinators are random processes with jump discontinu-
ities and can be uniquely described by specifying two parameters, the Lévy measure
accounting for the jumps, and the drift function accounting for the continuous compo-
nent of the paths. Given a Bernstein function ¥ and a generalized Schrodinger operator

HY thereby obtained, the properties of the semigroup e "

can now be analyzed in
terms of a subordinated Brownian motion Bpw. Here T is the Lévy subordinator
uniquely associated with W. Roughly speaking, BT;I’ is a cadlag process which samples

Brownian paths at random times distributed by the law of T}¥.

1.2 Main results

Throughout this paper we will use the following conditions on the vector potential.

Assumption 1.1 The wvector potential a = (ay,...,aq) is a vector-valued function
whose components a,, p = 1,...,d, are real-valued functions. Furthermore, we con-

sider the following reqularity conditions:
(A1) a € (L (RY))%

(A2) a€ (L} (RY)) and V -a € L (RY).

loc loc

(A3) a € (Li (RY)) and V -a € L2 (RY).

loc loc

(A4) d=3,a€ (L,

(R3))3, V-ae€ L2 (R3) and V x a € (L?

loc loc

(R*))?.



Since we discuss several variants of Schrodinger operators, different by whether they
do or do not include spin, it is appropriate to explain here the notation. We define the

spinless operator through a quadratic form for a satisfying (A1) and denote it by
1
h = §(p —a)? (with no spin). (1.7)

A Schrodinger operator with spin 1/2 also is defined through a quadratic form and will

be denoted by
1 . .
hyjo = 5(0 (p—a))? (with spin). (1.8)

Using a suitable unitary map, we transform hy /2 on the space L*(R*; C?) = L*(R*)®C?
to a self-adjoint operator hz, on L?(R3 x Z,). Here Zy = {—1,1} describes the state
space of a two-valued spin variable. Furthermore, we generalize spin from Z, to Z, and

denote a so obtained Schrodinger operator by
hz, (with generalized spin) (1.9)

acting on L?(R¢ x Z,), for d > 1 and p > 2. The relativistic versions of (1.7) and (1.8)
will be denoted by

hel=\/(p—a)2+m2—m, m>0

hlie/lz: Vie-(p—a))2+m?—m, m>0.

(1.10)

In this paper we will consider generalized versions of (1.10). Let ¥ be a Bernstein
function. Our main objects are
HY =Y(h)+V (with no spin),

(1.11)
Hy =V(hg,)+V (with generalized spin).

In particular,

U(u) =vV2u+m?—m

corresponds to (1.10). Under Assumptions (A2) (resp. (A3)), we will show that
Cg°(R?) is a form core (resp. operator core) of both ¥(h) and W(hz,). This is the
content of Theorems 3.3 and 5.1 below.

w
tH™ and

The key results of this paper are the functional integral representations of e~
e "2, derived under Assumption (A2) for bounded potentials V. They are presented

in Theorems 3.8 and 5.11, respectively. These are then further generalized to more



singular potentials in Theorems 3.15 and 5.14. Recall that the standard Feynman-

Kac-1t6 formula says that
(e g) = [ dos, [FBala(Boe bemeivsc Vo] (11

with d-dimensional Brownian motion (B;):>o on Wiener space (Qp,.Zp, P), where the
stochastic integral in the exponent is Stratonovich integral. For HY = ¥(h) + V this

formula modifies to (see Theorem 3.15 below)

(f, e g) = / drEES, [f(Bo)g(BTtw)e 37 a(Bejedn. =I5V Tﬁﬂ, (1.13)
R

where T,Y is the Lévy subordinator on a probability space (2, .%,,v) associated with
V. In particular, it should be noted that the integrands change as

exp (—i /Ot a(B,) o st) s exp (—i /OT:P a(B,) o st>
exp (— /OtV(BS)ds) s exp (— /OtV(BTS@)ds) |

A similar situation occurs in the case including a generalized spin, see Theorem 5.14

and

below. By means of these formulae we are able to extend the definition of generalized
Schrodinger operators HY and H. g’p to the case of external potentials having singulari-
ties.

Having the functional integral representations at hand allows us to construct a
strongly continuous symmetric Feynman-Kac semigroup for a large class of potentials
V' which we call U-Kato class. This will be dealt with in Theorem 4.11. The generator

of this semigroup can be identified as a self-adjoint operator, which we denote by
KY (with U-Kato class potential). (1.14)

This offers then a notion of generalized Schrodinger operator with vector potential for
U-Kato potentials. As a further result, we show hypercontractivity of the semigroup
e in Theorem 4.13.

As corollaries of Theorems 3.8 and 5.11, by choosing ¥(u) = 2u+m2 — m
mentioned above we obtain the functional integral representations of the relativistic

Schrodinger operators
el +V =1/(p—a)2+m2—m+V (with no spin),

5(9/12_’_‘/ V(@ )24+m2—m+V (with spin 1/2)

(1.15)




in Theorems 6.1 and 6.4, respectively, and derive energy comparison inequalities. Our
results improve and generalize those of [BHL00, CMS90, ITa86, ALS83, ARS91, Sim82,
GV81]. Further applications to relativistic quantum field theory are discussed in [Hir09,
HS09, Lor09a, Lor09b].

The paper is organized as follows. In Section 2 we discuss the details of the rela-
tionship between Bernstein functions ¥ and Lévy subordinators (T}");>o. In Section 3
we consider the spinless case. We establish the functional integral representation for
their semigroup and obtain diamagnetic inequalities. Furthermore, we show essential
self-adjointness of U(h) on Cg°(RY). In Section 4, we define the space of U-Kato class
potentials and discuss their relationship with the Lévy measure of the associated subor-
dinators. Also, we prove hypercontractivity of the generalized Schrédinger semigroups
obtained for this class. In Section 5 we consider generalized Schrédinger operators
with spin. We extend +1 spins to spins of p possible orientations by describing them
in terms of the cyclic group of the pth roots of unity. This gives rise to a random pro-
cess driven by a weighted sum of p independent Poisson variables of intensity 1. As a
corollary, we derive diamagnetic inequalities. Finally, in Section 6 we give a functional
integral representation of the relativistic Schrodinger operator with and without spin

as a special case.

2 Bernstein functions and Lévy subordinators

We start by considering some basic facts on Bernstein functions and their connection
with subordinators. For standard definitions and results on Bernstein functions we
refer to [Bochb, BF73|, for Lévy processes to [Sat99], to [Ber99] for a detailed study
on Lévy subordinators, and to [Huf69, SV09] for details on subordinated Brownian
motion.

Bernstein functions appear in the analysis of convolution semigroups, in particular

they are a key concept in Bochner’s theory of subordination.
Definition 2.1 (Bernstein function) Let

'/

dx™

B = {f e 0>((0, 0)) ‘f(:c) >0 and (—1)n< >(x) <0 forall n=1,2,.., }

An element of A is called a Bernstein function. We also define the subclass

lim f(u) = o} .

u—0+

ﬂoz{fe@




Bernstein functions are positive, increasing and concave. £ is a convex cone con-
taining the nonnegative constants. Examples of functions in %, include ¥(u) = cu®,
c>0,0<a<l,and ¥(u)=1—e"" a>0.

A real-valued function f on (0, 00) is a Bernstein function if and only if g, := e~/ is

a completely monotone function for all ¢ > 0, i.e., exactly when (—1)”‘5;‘35 > 0, for all
integers n > 0. On the other hand, a result by Bernstein says that a function is com-
pletely monotone if and only if it is the Laplace transform of a positive measure, which
for each such function is unique. This leads to the following integral representation of

Bernstein functions.

Definition 2.2 (Class .¥) Let .Z be the set of Borel measures A on R\ {0} such
that

(1) A((=00,0)) = 0;

@ [ IRCZERUEES

Note that each A € .Z satisfies that [g, ,(y* A 1)A(dy) < oo so that A is a Lévy
measure.
Denote Ry = [0,00). We give the integral representation of Bernstein functions

with vanishing right limits at the origin.

Proposition 2.3 For every Bernstein function W € B there exists (b,\) € Ry x &
such that

U(u) = bu + / (1 — e "™)A(dy). (2.1)
0
Conversely, the right hand side of (2.1) is in By for each pair (b,\) € Ry x Z.

For a given ¥ € %, the constant b is uniquely determined by b = lim, . ¥(u)/u.
Moreover, since Z—i =b+ fooo ye Y"A(dy) and z—‘i’ is a completely monotone function,
the measure A is also uniquely determined; for details, see [BF73, Theorem 9.8]. Thus
the map By — Ry x £, U (b, \) is a one-to-one correspondence.

Next we consider a probability space (£2,,.%,,v) given and the following special

class of Lévy processes.

Definition 2.4 (Lévy subordinator) A random process (7i)i>0 on (€,,.%,,v) is

called a (Lévy) subordinator whenever



(1) ()0 is a Lévy process starting at 0, i.e., v(Ty = 0) = 1;
(2) T is almost surely non-decreasing in ¢.

Subordinators have thus independent and stationary increments, almost surely no neg-
ative jumps, and are of bounded variation. These properties also imply that they are
Markov processes.

Let . denote the set of subordinators on (€,,.%#,,v). In what follows we denote
expectation by EZ[---] = [ ---dm® with respect to the path measure m® of a process

starting at x.

Proposition 2.5 Let U € A, or, equivalently, a pair (b,\) € Ry x £ be given. Then
there ezists a unique (T})i>0 € 7 such that

ES[e™"Tt] = etV (2.2)

Conversely, let (1})i>0 € .. Then there exists ¥V € Ay, i.e., a pair (b,\) € Ry x £
such that (2.2) is satisfied.

In particular, (2.1) coincides with the Lévy-Khintchine formula for Laplace exponents
of subordinators.

By the above there is a one-to-one correspondence between %, and ., or equiva-
lently, between %, and R, x .£. For clarity, we will use the notation T,¥ for the Lévy

subordinator associated with ¥ € 4,.

Example 2.6 (Stable processes) Let b=0,0 < o < 1 and X\ € .Z be defined by

o 1(O,oo) (y)
r'l—a) y'te Y

Ady) =

where I" denotes the Gamma function. Then V(u) = u® € %, and the corresponding
subordinator T}, is given by

EO[e 1] = et
Example 2.7 (First hitting time) Since ¥(u) = V2u+ m? —m € %, for m > 0,
there exists 7)Y € .% such that

E[e 7] = exp (—t(m - m)> :



10

This case is thus related to the one-dimensional 1/2-stable process and it is known that

the corresponding subordinator T,¥ can be represented as the first hitting time process
T, =inf{s > 0| By + ms =t} (2.3)

for one-dimensional Brownian motion (By);>o. In this case, moreover, the distribution

also is known exactly to be

Example 2.8 (Hyperbolic Lévy motion) A specific case studied in mathematical
finance [EK95] is

aKi(va? + b2u?)
U(u) = —log , a,b>0,
K (a)va? + b2u?

where K is the modified Bessel function of the third kind with index 1. This is a

purely discontinuous process with Lévy measure

1 0o e—y1/2ac-|-(a/b)2 dr e~V p
=+ | Lo (W)dy,
/0 J2(0v2x) + YE(O2e) ) )y

where J; and Y; are the Bessel functions of the first and second kind, with index 1.

