An inverse resistivity problem: 1. Fréchet differentiability of the cost
functional and Lipschitz continuity of the gradient
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Abstract. Mathematical model of vertical electrical sounding (VES) over a medium with continuously changing con-
ductivity o(z) is studied by using a resistivity method. The considered model leads to an inverse problem of identi-
fication of the unknown leading coefficient o(z) of the elliptic equation Z (o(z)9%) + #%(r% = 0 in the layer
Q= {(r,z) € R?: 0< 7 < o0, 0 <z < H}. The measured data 1(r) := (du/dr).—o is assumed to be given on the
upper boundary of the layer, in the form of the tangential derivative. The proposed approach is based on transformation of
the inverse problem, by introducing the reflection function p(z) = (Ino(z))’ and then using the Bessel-Fourier transformation
with respect to the variable 7 > 0. As a result the inverse problem is formulated in terms of the transformed potential V (X, z)
and the reflection function p(z). It is proved that the transformed cost functional is Fréchet differentiable with respect to the
reflection function p(z). Moreover, an explicit formula for the Fréchet gradient of the cost functional is derived. Then Lipschitz

continuity of this gradient is proved in class of reflection functions p(z) with Holder class of derivative p’(z).
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1. Introduction

We study the mathematical model of vertical electrical sounding by using a resistivity method.
In geophysical sciences this method is defined to be the problem of interpretation of surface or near-
surface measured data (see, [1,8-15] and references therein). Mathematical modeling of the vertical
electrical sounding leads to the following inverse problem of determination of the unknown leading
coefficient in a linear elliptic equation.

Find the function o(z) via the solution of the boundary value problem

0 (a(z) 8“) 4020 (ﬁ“) =0, (r,2)eQcC R (1)

0z 0z roor \ or

O—(O)%|z:0 =4(r), wu(r,2)|.=g =0,

lim u(r,z) =0

from the measured data ¢ (r) defined as follows:

Gul g, (3)

or | ,_o

Here Q = {(r,z) € R?: 0 <7 <00, 0 < z < H}, and the function o(2) satisfies the following
conditions:

o(z) €S :={o(z) € C?0,H], 0(0) =00, 0’'(0)=0, 0<o0; <o(z) <oy <0} (4)

Note that physically conditions (4) mean that the conductivity o(z) is assumed to be known at the
Earth surface, and its near-surface behaviour needs to be constant (the condition o’(0) = 0).
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The problem (1)-(3) will be defined as a coeflicient inverse problem or VES-problem. In this
context, for a given o(z) € S from the set of admissible coefficients S the boundary value problem
(1)-(2) will be refered as a direct (or forward) problem. The functions ¢ (r) and o(z) are defined to be
the measured output data and the input data, accordingly [5-7].

In view of quasisolution (or least square) approach, this inverse problem can be formulated as
a minimization problem for the corresponding cost functional J(o) ([3,17]). In most cases for the
numerical solution of this minimization problem gradient methods are used ([2]). For this aim, in
many applications various gradient formulas are either derived empirically, or computed numerically
([1],[9]). Note that the first attempt for the numerical solution of the inverse problem (1)-(3) by using
the gradient method was given in [1]. Although an empirical gradient formula has been employed with
regularization algorithm, there was no mathematical framework for this formula. At the same time,
it is well known that any gradient method requires an estimation of the iteration parameter a,, > 0 in
the iteration process o("t1) = (") — anJ/(J(”)), n=0,1,2,..., where 0(®) is a given initial iteration.
Choice of the parameter oy defines various gradient methods, although in many situation estimations
of this parameter is a difficult problem. However, in the case of Lipschitz continuity of the gradient
J'(0) the parameter «,, can be estimated via the Lipschitz constant, which subsequently improves
convergence properties of the iteration process (see, [7],[18] and references therein). In this paper
we propose a new approach for the solution of the inverse problem (1)-(3). This approach is based
on transformation of the inverse problem, by introducing the reflection function p(z) = (Ino(2))" and
then using the Bessel-Fourier transformation with respect to the variable r > 0. As a result the inverse
problem is formulated in terms of the transformed potential V' (), z) and the reflection function p(z).
This transformation allows to prove the Fréchet differentiability of the transformed cost functional
J(p) with respect to the reflection function p(z), and to obtain an explicit formula for the Fréchet
gradient. Then Lipschitz continuity of this gradient is proved in class of reflection functions p(z) with
Holder class of derivative p’(z).

Let o(z) € S be a given coefficient. Denote by w = u(r, z;0) the unique solution of the direct
problem (1)-(2), corresponding to the coefficient o(z). Further, we introduce the trace operator

ou(r, z;0)
Alo] i:= ———— .. 5
o] = I 5)
Then the above inverse problem can be formulated in the following operator form [13, 14]:
(Aa)(r) =4(r), 1€ [0,00). (6)

This operator form of the inverse problem (1)-(3) clearly shows that the problem of interpretation
of surface or near-surface measured data consists of recovering the conductivity o(z) of the layer
0 < z < H from the knowledge of the measured output data ¥ (r).

