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Abstract

A scalar quantum field model defined on a pseudo Riemann manifold is consid-
ered. The model is unitarily transformed to the one with a variable mass. By
means of a Feynman-Kac-type formula, it is shown that when the variable mass
is short range, the Hamiltonian has no ground state. Moreover the infrared di-
vergence of the expectation values of the number of bosons in the ground state
is discussed.
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1 Introduction

1.1 Preliminaries

Analysis of the infrared behavior in massless quantum field theory is an important
issue. The infrared divergence is seen to arise as follows: the emission probability of
massless boson becomes infinite with increasing wavelength. For some scalar quantum
field model, which is the so-called Nelson model [Nel64], a sharp result concerning the
relationship between the infrared behavior and the existence (or the absence) of ground
states is known. The Nelson model describes a scalar field coupled to a quantum
mechanical particle with external potential V' in such a way that the interaction is
linear. Namely the Nelson model with mass mg > 0 is formally given by

Hy = épqu) +% / (m(@)* + (Vo ())* + mip(2)?) de+ / o@)x(@ —q)dz, (1.1)

where y denotes a cutoff function, p and ¢ are the position operator and momentum
operator of the particle, respectively, with bare mass 1, which satisfy [p, q] = —i, and
7(x) is the momentum field canonically conjugate to the scalar field ¢(x), which satisfy

[6(z), 7(y)] = id(z — y). The dispersion relation for the Nelson model is given by

On = /A +m2 (1.2)

in the position representation and the equation of motion is

af% = -V V(g) — Vo (x(z — a)), (1.4)
where [0 = 97 — A,. It is established that Hy with positive mass my > 0 has a ground
state but no ground state for my = 0, and the expectation value of the number of
bosons in the ground state diverges as mg — 0.

While the Nelson model defined on a static Riemann manifold is unitarily trans-

formed to a model with a variable mass
U (z) = m(z)* >0 (1.5)
and the dispersion relation (1.2) is changed to

O=vV—-A+vn. (1.6)
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By comparing (1.2) and (1.6), the variable mass is seen to intermediate between massive
cases and massless cases, and furthermore the infrared behavior, as mentioned below,
depends on the decay property of vy, (x) as |z| — oo.

We consider in this paper a version of the Nelson model with variable masses. The
Hamiltonian is formally given by

Hiwms = 59 + V@) + 5 [ (702 + (V@) + v (0)0(a)?) do + aopy), (L7

where p and ¢, and ¢(x) and 7(y) satisfy the same canonical commutation relations
as that of the Nelson model. The field operator ¢(p,) = [ ¢(z)p,(x)dx is, however, a
scalar field smeared by some function p, defined through v, and a given cutoff function

X, and « a real coupling constant. Thus the equation of motion is given by

(+ o (2))p(2,t) = —ap,,(z), (1.8)
07qr = —VqV (@) — aVyd(py,). (1.9)
Here O+vy, () appears in (1.8) instead of J+m2. This is a unitary transformed version

of a Klein-Gordon equation defined on a pseudo Riemann manifold. See Section 2.5.

We are interested in investigating the infrared behavior of the Nelson model. In

- 2
V=M,

0

Figure 1: Positive constant mass

the case of constant mass vy, () = mg in (1.6), it is established that if mg > 0, the
Nelson model has the unique ground state up to multiple constants (Fig.1), but if
mp = 0 no ground state exists unless the infrared regularization is imposed. See e.g.,
[BFS98, BHLMS02, Che01, Ger00, HH06, Hk06, LMS02, Spo98| for detail. Here the

infrared regular condition is defined by

x(k)?
/RS e dk < co. (1.10)

Conversely

Xk
/]Ra k= (1.11)
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is called the infrared singular condition. The singularity in (1.11) comes from a neigh-
borhood of £ = 0 if x has a compact support, since the dimension is three.

Our paper is motivated by extending constant mass cases to variable ones. Namely,
going beyond the case of constant masses, we consider the infrared behavior of the
Nelson model with variable masses. From the argument mentioned above it is expected
that the Nelson model may have ground states if the variable mass decays sufficiently

slowly in a neighborhood of origin (Fig. 2),

/\V

m

0

Figure 2: Long range variable mass

but no ground state exists if it decays sufficiently fast (Fig. 3). Taking into account of

0

Figure 3: Short range variable mass

this intuitive argument, as the first step, we consider two cases: (1) vy, is long range
and (2) vy is short range. In this paper we focus on (2) and prove that for a short
range potential v > 0 such that vy, (z) = O(|z|~?) with 8 > 3, H has no ground state

in the Hilbert space unless the infrared regularization is imposed.

1.2 Strategy

It is proven that the functional integration is useful device to show the existence and
non-existence of the ground state of the Nelson model with constant masses. It can
be extended to the case of variable masses in this paper. The main tool used in this

tH and an extension of

paper is functional integral representations of the semigroup e~
the strategy developed in [BHLMS02, LMS02] where the Nelson model with constant

mass is discussed.
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The Nelson model H can be defined as a self-adjoint operator on some probability

space. It is easily shown that
op = [le 17”1, T >0, (1.12)
is a sequence approaching to a ground state of H if a ground state exists. Conversely

lim (1,0 )* =a >0, (1.13)

T—o00
implies the existence of the ground state of H, but the absence of ground state follows
from

- T2
Tlgréo(l, g )" = 0. (1.14)

By making use of a modification of [LMS02] we show that (1.14) holds under the
infrared singularity condition (1.11).

Throughout this paper we use the notation E,[---] for [---du and EZ[---] for
[ -+~ dv®, where v* denotes a probability measure starting at = on a path space. By

using the functional integration, we have the bound
(1, <,0gT;)2 <E,, [e—a2 I ds./detW(Xs,Xt,ls—tl)} (1.15)

with some probability measure pr on the product configuration space R? x C(R;R?)
and the so-called double potential W = W (X, Xy, |s — t|) given by

x(k)?

307 Uk, X)U(k,Y)e Itk gE, (1.16)

W) = [

Here W(k,x) denotes the generalized eigenvector of —A + v,. By controlling the
behavior of measures pp and fBT ds fOT dtW (X5, X3, |s — t]) as T — oo, we can show
(1.14) under the infrared singular condition.

Next we consider the expectation values of the number of bosons in the ground state
@g. Assume the infrared regular condition (1.10) and the existence of ground state.
Let N be the number operator. We can show that (¢f,e ?Vl) can be analytically
continued from € [0,00) to the whole complex plane 3 € C. Then the moment
(¢t , N"pl) is given by
dn

(g, N"py) = (_1)nd_ﬁn

(pp e Nol) [ :
8=0

As an application we can show that the expectation value of the number of bosons in

the ground state, (@g, Ngg), diverges as [ps X‘i—?dk tends to infinity.
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This paper is organized as follows: Section 2 is devoted to giving the definition of
the Nelson model with a variable mass. In Section 3 we discuss functional integration
in Euclidean quantum field theory. In Section 4 we prove the absence of ground state.

Finally in Section 5 we show the divergence of (¢4, N¢,) in infrared singularity.

2 The Nelson model on a pseudo Riemann manifold

2.1 Particle

We introduce the Schrodinger operator H,, by

1
Hy, = §p2+v, (2.1)
where p, = —iV,, p*> = p-p, and V is an external potential. We say that V is

Kato-class if and only if

lim sup / Mdy =0
lz—y|<r

10 LeRr3 ‘l’ - y‘ B

and V is local Kato-class if and only if 15V is Kato-class for arbitrary compact set

K Cc R If V = V, — V_ satisfies that V, is local Kato-class and V_ Kato-class,
we say that V' is Kato-decomposable. When V' is Kato-class, V' € L (R?®) and V is
infinitesimally small with respect to p? in the sense of form, furthermore when V =
LP(R3) + L>=(R?) with p > 3/2, V is Kato-class. In particular an arbitrary polynomial
is local Kato-class.

