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Abstract. We prove an abstract Nash-Moser implicit function theorem with parameters which covers
the applications to the existence of finite dimensional, differentiable, invariant tori of Hamiltonian
PDEs with merely differentiable nonlinearities. The main new feature of the abstract iterative scheme
is that the linearized operators, in a neighborhood of the expected solution, are invertible, and satisfy
the “tame” estimates, only for proper subsets of the parameters. As an application we show the
existence of periodic solutions of nonlinear wave equations on Riemannian Zoll manifolds. A point
of interest is that, in presence of possibly very large “clusters of small divisors”, due to resonance
phenomena, it is more natural to expect solutions with a low regularity.

1 Introduction

1.1 Small divisors problems in Hamiltonian PDEs

Bifurcation problems of periodic and quasi-periodic solutions for Hamiltonian PDEs are naturally
affected by small divisors difficulties: the standard implicit function theorem cannot be applied because
the linearized operators have an unbounded inverse, due to arbitrarily “small divisors” in their Fourier
series expansions. This problem has been handled for PDEs with analytic nonlinearities via KAM
methods, see e.g. Kuksin [21]-[22], Wayne [28], Pdschel [26], Eliasson-Kuksin [14], or via Newton-type
iterative schemes as developed in Craig-Wayne [13] and Bourgain [7]-[10].

The pioneering KAM results in [21], [28] and [26] were limited to 1-dimensional PDEs, with
Dirichlet boundary conditions, because they required the eigenvalues of the Laplacian to be simple (the
square roots of the eigenvalues are the normal mode frequencies of small oscillations). In this case one
can impose the so-called “second order Melnikov” non-resonance conditions between the “tangential”
and the “normal” frequencies of the expected KAM torus to solve the homological equations which
arise at each step of the KAM iteration. Such equations are linear PDEs with constant coefficients and
can be solved simply using Fourier series. Unfortunately, yet for periodic boundary conditions, where
two consecutive eigenvalues are possibly equal, the second order Melnikov non-resonance conditions
are violated. This case has been handled by Chierchia-You in [11].

On the other hand, the Lyapunov-Schmidt decomposition approach, combined with the Newton
method developed in [13] and [7]-[10], has the advantage to require only the “minimal” non-resonance
conditions, which, for example, are fulfilled in higher dimensional PDE applications (we refer to [14]
for the KAM approach in higher dimension). As a drawback, its main difficulty relies on the inversion
of the linearized operators in a neighborhood of the expected solution, and in obtaining estimates of
their inverses in analytic (or Gevrey) norms. Indeed these operators come from linear PDEs with
non-constant coefficients and are small perturbations of a diagonal operator having arbitrarily small
eigenvalues. Their spectrum depends very sensitively on the parameters, whence they are invertible
only over complicated Cantor-like set of parameters with possibly positive measure.

We also mention that, more recently, the Lindstedt series renormalization method has been de-
veloped by Gentile, Mastropietro and Procesi to prove the existence of periodic solutions for analytic
PDEs, one-dimensional in [15]-[16] and also higher dimensional in [17].



In all the mentioned results analyticity is deeply exploited, either for the convergence proof of the
iterative scheme, or in obtaining suitable estimates for inverse linearized operators.

Existence of periodic solutions of Hamiltonian PDEs with merely differentiable nonlinearities has
been recently proved in [3]-[4]. The iterative scheme is combined with a smoothing procedure and
interpolation estimates to ensure convergence in spaces of functions with only Sobolev regularity. The
key step in [3]-[4] is to prove the “tame” estimates of the inverse operators in high Sobolev norms.

The aim of this paper is to generalize the previous approach in an abstract functional analytic
setting, proving a Nash-Moser Theorem “ready for applications” (Theorem 1), in particular, to prove
the existence of lower dimensional, differentiable, invariant tori of PDEs with only differentiable
nonlinearities. The abstract assumptions, in particular hypothesis (L) in section 1.2 regarding the
linearized operators, make transparent the iterative procedures that, in specific contexts, have been
performed in previous papers. In order to separate clearly the inductive argument and the measure
estimates obtained in Theorem 1 (section 2.5), we prove first Theorem 3 (sections 2.2-2.4), where we
do not assume hypothesis (L). Another improvement with respect to the iterative scheme of [3]-[4] is
required to prove the “C*-result” of Theorem 2 (section 2.6).

The Nash-Moser theory has been well developed till now, see e.g. Zehnder [29], Hérmander [20],
Hamilton [19] and references therein. These theorems were sufficient to prove, for example, the
existence of invariant Lagrangian tori for finite dimensional Hamiltonian systems. However, these
theorems do not cover the applications to quasi-periodic solutions for PDEs (lower dimensional tori)
because the linearized operators are required to be invertible for all the values of the parameters.

The main difference between Theorems 1-2-3 in the present paper and the previous Nash-Moser
theorems, see e.g. [29], is the abstract assumption (L) (or (Li) defined before Theorem 2): the “tame”
estimates for the inverse operators hold only for proper subsets of the parameters. As a consequence,
at each step of the Nash-Moser iteration we ensure the invertibility of the linearized operators only
on smaller and smaller sets of “non-resonant” parameters. A task of the iteration is to prove that, at
the end of the recurrence, we have obtained a positive measure set of parameters where the solution
is defined. This is the common scenario in these type of problems, see [2]-[5], [7]-[13], [18]. Such a
property is implied by the abstract measure theoretical assumptions (6)-(7) in assumption (L) and
the rapid convergence of the iterative scheme, see the Proof of Theorem 1. This abstract framework
highlights specific constructions which were implicitly used in all the previous works. We also prove
that the solution can be Whitney smoothly extended in the whole space of parameters.

Returning to PDE applications, a point of interest in developing a Nash-Moser theory for low
regular solutions is that, in presence of possibly very large clusters of small divisors, it is more natural
to expect solutions with only Sobolev regularity, instead of analytic or Gevrey ones. An intuitive
reason is that huge clusters of eigenvalues can produce strong resonance effects, having a consequence
on the regularity of the solutions.

In section 3 we present an application of Theorems 1-3 to the existence of periodic solutions of
Klein-Gordon equations on a Zoll manifold M, e.g. spheres, recently considered in [1], see Theorem
4. Other applications are given in [5]. The main issue for proving Theorem 4 is to verify the abstract
assumption (L). For that, we exploit that the eigenvalues of (—A + V())*/? on M are contained in
disjoint intervals, growing linearly to infinity, see lemma 3.1. The corresponding geometry of the small
divisors, see lemma 3.6, suggests to look for solutions which are more regular in the time variable ¢
than in the spatial variable z. Actually, a key idea is to look for solutions in the Sobolev scale (52) of
time-periodic functions with values in a fixed Sobolev space H*'(M), see remark 3.2. Interestingly,
many tools in our proof are reminiscent of those used in the normal form result in [1].

A final comment is in order: the idea, developed for finite dimensional systems by Poschel [25] and
Salamon-Zehnder [27], to prove the existence of invariant Lagrangian tori under very weak regularity
assumptions on the Hamiltonian, is to first approximate the differentiable Hamiltonian by analytic
ones. Then one constructs, using an analytic KAM theorem, a sequence of analytic approximate
invariant tori which actually converge to a differentiable torus of the original system. This powerful
approach allows to obtain almost optimal results regarding the low regularity assumptions of the



Hamiltonian. We think that this technique cannot, in general, be directly implemented in PDE
applications when, for the presence of large clusters of small divisors, the resonance effects are so
strong that the existence of analytic tori is doubtful. This is the main reason why, in this paper, we
develop a Nash-Moser iterative procedure that is in spirit more similar to the original one in [23]-[24].