On the other hand, solution of the inverse problem (1)-(3) means inverting of the input-output
map A : S — WU, where V¥ is the set of measured data. To analyze this input-output map we introduce
now the function

p(z) = (In(o(2)))", (7)

which represents an analogue of the reflection coefficient in the medium with continuously changing
conductivity o(z). Denote by Ay the right hand side operator in (7): Aso(z) = p(z), and define the
operator A; as follows

(A1p)(r) = ¥(r), r€0,00). (8)
Then the input-output map A can be represented as follows: A = A;As. Evidently, the operator As
is invertible, and
o(z) = Ay 'p = 0(0) exp /p(z)dz . (9)
0



Therefore inverting of the input-output map A : S — ¥ can be reduced to inverting of the operator
A4, or solving the operator equation (8). Due to measurement errors this problem may not have a
solution in any suitable class of admissible coefficients. For this reason we introduce the following
auxiliary (cost) functional [17]

/ (r)*rdr, pe P, (10)
0

and consider the minimization problem

Jp7) = nf J(p), peP, (11)

in the class of admissible reflection coefficients

P = {p(Z) € 01[07H]7 p(O) =0, A2_1 € S}

The function o*(z) = Ay 'p* will be defined to be a quasisolution of the inverse problem (1)-(3).

Note that existing in literature numerical methods are usually based on to direct reconstruction
of the conductivity coefficient o(z) ([1], [13]). Computational realization of these methods have well-
known difficulties related to ill-conditionedness of the considered inverse problem. In particular,
the numerical algorithm proposed in [1] requires a regularization at each step of iterations. In the
second part of this study we will show that the constructed here numerical algorithm, based on the
factorization A = AjAs of the input-output map A, does not require any regularization.

The paper is organized as follows. Some preliminary results and estimations related to the trans-
formed by the Bessel-Fourier transformation potential V(A z) are given in Section 2. Fréchet dif-
ferentiability of the cost functional (10) is derived in Section 3. In the final Section 4 the Lipschitz
continuity of gradient of the cost functional (10) is proved in class of reflection functions p(z), when
the derivative p’(z) is of Holder class.

2. Preliminary estimations
Let us use the following representtion of the direct problem solution u(r, z):
1

where @(r, z) is a bounded and regular function. Based on this representation and condition (3), we
define the set of measured output data ¥ as follows:

u(r,z) = — +a(r,z), a(r,z)=0(@r"1), r— oo, (12)

1

= W) = S

+(r), /W(r)h/?dr <00, 0<r<oo} (13)
0

Denote by V(A z) the Bessel-Fourier transformation of the function w(r, z) with respect to the
variable r > 0:

/uero)\rrdrf / (r, 2)Jo(Ar)rdr.
0 0

Then we have




It was shown in [16], the above right hand side integral exists, converges uniformly, and the function
V (A, z) satisfies the following parameter-dependent two-point boundary value problem

#li] ey =0

o(0)4L

15
=1, V‘Z:HZO ( )
z=0

for ordinary differential equation. Now we define the Bessel-Fourier transformation of the measured
output data ¥(r),

o()) = / W) ), (16)
0

by taking into account (13). Then the transformed the measured output data ¢(r) has the form:

PN =~

(0) Y(r)Ji(Ar)rdr. (17)

This, with the unitarity of the Bessel-Fourier transformation, imply that in view of the function
V(A z) the cost functional has the following form:

[e.°]

Vi ou

Hop) = [10) = G 0Prdr = [ o) = AV, 0)AdA (18)
0 0

Due to representation (12) and definition (13) the function ¢ (r) has the singularity at » = 0. However

the difference of any two functions from the of measured output data ¥ is square integrable, which
means that the right hand side integral in (18) exists.

To analyze the transformed functional (18) with help of problem (15) let us use the following
transformation:

z H
_ [ e _ [
a:(z)—o/g(g), rel0,m), H O/U(Z). (19)
Then equation (15) becomes
d2
d—xz — M2 (2)y(x) =0, =€ [0, Hy]. (20)

Here s(x) = o(2(x)), 0 < 01 < s(x) < 02, and 01 = miny ] 0(2), 02 = max(, g o(2).

