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Abstract

We consider the time-dependent Schrodinger equation on a Rie-
mannian manifold A with a potential that localizes a certain class of
states close to a fixed submanifold C. When we scale the potential in
the directions normal to C by a parameter € < 1, the solutions concen-
trate in an e-neighborhood of C. This situation occurs for example in
quantum wave guides and for the motion of nuclei in electronic poten-
tial surfaces in quantum molecular dynamics. We derive an effective
Schrodinger equation on the submanifold C and show that its solu-
tions, suitably lifted to A, approximate the solutions of the original
equation on A up to errors of order £3|t| at time ¢. Furthermore, we
prove that the eigenvalues of the corresponding effective Hamiltonian
below a certain energy coincide up to errors of order ¢® with those of
the full Hamiltonian under reasonable conditions.

Our results hold in the situation where tangential and normal ener-
gies are of the same order, and where exchange between these energies
occurs. In earlier results tangential energies were assumed to be small
compared to normal energies, and rather restrictive assumptions were
needed, to ensure that the separation of energies is maintained during
the time evolution. Most importantly, we can allow for constraining
potentials that change their shape along the submanifold, which is the
typical situation in the applications mentioned above.

Since we consider a very general situation, our effective Hamilto-
nian contains many non-trivial terms of different origin. In particular,
the geometry of the normal bundle of C and a generalized Berry con-
nection on an eigenspace bundle over C play a crucial role. In order
to explain the meaning and the relevance of some of the terms in the
effective Hamiltonian, we analyze in some detail the application to
quantum wave guides, where C is a curve in A4 = R3. This allows us
to generalize two recent results on spectra of such wave guides.
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1 Introduction
Although the mathematical structure of the linear Schrodinger equation
i) = =AY+ Vip = Hy,  lio € L*(A,dr) (1)

is quite simple, in many cases the high dimension of the underlying configu-
ration space A makes even a numerical solution impossible. Therefore it is
important to identify situations where the dimension can be reduced by ap-
proximating the solutions of the original equation (1) on the high dimensional
configuration space A by solutions of an effective equation

0, = Haa¢,  ¢limo € L*(C,dp) (2)

on a lower dimensional configuration space C.

The physically most straightforward situation where such a dimensional re-
duction is possible are constrained mechanical systems. In these systems
strong forces effectively constrain the system to remain in the vicinity of a
submanifold C of the configuration space A.

For classical Hamiltonian systems there is a straightforward mathematical
reduction procedure. One just projects the Hamiltonian vector field from
the tangent bundle of T*A to the tangent bundle of T*C and then studies
its dynamics on T*C. For quantum systems Dirac [11] proposed to quantize
the restricted classical Hamiltonian system on the submanifold following an
“intrinsic” quantization procedure. However, for curved submanifolds C there
is no unique quantization procedure. One natural guess would be an effective
Hamiltonian Heg in (2) of the form

Heyg = —Ac+ Ve, (3)

where A¢ is the Laplace-Beltrami operator on C with respect to the induced
metric and V¢ is the restriction of the potential V' : A — R to C.

However, to justify or invalidate the above procedures from first principles,
one needs to model the constraining forces within the dynamics (1) on the full
space A. This is done by adding a localizing part to the potential V. Then
one analyzes the behavior of solutions of (1) in the asymptotic limit where
the constraining forces become very strong and tries to extract a limiting
equation on C. This limit of strong confining forces has been studied in
classical mechanics and in quantum mechanics many times in the literature.
The classical case was first investigated by Rubin and Ungar [38], who found
that in the limiting dynamics an extra potential appears that accounts for the
energy contained in the normal oscillations. Today there is a wide literature



on the subject. We mention the monograph by Bornemann [2] for a result
based on weak convergence and a survey of older results, as well as the book
of Hairer, Lubich and Wanner [17], Section XIV.3, for an approach based on
classical adiabatic invariants.

For the quantum mechanical case Marcus [27] and later on Jensen and
Koppe [21] pointed out that the limiting dynamics depends, in addition,
also on the embedding of the submanifold C into the ambient space A. In
the sequel Da Costa [8] deduced a geometrical condition (often called the
no-twist condition) ensuring that the effective dynamics does not depend on
the localizing potential. This condition is equivalent to the flatness of the
normal bundle of C. It fails to hold for a generic submanifold of dimension
and codimension both strictly greater than one, which is a typical situation
when applying these ideas to molecular dynamics.

Thus the hope to obtain a generic ’intrinsic’ effective dynamics as in (3),
i.e. a Hamiltonian that depends only on the intrinsic geometry of C and
the restriciton of the potential V' to C, is unfounded. In both, classical
and quantum mechanics, the limiting dynamics on the constraint manifold
depends, in general, on the detailed nature of the constraining forces, on
the embedding of C into A and on the initial data of (1). In this work we
present and prove a general result concerning the precise form of the limiting
dynamics (2) on C starting from (1) on the ambient space A with a strongly
confining potential V. However, as we explain next, our result generalizes
existing results in the mathematical and physical literature not only on a
technical level, but improves the range of applicability in a deeper sense.
Da Costa’s statement (like the more refined results by Froese-Herbst [15],
Maraner [25] and Mitchell [30], which we discuss in Subsection 1.2) requires
that the constraining potential is the same at each point on the submani-
fold. The reason behind this assumption is that the energy stored in the
normal modes diverges in the limit of strong confinement. As in the classical
result by Rubin and Ungar, variations in the constraining potential lead to
exchange of energy between normal and tangential modes, and thus also the
energy in the tangential direction grows in the limit of strong confinement.
However, the problem can be treated with the methods used in [8, 25, 15, 30]
only for solutions with bounded kinetic energies in the tangential directions.
Therefore the transfer of energy between normal and tangential modes was
excluded in those articles by the assumption that the confining potential has
the same shape in the normal direction at any point of the submanifold. In
many important applications this assumption is violated, for example for the
reaction paths of molecular reactions. The reaction valleys vary in shape
depending on the configuration of the nuclei. In the same applications also
the typical normal and tangential energies are of the same order.
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Therefore the most important new aspect of our result is that we allow for
confining potentials that vary in shape and for solutions with normal and
tangential energies of the same order. As a consequence, our limiting dy-
namics on the constraint manifold has a richer structure than earlier results
and resembles, at leading order, the results from classical mechanics. In
the limit of small tangential energies we recover the limiting dynamics by
Mitchell [30].

The key observation for our analysis is that the problem is an adiabatic limit
and has, at least locally, a structure similar to the Born-Oppenheimer ap-
proximation in molecular dynamics. In particular, we transfer ideas from
adiabatic perturbation theory, which were developed by Nenciu-Martinez-
Sordoni and Panati-Spohn-Teufel in [28, 29, 32, 34, 41, 43], to a non-flat
geometry. We note that the adiabatic nature of the problem was observed
many times before in the physics literature, e.g. in the context of adiabatic
quantum wave guides [6], but we are not aware of any work considering con-
straint manifolds with general geometries in quantum mechanics from this
point of view. In particular, we believe that our effective equations have
not been derived or guessed before and are new not only as a mathematical
but also as a physics result. In the mathematics literature we are aware of
two predecessor works: in [43] the problem was solved for constraint mani-
folds C which are d-dimensional subspaces of R%*, while Dell’Antonio and
Tenuta [10] considered the leading order behavior of semiclassical Gaussian
wave packets for general geometries.

Another result about submanifolds of any dimension is due to Wittich [44],
who considers the heat equation on thin tubes of manifolds. Finally, there
are related results in the wide literature on thin tubes of quantum graphs. A
good starting point for it is [16] by Grieser, where mathematical techniques
used in this context are reviewed. Both works and the papers cited there,
properly translated, deal with the case of small tangential energies.

We now give a non-technical sketch of the structure of our result. The de-
tailed statements given in Section 2 require some preparation.

We implement the limit of strong confinement by mapping the problem to
the normal bundle NC of C and then scaling one part of the potential in
the normal direction by e~!. With decreasing ¢ the normal derivatives of
the potential and thus the constraining forces increase. In order to obtain
a non-trivial scaling behavior of the equation, the Laplacian is multiplied
with a prefactor 2. The reasoning behind this scaling, which is the same
as in [15, 30|, is explained in Section 1.2. With ¢ denoting coordinates on
C and v denoting normal coordinates our starting equation on NC has, still



somewhat formally, the form
10" = —e*Aney® + Velg.e7 ')y + Wigv)y® = HY*  (4)

for 1¢|,—g € L*(NC). Here Ayc is the Laplace-Beltrami operator on NC,
where the metric on NC is obtained by pulling back the metric on a tubular
neighborhood of C in A to a tubular neighborhood of the zero section in
NC and then suitably extending it to all of NC. We study the asymptotic
behavior of (4) as £ goes to zero uniformly for initial data with energies
of order one. This means that initial data are allowed to oscillate on a
scale of order € not only in the normal direction, but also in the tangential
direction, i.e. that tangential kinetic energies are of the same order as the
normal energies. More precisely, we assume that ||eVP5||? = (¢5 | —2Apg)
is of order one, in contrast to the earlier works [15, 30], where it was assumed
to be of order 2. Here V" is a suitable horizontal derivative to be introduced
in Definition 1.

Our final result is basically an effective equation of the form (2). It is pre-
sented in two steps. In Section 2.1 it is stated that on certain subspaces of
L?(NC) the unitary group exp(—iH¢t) generating solutions of (4) is unitarily
equivalent to an ’effective’ unitary group exp(—iHZ;t) associated to (2) up
to errors of order &3|¢| uniformly for bounded initial energies. In Section 2.2
we provide the asymptotic expansion of HS; up to terms of order €2 i.e. we
compute Heg g, Heg1 and Hego in Heg = Heg o + Heg 1 + €2 Hegr o + O(3).
Furthermore, in Section 2.3 and 2.4 we explain how to obtain quasimodes of
H® from the eigenfunctions of Hego + €Herq + 52]-[833 and quasimodes of
Hego+eHeg —I—»SQHQH’Q from the eigenfunctions of H¢ and apply our formulas
to quantum wave guides, i.e. the special case of curves in R3. As corollaries
we obtain results generalizing in some respects those by Friedlander and
Solomyak obtained in [14] and by Bouchitté et al. in [5]. In addition, we
discuss how twisted closed wave guides display phase shifts somewhat similar
to the Aharanov-Bohm effect but without magnetic fields!

The crucial step in the proof is the construction of closed infinite dimen-
sional subspaces of L?(NC) which are invariant under the dynamics (4) up
to small errors and which can be mapped unitarily to L?(C), where the effec-
tive dynamics takes place. To construct these ’almost invariant subspaces’,
we define at each point ¢ € C a Hamiltonian operator H¢(q) acting on the
fibre N,C. If it has a simple eigenvalue band E¢(q) that depends smoothly on
¢ and is isolated from the rest of the spectrum for all ¢, then the correspond-
ing eigenspaces define a smooth line bundle over C. Its L?-sections define a
closed subspace of L?*(NC), which after a modification of order € becomes the
almost invariant subspace associated to the eigenvalue band E¢(q). In the
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end, to each isolated eigenvalue band F(q) there is an associated line bundle
over C, an associated almost invariant subspace and an associated effective
Hamiltonian Hg;.

We now come to the form of the effective Hamiltonian associated to a band
E¢(q). For Hego we obtain, as expected, the Laplace-Beltrami operator of
the submanifold as kinetic energy term and the eigenvalue band F¢(q) as an
effective potential,

Heff70 = —82Ac + Ef.

We note that (V. + W)|c is contained in Ff. This is the quantum version
of the result of Rubin and Ungar [38] for classical mechanics. However, the
time scale for which the solutions of (4) propagate along finite distances are
times ¢ of order e7!. On this longer time scale the first order correction
eHeq 1 to the effective Hamiltonian has effects of order one and must be in-
cluded in the effective dynamics. We do not give the details of Heg; here
and just mention that at next to leading order the kinetic energy term, i.e.
the Laplace-Beltrami operator, must be modified in two ways. First, the
metric on C needs to be changed by terms of order £ depending on exterior
curvature, whenever the center of mass of the normal eigenfunctions does
not lie exactly on the submanifold C. Furthermore, the connection on the
trivial line bundle over C (where the wave function ¢ takes its values) must
be changed from the trivial one to a non-trivial one, the so-called generalized
Berry connection. For the normal eigenfunction may vary in shape along the
submanifold which induces a non-trivial connection on the line bundle asso-
ciated to the eigenvalue band E(gq). This was already discussed by Mitchell
in the case that the potential (and thus the eigenfunctions) only twists.
When F is constant as in the earlier works, there is no non-trivial potential
term up to first order and so the second order corrections in Heg o become
relevant. They are quite numerous. In addition to terms similar to those
at first order, we find generalizations of the Born-Huang potential and the
off-band coupling both known from the Born-Oppenheimer setting, and an
extra potential depending on inner and exterior curvature, whose occurence
had originally lead to Marcus’ reply to Dirac’s proposal. Finally, when the
ambient space is not flat, there is another extra potential already obtained
by Mitchell.

We note that in the earlier works it was assumed that —2A¢ is of order 2 and
thus of the same size as the terms in Heg 2. That is why the extra potential
depending on curvature appeared at leading order in these works, while it
appears only in Hego for us. And this is also the reason that assumptions
were necessary, assuring that all other terms appearing in our Heg g and Heg g
are of higher order or trivial, including that F¢(q) = Ef is constant.



We end this section with some more technical comments concerning our result
and the difficulties encountered in its proof.

In this work we present the result only for simple eigenvalues E(q). With
one caveat, it extends to degenerate eigenvalues in a straightforward way.
Our construction requires the complex line bundle associated with E¢(q) to
be trivializable. For line bundles, triviality follows from the vanishing of
the first Chern class. And for real Hamiltonians like H¢ in (4) it turns out
that the complex line bundle associated to E¢(q) always has vanishing first
Chern class. However, for degenerate eigenvalue bands no such argument is
available (except for a compact C with dimC < 3, see Panati [33]) and we
would have to add triviality of the associated bundle to our assumptions.
Moreover, for degenerate bands the statements and proofs would become
even more lengthy, which is why we restricted ourselves to the case of simple
eigenvalue bands Fx(q).

Next let us emphasize that we do not assume the potential to become large
away from the submanifold. That means we achieve the confinement solely
through large potential gradients, not through high potential barriers. This
leads to several additional technical difficulties, not encountered in other rig-
orous results on the topic that mostly consider harmonic constraints. One
aspect of this is the fact that the normal Hamiltonian H(q) has also con-
tinuous spectrum. While its eigenfunctions defining the adiabatic subspaces
decay exponentially, the superadiabatic subspaces, which are relevant for our
analysis, are slightly tilted spectral subspaces with small components in the
continuous spectral subspace.

Let us finally mention two technical lemmas, which may both be of indepen-
dent interest. After extending the pull back metric from a tubular neigh-
borhood of C in A to the whole normal bundle, NC with this metric has
curvature increasing linearly with the distance to C. As a consequence we
have to prove weighted elliptic estimates for a manifold of unbounded curva-
ture (Lemmas 9 & 10). Moreover, since we aim at uniform results, we need
to introduce energy cutoffs. A result of possibly wider applicability is that
the smoothing by energy cutoffs preserves polynomial decay (Lemma 12).

1.1 The model

Let (A, G) be a Riemannian manifold of dimension d+k (d, k € N) with asso-
ciated volume measure d7. Let furthermore C C A be a smooth submanifold
without boundary and of dimension d/codimension k, which is equipped with
the induced metric ¢ = G| and the associated volume measure du. We will
call A the ambient manifold and C the constraint manifold.



We assume that
A and C are of bounded geometry (5)
(see the appendix for the definition) and that the embedding
C — A has globally bounded derivatives of any order, (6)

where boundedness is measured by the metric G! In particular, these as-
sumptions are satisfied for A = R¥* and a smoothly embedded C that is (a
covering of) a compact manifold or asymptotically flatly embedded, which
are the cases arising mostly in the applications we are interested in (molecular
dynamics and quantum waveguides).

On C there is a natural decomposition T'A|c = TC x NC of A’s tangent
bundle into the tangent and the normal bundle of C. The assumptions (5)
and (6) imply that there exists a tubular neighborhood B C A of C with
globally fixed diameter, that is there is 6 > 0 such that normal geodesics ~
(i.e. v(0) € C,4(0) € NC) of length ¢ do not intersect. We will call a tubular
neighborhood of radius r an r-tube.

Let A4 be the Laplace-Beltrami operator on A. We want to study the
Schrodinger equation

18151/} = _AAw + V.fl¢7 ¢|t:0 € L2<A7 dT) ’ (7)

under the assumption that the potential Vj localizes at least a certain class
of states in an e-tube of C with ¢ < §. The localization will be realized by
simply imposing that the potential is squeezed by 7! in the directions normal
to the submanifold. We emphasize that we will not assume V3 to become
large away from C, which makes the proof of localization more difficult.

In order to actually implement the scaling in the normal directions, we will
now construct a related problem on the normal bundle of C by mapping NC
diffeomorphically to the tubular neighborhood B of C in a specific way and
then choosing a suitable metric g on NC (considered as a manifold). On the
normal bundle the scaling of the potential in the normal directions is straight
forward. The theorem we prove for the normal bundle will later be translated
back to the original setting. On a first reading it may be convenient to skip
the technical construction of g and of the horizontal and vertical derivatives
V! and VY and to immediately jump to the end of Definiton 1.

The mapping to the normal bundle is performed in the following way. There
is a natural diffeomorphism from the d-tube B to the d-neighborhood Bj of
the zero section of the normal bundle NC. This diffeomorphism corresponds



to choosing coordinates on B that are geodesic in the directions normal to C.
These coordinates are called (generalized) Fermi coordinates. They will be
examined in detail in Section 4.2. In the following, we will always identify C
with the zero section of the normal bundle. Next we choose any diffeomor-
phism ® € C* (R, (—4,6)) which is the identity on (—4/2,6/2) and satisfies

VieN 3Cj<oo VreR: [09(r)] < O (1+r%)~UtD/2 (8)

(see Figure 1). Now a diffeomorphism ® € C*°(NC, B) is obtained by first ap-
plying ® to the radial coordinate on each fibre N,C (which are all isomorphic
to R¥) and then using Fermi charts in the normal directions.

(1)
O 1 ~1/r
82+
A :
/=812
~lri—_ + -3

Figure 1: ® converges to +4 like 1/r.

The important step now is to choose a suitable metric and corresponding
measure on NC. On the one hand we want it to be the pullback ®*G of GG
on Bs/z. On the other hand, we require that the distance to C asymptotically
behaves like the radius in each fibre and that the associated volume measure
on NC\ B;s is du ® dv, where dv is the Lebesgue measure on the fibers of NC
and dp ® dv is the product measure (the Lebesgue measure and the product
measure are defined after locally choosing an orthonormal trivializing frame
of NC; they do not depend on the choice of the trivialization because the
Lebesgue measure is isotropic). The latter two requirements will help to
obtain the decay that is needed to translate the result back to A.