1.2 Functional setting and abstract Nash-Moser theorems

We consider a scale of Banach spaces (X, || ||s)s>0 such that
VS S S/a Xs’ g Xsa ||u||s S ||u||s’7 Vu S XS'7

and we define

X:ﬂ&.

s>0

We assume that there are an increasing family (F (N )) ~>0 of closed subspaces of X such that Uy>oFE (N)

is dense in X for every s > 0, and that there are projectors
oM . x, — EN) of range EW)
satisfying, Vs > 0, Vd > 0,
o (S1) [TMul|y1q < C(s, d)N||ul|s, Yu € X,
o (52) (1 ~T™)ulls < O(s, )N~ ulls4a, Yt € Xssa

where C(s,d) are positive constants. The projectors ™) can be seen as smoothing operators.
Note that by (S1) the norms || ||s restricted to each EN) are all equivalent. Moreover, by the
density of UysoE™) in X, for u e X, |[u— TN y|, - 0as N — oco.

Example: Sobolev scale. If X is the Sobolev space H*(T?), s > 0, T? := RY/27Z%, then X =
C>(T%) and we can choose EN) := Span{e’*¥ | k ¢ 2%, |k| < N} and INY) the L2-orthogonal
projector on EWN).

In every Banach scale with smoothing operators satisfying (S1)-(S2) as above, the following inter-
polation inequality holds.

Lemma 1.1. (Interpolation) V0 < s; < sy there is K(s1,$2) > 0 such that, ¥Vt € [0, 1],
ullesy+1-tysy < K(s1,s2)llullg, lulls, ", Vo€ Xy, .

We consider a C% map
F:[0,e0) X A X Xg 40 — X5, (1)

where sg >0, v >0, g¢g > 0 and A is a bounded open domain of R?. We assume
e (F1) F(0,A,0)=0,VA €A,

and the “tame” properties:
35 € (sg,00] such that Vs € [so, S), Yu € Xsi, with [Julls, <2, ¥(e,A) € [0,¢0) X A,

o (F2)! [0 F(e A u)lls < C()A + |lullssn), 1DuF (e, A 0)[R]]ls < C(s)lhlls+o
o (F3) [DiF(e, A uw)lh, v]lls < C(s)(lullstullhllsy [vllso + Iollstollso + lAllstollollso)
o (F4) (|9 DuF (g, A u)[h]lls < C(s)(Illsv + [[ullstvllPllso)-

' The symbol 9. ) denotes either the partial derivative O, or dy,, 1 =1,...,q.



From (F1)-(F4) we can deduce tame properties also for F'(e, A\, u) and (D, F)(e, A, u), see section 2.1.

The main assumption concerns the invertibility of the linear operators
LM (e, A u) :=TIN) D, F(e, A )| powy -
We consider two parameters g > 0, o > 0, such that
o>4(u+v), S:=so+4(p+rv+1)+20<S. (2)

For all v > 0, we define appropriate subsets

JA(/{\[L) C {(&)\,U) €10,g0) x A x EN) | L) (¢, \ ) is invertible and Vs € {sq, 5},

_ N
L) (g, A w) M [R]]]s < T(HhIIS + [lulls|Blls,) , Yh e EX) } (3)
Given k > 0, we define
N
UM = {ue CN([0,20) x A, EM) | flullsg <1, 10 nyullsy <k} (4)
and, for all u € Z/léN), we set

G (y) = {(5, A €[0,20) X A | (e, M\ ule,\) € J<N>} : (5)

Tk Y
We assume that
e (L) There exist o > 0, p > 0 satisfying (2), ¥ > 0, M € N, C > 0, such that:
1)V € (0,7, Ve € (0,20], [(GS}2(0))° N (0,¢) x A)| < Cre. (6)

ii) Vy € (0,9, k > 0, 32 := &(y,k) € (0,0] such that, Ve € (0,&], N' > N > M, uy € U,
Uy € Z/léN) with |lug — uills < N7,

(e @) (€ ) M(0.0) x 4)] < 22 -

Condition (6) says that L) (e, \,0) is invertible for most parameters in [0,) x A and condition (7)
says that the sets of “good” parameters G,(YJ’\LI)(UQ), G(vj\/[z) (u1) do not change too much for uy, uy close
enough in “low” Sobolev norm.

Theorem 1. Assume (F1)-(F4), (L), (2). Thereis C > 0 and, Vv € (0,7), there exists €3 := €3(7y) €
(0,e0] and a C* map

w:[0,e3) X A — Xgo10 (8)
such that u(0,\) = 0 and F(e, A\, u(e, \)) = 0 except in a set C, of Lebesgue measure |Cy| < Cyes.
Moreover, for all e € (0,e3), |Cy N ([0,€) x A)| < Cre.

As v — 0, the constant e5(y) — 0, while

Cy N ([0,23(7)) x A
[0, 3(7)) x A
Remark 1.1. If uy, ug are the maps in (8) associated respectively to v1, v2, with v1 < 2, then

Cy, CCy, and, for e < min(es(y1),e3(72)), w1 and ug coincide outside C.,,. This is easily seen from
the construction of u in section 2.




Remark 1.2. In the applications to PDEs with small divisors, the “good” parameters (¢, \) such that
u(e, \) is a solution of F(e, \,u) = 0 form typically a Cantor-like set. The property that the solution
can be extended to a C* function u(-,-) defined on all the space of parameters can be seen as a Whitney
extension theorem. Such a property has been first proved in [25] for KAM tori, and in [18], in the
setting of analytic PDFEs.

The conclusions of Theorem 1 can be strengthened under slightly stronger assumptions. Given a
non-decreasing function K : [0,00) — [1,00), we define the subsets

JS?’,C C {(E, M) €[0,60) x A x EN) | LV (g, X, u) is invertible and Vs > sq

NH

I (e, X )" A5 < KC(s) 5

(7lls + Nullsl1lso) VhGE(N)}, (9)

and the corresponding set GE/],\L),IC (u) as in (5). We say that assumption (Lx) holds if (L) is satisfied

replacing the sets ng\f}( ) with GEVZ,\/]L)JC( ) in (6)-(7).
In typical PDEs applications, see section 3, assumption (Lx) is proved to hold for some K with

slightly more effort than (L).

Theorem 2. (Regularity) Assume (F1)-(F4) with S = oo and (Lx). Then the conclusion of
Theorem 1 holds with u € C([0,e3(7)) x A; X) where X 1= Ng>0Xs.

The proof of Theorem 1 is based on an iterative Nash-Moser scheme. Actually Theorem 1 is a
consequence of the following more precise result, where

N,:=[e*?"]eN with a=InN, (10)

will be chosen large enough (depending on 7), and E,, Il,, J7 , are abbreviations for EWNn) (V)

J§ﬁ") respectively. Given a set A and 1 > 0 we denote by N (4, 7n) the open neighborhood of A of
width 7 (which is empty if A is empty).

Theorem 3. Assume (F1)-(F4) and (2). For all v > 0 there are Ny := Ny(vy), Ko(y) > 0, &3 :=
e2(7) € (0,e0] and a sequence (un)n>0 of C* maps u, : [0,62) x A — Xy 1, with the following
properties:
o/2
(Pl)n un(gv)‘) € by, Un(O,/\) =0, ”un”So <1, Ha(e,)\)un”So < KO(’V)NO/ .

(P2),, For1<k<mn, |ug—up_1ls, <N, 7", [0(e 2y (wr — ug—1)llso < N

(P3), Let A, = QZ:OG(WILIC)(kal) with u_y :=0. If (e, \) € N(An,vN;"/z) then up (g, \) solves the
equation

(Fn) I, F(e,\,u) =0.
(P4)n, The By := 1+ |luyls, By, := 1+ |0 nyunlls (where § is defined in (2)) satisfy

(i) Bn <2NKfY, (i) By <2NEYTR
The sequence (un)n>o0 converges uniformly in C*([0,e9) x A, Xgy4) (endowed with the sup-norm of
the map and its partial derivatives) to u with u(0,\) =0 and

(57)\) c Aoo = m An _— F(E,)\7U(E,)\)) =0.
n>0

Note that in Theorem 3 we do not use any hypothesis on the linearized operators L) (e, A\ u),
in particular we do not assume (L). Then it could happen that A,, = 0 for some ng. In such a case
Up = Upy, YN > ng, and Ao, = (. This is certainly the case if «y is chosen too large or u too small.