It is well-known that ([4],[19]) the transformed equation (20) has two fundamental solutions with
the following asymptotic representations

y12(2,\) = s~V 2 exp(£Az(2)) (1 + e1.2(2, \) /N), (21)
y’lﬁz(gc, A) = +Asl/2 exp(£Xz(z))(1 + e3,4(z, N)/A),
when A — oo uniformly with respect to = € [0, H1]. Here
lej(z,\)] <C.y z€[0,Hi], A>X >0, j=1,4

For convenience, in subsequent we will use another equivalent system of fundamental solutions, satis-
fying the following boundary conditions:

yl(oa A) = la yl,(ov)\) = Ov y2(07>\) = 07 y2/(0a)‘) = 1a (22)



with the following asymptotics:

y1(z, \) = 501 /257 /2 cosh(Az(z)) (1 + e1(z, \)/N),
yi(z,\) = A tsg =1/ 281/ 2 sinh( Az (2)) (1 + e2(2, \) /),
(23)
Yo, \) = 50" /257 /2 X" sinh(Az(z)) (1 + e3(z, \) /),
yh(z,\) = so~ /2512 cosh(Az(z)) (1 + e4(z, \)/N),

where |g;(z,\)| < Ce, x € [0, H1], A > A > 0, j = 1,4. The constant C. here depends on the norm
llo|lc2 or, equivalently, on the norm ||p||c1 (see, [4],[19]). Hence for all functions p € Pp from the class
Pp ={p : ||pllc: < D} the constant C. as well as the parameter Ay can be assumed to be the same.

Let us define now the conductivity ratio k := o9/01, which characterizes the contrastness of the
medium.

Applying the comparison theorem to the pairs of functions (y; (z, A), yo(x) = 1), (y1(z, A), u(z, \) =
cosh(Aoaz)) we conclude that
1 <wyi(z,N) < cosh(Aoax) < cosh(Akz), x € [0,H]. (24)

Further, it easily follows from the equation and boundary conditions that the function y(z,\) is a
monotone increasing one.

To establish the necessary properties of the cost functional we need the following estimates.

LEMMA 2.1 Let p(z),6p(z) C Pp, and the functions V (X, z) and V (A, 2) + 6V (X, z) be the corre-
sponding solutions of the boundary value problem (15). Then for z € [0,H] (x € [0,H1]), A > 0 the
following estimates, and for Ao > 0 the asymptotic estimates hold:

el) V(\z)<0, V'(\z)>0;

€2) V() 2)| < =2

= o1

Ve (0,1), >0, [V(A\2)| < exp(—Az), VA= A
e3) |o(2)V'(\2)| <L, IV/(N2)] < &,

| Q2| < L exp(—Az), VA > Ag;
ed) |6V (A, 2)| < S 5p(2) o, 0 <A< N,

5V (A, 2)| < L2 (16p(2) s YA > Ao

T1A3

e5) 16V (N 2)] < 2T 8p()|lorva,  WOp € CITO0, H], YA > Ao

e6) |o(2)0V' (A, 2)| < kCs||dp(2)|lcr, VYA >0,

4
|0 (2)6V' (A 2)| < = [16p(2)ller, YA = o,
where constants C1,Cy,Cs, Cy depend only on H, C., \g.

Proof el). Multiplying the equation (15) by the function V() z), integrating on [z, H] and using the
boundary conditions we obtain the following energy identity:

H
/a(z)(V’Q()\, 2) + XN2V2(\, 2))dz = —a(2)V'(\, 2)V (), 2). (25)



Substituting in (25) z = 0 and taking into account the boundary condition we conclude V(A,0) < 0.
To prove V(\,0) <0, Vz € [0, H],we assume that 3zp € (0, H) such that V(A z9) > 0. Due continuity,
dz1 € (0,20), V(A, 2z1) = 0. By the boundary condition V' (A, H) = 0 and Rolle’s theorem the function
V(A 2) has a positive maximum at z2 € (21, H), and V (X, z2) > V(\, z9) > 0. Then by the conditions
V(A z2) =0, V(X 22) < 0 equation (25) at z = z9 yields

NV (N, 20) = 0(22) V" (N, 22) + 0/ (22) V' (N, 22) = 0(22) V" (N, 22) <0

This contradiction implies that V(A,0) <0, Vz € [0, H].
The second assertion of el) follows from the positivity of the right hand side of (25).

e2). Let us apply transformation (19) to problem (15). Then the function y(z,A\) = V(A z(x)) will
be the solution of equation (20) and satisfies the boundary conditions

Consider the difference Ay(x, A) = y(x,\) —(x—Hy), z € [0, H1]. Then equation (20) and the estimate
V(A,0) <0 imply

dQAy 2.2
2 = As7y < 0.
Hence
dAy dAy
—Z (N < —2(0,)\) = Hyl. 2
dx (‘Ta )— dz (05 ) Oa Vo € [07 1] ( 7)