We introduce assumptions on external potential V:
Assumption 2.1 (Assumptions on V') We assume (1)-(3) below:

(1) V =V, —V_ is Kato-decomposable with V_ € L? (R3) for some p > 3/2.

loc

(2) V is bounded from below and V(x) > C|z|% with some q > 0 for x € R3\ M with

some compact set M.
(3) The ground state of Hy, is unique and strictly positive.

H,, is defined as a quadratic form sum. Since V' is Kato-decomposable, H,, is closed on
Q(P*)NQ(V,) and bounded from below, where Q(T) denotes the form domain of T'. See
[Sim82, Theorem A.2.7]. Moreover it follows that sup,cgs Ep,, [e* JoV(Bata)ds | o o
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for arbitrary ¢t > 0, where (B;);>¢ denotes the 3-dimensional Brownian motion starting
at zero on a probability space (W, By, Pw). By (2) of Assumption 2.1, V — oo as
|z| — oo. Then H, has a compact resolvent. This can be proven by showing that
{ € QH)||IV| < 1, (¥, Hyp) < 1} is compact in L*(R?). See e.g., [RS78, Theorem
XIIL.67]. In particular the spectrum of H, is purely discrete and the ground state ¢,
of H, exists. By assumptions, V; € L (R?®) and V_ € LP(R*) with p > 3/2, and
V(z) > C|z|® for sufficiently large |z|, it is known that ¢, (x) exponentially decays. We
used this in Section 4.

Now let us define a unitary transformation. By (3) of Assumption 2.1 we can define

the ground state transformation

Uy : L*(R®) — 4, = L*(R®, p2d)

1
Upf = SO—pf. (2.2)

Set
L, =UH,U;" (2.3)

and the probability measure u, on R? is defined by

dpip(2) = 2 () da. (2.4)

Thus the operator L, acts on the probability space L*(R?;dpu,). Formally L, is given
by
1 \Y
Lpf:—§Af+ﬁVf (2.5)

¥p

on L*(R% dpu,), it is of course not clear whether ¢, € C*(R?®) or not. However by
the Kolmogorov consistency theorem we can construct a continuous Markov process

t

X = (X})ser associated with the semigroup e~*2». This process X is a formal solution

of the stochastic differential equation:

Ve

¥p

dX; =dB; +

(X,)dt.

We will discuss the Markov process X in Section 3.
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2.2 Boson Fock space

The Boson Fock space over the one particle space L*(R?) is defined by
F = @ Lzym(R?’”),
n=0

where L2 (R3") is the set of L? functions f(ki,..., k), k; € R® j =1,...,n, on R*"

sym

such that it is symmetric with respect to ki, ..., k, with L2 (R%) = C. The Fock

sym
vacuum 1 &0 H 0@ -+ in Z is denoted by €2z. The annihilation operators a(f)
smeared by f € L*(R?) and the creation operators af(g) by g € L?(R?) are defined in

Z and satisfy canonical commutation relations:

[a(f), a%(9)] = (f, 9) 2, (2.6)
[a(f),a(g)] = 0 = [a'(f),a'(9)]. (2.7)

Here (f,g).» denotes the scalar product on a Hilbert space J#". We omit £ unless
confusion arises. Note that (a(f))* = af(f). We formally write a(f) = [ a(k)f(k)dk
and a'(f) = [a'(k)f(k)dk. For a contraction operator 7' : L*(R?) — L?(R3), define
the contraction operator I'(T') : . % — F by I'(T)Qz = Q4 and

D(T)al(f1) -~ al (f2)Q5 = ' (Tf) - a (T f) 5.

Note that I'(T'S) = I'(T)I'(S) and T'(I) = I. Then for a self-adjoint operator h in
L?(R3) there exists a unique self-adjoint operator dI'(h) in .% such that

eitdr(h) _ F(Gith), t e R.

2.3 The Nelson model with variable mass

Let us assume that —A+wy, is a self adjoint operator in L*(R?). Suppose that —A +wvy,

has generalized eigenfunctions W(k, z):
(—A + vy (2)V(k,2) = |k]*V(k,x), kcR® (2.8)
We introduce the following assumptions.

Assumption 2.2 (Assumptions on V(k,x)) The generalized eigenvectors satisfy
that
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(1) supy, [W(k, z)] < oo,
(2) Y(k,x) is continuous in k for almost every x,
(3) the generalized Fourier transformation:
(Ff)(k) = (2m)~*?1im. / f(2)U(k, z)dz (2.9)
is unitary on L*(R3).
By (3) above the inverse of F, F~! is given by
(F'g)(z) = (2m)"**Lim, / g(k)U(k, x)dk. (2.10)
Recall that © = v/=A + vy,. Then we have
FoF ' =uw, (2.11)
where w is the multiplication operator given by
w(k) = k|, keR (2.12)

Let x be a cutoff function. We define the field operator with the variable mass v, and

the cutoff function y by

B(z) = % (o (3770.) +a @ 0,)). (2.13)
where
() = (2m) % [ Wl D) Uk () (2.14)
A physically reasonable choice of x is
xa(lk)
k) = . A>0, 2.15
x (k) ik (2.15)

> A
0, 52 . If we take (2.15) as

where x, is an ultraviolet cutoff defined by xa(s) =
1, s<A

X, then p, — 0(- —z) in " as A — oo.
Let us define the free Hamiltonian H\f by

Hy = dI'(®). (2.16)
The total state space is defined by the tensor product of H, and .#:
H=H,® Z. (2.17)
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Definition 2.3 (The Nelson model with variable mass) The Nelson Hamiltonian

with the variable mass vy, is defined by
H=L,®1+1® H;+ad (2.18)
on the Hilbert space H, where & = fﬂgi &(z)dz under the identification H = fﬂg Fds.

Now we derive the equation of motion associated with H. Let
1 ____
o) = — (of (B772F) +a (@ 721)) (2.19)
V2
be the field operator smeared by f. Then ®(z) = ¢(p,). The time evolution of o (f) is
given by
p(fit) =" Mo(fle”! (2.20)
and that of x by
q = e ye (2.21)
Since
[dD(@), a(f)] = —a(@f), [dO(®),a(f)] = a'(@f),
o(f,t) and ¢, satisfy that

83@(]2 t) +90((_A+Um)f7 t) = _a<th7f)7 (2'22)
g =—-VV(g) - ap(Vpg,) (2.23)

on H. Compare with (1.8) and (1.9).

2.4 Unitary transformation

In this subsection we unitarily transform the Nelson Hamiltonian to some self-adjoint
operator H. Let H; be defined by

He = dT(w) (2.24)
and ®(z) by
oo b x(k) gt x(k) a
B(z) Vi/( Mm@%,)@ﬁ+¢aﬁw%,)®0dk (2.25)
Define H by
H=L,®1+1® H +ad, (2.26)

where & = fﬂg ®(z)dz. We introduce some assumption on cutoff function y.
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Assumption 2.4 (Assumptions on x) Assume that x is real, Y > 0 (# 0), x/\/w €
L*(R?) and x/w € L*(R?), where X denotes the inverse Fourier transform of x.