1.3 Outline of the convergence proof

The sequence of approximate solutions u,, of Theorem 3 is constructed in sections 2.2 and 2.3 solving
the Galerkin approximate equations (F,). First, in section 2.2, we find ug as a fixed point of the
nonlinear operator Gy, defined in (17). We prove that Gy is a contraction on a ball of (Ey, | |s,),
taking e sufficiently small. Then, in section 2.3, by induction, we construct u,4+1 = y, + hy11 from
Up, finding h, 41 as a fixed point of G, 11 defined in (27), see Lemma 2.4.

At the origin of the convergence of this Nash-Moser iteration, is the fact that L;j_l satisfies the
“tame” estimates (26), that the “remainder” term r,, is supported on the “high Fourier modes”, and
that R, (h) is “quadratic” in h, see (21) for the definition of L, 41, rn, Ry (h). Then r, has a very small
low norm || ||s, thanks to the smoothing estimates (S2), the tame estimate (F5), and the controlled
growth of the high norms ||u,||s of the approximate solutions given in (P4),, (see the proof of Lemma
2.4). Actually, the main point is to prove that |u,|s does not grow, as n — oo, faster than some
power of IN,, independent of s, see Lemmata 2.5, 2.8, and subsection 2.6.

We remark that the term r,, does not appear in a purely quadratic Newton scheme because it is a
consequence of the smoothing procedure (projections). In the PDEs applications considered in [13],
[7]-[10] a term like r,, is proved to be small by decreasing the analyticity width at each step.

A minor difference between Theorem 3 and other Nash-Moser iterative schemes is that we solve
exactly, at each step, the Galerkin approximate equations (F,). This accounts for the very fast
convergence of the scheme where N,, := e*2" (see (10)) whereas a classical quadratic scheme requires
N, := X" with 1 < y < 2.

In conclusion, in section 2.4, we conclude the convergence proof of Theorem 3. Then, in section
2.5, we show, assuming also (L), that the Lebesgue measure of the set A, is large, deducing Theorem
1. Finally, in section 2.6, we prove the regularity Theorem 2.

2 Proof of Theorems 1, 2 and 3

2.1 Preliminaries

From (F1)-(F3) we deduce, using Taylor formula, the tame properties:
for s € [so,5), there is C(s) > 0 such that V||ulls, < 2, ||h|ls, < 1,
o (F5) [[F(e, A u)lls < C(s)(e + [Juflst)
o (F6) [(DuF)(e, N u)[h]lls < C(s)(ulls+vllhlls + 17lls4v)
o (F7) ||F(e,\,u+h)— F(e,\,u) — D, F(e, N\, u)[h]||s <
C(8)([[ulls+v 1112, + IBlls0l1Blls0)-
We have the following perturbation lemmata:

Lemma 2.1. Let A, R be linear operators in EY) (A being possibly unbounded). Assume that A is
invertible and that the following bounds hold for some s > sg and some o, 3,p,0 > 0 :

1A 0]l < allvlls s 1470l < allvlls + Blolls, (11)

[REllso < Ollkllsy »  [1RE[ls < 6l[klls + pllklls, - (12)
If ad <1/2 then A+ R is invertible and

1A+ R)™ ollsy < 20flvllsy s (A +R)0lls < 2avlls +4(8 + a?p)v]ls,- (13)



PrOOF. The fact that A + R is invertible and the first bound in (13) are standard: it is enough to
write A+ R = (I + RA™")A and to notice that I + RA™! is invertible because |[RA™!||s, < 1/2 and
EW) is a Banach space.

For the second bound, let k := (A + R)"'v. We have k = A~!(v — Rk) and so

(11) (12)
[Ells < allv—RE[ls + Bllv = RElls, < allvlls + ad[lk]ls + apl[kllso + Bllvllso + B0]Fllso-

Hence, since ad < 1/2 and ||k, = [|(A+ R) 'vl|s, < 2a|v]|s,, We obtain
kil < 2(allvlls + (20% + B+ 280) [vlls, ) < 2alfolls +4(8 + a®p)lloll,
proving the second inequality in (13). m

Lemma 2.2. Let (¢, \,u) € J) and ||ulls, < 1. There is cg == co(5) > 0 such that, if |(¢',\) —
(&, M| + [|h]]sg < coyN~WF) he BN then L™ (&', N u + h) is invertible and Vv € EXY)

NH
L™ X+ ) ]| <47 ol (14)
S0 ’y
B NH N2u+y
I | R e e e LT L DI (15)

PROOF. For brevity we set z := (g, \), 2’ := (¢/, \') and we apply Lemma 2.1 with A = L¥)(z,u) and
R=LMN (2 u+h)— L™ (z,u). Since ||Julls, < 1, the bounds in (11) hold by (3) with a = 2y~ N*

and 8 = v ' N*||ul|s. By (F3) and (F4) we have, for s = sy or s = 5,

1RKN, < 12" = #ACE) (IKllso + (lulloss + 1Rl 6]
+ ) (Ul + Il )l Il + el sl + [l N0 )
< CEN( = 2l + Al 1l
+ CEN (12 = 2+ Ihllog) Ul + 10lls) + AL ) 1#ls,

Hence, the bounds in (12) are satisfied with § = C(5,s0)N"(|2" — 2| + ||h|ls,) and p = C(5)(||u|/s +
2||h||5) N, for suitable positive constants C(3, sg), C(5). Then

1
§ <2y NHC(8,50)N oy N ™H" = =, | =—
ad < 2y C(5,80)N"coy 5 or ¢ 100,59
and Lemma 2.1 can be applied. Then we deduce (14)-(15) by (13). m

The two following subsections are devoted to the construction of the sequence (u,) of Theorem 3.
Throughout this construction we shall take Ny := Ny(7) large enough.

2.2 Initialization in the iterative Nash-Moser scheme

Let Ap := G(V]Xf)(O). By the definition (5), the parameters (e, A) are in Ay if and only if (e, A, 0) € J*(y{\[t[])'
Then, by Lemma 2.2, if Ny is large enough, V(e, \) € N (A, 27N0_U/2), the operator LN (g, A, 0) is
invertible and

1L (£, 2,0) 7 oo ANEA™, L) (e, 4,0) 7|5 < ANFY! (16)

(recall that o > 4(u + v) by (2)). Let us introduce the notations Ly := LN0)(g,X,0), r_; :=
Iy F(e, A,0), and
R_q(u) :== o (F (e, A\, u) — F(g,\,0) — Dy, F(e,A,0)[u]) .



A fixed point of
Go:Eo— Ey,  Go(uw):=—Ly'(r_1 + R_1(u)), (17)

is a solution of equation (Fp). If 0 < & < e9(Ny, ) is sufficiently small, Gy maps
By = {u € Eol|lullsy < po:= CON(‘)‘Ey_l}
into itself for some Cy := Cy(s¢). Indeed, by (16), (F5)-(F7), (S1), V|ulls, < po,

1Go(w)llsg < ANGY T (Ilr-allse + 1R=1(u)llsy) < 4Ngy~C(s0) (e + Ng lJul3,)
< 4C(s0)NEey™ + ANLT 4710 (s0)p2 < po := CoNey ™!, (18)

taking Cy := 8C'(sg) and ¢ so small that

ANET 4710 (s0)po = AN T4 72C (50) Coe < = . (19)

N | =

In the same way, if € is small enough, we have by (F'3), Vu € By, || DGo(u)[h]||s, < ||h]ls,/2- Hence Gy
is a contraction on (Bo, || ||s,) and it has a unique fixed point in this set.

Remark 2.1. The only difference between the proofs in this first step and those of section 2.3 (and
that is why this section is rather concise) is that the term r_y is small thanks to the smallness of €.