A metric satisfying the latter two properties globally is the so-called Sasaki
metric which is defined in the following way (see e.g. Ch. 9.3 of [1]): The
Levi-Civita connection on A induces a connection V on T'C, which coincides
with the Levi-Civita connection on (C, ¢), and a connection V+ on NC, which
is called the normal connection (see the appendix). The normal connection
itself induces the connection map K : T'NC — NC which identifies the
vertical subspace of T{,,)NC with N,C. Let 7 : NC — C be the bundle
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projection. The Sasaki metric is then given by
g(sw)(v,w) = go(Drv,Drw) + G(g0)(Kv, Kw). 9)

It was studied by Wittich in [44] in a similar context. The completeness of
(NC, ¢%) follows from the completeness of C (see the proof for TC by Liu
in [24]). C is complete because it is of bounded geometry. But (NC, ¢°) is, in
general, not of bounded geometry, as it has curvatures growing polynomially
in the fibers. However, (B, C NC,¢%) is a subset of bounded geometry for
any r < oo. Both can be seen directly from the formulas for the curvature
in [1]. Now we simply fade the pullback metric into the Sasaki metric by
defining

Tgw (0, w) = O(|V]) Gagu) (D v, DB w) + (1= O(|V])) giyu)(v,w) (10)

with |v] := \/Ga(g0 (DPr,DPr) and a cutoff function © € C*([0, c0), [0, 1])
satisfying © = 1 on [0,6/2] and © = 0 on [, 00). Then we have

vl = /TG0 V). (11)

The Levi-Civita connection on (NC,g) will be denoted by V and the volume
measure associated to g by di. We note that C is still isometrically imbedded
and that g induces the same bundle connections V and V+ on TC and NC
as G. Since A is of bounded geometry and (Bs, ¢°) is a subset of bounded
geometry, (Bs,g) is a subset of bounded geometry. Furthermore, (NC,79)
is complete due to the metric completeness of (Bs, ®*G) (implied by the
bounded geometry of A) and the completeness of (NC, ¢%).

The volume measure associated to ¢° is, indeed, du® dv and its density with
respect to the measure associated to G equals 1 on C (see Section 6.1 of [44]).
Together with the bounded geometry of (Bs,g) and (Bjs, ¢°), which implies
that all small enough balls with the same radius have comparable volume
(see [40]), we obtain that

dp dp dp
=1 CP(NC
€ G (NC), dp @ dv

dp @ dvve\Bsue 7 dp @ dv

> >0, (12)

where CP°(NC) is the space of smooth functions on NC with all its derivatives
globally bounded with respect to g.

Since we will think of the functions on NC as mappings from C to the func-
tions on the fibers, the following derivative operators will play a crucial role.
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Definition 1 Denote by I'(E) the set of all smooth sections of a hermitian
bundle € and by T',(E) the ones with globally bounded derivatives up to any
order.

i) Fiz q € C. The fiber (N,C,G(,0)) s isometric to the euclidean R¥. There-
fore there is a canonical identification 1 of normal vectors at q € C with
tangent vectors at (q,v) € N,C.

Let o € C*(N,C). The vertical derivative V¥ € N;C at v € N,C is the
pullback via v of the exterior derivative of p € C'(N,C) to N;C. i.e.

(Vo) (v) = (dg),(u(Q)

for ¢ € N,C. The Laplacian associated to — quc 9.0V, VVp)dv is de-
noted by A, and the set of bounded functions with bounded derivatives of
arbitrary order by Cg°(N,C).

ii) Let & = {(¢,p)|q € C, ¢ € C(N,L)} be the bundle over C which is
obtained by replacing the fibers N,C of the normal bundle with C3°(N,C) and
canonically lifting the action of SO(k) and thus the bundle structure of NC.
The horizontal connection V" on & is defined by

(@) = | plu(s).o(s). (13
where T € T(TC) and (w,v) € CY([-1,1], NC) with
w(0) = ¢, w(0) = 7(¢), & v(0) = v, Viv = 0.

Furthermore, Ay, is the Bochner Laplacian associated to V":

[ wawdned = - [ v Vi an
NC NC

where we have used the same letter g for the canonical shift of g from the tan-
gent bundle to the cotangent bundle of C. Higher order horizontal derivatives
are inductively defined by

for arbitrary 1y, ..., 7, € T'(TC). The set of bounded sections ¢ of & such
that V]ﬂl . 15 also a bounded section for all Ty, ..., 7, € I'y(TC) is denoted

-----

by C(C.C=(N,0)).

Coordinate expressions for V¥ and V! are calculated at the beginning of
Section 4.
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In the following, we consider the Hilbert space H := L2((NC,§),dﬁ) of
complex-valued square-integrable functions. We emphasize that the elements
of H take values in the trivial complex line bundle over NC. This will be
the case for all functions throughout the whole text and we will omit this
in the definition of Hilbert spaces. However, there will come up non-trivial
connections on such line bundles! In addition, we notice that the Riemannian
metrics on NC and C have canonical continuations on the associated trivial
complex line bundles.

The scalar product of a Hilbert space H will be denoted by (.|.)s and the
induced norm by || . ||. The upper index * will be used for both the adjoint
of an operator and the complex conjugation of a function.

Instead of (7) we now consider a Schrodinger equation on the normal bundle,
thought of as a Riemannian manifold (NC,g). There we can immediately
implement the idea of squeezing the potential in the normal directions: Let

Vi(q.v) = Vlg.e 'v) + W(q,v)

for fixed real-valued potentials V., W € C°(C, Ci°(N,C)). Here we have split
up any ) € NC as (q,v) where ¢ € C is the base point and v is a vector in
the fiber N,C at ¢. We allow for an ’external potential’ W which does not
contribute to the confinement and is not scaled. Then ¢ < 1 corresponds to
the regime of strong confining forces. The setting is sketched in Figure 2.

(NC, g)
O(e)
H

Q

Figure 2: The width of V, is € but it varies on a scale of order one along C.

We will investigate the Schrédinger equation
0 = HY = —2Ayet + Vo, vlmg=v5eH,  (14)

where Ayc is the Laplace-Beltrami operator on (NC,7), i.e. the operator
associated to — [ ~e 9(dY, dip)dpi. To ensure proper scaling behavior, we need

13



to multiply the Laplacian in (14) by 2. The physical meaning of this is
explained at the end of the next subsection. Here we only emphasize that an
analogous scaling was used implicitly or explicitly in all other previous works
on the problem of constraints in quantum mechanics. The crucial difference
in our work is, as explained before, that we allow for e-dependent initial
data 1§ with tangential kinetic energy (¢5| — e2Apts) of order one instead
of order £2.

The operator H® will be called the Hamiltonian. We note that H¢ is real,
i.e. it maps real-valued functions to real-valued functions. Furthermore, it
is bounded from below because we assumed V., and W to be bounded. In
Section 1.3 of [40] H¢ is shown to be selfadjoint on its maximal domain D(H®)
for any complete Riemannian manifold M, thus in particular for (NC,q). Let
W?22(NC,7g) be the second Sobolev space, i.e. the set of all L?-functions with
square-integrable covariant derivatives up to second order. We emphasize
that, in general, W*?(NC,q) C D(H?) but W?%(NC,g) # D(H?) for a
manifold of unbounded geometry.

We only need one additional assumption on the potential, that ensures lo-
calization in normal direction. Before we state it, we clarify the structure of
adiabatic separation:

After a unitary transformation H® can at leading order be split up into
an operator which acts on the fibers only and a horizontal operator. That
unitary transformation M, is given by multiplication with the square root
of the relative density p := d;gdy of our starting measure and the product
measure on NC that was introduced above. We recall from (12) that this
density is bounded and strictly positive. After the transformation it is helpful

to rescale the normal directions.

Definition 2 Set H := L*(NC,du @ dv) and p := m%gdu'

i) The unitary transform M, is defined by M, : H — H, 1 — péw.
ii) The dilation operator D, is defined by (Dab)(q,v) := e */24(q,v/e).
ii1) The dilated Hamiltonian H. and potential V. are defined by

H. := D:M;H°M,D., V. := D:M;V°M,D. = V.+ D:WD..

The index ¢ will consistently be placed down to denote dilated objects, while
it will placed up to denote objects in the original scale.

The leading order of H. will turn out to be the sum of —A,+V.(q,-)+W (g, 0)
and —e?A,, (for details on M, and the expansion of H. see Lemmas 1 & 5
below). When —e?A;, acts on functions that are constant on each fibre, it
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is simply the Laplace-Beltrami operator on C carrying an 2. Hereby the
analogy with the Born-Oppenheimer setting is revealed where the kinetic
energy of the nuclei carries the small parameter given by the ratio of the
electron mass and the nucleon mass (see e.g. [34]).

We need that the family of g-dependent operators —A, + V.(q,-) + W (g, 0)
has a family of exponentially decaying bound states in order to construct
a class of states that are localized close to the constraint manifold. The
following definition makes this precise. We note that the conditions are
simpler to verify than one might have thought in the manifold setting, since
the space and the operators involved are euclidean!

Definition 3 Let H¢(q) := L*(N,C,dv) and Vy(q,v) := V.(q,v) + W(q,0).
The selfadjoint operator (Ht(q), H*(N,C,dv)) defined by

Hi(q) == —A + Volg,.) (15)

is called the fiber Hamiltonian. Its spectrum is denoted by o(Hi(q)).
i) A function Ef : C — C is called an energy band, if E¢(q) € J(Hf(q)) for
all g € C. Ex is called simple, if Et(q) is a simple eigenvalue for all q € C.

ii) An energy band E; : C — C is called separated, if there are a constant
Cgap > 0 and two bounded continuous functions fr : C — R defining an

interval 1(q) := [f-(q), f+(q)] such that

Ei(q) = I(g)No(Hi(g)),  infdist(o(Hi(a)\ Bi(q), Fi(q)) = cgap- (16)

ii) Set (v) == /1 + V]2 = /1 4+ G40/ (v, V). A separated energy band Ex is
called a constraint energy band, if there is Ag > 0 such that the family of
spectral projections Py : C — E(Hf(q)) corresponding to Ey satisfies

sup,ec €% Py (q)e"|| 234, (q)) < 00

We emphasize that condition ii) is known to imply condition iii) in lots of
cases, for example for eigenvalues below the continuous spectrum (see [19]
for a review of known results). Besides, condition ii) is a uniform but local
condition (see Figure 3).

The family of spectral projections Py : C — L(H;(g)) associated to a simple
energy band t corresponds to a line bundle over C. If this bundle has a global
section ¢ : C — H¢(q) of normalized eigenfunctions, it holds for all ¢ € C
that (Pov)(q) = (@¢|¥)#,(q) ¢i(q). Furthermore, ¢ can be used to define a
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q

Figure 3: E(q) has to be separated by a local gap that is uniform in g.

unitary mapping Uy between the corresponding subspace PyH and L?(C, du)
by
(Uov)(a) = (etl)ri(q)-

So any ¢ € PyH has the product structure 1) = (Ug))ps. Since Vy and there-
fore ¢¢ depends on ¢, such a product will, in general, not be invariant under
the time evolution. However, it will turn out to be at least approximately
invariant. For short times this follows from the fact that the commutator
[H., Py] = [—e*Ay, Py] + O(e) is of order e. For long times this is a conse-
quence of adiabatic decoupling.

On the macroscopic scale the corresponding eigenfunction D,y is more and
more localized close to the submanifold: most of its mass is contained in the
e-tube around C and it decays like e=*0l<I/2. This is visualized in Figure 4.

V,(Q.v) V,(Q.v/e)

lo: ()] ID: o, (9)|

— % ow -2 o)

Figure 4: On the macroscopic level ¢ is localized on a scale of oder .
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Our goal is to obtain an effective equation of motion on the submanifold for
states that are localized close to the submanifold in that sense. More pre-
cisely, for each subspace PyH corresponding to a constraint energy band FE
we will derive an effective equation using the map U,. However, in order to
control errors with higher accuracy we will have to add corrections of order
to PyH and U.

1.2 Comparison with existing results

Since similar settings have been considered several times in the past, we want
to point out the similarities and the differences with respect to our result.
We mostly focus on the papers by Mitchell [30] and Froese-Herbst [15], since
[30] is the most general one on a theoretical physics level and [15] is the
only mathematical paper concerned with deriving effective dynamics on the
constraint manifold. Both works deal with a Hamiltonian that is of the form

H* = —Aye + e 2VE 4+ W. (17)

The confining potential V? is chosen to be the same everywhere on C up to
rotations, i.e. in any local bundle chart (g, v) there exists a smooth family of
rotations R(q) € SO(k) such that

VE(q,v) = Vilg,e ) = Vi(go, e 'R(q)v)

for some fixed point ¢y on C. As a consequence, the eigenvalues of the result-
ing fiber Hamiltonian H¢(q) = —A, + V.(q,-) are constant, F¢(q) = Ef. As
our Theorems 1 and 2, the final result in [30] and somewhat disguised also
in [15] is about effective Hamiltonians acting on L?*(C) which approximate
the full dynamics on corresponding subspaces of L?(NC). In the following we
explain how the results in [15, 30] about (17) are related to our results on the
seemingly different problem (14). It turns out that they indeed follow from
our general results under the special assumptions on the confining potential
and in a low energy limit.

To see this and to better understand the meaning of the scaling, note that
when we multiply H¢ by &2, the resulting Hamiltonian

e H® = —*Ane + VE + &2W,

is the same as H* in (14), however, with very restrictive assumptions on the
confining part V, and with a non-confining part of order 2. As one also has
to multiply the left hand side of the Schrodinger equation (14) by €2, this
should be interpreted in the following way. Results valid for times of order
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one for the group generated by H¢ would be valid for times of order e~2 for
the group generated by e2H¢. On this time scale our result still yields an
approximation with small errors (of order €). Thus the results in [15, 30] are
valid on the same physical time scale as ours.

We look at (14) for initial data with horizontal kinetic energies (15| —e? Ay)§)
of order one. This corresponds to horizontal kinetic energies (15| — An§) of
order £72 in (17), i.e. to the situation where potential and kinetic energies
are of the same order. However, in [15, 25, 30] it is assumed that horizontal
kinetic energies are of order one, i.e. smaller by a factor €2 than the potential
energies. And to ensure that the horizontal kinetic energies remain bounded
during the time evolution, the huge effective potential e 2FE¢(q) given by
the normal eigenvalue must be constant. This is achieved in [15, 25, 30] by
assuming that, up to rotations, the confining potential is the same everywhere
on C.

Technically, the assumption that (in our units) (5| — e?Ay5) is of order &2
simplifies the analysis significantly. This is because the first step in proving
effective dynamics for states in a subspace PyH for times of order €72 is to
prove that it is approximately invariant under the time evolution for such
times. Now the above assumption implies that the commutator [H., Pp| is
of order €2, and, as a direct consequence, that the subspace PyH is approxi-

mately invariant up to times of order e},

Ife™", Bo] || = Ot -

To get approximate invariance for times of order £~2 one needs an additional
adiabatic argument, which is missing in [30]. Still, the result in [30] is correct
for the same reason that the textbook derivation of the Born-Oppenheimer
approximation is incomplete but yields the correct result including the first
order Berry connection term. In [15] it is observed that one either has to
assume spherical symmetry of the confining potential, which implies that
[H., Py] is of order €3, or that one has to do an additional averaging argument
in order to determine an effective Hamiltonian valid for times of order 2.

For our case of large kinetic energies the simple argument just gives
e, R | = Ofcl).

Therefore we need to replace the adiabatic subspaces Py’H by so called super-
adiabatic subspaces P.H, for which ||[e7!, P.]|| = O(¢®[¢]), in order to pass
to the relevant time scale.

We end the introduction with a short discussion on the physical meaning of
the scaling. While it is natural to model strong confining forces by dilating
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the confining potential in the normal direction, the question remains, why in
(17) there appears the factor €2 in front of the confining potential, or, in our
units, why there appears the factor €2 in front of the Laplacian in (14). The
short answer is that without this factor no solutions of the corresponding
Schrodinger equation would exist that remain e-close to C. Any solution
initially localized in a e-tube around C would immediately spread out because
its normal kinetic energy would be of order 72, allowing it to overcome
any confining potential of order one. Thus by the prefactor e72 in (17) the
confining potential is scaled to the level of normal kinetic energies for e-
localized solutions, while in (14) we instead bring down the normal kinetic
energy of e-localized solutions to the level of the finite potential energies.
The longer answer forces us to look at the physical situation for which we
want to derive asymptotically correct effective equations. The prime exam-
ples where our results are relevant are molecular dynamics, which was the
motivation for [25, 26, 30], and nanotubes and -films (see e.g. [6]). In both
cases one is not interested in the situation of infinite confining forces and
perfect constraints. One rather has a regime where the confining potential is
given and fixed by the physics, but where the variation of all other potentials
and of the geometry is small on the scale defined by the confining potential.
This is exactly the regime described by the asymptotics ¢ < 1 in (14).

2 Main results

2.1 Effective dynamics on the constraint manifold

Since the the constraining potential V, is varying along the submanifold, the
normal and the tangential dynamics do not decouple completely at leading
order and, as explained above, the product structure of states in FPyH is
not invariant under the time evolution. In order to get a higher order ap-
proximation valid also for times of order €72, we need to construct so-called
superadiabatic subspaces P.H. These are close to the adiabatic subspaces
PyH in the sense that the corresponding projections P. have an expansion in
¢ starting with the projection Fj.

Furthermore, when there is a global orthonormal frame of the eigenspace
bundle defined by Py(q), the dynamics inside the superadiabatic subspaces
can be mapped unitarily to dynamics on a space over the submanifold only.

We restrict ourselves here to a simple energy band, i.e. with one-dimensional
eigenspaces. This circumvents an eventual topological non-triviality:
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Remark 1 i) If Ef : C — R is a simple constraint energy band (as defined in
Definition 3), then the corresponding eigenspace bundle has a smooth global
section s : C — He(q) of normalized eigenfunctions.

i) Define Uy : H — L*(C,du) by (Up)(q) = (@e|t)ry(q)- Then it satisfies
UiUg = Py and UpU = 1 with Ug given by (Uiv)(q,v) = ve(q, ) (q).

To see i) we notice that Er has to be an eigenvalue for all ¢ due to the gap
condition and the eigenfunctions of H¢(g) can be chosen real-valued because
Hi(q) is a real operator for all ¢ € C. So we deal with a bundle that is
the complexification of a real bundle. The first integer Chern class of a
complexified bundle always vanishes (see e.g. [3]). For a line bundle this
already means that the bundle is trivializable due to a classical result (see
e.g. 2.1.3. in [4]). That is why we can choose a global normalized section .
We mention that Panati [33] showed that for a compact C with d < 3 the
triviality follows from the vanishing of the first integer Chern class, too.

Of course, we could also simply assume the existence of a trivializing frame.
However, we do not want to overburden the result about the effective Hamil-
tonian (Theorem 2).

Theorem 1 Fiz E < oco. Let V,,W € C°(C,Ce°(N,C)) and Ex be a simple
constraint energy band.