)\a,b(dy) = (

T2y

3 Spinless case

3.1 Generalized Schrodinger operators with no spin

Now we define the class of generalized Schrodinger operators on L?(R?), which we
consider in this paper. In order to cover interactions with a magnetic field we add a
vector potential to the momentum operator. Let d,, : Z'(R%) — 2'(R?), p =1, ..., d,
denote the puth derivative on the Schwartz distribution space 2'(R?%). With the notation
p=—iVand V = (0,,,...,0;,), the Schrodinger operator with vector potential a is
formally given by %(p — a)?. We will define it as a self-adjoint operator rigorously
through a quadratic form.

Let D, =p, —a,, p=1,...,d. Define the quadratic form

M=

Q<f7 g) = (Dﬂfv DH.Q) (31)

1

=
Il
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with domain
Q(g) ={f e L’ RY)|D,f € L*(RY), p=1,...d}. (3.2)

It can be seen that (Q(g) is complete with respect to the norm || f|, = /q(f, f) + | f]I?

under Assumption (A1). Thus ¢ is a non-negative closed form and there exists a unique

self-adjoint operator h satisfying

(hf.g9)=alf,9), feD0), gecQl), (3.3)

with domain
D) ={f € Qa)laf.) € L*®RY'}. (3.4)

The self-adjoint operator h is our main object in this section. We summarize some

facts about the form core and operator core of h [Sim79, LS81].

Proposition 3.1 (1) Let Assumption (A1) hold. Then C$*(RY) is a form core of h.
(2) Let Assumption (A3) hold. Then C$°(R?) is an operator core for h.

Note that in case (2) of Proposition 3.1,

1

b =g —apf + (~gara- e0) £

Definition 3.2 (Generalized Schrédinger operator with vector potential and
bounded V') Let U € %, and take Assumption (Al). Whenever V' is bounded we call

HY =U(h)+V (3.5)
generalized Schrodinger operator with vector potential a.

Note that ¥ > 0 and W(h) is defined through the spectral projection of the self-adjoint
operator h. Furthermore, HY is self-adjoint on the domain D(¥(h)) as V is bounded.

3.2 Essential self-adjointness

Theorem 3.3 Take V € %,.
(1) Let Assumption (A3) hold. Then C5°(R?) is an operator core of W(h).

(2) Let Assumption (A1) hold. Then C$°(R?) is a form core of W(h).
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PROOF. (1) Recall the representation (2.1). Since we have fol yAdy) < oo and
floo A(dy) < oo by Definition 2.2, there exist non-negative constants ¢; and ¢y such
that U(u) < ¢qu + ¢ for all w > 0. This gives the bound

W) fI| < erllhfl + call £1] (3.6)

for all f € D(h). Hence C°(R?) is contained in D(¥(h)). Since ¥(h) is a non-negative
self-adjoint operator, ¥(h)+1 has a bounded inverse, and we use that C5°(R?) is a core
of U(h) if and only if ¥(h)Ce°(RY) is dense in L*(R?). Let g € L*(R?) and suppose that
(9. ((h) + 1)) = 0, for all f € CF(RY). Then CF(R) > f — (g, W(h)f) = (g, /)
defines a continuous functional which can be extended to L?(R?). Thus g € D(¥(h))
and 0 = ((U(h) +1)g, f). Since C$°(R?) is dense, we have (¥(h) + 1)g = 0, and hence
g = 0 since ¥(h) + 1 is one-to-one, proving the assertion.

(2) Note that [[W(h)V2f]* < ail|h2f]? + ol f]I* for f € Q(h) = D(h'/?), and
Ce°(R?) is contained in Q(¥(h)) = D(¥(h)/?). Since W(h)/? + 1 has also bounded
inverse, it is seen by the same argument as above that C°(R?) is a core of W(h)"/2 or

a form core of W(h). qed

3.3 Singular magnetic fields

th

Before constructing a functional integral representation of e, we extend stochastic

2

2 (R?) functions since the vector potentials we consider

integration to a class including L
may be more singular.

Let (Bi)i>0 denote d-dimensional Brownian motion starting at x € R¢ on standard
Wiener space (Qp, Zp,dP?). Let f be a C?valued Borel measurable function on R?

such that

5 [ s < oo (37)

Then the stochastic integral fg f(Bs) - dBy is defined as a martingale and the Ito6

~ 5| [ o]

holds. However, vector potentials a under (A.1) of Assumption 1.1 do not necessarily

isometry
2

E%AMJ&

satisfy (3.7). As we show next, a stochastic integral can indeed be defined for a wider
class of functions than (3.7), and then fg f(Bs)-dBs will be defined as a local martingale
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instead of a martingale. This extension will allow us to derive a functional integral
representation of e " with a € (LIQOC(Rd))d.

Consider the following class of vector valued functions on R

Definition 3.4 We say that f = (f1, ..., fa) € &loc if and only if for all ¢ > 0

(| (B Pds < x) =1 (38)

Let R,(w) = n A inf {t >0
with respect to the natural filtration .# = o(B,,0 < s < t). Define

[71f(By(w))[?ds > n} be a sequence of stopping times

fa(s,w0) = f(Bs(W)) 1R, (w)>s}- (3.9)

Each of these functions satisfies [ [f,(s,w)|?ds = [;™ | fu(s,w)|*ds < n. In particular,
we have E%, [fot ]fn|2ds} < oo and thus [ f, - dB; is well defined. Moreover, it can be

seen that
tARm t
/ fn(s,w)-dBS:/ fu(s,w) - dB, (3.10)
0 0

for m < n.

Definition 3.5 For f € &, we define the integral

t
/ f(Bs) - dBs / fn(s,w) 0<t<R,. (3.11)
0
This definition is consistent with (3.10).

Lemma 3.6 &, has properties below:

(1) Let f € &oc. Suppose that a sequence of step functions f,, n = 1,2, ..., satisfies
f(f | fn(Bs) — f(By)|?ds — 0 in probability as n — oo. Then

lim fn s) - dBs = / f(B in probability.

n—oo

(2) (Lioe(RY))? C Eoc.

(@Ldae(ﬁ(Rm and V -a € L}

loc

t 1 t
/ a(By) - dBs + = / V - a(Bs)ds
0 2 Jo

(R%). Then

loc

< 0o almost surely.
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PROOF. (1) is standard. To see (2) take f € (L IOC(Rd))d, then

E2, [/0 Xg(Bs)yf(Bs)\st] <oo, £>0,

for any indicator function y of the set HZZI[—@{]. Hence f(f Xe(Bs)|f(Bs)|?ds < oo
for almost all w. For each w there exists b(w) such that supy.,<; |Bs(w)| < b(w). Take

= &(w) such that & > b(w). Then [J [f(By(w))*ds = [; xe(Bs(w))|f(Bs(w))[2ds <
0o, implying P* <f0 |f(Bs)|?ds < oo) =1, thus (2) follows. To see (3), note that

Al s | < / s [ anel(V o)) s >'//

for any indicator function yg, whence follows that fg A\ a(Bs)ds‘ < oo for almost

every w. Thus (3) is obtained. qed

t

Xe(Bs)V - a(

For a € (L}

loc

(R%))? such that V - a € L _(RY), we denote

loc

t ¢ 1t
/ a(Bs) o dBs = / a(Bs) - dBs + 3 / V - a(Bs)ds.
0 0 0

Proposition 3.7 Under Assumption (A2) we have

() = [ doB [FBalg(Be v (312)

PrOOF. Equality (3.12) is well known as the Feynman-Kac-I1t6 formula, which in
[Sim04, Theorem 15.5] was shown for a € L% _(RY), however, with V -a = 0. We
provide a proof of (3.12) under Assumption (A2) for a self-contained presentation.
By using a mollifier we can take a sequence a,, € (C5°(R?))4, n = 1,2, ..., such that
an — ain (L} )% and V-a, — V-ain L asn — oo. Let xg = x(z'/R) - - x(z¢/R),
R € N, where x € C§°(R) such that 0 < x < 1, x(z) =1 for |z| < 1 and x(z) =0
for |x| > 2. Denote h = h(a). Since xra, — a, as R — oo in (LL.)? and a, — a
), it follows [LS81, Lemma 5 (3.17)] that e *h(xran) — g=th(xra)

as n — oo and e (xr9) — ¢7h(@) a5 R — oo in strong sense. Furthermore, (3.12)

loc

as n — oo in (L,

remains true for a replaced by xra, € (C5°(RY))%.

Since xga, € (C°(RY))? and yra, — xra in (L?)? as n — oo, it follows that

/0 t Xr(Bs)an(B;) - dBs — /0 t Xr(Bs)a(By) - dB; (3.13)
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almost surely and since V - (xra,) = (Vxg) - an + Xr(V - a,) — (Vxr) - a+ xr(V-a)
in L'(R%), it furthermore follows that

/OtV( r(Bs)a d8—>/ Vxr(Bs)) - a(Bs)ds + xr(Bs)(V - a(Bs))ds  (3.14)

strongly in L' (Q2p, dP®). Thus there exists a subsequence n’ such that (3.13) and (3.14)
with n replaced by n’ hold almost surely. Hence (3.12) results by a limiting argument

for a replaced by ygra. Let
0 (R) = {w € Qp| max BH(W) < R p=1,....d),
Q_(R)={weQp| Oriligth‘(w) >—-R pu=1,..,d}

and

1) = | [ xe(Ba(z) -ap, - [ a(v)-am.|.

We show that I(R) — 0 in probability as R — oo. Note that the random variables

maxg<s<¢ B*(w) and ming<s<; B¥(w) have the same distribution and

Pl () = P@u(r) = T P8t < )= (2= / Iy )

Since xr(Bs) =1 forall0 < s <ton Q,(R)NQ_(R), I[(R) =0o0n Q2 (R)NQ_(R),

we have

P(I(R)>¢)=P(I(R) > ¢, Q. (R)FUQ_(R)) < 2 <¢% i e—f/(?f)dy)d.