This, with the boundary condition, y(Hy, A) = 0 implies

H;
dA
Ay:_/Laamzm vz € [0, Hy]

x

which is equivalent to the condition: V(A z) > x(z) — H;. Taking into account the sign of the function
V(A z) we obtain the first part of the assertion e2):

—z

H
WWMSHlx@/ﬁggén

To prove the second part of the assertion e2) we introduce the function

_ y2(H17/\)
y1<H17)\)

i.e. the linear combination of the fundamental solutions. Evidently this function satisfies the boundary
condition (26). Then the function

y(2(2), A) = ya(2(2), A) y1(z(2), ),

yQ(Hla A)

VWAZWM%M—;ﬁfﬂ

Y (I(Z)a A)a (28)
obtained from the function y(x(z),\) by transformation (19) will be the solution of problem (15):
V(A z) = y(x(2),A). Hence we may use the asymptotic formula (23) for the function V' (A, z), YA > Ag,
Ao > 0:

B B 1 sinh A\(z — H) e(z, A)
V02 = (a1, = s T 14 SEA) ey <



By the asymptotic behaviour of the hyperbolic functions we obtain the required second estimate of
e2):

1+5 mM—M)§1+5

V(A z _—
VA 2)l < A/ o(0)o(x) Aoy

exp(—Az), VB € (0,1), VA> A

e3). From inequality (27) we may conclude (Ay(z,\)) = y'(z, A) — 1 < 0 which implies
y'(z,\) =0a(z)V'(\, 2) = |o(z)V'(\ 2)| < 1.

In particular, |V'(X, 2)| < 1/01, 01 > 0.

To prove the third assertion of e3) let us differentiate (28) and use the asymptotic representation
(23). Then we have:

V)N = ol ) - VISR A0 B i< e

Due to the asymptotic of hyperbolic cosine we conclude that I\g > 0 such that

1+ 1+
v P E

Evidently choice of the parameter Ag > 0 depends on the constant C. > 0, since \g > C./3. For this
reason in subsequence the dependency on the parameter Ao > 0 will be replaced by the dependency
on the constant C, > 0.

dV (A, 2)
dz

exp(—Az), VYA> Ny, VBe(0,1). (30)

e4). Let us rewrite equation (15) taking into account transformation (7):

2V av o,
ﬁ—kp(z)a—/\ V=0.

Evidently the function §V (), z) satisfies the nonhomogeneous equation

d25V sV d(V +6V)

72 + p(2) e AV = — 7 op(z). (31)

Using here transformation (19) we conclude that the function g(x,A) := 6V(A, z(x)) satisfies the
following second order nonhomegeneous equation and the boundary conditions:

g N22(x)g(w,\) = f(w, ), 3 € [0, Hy,

(32)

g/(07/\)20a g(H17A)207

where the source term is defined as follows:
d(V 4oV

£l 3) = ~s2(@)=(a)p((e) L) (33)

The solution
(H, ) i
Y2 1
V(A z(x)) i=g(x,\) = ———"= x,)\/ t, A f(t, N)dt +
(A, 2()) = g(x, \) yﬂHbMyﬂ z y1(t, A f(E,A)

Hy

(2, ) / o, \) (£, \)dE + o, ) / i (6, \) (8, Nt
0

T



of the two point problem (32) is obtained by the method of variation constans, which can be easily
verified. Using here formula (28) we get

V(N 2(2)) = y(z, ) / £ Ny (6, Nt + g1 (2, ) / F(E Nu(t Nt (34)

Substituting in the right hand side formula (34) for the source term f(x, A) we obtain the following
representation for the function §V' (A, z(z)):

z H
V(N z)==-V(\z) /U(V/ +8V")op(2)y1 (x(2))dz — 11 (x(z))/a(V’ + V"V (A 2)dp(z)dz.  (35)
0 z

By the estimates obtained in el) we get

z H
0V (X, 2)] < IV(/\,Z)I/U(V’+5V’)I5p(2)|y1(w(Z)7/\)dz+y1(x(2)’>\)/U(V'+5V')|V(A,Z)|I5p(2)\dZ- (36)
0

z

Assume that 0 < A < g for some Ao > 0. Then using estimates el), e2) and (24) we get:

x
O’QH
o

[0V (A, z(z))| < 025[ /cosh()\agt)|6p|dt+
g1
0

H H
H
cosh()\agx)/|5p|dt < H—cosh()\agzr)/|5p|dt,
o1
T 0

which implies the first estimate ofe4):

[0V (A, 2)] < cosh(AorH)||0p||c <

KkH? kC(Ce,k, H
%H@Hc, VA € (0, Ao

01

To obtain the second estimate of e4) we note that the function dp(z) satisfies the condition dp(0) =0
in the class of functions Pp. Hence

|6p(2)] < z||6pllcr, Vz €0, H]. (37)

This estimate, with the monotonicity and the sign of the function V' (A, z(x)), established in e1), as well
as the monotonicity of the fundamental solution y; (z, A), permits one to improve the above obtained
estimate (36):

z

VO 2)] < VL 2 ((2) / (V' + 6V")|8pldC
0
H

VO 2o (2(2) / o (V' + 6V")|8pldC

z

H
< V(A 2)|y1(2(2))o2]|dp] o1 /C(V'+5V')dC- (38)
0
On the other hand, it follows from asymptotics (23) that V3 € (0, 1), there exists A\g > 0 such that
YA > Ao

N
Vs(x)

yi(z) < exp(A2)(1 + B) < V& (1 + B) exp(\2).