Then there are C' < oo and €9 > 0 which satisfy that for all ¢ < g¢ there are
e a closed subspace P°H C H with orthogonal projection P?,
e a Riemannian metric g5z on C with associated measure djig,
o Us:H — He := L?(C, dusy) with US*US = P and USU®* = 1,
such that (Hgg := USHU®*, USD(H®)) is self-adjoint on Heg and
[ (7 — U=*e en! UF) Py (HF) ||£(ﬂ) < Ce*t (18)

forallt € R and each Borel function x : R — [—1, 1] with supp x C (—o0, E].
Here x(HF®) is defined via the spectral theorem.

The proof of this result can be found in Section 3.1. The estimate (18)
means that, after cutting off large energies, the superadiabatic subspace P*H
is invariant up to errors of order £®|t| and that on this subspace of H the
unitary group e ! is unitarily equivalent to the effective unitary group
e Hwt on L2(C, duss) with the same error. In particular, there is adiabatic
decoupling of the horizontal and vertical dynamics.
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The energy cutoff y(H¢) is necessary in order to obtain a uniform error esti-
mate, since the adiabatic decoupling breaks down for large energies because
of the quadratic dispersion relation. It should be pointed out here that, while
Pex(H?) is not a projection, || PSx(H¢®)y|| > (1 —ce)|[1)|| on the relevant sub-
space U*X(HZ ) Heg for any x with support at least slightly smaller than x’s
and a ¢ < oo independent of ¢ (this follows from Lemma 7 below).

Before we come to the form of the effective Hamiltonian, we state our result
about effective dynamics for A, which follows from the one above.

Definition 4 Set Ay := ((;fﬁdT)l/z (¢ o @) with ® : NC — By as constructed

in Section 1.1 and ®*dr the pullback of dr via ®. This defines an operator
A€ L(L*(A,dr),H) with AA* = 1.

The stated properties of A are easily verified by using the substitution rule.

Corollary 1 Fiz 6 >0 and E < co. Let HY := —e*A 4+ V§ be self-adjoint
on L*(A,dr). Assume that V¢ := AVSA* satisfies the assumptions from
Theorem 1. Then there are C' < oo and €y > 0 such that

—iH¢ * rrex —iHE, € * DE € 3
[(e74" — AT U= e et U A) A* PX(HO)A || 1 1o ary < CE° 1
for all0 < e < eg, t € R, and each Borel function x : R — [—1,1] with

supp x C (—o0, EJ.

The proof of this result can be found in Section 3.2. Of course, the choice of
our metric (10) changes the metric in a singular way because it blows up a
region of finite volume to an infinite one. However, it will turn out that the
range of P¢ consists of functions that decay faster than any negative power
of |(|/e away from the zero section of the normal bundle. Therefore leaving
the metric invariant on B;/, is sufficient; due to the fast decay the error in
the blown up region will be smaller than any power of ¢ for ¢ < §.

We note that the assumptions made about V¢ in Theorem 1 translate into
local assumptions about V3, i.e. they only have to be valid on a tubular
neighborhood of C with diameter 6. Furthermore, V* := AV A" is convergent
for |v| — oo. Therefore Hi(q) has eigenvalues only below the continuous
spectrum. Then a separated energy band is automatically a constraint energy
band as was explained in the sequel to Definition 3.

2.2 The effective Hamiltonian

Here we write down the expansion of the effective Hamiltonian H.g. We
do this only for states with high energies cut off. Then the terms in the
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expansion do not depend on any cutoff, which is a non-trivial fact, since we
will need cutoffs to construct H.g!

Theorem 2 In addition to the assumptions of Theorem 1, assume that the
global family of eigenfunctions ¢y associated to E; is in CY° (C, Hf(q)).

For all € small enough there is a self-adjoint operator He(? on Heg such

that for each Borel function x : R — [—1,1] with suppx C (—o0, E], for
every £ € {Uax(HE)Us*,X(Hjﬁ),x(Hé?)}, and for all v, ¢ € Heg satisfying
b = X(—e2Ac¢ + Ex) it holds that || (Hs — HE) € || ety = O(e%) and

< ¢ | He(zfQF) @/} >Hefr
= /c (9(2&((1725?15)*71?25@0) + ¢ (Er + e (ot (VW) pr) g, + 2 WD) )

— &2 MW" (Vi Dl 6), W (eVPith, i, ¥) ) diiy
where for T, 7 € I'(T*C)

Ier(m1,72) = g(71,72) + & (oo | 21(. ) (71, T2) 8 )
+ & <<Pf‘3g(W(-)7'17W(-)T2) Pt +ﬁ(7'1, o T )<Pf> )

Py = —iedyp — Im <€<¢f!Vh90f>Hf - 52/NC§ ef R(VYp,v)vd

q

e (g |2W0) = (eIt wfm)

with W the Weingarten mapping, 11 the second fundamental form, R the
curvature mappz'ng, R the Riemann tensor, and Tq*)C and Né*)C canonically

included into T NC’ The arguments .’ are integrated over the fibers.

Furthermore, W(Q) = (|2 s (VY W)or)3,: + Ve + Vieom + Vamn and

Ve = [ gVt (1= R)Vhpr) do
N,C
Vgeom = _7115(77,77) + %H - é(ﬁ+trcm+trcﬁ),
Vamb = / %ﬁ(vvw%k’y’ vapf,lj> dl/,
N,C
M@ W) = (D|(1=Py)(He—E) (1-P)¥),,

\Ij(Avpv ¢) = — ¥t tl"c(W(V)A) - Q.Qeff(vh(pﬁ ) + @f(vl\iw)¢

with n the mean curvature vector, K,k the scalar curvatures of C and A, and
tre Ric, tre R the partial traces with respect to C of the Ricci and the Riemann
tensor of A (see the appendiz for definitions of all the geometric objects).
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This result will be derived in Section 3.3. One might wonder whether the
complicated form of the effective Hamiltonian renders the result useless for
practical purposes. However, as explained in the introduction, the possibly
much lower dimension of C compared to that of A outweighs the more com-
plicated form of the Hamiltonian. Moreover, the effective Hamiltonian is of a
form that allows the use of semiclassical techniques for a further analysis. Fi-
nally, in practical applications typically only some of the terms appearing in
the effective Hamiltonian are relevant. As an example we discuss the case of
a quantum wave guide in Section 2.4. At this point we only add some general
remarks concerning the numerous terms in H.g and their consequences.

Remark 2 i) If C is compact or contractible or if Ex is the ground state
energy of Hy, the assumption Vo € C° (C, CgO(NqC)) implies the extra
assumption that @r € C°(C, He) (see Lemma 11 in Section 4.3). We
do not know if this implication holds true in general, but expect this for
all relevant applications.

i) Ve = (1psg)(T) is a metric connection on the trivial complex line
bundle over C where ¢ takes its values, a so-called Berry connection.
It is flat because @¢ can be chosen real-valued locally which follows from
Hyi’s being real. The first order correction in plg is the geometric gener-
alization of the Berry term appearing in the Born-Oppenheimer setting.
When the constraining potential is not allowed to vary in shape but only
to twist, the first-order correction reduces to the Berry term discussed

by Mitchell in [30)].

ii1) The correction of the metric tensor by exterior curvature is a feature
not realized before because tangential kinetic energies were taken to be
small as a whole. Its origin s that the dynamics does not take place
exactly on the submanifold. Therefore the mass distribution of ¢ has
to be accounted for when measuring distances.

iv) The off-band coupling M and Vgy, an analogue of the so-called Born-
Huang potential, also appear when adiabatic perturbation theory is ap-
plied to the Born-Oppenheimer setting (see [34]). However, M contains
a new fourth order differential operator which comes from the exterior
curvature. Both M and Vgy can easily be checked to be gauge-invariant,
i.e. not depending on the choice of ¢ but only on Fy.

v) The existence of the geometric extra potential Vgeom has been stressed
in the literature, in particular as the origin of curvature-induced bound
states in quantum wave guides (reviewed by Duclos and Exner in [12]).
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In our setting, these are relevant for sending signals over long distances
only (see Remark 4 below). The potential Vo, was also found in [30].

vi) If He(? was defined by the expression in the theorem, the statement
would be wrong for & = X(He(fo)) because the fourth order term in M
would be dominant. Therefore M is modified in the definition of Hé?
so that the associated operator is bounded (see (44) below). However,
when energies of Hé? are approximated by perturbation theory or the
WKB method, that modification is of lower order as the leading order
of a quasimode v satisfies v = x(—&?Ac + Ey)v + O(e) for some x.

Using Theorem 2 we may exchange H; with He(? in Theorem 1. After
replacing P° and U® by their leading order expressions, which adds a time-
independent error of order ¢, it is not difficult to derive the following result.

Corollary 2 Fiz ' < oo and set Uj := UyD?. Under the assumptions of
Theorem 2 there are C' < 0o and €y > 0 such that

- o
| (e7t = vgre i U ) U (U

< Ce(e®lt|+1 19
s S CEEH+D (19
for all0 < e < eg, t € R, and each Borel function x : R — [—1,1] with
supp x C (—o0, EJ.

Corollary 2 will also be proved in Section 3.3. While (19) is somewhat weaker
than (18), it is much better suited for applications, since U is given in terms
of the eigenfunction (¢ and depends on ¢ only via the dilation D.. So, in view
of Theorem 2, all relevant expressions in (19) can be computed explicitly.

2.3 Approximation of eigenvalues

In this section we discuss in which way our effective Hamiltonian allows us
to approximate certain parts of the discrete spectrum and the associated
eigenfunctions of the original Hamiltonian. The following result shows how
to obtain quasimodes of H¢ from the eigenfunctions of H e(? and vice versa.

Theorem 3 Let E; be a constraint energy band and U®, He(? the operators
associated to it via Theorems 1 & 2.

a) Let E € R. Then there are g > 0 and C' < oo such that for any family
(E.) with limsup,_, E. < E and all € < g the following implications hold:

i) HV. = BExp. = ||[(H° — E) U |l < O | Ul

i) H yf = B4 = | (HY — E)U* |y < C310°|5-
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b) Let Ei(q) = info(Hi(q)) for some (and thus for all) ¢ € C and define
Ei(q) :=info(Hi(q) \ Er(q)). Let a family (¢°) with

limsup (¢°|( — EMAMY + Vi(q,v/e))Y®) < 1r€1£ E, (20)
e—0 q

be given. Then there are g > 0 and ¢ > 0 such that || Us)®|
for all e < ¢gy.

Har 2 C[[9% |7

If one knows a priori that the spectrum of H¢ is discrete below the energy F,
then statement a) i) implies, that H¢ has an eigenvalue in a interval of length
2Ce% around E.. The statement b) ensures that a) ii) really yields a quasi-
mode for normal energies below inf,cc 1, i.e. that

Ha < CE U

H Y = B —  ||[(HY — E.)Uy"| Mo -

Remark 3 If the ambient manifold A is flat, —52M/,AVM; 18 form-bounded
by —e?Anc + Ce? for some C' < oo independent of € (this follows from
Lemma 1 below and the expression (5.5) for —e?*Ane in [15]). Then, since
H® = —*Anc + Vo(q,v/e) + W(g,v) — W(q,0), (20) follows from
lim sup (V°|H5Y®) < 1I€1£ Ey —sup (W(q,0) — W(q,v)) = E..
q

e—0 (qu)

Therefore Theorem 3, in particular, implies that at least for flat A there is a
one-to-one correspondence between the spectra of H® and Heff) below E,.

One may ask whether a family (E.) of energies of H* with limsup E. < E,
exists at all. A sufficient condition is that sup,,, (W(q, 0) — W(q, 1/)) is
strictly smaller than inf,cc By — infyee Ey. For this implies inf e By < Ej,

and the spectrum of H gf) in the interval [inf ¢ Ef, E.] has either a continuous

part or the number of eigenvalues is at least of order e~! because He(?’s
leading order term —e2A¢ + E is a semiclassical operator. Then by a) i) this
is also true for H*.

The eigenvalues of HEE? can be approximated by the WKB construction,

which is quite standard (see e.g. [18]). In the simplest case one obtains:

Corollary 3 Denote by Ey(A) the (-th eigenvalue of a semi-bounded opera-
tor A, counted from the bottom of the spectrum.

Let A be flat and let E¢ be a constraint energy band with inf By < FE, and
Ei(q) = infU(Hf(q)) for all ¢ € C. Assume that there is gy € C such that
Ei(qo0) < E¢(q) for all ¢ # qo and (nga ; Ef) (qo) is positive definite.

Then for any ¢ € N c

Eg(HE) = Ef((]o) + €Eg(HHo) —+ 0(82),

where Huo := —Aga + 35(V3 5 Er)(qo)a'a? is a harmonic oscillator on R?.
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We want to relate this to a result by Friedlander and Solomyak in [14].
There they consider the spectrum of the Dirichlet Laplacian —Ap on the
two-dimensional strip {(z,y) : * € I, 0 <y < eh(z)} for any interval I and
positive function h. They show that, if A has a global maxmimum at ¢y €
which is non-degenerate, then

E(—*Ap) = Ei(q) + cEi( — 02, + LE{ (q0)2*) + o(e),

where E(z) := n?/h*(z) is the lowest eigenvalue of the Dirichlet Laplacian
on [0, h(z)]. So we would reproduce this result, if we were able to replace H;
by the Dirichlet Laplacian on a compact set of diameter €. For a set with
smooth boundary we do not see a problem in doing so. To the contrary, the
strict localization to an e-tube around C would simplify many steps in our
proof considerably. Anyway, our result suggests that the result by Friedlander
and Solomyak is true also for higher dimensions and when [ is replaced by
a curved space. Even more, it allows to conjecture the next corrections to
the eigenvalues because it is straight forward to deduce the terms of order &2
from the expression of H e(? via standard perturbation theory.

2.4 Application to quantum wave guides

In this section we look at the special case of a curve C in A = R? equipped
with the euclidean metric. Such curves may model quantum wave guides
which have been discussed theoretically for long times but are nowadays also
investigated experimentally. We will provide the expression for our effective
Hamiltonian in this case and discuss which terms remain, if we add restric-
tions on the constraining potential or the geometry. Furthermore, we will
apply Theorem 3 to obtain a statement about the spectrum of a twisted
wave guide. For the sake of brevity, we assume that W, the non-constraining
part of the potential, vanishes. Its contributions could be trivially added in
all formulas and as long as sup, (W(q, 0) — W(q, 1/)) is small enough also
in the statements (see the preceding subsection).

We first look at an infinite quantum wave guide. So let the curve C be given
as a smooth injective ¢ : R — R3 z — c(x) that has bounded derivatives of
any order and is parametrized by arc length (|¢| = 1). Wherever ¢ # 0, the
Frenet frame of TC x NC is defined by 7 := ¢, vy 1= ¢/|¢|, and v5 := 7 X 1.
Wherever ¢ = 0, we look at an arbitrary frame with 7 := ¢ and 14 - 75 = 0.
The (exterior) curvature of ¢ is  := |¢| and its torsion is 6 := —v; - 1. By the
Frenet formulas the Weingarten mapping satisfies W(v1) = n and W(1p) =0
(see e.g. [7]). We denote the coordinates with respect to 7, vy, and v, by x, nq,
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and n, respectively. In these coordinates it holds V" = 9, + 0(n10n, — 1n20,,)
(as can for example be seen from the general coordinate formula (68) below).

Now let Ef be a simple constraint energy band and ¢f a global family of
eigenfunctions associated to it. We start by spelling out the formula for the
effective Hamiltonian from Theorem 2. Of course, all terms containing the
inner curvature of C and A = R? vanish due to the flatness of C and A with
the euclidean metric. Since C is one-dimensional and contractible, ¢ can be
chosen such that pSz = —icd, globally. Then the effective Hamiltonian is

HS,, = —e0:(1+en(plnipr) + 3 n* (pilnfer))edy + Ex
— 20 /4 + € (Vx| V) — [ V) )
ye? (4 £, (VP or| Ry, (Er)VP¢) €0,
+4nReed, (V'pi| Ry, (Ep)napr) €202,
1 €202, (merl Rar (B o) 202, ) + O(*) (21)

with Ry, (Ex) := (1 — Py)(Hy — E;) '(1— Fy) and (@[ V) == [o ¢* ¢ dnydne.
We emphasize that formula (21) is only valid when applied to states with
high energies cut off because this is required for the application of Theorem 2.
In particular, this explains why the differential operator of fourth order is
not to be thought of as the dominant term but only as of order £2. But still
|led, || ~ 1 for a 1) of finite energy! Before we consider some special cases,
we want to make the following crucial remark about sending signals through
wave guides.

Remark 4 For highly oscillating states 1, i.e. with (| — €202 ,4) ~ 1, the
only term of order one besides —e20?, is Fr. In particular, if E; is constant,
the dynamics is free at leading order and, even more, the potential terms are
of order €. So they only become relevant for times of order e=2. However, a
semiclassical wave packet 1) covers distances of order e=' on this time scale.
Hence, for such 1 note-worthy trapping occurs only for very long wave guides!

If we consider a straight wave guide, i.e. n = 0, the formula we end up with is
a complete analogue of the one derived by Panati, Spohn, and Teufel in [34]
in the case of the Born-Oppenheimer approximation:

H: om0 = —€02, + Er + & (Ve Vr) — [{0e| V) )
+e24ed, <Vh<,0f|RHf (Er) V) £0,. (22)

We note that, although n = 0, the x-dependence of the constraining potential
still allows us to model interesting situations, e.g. a beam splitter [20].
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Now we drop the assumption n = 0 and assume that the constraining poten-
tial V, is parallel with respect to V" instead. This means V"V, = 0. Then
we obtain a global family of eigenfunctions o with VPp; = 0 by taking it
to be the parallel transport with respect to V® of ¢¢(go) for any ¢y € C. In
addition, since V. does not change its shape, E; is constant and thus may be
removed by redefining zero energy. Therefore we have

Heolomvi=o = —e0:(1+ enleelnipr) + 360 (ps|nier) ) €0,
—e?n? /4 + &0 202, (e Ry, (Er)nagy) €202, (23)

There is wide literature on quantum wave guides where the effects of bending
and twisting on the spectrum of the Dirichlet Laplacian on an e-tube with
a fixed cross section is investigated (see the review [22] by Krejcirik). If we
consider the corresponding situation that V. does not change its shape but
is allowed to twist, F¢ is the only term in (21) that may be neglected. Since
the remaining potential terms are, however, of order 2, the kinetic energy

operator —e%02, will also be of order €? for low eigenvalues. So H¢,,, may be
devided by €2. Keeping only the leading order terms we arrive at
Hiyq = =0 — n*/4 + (Viex|Vir) — (e Vier)* (24)

The twisting assumption means that there is V, € C°(R?) and o € C2°(R)
such that the constraining potential has the form:

(V& (@) (n1,m2) = Vi(ny cos a(x) — ngsina(x), ny sina(x) + ny cos a(x)).
Then the family of eigenfunctions ¢ may be chosen as
(gof(a:)) (n1,ng) = ¢ (n1 cos a(x) — ng sina(x), ny sin a(z) + ng cos a(a:))

for an eigenfunction ®; of —Age + V.(x) with eigenvalue E¢. We recall that
VE =9, + 0(n10,, — n20,,), where 0 is the torsion of the curve. A lengthy
but simple calculation yields

(V¢ |V 05) — (06| V) |* = (0 — 0/)2/ 11100, B — 120y, D) *dndns.
RZ

We note that the integral is the expectation value of the squared angular mo-
mentum of ®¢ and thus vanishes for a rotation-invariant ®;. Now Theorem 3
together with Remark 3 implies the following result.