Hence limp .o P(I(R) > e) 0. Thus there exists a subsequence R’ such that
fot Xr(Bs)a(Bs)-dBs — fo -dBs almost surely as R' — oo. In a similar way it is
seen that fo Xr(Bs)V - a(BS ds — fo V - a(Bs)ds as R — oo almost surely for some

subsequence R” of R’. Moreover,

/0 Vxr(Bs) - a(Bs)ds = }l%/o Vx(Bs/R) - a(Bs)ds — 0 (3.15)

in probability, and then for some Subsequence R’ "of R", (3.15) converges to zero almost
surely. Thus f(f Xr(Bs)a(Bs) o dBy — fo ) o dB; almost surely, and (3.12) holds
for any a satisfying Assumption (A2). qed
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3.4 Functional integral representation

Now we turn to constructing a functional integral representation for generalized Schro-
dinger operators including a vector potential term defined by (3.5).
tHY

A key element in our construction of a Feynman-Kac-type formula for e~ is to

make use of a Lévy subordinator.

Theorem 3.8 Let U € By and V € L>®°(RY). Under Assumption (A2) we have
_ T — [t s
(fre ™ g) = /R o, [f(Bc))g(BTg)e‘foT e(Be)edBa = Jo V(B )d ] . (3.16)

Proor. We divide the proof into four steps. To simplify the notation, in this proof

we drop the superscript ¥ of the subordinator.
(Step 1) Suppose V = 0. Then we claim that

(fe " Mg) = /

— . Ty o
Ao, [F(Bajg(Br)e I oB08] (3.17)
Rd

To prove (3.17) let E" denote the spectral projection of the self-adjoint operator h.
Then

(f.e ¥ g) = / YW (f, Ehg). (3.18)

Spec(h)
By inserting identity (2.2) in (3.18) we obtain
(f,e " Mg) = /S " Eple™™"]d(f, Evg) = E, [(f.e""g)] .
pec

t

Then by the Feynman-Kac-It6 formula for e " we have

(f, G_t\p(h)g) =E? {/de? [mg(BTt)e_iﬁ)Tta(Bs)Ost]] )
Rd

thus (3.17) follows.

(Step 2) Let 0 =ty <ty < -+ < tn, fo, fn € L*(R?) and assume that f; € L>(R?) for
7=1,...n—1. We claim that

—(ti—ti_ z,0
(5 TLemmog ) - [wsst,

J=1

m (ﬁ fj(BTt]-)) e‘i-foTta(B.s)ost] '
- (3.19)
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For easing the notation write G;(-) = f;(*) (H i1 € (ti_tifl)'l’(h)fi) (). By (Step 1)
the left hand side of (3.19) can be represented as

— Ty
/ B, [f<Bo)e—z.fo 1 °a<Bs>ostG1(BTt1to>] |
R

Let ZF = 0(B,,0 < s <t) and .#}/ = o(T,,0 < s < t) be the natural filtrations. An
application of the Markov property of B; yields

(fo, H e—(tj—tjl)‘lf(h)fj>

j=1

_ /deZ];gy |:f(BO> —1 fo BS)OdBéEO f1(BO) —1 fo ta—ty a(Bs)odBs G (BTtQ . ):|:|
Rd

= [ oz, [T e
Rd

o Tog—t TTty

E) {E(IJD {fl (Br,,)e I,

a(Bs)odBs
G (BTtl +Tiy—t )

=]

Hence we obtain

(fo, H 6—(tj—tj1)‘1’(h)fj>
j=1

— [, B b e g | (5, )e

T, +T;
t2 1 o(By)od By

GQ(BTtl +Ttg—t ):| :| .

The right hand side above can be rewritten as

o T —tq
/slx]E;,gy |:f< ) —i fo a(Bs) ostf (BTtl )ETtl |:el Jo a(Bs)odBs G2(BTt2—z1 )1:| .
R

Using now the Markov property of T; we see that

<f07H (t—t;—1)¥(h >f]>

7j=1

- i [T a(By)o —i (12 (By)odB,s
— /fipr’gu [f( 0)e Jy a(B.) dBSfl(BTtl)EB [e In,j a(Be) Go(Br,,)
R

- Ty i (h
— /dggE“];’gV {f(Bo)e—zfo la(Bs)ostfl(BTtl)e
R4

By the above procedure we obtain (3.19).
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(Step 3) Suppose now that 0 # V' € L* and it is continuous; we prove (3.16) for such
V. Since HY is self-adjoint on D(W(h)) N D(V') the Trotter product formula holds:

(f.e"g) = lim (f, (/WP Pet/mV)ng).
(Step 2) yields

(f, e—tH‘I’g) — lim de?(iy [-f(BO)g(BTt) —i [Jta(Bs) odB; Z?:l(t/n)V(Bth/n)]

n—0oo [pd

= r.h.s. (3.19)

Here we used that since s — By, (-)(w) has cadlag paths, V (Br, ;) (w)) is continuous in

s € [0, 1] for each (w, 7) except for at most finite points. Therefore 77 LV(Br,,, ) —

1
fo V(Br,)ds as n — oo for each path and exists as a Riemann integral.

(Step 4) An application of the method in [Sim04, Theorem 6.2] will complete the proof
of Theorem 3.8. To do that, suppose that V € L*> and V,, = ¢(x/n)(V * j,), where
Jn = nig(xzn) with ¢ € C°(R?) such that 0 < ¢ < 1, [P(z)dx = 1 and ¢(0) =

Then V,(z) — V(x) almost everywhere. V,, is bounded and continuous, moreover
Vo(z) — V(x) as n — oo for & ¢ A, where the Lebesgue measure of 4" is zero. Thus
for almost every (w,7) € Qp X Qp, the measure of {t € [0,00) | Br,()(w) € A"} is zero.

Hence fo (Br,)ds — fo (Br,)ds as n — oo almost surely under P* x 1/°

[ e, [FBJg(Br e Hieonetoee ot
R
- /ddl’E?gy [JC(BO)Q(B:Q)(fif<)Tt“(BS)°‘7“BSe’f(;5 V(BTs)ds}
R

t(W(h)+Vn) —t(¥(h)+V)

as n — 0o0. On the other hand, e~ strongly as n — oo, since
U(h)+ V,, converges to W(h) + V on the common domain D(¥(h)). Thus the theorem

follows. qed

— €

Setting a = 0 and W(u) = u® yields an interesting class of its own.

Definition 3.9 (Fractional Schrodinger operator) Let 0 < o < 1 and ¥(u) =
u®. We call

1 «
H, = (in) +V (3.20)

fractional Schrodinger operator with exponent a.
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Corollary 3.10 (Functional integral for fractional Schrodinger operator)

Let T be the subordinator for a fractional Schrédinger operator, i.e., an «a-stable
process, and V € L*(R?). Then

(e Mog) = [ damzt, [FBalg(Br)e V).
R4
We use the notation & = inf SpecT here and in Sections 5 and 6 below.

Corollary 3.11 (Diamagnetic inequality) Let ¥ € %,, V € L*(R?), and As-
sumption (A2) hold. Then

(f, e g)] < (| f, e VO] (3.21)
and the energy comparison inequality
Egp2/2)4v < Epv (3.22)
holds.

Proor. By Theorem 3.8 we have

(Foe gl < [ daBiS, [1F(Bollg(Brole VO]
R

The right hand side above coincides with that of (3.21), and (3.22) follows directly
from (3.21). qed

3.5 Singular external potentials

By making use of the functional integral representation obtained in the previous sub-

section we can now also consider more singular external potentials.
Theorem 3.12 Let Assumption (A2) hold.

(1) Suppose |V| is relatively form bounded with respect to ¥ (p?/2) with relative bound
b. Then |V| is also relatively form bounded with respect to W(h) with a relative

bound not larger than b.

(2) Suppose |V| is relatively bounded with respect to W(p?/2) with relative bound b.
Then |V| is also relatively bounded with respect to W(h) with a relative bound not
larger than b.
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PROOF. The proof is parallel with that of [Sim04, Theorem 15.6]. By virtue of Corol-
lary 3.11 we have

|(f, e Wg)| < (| f],e M C/Dg)). (3.23)

1 [e.9]
Since (U(h) + E)™"/? = 7/ 127 B g1 B > 0, (3.23) implies that
T Jo

|(U(h) + E) V2 f] () < ((p°/2) + B) 2| f|(2) (3.24)
for almost every z € R%. Hence we have
V(@) (@(h) + BE)" V2| (x) < |V(2)]V20(p*/2) + BE)"?|f|(x)

and
V1200 (h) + E)"2FIL VY202 (0%/2) + B) 2]

< (3.25)
171l 1/l
Similarly, by using (¥(h) + E) ! = / et WHE) gt B > 0, we have
0
U(h)+ E)! U(p?/2)+ E)™ !
VIO B + B £ IIVICE?/2) + )Ll 20

Al N L/l

On taking the limit £ — oo, the right hand sides of (3.25) and (3.26) converge to b;
compare [HS95, Lemma 13.6], [Sim04, AHS78]. Hence (1) follows by (3.25) and (2) by
(3.26). qed

Corollary 3.13 (1) Take Assumption (A2) and let V be relatively bounded with respect
to W(p?/2) with relative bound strictly smaller than one. Then VU(h)+V is self-adjoint
on D(V(h)) and bounded from below. Moreover, it is essentially self-adjoint on any
core of W(h). (2) Suppose furthermore (A3). Then C3*(RY) is an operator core of
U(h)+V.

PrOOF. (1) By (2) of Theorem 3.12, V is relatively bounded with respect to W(h)
with a relative bound strictly smaller than one. Then the corollary follows by the
Kato-Rellich theorem. (2) follows from Theorem 3.3. ged

Theorem 3.12 also allows W(h) 4+ V' to be defined in form sense. Let V =V, — V_
where V, = max{V,0} and V_ = min{—V,0}. Theorem 3.12 implies that whenever
V_ is form bounded to W(p?/2) with a relative bound strictly smaller than one, it is

also form bounded with respect to W(h) with a relative bound strictly smaller than
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one. Moreover, assume that V, € LL _(R?). We see that given Assumption (A1),

loc
Q(Y(h)) N Q(Vy) D C°(RY) by Corollary 3.13. In particular, Q(¥(h)) N Q(Vy) is

dense. Define the quadratic form

A(f.f) = (U LR + (VP VEP R = (VPR VEP (321)
on Q(¥(h)) NQ(Vy). By the KLMN Theorem [RS78] q is a semibounded closed form.

Definition 3.14 (Generalized Schrédinger operator with singular V') Let As-
sumption (A1) hold and V = V, — V_ be such that V, € L] (R?) and V_ is form
bounded with respect to W(3p?) with a relative bound strictly less than 1. We de-
note the self-adjoint operator associated with (3.27) by ¥(h) + V, — V_ defined as a

quadratic form sum.