Remark 2.5 Since the space dimension under consideration is three, from x > 0 in
Assumption 2.4 it follows that x(0) > 0 and then it follows that

Xk
/w(k)3dk_ . (2.27)

The next proposition is standard.

Proposition 2.6 Suppose Assumption 2.4 and (1) of Assumption 2.2. Then the Nel-
son Hamiltonian H (resp. ]/-\I) is self-adjoint on D(L,)ND(Hy) (resp. D(Ly) ﬂD(/H\f) )
and bounded from below. Moreover H (resp. ﬁ) 15 essentially self-adjoint on any core
of L, ® 1+ 1® H¢ (resp. Lp®1+1®f{\f).

PROOF: Since ® (resp. EIS) is infinitesimally small with respect to L, ® 14+ 1® H; (rep.
L,1+1® f{\f), the proposition follows from the Kato-Rellich theorem. a

Let F, = I'(F) which is a unitary operator on .%.

Proposition 2.7 Suppose Assumption 2.4 and (1) of Assumption 2.2. Then
H=010FR)H(1oF). (2.28)

PROOF: Since FOV2p,()=w™2()x(-)¥ (-, x), it/follows that .7-—1)@(:10)]-",)_1 = ®(z) for
each . By FOF ! = w it also follows that fbefljl = H¢. By a simple limiting

argument we can complete the proof. O

We give a remark on the relationship between H and the standard Nelson model
Hy introduced in [Nel64]. Namely

Hy=L,®1+1® H; + ady, (2.29)

®
where & = / Oy (z)dr and
R

3

T :L x(k) o—tke f x(k) otike,
Ba(a) = = / (—m )+ e <k>) .

Let vy(z) = m? be a nonnegative constant. Thus the generalized eigenfunction is
U(k,r) = e and p, = Y(- — x). Then H covers Hy.
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2.5 Klein-Gordon equation on pseudo Riemann manifold

In this subsection we give an example of a Klein-Gordon equation defined on a pseudo
Riemann manifold .# such that a short range potential vy, (z) = O({z)~°~2) appears.
See [FUL96] for details.

Let z = (t,2) = (zo,x) € R x R3. Let .# be the 4 dimensional pseudo Riemann

manifold equipped with the metric tensor:
(2.30)

Note that g depends on x but independent of . The line element associated with g is
given by
ds® = e @ dt @ dt — e’ Z de? ® da? .
J

The Klein-Gordon equation on .Z is
0,0 +m?¢ = 0, (2.31)
where the d’Alembertian operator is defined by
O, = e 792 — 2@ Z 9= "9,
J
Thus the Klein-Gordon equation (2.31) is reduced to the equation

82
2 = Koo, (2.32)

where
Ko = e Z B0, — e @ m?,
J

The operator K[z (gs) is symmetric on the weighted L? space L2(R% e~®)"dz). Now
we transform the operator K to the one on L?(R?). In order to do that, the unitary
map Uy : L2(R3; e~ @ "dz) — L2(R3) is introduced by Uy f(z) = e~ /2@~ £(z).

Lemma 2.8 There exists a nonnegative function v such that UyKoUy' = A — v and

v(z) = O(()~"7).
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Hence the Klein-Gordon equation (2.32) is transformed to the equation
6’2¢>
o2
on L*(R?). Although the proof of Lemma 2.8 is straightforward, we shall show this

statement through a more general scheme in what follows.

= Ap — v (2.33)

Suppose that ¢ = (gu), p,v =0,1,2,3, is a metric tensor on R* such that
(1) guw(z) = gu(x), ie., it is independent of time ¢,

(2) go]@) = 930@) = 07 j = 172537

(3) gij(z) = —vi;(x), where v = (7;5) denotes a 3-dimensional Riemann metric.

{900 O
=% 2]

Let .# be a pseudo Riemann manifold equipped with the metric tensor g satisfying

Namely

(1)-(3) above. Then the line element on .# is given by

ds* = goo(z)dt ® dt — Z%J Ydr' ® da’.

(]

Let g7! = (¢"*) denote the inverse of g. In particular 1/go = ¢g°°. We also denote the
inverse of v by v7! = (7%). The Klein-Gordon equation on the static pseudo Riemann

manifold .# is generally given by
Oy6 + (m? + kR)¢ = 0, (2.34)

where £ is a constant, R the scalar curvature of ., and U, is given by

Z m 09" /1detglo,. (2.35)

Let us assume that goo(x) > 0. Then (2.34) is rewritten as

&¢
o

1 y
K= _— 0:/|detg|y'0; — m? — kR | .
goo< e Zj: i/ |detgly )

= K¢, (2.36)

where
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The operator K [cee(rs) is symmetric on L*(R%; p(x)dz), where

/ldet .
_ Vldetg| _ 9ol /1detr]. (2.37)

900
Now let us transform the operator K on L?(R3; p(x)dz) to the one on L*(R?). Define
the unitary operator U : L?(R?; p(z)dz) — L*(R3?) by

Uf=p"f.

Let p; = O;p and 9;0;p = pi; for notational simplicity. Furthermore we set o/ = gooy"

and 9o = . Since U~10,U = 9, + £ p %1 we have as an operator identity

! (Z 3¢9007ij3j> U = goo ZVijaiaj + Vi + Va, (2.38)
1j

ij

where
Vi = Z(a?jtaij&) 9},
P
‘/'2 — _Z( l]pj +2 ’L]pl] _ z]plp])

p pp
el
_ ij i
Vi —900%: <’Yi + QG) 0
where 7 = 9,77, and directly we can see that
\/‘d_tZa\/metg Y, —Vl—i-g()OZ’y 98;. (2.39)

Comparing (2.38) with (2.39) we obtain that

Uu-! 0; Y0, — Vo | U = goo—— 0;+/ |detg|y” ;. 2.40
(Z 9007 7 2) gOO\/M ; | 9’7 i ( )

ij

Set |detg| = G' and 0;G = G;. Hence we have

Then we proved the lemma below.

Lemma 2.9 It follows that

UKU_l = Z@igowijf)j — 0, (241)
ij

where v = goo(m? + KR) + V.
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By Lemma 2.9, (2.36) is transformed to the equation:

92 3
a_tf = (Z i g0y 95 — U) ¢
ij

on L*(R3).
Proof of Lemma 2.8: Now we come back to the proof of Lemma 2.8. Set
e@(x)) w=v = 07

() = —ef® o =v=1,2,3,
0, w# v,

with some 6(x). Then

\/ |det . y
p= —l g = 697 a” = gooy” = 0y,
goo

and UKU ! = A — v follows by (2.41), where, inserting (2.43) to v, we have

A6 0|?
v:ee(mQ—l—ﬁR)%—T—l—%.

Taking x = 0 and 6(z) = —(x) ", we obtain

2 2 5 2 3
Pl 5HaP 38

A(x)2h+8 — (1)Ftd 2(x>ﬁ+4zo(<$>_ﬂ_2)-

Thus the lemma holds.

3 Functional integrations

3.1 Path measures for particles

15

(2.42)

(2.43)

(2.44)

(2.45)

In order to construct a functional integral representation we introduce a probability

measure P? with reference measure p, such that (f,e *“»g) can be expressed as

(f,crg) = / dyip () B2 [F(Xa)g (X))

We already mention that formally L, is given by

1 v
Lpf:—iAerﬁVf.

p

(3.1)

(3.2)
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Thus X = (X})er is the solution of the stochastic differential equation
dX: = dB; + Vlog v, (X;)dt. (3.3)

The regularity of ground state ¢, is, however, unclear. So we construct the process X

through the Kolmogorov consistency theorem. Let us set L, = L, — inf o (L,).