Corollary 4 Denote by Ey,(A) the (-th eigenvalue of a semi-bounded opera-
tor A, counted from the bottom of the spectrum.
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Let C C R3? be an infinite curve, W = 0, and E; be a constraint energy band
with E¢(q) = inf o (Hy(q)) for all ¢ € C. Let L € Ny U {oc} be the number
of eigenvalues of Hiwist below the continuous spectrum, where Hiyis 1S the
following operator on R:

Hygist 1= =02, — 0°/4 + C(®)(0 — o)?

with C(Pg) 1= [go [110n, P — 120y, D¢ 2dnydns.
If V. only twists, i.e. V. = V& for some o as above, then for any ¢ < L

E((H®) = E; + € Ey(Huywisr) + O(€%).

This is an analogue of the result by Bouchitté, Mascarenhas and Trabucho
in [5] for e-tubes twisted by a. In [22] it was posed as an open problem
to generalize this result to an infinite tube. Corllary 4 achieves this for a
constraining potential that twists instead of the Dirchlet tube.

Up to now we have considered an infinite wave guide which is topological
trivial. The only possible non-trivial topology for a one-dimensional manifold
is that of a circle. So let C now be diffeomorphic to a circle. We refer to
such a C as a quantum wave circuit. Because of the non-trivial topology our
choices of the family ¢r made above are only possible locally but in general
not globally. Therefore we rewrite (22) without those choices and ignoring
the terms of order €2 for the moment:

Heo = pi(1+en{ednigr))p- + Er + O(e?) (25)

with p. = —ied, +¢ <<,0f‘i<6x +60 (n10p, — ngﬁnl))gof>. Although the curvature
of the connection ip. always vanishes, it may have a non-trivial holonomy
over the circle, which we will discuss next.

For the sake of simplicity we consider a round circle, i.e. with constant n and
6 = 0. Let « be a 2m-periodic coordinate for it. The eigenfunction ¢¢(z) can
be chosen real-valued for each fixed z because H; is real. This associates a
real line bundle to Ef. From Remark 1 we know that the complexification
of this bundle is always trivializable. However, let us look at the real bundle
first. From the topological point of view, there are two real line bundles
over the sphere: the trivial one and the non-trivializable Mobius band. In
the former case the global section ¢ can be chosen real everywhere. This
implies (pf|0.¢) = 0 which results in ip. = £0,. Thus the holonomy group of
ip. is trivial in this case. We will now provide an example for the realization
of the Md6bius band by a suitable constraining potential and show that the
holonomy group of ip. becomes Z /27!
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Let V. € C°(R?) have two orthogonal axes of reflection symmetry, i.e. in
suitable coordinates

Vo(—N1, Ny) = V(N No) = Vi(Ny, —Ny). (26)

Then the real ground state @, of —Age + V, with energy F, is symmetric
with respect to both reflections,

Dy(N1, No) = Dg(—Ny, No) = Dg(Ny, —Ny),

while the first excited state ®;, also taken real-valued, with energy F; is
typically only symmetric with respect to one reflection and anti-symmetric
with respect to the other one, e.g.

D1 (N1, Ny) = — D1 (=N, Ny) = D1 (Ny, —Ny). (27)

This is true in particular for a harmonic oscillator with different frequencies
(boundedness of V. is actually not important here). As the potential con-
straining to the round circle we choose the twisting potential V" introduced
above with a(z) = x/2, i.e.

(Vf/z(:v))(nl, ng) = f/c( cos(z/2)ny — sin(z/2)ny, sin(x/2)ny + cos(z/2)n,).
We note that due to (26) this defines a V&*/* € C° (C,C(NC)). Then
(@;(x))(n1,n2) == @;(cos(x/2)ny — sin(z/2)ns, sin(x/2)ny + cos(x/2)n,)

is an eigenfunction of He(z) := —A, + V,(x) with eigenvalue Ej for every x
and j € {0,1}. However, while @y is a smooth section of the corresponding
eigenspace bundle, @y is not. For by (27) it holds ¢1(z) = —@1(x + 27).
From Remark 1 we know that there is a smooth non-vanishing section. A
possible choice is o1 (z) := /23, (x). Using (27) we obtain that for the first
excited band the effective Hamiltonian (25) reduces to

HE

qwc,1

By + (—id, +¢/2)* + O(e?),
while for the ground state band it is

H6

qwce,0

= Ey — 292, + O(&?)

This shows that depending on the symmetry of the normal eigenfunction the
twist by an angle of 7 has different effects on the effective momentum operator
in the effective Hamiltonian. With respect to the connection appearing in
HE .., the holonomy of a closed loop v winding around the circle once is

qwc,
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given by h(y) = ¢! 5™ 1/2d2 — 1 Hence, the holonomy group of ip. is indeed

7./27 and the 1/2 cannot be gauged away. Furthermore, a wave packet which
travels around the circuit once accumulates a m-phase. This can be seen as
an analogue of the Aharanov-Bohm effect, though with the only possible
phase 7.

The effect of this phase can also be seen in the level spacing of H5 and thus,
with Theorem 3, also in the spectrum of H¢. The arguments that led to (24)
for an infinite wave guide may be applied here, too, except that, of course,
—d2_ has to be replaced by (—id, + 1/2)? for H¢ Since n and o — 6 are

qwe,1 °
1 (3
constant, the eigenvalues of H,., are

E(Hipey) = By + 22 [(0+3) + S22 1 O, ey,
while for Hg,. o, we find

E,(HE

cweo) = Eo + € [62 + %} + O, (eNg.
Although a constraining potential that twists along a circle was investigated
by Maraner in detail in [25] and by Mitchell in [30], the effect discussed above
was not found in both treatments. The reason for this is that they allowed
only for whole rotations and not for half ones to avoid the non-smoothness
of ¢1. Finally, we note that it easy to generalize the statements above to a
circuit whose curvature and potential twist are non-constant.

3 Proof of the main results

In the following, £(X,Y) is the Banach space of bounded operators between
two Banach spaces X and Y. D(A) will always denote the maximal domain
of an operator A, equipped with the graph norm. For convenience we set
D(HY) := H. A* will always be used for the adjoint of A on H if not stated
differently. We recall that we have set (v) := /1 + [v[2. A = (v)! is meant
to be the multiplication with (v)!. Finally, we write a < b, if a is bounded
by b times a constant independent of ¢, and a = O(g), if |ja|| < &'.
Throughout this section we assume that V., W € C°(C, Cp°(N.C)) and that
E} is a constraint energy band as defined in Definition 3.

3.1 Proof of adiabatic decoupling

As explained in the introduction the first step in proving Theorem 1 is the
unitary transformation of H¢ by multiplication with the square root of the
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relative density p := ﬁdg% of the volume measure associated to g and the
product measure on NC. This transformation factorizes the measure, which
will allow us to easily split the integral over NC later on, but it also yields

an additional potential term. The abstract statement reads as follows:

Lemma 1 Let (M, g) be a Riemannian manifold. Let doy,dos be two mea-
sures on M with smooth and positive relative density p := %. Define

M, : L*(M,doy) — L*(M,doy), ¢ — p21).

Then M, is unitary and it holds

My(=Bar )My = = Aoyt — (3g(d(inp),d(np)) — 2, (np) )
= _Adagqvb + V;)wa

with Agy, 1= divg,, grad ¢, where grad v is the vector field associated to diy
via g and divg,, is the adjoint of grad on L*(M,do;).

The proof is a simple calculation, which can be found in the sequel to the

proof of Theorem 1. We recall from (12) that p = d;gdu is in Cp°(NC) and

strictly positive. Therefore V, is in Cp°(NC) for our choice of p. Since p is
equal to 1 outside of Bs, V,, is even in C°(C, C°(N,C)) which coincides with
C°(NC) inside B, for any r < oco.

The heart of Theorem 1 is the existence of a subspace P.’H C ‘H that can be
mapped unitarily to L?(C, du) and approximately commutes with H.:

Lemma 2 Under the assumptions of Theorem 1 there is ¢ > 0 such that
for all e < gy there are an orthogonal projection P. € L(H) and a unitary
U. € L(H) with P. = U*PyU. and

o [IU:=1llcpy = OE), Plcary S 1,

o [ PWYlery S 1, WP lleomy S 1,

o |[H-, Pe]||L(D(Hgn),D(H;"*1)) = 0(e),

o |[He, P x(H) e pmy = O(E?) (28)

for all j,l,m € Ny and each Borel function x : R — [—1,1] satisfying
supp x C (—oo, E].

The construction of P. and U. is carried out in Section 4.3. There is a
heuristic discussion at the beginning of that section that the reader may find
instructive to get an idea why P. and U, exist. When we take its existence
for granted, it is not difficult to prove that the effectice dynamics on the
submanifold is a good approximation.
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PROOF OF THEOREM 1 (SECTION 2.1):

Let dpusg be the volume measure associated to giz which we define by the
expression in Theorem 2. For any fixed £ < oo, Lemma 2 yields some
unitary U. for all £ below a certain gy. We define U. := UpU.. Using Remark 1
and Lemma 2 we have U}U, = UjU{)“UOU6 = [Z*POUE = P_ and

U.Ur = UUUU; = UUp = 1. (29)

: * Bl W — dp
In view of Lemma 1, we next set U® := M7 U.D;M; with p := duéfdy and

pi= dﬁ’; . In view of (29), the unitarity of M, M, and D, implies UsU** = 1.
eff

Furthermore, we simply define P by P¢ := U**U®. Then U*® is unitary from

P¥H to L*(C,duss). Finally, we set

Hey == USHU™ = M,U.H.U:M;. (30)

We notice that HZ; is symmetric by definition. Since M; is unitary and
U, is unitary when restricted to P.H due to Lemma 2, the self-adjointness
of (Hg, USD(H?)) on Heg := L*(C,dugg) is implied by the self-adjointness
of (PEHePE, PED(HE)) on P.H, which is in turn a consequence of the self-
adjointness of (P€H€P5+(1—PE)H€(1—PS), D(HE)) on H. For € small enough
this last self-adjointness can be verified using Lemma 2 and the Kato-Rellich
theorem (see e.g. [36]):

H. — (P.H.P. + (1 — P.)H.(1 - P.))
(1-P)H.P. + P.H.(1- P.)
(1 - P)[H., P.] — P.[H., F.]
= (1-2PR)[H,, P.].

Lemma 2 entails that [H., P.] is operator-bounded by ¢H.. Hence, for ¢
small enough (we adjust €y if nescessary) the difference above is operator-
bounded by H. with relative bound smaller than one. Now the Kato-Rellich
theorem yields the claim, because (H., D(H.)) is self-adjoint (as it is unitarily
equivalent to the self-adjoint H¢).

We now turn to the derivation of the estimate (18). To do so we first
pull out the unitaries Mz, M, and D.. Using that DM} x(H®) D-M, =
X(D:My;H®D.M,) = x(H.) due to the spectral theorem we obtain by a
straight forward calculation that

(e—iH‘ft _ Ue*e—iHefftUa) Pe X(Ha)
= M,D. (e7" — Uze VMUY, UFUL x(H.) DM
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Since M, and D, are unitary, we can ignore them for the estimate and con-
tinue with the term in the middle. Next we use Duhamel’s principle to

express the difference of the unitary groups as a difference of its generators.
Because of U.U} =1 and P. = U}U. we have that

(e—iHet i U;e—iUsHaUa*tUE) U;UE X(Ha)
_ (Pa . U:e_iUSHSU:tUgeiHst) e—ngt X(HE) + [e—iHet’ Pg] X(HE)
t
= i / Uze VHUS (ULH UZU. — U.H.) e=* dse " x(H.)
0
+ [ P x(H.)
t
. / Ure VIV (H.P. — P.H.) x(H.) 67 ds o—Het
0
+ e P x(H:), (31)

where we used that [e7¥=% y(H_)] = 0 for any s due to the spectral theorem.
Now we observe that (28) implies that

[ fe =, PIX(HL) ||y = OE1HD. (32)
as it holds
[e—iHEt’ Pa] X(Ha) _ e—iHEt (Ps . engtPEe—iHet) X(Ha)

t
= —e Mty / s> (H.P. — P.H.) e "= ds x (H.)
0

t
= ot [ P ) s 2 o)
0

because of Lemma 2 and ||e~H=s

cwy) = 1 for any s. So, in view of (31),

[ (e7Hf — Uze = HV2t0L) P x(H.) HE(H)
(32) ! —iU.HU* iH, 3
< / Ure VBV [ Py (H) oo ds || + O(E])
0 L(H)

< 1t H U:e—iUSHSU:SUE Hc(H) | [He, P-] x(H) ||£(H) + Ot

<1
L o).
This proves the error estimate (18). O]

PROOF OF LEMMA 1:
M, is an isometry because for all ¢, ¢ € L*(M, doy)

/M,,@/}*Mpgpdog = / Vo pdoy = / @gpdal.
M M M
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Therefore it is clear that )
My = p29
which is well-defined because p is positive. One immediately concludes

MM =1 = MM,

and thus M, is unitary. Now we note that [grad,p_%] = —%p_% gradlnp.
So we have

1. 1
My(—=Dao )Myt = — p2dives, grad(p™2¢)
1. _1
= —p2dives, p~2 (grady — §(gradIn p)e)
= — p%divda1 p_% grady + p%divda1 (p_%%(grad In p)?ﬁ)
On the one hand,
p%divch71 p_% gradi) = pdivg,, p ' gradiy) + %g(grad In p, grada))
and on the other hand,
p%divd(,1 (p_%%(grad In p)¢> = —32g(gradlnp, gradln p)y

1

1
+ 1 (divge, gradIn p)y
+ 1 g(gradIn p, grad ).

Together we obtain
Mp(_Ad01>M;¢ - = Pdinm ;0_1 gradqu)
— (411 g(gradlnp,gradInp) — % divg,, grad In p)z/;

= At — (Lglgradlnp,gradinp) — L Ag, Inp)o,

which is the claim. O

3.2 Pullback of the results to the ambient space

In this section we show how to derive the corollary about effective dynamics
on the ambient manifold A from Theorem 1. To do so we first state some
immediate consequences of Lemma 2 for P¢ and U® from Theorem 1.
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Corollary 5 For e small enough P* and U® from Theorem 1 satisfy

o [[Pllepmemy S 1,

o w/e)Pv/eflipm S 1. Iv/e) Pv/ef llcomey S 1.

¢ H[HgaPE]HL(D(HE’”“,D(HE’”)) = O(e), (33)
o |[H, PIX(H ) cpemy = O, (34)
b ||U6||L(D(Hem),D(Hggf”)) S, ||U€*||L(D(Hg;”),D(Hsm)) Sl (35)

for all 3,1,m € Ny and each Borel functions x : R — [—1,1] satisfying
supp x C (—o0, EJ.

The proof can be found at the end of this subsection. Now we gather some
facts about the operator A defined in (4) and its adjoint.

Lemma 3 Let A be defined by Ay = @‘ZT (¢ o @) with & : NC — B as
constructed in Section 1.1.

i) It holds A € L(L*(A,dr), H) with

1A\ 2veamy < Wll2aar Vb € L*(A,dr).

ii) For ¢ € H the adjoint A* € E(ﬁ, L3(A, dT)) of A is given by

Ao — (%gp)oq)_l on B,
7" o on A\ B.

It satisfies || A*o|| r2(a,ar) = @l L2(ve,am), A*A = x5, and AA* = 1.
iti) It holdsA*P¢ € L(D(H®),D(Hy)) and

~Y

[(HGA* — A*HO)P?|| copaey 12(aamy) S €5 (36)

The last estimate is crucial for the proof of Corollary 1. It results from the
two facts that H4A* = A*H* on Bs/y by construction and that P* is 'small’
on the complement. Lemma 3 will be proved at the end of Section 4.1. We
now turn to the short derivation of Corollary 1.

PROOF OF COROLLARY 1 (SECTION 2.1):
By Lemma 3 we have AA* = 1. Therefore

(e_iHi\t — A* Us*e_iHegﬂtUsA) A* P€X(HE>A
— ((e_in‘ltA* — A* e—iHst) + A*(e—iHst _ Ua*e—ng‘ﬁ,tUe)>P5X(Hs)A
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Since A and A* are bounded by Lemma 3, Theorem 1 implies that the second
difference is of order £3|t|. So it suffices to estimate the first difference. The
estimate (34) implies [e 7" P¥] x(H®) = O(e?|t|) analogously with the proof
of (32). So
(e_in‘ltA* — A* e—iHEt)Pax(Hs)A
— efinL\t(A*Ps _ eiHiltA* PeefiHEt)X(He)A + A*[efiHEt’ Ps] X<H€>A

t
= je At / eHas (A*PTH® — HYA*P* x(H®))e H=* Ads + O(*[t])
0

t
= je At / eHas (A*H® — HGA™) PEx(H®)e = Ads + O(%]t])
0
= O(|t)
due to (36) and [[x(H®)||;@p@rey S 1. The latter holds because H* is

~Y

bounded from below and the support of y is bounded from above, both
independent of ¢. [

Proor oF COROLLARY 5:

We will only prove that (35) is a consequence of the other statements. These
follow directly from Lemma 2 by making use of the unitarity of M, and D,
as well as of D.(v) D! = (v/¢e), when we recall that P* = M,D.P.D? M from
the proof of Theorem 1.

We prove (35) by induction. For m = 0 both statements are clear. Now

we assume that it is true for some fixed m € Ny. Theorem 1 yields that
P =U*U*® and Hi; = U°H°U**. On the one hand, this implies

U® = Hg UTHP.

m—+1

Heg
Then || P?[| zp(gem+1y) S 1 and the induction assumption immediately imply
HUeHg(D(Hem“”),D(Hgf’f"“)) < 1. On the other hand, we have
HE UE* — HEm P€H€U6* + HEm [H%:’ PE] U&*
H"U™Hg + H*"[H®, PTJU*.
By the induction assumption and (33) it holds for all ¢ that
| U=yl < | HUS Hogpl| + ||[H=" [HF, PIJU=|

m+1

m—+1

gm+l € emtlr e e™ 1 rex
S Hg Wl + [ Hew | + e (1H U9l + [ HU= )
emtl emtl ek
S O Heg ol +elH U + (|9,

where we used that lower powers of a self-adjoint operator are operator-
bounded by higher powers. For € small enough, we can absorb the term with
the € on the left-hand side, which yields HU‘E*||£(D(H§$+1)’D(H5m+1)) Sl 0O
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3.3 Derivation of the effective Hamiltonian

The goal of this section is to prove Theorem 2. We first take a closer look at
the horizontal connection V¥ (see Definition 1):

Lemma 4 [t holds (V2|3 + (9| Vi) p, = (d(¢[Y))2 ) (T) and

R o i= (VhV% = VEVE = Vo)V = Vheumt (37)

[T1,72] Rt (11,72
where Rt is the normal curvature mapping (defined in the appendiz).