Now we are in the position to extend Theorem 3.8 to potentials expressed as form

suIs.

Theorem 3.15 Take Assumption (A2). Let V =V, —V_ be such that V, € L} _(R?)

loc

and V_ is infinitesimally small with respect to \I/(%pg) i form sense. Then the func-

tional integral representation given by Theorem 3.8 also holds for W(h) + V. — V_.

PROOF. Write

Vin(z) :{ Vi(z), Vi(z) <

n, B m

n, Vi(z) > n, Vom(®) = { m, V_(z) > m.
For simplicity we write just W for W(h). Define the closed quadratic forms
(£ 1) = (L) (VL VR ) = (VR F VD),

Gnoolf, 1) = (WL W0+ (VL VI F) = (VIR F V),
Goooolfof) = (WL + (VPR VRS = (VIR VI,

where the form domains are given by

Qdnm) = Q(Y),  Qldnee) = RY),  Qdooeo) = (V) NQ(VS).

Cleaﬂy’ dn,m > An,m+1 > An,m+2 >z dn, and n,m — Qn,co in the sense of
quadratic forms on U, Q(qn.m) = Q(¥). Since q,  is closed on Q(¥), by the mono-

tone convergence theorem for a non-increasing sequence of forms (see [Kat76, Theorem
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VIII.3.11] and [Sim78, Theorem 3.2]) the associated positive self-adjoint operators sat-
isfy O +V,, —V_,, — ¥ + V., — V_ in strong resolvent sense, which implies that

o t(TF Vin SVem) (8 Ve S V) (3.28)

Uoo,c0 AN Q0o — Qoo 0o 10 quadratic form sense on {f € N, Q(An.oo) | SUDP,, An.co(fs f) <
oo} = Q(¥)NQ(V,). Hence by the monotone convergence theorem for a non-decreasing

strongly as m — oo, for all ¢ > 0. Similarly, we have q,00 < dnt1.00 < Ant2.00 < oo <

sequence of forms (see [Sim78, Theorem 3.1 and Theorem 4,1] and [Kat76, Theorem
VIII.3.13 with Supplementary notes to Chapter VIIL5 (p.575)]) we obtain

64(\1’ + Vi — V—) — eit(\p + Vi - V_) (3.29)

Y

for all t > 0, in strong sense as n — oo.

On the other hand, we look at the convergence of the expression

/ drEy, [ B0V Erite ] (3.30)

Here I = f(By)e™ Iy a(Bs)edBs o( B ). Decompose I into its real and imaginary parts,
and further into their positive and negative parts R = RI, —RI_ and S = 1, -7 _.

Then by (3.28) and the monotone convergence theorem
e B R K

as m — oo. Similarly, the remaining three terms R/_, &I, and JI_ also converge.

t
Thus (3.30) converges to /def;gV [ei Jo (V+’”7V‘)(BT§’)dSI} as m — 00. Moreover,

ot "t
/dx]E?(x)y [6—_]0(v+,n—v,)(BT3)ds]} . /dea;D,gy [e—jo(V+—V,)(BTg)dsI]

as n — 00, by (3.29) and the dominated convergence theorem. Thus the proof is

complete. qed

4 V-Kato class potentials

4.1 Definition of V-Kato class potentials

In this section we give a meaning to Kato class for potentials V' relative to ¥ and

extend generalized Schrodinger operators with vector potential to such V.
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It is known that the composition of a Brownian motion and a subordinator yields

a Lévy process. Recall that for given ¥ € %, the random process
Xt : QP X Ql, > (CU,T) — Bth;(T)(u)) (41)

is called d-dimensional subordinated Brownian motion with respect to the subordinator
(T,¥)¢>0. Tt is a Lévy process whose properties are determined by the pair (b, A) in (2.1).

Its characteristic function is
EDD, [ = V€D, ¢ e R, (1.2)
Assumption 4.1 Let ¥ € A, be such that

/Rd e EED ge < oo (4.3)

for allt > 0.

Let ¥ € %y and (b, ) € R, x .Z be its corresponding non-negative drift coefficient
and Lévy measure, i.e., U(u) = bu+ [ (1 —e ™) A(dy). It is clear that if b > 0, then
(4.3) is satisfied. In the case of b = 0 but fol A(dy) < oo, since sup,»q ¥(u) < oo, (4.3)
is not satisfied. Thus ¥ obeying (4.3) at least satisfies fol A(dy) = oo when b =0. In
this case we have

2 1

U(u?/2) > /0 (1—e " ¥/2)\(dy) > (1—6_1)/0 (%/\ DA(dy) > (1—6_1)/ A(dy).

2/u?

Thus in case b = 0 and fol Ady) = oo, assuming that there exists p(u) such that
f;/ug Ady) > p(u) and [p, e~ ?1EDd¢ < oo, we can make sure Assumption 4.1 holds.
Under Assumption 4.1 we define

1 —iz- — .
pelz) = W/Rde EemtVEE/D) ge (4.4)

and -
II\(z) = / e Mpy(x)dt.
0

pi(z) denotes the distribution density of X; in (4.1) and II,(z —y) is the integral kernel
of the resolvent (¥(p?/2) + \)~! with A > 0, i.e.,

(f, (w(p?/2) +A)" g) = /Rd , f(@)g(y)i(z — y)dzdy.
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Clearly, p;(z) and IIy(x) are spherically symmetric. For f € Cg°(R?) it follows that

B, U060 = [ foin(a)de. (45)

Hence for non-negative f € C$°(R?), the right hand side of (4.5) is non-negative since
so is the left hand side. Thus p;(z) > 0 for almost every z € R%. By a limiting
argument with f — 1, we can also see that p, € L'(R?) and ||p¢||z1ge) = 1 by (4.5).

We moreover compute II, as

1 oo (d-1)/2
_ —d)2
) (x) = (2) =Y /0 T U0E2) Vrle|J -z (r|z|)dr,

with the Bessel function given by

o0

0= () ey [ o - 2 e )

n—

Note that sup,q v/uJ,(u) < oo.
Let

iy = D sup [f(2)],

a€cZd 2€Ca
where C, denotes the unit cube centered at a € Z¢ We introduce an additional

assumption on distribution density p;.
Assumption 4.2 Let p; be such that sup,sg ||1{jz)>630¢ /|11 (re) < 00.

Let f be a real valued function on R%. When r + f(rz) is non-increasing on [0, o), we
say that f is radially non-increasing. In d = 1 for a radially non-increasing L!-function
f it can be seen by the definition of I'(L*>) that there exists a constant C5; = Cs(f)
such that

gzt >8y Il ey < Csll fllr (4.6)

In the general case d > 2 it can be also seen that (4.6) holds for all radially non-
increasing f, see [CMS90, p. 131, Corollary]. In particular, Assumption 4.2 is satisfied

whenever p; is radially non-increasing, since ||p¢||z: = 1.

Example 4.3 (a-stable subordinator) In the case of ¥(u) = u®, 0 < a < 1, it is
clear that Assumption 4.1 is satisfied. It is also known that the distribution density pf"
of BT;I’ is radially non-increasing. This is proven by a unimodality argument of spher-
ically symmetric distribution functions; see [Kan77, Theorem 4.1], [Wol78, Theorem
2], [CMS90, p.132], [Yam78, Theorem 1], and [Sat99] for details on unimodality. Then

Assumption 4.2 is again satisfied.
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Example 4.4 Let V(u) = v2u+ m? —m, m > 0. It is clear that Assumption 4.1 is

satisfied. The distribution function p; of Byw is expressed as
1 2 2 2 2
2) = (21 —d—/ et o= TP ) g,
p(x) = (2m) 2] 1 22 Jre
see [HS78, (2.7)]. Then p, is indeed radially non-increasing.

The next proposition allows an extension of ¥(p?/2) to Kato class.

Proposition 4.5 Let V' > 0. Under Assumptions 4.1 and 4.2 the following three

properties are equivalent:

t
(1) Tim sup / B0 [V(X,)]ds =0,
0

t10 peRd

(2) Jim sup ((W(p?/2) +2)7'V) (2) =0,

A—00 peRd

(3) lim sup /| . I (x — y)V(y)dy = 0.

610 yerd

PROOF. Similar to Theorem III.1 in [CMS90]. ged

Definition 4.6 (V-Kato class) Take Assumptions 4.1 and 4.2. Write V =V, — V_
in terms of its positive and negative parts. The V-Kato class is defined as the set of
potentials V' for which V_ and 1oV, with every compact subset C' C R? satisfy any
of the three equivalent conditions in Proposition 4.5. Here 15 denotes the indicator

function on C.

By (3) of Proposition 4.5 we can derive explicit conditions defining W-Kato class
using the relation of the Lévy measure of the subordinator with the associated Bernstein

function.

Example 4.7 In the case d = 3, since Jyj2(x) = (2/m)22"Y2sinz, we have

rsinr

() 27r2\513'] / |22 )\—I—\If( ))dﬁ
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Example 4.8 Let T} be an a-stable process generated by ((1/2)p*)*, a € (0,1). Then
a calculation gives that V' is in W-Kato class in the sense of Definition 4.6 if and only
if
c(d,2a)|z[**  2a < d;
I (x) = —llogm, 2 =d € {1,2};
c(i?a)|m|2a_1, 2 >d=1,
I'((d-3)/2)
27420 (B/2)|
Remark 4.9 For W-Kato class potentials V' condition (2) of Proposition 4.5 implies
that V_ is infinitesimally form bounded with respect to ¥(p?/2). In this case ¥(p?/2)+

V can be defined in form sense.

where ¢(d, 3) :=

4.2 VY-Kato class potential and hypercontractivity

In this section we construct Schrodinger semigroups with U-Kato class potentials and
show their hypercontractivity property. References on the hypercontractivity for semi-

groups with usual Schrodinger operators with magnetic field include [Sim82, BHLOO].

Lemma 4.10 LetV >0 and ¥ € HB,. Suppose that V satisfies (1) of Proposition 4.5.
Then fort >0,

sup E%) [efg V(X's)ds] < 00. (4.7)
zeR?
PROOF. There exists s > 0 such that sup,cgs RS, [fo V(X )ds] = € < 1 by (1) of

Proposition 4.5. Then by the Khas'minskii Lemma we conclude that

Sup E%gy |:ef(f V(Xs)ds] S (1 _ 6)71.
TER?