Let @g(e, A) denote the unique solution in By of (Fy), defined for all (g,\) € ./\/'(AO,Q*yN(;”m).
By (F1), if (0,A) € N(Ay, 27N0_”/2) then @y(0, \) = 0. Moreover, by the implicit function Theorem,
iy € CHN (Ao, 27Ny 7?); By) and Aenytio = LN (e, X, o) "M [od(e py F(e, N, Uo)]. By (F2), (14)
and (19) we have [|0 \TUolls, < KNJy .

Then we define the C' map ug := oo : [0,e2) x A — Eo where the C cut-off function v : [0, g2) x
A — [0,1] takes the values 1 on J\/(AO,'yNO_U/Z) and 0 outside N(AO,Q'yNO_a/Q), and [Dc ) %o| <
CNg/zfy*l. The map ug satisfies property (P3)g.

Moreover, up(0,\) = 0, and, by the previous estimates, property (P1)q holds:

1 o/2 — KO(’Y) o/2
Juollsg < 5+ Beayuollsg < (ONG'* + KNy~ < =52Ng (20)
for some constant Ky(v). It remains to show (P4)g. By (16), proceeding as in (18), provided that

ANETY =IO (3)po < 1/2, we have ||Tp||s < K (7)NY'e, and, similarly,

_ ) NP _ 2pty _ "
[0, nuolls < 47Ha(6,/\)F(5’)‘au0)”§+K - lltoll51[0e 2 F'(e5 Ay to) 5o < K (7)Ng -

2
Hence
~ v ~ v+(o/2
ldolls < 2N{™ and (|9 nytolls < 2Nf T/

for Ny(v) large enough (since Ny > NZ/2 by (10)).

2.3 Iteration in the Nash-Moser scheme

In the previous subsection, we have proved that there is ug that satisfies (P1)g (more precisely (20)),
(P3)o and (P4). Note that (P2), is automatically satisfied.

By induction, now suppose that we have already defined u,, € C*([0,e2) x A, E,,) satisfying the
properties (P1),, — (P4),. We define the next approximation term w,1 via the following modified
Nash-Moser scheme.

For h € E,,+1 we write

I, 11 F(e, N un(e,N) + h) =1y + L1 [h] + Ru(h)



where
Tn = Hn+1F(€, >\; Un) ) Ln+1 = Ln+1(57 )‘) = L(N7L+1)(5a >‘7 u”(s’ /\)) ’

R, (h) =1, 11(F (e, N\, up + h) — Fe, A, up) — Dy F(e, A\, up)[R]) . .
The “quadratic” term R, (h) is estimated, by (F7), as
IRn()]ls < Cs)(llunllsulIBlZ, + 1Allstvllhllso) - (22)
By (P3)n, if (6, A) € N(An; vN; /) then u,, solves equation (F,) and so
rn =1 Fe, A\ uy) — I Fe, A up) =01 (I — T, F(e, A uy) - (23)

By (5) and (3), the operator L,41(e, A) is invertible on the set A, 11 = 4, ﬂGEVJXj“)(un). IfA,.1=10
we define ug := u,, Yk > n. Otherwise we continue the iteration.
Note that, by (10), for Ny large enough, we have the inclusion
N(Aps1, 29N, %) € N(An, 7N, /2. (24)

Lemma 2.3. For all (e,\) € N(Ap41, 27N;_f1/2) the operator Ly11(e, \) is invertible,

_ Ni
1Zahilelllo < 425 ollsy, V0 € B (25)
and s
_ +v
ILatabllls < KON (lolls + Mo ol ) s V0 € B (26)

PRrROOF. We apply Lemma 2.2. In fact, if z := (g,\) € ./\/(An+1,2’yNn__f1/2), there is 2’ := (¢/,\') €

Api (e (2 un(2)) € J,%"“)) such that |z — 2/| < 3'yNn_f1/2, and then

(PDn —o o —(p+v
2= 2|+ un(z) —un(Z)lss < BYNZZ{2(1+ Ko(7)NG'?) < coy N, 1)

for Ny := Ny(7) large enough, using (2) and (10). Thus (14) gives (25) and (15) provides

N/L—‘rl/
<2 =

— —o/2
Il < SNt (lolls + =B+ 29N B ol )

which implies (26) by (P4),,. &
Defining for (e,\) € N (An41, 2'yNn__;_71/2) the map
gn+1 : En+1 - En+1 9 gn+1(h) = _L;il['rn + Rn(h)] ) (27)
the equation (Fj,+1) is equivalent to the fixed point problem h = G,,41(h).

Lemma 2.4. (Contraction) Let (g,)) € ./\/'(An+1,2’yNn_f1/2). For No(v) large enough G,y1 is a
contraction in Byi1 = {h € Epi1 | |hllso < pns1:= N, 7'} endowed with the norm || ||, -

PrOOF. For all (e,\) € N(Ani1, 27N7:f1/2), by (25) and (27), we have

1Gns1(A)lso < ANE 1y (allss + ()]s (28)



and 7, has the form (23) because of (24). Now, if ||h|ls, < pn+1 := N, " then

(52),(22) (—s0) )
Irnllso + 1B (R)]]s < K(Nn CNE (e, A un)lls + lunllso+o IS, + HhIISOIIhHSO+u)

(F5),(51),(10) (5
<R (NN B+ N2, )

(P4)n,(2) —p—o—2 Vo2
K (N2 4 NY o2 )

—p— v—o— 2 —p—
< Kipny1(N, 14 ! + Ny ) < Kopny1 N, 1 L.

n

As a consequence, for Ny := Ny(7) large enough, we have
1Bllso € 1 = lrallso + 1Rn(B)llsg < prsa Ny v/4- (29)

Hence by (28), Gnit1(Bnt1) C Bpia-
Next, differentiating (27) with respect to h and using (21), we get, Yh € By, 41,

Dhgn+1(h)[v] = _L;JlrlnnJrl(DuF(Ev )\, Un + h)[v] - DuF(ﬁ, )\a Un)[v])
and

(25),(F3),(PVw | @K [o]ls
1DGnsa s < N pusallollsa = SNl < 55

for Ny large enough. Hence G, 41 is a contraction in B, 1. B

Let 7Ln+1 = En+1 (e, A) € Eyy1 be the unique fixed point of G,, 1 1, defined for (¢, \) € N'(A,41, 27N76/2).

e n+1
Since h, 41 solves
Uns1(e, A\ h) =11, 11F (e, \,un(e,A) +h) =0 (30)
and u, (0, \) (L)~ 0, we deduce, by (F1) and the uniqueness of the fixed point, that
(0,A) € N(Ani1, 29N, 7?) = hpi1(0,0) = 0. (31)
Lemma 2.5. (Estimate in high norm) V(e,\) € N (A1, Z’yNn_f:l/Q) we have
[ salls < Ny, (32)

Proor. By En—i—l = gn+1(ﬁn+1) we estimate

o ® u 7 2(i+0) 7
|Pnsills < K('Y)Nn+1 (||7'n||§ + || Rn(hng1)ls + Nn+1 (Hrn”SO + HR”(hn“’l)”SO)) . (33)
By (21) and (F5),

(51) (P4)n,(10) 3,
Irnlls < K(e+ [unllssn) < K'NZB, < K'NJTEY (34)

By (22) and (S1)
|RaCns)lls < K (NZBullonsal, + Nl o s ls)
< NI+ KN o ls, (35)

IN

using (P4),, |‘%n+1||50 Prtl = Nn__fl_l (Lemma 2.4) and o > 4(u + v). Inserting in (33) the

estimates (34)-(35) and (29) we get, for Ny := Ny(y) large enough,
> 1 20t v—o—1)T 1o oty | 17
[nsalle < SN + K ONEE ™ g lls < GNRE™ 4 5 e

and (32) follows. m
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Lemma 2.6. (Estimates of the derivatives) The map hyny1 is in C'(N (Apy1, 27Nn+1/ ); Bni1)
and

7 v .. 7 2 v)+o
) 19(eymsalloo € 5N () D0enfnsalls < N2UFH7 (36)