The proof of this result can be found at the beginning of Section 4.

In order to deduce the formula for the effective Hamiltonian we need that H,
can be expanded with respect to the normal directions when operating on
functions that decay fast enough. For this purpose we split up the integral
over NC into an integral over the fibers N,C, isomorphic to R*, followed by
an integration over C, which is always possible for a measure of the form
du @ dv (see e.g. chapter XVI, §4 of [23]).

Lemma 5 Let m € Ny. If a densely defined operator A satisfies
||A<V>l||E(D(Hgn),H) S L ||<V>1A||L(D(H§"+1),D(H€)) Sl

for every | € N, then the operators H.A, AH. € E(D(Hg”“),?'() can be
expanded in powers of €:

H.A = (Ho + el + € Hy) A + O(°),
fl[’[{E = A(HO + eH, + €2H2> + 0(83),

where Hy, Hy, Hy are the operators associated with

(O Hot)r = /C /N V) dvdy + (6l (35)
(p|Hyh)yy = /C /N C2IL,(€thb*,6Vh1/1) + ¢ (VW)Y dv dp,

(p|Hoth)y = / / 3g(W, eV"¢* W, eV™Y) + R(eV ", 1, eV Y, 1)
C JN,C
+2R(eV"0 1, VY, v) + 2R(VY¢*, v,eV™, 1)
+ %R(vab*’ v, V¥, y) + ng*(%sz/,yW + Vgeom )Y dv dy,

where 11 is the second fundamental form, W is the Weingarten mapping, and
R is the Riemann tensor (see the appendix for the definitions). Furthermore,

forl e {0,1,2}
||HlA||L(D(H;"“),H) Sl ||AHZ||5(D(H;"“),H) S L (39)
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This will be proved in Section 4.2. Definition 3, Lemma 2, and the following
lemma imply that Lemma 5 can be applied to the projectors Fy and P-. with
m = (. In the next lemma we gather some useful properties of F, the global
family of associated eigenfunctions f, and U. (see Remark 1 and Lemma 2):

Lemma 6 [t holds Er € C:°(C), as well as:
i) V1,j€No: () Pow)lleany S 1, l=eAn, Rolllen < e

ii) There are Ui, U5 € L(H) N L(D(H.)) with norms bounded indepen-
dently of € satisfying BobUi Py = 0 and Us Py = PoUs Py = RoU3 such
that U, = 1 + eUs + €*Us.

ii) |PoUs ()| coommy S 1 for alll € Ny and m € {0,1}.
w) For B. := PyU.x(H.) and all u € {1, (U?)*, (U5)*} it holds

[ [=€*An + Er,uRo] Be || 10y = O(e)- (40)

v) For Ry, (Ey) := (1 — Po)(Hy — E) (1 — Py) it holds

|UF*B: + Ru(Ex) ([=eln, Pol + H\)PoBe| 13y g,y = Ol€)  (41)

vi) If pr € C°(C, Hy), it holds

HUOHE(D(HS),D(—EQAC—FEf)) S L HUS"ﬁ(D(—EQAC+Ef)vD(H5)) S L

and there is \o 2, 1 with sup, [|e*“ o¢(q) |3, S 1 and

..........

forallvy,...,v; € I'W/(NC) and 11,...,7n € I'y(TC).

The proof of this lemma can be found in Section 4.3. Since U; does only effect
P.H but not the effective Hamiltonian, we have not stated its particular form
here, as we did for U in v). To calculate the effective Hamiltonian we also
need the following estimates for energy cutoffs.

Lemma 7 Assume that (H,D(H)) is self-adjoint on some Hilbert space H.
Let x1 € CP(R) and x2 : R — R be a bounded Borel function.

a) Let A € L(H). If H[H, A XQ(H)HL(D(H!)D(Hm—I)) < § for some l,m € N,
then there is C' < oo depending only on x1 such that

|1 (H), Al Xz(H)Hc(D(Hl—l),D(Hm)) < Ch.
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b) Let (F[,D(ﬁ)) be also self-adjoint on H. If there are I,m € N with
[(H — H) x2(H)
on x1 such that

1O (H) = xa(H)) x2(H) || cpin-1y pamy < C'6.

c) Let H be another Hilbert space and B € L(H,H) such that BB* =1 and
(H :== BHB*,D(H)) is self-adjoint on 'H. Assume that there is m € N such

that B € L(D(H'"), D(H")) and B* € L(D(H'), D(H")) for all | < m.

}|£(D(gl)7D(Hm71)) < ¢, then there is C' < oo depending only

i) If x2 € C°(R) and ||[H, B*B] X2(H)H£(H,D(H’”)) < 4§, then there is
C' < oo depending only on x1, Xz, || Bl 2oy yo 1B | oy o)
for I < m such that

* * 2
|(x1(BHB") = Bx1(H)B*) BX3(H)|| 3y psimyy < C'0.
i) If ||[H, B* B]Hz: pam-1y) < 0, then there is C' < oo depending only
on x1, | Bll g (Hl ; and 1B oy, patyy for U< m such that
[ * 2
HX1<H) - BXI(H)B L(D(H™=1)D(H™)) < 04

These statements can be generalized in many ways. Here we have given ver-
sions which are sufficient for the situations that we encounter in the following.
We emphasize that the support of y, in a) and b) need not be compact, in
particular xyo = 1 is allowed there. Now we are ready to derive the theo-
rem about the form of the effective Hamiltonian. We deduce its corollary
concerning the unitary groups before. Lemma 7 will be proved afterwards.

PROOF OF COROLLARY 2 (SECTION 2.2):
In order to check that

| (et = v s ) U (UG |y S 212D, (@)

~

L(H)

with U5 = UpD?, indeed, follows from Theorem 1 and Theorem 2 we start
by verifying that ||U® — UgHﬁ(ﬂ,Heﬁ) = O(e).

We recall that we defined p := dd‘j as well as U® : M*UOU D*M* 1
the proof of Theorem 1. Since dyigy is the volume measure associated to ¢,
which is given by the expression in Theorem 2, we have ||p— 1|« = O(e) and

thus || M; — 1| z2(c.au)) = O(¢). Using in addition that ||U. — 1|z = O()
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by Lemma 6 and M;M; = 1 we obtain that

1% = Vsl ety = 1M (UsUDIM; = MUp DIl 14,
= |UU.D:M; — MU0 DZ| 27,2 ¢ )
= UoDZ(M; = Dl c2,2(c.ap) + OLE)
= (U PoD: (M = Dl ez 12y + O
S I DXM, = Dl + OC)

because Uy = Uy Py and the projector P associated to the constraint energy
band Ef satisfies || Po(v) ||z S 1 by assumption (see Definition 3). In view
of (12), a first order Taylor expansion of p in normal directions yields that
Dz(M; —1) is globally bounded by a constant times e(v). Hence, we end up
with [|[U® — U§ || sz 7¢,q) = O(€) and may thus replace Us by U® in (42).
Now let x : R — [—1,1] be a Borel function with supp x C (—o0, E]. Using
the triangle inequality and U*U®* = 1 we see that

H( —iHL _ prex il e ) e (H(E?)Ua

L(H)
< H e HHTt _ [rex o —iHgt e [rex H(2) e
= ( ) X( eff) L)
ex —iH¢ —ig® (2)\r7e
+HU ( Higt _ Hefft> aoe| 43
) D, @)

The second term is of order £|t| because
(efngﬁt _ e—iHé?t) X(He(?f))
t
_ iengﬂt/ oiHEss (Hé? _ H§H> iH s X(Hé?f)) ds
0
. 3 t . £
— ettt [t (1)~ H) X(HP)E A = O]
0

by Theorem 2. Let xy € C§°(R) with supp X\[infU(H@)

@) = 1. By Theorem 2

and Lemma 7 b) we have
UX(H) = U XHG )X
= U“X(Ha)x(H) + O(),

We recall from Theorem 1 that Hiy = USH*U** and P° = U**U®. In view of
Corollary 5, U® satisfies the assumptions on B in Lemma 7 ¢) i) with 6 = .
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Therefore

UE*X(HGE;)) — Us*% (U5H5U5*>X<H ) (83)
— Ue*Us (HE)UE* (H ) (62)
= PRHW"X(Hy) + O().

After plugging this into the first term in (43) we may apply Theorem 1 to it.
This yields the claim. U

PROOF OF THEOREM 2 (SECTION 2.2):
We recall that we defined U, := UOUE, U == M;U.M,, P*:= U=U*, and
Hey = U*H®U*®" in the proof of Theorem 1, which implied P, = UZU.. Let
X : R — [—1,1] be a Borel function with supp x C (—o0, E].
Furthermore, we recall that D(A) always denotes the maximal domain of
an operator A (i.e. all ¢ with ||Ay|| + ||¢|| < o) equipped with the graph
norm. A differential operator A of order m will be called elliptic on (C, g), if
it satisfies [...[A4, f]..., f] > c|df[; for some ¢ > 0 and any f.

——

m—times

We set H ég) = —&?A¢ + E; with A¢ the Laplace-Beltrami operator on (C, g).
Since Er € C°(C) due to Lemma 6, all powers of H, ?f are obviously elliptic
operators of class C;°(C) on Heg. This implies that (H, e(ﬁc), D(H ég) ) is self-
adjoint on Heg because C is of bounded geometry (see Section 1.4. of [40];
in particular, this entails that D(H'Y) is the Sobolev space W22(C), but
equipped with an e-dependent norm). Let £ := min{inf o(H¢), inf o(H, ég))}
and x,x € C°(R) with X|z_,z = 1 and supp X|suppy = 1. Then we define
Hg for ¢, € D(H) by

(D11 0) = [ (seel a0 i) + 0" (B+ & (o (W )enin) 0
FOEWD Y — & M(B(0), 2(XHGF ) (44)

— 2 M@ (X(HE)), (v — X(HF))) ) ducy
where ®(v)) 1= V(eVpig, pigt, ¢) and all the other objects are defined by
the expressions in Theorem 2. Because of y(H. ég))x(Hég)) = X(He(?f)) this

definition immediately implies that He(?f) operates on ¢ with ¢ = y(H, ég))w
as stated in the theorem.

The rest of the proof will be devided into several steps.
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Step 1: (He(?, D(He(g))) is self-adjoint on Heg and

|HE — H = O(e).

| eom®)
It easy to verify that H éfzf) is symmetric. Then it suffices to prove the stated
estimate because by the Kato-Rellich theorem (see e.g. [36]) the estimate
implies that ((H, é?, D(H, ég))) is self-adjoint on Heq for € small enough.
Since C is of bounded geometry, maximal regularity estimates hold true there
(see Appendix 1 of [40]), in particular, differential operators of order m € N
with coefficients in C°(C) are bounded by elliptic operators of same order
and class.

The operator M associated to [, M(®(¢), P(1))dusy is a fourth order differ-
ential operator which, in view of Lemma 6 vi), has coefficients are in Cp°(C).
Hence, it is bounded by (H, e(f(%))z with a constant independent of € because all

derivati . tice that || (H. m < 1forall
erivatives carry an €. We notice that ||x( S)HE(H,D(He(?Q ) S Lfora m € Ny

because the support of y is bounded independently of . Thus we obtain that
M)%(Hé?f)) is bounded. The same is true for ):C(Hég))M(l - )%(Hég))) because
it is operator-bounded by the adjoint of My (H, ég}). Therefore the M-terms
in (44) correspond to bounded operators! All the other terms are associated
to differential operators of second order whose coeffcients are in CP°(C) by
Lemma 6 vi) and whose derivatives carry at least one ¢ each. Therefore they
are bounded by the elliptic H, e(gf).

: 2 0
So we obtain that ||He(ﬁ) - Héff)HE(D(Hé?{)),Heg)

leading order of H e(? is indeed H, ég).

= O(e) by observing that the

Step 2: D(Hzy) = D(HY) and | Hy; — HF |l eooirizy ) = O()-

Since ||U.||c(p(r.y) S 1 and ||U0||£(D(H€)’D(Hég))) < 1 by Lemma 6, it also holds
HUEHE(D(HE)D(H(S?)) < 1. Using, in addition, that [|[U*||c(p(ue)puz,)) S 1 due
to Corollary 5 and U*U®* = 1 we conclude that for all ¢ € D(H;)

1Dl pgoy = 10Ul p o) S NUTblowme S [10]loemg)-

On the other hand, Lemma 6 and Corollary 5 imply via the analogous argu-
ments that for all ¢ € D(H, ég))

[bllozy) = VU bllowz) S IUTPlowe) S 19]pp0)-

Hence, D(H%;) = D(HY).
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Using Hiy = UPH®U®* = U*P*H® P°U** and again Corollary 5 we get

£ 0
| Heg — Héﬁ)llz(D(Hgﬂ)ﬁeﬂ)
= ||U=(P*H*P* — U= HQU*)U* || o1z, 1)
€ IT€ DE e% 0)yre
< 1PPHPF = U= HQU# || op ey )
= |P.H.P. — U:M;H MU || cpiny )
= ||PyH.Py — Uy MZH'Y MsUo| opay 10y + O(€)
because P. = UXU,, U. = UoU., and by Lemma 6 ii) it holds U —1= O(e)
both in £(H) and in L(D(H.)). Lemma 5 implies that Py(H.—Hy) Py = O(e)
in L(D(H.), H). Hence,
£ 0
1Hz — HS ll coirreg ) )
= ||PyHoPo — Uy Mz HS MUs|| cpiyr + O(e)
* * 0
< ||UoHoUg — M~H(E)Mﬁ”L(D(He(?f)),L?(C,du)) + O(e), (45)

pte

i = U* <
where in the last step we used Py = UjU, and ||U0||£(D(HE)7D(H6(?£))) < 1 due

to Lemma 6 vi). It holds Uyt = pstp by definiton of Uy and Hy = —Ay, + H;
by Lemma 5. In view of Definition 1, we have
eEVMpor = predy + PeViepy, (46)
EAvhpr = pre?Acth + 2g(edp,eVVigr) + e Aney,

where d is the exterior derivative on C. We note that sup, eVt ||74:(q) and
sup, ||e*Anpe|2 () are of order € and £ respectively by Lemma 6. Therefore

UoHoUgy = Up(—e*An + Hi)Ugh = (@il (—e*An + Er)pst))n,
HGY + 0(c). (47)
We recall that p = duSq/dp with dusg the volume measure associated to g

Since p € C°(C, ¢5;) due to Lemma 6 vi), and du and dpy coincide at leading
order, we have ||p — 1{|¢c2(cq) = O(¢) and thus |[M; — 1||£(D(H(o))) =0(e). So
eff

we obtain that HM;Hég)Mﬁ — He(?f)||£(D(H(?f>),L2(C,du)) = O(e). Together with
(45) and (47) this yields || Hg — HY leogz, ) = OE).

Step 8: It holds ||(Hz; — H ) UsX(HO)U™ || zp0) = O().

This step contains the central order-by-order calculation of Hg; and is there-
fore by far the longest one. For any ) we set ¢ := My, X := Usx(H®)U,
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and Py = stgHE)Ug*lﬁ. Of course, we have [[{||z2c.an = |9
loxllz2cany < N1¥llz2(cap) for all ¢ € Heg.

We first explain why the cut off in the definition of H, e(fzf) does not matter here.
We note that P° and U® satisfy the assumption on A and B in Lemma 7 a)
and c) ii) with § = ¢ by Corollary 5. In addition, He(?f) and HZ; satisfy the
assumption of Lemma 7 b) with the same § by Step 2. Therefore

H.e and

RHGYUX(H)U™ = X(Hg)UX(H)U™ + Ofe)
= USH)PX(H)U™ + O(e)
= UPX(H?)x(H)U™ + O(e)
= U x(H U™ + O(e),

which shows that

(o] H vx) = /C<giﬁ((piﬁ¢)*,piﬁw") + ¢" (Bt + & (0| (VYW )t 1, ) X
+ ¢ 2 WYX — 2 M(D*(¢), @(¢Y)) dpucy
+ OE Dt 1Nl - (48)

So now we aim at showing that the same is true for (¢ | H3; ¢*). In the fol-
lowing, we omit the e-scripts of HS;, Us, US, and U, and set Hy, := L*(C, du).
Next we will show that

(0| Het VX )1 = <¢~5|U9(H0 + eHy + e2Hy) Ug ¥y ), ~
+e (0| Uo(Ur (Ho + eHy) + (Ho+eHy) UY) Us oy )1,
+&2(o|Uo (W HoUy + Uy Hy + HyUs) Ug Uy 2,
+ O |0l [0 1715 ) - (49)

By definition of H.g it holds

<¢‘Heffwx>7‘teﬁ = <(5|MﬁHeffM;7va>Hb = <(5’U6H6U:'(Zx>7—tb
= (o|UoU H.UU§ Wy )14,

If we could just count the number of ¢’s after plugging in the expansion of
H. from Lemma 5 and the one of U from Lemma 6, the claim (49) would be
clear. But the expansion of H. yields polynomially growing coefficients. So
we have to use carefully the estimate (39).
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By Lemma 6 it holds ||uPyU||z(pa.)) < 1 for each u € {U*, 1, Uy, Us}. Since
U*Py = P.U*P, and Us Py = PoUs Py by Lemma 6, u PyU satisfies the as-
sumptions on A in Lemma 5 with m = 0 for all those u due to the decay
properties of P., Py, and Uy Fy from Lemma 2 and Lemma 6. We notice that
Ix(He) || zow,peryy S 1 because H, is bounded from below and the support of

X is bounded from above, both independently of €. Hence, using UjU. = Fy)U
we may conclude from (39) that

IhuUsdyllse = [huPoUx(H)UZ Pl S 1]

Hefr (50)

for each h € {H., Hy, H, Hy}. Furthermore, Lemma 5 implies in the same
way that

| (H: — (Ho + eHy + €*H,))U*Ug ¥, = O(%).

[
So we have
H.UUz ), = (Ho+eH, +e*Hy) U Ui oy + O(ER||9])
= (Ho+eHy +&*Hy) (14U +°U3)Ug ¥y + O(E°]¢]])
= ((Ho + EHl + E2H2)

2 (Ho+ e H)US + €2 HUs ) Us y + O(*6]).

For the rest of the proof we write O(e!) for bounded by &'||4|
a constant independent of €. The above yields

(¢|Hgv) = (¢|UUH.UU;¥y)
= (¢|UU(Hy + eHy + €*Hy) Us )
+5<€5|U0ﬁ(H0+6H1)UTU6W~)x>
+2(Us | U HUy Ugthy ) + O(€%),

W

Hest Heosr times

After plugging U =1+¢cU, +£2U, we may drop the terms with three or more
e’s in it because of (50). Gathering all the remaining terms we, indeed, end
up with (49).