Consider the image measure p of (X;);>o on the space D([0,00); R?) of cddldg paths.
Then EZ [elo V(Xds] = ELJ  [elo V(X)) and clearly (X;)io is a Markov process with

respect to p. Furthermore,
EZ‘ |:ef028 V(Xs)ds:| _ EI |:6f08 V(XS)dsefszs V(Xs)d5:|
= |:€fo (Xs) dSEXs [efo Xs)ds]]

< (SUPEy[ Jov XSdS]) Eplelo V(X%

yeRd

< (1—e)?
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Repeating this procedure we obtain (4.7) for all ¢ > 0. qed
The next result says that we can define a Feynman-Kac semigroup for U-Kato class

potentials.

Theorem 4.11 Let V € Ay, V belong to V-Kato class and let Assumption (A2) hold.
Consider "
Upf(z) = 52 [e—ifOTt a(Bs)odBs .~ Iy V(BTg)dsf(BTt)} .

Then Uy is a strongly continuous symmetric semigroup. In particular, there ezists a

self-adjoint operator K'Y bounded from below such that U, = et

ProoOF. Let V =V, — V_. Hence by Lemma 4.10 we have

U < [ doBgt, [en2 Vet ) ) B8, [ -0
R4

< G [ B, | FP

= Gille”™ 2 f|> < Gyl £,
where C; = sup, cga B50 [e2Jo V-(X)ds] Thus U, is a bounded operator from L2(R%) to
L*(R%). In the same manner as in Step 2 of the proof of Theorem 3.8 we conclude that
the semigroup property U,Us = U, holds for t,s > 0. We check strong continuity of
U, in ¢; it suffices to show weak continuity. Let f, g € C5°(R?). Then we have

—— Ty . ot )
(7, Ug) = [ e, (BBt "ot o]
Rd

Since T;(1) — 0 as t — 0 for each 7 € Q,, the dominated convergence theorem gives

(f,Ueg) — (f. 9)-

Finally we check the symmetry property U; = U,. By a limiting argument it is
enough to show this for a € (C2(R%))%. Let B, = By(w,7) = Br,(n—s(w) — Brm(w).
Then for each 7 € Q,, ES 2 B; with respect to dP*. (Here Z 2 Y denotes that Z and
Y are identically distributed.) Thus we have

[ . Tt ~ o ~‘ _ t ~ ~
(f,Uyg) = /gxf(x)Ea];gV [e—zfo a(Bs)edBs o~ [ V(BTs)g(BTt)}
R
= L, | [T e B BVt 4 B
Rd

— ]E%gy |:/ dl’f(l’ _ ETt)e—ifOTt a(z—l—és—éTt)odése—jg V (z+Br, _éTt)dsg(l‘):| )
R4
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In the second equality we changed the variable 2 to z — Br,. Recall that a € (C2(R%))?,
Then in L*(Qp,dP") we have that

T, _ B
/ a(Bs — Br,) o dBy
0
nh_{go Z ( BTtJ/n §Tt> + a(éTt(jfl)/n - ETt)) <§th/n - ETt(i*U/”)

= Jm Z a(Bry(n—j)/n) + &(Brn-js1)/n)) (Britn-g)/n = Britn-j+1)/n)

Tt
= —/ a(Bs) o dB;.
0

Since §Tt 4 — By, and ETS — ETt 4 Br,_7,, we have
(f,Usg) = /Rdde?g” [f(BTt_)e-H;foTt a(Bs)odBs ,— [y V(BTt—Ts)dsg@)} '
Moreover, as T; — T 4 T;_s for 0 < s <'t, we obtain

(f, Utg) = /RddﬂfEfg’gV [f(BTt) +7«fo a(Bs) ost fo BTt_S)ng(l’)]

= /dCZQZE?gy [f(BTt)e_i foTt a(Bs)odB; o fot V(BTs)d5i| g(x)
R

= (Utf7 g)
The existence of a self-adjoint operator K¥ bounded from below such that U, = e & !
is a consequence of the Hille-Yoshida theorem. This completes the proof. qed

Definition 4.12 (V-Kato class Schrodinger operator) Let V' be in ¥-Kato class
and take Assumption (A2). We call K'Y given in Theorem 4.11 generalized Schrédinger
operator for V-Kato class potentials. We refer to the one-parameter operator semigroup

—tKY

e , t >0, as the U-Kato class generalized Schrodinger semigroup.

Put K|} for the operator defined by K with a replaced by 0.

Theorem 4.13 (Hypercontractivity) Let V be a V-Kato class potential and assume
(A2) to hold. Then e " is a bounded operator from LP(R?) to LY(R?), for all 1 <
p < q < oo. Moreover, |le 5" ||, < |le™5|,4 holds for all t > 0.
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PROOF. By the Riesz-Thorin theorem it suffices to show that e=*% " is bounded as an
operator of (1) L®(R%) — L*®(R%), (2) L}(R?) — L*(RY) and (3) L}(R?) — L*(R%).
Since

e )] < e f (), (4.8)

x,0

K5 For simplicity we denote E%,, = E* and P, = e tKd

we will prove (1)-(3) for e~
i.e., we have

Pof(w) = B[ o VOO ()]
To consider (1), let f € L>*(RY). We have by Lemma 4.10,

IPufllo < sup (B[] ]

zcRd

Thus (1) follows.

To derive (2), let 0 < f € LY(R?) and g = 1 € L*(R?). Then P,g € L>(R?) by (1)
above. In the same way as in the proof of the symmetry of U; in Theorem 4.11 it can
be shown that

/Rglmf(.iﬁ) -Pyg(z) = /Rgithf(g;) L g(z) = /Rddxptf(x)‘

Since P, f(x) > 0, we have ||P;f|l1 < || f]l1]|P¢1]|oe- Taking any f € L'(R?) and splitting
it off as f = Rfy —Rf- +i(Sfr —Sf2), we get ||Pellr < 4] f]|1]|Pt1]|oo. This gives (2).
Combining (1) and (2) with the Riesz-Thorin theorem we deduce that P; is a
bounded operator from LP(R?) to LP(R?), for all 1 < p < co. Moreover, the Markov
property of (X;)¢>o implies that P; is a semigroup on LP(R?), for 1 < p < cc.

Finally we consider (3) with the diagram
LYRY) 24 L2(RY) L4 Loo(RY). (4.9)
Let f € L*(R?). Then
o) < BB FXP < G [ 15+ 0)Pauto)dy

by Lemma 4.10, where C; = sup,cga E” [e=Jo V(X)ds) - Since

o)l < [P < oo

0

by Assumption 4.1, with p; in (4.4), it follows that

P2 flloe < (Cellptlloc) 11 £ - (4.10)
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Thus P; is a bounded operator from L?*(R?) to L>°(R9). Next, let f € L'(R?) and
g € L*(R%). We have /detf(x) g(z) = /dxf(x) -Pig(z). Then by (4.10) we obtain
Rd Rd

< [IPrgllcll fllr < Cillpelloollglla | 11

[ dePista) - o

Since g € L?(RY) is arbitrary, P, f € L*(R¢) and

IPefll2 < Cillpellooll f1]2 (4.11)

follows, hence Py is a bounded operator from L}(R?) to L*(R?). Thus (4.9) holds.
By the semigroup property and (4.9) we have for f € L!(R?),

IPeflloc = IIPe2Pis2flloc < (Cillpeselloe) 2 IPeafllz < (Cillpeselloe)® 1 1l

The fact ||e*5" |4 < [le”"||,4 follows from (4.8). This completes the proof of the
theorem. qed

5 The case of operators with spin

5.1 Schrodinger operator with spin 1/2

Besides operators describing interactions with magnetic fields we now consider opera-
tors also including a spin variable. The Schrodinger operator with spin 1/2 is formally
given by

1

I =5(0-(p—a))’ (5.1)

on L*(R3;C?), where 0 = (01, 09,03) are the Pauli matrices

0 1 0 —i 10
"1::{1 o]’ UQ:ZL 0}’ "3::{0 —1]’

A is the anti-symmetric

satisfying {0, 0,} = 20,,1 and 0,0, = @'Zi:l Moy, where €
Levi-Civita tensor with ¢!? = 1. We use the identification L?(R3; C?) = C? @ L*(R?).
A rigorous definition of A/, can be given through a quadratic form in the same fashion

as in the spinless case. Define the quadratic form

3

91/2(fa g) = Z(UuDufv UuDug) (5.2)

p=1
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with domain
Qlq2) = {f € L*(R* C*) |0, D,.f € L*(R* C?), p=1,2,3}.

Assume (Al); then ¢i/» is nonnegative and closed. By this property there exists a

unique self-adjoint operator h/, satisfying

(h1/2f, g) = Q1/2(f, 9), fE€ D<h1/2)7 g€ Q(Q1/2)> (5.3)

where

D(hny2) = {f € Qa2) |@u(f,-) € L*(R% C*)'} (5.4)
Theorem 5.1 The following holds on the cores of hys:
(1) Let Assumption (A1) hold with d = 3. Then C* @ C§°(R?) is a form core of hys.
(2) Let Assumption (A4) hold. Then C* @ C§°(R®) is an operator core of hys.
Let W € %B,. Then furthermore the following holds on the cores of W(hy2):
(3) Take Assumption (A1) with d = 3. Then C*® C$°(R?) is a form core of W(hy o).
(4) Take Assumption (A4). Then C* ® C5°(R?) is an operator core of W(hy2).

PROOF. The proofs of (1) and (2) are similar to that of Proposition 3.1, while those

of (3) and (4) can be proven in the same way as in Theorem 3.3. qed

Note that under Assumption (A4)

hef =30 —apf + (~qara- ()= go (Vxa)) £ (6

holds for f € C?*@C§°(R?). In order to construct a functional integral representation for
e "M/2 we make a unitary transform of the operator hy/, on L*(R?; C?) to an operator
on the space L*(R® x Z,). This is a space of L?-functions of z € R and an additional

two-valued spin variable 6 € Z,, where
Z2 = {—1, 1} = {91,92}. (56)

Also, we define on L?(R? x Zy) the operator

(1, ), 0) = (hf)(,6) — 50y (x) (2,0) — 3 (bu(a) — i0bo(a)) F(z,~6), (5.7)
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where € R3, 0 € Z, and
(bl, bg, bg) =V X a. (58)

The closure of hy, (@@Cgo rs) Will be denoted by the same symbol hz,. Also, we use the
identification L*(R* x Zy) = (*(Z,) ® L*(R?). The operators hz, and hy /s are unitary

equivalent, as seen below. Define the unitary operator

F: L*(R? x Zy) — C*® L*(R?) = L*(R?) @ L*(R?) (5.9)
by
Ff—{%:fg],!feL%R3xZQ. (5.10)

Proposition 5.2 Under Assumption (A4), hz, is self-adjoint on (*(Zy) @ D(h) and
essentially self-adjoint on (*(Zy) @ C§°(R3). Moreover, it follows that

FhyoF ! = hy,. (5.11)

PROOF. It can be directly seen that Fhy,F~! = hz, holds on (*(Z,) ® C5°(R?) and
F maps (?(Zy) @ C(R?) onto (*(Zs) @ C5°(R?). Moreover, C* @ C5°(R?) is a core of
hy/2 by Theorem 5.1, which yields the proposition. qed

5.2 Generalized Schrodinger operator with spin Z,, p > 2

Next we generalize hz, on L?(IR? x Zy) to consider an operator on L*(R? x Z,) for d > 1
and p > 2. Define Z, as the cyclic group of the pth roots of unity by
Z,= {6, .. 60}, (5.12)

p

where

0% = exp (2m'g) , aeN (5.13)
p

In what follows we fix p > 2 and abbreviate Hg’ ) simply to 6 for notational convenience.