PrOOF.  We set for brevity z := (g,A). Recall that Upi1(2, hng1(2)) = 0, see (30). The partial
derivative DpUp11(z, hn+1) L(N"“)(z Un(2) + hyy1) is invertible by Lemma 2.2. Actually, arguing

as in the proof of Lemma 2.3, since ||hpi1 s, < Nt << co'yNn_fl ") for Ny large, the estimates
(14)-(15) imply

~ -1
| (PUnir(zRas))) Bl <07 Nl Y0 € B, (37)
so

(P4)y, y .
S KON (Iolls + NV + o119 1ol )

S
(32) 3 y
< KON (Il + N3 el ) - (38)

[CEAREN )

Then, by the implicit function Theorem, %nﬂ € C*(N(Anq1, 27Nn+1/ ); Bnt1) and

azﬁrﬁl = - ((DhUn+1)(zaEn+l)) _1(azUn+1)(ZaEn+1) . (39)

Now, using that u,(z) solves (F,) for z € N (An,yN;77/?), we get by (24)

0,Upns1(2,h) n+1(0.F(z,up + h) + Dy F(z,u, + h)[0,uy]) (40)

F)(z,up + h) — (0. F) (2, un)

)

Mo
Hn+1(
11 (Dy
I 41 (
Il 41 (
Mo

+ F)(z,un 4+ h)[0un] — Uy (Dy F) (2, upn) [0 ]
= n+1((0:F)(2,un + h) — (0. F)(z,un)) (41)
+ n+1 ( uF)(Zaun + h) - (DuF)(Zvun))[azun] (42)
4 M (I — Hn)(azF(z,un) +DuF(z,un)[8zun]>. (43)
Using (F4), (F3), (P1),, (S1), we get
1(41) |5 + 1(42) |5y < K()NY 1 llrnsllsg < K (N7 (44)
by Lemma 2.4. By the smoothing estimate (S2), and (F2), (F3), (F6), (P1),,
1(43) 1], < K ()N 50 (14 ||un 540 + 102ttn]|512)
(S1),(P4),, v (2) v+o
K( )N (5— so)NVNnjr'i"i‘z < K( )anl(ﬂ+ + +4). (45)

We deduce from (39), (37), (44)-(45) the estimate (36)-(¢) for Ny(v) large enough. To prove (36)-(ii)
we use the estimate (38) in (39), whence

IA

10Tt s K ()N} (110U (2 o) s + NS00 (2 ) s

< K(y)Nb,, (||“n||§+u + 1hnt1lls4v + 10:unlls+0 + N, UHV)) (46)

(P4)n,(32)
<

K" ()N (NI o2 4 N2V < N2t (47)

for Ny := Ny(v) large enough. To obtain (46) we have used (F2), (F6) and (P1), in (40) to bound
|0:U (2, hpt1)lls and (44)-(45) to bound [|0,U(z, hnt1)lls,- W

We now define a C'-extension of Enﬂ onto the whole [0,e2) x A.
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Lemma 2.7. (Whitney extension) There is h, 41 € C*([0,22) x A, B, 1) satisfying
hn1(0,2) = 0, Nhnallso < NoZrs 10 n hnsallso < Nafy!

and that is equal to hni1 on N(Api1, 'yNn_fl/z).

PROOF. Let

hs(e) = | Pt E VR (E0) I (6,0) € M (Ang, 29N, 1) (48)
nt1(€4) =19 o i (2, A) & N(Ansr, 29N, )

where 1, 11 is a O cut-off function satisfying 0 < ¥,11 < 1, %41 = Lon N (A, 1, yNn_j:l/Z), Ynt1 =0

outside N'(An11,2vN, 7{?), and |9 1] < 7 INIAC.
By (31) and the definition of ¥,11 we get h,11(0,\) =0, VA € A.
By the definition ||hn41]sy < [[fn+1llse < prs1 = N,y ' by Lemma 2.4, and

19 x Pntallso < 10 nynstl [Bnsillso + 10y hnsallsn < N
for No(v) large enough, by the previous bound on 9. x)¥n+1| and Lemma 2.6. B
Finally we define u, 11 € C1([0,62) x A, E,, ;1) as
Up41 = Up + Apyr -
By Lemma 2.7, on N(A,41,7N; /%) we have h, 1 = Iyt that solves equation (30) and so upiq

solves equation (F,41). Hence property (P3),+1 holds. By Lemma 2.7 property (P2),; holds. By
(20) and (P2)p41, for No(y) large enough,

1 n
lunsillso <5 4D ksl <1,

k=0
Ko(7) vo/2 | N -
O intllao < FEDNG 05 0 s o < KoV,
k=0

Moreover, still by Lemma 2.7 we have u,11(0,\) =0, VA € A, and also property (P1),1 is verified.
The induction of Theorem 3 is concluded in the following lemma.

Lemma 2.8. For Ny := Ny(v) large, property (P4),4+1 holds.

PROOF. By the definition (48) and (32) we have ||hp11]/s < Ns(ffry) and, by (P4)n,

v 2 v
Bn+1 < Bn + ||hn+1||§ < 2N#Il + anﬁﬂ) < 2N#—7-_2

for Ny := Ny(7) large enough. The second inequality follows similarly by

10\ hns1lls < 10,2 Yn1l s ls + Ha(s,x)}vlmlHE

(32),(36) o/2)+2(p+v 2(p+v)+o +v+o0/2
< ;NW(H-/l) W) g N < ontrrel

for Ny := Ny(7) large enough. m
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2.4  Proof of Theorem 3 completed

The sequence of maps u,, € C*([0,e2) x A, E,,) converges in C*([0, ) x A, X4, +,,) to u, because X, 1,
is a Banach space and

(S1) (P2)n
Z Hun - un—1||30+t/ < KZN;:”un - un—lnsU < KZNgigil < ZNrjl < o0

n>0 n>0 n>0 n>0

and, similarly, Z 10(e, ) tn — O 3y tn—1lsg4v < K’ Z Nt < oo
n>0 n>0
Finally, if (e, \) € A := Ny>0An then F(e, A\, u) = 0 because

e = 1 (A~ P 1T 0

for n — oo.

2.5 Proof of Theorem 1

In order to deduce Theorem 1 from Theorem 3 it is sufficient to prove that assumption (L) implies
|[AS, N ([0,e) x A)| < Ce, Ve € (0,¢e3) for some g3 < 3.

o0
Setting G, := ngy}j/)(un_l) forn > 1, and Gq := G(WJXE)(O) we have Ao, = ﬂ G,,. Its complemen-
n=0

tary set in [0,¢) x A is (here the apex ¢ denotes the complementary in [0,¢) x A)
= JG; cHU(G§\ HY) U UGC\G
n=0 n=1
where H := GEY%)(O), and Ny > M. This implies, by (6)-(7), the measure estimate

1A, |<|HC|+\G0\HC|+Z|GC\G < Cre(l+MT? +che 1 < 20qe

n=1

where we can apply (7) for
0<e<esy)i=min (o1, K) e2(7)) with &= Ko(3)Ng"*(7)
because, by (P1),, we have u,, € U}—EN") and ||ty — Un_1]lsy < N, by (P2),, for all n.

2.6 Proof of Theorem 2

Under (Lx) we can apply Theorem 3 with A4,, = ﬂzzoGs]\l]ﬁC(uk_l), and the conclusion of Theorem

1 holds. We have to check that u is in C*([0,e3) x A; X) for all ' > 0. For this, the main point is
property (P4)! below whose proof requires only small changes in the arguments used in lemmata 2.5
and 2.6.

Lemma 2.9. For any s > 5, By(s) := 14 [[ua|ls, By, () := 14 |0 ayun||s satisfy
(P4),  Bus) SCENILY . Bi(s) < NI 2.