Now we calculate all the terms in (49) separately. By Remark 1
(D1 Us AU ), = (01| Aprthy ). (51)

for any operator A. Furthermore, the exponential decay of ¢¢ and its deriva-
tives due to the Lemma 6 guarantees that, in the following, all the fiber
integrals are bounded in spite of the terms growing polynomially in v.
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We observe that 1, = UgUx(H.)U*% implies that

NH DG Nl S N HoX(HUZ P30 + IX(HUZ Pl S 1

because ||Uy 1 and [|U||gp@ry S 1 by Lemma 6. As ex-

e o) <
plained in Step 1 every differential operator of second order with coefficients
in C°(C) on Heg is operator-bounded by H, ég). Therefore derivatives that

hit v, do not pose any problem, either. These facts will be used throughout
the computations below. We write down the calculations via quadratic forms
for the sake of readability. However, one should think of all the operators
applied to ¢ as the adjoint applied to the corresponding term containing 1.
Since ||¢¢ ||, (q) = 1 for all ¢ € C, Lemma 4 implies

2Re(pr|VP0r)r, = (Veerlpehn, + (e Vie)r, = (d{eeler)n, ) (T) = 0.

Thus (¢¢| V)2, = Im{pf|VE0s)2,. Therefore the product rule (46) implies
(e | Ho prthy )
(38 . Ta -
/¢ (prl Hrpr)me vy dp + // eVipid", eVipry) dv du
NyC
= [FEddnt [ [ e o(ead2ady) +egleicdd 6, V)
c cJInge

+eg(0" VoF, prediy) + €° g(6" Vo, by VVr) dv dp
~ [y ) + 5B+ Vi d
—& /C 9((—iedd)", &y (1 +72)) + 9 (& (11 +r2)", —iedd ) dp (52)
with
Vo = /N cheff(Vhsf)u (1= Po)VPpy) dv,
pay = —iedv — I (= (@i Ve < [ SR s

+ 52<g0f ’ 2 (W() < | ( )Spf >Hf) Vh(’pf >Hf>

as well as 7 :=Im Ry for Ry := (o |20W(.) — (@6 |W(. )t )n,) Vi >Hf
and ry := Im Ry for Ry := qucéwg‘R(VVgof,u)ydu. When we split up R;
into real and imaginary part for i € {1,2}, an integration by parts shows
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that
[ o((iedy dr) +9(5 Ry i)
= /Cg((—iadgzz)*,@xn) + g(gzg*r;", —isd@x) du + O(e).

Therefore the ri-terms are cancelled by terms coming from Hy:

(e | Hy priby)
@ / [ M) ey + 8 (VI b dv
NyC
= // |oe|? QII(V)(sdgzg*,edizX) + 5211(y)(¢}k5d(§*,@zxvhcpf)
cJIne
+e21(v) (6" Vf, prediy) + ¢ (VyW)erl by dvdp + O(E?)
= /C<(Pf|211(-)((peff(;)*>peffz;x)(pf>ﬁf dp + /C(ZB*Wf!(V.VW)SDf)Hf Uy dp
—I—e/cg((—isd(;;)*,@EXRl) + g(QE*R’{, —isdgzx) dp + O(e?), (53)
where we used that g(m, W(v)r) = Il(v)(1,72) = gV ()11, 72) (see the

second appendix). At second order we first omit all the terms involving the
Riemann tensor:

<<Pf¢|H2 oy )% — 'Riemann-terms’
P
Nq
( vv W + ‘/geom)|(pf|2d;x dv d/L
= /C<90f‘3g(W(.)5d¢*)W(.)5d@/~1X)gpf>Hf dp + O(e)

T / F* (el (A W)orhry + Vieom) iy d
= [ (o3I OVt W) 1), i
T /C 5 (ol (S W)gr)rt, + Vieom) O dit + (), (54)

where we used that —isd@/?x = peff@zx + O(e) in the last step. Now we take
care of the omitted second order terms. Noticing that VY, ¢ = 9, V¢
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we have
'Riemann-terms’
(38) /c/zv Cﬁ(svhgo;kq;*, v, €th0f17zx, V) + %ﬁ(svhgo;kq;*, v, V"gonZX, y)
+3R(VY i 0" v, eV, v) + 3 R(VYG07, v, Viprthy, v) dv dp
- /C /N P R0 veddev) + 3R (giedd v V)
—i—% ﬁ(q@*vw;, v, o 5dzﬂx, 1/) + % &*ﬁ(vwf, v, V¥, I/)l;x dvdp + O(e)
- /C@;f | R(edg”, . ediy, - )pr),, dp + /Cé*vambqﬁxdu

+ /C 9((—iedd)*, ¥ Ro) + g(¢* Ry, —iedipy) du + Ofe) (55)

with Vop = quC %ﬁ(vvgo’f“,y, V"gpf,l/) dv. Again replacing —ied@gx with

peffzﬁx and g with g.g yields errors of order € only. In view of (51)-(55), we
have

(6| Uo (Ho + eHy + €2Hy) Ug ),
— /c 95 (D )", pesithy) + &7 Bty
+0" (el VY Wr)n, + WD) b dp + O(%)  (56)
with
9er(T1,72) = g(11,72) + € (e [ 2U(. ) (71, 72) 91 )2

4 &2 <S0f ‘ 3g(W(.)Tl,W(.)Tg) or + ﬁ(ﬁ, ., T2, .)apf>Hf.

We define P;- := (1 — P). Before we deal with the corrections by U; and U,
in (49), we notice that due to Py = UiUg and B-U; =0

Py ([—eAn, Po] + Hi) Uty
DR ([-etn, Ugls] = tre eV W() 9" + (VW) Uiy
= BH((ViW) = (AT 00Uy + eVW()) V") Ugd, + Oe)
= B (elTIW)dy — 29(VV, i) — prtie W()eRVAd, ) + Ofe)
= By W(eVdyy, iy, ) + Ofe). (57)
with W(A, p, ¢) = — grtre (W) A) — 205 (V'eip) + x(VyW)o.
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We note that USI;X — BU*y with B = PyUx(H.). So we may apply (40)
und (41) in the following. Since Uy = Uy Py by definition and we know from
Lemma 6 that PyU; Py = 0, the first corrections by U; are an order of € higher
than expected:

<gE)UO <(H0 + eH) U + Uy (Hy + 5H1)> Uy 1/7X>Hb

_ <$‘U0<([PO,HO] +eH) Up + Uy ([Ho, Py) +5H1)>U§ @X>Hb

= (9 ‘ Us ([, Po] + HL) U7 + Uy ([=ey, Bo] + Hi) By ) Ug &X>Hb
Do <q”s ‘ Us ([eAn, Pl + Hy) Ry, (Er) (|2, Py] + Hy) U &X>Hb

— (9| UoUs (Hy — E¢) UTUg ¥y )n,
— <x11(g2Vd<5, edg, 9) } Ry, (Ep) U(*Vdiy, eddy, @x)>Hb

— e (6| Ul (Hy — E) UTUs Py ),
- / M(U*(2VA, 246, 6), B(2VdYy, 20y, 1)) ) di

(& | UoUs (Hs — Ex) UTUg ), (58)

ot
IS
~

with M(®*, 0) = (@ | (1 — Ry)(H; — Ef)il(l —P) v >Hf. Furthermore,

(6| Us (U2 Hy + HoUs) Ug ¥y ),

(Us | Po(Us (—€*An + Hy) + (—° Ay + Hy) Us) PoUgby ),
(

'

Usd | (PoUs (A + Ex) Py + Po(—2Ay + Ex) Us Po) Usthy ),
UOQE | Py (Uz + Us) Po(—€* Ay, + Ex) USZEQHb + O(e)
= — (Ui | Py U U Py(—*Aw + Er) Ugthy )y, + Ofe), (59)

because U = 1+ eU; + £2U, implies via Poﬁﬁ*Pg = Py and PyU Fy = 0 that
Py(Uy + Us)Py = — PBhULUS Py + O(e). Finally, the remaining second order
term cancels the term from (59) and the second term from (58):
<¢~5 ‘ U Uy Hy Uy Uy O’ZX>Hb
(6| Uo Uy (—* A + Hy) Uy UG ),
= (@ UoUy (Hy — Er) Ui Ug ¥y + UgUr(—€* Ay + Exp) Uy PoUs ¥y ),

= <¢~5|Uo{]1 (He — Er) UTUg dy ), i

+ <¢ ‘ UoUlUikPO (—€2Ah + Ef) Ug ¢X>Hb + 0(6) (60)
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We gather the terms from (56) to (60) and replace dzﬁx by pzﬂclﬂx in the
argument of W, which only yields an error of order g3. Then we obtain
that (¢ | HS; ¢X) equals the right-hand side of (48) up to errors of order ¢,
only with dyu instead of dues. Here ¢) = Mz enters. By Lemma 1 M;
interchanges the former with the latter but may add extra terms. However, g
and g coincide at leading order and so do their associated volume measures.
Therefore d(Inp) and Aclnp are of order e. This shows that the extra
potential from Lemma 1, given by —% g(d(Inp),d(Inp)) + %Ac(ln p), is of
order 3. Exploiting d(In p) = O(e) we easily obtain that all the other extra
terms are also only of order €2, which finishes the proof of Step 3.

Step 4: It holds ||(Hzy — Hig ) x(He) | ey = O(%).

The spectral calculus implies x(HS) = X*(H)x(HS;). Furthermore, in
view of Corollary 5, U® satisfies the assumptions B in Lemma 7 ¢) i) with
6 = &% and ¢) ii) with § = e. Thus in the norm of £(Heg, D(HS;)) it holds

C(Hy) = US(He)U= ~< ) + (W(HE) = US(HA)U=)’
( (Heg) — UX(H)U=) UX(H®)U**
= Ux(H )UE* ”(Hé‘ff) + O(e")
( (Hs)Ue*) Us 2(Hs) <H€>U€*
= Ux(H )U‘E* X(Hg) + OE). (61)
So we have

| X(Hgg) — USX(HO)U™ X (Heg) | comeq p(11,)) = O(E7).
Now Step 4 follows from D(H(Z)) D(HZ;) and Step 3 due to Step 2.
Step 5: It holds || (Hg — Hi )X (H) ot = o).

We note that Step 1 & 2 imply that |HS; — eﬂ ||£(D(H ) = O(€). So
in the norm of £(He, D(Hgg)) it holds that

PHT) = >z<Hsﬁ>x2<H > << > X(Hey))?

— sﬂ>>~<2<H§?>+0< >

by Lemma 7 b) and Step 2 & 4. Hence, Step 5 can be reduced to Step 4 in
the same way as we reduced Step 4 to Step 3.

Theorem 2 is entailed by Step 3 to 5 and the remark preceding Step 1. [J
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PROOF OF LEMMA 7:
We want to apply the so called Helffer-Sjostrand formula (see [9], chapter 2)
to x1. It states that for any x € C§°(R)

X(H) = %/C%X(Z)Rg(z)dz,

where Ry (2) := (H —2)~! denotes the resolvent and x : C — C is a so-called
almost analytic extension of xy. We emphasize that by dz we mean the usual
volume measure on C. With z = = + iy a possible choice for y is

l N
o ) (1Y)
X +iy) = 7(y) ZX‘”(@T
=0
with arbitrary 7 € C*°(R, [0, 1]) satisfying 7|_11 = 1 and supp7 C [-2,2]
and [ > 2. Then obviously x = x for y = 0 and there is (', < oo depending
only on x such that

0=X(2) = 0, + i0,x < C,|Imz|, (62)

which is the reason why it is called an almost analytic extension. We choose
such an extension x; € C§°(C) of x; with I = 2. Next we observe that for
all 7 € Ny

V/1+2[Imz|? + 2|z|2

1R e paie) < [T (63)
because for all v € H
|5 By @o* + R0 = |HRa()H[] + [[Ru(2)o
< |+ 2Ra()HY? + || Ru(2)y|
2|Z|2 i 2 1 2
< (2 e 1PV + e
1+ 2|Imz|? + 2|2|? ) ;g
< TP (11> + 11 H 9 ]?).

Now by the Helffer-Sjostrand formula
) Ale(l) =~ [ 050(:) [Run(e), A)dz o)
= [ 00 Rue) A, H] Run(2) de xa( )
C
= [ 00 Ru) AL H] () Rin(2)
C
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where in the last step we used that [Ry(2), x2(H)] = 0 due to the spectral

theorem. Using the assumption H [A, H] x2 H)HE D(HY D™ < 0 we obtain

|| [XI(H>7 A] XQ(H)||£(D(Hl*1)"D(Hm+1))
1 ~
< - /(C 1021 (2)| || Rer (2) | e(ozmy parme1y)

X H [H7 A] XQ(H) HE('D(HZ)7'D(Hm)) ||RH(Z) ||£(D(Hl—1),D(Hl)) dz

(62),(63) 1+ 21 249042
S CX15/ |Imz|2 + |le| + |Z|

d
|Imz|? :

Suppx1

< Cy

with a C' depending only on C), and the support of x;. This shows a). The
proof of b) can be carried out analogously because

(i) =) i) = + [ 00 (Ru(z) = Ry (2)) d= (D)
=+ [ 050) Rue) T = 1) Ry (2) = )
-2 / 0:31(=) Rur()(H — H) xa(H) Ry (=) d.
due to the Helffer-Sjostrand formula. For ¢) the formula yields:
x1(H) — Bx1(H /&Xl 7(2) — BRy(2)B*) dz.  (64)
So we have to estimate Rjz(z) — BRy(z)B*. We set A := B*B and note

that BB* = 1 implies that BA = B, AB* = B* and A*> = A. By definition
H = BHB*. Therefore

Ri(z) — BRy(2)B* = Rg(z)(1— BHB*—z)BRH( )B*)
= Rpy(z) (1 - B(H — z)ARy(z)B*)
= Rj(2) (1—BAB* B[H, A]Ry(z)B")
—Rj(z) B[H, A|Ry(2)B". (65)

For the second part of ¢) we observe that A? = A entails A[H, AJA =
Then we may derive from (65) that

Ri(2) — BRu(2)B* = —Rp(2)
= —Rg(2)

= Ry(2)
Rp(2)

—A)[RH( ), A]B*



We will write Cp for a constant depending only on || B|| ;g (i) and
| B*| pity pemryy for I < m. We note that the estimate (63) holds true

with H replaced by H because H is assumed to be self-adjoint. Hence, with
B e L(D(H™ '), D(H™ ™)) and B* € L(D(H™ "), D(H™ ")) we obtain

”RH('Z) - BRH(Z)B*Hc(p(ﬁm—l),D(Hm))
— || Ra(2)BH, A|Ru (=) [H, ARy (=) B
(14 2[Tmz|? + 2]2|?)*/?

L(D(H™=1),D(H™))

< Cg Tz P I[H, A]H%(D(HW),D(H"L*))
14 2[Imz|? + 2|2?)%/2

< Cpd? (

= P |Imz|3

by assumption. Together with (64) this yields the claim as in a) when we
put [ = 3 in the choice of the almost analytic extension.

For the first part of ¢) we compute
B*(Ry(z) — BRu(2)B*)B x3(H)
—B*"Rj (%) B[H, A|Ru(2)Ax2(H)x2(H)
— B Ry (=) BIH, ARy (2) (xa(H) A+ [A, xo(H))) xa(H). (66)
Then, on the one hand, B € £(D(H™ '), D(H™')) implies
1R (2)B [H, AlRu(2) x2(H) Ax2(H) || o, p(rmy)
= ||Rp(2)B[H, Alx2(H) Ru(2)Ax2(H) || s p(irmy)
V14 2[Imz? + 2|z[2

= O [Tmz| ILH, Alx2(H)|| e peaam-1y) [Tmz] ™
V14 2|Imz ]2 + 2|z[2
= o Tmz[?

by the assumption on the commutator term. On the other hand, the assump-
tions on B and B* imply that

|Rg(2) BIH, A|Ru(2) [A, X2(H)]X2(H)”£(H,D(Hm))
= |[Rgp(z) B(HB"B — B*BH)Ry(2) [A, x2(H)]x2(H) || g0, p(5m))

2(1 + 2|Imz|? + 2|z]?)
Imz 1[A, x2(H)]x2(H) || e, p (1))

2(1 + 2|Imz|? + 2|2]?)
|Imz|?

< Cp

Y

S CBvXQ 5

where Cp ,, depends also on x, because in the last step we used that H, A,
and y9 satisfy the assumptions of a). After plugging (66) into (64) the latter
two estimates allow us to deduce the first part of ¢) analogously with a). O
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3.4 Proof of the approximation of eigenvalues

With Theorem 2, Corollary 5, and Lemma 7 we have already everything at
hand we need to prove Theorem 3, which relates the spectra of H® and H éfgf) .

PROOF OF THEOREM 3 (SECTION 2.3):

We fix F < oo and set E_ = min{infa(HE),infa(Héfo))} — 1. Let x be the
characteristic function of [E_, E] and x € C§°(R) with X|z_ g = 1.

To show a) i) we assume we are given a family of eigenvalues (E.) of H, é?
with limsup £. < FE and a corresponding family of eigenfunctions (1).).
Since 1. is an eigenfunction of He(?, we have that . = X(Hé?)@/zg for

e small enough. By Theorem 2 and Lemma 7 b) it holds in the norm
of L(L*(C, dpes), D(H))

XHDY = PHE)(HD)
= X(Hip) x(HD) + O(?)
= USX(H?)U™ X (HZ) x(H) + O(e%)
= UR(H)U x(HY) + O(Y).
Therefore with U** = P°U**, Us*U® = P°, and Hiz = U°H°U**

Ho U, = (P°+ (1— P?))HUSX(HY )0
= U Hipx(HS). + (1— P*)[H®, P U\ (HE).
= UTHPv. + (1= P*)[H", PIX(H?) U X(H ).
+ O(E¥|¥elr)
= E.U™). + O |||

Heff)’

where we made use of the assumption and Corollary 5 in the last step. This
proves a) i) because UU®* = 1 and thus ||¢.||n,, = [[UTVe||57.

To show a) ii) we now assume that we are given a family of eigenvalues (E.)
of H® with limsup E. < E and a corresponding family of eigenfunctions ().
Here this implies ¢ = x(H¢)y* for ¢ small enough. With U® = U¢P* and
Us*U*® = P* we obtain

H Us® = Hog USP* (H )x(H )¢

€

H USR(H?) P x(H?)y* + O()

€

H) {(He) Usx(H? ) + O(?),
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where we used Lemma 7 a) & ¢) in the two last steps. In view of Theorem 2,
we get

H US0® = HaX(Hig) UN(H)W + O()
= UH U U Y(H®)P*x(H)Y" + O(e%).
Using again Lemma 7 a) & ¢) and the assumption we end up with
He(f2f) UE'QDE _ Ua HE ps X(HE)T/Ja + 0(53) — Ua H€X(Ha)¢€ + 0(53)
= E.UY" + O().

This finishes the proof of a) ii).