Consider the finite dimensional vector space ¢*(Z,) = {f : Z, — C} equipped with the

scalar product (f, g)ez,) = > 5, f(05)9(05s).
Now we consider the Schrodinger operator with spin Z,. We define a spin operator

with its diagonal part U and off-diagonal part Ug, 8 =1, ...,p — 1, separately.

Definition 5.3 (Generalized spin operator) We define two functions below:
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(1) (Diagonal part) Let U : R x Z, — R be such that maxgpez, |U(z,0)] is a multi-

plication operator, relatively bounded with respect to %pQ.

(2) (Off-diagonal part) Let W5 : R x Z, — C, 1 < 3 < p — 1, be such that
maxgez, |Wg(z,0)| is a multiplication operator, relatively bounded with respect
o 3p*. Moreover, let Us : R? x Z,, — C be defined

1 -
Us(w,0a) = 5 (Wa(@,8ar0) + Wy-sl@,00) ), @ =1,y B=1,.p— 1.

(5.14)
Furthermore, we call Mz, : L*(R? x Z,) — L*(R* x Z,),
p—1
Mz, : f(x,00) — U(x,00) f(2,00) + Y Us(x,00) f (. 0asp) (5.15)
B=1

generalized spin operator on L*(R? x Z,).

Below we will use the notation

maXpez, \U(x,0)] if B =p,
ug(x) = (5.16)
maxgez, |Us(z,0)] if 1<8<p—-1

Clearly, ug(x) is a multiplication operator relatively bounded with respect to %pZ, ie.,
there exist ¢z > 0 and bg > 0 such that

1
lusfll < Cﬁ”§p2f|‘ +osllfll, B=1,...p, (5.17)

for all f € D((1/2)p?). These definitions of U and Us cover, in particular, the Z, case
of the Schrédinger operator associated with spin 1/2.

Example 5.4 (Spin 1/2) Let d =3 and p = 2. Define
1
Wl(ZL‘,e) = —§(b1(x) + ’Lgbg(l')), 0 S ZQ.
Then 6; = —1, §; = 1 and by (5.14) we see that

1 -
Ul(x,Q) = §(W1(ZL‘,991) + Wl(ZL‘,@)), 0 € Zs.

It is straightforward to see that Wi(z,00,) = —3(bi(x) — i6by(x)) = Wi(z,6), hence
the off-diagonal part is Uy (z,0) = —1 (b1 (z) — i0bs(x)), while the diagonal part is given
by Ul(x,6) = —360bs(x), both of which coincide with the interaction in (5.7)
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Example 5.5 Let p > 2, and Ws(0) = W(0) = —5(by +i6b,) for 1 < 3 < p—1. Then

1 [ 1 Ooss — 0,4
Ug(@a) = 5 (Wﬁ(0a+ﬁ) + Wp,ﬁ(ﬁa)) = —5 (b1 + ZJ’_BprQ) . (518)

This gives one possible generalization of the case of spin 1/2 of Example 5.4.

Definition 5.6 (Schrédinger operator with generalized spin) Let h be the gen-
eralized Schrodinger operator defined in (3.3). Under Assumption (A1) we define the

Schrodinger operator with generalized spin Mz, by
hz, =1®h+ Mg, (5.19)

Above we made the identification L*(R* x Z,) = (*(Z,) ® L*(R?). Formally, hz, is
written as

p—1

(thf)([)?, 004) = (%(p - a(x))2 + U(ZE, 904)) f(ZL’, 006) + Z Uﬂ(‘r’ eot)f(x7 Qa-l-ﬁ)' (520)
B=1

Theorem 5.7 Take Assumption (A2) and let U, Ug be given as in Definition 5.3.
Suppose Zgzl cg < 1, where cg is the constant in (5.17). Then hg, is self-adjoint on
(*(Z,) @ D(h) and bounded from below. Moreover, it is essentially self-adjoint on any
core of 1 @ h. In particular, (*(Z,) ® C5°(R?) is an operator core of hz,.

PRrRoOF. It can be seen that

Zg(x,(‘)a) (Z W,@("E:Qa-‘rﬂ)f(xa‘ga-&-ﬁ)) = Z (Z Wp—,@(x:@v)g(x?QW-i-,@)) f(z,0,)

B=1

for each € R%. Then it follows that

(g(xv ')7 Mpr(ZE, '))ZQ(ZP) = (MZpg(xv ')7 f(CL’, '))ﬂ(ZP)

and Mz, is symmetric. Its norm can be estimated as || Mz, fI| < 275 [[(1 ® ug)f||
by Definition 5.3. Then with hy = %pz and £ > 0, we have by (3.26) in the proof of
Theorem 3.12, |lug(h + E)~'g|| < |lug(ho + E)~*|g||| and hence

1Mz, Il < D llus(ho + E) L@ (h+ BV < Y csll(L@ h) I+ blIf
p=1 B=1

with a suitable constant b. Thus the claim follows by the Kato-Rellich theorem. qed
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Definition 5.8 (Generalized Schrédinger operator with spin) Suppose that U
and Up are given as in Definition 5.3 and let Assumption (A2) hold. Moreover, assume
that > %, cs < 1. Let ¥ € %, and put

hz, if &, >0,

hz, = (5.21)
th — égth if @(f’th < 0.

We call the operator
Hy = (hg,) +V (5.22)

generalized Schrodinger operator with vector potential a and spin Z,.

Corollary 5.9 LetU and Ug be given as in Definition 5.3, assume (A2) and Zgzl cp <
1. If U € B, then (*(Z,) @ C;(R?) is an operator core of U(hz,).

PROOF. Since hy, is essentially self-adjoint on (*(Z,) ® C5°(R?), the corollary can be

proven in the same way as Theorem 3.3. qed

5.3 Functional integral representation

In this subsection we give a functional integral representation of et by means of
Brownian motion, a jump process and a subordinator.

Let (Nf)tzm 6 =1,...,p—1, be p— 1 independent Poisson processes with unit
intensity on a probability space (Qy, Zn, 1), i.e., ,u(Nt’B =n) = e 't"/nl. Define the

random process (Ny)i>o by
p—1
N, =) BN/ (5.23)
B=1

Let Z}) = o(Ny,t < s) be the natural filtration. Then since N; is a Lévy process, it
is a Markov process with respect to .Z/¥. We write E,[f(N, + )] as E3[f(V,)]. Also,
E&[Ny = a] = 1. Define

[ o= Y g, (5.24)

It can be seen that

5| [ o] =g, | [ aovas]. (5.25)

The next lemma is an extension of a result obtained in [ALS83, HLO0S|.
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Lemma 5.10 Let U and Ug be given in Definition 5.3 and assume Zgzl cg < 1. Let
Assumption (A2) hold, V € L®(R?) and

t
/ ds/ dy(27rs)’d/2e"x’y|2/(2s)| logus(y)| < oo, [f=1,...,p—1. (5.26)
0 Rd

Then
(f. e Mhy V) g) = o1 Z / drEyS, [FBo 0)o( B 0x)e") (5.27)
R4

where S = Sy + S, + Sepin and

t
S, — —z'/ o(B,) o dB,
0
t p—
Sspin = _/ U(‘BSJ 9]\[3)618 + Z/ IOg(—UB(Bs, 9Na—)>dN:96
0 _1 /0

Here we take log z with the principal branch for z € C.

PRrROOF. First assume that the diagonal part U(z,6,) and off-diagonal part Ug(x,0,)
are continuous in z, V € C°(R?) and a € (C°(R?))?. Since from (5.26) and (5.25) it
follows that

t+ —lz—y[?(2s)
5, | [ Now-UaBuw 0ian] < [[as [ S ot < o
0 Rd

we note that o
/ Hog(—Us(Bs, Ox, ))|AN? < o (5.28)
0

almost surely. By the estimate |¢Sgpim| < ¢||tip]loct + | 10g ||us]|<, | NS and the equality

/Q exp (Z me) di = exp (Z(erﬁ — 1))

B=1 B=1

for r3 € R, we have for ¢ > 0,

< exp (t <6||up||oo + > (lugllse = 1))) : (5.29)
B=1

£, e
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where ug is given in (5.16), and sup, Ef [¢*3V] < co. Denote

Z[U;w] = _Z/ CL(BS) OdBS —/ Bsqu ds + Z/ log U/g BsyeN ))stﬁ

v

and let
P.g(z,0,) = Ejﬁ,’i‘u [eZ[valg(Bt,GNt)} .

Let g € (*(Z,) ® C°(R?). By the Schwarz inequality and setting ¢ = 4 in (5.29) we

have the estimate

||Ptg||2 < Z/Rdeégu Bt7€Nt) }E?; [ 4SV} 1/2]E;133<>3<¢M [64Sspin}1/2

< supEj ] eXP( (4!\up|!oo+z (luslis — )>> lgll*.

Thus P, is bounded. We show now that {P;};>¢ is a Cy-semigroup with generator
—(hz, +V +p—1),ie., (1) Po =1, (2) P,P; = Psyy, (3) P.g is continuous in ¢ and (4)
1
hm (Ptg g) = —(hz, +V 4 (p — 1))g in strong sense. First, (1) is trivial. To check
(2) notlce that
PLP.g(. 0,) = E5° [ Zong BN [GZ[O,s]g(B876N5>]] _ (5.30)

Pxpu

By the Markov property of B; we have

t+s
(5.30) = EB5, [ezlo’f] exp (—z/ a(B,) o dBr>
¢

exp (/ U(Biir,0n,) dr—i—Z/ log(—Us(Bisr—, On,_ ))de) g(Bt+S,9NS)]].

(5.31)

Ny
E,

Furthermore the Markov property of N, yields that

(5.31) = B33, [e700e”ttag(By s, O,..)] = Payeg(, ba).