This implies ||hy|ls < 2C(s )N#If
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PROOF. First consider the map ﬁnﬂ defined on N(An+172’yN;f1/2) after Lemma 2.4. Applying

Lemma 2.2 with § replaced by s, we get (26) in Lemma 2.3 (with some constant K(v,s)), for all
n > no(s) large enough. Then, as in (33)-(35), we get

= = 2(ptv
hnsalls < K(v, S)Nﬁ+1(“rn‘|s + | Ry (hng1)lls) + K(%S)Nn(ﬁfr )Pn+1 )

”rn”s < O(S)N;:Bn(s) > HRn(En-&-l)Hs < C(S)(N;L,Bn(s) =+ Nz;f_lnﬁn-&-l”s)
For n > ng(s) large enough, K (v, S)C(S)Nf;j__f_a_l < 1/2, and we derive from the previous inequali-
ties, using also p,11 := N, ;" and (2), that

hnsills < K (v, 8)Niyy Ny Ba(s) < NpJy B(s) -

Hence, as in Lemma 2.7, ||hp41ls < Nﬁian(s) and

Buia(s) < (1+ NI Bo(s)

for n > ng(s), which implies that the sequence (B, (s)N, {1 "), is bounded. This proves the first

bound in (P4),,. With similar changes in Lemma 2.6 we obtain the second bound in (P4)] . m

Now, consider any s > s’ > sg. By Lemma 1.1, writing s’ := (1 — t)sg + ts, t € (0, 1),
1hnllsr < K (s0,8)|[nll 3 [[hnlls < K'(s)N,; CFDAONZE=IE = ()N,

using || |ls, < Ny (Lemma 2.4), [|hy]ls < 2C(s)N2#) (Lemma 2.9), and choosing s large such
that
s’ —s0 o

t= = .
s—s9 2pu+v)+o+1

Hence Z [Ihnllss < oo and, since X is a Banach space, u € X,.. We prove exactly in the same way

that [|0(- ) halls < C(s)N,, ' and we derive that u is C' to X,. Since s’ > s is arbitrary we conclude
that u is in C1([0,e3) x A, X) where X := Ny>0X,.

3 An application to PDEs

We present here an application of Theorems 1-2 to the search of periodic solutions of nonlinear wave
equations

ug — Au+ V(z)u = ef(wt,z,u), =M, (49)

where M is a d-dimensional, compact, Riemannian C°°-manifold without boundary, of Zoll type,
namely the geodesic flow on the unit tangent bundle is periodic of minimal period 7" > 0. Classical
examples of Zoll manifolds are the spheres and the symmetric compact spaces of rank 1 endowed with
the canonical Riemannian structure. By results of Zoll, Funk, Guillemin and Weinstein, there exist
many different metrics on the spheres, besides the standard one, whose geodesics are all simple closed
curves of equal length, see e.g. [6].

In (49) the A denotes the Laplace-Beltrami operator and we assume that the potential satisfies
V(z) >0, VeC?(M) forsome p>max{2,d/2}, (50)

the forcing term f is differentiable only finitely many times, and f(wt, z,u) is (27 /w)-periodic in time,
ie. f(-,z,u) is 2m-periodic.

Remark 3.1. Wave equations on Zoll manifolds have been recently studied in [1] for time independent
C*°-nonlinearities. The present techniques, written in the forced case for simplicity, apply also to such
autonomous PDEs.
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For € = 0 the equilibrium u = 0 is a solution of (49). If € # 0 and f(¢,2,0) # 0 then v = 0 is no
more a solution. Rescaling time, we look for periodic solutions of

wiugy — Au+ V(x)u —ef (t,x,u) =0 (51)
for € # 0 small enough, in the Sobolev scale
H° :=H*(T,H>*(M,R)), s>0, (52)

of real, 2m-periodic in time functions with values in the Sobolev space H*'(M,R), where s; €
(max{2,d/2},p]. For s; > d/2 the Sobolev space H** (M) C L*(M) is a Banach algebra. Thanks to
this property, for s > 1/2, each H® is a Banach algebra too, see e.g. [2].

We define the closed subspaces of H°

EW) .= {u = Z ey (), w € H*(M,C), u(z) = u,l(x)}

llI<N

and the corresponding LZ-orthogonal projectors II'V). The smoothing properties (51)-(S2) hold.
Moreover
EWN) ¢ () H® = C>(T,H*(M,R)).
s>0

We need informations on the eigenvalues of the unbounded, self-adjoint operator

P ATV

densely defined on L*(M) := L?*(M,C). The eigenvalues of P are the normal mode frequencies of
the membrane. The spectrum o(P) of P is discrete, real and every A € o(P) is an eigenvalue of P of
finite multiplicity. The following lemma, taken from [1], describes the asymptotic distribution of the
eigenvalues of P when M is a Zoll manifold.

Lemma 3.1. If M is a Zoll manifold, there are constants o € R, ¢g > 0, § € (0,1), Cy > 0, and
disjoint compact intervals (I;);>1 with I at the left of I, and

21 . co 2m . Co .
Ij:: [?]4»067?7?]4»@4»]7 ) ]221 (53)
such that the spectrum of P satisfies
o(P)c | JI; and cardinality(o(P) N I;) < Coj*™! (54)

Jj=1
(counted with multiplicity).

We call wjr, 1 <k <dj, d; < Coj? !, the eigenvalues of P in each I;. There is an orthonormal
basis of L?(M) composed of corresponding eigenvectors ©j.k- Since the manifold M has no bound-
ary, also the higher order Sobolev norms H* (M) := H*'(M,C) are characterized by the spectral

decomposition:
2

. . j— 2 S1 . 2
E , Vjk %’kHHﬂ(M) = E (1 +wjg)™ |vjkl”
1<5,1<k<d; 1<5,1<k<d;
We consider forcing frequencies w that are not in resonance with the normal mode frequencies w; i
of the membrane. More precisely, fixed some 7 > d — 1, we restrict to w such that

y

272 2
Pow? >
|w ],k|—1+|l|7.7

VieZ,jeN,kell,d;], (55)

for some v € (0,1). By standard arguments, and taking into account (54), the non-resonance condition
(55) is satisfied Yw € (wy,w2) but a subset of measure O(7).
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Theorem 4. Let M be a Zoll manifold and assume (50). Fiz 0 < wy < wq and s1 € (max{2,d/2},p].
(i)-Existence. There exists s* > 1/2, k™ € N such that:
Vf e C’k*('ﬂ‘ x M xR), Vy € (0,1), there is g := eo(y) > 0, a map

we C([0,60) X (wiw2), ) with u(0,0) =0,

such that u(e,w) is a solution of (51) for all (e,w) € [0,e0) X (w1,w2) except in a set C, of Lebesgue
measure O(yeo). Moreover, V0 < e < eo(7), |Cy N ([0,€) X (w1,w2))| = O(ve).

(ii)-Regularity. If f € C°°(T x M x R) then
we 1 ([0,20) x (wr,w2), C=(T, H* (M,R))) .
The proof Theorem 4 is an application of Theorems 1 and 2.
Applying the linear operator Q := (—A + V(x) + I)~" in (51), we look for zeros of
F(e,w,u) = w*Quy +u — Qu — eQf (t,z,u) (56)

in the Sobolev scale (H?%)s>0.
By classical elliptic estimates the operator ) is regularizing of order 2 in the spatial variables:
more precisely, we have

H(—A TV (x) + 1)—1u)

, < ||u||s,max (0,s1-2) > Yu € H%% ) (57)
1

s,8

where H**1 := H*(T, H**(M,R)), s, > 0, with Hilbert norms

2y = S0l o () 2= max(L, ) (58)
lEZ
When s} = s, we shall more simply denote || [|s.¢1 = || lls,s;, = || [l the norm in H*. Finally, given a

’
linear operator L in H**1, ||L||, &+ denotes the associated operatorial norm.
b S.Sl

Lemma 3.2. If f € C*(T x M x R) with S :=k — 51 —2 > s > 1/2, the map F satisfies (1), with
v=2, A= (w,ws) CR, and (F1) holds. Moreover F is C* and the tame properties (F2)-(F4) hold
for all s € [so,S].