For b) we set 1), := Dz MJ# and observe that —e?A, = D.A,D? by Defini-
tion 1 and thus —e*M,A M} + Vy(q,v/e) = M,D.H;D; M. Therefore the
statement is equivalent to

limsup (el Hepe) < inf Eroel” = U4l 2 14|
because U¢ := M;U.D? M} by definition in the proof of Theorem 1. We have

<¢6|Hf¢€> = <P0¢€|pro¢€> + <(1 - PO)@bs'Hf(l - PO)¢€>
inf B[Pyl + int B, (1 Py

inf B 2+'fE—'fE 1—-F 2

(lgrelc f“weH (}JIE]C 1 (IJIEIC f) H( O)wEH

inf F, 2—i— inf £y —inf E 1-P 2—1—

;Ec f||¢€“ (;ec 1 éec f) ||( €>ws” O<5)7

v

where we used that P. — Py = O(e) by Lemma 2 in the last step. Since
E; is a constraint energy band, hence, separated by a gap from F;, and
lim sup (¢ |Hyt.) < inf,ec Ey]|1]|* by assumption, we may conclude that

limsup ||(1 - Pe)we||2 < hmsup ||w€||2

Because of P. = UZU. this implies ||U.¢|| 2 ||1-] for all € small enough. [J

4 The whole story

In Section 3 we proved our main theorems with the help of Lemmas 1 to 7.
We still have to derive Lemmas 2 to 6, which is the task of this section. Before
we can start with it, we have to carry out some technical preliminaries.
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Remark 5 Since C is of bounded geometry, it has a countable covering (€2;);
of finite multiplicity (i.e. there is ly € N such that each §; overlaps with not
more than ly of the others) by contractable geodesic balls of fized diameter,
and there is a corresponding partition of unity (&; € C§°(€2;)) whose deriva-
tives of any order are bounded uniformly in j (see e.g. App. 1 of [40]).

We fix j € N. By geodesic coordinates with respect to the center q € €); we
mean to choose an orthonormal basis (v;); of T,C and to use the exponential
mapping as a chart on §);. Let (x"),;zl,m,d be geodesic coordinates on €);. The
bounded geometry of C that we assumed in (5) yields bounds uniform in j
on the metric tensor g; and its partial derivatives, thus, in particular, on all
the inner curvatures of C and their partial derivatives. For the same reason
the inverse of the metric tensor gy is positive definit with a constant greater
than zero uniform in j.

We choose an orthonormal basis of the normal space at the center of ; and
extend it radially to NC|o, = NS via the parallel transport by the normal
connection V+ (defined in the appendiz). In this way we obtain an orthonor-
mal trivializing frame (Vo)o over ;. Let (n®)a=1,. x be bundle coordinates
with respect to this frame. The connection coefficients T} of the normal
connection are given by V(%zi Vo = Z§=1 'Y vy. Due to the smooth embedding
of C assumed in (6) the exterior curvatures of C, the curvature of NC, as well
as all their derivatives are globally bounded. This implies that all the partial
derivatives of T}, and of the exterior curvatures of C are bounded uniformly
in j in the coordinates (x")i=1.. a4 and (n*)a=1.. k-

From now on we implicitly sum over repeated indices. The vertical derivative
in local coordinates is given by

(V3. 0)(@,n) = O, d(z,n). (67)
and the horizontal connection is given by
(Vgﬁ@/))(x,n) = Opt(xz,n) — T n®Opip(x,n). (68)

The former directly follows from the definition of V¥ and (see Definition 1).
To obtain the latter equation we note first that for a normal vector field
v = n“v, over C it holds

(Vg v)? = 9,n" + I} n™ (69)
Now let (w,v) € C*([—1,1], NQ;) with
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Then by definition of V" we have

(Va, ¥)(@n) = [ _v(w(s) v(s)
il amow(s),n) + G| oz, v(s))
- axl,éb(x?n) + (8901'”7)67177#(1”7”)

= Ou(x,n) — T} n®0pip(x,n),

where we used (69) and the choice of the curve v in the last step.

With the formulas (67) and (68) it easy to derive the properties of V" that
were stated in Lemma 4.

PROOF OF LEMMA 4 (SECTION 3.3):
Let 7,71, 70 € I'(TC) and v, 1)y, 19 € 02(C,Hf(q)). We fix a geodesic ball
Q) € C and choose (7%);=1__ 4 and (n%),=1.. x as above. We first verify that

V! is metric, L.e. (d(¢1]t2)2)(T) = (VE1[Y2)34, + (1| VE2)s,. Since V4
is a metric connection, I} is anti-symmetric in o and , in particular I'?, = 0
for all a. Therefore an integration by parts yields that

(TLnOpy | 1hs >Hf + (U1 | T im0t >Hf = 0.
Therefore we have
(d(rlh2)) (1) = 70w, tn[02) + 7' (¥1]0n,1b2)
= Ti<(8wi — anna6n7)¢1|¢2> + Ti<¢1|(a$i — F;’ano‘ﬁm)@bg>
= <VE¢1W2> + <¢1|VE¢2>~

To compute the curvature we notice that

R(r,m)y = (VR V5, = VoV, = Vi, )¢

[71,72]

= 1 (V5, Vs, — Vi, Vi, ) ¥
= 7} ((0nT 5 — 00, T 00,00+ [Tun0,e, Tfyn 0,0 ]15).

K Al Yo
Using the commutator identity

(02,100, T1yn°00 ] = (DT, — D5 T7) 00,0

s j8 jo~ i
we obtain that

Rh(7177'2)¢ = T1i7'2j (8 I —o. I +T°1, -1 1™ )na 1)

Ti™ jou Tj* ia i j0 jo i3
Tszjﬁaijna -
= _VEL(Tl,TQ)V¢7
which was the claim. O
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4.1 Elliptic estimates for the Sasaki metric

In the following, we deduce important properties of differential operators
related to the Sasaki metric defined in the introduction (see (9)), in particular
we will provide a-priori estimates for the associated Laplacian.

In bundle coordinates the Sasaki metric has a simple form. Here we keep
the convention that it is summed over repeated indices and write a” for the
inverse of a;;.

Proposition 1 Let ¢° be the Sasaki metric on NC defined in (9). Choose
Q2 C C where the normal bundle NC 1is trivializable and an orthonormal frame
(Va)a of NClq. Define I'], by V(iil/a =T} vy. In the corresponding bundle
coordinates the dual metric tensor gs € T2(TNC) for all q € ) is given by:

(N6

where fori,7=1,....,d and a,v,0 = 1,... k

A%g,n) = ¢%(q), B(g,n) = &7,
Cllgn) = —n"Ti(q)-

In particular, (det(gs)a)(q,n) = (det gi;)(q) fora,b=1,....d+ k.

The proof was carried out by Wittich in [44]. From this expression we deduce
the form of the associated Laplacian.

Corollary 6 The Laplace-Beltrami operator associated to gs is
As = Ay + A,.

PROOF OF COROLLARY 6:
We set p := detg;; and us := det(gs)a. Since (v4)%_; is an orthonormal
frame, we have that g(,0) (v, vz) = 6*. So (67) and (68) imply that

Ay = 0,060, & Ay = p1 (Ot = T 0 0 ) 19" (9s — TLm® 0y ). (70)

Now plugging the expression for g& and det g2 from Proposition 1 into the

general formula Ag = Zzzil(us)*lﬁa s 9200, yields the claim. OJ

Next we gather some useful properties of Ay, Ay, and V®. We recall that in

Definition 2 we introduced the unitary operator D, for the isotropic dilation
of the fibers with e.
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Lemma 8 Let f € C*(R) and 7 € T(TC) be arbitrary. Fiz X € R. It holds
i) D.AD? = &2A,, D.AD? = Ay, D.V.D: = Ve,
Z'Z') [Vl;aAV] =0, [A}UAV] =0, [V};’f(<)\y>)} = 0,

iii) [Av, F(OW)] = M/ () AR 1 203 )) + X2 7)) R

In the following, we write A < B when A is operator-bounded by B with a
constant independent of ¢, i.e. if D(B) C D(A) and ||Ay| < ||By|| + |||
for all v € D(B). We will have to estimate multiple applications of V"
and V" by powers of H., which was defined as H. := D:M*H*M,D. with
He¢ := —e%Anc + VE. Essential for our analysis, especially for the proofs of
Lemmas 2 & 6, are the following statements:

Lemma 9 Fiz m € Ny and M € {0,1,2}. For alll € Z, A € [0,1] and
my + mo < 2m the following operator estimates hold true on H:

i) H" < (—*Ay— A+ V)" < H,

i) (—A)" (=A™ < HMm,

iii) NTLOW) [HMHL ()T < HMHL with a constant independent of A,
iv) (v)~dmi=sma2(gVym(gyh)ym2 < gm

The last three estimates rely on the following estimates in local coordinates.
Here we a use covering (£2;); of C and coordinates (2);=1, 4 and (n®)a—1
as in Remark 5 in the introduction to Section 4.

.....

Lemma 10 Let o, 3,7 be multi-indices with |o| < 2, |a| + |8 < 2m and
|v| = 2. Set = det g;;. For all smooth and compactly supported 1 it holds

_ 1/2
) () Jo, |50 dnpdz) < I(=A0"w] + ],
/
i) (S Jo, i | dnpdr) ™ < 2200 — A + [

i) (Zj fQj ka<”>_8(|al+'BD‘83(€lﬂagWPdnudx)l/?
S [[(=ean = A+ V)" + [l2ll,

iv) (X5 Jo, S /)00 |lolog (€1 02) g2 N o)
< (=20 — 28, + V)| + .
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We now provide the proofs of these three technical lemmas.

PrRoOOF OF LEMMA 8:

We fix a geodesic ball @ C C. Let (V4)a=1,. % be an orthonormal trivial-
izing frame of NQ with associated coordinates (n®)a—1,  and (z%)i=1__ 4
be any coordinates on €. Observing that D.¢)(z,n) = ¢ */2%(x,n/e) and
Dp(x,n) = */*9)(x,en) we immediately obtain i) due to (70).

Since V* is a metric connection, I'} is anti-symmetric in a and v and so

(68) implies
V() = Bubla.n) — 3T (00 — 110 )b, n).
Using that A, = §*°9,,.0,s by (70) we obtain that for any 7 = 70,
[VE A = 7T7% (0peOny — OpyOpa) = 0.

We recall that (v) = /1 + g0 (v, V). Since (v,)%_; is an orthonormal frame,

we have that g(,0)(va,vg) = 6*. This entails that (v) = /1 + dagnon”.
With this the remaining statements follow by direct computation. 0

PROOF OF LEMMA 9:
We recall from Definition 2 that V. = V., + D:W D, and that we assumed
that V. and W are in C° (C, C’]‘;O(NQC)). These facts together imply that
V- € Gy (C, G2 (N,C)).
Since D, and M, are unitary, Lemma 8 i) yields that Lemma 9 i) is equivalent
to

(H)™ < M(—=eAy — A+ V)" M, < (H°)™ (71)
for all m € N. By choice of g it coincides with the Sasaki metric ¢° outside
of Bs and, hence, so do Ayc and Ag. In addition, this means p = 1 outside
of Bs and so M, is multiplication by 1 there. Then Corollary 6 implies
He = M;( —e2Ay, — e2A, + VF)M, on NC \ Bs. Hence, by introducing
suitable cutoff functions it suffices to prove (71) for functions with support
in Bos N NCY;. The set Bys NN, is easily seen to be bounded with respect to
both g and ¢° and thus relatively compact because NC is complete with both
g and ¢ as explained in the sequel to the definition of g% in (9). Furthermore,
on Bys N N both (H®)™ and M;( —e2Ay — e2A, + Vs)mMp are elliptic
operators with bounded coefficients of order 2m. Therefore (71) follows from
the usual elliptic estimates. These are uniform in j because Bys is a subset
of bounded geometry of NC with respect to both g and ¢°, which was also
explained in the sequel to (9).

In the following, we prove the estimates only on smooth and compactly sup-
ported functions, where we may apply Lemma 10. Then it is just a matter of
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standard approximation arguments to extend them to the maximal domains
of the operators on the right hand side of each estimate. In this context one
should note that the mamixal domains D(H) and D((—&?Ay, — A, + V2)™)
coincide for all m € N by i).

We recall that V. € C°(C, Cg°(N,C)) and turn to ii). By i) we may replace
H. by —2Ay, — A, + V.. We first prove the statement for M = 0 inductively
in m. In view of (70), Lemma 10 ii) implies that —A, < —&?A;, — A, and
thus also —2Ay, < —e2Ap—A,. So due to the boundedness of V. the triangle
inequality yields the statement for m = 0 as well as

—€2Ah < = €2Ah — AV + ‘/a (72)

In the following, we will write A < B + C, if ||[Ay| < ||BY|| + |C¥|| + [|2]|-
We note that with this notation A < B implies AC < BC' + C.

Now we assume that the statement is true for some m € Ny. Since V* € CF°
and NC with the Sasaki metric ¢° is complete, the operator —e2Ag + V.
is self-adjoint on H and so is —e2A, — A, + V., as it is unitary equivalent
to —e2Ag + V¢ via D.. Therefore by the spectral calculus lower powers of
—e2Ap — A, + V. are operator-bounded by higher powers. In addition, A,
and A, commute by Lemma 8. Then we obtain the statement for m + 1 via

(=A™ < (=?Ap = Ay + Vo) (A)™ + (=A™
= (—A)"(—=EAn = A+ V) + [V, (-A)™] + (—A)™
< (=220 — Ay 4+ V)" (=A™
< (=e*A,— A, + V)™

Here we used V. € C°(C,C(N,C)), Ay = §*P0,00,5 locally, and i) of
Lemma 10 to bound [V, (—A,)™] by (—A,)™. Using [A,, Ay] = 0 and (72)

we have

(A" (=eAn) = (="Ay) (A"
< (=E2A = A+ V) (=AY + (=A™

Continuing as before we obtain the claim for M = 1. Furthermore,

(=A™ (—e*An)? = (—*Ap) (—Ay)™ (—€*Ay)
< (=*AL — Ay + V) (=A™ (—2Ay)
F (=A™ (—e*Ay)
< (=A)™(—=®AL)(—2AL — A, + V7)
+ [Ve, (=A™ (—€%Ay)] + (—e2Ap — A, + Vo)™
< (=D = A+ V)™ 4 VL, (A (=2 A)],
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where in the last step we used the statement for M = 1 and again that lower
powers of (—g2A, — A, + V) are operator-bounded by higher powers. To
handle the remaining term on the right hand side we choose a partition of
unity (&;); corresponding to the covering (£2;); as in Remark 5 and orthonor-
mal sections (Tf )iz1,..a of T, for all j. Then it holds

.....

Ay = ijvijjg = Z&(V%V}T} -V ) (73)
Ir Ix

-7
7

The finite multiplicity of our coverings implies
> / EeVhiy eViivduedy < / g(eVhY*, eV M) dp @ dv
i Y xRE E K NC

(] = 52Ah¢>
< |l = Al + (1Y)

Therefore
[Vf? (_Av)m(_52Ah)} [VS? (_Av)m] (_EQAh) + (_Av)m [Vg, (—€2Ah)]

< (ZA)T(—e"Ay) + Z &G(=A)"eVE F (-A)"

= (—e*Ap)(—A)™ + Z &V (=AD" + (-A)"

< (A (=A™ + (—AY)"
< <—€2Ah — AV + ‘/(g)m+2.
We prove iii) only for M = 2 which is the hardest case. We notice that
)™ [HZ ()™ = ()™ [He, Q) ™™ HE + (W)™ He [He, (Av)™™] H.
+ (Av)™ HZ [H., (Av)™™].

We also only treat the hardest of these summands which is the last one.
The arguments below also work for the other summands and for M € {0, 1}.
Inside of Bys the estimate iii) can be reduced to standard elliptic estimates
as in i). Therefore we may replace H, by —e?A, — A, + V. because both
operators coincide outside Bs. In view of ii) of Lemma 8, we have

AT (=P A — Ay + Vo) [—22An — A+ VL, Q)T
= AT (=20, — Ay + V)2 [~ Ay, ()]
= ()™ (= + V2 = A0, )]+ )™ [ A, )] (—224,)°
+2 (M) (A, + Vo) [Ay, )™ (=22 Ay)
)™ [—e2Ay, V] [=Ay, (W) ]) 47!
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Because of A, = 6*70,,9,,, the operator (Av)™(—=A,+ Vo) [-Ay, () ™A~}
contains only normal partial derivatives. It has coefficients bounded inde-
pendently of A for any [, as the commutator [—A,, (Av)~™] provides a A
due to Lemma 8 iii). So by i) of Lemma 10 it is bounded by (—A,)"!.
Then ii) of Lemma 9 immediately allows to bound the first three terms by
(—e%Ap — A, + V.)3. The last term can be treated as follows. In the proof
of ii) we saw that [—e?Ay, Vo] < —&2Ay,. Therefore

A)™ [—e? Ay, V] [=Ay, Q) T™A !
= [—52Ah, Vo] ()™ [ Ay, (Av) ™™ At
< AL W)™ Ay, Q)T Q)™ A, )T AT
= M)Ay, )TN (=E2AL) + ) A, )T AT
< (A (=*Ay) + (=e2An) + (-A)

which is bounded independently of A by (—&2A}, — A, + V.)? again due to ii).
Here again [—A,, (Av)~™] has provided the lacking A.

In view of (67) and (68), the estimate iv) follows directly from i) of this lemma
and iii) of Lemma 10. A polynomial weight is nescessary because here the
unbounded geometry of (NC,g) really comes into play. In i) we could avoid
this using that the operators differ only on a set of bounded geometry, while
in ii) and iii) the number of horizontal derivatives was small! O

ProoOF oF LEMMA 10:

The first estimate is just an elliptic estimate on each fibre and thus a con-
sequence of the usual elliptic estimates on R*. To see this we note that
A, = 0°°9,,0,, is the Laplace operator on the fibers by (70) and that the
measure dy ® dv = dn p(z)dzr is independent of n.

To deduce the second estimate we aim to show that

3 /Q [ 1000 dn i (74)

[v|=2

S Y[ [ 1012 - 20|+ oV ]+ 10]) dn o)
yl=2 7% /R

with a constant independent of j. Then the claim follows from the Cauchy-
1

Schwarz inequality and ||[e V||| = (] — 2An0)2 < (P](—e2Ay — A )2
which is smaller than ||(—&2A, — A)¥|| + ||¥]]. We note that here and in
the sequel there is no problem to sum up over j because the covering (£2;);
has finite multiplicity!
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On the one hand, there are a, 3 € {1,...,k} such that
/ | 0V | dn pu(z)dr = / / OnaOpp)™ Opo Oppth dn pu(x)da
Q, JRrE Q; JRE
= —/ / O0psY™ OpaOpa 0,510 dn () dx
Q; JRE
— / / 00,50y 5 Y™ Opa Opath dn p(x)dx
Q; JRE
= [ [ owduv A dnp(ois
Q; JRE
On the other hand,
/ / g(&ch@nm/J*, 5Vh8nm/1) dn p(z)dx
= / / g"e(0, + Ff‘cngﬁna)ﬁnaw* £(0u + F75n53nn)anﬁ1/1 dn p(zx)dz
. JRE

= //Rk —gil5<azi —i—l—‘zqgng(%a) 006 0,50" E( o+ Fwn 8n,,)¢

— 9" (0 + T5n 0o ) 060" T 0nt)
— 6g”1“f‘ﬁ(9na3naw 5( L+ Fl5n68nn)z/z dn p(zx)dz
Rk
— 2¢ Im( i 30na 01" (0p + Ikn ann)¢> dn p(z)dzx
with Im(a) the imaginary part of a. When we add the last two calculations
and sum up over all multi-indices v with |y| = 2, we obtain the desired

(—52Ah — A,)-term. However, we have to take care of the two error terms
in the latter estimate:

/ / 9T 500" [0 dn pu(w)dx
Q, Jrk
= / /]Rk _gdrgﬁan’? no‘w P @/)dnﬂ( )
< suplg'TeTyl S / [ 10080071 4] dn (o)

Iy|=2
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/ / 2Im g'Te 30na 0" e( xz+an53nn)w> dn p(z)dz
Rk

< 2sup|(g)iry Y / [ 10020,501169"6] )

Iv|=2

This yields (74) because g' and I'f3 can be bounded independently of j in
our coordinates due to the bounded geometry and the smooth embedding
of C assumed in (5) and (6) as explained in Remark 5.