Proposition 3.1 Suppose that Assumption 2.1 holds. Then there exists a probability
space (2, B, P®) and an R3-valued continuous Markov process X = (X;)ier starting at
x such that for to <ty <--- <t, and fo, fn € H, and f; € L(R?), j=1,.n— 1,

n

Hfj(th>

J=0

(fo,e” oo fy e lntndbo ) — / dpp () E” (3.4)

Proor: We show an outline of the proof. The proof is based on the Kolmogorov
consistency theorem. For ¢t < t; < --- < ¢, and A; € B(R?), j = 0,1,...,n, where
(R?) denotes the Borel o-field, let

]/(AO N An> — (1A07 e—(tl—to)iplAl . e—(tn—tnfl)iplAn)%'
Thus v satisfies the consistency condition

v(Ag X - X Ay X R¥x - xR} = v(4y x -+ x A,).

m

By the Kolmogorov consistency theorem there exists a measure v, on (R?)(=>%) such

that
H 1Aj (th )] )

Jj=0

v(Agx - x A,) =E

Voo

where X;(w) = w(t) for w € (R?)(7>>) the point evaluation. We note that by the
Feynman-Kac formula E,_[|X; — X,|*"] can be expressed in terms of Brownian motion
(Bt>t20 on (VV, ;@W, PW) as

El/ooHXt_Xslzn] _ /dl’Eang [|Bt—s o BO|2n‘;0p(BO)90p(Bt—5)e_ /e V(Br)dr] 6(t—s) ian(Lp).

By (1) of Assumption 2.1 we have

t—s
sup E%, [e_fo VIBrdr| < oo,
z€eR3 v
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and Ep [|Bi—s — Bo|?"] = Cy,|t — s|™ with some constant Cy,,. Then it can be shown
that E,_[| X; — X,|*"] < C|t — s|™ with some constant C' independent of s and ¢. Then
X = (X})ier has a continuous version X = (Xt)teR. The image measure of v, on
Q = C(R;R?) with respect to X is denoted by P and define' the measure

P*(-) = P(|Xo = z) (3.5)
for £ € R? on . Then

(11407 ef(tlftO)ZplAl e ef(tnft'ﬂfl)zplAn)% e EI

1114 (th)] . (3.6)

j=0
Here E* = Ep.. By a simple limiting argument, (3.4) can be proven. Finally we shall

show the Markov property of X. Let

p(z, A) = <e_“ipl,4> (x). (3.7)

Then (3.6) is represented as
/H La, () [ [ 2y, (-1, dav ) o (o) .
j=0 Jj=1

Hence it is enough to show that p;(x, A) is a probability transition kernel. Note that
e tIr is positivity preserving. Then 0 < et f < 1 for all function f such that
0< f<1,and e *r1 =1 follow. Then it satisfies that

(a) pi(z,-) is the probability measure on R? with p,(z, R?) = 1,
(b) po(z, A) = La(x),

(C) fps<y> A)pt(x7 dy) = pt+s(:€, A)

Hence py(x, A) is a probability transition kernel. Then the process X constructed above

is Markov under the measure P<. O

By (3.4) it can be seen that X is invariant with respect to any time shift, namely

11 fj(Xs+tj)]

j=0

n

Hfj<xtj>] _ / dpip ()7

j=0

[ dnstayes

1Let g(Xg) denote the o-filed generated by XO; For Z C €, let P(Z‘NO'(X())) = Ep[lZ~|J(XO)}. Then
P(Z|o(Xy)) is o(Xo)-measurable. Thus P(Z|o(Xo)) is a function of Xy, i.e., P(Z|0(Xo)) = G z(Xo)
with some Gz. P(Z]|Xy = ) is defined by G z(X() with X replaced by z, i.e., P(Z| Xy = x) = Gz(x).
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for any s € R. The time reversal property also holds:

[ty f[fxxtj)] = [ty

j=0
Moreover X; and X_, for —s < 0 <t are independent, since

Hfj(X—tj)] .

j=0

E*[X_ X/ = E*[X_E*[X;| B0 = E*[X_E*[X,]] = E*[X_,JE*[X],

where B,y = 0(Xr,a <r < D).

3.2 Building of quantum fields and semigroups

The free Hamiltonian Hf can be regarded as the infinite dimensional version of the
1
5.
Ornstein-Uhlenbeck process (¢;)er, and hence

harmonic oscillator Hose = 3p? + 32° — 1. The process associated with Hog, is the

/quj(I)QEac[Qth] = (2, e~ (=) Howe ) = o= lt=sl)

where W(z) = 7~ /4e~**/2 is the ground state of H.y. There exists an infinite dimen-
sional version of ¢ = (q;)er.

Let d = 1,2, ... denote the dimension. Let ®4(f) be the Gaussian random process
indexed by real-valued f € L?(R?) on some probability space (2y, j1q) with mean zero

and the covariance given by

[ @athatadna = 5(F.)reue
24

The set of the linear hull of functions of the form : ®4(f;) - - ®4(f,,) : is dense in L?(2,),
where : Z : denotes the Wick product of Z inductively defined by : ®4(f) := ®4(f) and

F@a(f)Palfr) - - Palfn) :

n
o —

= @A) alf) g ST L) alh) - Baly) - Bl -

i=1

—

where ®,4(f;) denotes neglecting ®4(f;). Note that

(: (I)d(fl)q)d(fn) :7:q)d(:01)"'c1) (IOm -) = QL Z flapa f’rupo‘n)
eGn
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For Hilbert spaces A and B, let
Hom(A,B) ={T : A — B|||T||a—p < 1}
be the set of contarctions from A to B, and
Hom(A, B) = {T € Hom(A, B)|T is isometry}.
The second quantization I' is a functor:
I': Hom(L*(R?), L*(RY)) — Hom(L*(2y,), L*(24))

and
I : Homg(L*(R?), L*(RY)) — Homg(L*(24), L*(2a)),

and it is defined by I'(T)172(9,) = 112(2,) and
D(T) : @a(f1) -+ Palfu) i=2 @a (T 1) - Pa(T'f) (3.8)
It satisfies the semigroup property:
L(TL(S) =I(Ts), (3.9)

when S € Hom(L?(RY), L2(R?)) and T € Hom(L?*(R?), L?(R*")). Contraction op-
erator ['(T") depends on d and d’, we do not, however, distinguish them, and simply
write I'(T). T'(e~X) for a self-adjoin operator K in L*(R%) is one parameter unitary
group on L?(2,). Then its generator is denoted by dI'(K), namely I'(e~#K) = ¢=#dl'(K),

Let h > 0 be a Borel measurable function on R?. Define the family of isometries
jan(t) € Homo(L*(R), L*(R¥)), t € R, by

— e tkdt1 ( h(k)

1/2
. _ ; d
]d,h(t)f = ﬁ h(k})2 n |/{Jd+1‘2) f(k), ke R kg €R (310)

It satisfies that
Jan(s) Jan(t) = e T, (3.11)

For a given Borel measurable nonnegative functions h; on R3, hy on R*, hs on R....,

we have a sequence

J3,n1 (1) Ja,ng (1) J5,n3 (1)

L2(R?) ) LRy 2 Ly (re) e L (3.12)
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Each isometry in (3.12) satisfies (3.11). Define Jy,(t) € Homg(L*(24), L*(Las1))
by the second quantization of jg,(t) € Homg(L*(R?), L2(R*)), namely Jyn(t) =
I'(jan(t)). Hence it follows that

deh(s)*deh(t) = F(e—\t—s|h(—iV)). (313)

Sequence (3.12) is inherited on L?(2,) as

N

12(2y) Y 122,y "2 12 g,) Tt (3.14)

Let h and f be Borel measurable nonnegative functions on R¢. The crucial property

is the intertwining property given by
F(e_t(h(_iv)@)l))Jd,f(S) = Jd,f(s)F(e_th(_N)). (315)

Here h(—iV)®1 = h(—iV) @ 172(g) is an operator on L?(R*™") under the identification
L3R4 =~ L2(RY) @ L2(R).
Proposition 3.2 Let hj, j = 1,..., N, be Borel measurable nonnegative functions on

R®. Let H; = dT'(hj(—iV)). Then

N 1 1
(\IJ, 1T e“H"<I>> = (H T2 (00U, [T Tivznex (ti)CI>> . (3.16)
=1 L2(23) =N L*(2N+3)

=N

Here HZ]LTZ =T, ---Tx and HZLNTi =Ty ---T) and h$* is an extension of h to the
nonnegative function on L*(R*T?) defined by h*(k, ky, ..., koys) = hi(k) for k € R3.