We use this estimate with the second estimate of el), and estimate (30), applied to the function
V' + V"’ on the rignt hand side of (38). Then we arrive to the second estimate of e4):

||5p( Mot VA= o

H
1+3)3 o C
[oV] < %exp(—Az)\/Eexp(Az)||5p(z)|\cl0—?/zeXp( Az)dz <
0

e5). Let now 6p € C'T[0, H]. Then as in (37),

|6p(2)] < 2 |opll v

Substitute this in (36), use the second estimates of e2) and e3) for the functions V(A z), V'(\, z) +
(0V(A, 2))’, correspondingly, and use also the above estimate for the fundamental solution y;(z, A).
Then we obtain the required assertion of e5):

Cak3/?T (a)

H
g
exp(—A2)VEl[op(2)llo, = [ 2 exp(—A2)dz < —2——2|dp(2)|| c1+a.
o1 Adtagy
0

6V (A, 2) < 87
/\0'1

e6). We rewrite the nonhomogeneous equation (31) for the function V' (A, z):

(06V") — X206V = —adp(V +6V) .

Integrate this equation on [0, H] and use the boundary conditions (32):

2)0V'(2) :/VG(C)W(/\,C)dC—/0(<)5P(C)(V’(>\7C)+5V’(>\7§))dé- (39)
0

0

Now we estimate the right hand side of (39) separately, for the cases A < Ao and A > Ao, using
estimate (37). Taking into account estimates of e2),e3) and e5) we get:

0201

H
|o(2)0V'(2)] < ||5p||cH>\2 +02||5p||0* < KC3(Ce, ki, H)l0pller, A < Ao

z

18plles / Cexp(—AQ)dC <

0

G'QCQH (1 + )

|o(2)0V"(2)] <

lopllcr + o2

Ogli

1 K
[0pllor + 26[10pllor 5 < ——l9pllcr, A > Ao,

)\2 -
which are the assertions of e6).
The lemma is proved. O

The right hand side of the functional (18) contains the difference AV (A, 0) — ¢(A). To estimate
this difference we need the following

LEMMA 2.2 Let 0o(2) C S, z € [0, H], be the conductivity coefficient corresponding to the measured
data ©(N), and po(z) = In(o(z)) C P. Assume that o(z) € S is an arbitrary coefficient from the
set of admissible coefficients S, p(z) = In(o’(z)) € P and V() z) is the corresponding solutions of
problem (15). Then the following estimates hold:

{ IAV(X, 0) — o(N) . YA€ [0, \ol;

<&
AV(L0) — p(N)] < Li. WA € (Ag,00), (40)




where the constants Cs and Cg depend only on the difference ||p—pol|cr, and on the positive constants
C., H, k.

Proof Consider the difference AV(A, z) = Vo (A, z) — V(A 2) satisfying the following equation

LAV dAV dv
g2 +po(2) PP ANAV = _E(l’(z) —po(2)), (41)

similar to equation (31). Applied the transformation (19) to the function g(x, \) = Vo(A, 2) — V(A 2)
we conclude that this function satisfies the boundary value problem (32) with the source function

£ ) = ~s3@)p(a(w) ~ pof=(2)] (42)

The solution of the bounfary value problem (32) and (42) can also be represented in the form of (34),
assuming here the source function (42). For z = 0 this formula implies
H
AV (A, 0) = —/UO(Z)V()\, Vo' (N, 2)(p(2) — po(2))dz. (43)

0
Then from the estimate e4) for 0 < A\ < Ag we get

C C
[AMAV(A,0)] < ;1 Ip(2) = po(2)llc = ==,
1 01

which is the first assertion of the lemma. To derive the second assertion of the lemma for A > g,
we use the second assertions of e2) and e3) for the functions Vy(A, z) and V (A, z). Then V3 € (0,1),
JXg > 0 such that VA > Ay

Vo(A, 2)] <

(l;;f) exp(—Az), (44)

dV < (]. + 5)00(2’)

Uo(z)a SNEOEO) exp(—Az) < k(1 + B) exp(—Az). (45)

Now we use estimate (37) for the function p — py. Since p(0) = po(0) = 0 from the definition of the
set P we get:

lp — pol < zllp — pollcr-

Applying estimates (44) and (45) in (43) we obtain:

H
14+ 6)2%k
pavouo) < EEE  pyfon [ exp(-232)za:
0
(1+ﬁ)2HH . H L= CG(ch@”p_pOHCl)
4)\20'1 P = boller = 0'1/\2 '

Since AAV(A,0) = AV(A,0) — ¢(N),the last estimate with (44) implies the second assertion of the
lemma. O

3. The Fréchet differentiability of the cost functional

The following result shows that the transformed cost functional J(p) is of Fréchet differentiable.
Moreover, it permits to derive the Fréchet derivative explicitly, in the integral form.