This proves the semigroup property (2). Next we obtain the generator of P;. An

P t+
application of the It6 formula (see Appendix A) yields that dN;, = Z / BdNP,
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p—1

deNt = Z(QNH‘ﬂ - eNt) and
B=1

t 1 t
dg(Bt, eNt) = / Vg(BS, 01\75) . dBS —+ 5/ Ag(BS, QNS)dS
0 0

p—1

£ 3 [ (0(BoOwr) — 9(Busbn))aN?
t t
deZon — / eZ[O’SJ(—ia(BS))«dBS+% / ¢Z0:0(—iV - a(B,) — a(B.)2)ds
0

0
¢ p—l apq
_/ €Z[°’S]U(BS79NS)CZS+Z/ eZ10,5-] <€log(*Uﬁ(Bs,9N57)) _ 1) de‘
g=1"0

0

The product formula (Appendix A) deZioig = deZon . g + eZo4 - dg + de?o4 - dg

furthermore gives

t
1
1 (#019) (B1,0) = [P0 { L 00(B. ) ia(B) - V(B0
0

+ (—%a(Bs)2 — U(B,, 9%)) 9(Bs, QNS)} ds

t
+¥/ Z@ﬂ(VgU%,&%>—iau3>(BmeNJ)-st

+ Z/ Z,s) 357 9N9 ) log(~Ug(Bs,0n,_)) _ Q(Bs, QNS—)> stﬁ.

Taking expectation values on both sides above yields

L= g =1 s [ asE, (6,

t

where

Gs) = e (%A—w( SISEULN SIS PENS

- Z 041 (g(By, Oy, 1) 80BN — (B, by, ),

G(0) = GA —ia(By) -V — %a(Bof — U(Bo, eNO)) 9(Bo, Ox:)

+Z Uﬁ 30791\70 (BO>9N0+5) - g(BoaeNo))

—(th (p—1))g(x,ba).
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Note that U(x,0), Us(x,0), a,(x) are continuous in x. Therefore G(s) is continuous
at s = 0 for each (w,7) € Qp x Qy, and E5T [G(s)] is continuous at s = 0 by the

dominated convergence theorem. Thus

lim L (f, (P — 1)g) = (/. (hz, + (0 — 1))g)

follows and hence
PP, g = e g, (5.32)

By a similar approximation argument as in the proof of Proposition 3.7 and Step 4 of
Theorem 3.8, (5.32) can be extended to a obeying Assumption (A2) and V € L>®(R%).
Finally, we extend (5.32) for U and Up given in Definition 5.3. By using a mollifier it
is seen that there exists a sequence U/gn) (z,0,) and U™ (z,0,), n =1,2,3,..., such that
they are continuous in x and converge to Ug(x,0,) resp. U(z,0,,) for each z as n — oo,
and [[UM(-,00)]lo < U, 00)llo and U (-,00)llc < [|Us(:,04)]|. For each fixed
T € Qy there exists 1 = r1(7), ..., s = rar(7), where M = M(7), such that

p—1 M

exp (Z /O log(—Us(Bs, O, dNﬂ> ITT(-Us(B.,.0x,)). (5.33)

B=11i=1

Then for each 7 € Qy,

p—l apq
lim exp (Z / 1og(—Ug”>(BS,9NS))dN§>
n—oo 521 0
Pl g
= exp (Z/ log(—Uﬁ(Bs,HNs_))dN5> : (5.34)
p=1"0

U™ (Bs,0n,)ds (Bs,On,)ds o

In the same way as above we can also see that e~ I — e U
n — oo almost surely. Therefore by the dominated convergence theorem (5.32) holds

for such Uz and U. Finally, the strong continuity (2) follows from (3) and (4). qed

e =a%
Now we can state and prove the functional integral representation of e tHgy

Theorem 5.11 Let ¥ € %y, and U, Ug be given as in Definition 5.3. Assume ug €
L®(RY), B =1,...p, V € L*(RY), and let Assumption (A2) and the condition under
(5.26) hold. Then

76 Zpg Z /de?Jz/?XV o= 1)Tt\pf<B0> QNO)g(BTt‘I’> QNTI‘\I:)GS\II ) (535)
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where SY = S‘I' + S‘I’ +SY.  and

spin

t
St =~ [ ViBr)as
0

w0
=
Il

Y
u —z'/ a(Bs) o dBs,
0

/

Y
_/ <U(B5,9NS) Ens, ds+2/ log(—Ug(Bs, On,_))dN?
0
gV _ ) if éath < 0,
spin Tt\If P TY 4
_/ (U(BS,HNS)) ds+2/ log(—Up(Bs, O, ))dNY
0 52170
. if cg"th > 0.

Proor. Using Lemma 5.10 we obtain

<fe @ Z / dejf,;“jXV (-1)T F(Bo,0ny)g(Bry. Oy, )e S5 HShin | (5.36)

Let 0 =1ty <t; <--- <t, =t. We show that

(fo,H _(tj_tj‘”q’(’%)f)
— Z/d E;‘;/fxy [ PO F (B, Ox,) <H fj(BTt?,GNTtW)> eS;P+s;“pm] . (5.37)
j=1 ]

This can be proven in the same way as in Step 2 of the proof of Theorem 3.16 with the
d-dimensional Brownian motion B; on (Qp,.#p, P”) replaced by the d + 1 dimensional
Markov process (By, Ny) on (Qp X Qn, Fp X Fn, P* x pu*) under the natural filtration.
Suppose V' is continuous. By the Trotter product formula and (5.37) it is seen that

(7.7 g) = tim (7, (e el )
p
= Jm Y [wmp,
a=1

— Y7 EV(B
[ (-7, f(BmHNo) E]_ < qu;/n> (BTt79NT‘II> SW+SSpm]

— Z/Rdefpil?xy =UTEF (Bo, O, )g (BT;I”QNT;P) esq’}'
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Hence the theorem follows for continuous V. This can be extended for V € L*°(R?) in

the same way as in Step 4 of the proof of Theorem 3.8. qed

Now let hOZp be defined by hz, in (5.19) with a and Ug, 8 = 1,...,p — 1, replaced by
0 and |Ug|, respectively, i.e.,

(1, 1) (2, 00) = 307 (,6) + U (2, 6) ] (a Z U5 (2,0)1f (2. ). (5.39)
Let
h%p if gh%p >0,

hy = (5.39)

An immediate corollary of Theorem 5.11 is

Corollary 5.12 (Diamagnetic inequality) Under the assumptions of Theorem 5.11

we have
hz, — &g 2 0. (5.40)
Moreover, '
(1) if &g >0, then
(el )g) | < (Ifl,et(w(%>+v>|gl) (5.41)
and
Su(im,)rv = Sulon, v (5.42)

(2) if &0 <0, then

‘ ( o (0t ) ) g>

< (yf|,e—t(“’(hozp)+v) |g|) (5.43)

and

éa (ho >+V = éa‘lf<th—6”h% )-&—V. (544)

PRroor. Note the estimate

exp <p21 / " log —U; <0Ng )) dNﬂ>

p—l vy
< exp Z/ 10g|Ug )|de .

(5.45)
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Let W(u) = u and then T}¥ = ¢. Theorem 5.11 and (5.45) imply that

[(freng) | < (171, "Slg]) (5.46)

This further implies &0 < &, , thus (5.40) holds. (5.41) and (5.43) follow similarly by
Theorem 5.11 and the estimate (5.45). (5.42) and (5.44) are an immediate consequence
of (5.41) and (5.43), respectively. qed

Theorem 5.13 Let U and Ug be given by Definition 5.3 and suppose that Zgzl cg < 1.
Let Assumption (A2) and (5.26) hold, and suppose that |V| is relatively bounded with
respect to W (h_ozp> with a relative bound b. Then |V is relatively bounded with respect
to W (h_zp) with a relative bound not larger than b.

PROOF. We prove the theorem in the case of &0 < 0, the case &0 > 0 is simpler.
P P

By the assumption we have for every € > 0,

IVAL< @+ llw (R,) £Il+ el 71| (5.47)

By virtue of Corollary 5.12 we have

V1 (2 (ks : fﬁ%p) )l i <h_%ﬁj)c“+ QI

By (5.47) the right hand side of (5.48) converges to a number smaller than b + € as
E — oco. Thus

VA< @+l (hz, = &g ) £l + el f] (5.49)

follows with some constant ¢,. Let X <Y and X < 0. From (2.1) we can see that
V(u—X)—V(u—Y)=0bY —X)+ / e~ (1 — e~ =XI\(dy), u>Y.
0

Hence sup,>y [¥(u — X) — ¥(u —Y)| < (Y — X). From this and &, < &, we
obtain that
sup [W(u — Gy ) — U(u — G| < W, — s ).

uZé"hZ
P

Thus the spectral decomposition yields that
[0 (hz, = &ng VIl < [W(ha, = Ehs, ) FIl + U (Ehs, — Epg IS
Then the theorem follows together with (5.49), since € is arbitrary. qed

We have the immediate consequences below.
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Theorem 5.14 Let U and Ug be given in Definition 5.3 and assume Zgzl cg < 1.
Suppose that V is relatively bounded with respect to \Il(h_%p) with a relative bound strictly

less than 1. Moreover, assume (5.26).

(1) Let Assumption (A2) hold. Then Hy is self-adjoint on D (¥ (hz,)) and essen-
tially self-adjoint on any core of W (h_zp) In particular, under Assumption (A3)

the operator Hil’p is essentially self-adjoint on C§°(R?).

(2) Let Assumption (A3) hold. Then the functional integral representation of A

is given by (5.11).

PROOF. (1) is trivial. (2) Let V =V, — V_. Note that V,, V_ are relatively bounded
with respect to W(p?/2) with a relative bound strictly less than 1. Define V, ,(z) =
o(z/n)(Vi * g,) and V_,,, = ¢(x/n)(V_ * j,), where ¢ and j, are defined in Step 4
of the proof of Theorem 3.16. Notice that et (¥ (hzp ) +Vin =V m) strongly converges to
et (¥(P2p) V) 4 n,m — oo, since ¥ (h_zp) + Vi, —V_,, converges to ¥ (h_zp) + V on
the common core (%(Zy) ® C5°(R3). Then the theorem can be proven in a similar way

to Step 4 of Theorem 3.16. qed

6 Relativistic Schrodinger operators

6.1 Case of spin 1/2

In this subsection we further discuss the functional integral representation for the
specific case of the relativistic Schrodinger operator with spin 1/2. Throughout this
section d = 3 and p = 2. Therefore, 6, = 9&2), a=1,2, and #; = —1 and 6y = +1.
The relativistic Schréodinger operator with spin 1/2 is given by

hﬁ‘}lz =1/2h1p+m?—m, m >0, (6.1)

on L*(R?* C?), where hyjp = (0« (p — a))*

Functional integral representation. Let Assumption (A4) hold. Then hﬁ% is unitary

Wy = \/2hz, + m? —m, (6.2)
where hz, is defined on L?*(R? x Z,) and given in (5.7) as

1

hea(00)i= (50— 0 = 300(0) ) S(0.0) = 3 (o) = i(0)) 12, ~0)

equivalent to
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for ¥ € R? and 6 € Z,. Recall that here b = (by, by, b3) = rota. Clearly, hrZe; is non-
negative and hifl = W (hz,) with the Bernstein function W(u) = v2u+m? —m. The

spin operator in hyz, is furthermore given by

1
(diagonal component) U(z,0) = —5(%3(3:),

(offdiagonal component) Ui(x,0) = —%(bl(:c) — i0by(x)).