In order to construct a functional integral representation of the semigroup e ** we

take the Schrodinger representation instead of the Fock representation. In addition we
need the Euclidean field. We set
‘Q - ‘3@37 /’l’ = /’L?)J jt - .].3,w(t)7 (317)
QE = Q4a HE = U4, gt - j471(t)a
where I denotes the identity operator on L?(R*). Tt is well know that there exists an

isomorphism between .# and L?(2). By this isomorphism we can identify as Qg = 1,
Hi =2 dl'(w(—iV)) and ®(x) = ¢(x(z)), where

() = ( Xi’é)xp@,@) . (3.18)

Note that in the Schrodinger representation the test function is taken in the position

representation while the momentum representation is used in the Fock representation.
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Definition 3.3 (The Nelson model in Schrédinger representation)

In the Schrodinger representation the Nelson Hamiltonian is defined by
o
L,®1+1@dl'(w(—iV))+a | ¢(x(z))dx (3.19)
R3

on A, @ L*(2). Here we identify 5 @ L*(2) as [ps L*(2)dpuy.

In what follows we write (3.19) as H, d['(w(—iV)) as Hy and %, @ L*(2) as H.

The operator dI'(I) is called the number operator. The number operator on L?*(2)
(resp L?*(2g)) is denoted by N (resp Ng). We define the specific families of isometries
J; € Homy(L*(2), L*(2g)) and =; € Homy(L?*(2E), L*(25)) by

Jo =T () = Js.(b),

— 3.20
=1 = T(6) = Jurlt) 520
for t € R. Thus it follows that
JrJ, = elt—slHe
E:Et — e—lt—s\NE_ (3'21)
Moreover we have
e PNe g = Je PN >0, (3.22)
by the intertwining property (3.15).
Example 3.4 From Proposition 3.2 it follows that
(W, e Ne D) 12 ) = (E0 10T, 23S, D) 12( 25 (3.23)

3.3 Functional integral representations

Combining the functional integral representations of both e~*£» and e~ stated in the

previous sections, we can construct the functional integral representation of e~

Let
os(f) = Pu(ysf), seR

It is the Gaussian random process indexed by real-valued functions f € L?(R?®) such

that the mean is zero and the covariance is given by

| oot = [ Fiae - 0a. (3.24)

Thus (¢s(f))ser denotes the infinite dimensional version of the Ornstein-Uhlenbeck

process. We note that Jg : ¢(f1) -~ o(fn) :=: ¢s(f1) - ds(fr) s and Jslp2(9) = Lr2(9,).-
Combining the process X; in (3.4) and J; in (3.20) we obtain the theorem below.
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Theorem 3.5 Suppose Assumptions 2.1, 2.2 and 2.4. Let F,G € 7, @ L*(2). Then

(Fe @) = / dpiy () E {(JOF(XO),e‘“fot ¢s<>?<Xs>>d8JtG(Xt)) (3.25)

Lz(QE)}
ProOOF: By the Trotter product formula

e — s _ lim <€—<t/n>£p6—(t/n>a¢><>~<(w>)e—wn)Hf)”7

n—oo

the factorization formula (3.21), Markov property of E; = J;J; and (3.4), we have

n—oo

(F.eG) = tim [ dp(o)Br | (oF () e S b 6x)) .
E
(3.26)

Note that s — x(-, X;) is strongly continuous as the map R — L?*(R?®) almost surely.
Hence s — ¢4(Y(X,)) is strongly continuous as the map R — L?(2g). By a simple

limiting argument we complete the proof. O

Next let
Gsi(f) = Ps(&gsf), s, teR.

It is also the Gaussian random process indexed by real-valued functions f € L?*(R?)

with mean zero and the covariance given by

e Doclgdis = 5 [ Fae s 0 @)
2E

We see that Z; 1 ¢, (f1) G5, (fn) 1= Gsyt(f1) -+ st (fu) = and Z¢lr2(0,) = 1r2(2;).-
Then we have the theorem.

Theorem 3.6 Suppose Assumptions 2.1, 2.2 and 2.4. Let F,G € H. Then
(F, e—sHe—ﬁNe—tHG)

- /d,up(x)]E”” {(EOJOF(XO),eO‘IOS ro(X(Xp))dr ,—a [T ¢>r,5(>~<(Xr))drEﬂJt(;(Xt)>

PrOOF: Throughout this proof we set H?:o T, =101y -+ - T,,.
Simply we put a¢p(x(z)) = ¢. By the Trotter product formula we have

(F, e_SHe_ﬁNe_tHG)
s T s s n _— m

n—oo m—00
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Inserting =751t = J* Jg we have
(Jueitve ior, ) TN g

|
—

n

- <F 7

I
=)

i

nﬁ( Jy e minemo ) JSHG>.

=

Let By = JrJi. Er is the family of projection on L?*(2g). Since Jie?Jr = Ere®T Ep
= JrJe PNe = E=5=5) we have

and by the intertwining property J,e N J*

n—1

- (F,J;;H (Esle_% e " PEE,
m—1
—lip 7i¢s+t—i
(Eer%e more mEer%) Js+tG )
i=0
where ¢r = a¢pr(x(z)). By the Markov property of Eg we can neglect all Ej, then we
have
n—1 m—1
s T -5 . t 7 _t .
= (F’ JS H (e_ELpe n¢%) :3:,8 <€_EL1’)€ m¢s+%> JS+tG> .
i=0 i=0

EFe?#E5, where E5 = 2=} denotes the projection

=
=p

Again we use the fact Zge?
on L*(25). Hence we have

i=0
~L6,u )Egaﬂjs+tG> :

Since by the Markov property of EZ we can neglect E5 and E3, we can obtain

(x)). By (3.4) and a limiting argument, we can prove the theorem

where ¢S,T = ¢S,T(

|
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4 Infrared divergence and absence of ground states

4.1 Abstract theory of the absence of ground states

In this section we assume Assumptions 2.1, 2.2 and 2.4. By the functional integral

representation obtained in Theorem 3.5, we can see that
(F,e”™G) >0

for any F# > 0 and G > 0 but F # and G # 0. Thus e ' is positivity improving.
Then whenever a ground state ¢, of H exits, ¢, > 0 by the Perron-Frobenius Theorem.
In particular the ground state is unique if it exists. Now we introduce a sequence

approaching to the ground state. Let 1 = 1,2 ® 12(9) and
of = e~ e” 1, T > 0. (4.1)
Define
YT)=(1,¢1)% T>0. (4.2)
If H has a ground state, then gog converges to ¢, strongly as 7' — oo. We can have a

criteria on the existence and non-existence of the ground state.