PROOF. Use standard properties for the composition operators in Sobolev spaces, see e.g. [3]. B
There remains to verify properties (L) and (Lx) concerning the linearized operators
LY (w)[v] = QLN (u)[v] = w?Quy + v — Qu — eT™MQ(b(t, x)v), v e EW) (59)
where b(t,x) := (0, f) (¢, z,u(t, z)) and
LM (W) [v] == LN (e, w,u)[v] == w?vy — Av + V(z)v — elINV)(b(t, z)v) .
We shall prove in detail property (L), assuming that f is in C*°. The proof of (L) is similar.

Proposition 3.1. For all 7 > 0,79 > 1, there exist constants uo > 0, § > 1/2, a non-decreasing
function K : Ry — [1,00) and, Yy > 0, a constant n(y) > 0 such that: if e(||blls + 1) < n(y),

ot = 8] = e Y0 €Z\{(0.0), (60)
and K
VI<K <N, H(£<K>(u)) 1HO’O <47 (61)
then, Vs > 3,
_ K(s)
Jc®en ] < =N (bl + bl o) 0 e OO (62)
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Postponing the proof of Proposition 3.1 to the end of the section, we complete the proof of property
(Lx). By a bootstrap type argument, (62) implies a similar estimate for ||(L™) (u)) A/

Lemma 3.3. Under the assumptions of Proposition 8.1, Vs > 3,
@], < 2w (. + ull i) vne B

where (i := po + s1 + 2, taking, if necessary, K(s) larger.
PROOF. Setting h := (L) (u))[v] = v + Q(w?vy — v — elT™) (bv)) in (59), we estimate

lolls = 1Q(—w?vi + v +ell™ (bv)) + Al

(57)
< | — Wluy +U+EH(N)(bv) 51—

s S ON?|[olls -2 + €C(s)[Ibllsllvlls,51—2 + [IA]ls

by interpolation inequality (80). Using ||v||5,s,—2 < C(8)N?||v||5,max (0,51—4) + [|k[|5, and iterating, we
obtain

lolle < ON**2([o]luo + Al + [ollalloliso + 8] 1215). (63)
Since v = (L™ (u)) Y (=A + V(z) + I)h,
(62) K(s K'(s
lolleo <§)NW< | c2) < i’Nmmhm+HMAMEL (64)

using s1 > 2 and ||b]|s = ||(Ouf)(t, 2, u)||s < C(s)(1 + ||ulls). By (63) and (64) the lemma follows. W

To conclude the proof of property (Lx) we have to define JsN) « and show the measure estimates (6)
and (7). Fix 7 > d + 2 (the exponent in (55) and in (61)), 7o > 1 (the exponent in (60)) and define

G:= {(E,w) € [0,e0) X (w1,w2) | w satisfies (55) and (60)}.
By standard arguments |G° N ([0,¢) X (w1,ws2))| = O(ve). We also define

TN = {(e,w,u) € [0,20) % (wi,ws) x EM | (e,w) € G, |Julls, <1, and (61) holds}

By Proposition 3.1 and Lemma 3.3, for 9 > 0 small enough, the inclusion (9) is satisfied, with
wi=po+s1+2 and sg>max{l/2,5}.
Next, given a function u € Z/ILEN), (see (4)), k > 0, the set GS\L)K(U) defined as in (5) can be written as
(N)
G ew)= () Br(w()G (65)
1<K<N

where

Bie(w = {(es) € 0.20) x (wr,n) | [ (£ 1| <450}

Lemma 3.4. Ifeoy ' M7 < c is small enough, then GEY]K[L?,C(O) = (. Hence (6) holds.
PrROOF. We have £ (u) = DU 4 7)) with
DEh = w?hy — AL+ V(z)h  and  TEh:= —1%)(bn). (66)

If w satisfies (55) then [|(DY)) ™o < 2K7~L. Moreover ||[T5)|go < Ce||b|ls. By lemma 2.1, if
IM™y L C¢e||bl|s < 1/2, then, V1 < K < M, LY (u) is invertible in H*® and ||(£LY) (u)) |00 <
4Ky m

We fix o > max{4(p + 2),d + 2} (the first condition is (2) with v = 2).
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Lemma 3.5. The measure estimate (7) holds.

PROOF. Fix & € (0,e0]. As in the proof of lemma 3.4, for all N, N’ < N: :=(cy/é)Y/7, for all
up € UL—EN ) uy € Z/{L—EN )it results G’(YJ,V)JC(ul) = ny{\it’),c(uz) = G and thus (7) is trivially satisfied in
such cases. Given a set A € (0,e9] X f:(}l,WQ] let A® represent the complementary in (0,£] x [w1, ws].

For N' > N,

(G0 V(G )™ = (G0 () N G ()
< [uxen (Biclua) N Bicun) 0 G) || [Un Bic(ua) NG

As we have just seen, if K < N then Bf(uz) NG = (). Hence it is enough to prove that, if
lur — uzlls, < N7, then
~VE
Bi= Y IBi(w)nBr(w)l+ > |Bi(u) < CL. (67)

K<N K>max{N,N:}

Since £5) () is selfadjoint in H*® and (CI + £ (1))~ is compact for some large C' depending on
K, H%° has an orthonormal basis of eigenvectors of L5 (u), and [[(£LY (u)) ™Yoo is the inverse of
the eigenvalue of smallest modulus.

Since || LY (ug) — L5 (uy)]0.0 = O(e||ug—u1|s,) = O(eN~7), if one of the eigenvalues of £5) (ug)
is in [~4yK 7, 4yK "] then, by the variational characterization of the eigenvalues of £ (u), one of
the eigenvalues of £ (uy) is in [-4yK ™" — CeN~7,4yK ™" + CeN~°]. As a result

B (u2) N Bg(uy) C {(a,w) | 3 at least one eigenvalue of £L5) (e, w,u)
with modulus in [4yK~7,4vK~7 + CeN_“]} .

By a simple eigenvalue variation argument, as is Lemma 3.2 of [4], we have that: if  is small
enough (depending on k), if I is a compact interval in [—~,~] of length |I|, then

K1
== (68)

{w € [w1,ws] s.t. at least one eigenvalue of L5 (e, w, u;) belongs to I}’ <C

As a consequence |{w|(e,w) € BY%(us) N Br(u1)}| < CeN " K%/w, for each ¢ € (0,£], whence
| B (up) N Bx(u1)| < C'E2KYN~7. Moreover, still by (68), |B% (ug)| < CEKYK ™ Jw; < C'éyKa™T,
Hence B defined in (67) satisfies

052( 3 Kd>N"’+C§v( 3 def)

K<N K>max{N,Nz}
< CENYTIT 4 O'gy(max{N, N:})¥ " < CyeNT1,

B

IN

for o,7 > d + 2. This proves the measure estimate (7). B
We have verified all the assumptions of Theorems 1-2 whence Theorem 4 follows.

PROOF OF PROPOSITION 3.1. Fixed p > 0, we consider the “singular” S and “regular” R sites
S:= {z € ZN =N, N | |Di(w) Y eczzomy > p_l}’ Ris°

where Dj(w) := —w?I?> — A 4+ V() are self-adjoint, unbounded operators, densely defined in L?(M).
The singular sites S are “separated” like in the 1-dimensional wave equations.

Lemma 3.6. Assume the diophantine condition (60). Then J¢(y) > 0, g := do(70,9) € (0,1), such
that V1,1' € S with 1 # 1, we have |l —1'| > c(v)(|I] + |I'])%.
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PROOF. Suppose that ly,ly > 0; if l1, [, € S then there are ji, k1 € [1,d;,], j2, k2 € [1,d;,] such that

Wl — wjy k| gC‘lL, |wla — Wiy ks | SCZL~
1 |l2]
Using the spectral asymptotics in (53), and the diophantine condition, we get, if 11 # 2,
¥ 21, . c c
— L <l —1l) - =01 - )| € o+
ATy = OB U RS g e

and the thesis follows, using |l1] + |l2] < 2min(|l1], [l2]) + |1 — l2|. B

Remark 3.2. According to the definitions in [12]-[13]-[7] the singular sites are the integers (I, j, k)
such that | — wI? +W32‘,k| < p, where w]%k are the eigenvalues of —A+V (x). Due to the multiplicity of
such eigenvalues they may form very large clusters. However, the previous lemma shows good separa-
tion properties for their projection in time-Fourier indices. This is the main motivation for working
with the spaces H® defined in (52). This setting enables to proceed similarly to the 1-dimensional
wave equation; the only difference is that, after decomposing in time Fourier series, we get matrices
of spatial operators.