10



THEOREM 3.1 Let S be the set of admissible coefficients defined by (4), and P = {p(z) €
C'0, H], p(0) = 0, Ayt € S} be the set of reflection functions. Then the cost functional J(p), p(z) € P
18 a Fréchet differentiable one, and its Fréchet derivative is:

VJ(p) = —20¢ exp (/p({)d() /()\V(/\,O) — @(A))V(A,Z)V’()\,z))\Zd)\. (46)

0 0

Proof Let 6p(z) € P be an admissible increment. We need to show that the increment of the cost
functional J(p), given by (18), has the form

H
AJ(p) == J(p+dp) — J(p) =< VJ,p > +o(||op||) = /q(2)5p(2)dz + o(||0plle (o, 7)) (47)
0

for some function ¢(z) € L2[0, H]. Let us first rewrite the increment of the cost functional J(p) in the
following form:

AJ(p) = J(p+ dp) — 2/ AV (X, 0) )]§V(A,O)/\2d)\+/)\2 SOV2(X, 0)AdA. (48)
0 0

We derive now the increment 6V (A,0) via the increment dp(z). For this aim we use formula (35) at
z = 0 by taking into account the boundary condition (15)

H H
SV (A, 0) = f/o(z)V()\, 2) (V' +6V")op(2)dz = f/a(z)V()\,z)V’()\, 2)0p(2)dz +r3(N),  (49)
0 0

where the residual term r3(\) is

H
r3(A) = f/a(z)V()\,z)§V’(/\,z)5p(z).
0

Formulas (48) and (49) imply that the increment of the cost functional J[p] has the following form:

) H
2/ (AV(X,0) )\)))\2/o(z)V()\,z)V'()\,z)(Sp(z)dzd)\+r0()\), (50)
0 0
with the residual function
=2 / (AV(X,0) — (X)) A%rs(A)dA + / BVZE(N,0) X3 (51)
0

According to estimates e2), e3) and (37), for enough large A > Ag the interior integral in (50) can be
estimated as follows:

H H

[ @V v 8p(e)s < (ainapucl [ #exp(-202)dz = OO oplcn.

0 0

Hence the improper integral in (50) converges, due to the first estimate (40). Let us change the order
of integration in (50). By estimates e2), e3), (37) and (40), this integral, depending on the variable z,
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uniformly converges when z € [0, H], since for enough large A > Ao, the majorant integral converges
and does not depend on z € [0, H]:

H
/ SV )V (N, 2)5p(2)d2(AV (A, 0) — o(A)AZdA
Ao
< k(1 —;f) ||5 e /zexp(}\—%\z)d}\ < 4/;C6||6 le /exp(ngl)d/\.

Ao Ao

Therefore we may change the order of integration in (50), and rewrite the linear (with respect to dp)
part of the increment §J(p) of the cost functional in the following form:

H

5] = —2 / o(2)( / (AV (A, 0) — (A\)A2V (A, 2) V! (A, 2)dA) p(2)d-=. (52)
/ 0
By the defintion of the Fréchet differential we need to prove that the residual function ro(A) is of order

o(||0p||&1), ¢ = 2. For this aim first we estimate the residual function rs()), using the estimates e2),
e6) and (37). We have

H
[rs(N)] < | [ a(2)V(X, 2)8V' (X, 2)dp(2)d=
0 (53)
< a1, () szexp(—QAZ)dz < O ) |92
The second term in (51) can be estimated by using estimates e4):
I6V2(X, 0003 = O(A~3)||0p||Z:, VA >0. (54)

Hence ro(A) = o(||0p||&. ), and the lemma is proved. O

4. Lipschitz continuity of gradient of the cost functional

To apply any gradient method for the numerical solution of the minimization problem (10)-(11),
one needs an estimation of the iteration parameter a,, > 0 in the iteration process p("‘H) = p(”) —
anVJ(p"™), n=0,1,2,..., where p(9) is a given initial iteration. In the case of Lipschitz continuity of
the gradient VJ(p) the parameter «, can be estimated via the Lipschitz constant, which subsequently
improves convergence properties of the iteration process ([18]). The following theorem shows that in
the subset P = {p(z) € P: p(z) € C'*[0, H], ||p(2)|cr+apo,u) < D, D < oo} of reflection functions
the gradient V.J(p) of the transformed cost functional is a Lipschitz continuous one.