Proposition 4.1 (1) When limy_y(T) = a > 0, H has a ground state. (2) When
limy oo 7(T) = 0, H has no ground state.

Note that
(T) _ (17 e_TH1>
T e
Since ¢4(g) is a Gaussian random process, by means of the functional integral repre-

sentation (3.25), we can see that
(1,e"TH1) = / dpiy(z)E” [6(a2/2)(ff 65 (X(Xs))ds, [y ¢t<>z<xt>)dt)]
_ /dup(x)E“ [e(az/z) fOTdsfontW(Xs,XthftD} ’

where )
x(k)

mm\y(k, Y)e tdp. (4.3)

W) = [
Note that
T T
/ ds/ dtW (X, Xy, |s —t]) >0 (4.4)
0 0
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follows, since the left hand side is expressed as ( fOT os(X(X5))ds, fOT o¢(X(X}))dt). While
leTHL? = /d,up(x)Ez [e(a2/2) J2T as 27 dtW(Xs,Xt,|sft\)i|
_ /d,up(m)Ew [e(a2/2) [T ds [T, dtW(XS,Xt,|sft|)}

by the shift invariance of X;. Then v(T") can be expressed as

(f dpp (x)E” [e(a2/2) ST as [T dtW(XS,Xt7s_t|)j|)2
(T) =

a e [ @2/2) [T ds [T dtW (Xs, Xoo|s—t)) | (4.5)
J dpp(2)E” |e T

Let pur be the probability measure on (R? x Q, B(R?) x £) defined by for A x B €
B(R3) x B,
,UT(A « B) _ ZL /dup(:c)Ex |:1A><Be(a2/2) fTTdszTdtW(XS’XhIS_tl)} 7 (46)

T

where Zp denotes the normalizing constant such that pup becomes a probability mea-

sure.

Lemma 4.2 Integral fi)T ds fOT dtW (X, Xy, |s — t|) is real and it follows that
fy(T) S E,UT |:e_a2 IET dstTdtW(X&Xtv‘S_t')] (47)

PROOF: The numerator of (4.5) can be estimated by the Schwartz inequality and the
time shift of X as

( / dpip () E* [ew/z) Jo ds Jo' dtw] > 2

< / dpip () (Ew [emz/z) Jo ds Jg° dtw]) (Ex [ew/z) I3 ds fy dth

_ / djiy () (Ex [e(az 2) [ s [T dtw]) <Ez [e(c@ /2) [0 ds 2, dtWD ‘
Since X; and X, for s < 0 <t are independent, we have

= /d,up(a:)Ex [G(QZ/Z)(IOTdstTdtW—&-f_OTdsf_OTdtW)] .

Moreover from fBT fET + fOT fOT = f_TT f_TT -2 fBT fOT and (4.4), it follows that integral
[°ds [\ dtW (X, Xi,|s — t]) is real and

= /d,LLp(:L‘)E‘” [e_az SO ds [o dtW+(a?/2) [1.ds [2,, dtW] .
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Then the lemma follows. O

We can compute W explicitly. Note that the operator e~ V=2+7"% hag the integral

kernel

(d+1)/2 ’t|
e lIV=ATm2 x y _z(m) LK JIX — Y+

where K, denotes the modified Bessel function of the third kind. In particular in the

case of d = 3 and m = 0 we have

1 g
2

"WjXY
6 b
&) = SR —vET e

(d = 3).
Then
W L= oIt

_ (X)(%,)"(Y)
_ /dX/dY ,X e

We are in the position to state the main theorem. This is an abstract version of
[LMS02].

Theorem 4.3 Let Ap = R? x {1 € Q|| X,(7)| < T?,|s| < T} for some \ such that

1
m <A< 1, (48)

where q is the positive constant given in Assumption 2.1. Suppose that there ezists

o(T) independent of T € Q such that

/ ds / dt / dx / dy ‘I’|XX le)f'?_);‘gn > o(T) (4.9)

and limy_,o, o(T) = oo. Then there is no ground states of H.

Proor: By Lemma 4.2 it is enough to show that

(1) Thm E,, |:1AT€—042 [ ds [T dtW(Xs,Xz,|s—t|)} _p,

(2) Tlim E,, [1ACT€—@2 _/',OTdstTdtW(xs,st—ﬂ)} —0
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(1) follows from assumption (4.9). We shall prove (2). Note that

0 T 1 )
/Tds/o dte lt=slv = "] (e7™ —1) (4.10)

and
T T 2
/ ds / dte” ol = = (e72T% — 14 2Tw) . (4.11)
T -T w
Then
0 T T
‘/ ds/ dtW (X, Xy, |s — t|)’ < I /wl?
-T 0 2
and

EMT [1ACT€—a2 ffT ds foT dtW(XS7Xt,|S—tD:|
J dpy () E [1Ac o(02/2) [Tpds [Ty dtw]
[ dpy(z)E? [ (a2/2) [T ds [T, dtw}

a: a? (T ds [T dtw 1/2
a2(T/2)||x /w2 (f (2 [ el ])
<e X

- J gl el e Ty ]

< e 2T/2)lx/wl?

/dup(x)Ex [1ac] .- (4.12)
Moreover by (4.11), there exists a constant ¢ > 0 such that

T T
—T(SHX/wHQ§/ ds/ W (X, X, |5 — ) < T6|| Jw] (4.13)
-7 -7

Then we have

( [ dpy(2)E [ o [T ds [ dtW(Xs,Xth—tDD” 2

< 20T Ix/wl? (4.14)
fd,u JEs [ (a2/2) fTTdszTdtW(XS,Xt,|sft|)}

The crucial part is to show that there exists an at most polynomially growth function
&(T) such that

/ dpip()EP [Las ] < E(T) exp (—cTHaD) (4.15)

This is proven in Lemma 4.4 below. Combining (4.12), (4.14) and (4.15) we have
jllm Eplls] < Thm £(T)e= TN @ G+1/2ATIx/wl* — (4.16)
since ﬁ < A < 1. Then (2) follows. O

It remains to show (4.15).



28 IR divergence

1—2X)

Lemma 4.4 (4.15) holds. Ezxplicitly limy_,. £(T)/T 2

< Q.

PROOF: Recall that the external potential is supposed to be V(z) > |z|*¢ for suffi-
ciently large |x|, and V| € LL (R3) and V_ € LP(R?) with p > 3/2. Then by [Car78],
the ground state ¢, of H}, exponentially decays. More explicitly there exist constants
C > 0 and 0 > 0 such that

op(z) < Ce ol (4.17)

We divide the left hand side of (4.15) as

/Ex %@ﬂmzf +/‘ = Q1+ Q. (4.18)
R3 || <T/2 |z|>T> /2

Let D,(n) = {aj/2"|j = 0,1,..,2"} be the set of diadic points. By [KV86, Lemma 1.12]
it follows that

sup | X,| > T
|s|]<TA

E° sup | f(Xo)[>b

0<s<a,s€Dq(n)

<V +aLPLLE) (419

for f € D(Z_Lll)ﬂ), where (f,9) = (f, 9)12(®3,p,(2)2dz)- The right-hand side above is uni-
formly bounded with respect to n, and the indicator function 1{Sup\s\<a,sepa<n> 1F(1Xs)|>b}
is monotonously increasing in n and X;(w) is continuous in ¢ for each path w. Thus by

the monotone convergence theorem, we have

lim E°

n—oo

sup \f(Xs)\>b] - E

0<s<a,s€D,(n)

lim sup lf(Xs)| > b]