Now, we shall follow closely the procedure in [4], which is here much simpler because the singular
sites are singletons (in time-Fourier indices), see lemma 3.6. A difference is that, in order to prove the
C*°-result, Theorem 4-(ii), we need to assume &(||b||s + 1) small (independently of s).

According to the orthogonal decomposition EWN) := Er & Eg, where

ER:= {u = Ze”tul(x) € E(N)} and Fg:= {u = Ze“tul(x) € E(N)},
IER les
for (e,w) € G, we represent LN := LV (4) as the self-adjoint block matrix (of spatial operators)
() (™)
L) HR£|§3VR HR['\%S _ ( Lr L3 )
MsLiy) Tscp) L§ Ls
where Ilg : EWN) - FEg, IR : EWN) Er denote the corresponding orthogonal projectors. It results
that £3 = (L)1, £, .= Lg, LL = Lg. We fix
=14 (1+2)5,". (69)

where Jg is given by Lemma 3.6.
Lemma 3.7. For ¢||b||5 small enough, L is invertible and, Vs > 8,

1252 bllso < 20~ hlloo + p=22C()Bls [hllso, Ve B, (70

(V)

PrROOF. We have £z = DV +T") as in (66). By the definition of R, ¥s > 0, (DY) 0 < p ',
and, by Lemma 4.1,

N -
TSRy < £Co(3)]1015]IR]

s.0 +€C1(s,3)[[b]s[|R]]5,0 -

Hence, by Lemma 2.1, if p~'¢||b||5 is small enough, then Lg is invertible and (70) follows with C(s) :=
4C4 (S, §) |

The invertibility of LN is then reduced to proving the invertibility of the self-adjoint operator
U= (U, ppes == Ls — LILR'LE : Es — Eg (71)

by the “resolvent” identity

—1p8 -1
-1 _ (I —LR'LE Lzt 0 I 0
() _(o I )( 0 U! —Licyt 1)

Then (62), and so Proposition 3.1, is a consequence of the following lemma.
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Lemma 3.8. If (60)-(61) are satisfied and (||b||s + 1) < n(7y) is small enough, then, ¥s > 3,

K
[0 Ao < KL o ( o). VheHs, (72)
v
with po == 27 + 2.
ProOF. To prove (72) we use that, for all l1,l5 € S,
: - ] (s)ellblls
0 WU ey < CBE ) 108 ey < gz bt (73)

Estimate (73)-(ii) is a consequence of the decay of the Fourier coefficients ||b;||gs1 (a1), as in Lemma
3.12 of [4]. Moreover it can be proved that, by the separation of the singular sites, assumption (61)
can be translated to Estimate (73)-(i), like in Lemma 3.13 of [4]. To prove (72) we write

U=DI+D'R) , D:=diag(U)jes , R:=U-D. (74)
Given L; € N, we estimate

s,0 S Z |ll ’

H(I — D IRA

11\ — 1
oH™ > U,

LeS I |> Ly LeS Ll LM

(73)=(3) Nism

D D o G I L St LN vy
11€8,|l1|>Ly v 12€S8,l2#1

= (P1) + (P2) (75)

where in (P1), resp. (P2), the sum is restricted to the indexes L; < |l1] < 2|lo|, resp. [l1] > 2|l2|. B
(73)-(ii), Lemma 3.6, Holder inequality, and since g € (0,1), we deduce

i

ST (Bl - |22—LW)

(SEEN D S TN S < ey
11€S,|l1|>L4 [l2|2]11]/2

} 1/2
< C(’}/) Z 5|ll 5,0( Z |l2‘_28_60(25_1))
1,€8,|l1|>L1 [l2]>]l11/2
< cCMCE)Bllslikllso Y TR <eCH)C(s)Iblls]Plls 0Ly (76)

LeS|h>Ly

where o := 0p§ — 7 — 2 > 0 by the definition of § in (69). By (73)-(ii) and, since in (P2) we have
|11 - l2| > |l1| - |lg‘ > |11| - (|11|/2) = |11|/27 we deduce that

wir LBl
(P2 < (2 M)
lLeS [la|<|l1]/2
C C
< ﬂsubns S < 9O gy (77)
v lhesS v
where pq := 7+ 2. Similarly one obtains
D~ RAl0.0 < C(y)elblls]|Rllo.0 (78)
and then (s1)
1
|nDp7tRA| < LD RAl00 < LiCOE] bl lBloo - (79)
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We choose Ly := L1(s) large enough so that in estimate (76) it results C(s)L;® < 1. Then we deduce
from (75)-(79) that there is n(y) > 0 such that, for e(||b||s + 1) < n(y),

1 1
D™ RAlls0 < SlAlls0 + C' ()bl N* 2llo.o, 1P~ RAllo,0 < 5lIPllo.o -
Hence, by Lemma 2.1, for e(||b||s + 1) < n(y) , I + D'R is invertible in H*° and
I(I +D™'R) ™ hlls0 < 2[[Alls,0 +4C" (s)I[BlLs N || lo,o -

Finally, (72) follows by (73)-(i), with o :==p1 +7=27+2. &

4 Appendix

Proof of Lemma 1.1. Suppose u # 0. Setting s := ts; + (1 — t)sa, we have, VN > 1,

(N) (N) (51),(52) s—s s—s
Julls < MV ulls + flu = T ulls - < Clsr, s2) (N Hlulls, + N7 lulls,)

and the result follows taking N > 1 as the integer part of (||us,/||u|ls, )"/ 2751,

Lemma 4.1. Fiz 5> 1/2,s; > d/2. Foralls > 3, s} € [0, s1] there exist constants Co(5), C1(5,8) >0
such that, Vb € H®, u € H“/l, we have

[bulls,s; < Co(3)l[bllsllulls,s; + Cr(3, s)[1blls[ul

5,80 - (80)
PrROOF. We estimate

(58) s
bul, E ST (m)?

mEZ

< CC) Y (S uls il ) < 200 (PY) + (P2) (82)

me leZ

2 2
é Pt Hmi oy S 2 (22 Il ) (81)

meZ leZ

where in (P1) the sum is restricted to the indices such that
(m)
(m —=1)

and in (P2) on the complementary set of indices. In passing from (81) to (82) we use that the
multiplication operator Ty for b € H** (M) C L*(M), s1 > d/2, satisfies

<1+4mn(s) with n(s):=2Y*—1>0, (83)

I Toll ez < 1bllzeeay < Cslblas ) s 1 Tollzcaes (my) < CS0)IbI e (m) 5
and so, by interpolation theory (see [22], cap. 1, and references therein), V0 < s} < s;, we have

HTZ’”ﬂ(HSi(M),HSi (M) < C(s)[10l o1 (m)-
Using Cauchy-Schwartz inequality (for brevity || [[zs: = || [|ze1 (M)

Py = (X ||bz||H51<z>§||um_l|Hsi<m_l>s§<m>‘°’>8)2

meEZ ls.t.(83) holds

(83) . 2 5
< 3 (D Ml @ g fm = 07 ) (3 73 ) = CEOMIENulZ - (8)
meZ IeZ leZ
Next, in the sum (P2) we have (I) > (m) — 1—<kn;;>(s) = (m)n(s)(1+n(s))"" and, arguing as in (84),
(P2) < [[bI2[ull? o, C (s, 5) . (85)

By (82), (84) and (85) we deduce (80). W
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