THEOREM 4.1 Let P = {p(z) € P: p(z) € C'T*[0, H], ||p(2)||c1+apo,n) < D, D < oo} be the subset
of reflection functions in the set of admissible reflection coefficients P. Then gradient VJ(p) of the
transformed cost functional, deefined by (18) is Lipschitz continuous in P C P, i.e.

||VJ[p1] - V‘][p]HC[O,H} < Lle _p||Cl+°‘[0,H]7 Vpapl € 7)7

where the Lipschitz constant L is increasing function of the conductivity ratio k = o9/01, inversely
proportional to o2, and depends only on the positive constants H, C- a.

Proof We rewrite the gradient formula (46) in the following convenient form:

=2 [ (AV(A,0) — o(A\) (A, 2)A%d),
-2 for
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where

I\ 2) = —0oV(\, 2)V'()\, 2) exp (/p(t)dt) =—a(2)V(\,2)V' () 2),

0

by transformation (9). Assume that the pairs V(A z), I(A, z) and Vi (A, 2), I1 (A, z) correspond to the
above given functions p,p; € P. Denote by 6V (A, z) = Vi(A, 2) =V (A, 2), 6I(\, 2) = I1 (A, 2) — I(A, 2).
Transforming the difference VJ[p1] — V.J[p] as

oo

VJpi] — VJp] = /)\351/()\ 0)I1(\, 2 d)\+2/ (AV(X,0) — p(A)SI(N, 2)A%dN, Vp,pL € P
0 0

we can estimate the right hand side as follows:
VJ[p1] = VJ[p] < /|5v (A, 0) I (A, z)|)\3d)\+2/| (AV(X,0) — o(A)ST(N, 2)|[A2dA. (55)
0

To estimate the first right hand side integral we use Lemma 2.1:

Lo < L x<,
o1

1
Ll <o+ s <1 T ) az
g1
Then we get
oo Ao oo
2/|§V()\,O)Il()\,z)|>\3d)\§ 2/|6V()\,0)11()\,z)|)\3d/\+2/|§V(>\,O)Il(>\,z)|>\3d)\g
0 0 Ao
20, H 7 20,x30(a) (1 + ) (—\2)
1 3 pLon Me’ + exp(—Az
(e} [ bar+ 22D ELD .. / DA
0 Ao
Hence
o0 ] H
2 [lvonono s < SO IO 0y, (56)

0

To estimate the second right hand side integral of (55) we rewrite the increment §I(\,z) in the
following form:

SI(\, 2) = —80(2)V'V = §(V'V)o(z) = 6A + 6B, (57)

and estimate the terms 0 A, 0B separately. For this aim let first express the increment do(z) via the
increment dp(z), by using (9). We have:

d0(z) = ogexp (/p(t)dt) lexp (/ 5p(t)dt> . 1] =o(2) lexp (/ 5p(t)dt) . 1] . (58)
0 0 0

Introducing the auxiliary function

0) = exp (9/5p(t)dt) , O€ER,
0
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for a given z € [0, H], and using the Taylor’s formula

0) 1—|—9/5p(t)dt-exp g/5p(t)dt L celo,0,
0 0

we obtain that the right hand side of (58) is o(2)[f(1) — 1]. Hence:

do(z) = o(2) exp 5/5p(t)dt /5p(t)dt , £€]0,0].
0 0

Introducing here the new function
oe(2) = o(z) exp 5/6p(t)dt ,z €0, H], (59)

we conclude that the increment do(z) has the form:

Soe(z / sp(t)dt |, €< o,1]. (60)

Evidently, for p(z),p ( ) + dp(z) € P, the function o¢(2), given by (59), has the same properties, as
the function o(z) € S. Specifically, if

/ dp(t)dt <0, Vzel0,H],
0

then formulas (59)-(60) imply that o1 < o(z)+00(z) < 0¢(z) < 0(2) < 09, and hence o¢(z) € S. The
same conclusion is obtained in the converse case, if the above integral is positive.