N0 0<s<a,s€Dq(n)

- [sup (X)) > b

0<s<a

Hence

]EO

sup |£(X)] > b] <22\, 0) + oL, 1Y) (4.20)

[s|<a

follows. We apply (4.20) to (4.18). Suppose that f € C*(R?) and

I A P e =
f@”‘{a < T - 1.
Moreover we assume that

87(6/2)\gc|q+1f27 67(5/2)|x\q+1auf ) f, e—(6/2)\x|q+la§”f ) f c LZ(RS), o= 1, 2’ 3, (421)
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and the L? norm of each terms in (4.21) has a upper bound independent of 7. By
(4.20) for T +b > 0,

E® | sup [f(X)|>T*+b| = E°|sup|X,| >T"+0b
ls|<a |s|<a
6 =
< VD +alf L. 42

Let |z| < T*/2. Thus we have

E” | sup | X,| > T*| =E° | sup | X, + 2| > T*

ls|<T |s|<T
<E" [sup X)) > T — [z]| < = \/(£. ) + T(£. L, ).
= =rp Vb P

[s|<T

We estimate the right-hand side above. By (4.17) we have

(f. f) = /f(x)ngp(x)Qd:U < Q0T /f(x)ze_‘S'qudx = a;e T (4.23)

While

ULof) = —info(ly) (5.0 + [ eyl S0 (—1A+v<x>) ool)f(2)de

Pp(T)
= —info(Ly)(/, f)+/90p($)2f(f)zv($)d$— /Wp(fﬁ)f(fﬁ)ﬁ(f@p)(x)-

N | —

Then the first term on the right-hand side above is
/ 0o (2)2f(2)?V (2)dx < C2e 0T / e £ ()2 |2 |29da = age 0T (4.24)
and the second term is
[ e f@alse) @)z
— [ oula) - (f@ Do) + 2 () Vinla) - V() + A (a) - f@)ipula)) do

J/

=G(z)

< Qe 0T /e_(5/2)|m|q+1|G(x)|dx = qzeO/ATHHY (4.25)

Hence

12 q
Q1 < ﬁ¢ lay — inf o(Ly)| + T (ag + ag)e” @V (4.26)
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Moreover

Qs < 20T /e_5x|q+1dm = a4e_‘5TMq+1). (4.27)
(4.26) and (4.27) yield that

By [Lug] < E(T)e 0T (129

HT

where £(T') = 5+/|a1 — inf o(Ly,)| + T'(as + a3) + as. This completes the proof. O

4.2 Absence of ground state for short range potentials

In this subsection we give an example for a short range variable mass v,,,. We introduce

the assumption below:

Assumption 4.5 Let vy, be of the form vy, = kw with k > 0, where w : R® — [0, 00) is
bounded, locally Holder continuous except at finite number of singularities. Moreover,
there exist positive constants C', R and 3 > 3 such that w(z) < C{z)~? for |z| > R,

where (x) = /1 + |x|%.

Assumption 4.5 yields that there exists a generalized eigenfunction ¥ (k, x) satisfying

(—A +vy)V,.(k,x) = |k[*U,(k,x) and the Lippman-Schwinger equation

U, (k :W—i/e—\pﬁk d 1.29
(ko) = e [ Sy )y (1.29)

by [Ik60]. Tt can be proven that there exists no eigenvalue for —A+ kw. Thus, by [Tk60]
again, the generalized Fourier transformation F define by (2.9) with ¥, is unitary on
L*(R3). Moreover, since w(z) = O(|z|™?) as |z| — oo by Assumption 4.5, we observe
that

sulf) Wy (k,z)| < o0 (4.30)

uniformly for sufficiently small .

Lemma 4.6 Suppose Assumption 4.5. Then

(1) U.(k,z) is continuous in k for each x;

(2) there exist positive constants ko > 0 and Cy > 0 such that, for any k > Ko,

sup | — W, (k, x)| < kCo(z) . (4.31)
keR3
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In particular vy, satisfying Assumption 4.5 fulfills Assumption 2.2.

PROOF: In general there exists a constant ¢ such that

/;dyQL
R T =yl )? " T (@)

if 0 <a <n <b. Then by the assumption § > 3, we have

1 1
/Rs TP =

with some constant ¢’. Iterating (4.29), we have

) Z|k|23 11y —y5-1] w
ezkx o ‘If(k, .Z') / / H] 1 (y])dyl . dyn <432)
477 ] L 1Y =yl

with yo = x. Note that

/ dy<sup|w |/ dy<C<>
|£L’ yeR3 |*I y|

with some constant C'. The right hand side of (4.32) absolutely converges for sufficiently
small k > 0. Then for each z, U(k, x) is continuous in k for sufficiently small k. Then
(1) follows. By (4.32) it follows that

e = (KC\", kC _
|k, ) — 7] <> <E> (x) 1:m<$> g
n=1

This completes (2). 0

Henceforth, we denote ¥, simply by W. We define Wy by W with ¥ replaced by

ik-x

e e,
X(k)Q —|tlw —ik-(z—y)
p— —_— . 4.
Wit i) = [ e e e (4.33)
Then O
X
Wn(z,y,|t]) = /dX/dY (Y JET R (4.34)
2
Note that, if / X(R)” 1 50, then
w(k)?
0 T 1 X(k,)Q
0 <su ds dtWy(x,y,|s —t|) < = dk
- Tp/T /0 wlegfs ) 2/w<k>3

x(k)?
w(k)3

by (4.10). It is however not the case when / dk = oco. This proves the following:
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Theorem 4.7 Suppose Assumptions 2.1, 2.4 and 4.5. Assume k < kg and

1
m + HCO(KJCO + 2) 1

where ko and Cy are given in Lemma 4.6. Then H has no ground state.

PrOOF: Note that, by (4.35), one can take 0 < A < 1 such that

1
—— <A<1- 2).
. <A< kCo(kCo + 2)

It is enough to show (4.9), namely there exists o(7") such that

o [ o [ BTG

and o(T) — oo as T' — oo0. By (4.31) it follows that

sup |W(k, 2)U(k,u) — e"*e™| < kCy(kCy + 2).
z,y,k

Then
W(Xs, X, |s — t|) > Wy — kCo(kCy + 2)Wo(|t — s]),
where (k)2
_ [ X —|T|w(k)
T = | &=+ dk.
wallT) = [ S
By [LMS02] on Ar,

/ ds/ MW (X, Xo, |5 — t])

>— dXdY x(X )(Y)log(

8T + | X +Y|> + 17
472

8 +2|X + Y2

Note that y > 0. While fBT ds fDT dtWy (|t — s|) can be computed as

/ ds/ dtWy (|t — s|)

47r2/ dX/ AYXXXY) log(p( —(%a)}(/ ‘ier/|T2T4T2))

1 T 2T T
dX [ dYx Y t — arct
7T2 / X(X)x( )\X—Y] (arcan|X_Y| arcan|X_Y|

(4.35)

(4.36)

(4.37)

)
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The second term on the right hand side above is uniformly bounded by some constant
K with respect to T'. Then

0 T
fiC’o(ffCo—i—Q)/ ds/ dtWy (|t — s|)
T 0

1 (IX = Y2 + T?)? +Co(kCo+2)
< — X Yy(X)x(Y)l K.
) /d XY ) log (\X—YP(!X—Y\2+4T2) "
(4.38)
By (4.37) and (4.38) we obtain
1 8T | X 4Y|2+T2
20 2

W= /dX /dYS((X)j((Y) log ST 2 X+ Y] —kCo(kCo+2)K.