(R3))? and off-diagonal com-
ponent U; replaced by 0 and |U;| = 51/b}(x) + b3(z), respectively, i.c.,

loc

Let hY_ be defined by hz, with vector potential a € (Lj,

1

.00 = (5

2p2— %953(95)) (z,0) ——\/b1 2 4 by(z)2f(z, —0).

The operator hjy, is unitary equivalent with A, on L*(R* C?) given by

TP T BT by
We write
R(0) = \/2h_%2+ m? —m,
75(0) = /208, +m? —m,
where hy = hY, — &g, and no, = hp — &, The operators hi, and Ry are

essentially self-adjoint on C? @ C§°(R?) and £2(Z,) @ C§°(R?), respectively.
Theorem 6.1 Let Assumption (A4) hold and further assume (1)-(4) below:
(1) V is relatively bounded with respect to \/p? + m? with a relative bound A < 1;

(2) each —%bj, 7 = 1,2,3, is relatively bounded with respect to %pQ with a relative
bound rk; > 0;

m)‘”d

(3) K,1+l‘€2—|—/€3<1(17?,d14<1— 5

(4) Jgs [Loa(z v 1 (v)" Hhaly d < oo, a.e x€R3.

2m|z—y|
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Then the relativistic Schrodinger operator hie/g + V' (resp. hrzegl + V) is essentially self-
adjoint on C* @ C§(R3) (resp. (*(Zy) @ C5°(R?)) and

rel xa R —
(feBtg) =3 /R 3dx]EPX£XV em f(BO,QNO)g(Bth/,é’NTt\p)eS\I’ : (6.4)

a=1,2

where O o = (—l)N " | the subordinator T,Y is defined by T,Y = inf{s > 0| B,+ms = t}
and the expOnent SY =Sy +SY +S2,

spin 1S given by

t
St =~ [ ViBras
0
Ty
SY = —z'/ a(By) o dB,
0
th’ 1 Tf’-{- 1
S;I;m = /0 —bg( S)QNSCZS -|—/0 log (5 (bl(Bs) — Z&Nsb2(38)>) st

o)
PROOF. Set S = —1 [ b3 br + bQ] . We see that S is relatively bounded with

N

1 . .
respect to %pz [O (1)} with a relative bound k = k; + ks + k3. Note that

VP2 +m2fI* = (f, (" + m*) f) = M%) " + (f. =S = & ).

Since |(f,Sf)| < &(f, 3p*f) + &'|| fI|?, with a constant ', we have
Iv/p? +m2fI[* < | 155, (0) £ + —||\/ 2+ m2 fl* + (16,1 + &I f11*

Together with ||V f|| < A|[«/p? + m2f| + A’|| f]|?, with a constant A’, we have

VAl <a(t=5 " b+ (4 + g T+ 7)1

Thus by assumption (3) above, V is relatively bounded with respect to hi‘}lQ(O) with

relative bound A (1 — g)_l/ 2 < 1, and hence essential self-adjointness of hi% +V on

C? @ C3°(R3) follows by Theorem 5.14. Since

|10g \/bl 2+ Dy(y)?)]
27T|x—y|

dy < o0,

o 379 _lz=y?
/O dS/R3 dy(2ms) 326~ 50 | log(U1(y))| =

(5.26) is satisfied. Then (6.4) follows from Theorem 5.11. qed
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We further have the energy comparison inequality following by (6.5). Let

1;3/12 — \/2 h1/2 —ngho 2) —|—m2 —m,

hrZ'321 = \/2 hz, —éah%2) +m2 —m.

Note that hq /o — (E’h?/Q >0 and hyz, — @@hg > 0 by (5.40) in Corollary 5.12.

Corollary 6.2 (Diamagnetic inequality) Under the assumptions of Theorem 6.1

(£ 0g) | < (1], e =) (6.5)

In particular, it follows that
éahg;l(owv < ‘gﬁrzzhrw

or equivalently

i, ©)+v = Chret 4y

Generator of &pv. In [HLO8] and in Lemma 5.10 above we used the R3 x Z,-
valued joint Brownian and jump process & = (B, 0y,) starting from & = (z,0,) to
get the functional integral representation for Schrodinger operators with spin 1/2. The
generator of this process is (1/2)p? + o, where of is the fermionic harmonic oscillator

defined in terms of the Pauli matrices by
op = (1/2)(03 +i03) (03 — i0y) — (1/2)] = —0y.

Note that (5"1 p2+op — —1. Similarly, we can identify the generator for the subordinated

joint Browman and jump process
Ery = (BT?’QNT;P)’ Op X Oy x Q, - R3 x Zy
starting at {, = (z,0,) to be
G=V <%p2+ap—|—1>.
This is obtained from the relationship

> [t [ @) do = (e )

a=1,2
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under the identification L*(R?; C?) = L*(R® X Z,).

Support of magnetic field.  Consider the case when by () — i0by(z) vanishes for some
x € R4 In this case it is not clear whether fot+ Hog%(bl(Bs) — 10n, ba(Bs))|dN; is
almost surely finite and assumption (4) in Theorem 6.1 holds at all. An example when
this is not the case is obtained by choosing b € (C§°(R3))3. To improve Theorem 6.1 we

use the ideas of [HLO08|, where we considered this problem for the Schrédinger operator

(- (p—a)?+V. Let é.(2) = { (1)’ ;j; i eg, for z € C and set x.(z) = z + €d.(2).

We see that

Xe (—%(bl(x) . wa(x)))‘ >¢/2, (2,0) € R3 x Z,.

Define hg_ by hz, with the off-diagonal part replaced by x. (— 3(b1(z) — ibs(2))), i.e.,

15,0(00) = (= 300(0) ) £10.6) + 3. (50100 = i80()) 12 -0),

We also see that hg, is self-adjoint on D(h). Define h]fZte’6 = 1/ 2hg, +m? —m, where
hTZ2 = h3, —5}% as usual. Since hg, converges to hz, as € | 0 in uniform resolvent sense,
éa;% — &hy, as € | 0. Under the assumptions of Theorem 6.1 but without assuming (4)
there we are able to show that j“ is essentially self-adjoint on (%(Z,) ® C5°(R?) and
the functional integral representation of hg;l’e + V holds by (6.4) with

Tt‘II 1
sl = [ (Gu(Baoy, — éic, ) ds

N /0 T g (—XE (—%(@(Bs) - z'eNsln(Bs)))) N,

instead of S;I;m Moreover, hrzei’e +V converges to hl +V on the common core (?(Zy) ®

C5°(R?) so that
hl%l exp (—zf(hrzezl’6 + V)) = exp (—t(hrzf;l + V))
in strong sense. Hence we have the theorem below.

Theorem 6.3 Take Assumption (A4) and assumptions (1)-(3) in Theorem 6.1. Then

the functional integral representation for hm1 + V is given by

rel z,a, — Ve
(f e h1/2+v lelf{)le Z /R?) EPX;,(L)XV (BO7 QNO)g(BTt‘I’7 QNTt\Iz)eS © ) (66)
=1,2

where SY(¢) = Sy + SY + S;I;)m( €).
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6.2 Spinless case
Finally consider the spinless case and write

e = /(p —a)? +m2—m, (6.7)

he(0) = v/p2 + m2 —m. (6.8)

Theorem 6.4 Let Assumption (A3) hold and V' be relatively bounded with respect to
/D2 + m2 with relative bound strictly less than 1. Then h™ + V is essentially self-
adjoint on C§°(R3) and

_ rel
(f, e+ g) =/

R3

dzE), | F(Bo)g(Brp)e™ %) (6.9)

PRrROOF. The essential self-adjointness follows from (2) of Corollary 3.13, and (6.9)
from Theorem 3.15. qed

By Theorem 6.4 we also have the following energy comparison inequality.
Corollary 6.5 (Diamagnetic inequality) Under the assumptions of Theorem 6.4
|(f, e W) < (If], e O g)) (6.10)

and
éohrel(o)+v S ghrelJrV‘

In the case of ¥U(u) = v2u +m? — m, Assumptions 4.1 and 4.2 are readily satisfied.

Furthermore, by Theorem 4.13 we have the result below.

Corollary 6.6 (Hypercontractivity) Let the assumptions of Theorem 6.4 and one
of the three equivalent conditions in Proposition 4.5 with ¥(u) = v/2u + m? — m hold.
Then e~ " +V) is g bounded operator from LP(R?) to LY(R?) for all 1 < p < q < 0.

A Appendix

For a given Lévy process (L;):>o on a probability space (€2,.#, P) the notation dL; =
Ly — Ly is used for its differential. Let F' € C?(R). The differential of the transformed
process dF'(L;) can be computed by the following It6 formula.
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Proposition A.1 (Ité formula) Let .#; be the natural filtration o((Bs, NP),0 < s <
t,6=1,...,p). Consider

t
:/ fi(s,w)ds+/ s,w) - dB; +Z/ h’ (s,w)dNP, i=1,...n
0

where f'(-,w) € Lig.(R) a.s, ¢* € ioc and hiy(s,w) is adapted with respect to F, left
continuous in s and f;+|hiﬁ(s,w)|de < oo a.s. Take F € C*R"™). Then for the

random process F(L;) the expression

Z/ L) fi(s ds+Z/ F;(Ly)g'(s) - ¢ (s)ds

i,7=1

+ Z/ -dB, + Z/ F(Lo_ + hg(s)) — F(L,_))dN?
holds. Here F; = O;F and F;; = 0;0;F.

Furthermore, the following form of the product rule holds.

Proposition A.2 (Product rule) Let (L;)i>0 and (My;)i>o be two random processes.
Then d(LM,;) = dLy - My + L, - dM; + dL; - dM;, computed by the rules dtdt = 0,
dBl'dt =0, dB"dBY = §,,dt, ANFdN] = 0, AN&dt = 0, and dNfdB, = 0.

For proofs see, for instance, [IW81, LHB09].
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