Let us estimate now the terms 0A, B in (57). We use estimations e2), e3), and auxiliary formulas
(59-(60) to estimate the term dA for the cases A < \g and A > Ag, separately:

541 < V'V < 22t / sptolar < splle, A< o (61)

z

64| < 5(2)V'V] < 02/|5p(t)\dt~ %exp(—%\z)

Ao]
0
k(1 + 3)2 k(1+ 3)2
< LIV s ioplle < " sple, Az (62)
)\Jl 2\ 01

To estimate the term §B we rewrite it in the form §B = —(6V'V + V{6V )o(z). Then we have:

0B < |o(2)6V’| V1] + |o(2)V{] |6V]. Applying the estimates e2), e3), e5), e6) we conclude

oy C
0B| < 503H5p||0* + ;2*1\\5 le < 7”517”07 A < Ao, (63)
1 —|—ﬂ o9 Cok? KAC,

81 < P spllor S+ 2 pspon < S0 dpler, A2 . (64)
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Having estimates (61)-(64), and using Lemma 2.2, we may now estimate the second right hand side
integral in (55):
r T ey [nH? G
K K
2 [ 1von0) - eoullstiar <2 [ 2 [ZE e + 2 psple | 220
g1 g1 g1
0 0

C rk(1+ 2 Cﬁ4 540 CS,FL7H7O[
s2 [ S0 ol + S tolen | an < ! spllcne.

o1 20122 ol

Ao

This result, with (56), allows to estimate the difference V.J[p1] — V.J[p], given by (55):
Cw:‘i4

C7I<J3
o2 16p(2) o1+ + p= 5Pl ¢+,

IV JIp1] = VI[plllcp,m <

where C1o = C19(Ce, k, H,a) > 0, C7 = C7(Ce, k, H, &) > 0. Here we define the Lipschitz constant to
be L = C7x3/0? 4+ C1ok*/o? > 0. Then we have the proof. O

Acknowledgements

The author gratefully thanks Prof. A. Hasanoglu (Hasanov) for the formulation of the problem
and valuable suggestions.

References

[1] Alekseev A.S., Tcheverda, V.A., Niambaa Sh. Optimizational method for solving the in-
verse problem of geophysical prospecting by electric means under direct current for vertically-

inhomogeneous media. Inverse Modelling in Exploration Geophysics. Braunshweig, Wiesbaden,
(1989) 171-189.

[2] A. M. Bruaset,A Survey of Preconditioned Iterative Methods, New York: Addison-Wesley, 1995.
[3] M. Cheney, D. Isaacson, J.S. Newell, Electrical impedance tomography, SIAM Review, 41(1999),
85-101.

[4] M.A. Evgrafov, M.V. Fedoryuk, Asymptotics of solutions of the equation w" (x) — p(z, \)w =0
solutions in the complex plane z, under the condition A\ — 400, Russian Mathematical Surveys,
21(1966) 3-50 (in Russian).

[5] A. Hasanov, Inverse coefficient problems for monotone potential operators, Inverse Problems,
13(1997), 1265-1278.

[6] A.Hasanov, P. DuChateau, B. Pektas, An adjoint problem approach and coarse-fine mesh
method for identification of the diffusion coefficient in a linear parabolic equation, Journal of
Inverse and Ill-Posed Problems, 14(2006), 1-29.

[7] A. Hasanov, Simultaneous determination of source terms in a linear parabolic problem from the
final overdetermination: weak solution approach, J. Math. Anal. Appl. 330(2007), 766-779.

[8] O. Koefoed, Geosounding Principles: Resistivity Sounding Measurements. Hardcover, Elsevier,
1979.

[9] S. Narayan, M.B. Dusseault and D. C. Nobes. Inversion techniques applied to resistivity inverse
problems, Inverse Problems, 10(1994) 669-686.

[10] S.Niwas, Olivar A.L. de Lima, Unified equation for straightforward inversion scheme on vertical
electrical sounding data, Geofizika, 23/1(2006) 22-33.

[11] Pekeris C. L. Direct method of interpretation in resistivity prospecting, Geophysics, 5(1940)
31-42

15



[12] W.H. Pelton, L. Rijo and C.M. Swift(Jr.) Inversion of two dimensional resistivity and induced
polarization data, Geophysics, 43(1978) 788-803.

[13] S. Siltanen, J. Mueller, D. Isaacson, An implementation of the reconstruction of A Nachman
for the 2D inverse conductivity problem, Inverse Problems, 16(2000), 681-699.

[14] L.B. Slihter, The interpretation of resistivity prospecting method for horizontal structures,
Physics, 4(1933) 307-322.

[15] A.F. Stevenson, On the theoretical determination of earth resistance from surface potencial
measurements, Physics, 5(1934) 114-124.

[16] A.N. Tikhonov, About uniqueness of geoelectrics problem solution, Doklady Acad. Sci. USSR,
69/6(1949) 797-800 (in Russian).

[17] A. Tikhonov and V. Arsenin, Solution of Ill-Posed Problems, New York: John Wiley, 1977.
[18] F.P. Vasil’ev, Methods for Solving Extremal Problems, Moscow: Nauka, 1981.

[19] W. Wasov, Asymptotic Expressions for Ordinary Differential Equations, New York: John Wiley
& Sons, 1965.

16