(XY |24T2)> kCo(kCo+2)
\X—Y|2(\X—Y|2+4T2)

Then the right hand side above diverges, since A+xCy(kCy+2) < 1. Then the theorem

follows. O

5 The number of bosons in ground state

In this section we suppose Assumptions 2.1, 2.2 and 2.4, but we do not assume yx > 0.

Moreover we suppose the following assumption holds:

Assumption 5.1 Suppose that (1) [ fﬁgzgi dk < oo and (2) H has a ground state o,
such that @z > 0.

Under Assumption 5.1 it follows that gog — g strongly as T" — oo. We have the

proposition below.
Proposition 5.2 [t follows that

(SOg; e—,@Nspg> ~E,, [e,az(l,f@)ﬁT ds [T dtW(XS,Xt,\sftD] ' (5.1)

Proor: By Theorem 3.6 we have

1 _ _ 2
(¢7, e PNl = 7 / dpiy () E [e(oﬂﬂ)HfET Or0(X(Xr)dr [y érp(R(Xr))dr } ‘

Since

(@u(7).0ual9)) = 3¢ [ 4 F (YR
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we have

|/ onal @O+ [ a0
- Ods OdtW—i— Tds TdtWJre’ﬁ Ods TdtW+ Tds OdtW
[ef, / / (o [ [Fas [/ awr)
/ds/ dtW + 2(e /ds/ dtW.

Then the proposition follows. O

/_OTdS/OTdtW(XS,Xt,ls—t]) < %/j‘uﬁgz 0. (5.2)

Let g(8) = (¢f, e ?Nl). Thus we have a lemma below:

Note that

Lemma 5.3 For each 0 <T. (1) g can be analytically continued to the hole complex
plane C; (2) gog € D(e*PN) for all B € C; (3) (5.1) holds true for all 3 € C.

PRrOOF: The proof is parallel with [H03]. Let II; = {z € C|Rz > 0} and II_ = C\II,.

Set
g(ﬁ) - ]E',LLT [e_aQ(l_eiﬁ)fETdsfgdtW(Xs,Xt,ls—t\) ‘

It is easily seen that g(/3) can be analytically continued into the hole complex plane C
in #. We denote its analytic continuation by g. Let Gy € II, be such that RG, = €
with some € > 0. Fix an arbitrary R such that R > ¢. We see that

o0

9(8) = (B = Bo)"bn(%) (5.3)

n=0
for 0 € U:={z€ C||f — z| < R}, and (5.3) absolutely converges. Let v(dp) denote
the spectral projection of N with respect to gog. Note that g(() is analytic in the
interior of II,. Then

(e 9]

90 = [ i) =S5y [Tty 6

n=0
for 5 so that | — [y| < €. Since g(8) = g() for § such that |3 — Gy| < €, we see
together with (5.4) that

b(50) = 5 [ (o i), (55)
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Substituting (5.5) into the expansion of g in (5.3), we have

38 =S (50— A" = / T (p)reeu(dp) (5.6)

n!
n=0

for § € U. In particular the right-hand side of (5.6) absolutely converges for g € U,
and UNTI_ # 0 by R > ¢, and, for 3 € RNUNII_, by Fatou’s lemma we have for any
M >0,

M 0 1 00
e PPu(dp) < I6; —ﬁ”—/ "e=Mry(dp) < 0o
[ ervan < Soi - oty [ e vian

Thus [~ e v (dp) < oo follows for 3 € RNUNII_. This implies that ¢, € D(e~#/2N)
and (5.1) holds for 5 € RNUNII_. Since R is an arbitrary large number, we get (5.1)
for all g € C. u

By this proposition the moment (¢q, N™p,) can be derived by

(5 N™6E) = (1) el e D) oo (5.7

Lemma 5.4 (Pull through formula) It follows that

(¢g; Npg) = %2 /dkﬁ((k]g; (W (k, ) g, (H +w(k) 20 (k, )pq) , (5.8)

where H = H — inf o(H).
PrOOF: From
(pg - Not) =K, [ / ds/ dtW (X, X3, |s — t|)} (5.9)

it follows that

N = 5 [ are)

ds

T
dte tWE, [\If(k;, X)w(k, Xt)] .

Generally it can be obtained that for bounded f and g,
Epr [[(X0)g(X0)] = (e7*Hpg, fe M get M), 1> s. (5.10)
This can be proven directly by the Trotter product formula. Then since

By |00k X)Wk, X0)| = (W(k, )em "l e w (s, )e gy (5.10)
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we have

(¢g- Nog)
0 T
) /_ ds /0 dte” " (W (k, e ol eI (K, et T

Since (5.9) yields that

2 k>2
N2,T| < a_/x(
NP < G | X

there exists a subsequence 7" such that

s — lim N1/2<,0T/ N2, (5.12)

T'—o0

Let us reset T for 7. By (5.11)

| (ke og, e Wk, )etpl) | < supI‘If(k ) < o0

and

lim (W(k,-)e "l e =gk, )etHpl) = <\I/(k: Yipg, e SW\IJ(k,-)wg)-

T—o00

By the dominated convergence theorem we have

lim /de / / dte™ [t— s|w ]{Z ) sz(pg’ f(tfs)H\I,(k ) +tH(pg)

N—oo

— | axX
/ 2wk‘

The right hand side above is identical with

dte—‘t—slw (k, )pg e Wk, i) (5.13)

[ a2 (0, (1) 2000 ).

By (5.12) and (5.13) the lemma follows. O

Theorem 5.5 Set R = [ zg:gz dk. Suppose that (V(0,-)¢g, @g) # 0. Then

}%i_lgo(@gaNWg) = . (5.14)
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Example 5.6 Assume that v, = rw satisfies Assumption 4.5. Then |1 — ¥ (0,z)| <
kCy holds by Lemma 4.6. It yields that

[(W(0, ) g, ¢g) — 1] < K .
Thus (V(0, )¢, ¢s) # 0 holds for sufficiently small «.

Proof of Theorem 5.5

By Lemma 5.4 we have

(0%

(ue i) = 5 [ Ak (Ulk Yo kP + D) 208 D). (515)

2

We can see that

T |(W(k, Yo, (k) (H + (k) (. )

= (U(0, ) g, w(k)*(H + w(k)) (0, )g)| = 0.

Let P, (resp. _ng) denote the projection to the ground state ker H (resp. the orthogonal
complement (ker H)* of ker H). We have

(P(0, )opg, w(k)*(H + w(k)) ¥ (0, )gy)
= (U0, )y, w(k)*(H + w(k))*(Pe + P )U(0,)g)

Then

|11€i|T0(\IJ(O’ g, w(k)z(ﬁ + w(k»_QPg\IJ(O’ pg) = |(0g, (0, ')@g>’2

and

lim (W(0, ) g, w(k)*(H + w(k)) > P-9(0,)p,) = 0.

|k]|—0

Then we conclude that

A (0 (&, Vg, W(k)*(H + w(k) 72U (k, -)pg) = [(T(0, ) g, ). (5.16)
Set A = |(P(0,)pg, pg)|* > 0. Then
A =0 < (U(k, )y w(k)*(H +w(k)U(k, )pg)

for |k| < € with some sufficiently small € > 0. Then we have the bound

o’ x(k)? o? x(k)?
(A— 5)7 Af|<e w(kj)?’dk + 5 o w(k)?’dk < (g, Npg) (5.17)
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with some positive b. Thus as R — 00, (¢g, N¢g) goes to infinity. Then the proof is

complete. a
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