To see that iii) is just a reformulation of iv), we replace n by N = en in iii),
put in ¢ = D¢, and use that (—e2Ap—A,+V.) D = D (—£2Ap—e2A,+V?)
by Lemma 8.

So we immediately turn to iv). We notice that the powers of € on both sides
match because all derivatives carry an €. Therefore we may drop all the
€’s in our calculations to deduce the last estimate. Since we have stated the
estimate with a non-optimal power of (), there is also no need to distinguish
between normal and tangential derivatives anymore. So the multi-index o
will be supposed to allow for both normal and tangential derivatives. We
recall that Ag = Ay + A,. We will prove by induction that for all m € Ny

/ / )=8lal | gagy 2 dNudx>
Rk

(> / [ smet—as SV AN pda) + ] (75)

1B]<m

|a\< +2

with a constant independent of 7. Applying this estimate iteratively we
obtain our claim because as explained before —Ag + V is self-adjoint and
thus (—Ag + V)! is operator-bounded by (—Ag + V)™ for | < m due to the
spectral calculus.

Before we begin with the induction we notice that, in view of Proposition 1,
g% is positive definit with a constant that is bounded from below by (v)—2
times a constant depending only on the geometry of C. More precisely, the
constant depends on sup Ff,y and the inverse constant of positive definitness
of g%, which are both uniformly bounded in our coordinates again due to (5)
and (6).

We start the induction with the case m = 0. For |a| = 0 there is nothing to
prove. Since p = det g3, by Proposition 1, it holds Ag = =19, u g2 9. So
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for |a| = 1 we have

S [ wrtreravpas 5 [ o apar s
RF Q; Jre

laf=1

= —/ T Dapgs O AN p da

/ /R (—As+V = V)9)dNpdz

[l (=As + V)l + sup [V [|]])
I(=As +V)ul* + [l

(I(=As + V)l + vl (76)

Taking the square root yields the desired estimate in this case. For |a| = 2
we have

Z/ / (V)10 Y|* AN p da

jaj=2 "% /R

S > / / (V)" g2D,0.0" DyOeth AN i d
c Qj RF

=2 / / = (V)" 98" 0u0:0:1" Oy
c Qj RF

7 (0 i) M2 D,00" Oy AN di
S /Q | /R ) M0 (s =V V)
_<:u_1(ac,u/< > 14 ab)a ac¢ ( <V>_14) aba 661/1*) 3b¢dN,udx

$ 30 [ Ll £ VIRl VI -+ ) o an e

laf=2

VANRRZANRVAN

which yields (75) via (76) when we apply the Cauchy-Schwartz inquality and
devide by both sides by the square root of the left-hand side. Here we used
that both ' (8. p(v) g and (9,(v)~*) g& are bounded by (v)~*2. This
is due to the facts that the derivatives of u are globally bounded due to the
bounded geometry of C, that g and its derivatives are bounded by (v)?
due to Proposition 1, and that any derivative of (v)! = /1 + (5a5n°‘nﬁl is
bounded by (v)!. We will use these facts also in the following calculation.

We assume now that (75) is true for some fixed m € Ny. Then it suffices to
consider multi-indices a with || = m + 3 to show the statement for m + 1.
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We have

Z /Q'/Rk<l/>_8al|aa¢|2d]\fudx

loo|=m—+3
S 2 / / (v) 81810622 9,0%" 0,0% AN da
j&|=m+2 7 /R
= 2 [y cagaty
|&|=m+2 %

_ 3&¢* (aa<y>—8|&\—6) ggb@baaw dN,LL dr
_ —8\64—6807 *a& A
&IZm+2 /Qj /Rk<y> VA
— 9%y ((8a(1/>’8'5“"6)g§”8b85‘w+ <V>78|a|76[AS’ad]w> AN 1 d
~lel|ge ~P19% (— Ag)y| AN d
S5 [l o) 0%yl N

la|=m+3 |B|l=m+1

b Y X [ oot ol v

|o|=m+3 |&|=m+2

N

where we used that [Ag, 9] includes no terms with more than m + 3 partial
derivatives and that its coefficients are bounded by (v)? times a constant
independent of €. Using again the Cauchy-Schwartz inequality, deviding by
the square root of the left hand side, and applying the induction assumption
to the @-term we are almost done with the proof of (75) for m + 1. We
only have to introduce V' in the Laplace term. We recall that it follows from
Ve, W € C2(C,C(N,C)) that Vo € C°(C, C(N,C)). When we put it in
and use the triangle inquality we are left with the following error term:

Z /Q_/Rk<V>8ﬁ||5’ﬁV1/1\2dNud:c

|B|l=m—+1

= ) /Q,/Rk@fs'“|8°‘V|2<y>—8|ﬂ||a%|2dNde‘

|a|+]8l=m+1

In order to apply the induction assumption to this expression, we have to
bound sup(v)~8|9*V|2. To be able to use V € CX(C,C*(N,C)) we first
replace the tangential derivatives in 9% by V" and afterwards the normal
derivatives by VY. In view of (67) and (68), this costs at most a factor (v)~!
for each derivative. OJ
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We still have to give the proof of Lemma 3 from Section 3.2. It was postponed
because it makes use of Lemma 10.

PROOF OF LEMMA 3 (SECTION 3.2):

All statements in i) and ii) are easily verified by using the substitution rule.
To show iii) we first verify that (H§A* — A*H®)P® is in L(D(H?), L*(A, dr))
at all. For A*H¢P* this immediately follows from ii) and Corollary 5. So we
have to show that H§A*P® € L(D(H¢), L*(A,dr)). By Corollary 5 we have

|HGA* P || copgae), r2caary S IHAA (/€)M ), r2aim)

for any [ € N. Now we again fix one of the geodesic balls ; C C of a
covering as in Remark 5 and choose geodesic coordinates (:172),:1 ,,,,,
bundle coordinates (n§)s=1,.x With respect to an orthonormal trivializing
frame (17), over ;. When we write down A* and H5 in these coordinates,
we will end up with coefficients that grow polynomially due to our choice
of the diffeomorphism ® and the metric g. However, this is compensated
by (v/e)~!. Choosing [ big enough allows us to apply Lemma 10 iii) to
bound H9A*(v/e)~" by —e2Ay, — e2A, + V&. The proof of Lemma 9 i)
also shows that —e2A, — €A, + V¢ < H°. To sum up over j is once
more no problem because the covering (€2,); has finite multiplicity. Hence,
HA*P® € L(D(H?), L*(A,dr)). With the same arguments one also sees
that ||A*<V/€>3A (HZA* — A*Hs)Ps||£(D(Hs),L2(A’dT)) 5 1.

Since g is by definition the pullback of G' on Bs/s, the operators HA* and
A*H* coincide on functions whose support is contained in Bs/,. But outside
of Bs/, i.e. for |v| > §/2, we have that

(v/e)™ = <\/m/€>_3 <8e%/6°.

Hence, denotig by X%é/z the characteristic function of NC \ Bs/» we obtain
that \|X§35/2<V/5)3||00 < &3, Using that A* = 0 on A\ B for all ¢ and
AA* =1 by ii) we may estimate

.....

[(HYA" — A"H®) P £p(re),02(A,dr))

= ”A*X%&/2A (H;A* - A*HS)PE||£(D(He)7L2(A7dT))
||A>"XCB§/2 (v/e)PAA*(v/e)P A (H3A™ — A"H®)P?|| 2D, 12(A,dr))
S AN, , (v/e) P All ez aan)

S é

which was the claim. O
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4.2 Expansion of the Hamiltonian

In order to expand the Hamiltonian H. in powers of ¢ it is crucial to expand
the metric g around C because the Laplace-Beltrami operator depends on it.
The use of the expansion will be justified by the fast decay of functions from
the relevant subspaces Py and P. in the fibers.

Proposition 2 Let g be the metric on NC defined in (10). Choose Q2 C C
where the normal bundle NC is trivializable and an orthonormal frame (Va)a
of NC|q as in Remark 5. In the corresponding bundle coordinates the inverse
metric tensor g € T2(NC) has the following expansion for all q € Q)

(1 0\[/A 0\[1 C
9=V\ecr 1)J\o B/\o 1) "

where fori,7,l,m=1,....d and o, 3,7,0 = 1,.., k

AV(q,n) = ¢(q) + n* (Wag” + ¢"W,5)(q)
+ nnf (3 W(jmgmlwgf + Rza]ﬁ) (q),

BY(g,n) = 0, + énanﬁmjﬁ(q),

Cllg,n) = —nTh(q) + 3nn"R,4(q).

Here R denotes the curvature tensor of A and W, is the Weingarten mapping
corresponding to v, i.e. W(vs) (see the appendiz for definitions). The
remainder term ry and all its derivatives are bounded by |n| times a constant.

For the proof we refer to the recent work of Wittich [44]. He does not
calculate the second correction to C' but it is easily deducable from his proof.
Furthermore, Wittich actually calculates the expansion of the pullback of GG,
which coincides with g only on Bs/s. Then 7y is only locally bounded by |n|*.
To see that the global bound is true for g we recall that outside of By it
coincides with gg, which was explicitly given in Proposition 1. Comparing
the expressions for § and gs we obtain a bound by |n|? which is bounded by
In|? times a constant for |n| > 6.

In addition, we need to know the expansion of the extra potential occuring
in Lemma 1, which is also provided in [44]:

Proposition 3 For p := di/do with do = du ® dv it holds
Vilg,n) = —3G0(mn) + 36(q) — §(F+ tre Ric + tre R) (q) + r2(q, n)
= vaeom(Q) + T2<Qan)a

where 1 is the mean curvature normal, kK, K are the scalar curvatures of C and
A, trc Ric, tre R are the partial traces with respect to T,C C T, A of the Ricci
and the Riemann tensor of A and ry is bounded by |n| times a constant.
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Again the there is only a local bound on ry in [44]. In our setting the global
bound follows immediately from the coincidence of di and do outside of B,
see (12). With these two inputs the proof of Lemma 5 is not difficult anymore.

PROOF OF LEMMA 5 (SECTION 3.3):
Let P with [[(1)'P|| zp( Hm+1)D( ) S 1forall I € Ny be given. The similar

proof for a P with ||P(v)!|| om0 S 1 for all I € Ny will be omitted.

We choose a covering of C of finite multiplicity and local coordlnates as at
the beginning of Section 4 and start by proving [[H;P||zp(gm+1) 4 S 1 for
j € {0,1,2}. Exploiting that all the coeflicients in H; are bounded and
have bounded derivatives due to the bounded geometry of A and C and the
bounded derivatives of the embedding of C assumed in (5) and (6) we have

12 Pl yzg S IH W) e
S D Iy eGSO o

|| +|B]<2
S N Hellewar = 1 (77)

where we made use of Lemma 10 iii) and Lemma 9 for the bound by H,
Now we set ¢p := P1. By definition of H. and V¢ it holds

(0|Hobp) = (¢|DM,(—e*Ag+ V)M, Dp)

= (@] D.M,(—e*Ag)M; D2p) + (¢ | (Ve + DIWDe)ibp). (78)
Due to [[(¢)3P]] < 1 a Taylor expansion of D*W D, in the fiber yields
D:WD.(q,v)P = (W(q,0) +(ViW)(q,0) + 3¢*(Vy,W)(q,0)) P + O(<%).
Recalling that Vy(q,v) = Ve(q,v) + W(q,0) we find that

(¢| (Ve + DIWD.)p)
= (o] (Vo +e(VIW)(g,0) + 3 (VIW)(4,0))vp) + O(E). (79)

The error estimate in Proposition 3 yields that | D*ryD.(v) 19| < e]|¢|| and
thus ||D.roDfYp|| < €f|t]|. So Lemma 1 and Proposition 3 imply that

(¢] DM, (—<*Ag) My Db
/ / g(dD:¢*,dD p) dvdp + € (¢|D:-V,Dlvp)
NgC

=[] S 5Dz, apzie) dvdp+ & GlYamie) + O, (50)
NgC

where we used that Vgeom does not depend on v.
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Next we fix one of the geodesic balls {2 C C of our covering and insert the
expansion for g from Proposition 2 into (80). Noting that 0,:D = D0,
and O« D? = €71 D*0,o we then obtain that

| [ atapeaper) avan
aJne

- /Q /R &2 (0 + C5a.0)0ne) D16 ) A¥(g,m) (D + €0, 1)) Di0p
+ €% (0u0 D29") B (q,n) s DZtbp dndp + O(<")

- /Q/Rk ((5‘9:61' + Cil(q, €n)ana)¢*) A (q,en) (€0, + C?(q’gn)a’nﬁ)wp
+ (9pa9*) B (g, en) Opst0 + ¢*Ve(g,n)op dndp + O(®)  (81)

because the bound on r; from Proposition 2 allows to conclude that the term
containing D.r; D! is of order £3. To do so one bounds the partial derivatives
by H. asin (77). After gathering the terms from (78) to (81) and plugging
in the expressions for A, B, and C' from Proposition 2 the rest of the proof is
just a matter of identfying V¥ and V" via (67) and (68). When we sum up
over the whole covering, the error stays of order % because our covering has
finite multiplicity and the bounds are uniform as explained in Remark 5. [J

4.3 Construction of the superadiabatic subspace
Let Ef be a constraint energy band. We search for P. € £(H) with
i) P.P. = F,
i) [He, P:]x(H:) = O()

The former simply means that P. is an orthoginal projection, while the latter
says that P.x(H.)H is invariant under the Hamiltonian H. up to errors of
order 3.

Since the projector P, associated to Ff is a spectral projection of Hp, we
know that [He, Py) = 0, [Ef, Py] = 0, and H¢Py = ExFy. Lemma 5 yields that
H. = Hy + O(e) with Hy = —e%?Ay, + H;. So P, satisfies, at least formally,
[H., Py] x(H.) = [—2Ay, Po) x(H:) + O(e) = O(e). Therefore we expect P-
to have an expansion in ¢ starting with Fj:

P. = Py+eP + &P + O(%).

We first construct P. in a formal way ignoring problems of boundedness.
Afterwards we will show how to obtain a well-defined projector and the asso-
ciated unitary U.. We make the ansatz P, := 17 Fy+ ByTy with Ty - H — 'H
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to be determined. Assuming that [P, —e?Ay, + Ef] = O(g) we have

[H57P€]/€ H0/€+H1,P0+5P1]+O< )
H0/6+H1,P0] + [H07P1] + 0(5)
€Ah+H1,P0] + [Hf —Ef,Pl] + O(é)

€Ah + Hl,Pg] + (Hf — Ef)Tl*PO — POT]_(Hf — Ef) + O(E)

[
[
-
=

We have to choose 17 such that the first term vanishes. Observing that
every term on the right hand side is off-diagonal with respect to F,, we may
multiply with F, from the right and 1 — F, from the left and vice versa to
determine P;. This leads to

— (Hi = E) " (1= PR) ([—eAn, P) + H\) Py = (1= P) Ty Py (82)

and

-1

— Py ([Po, —eAw]+ Hi) (1 — Py) (Hr— E;) = RTi(1—PF), (83)

where we have used that the operator Hy — Fy is invertible on (1 — Py)Hs. In
view of (82) and (83), we define T by

T = — PO([PO, —EAh] +H1) RHf(Ef) + RHf<Ef) ([—é‘Ah, Po] +H1)P0 (84)

with Ry, (Er) = (1 — By)(Hr — Er)” (1 — Py). Ty is anti-symmetric so that
PW = Py +¢eP, = Py +&(Ty Py + PyTy) automatically satisfies condition i)
for P. up to first order: Due to P§ = P,
PYOPY = Pyt e(TrPy+ BTy + Bo(Ty + Th) Py) + O(?)
= P0+8(T1*PO+POT1) + 0(82)
D 4 0.
In order to derive the form of the second order correction, we make the ansatz
Py, =TV P11+ 15 Py+ Py T, with some T, : ' H — H. The anti-symmetric part

of T5 is determined analogously with 77 just by calculating the commutator
[P., H.] up to second order and inverting Hy — E;. One ends up with

(T, = T3)/2 = — Py ([PY, H®)/e*) Ry, (Ex) + Ry, (Ey) ((H®, PY)/e?) P

with H® := Hy + eH, 4+ €2H,. The symmetric part is again determined by
the first condition for P.. Setting P® := PM) 4+ £2P, we have

pPAPE = pO 4 2(RTT P+ Po(Ty + To)Py) + O(e?),

which forces Ty + T, = =117 in order to satisfy condition i) upto second
order.
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We note that 77 includes a differential operator of second order (and 7%
even of fourth order) and will therefore not be bounded on the full Hilbert
space and thus neither P.. This is related to the well-known fact that for a
quadratic dispersion relation adiabatic decoupling breaks down for momenta
tending to infinity. The problem can be circumvented by cutting off high
energies in the right place, which was carried out by Sordoni for the Born-
Oppenheimer setting in [41] and by Tenuta and Teufel for a model of non-
relativistic QED in [42].

To do so we fix £ < oo. Since H. is bounded from below, E_ := inf o(H.)
is finite. We choose xpy1 € Cg°(R,[0,1]) with xpii1|(z_—1,p41) = 1 and
supp xg+1 C (E_ — 2, E 4+ 2]. Then we define

P. = P® - P = (T; P+ BT) + 4Ty Ry + Ty Py + PoTy)  (85)
and
PXest = By + Poxppa(Ho) + xppa(Ho)Po(1 = xpia(H:))  (86)

with xg11(H.) defined via the spectral theorem. We remark that PX*"*" is
symmetric.
We will show that PX**' — By = O(e) in the sense of bounded operators.
Then for € small enough a projector is obtained via the formula

i

P = (Pxe+t — 2) 7 dz, (87)

2 Jr
where I' = {z € C| |z — 1| = 1/2} is the positively oriented circle around 1
(see e.g. [13]). Following here the construction of Nenciu and Sordoni [32]
we define the unitary mapping U. : P.H — FPyH by the so-called Sz-Nagy
formula:

—-1/2

U. = (PP.-+(1-P)(1-P)) (1 (P.— R)? (88)

We now verify that P. and U. have indeed all the properties which we stated
in Lemmas 2 & 6 and state here again for convenience:

Proposition 4 Fix EF < co. Let E¢ be a simple constraint energy band and
Xe+1 € CP(R, [0,1]) with Xgi1|(—co,p+1) = 1 and supp xp41 C (—o0, £ + 2].
For all e small enough P. defined by (85)-(87) is a bounded operator on H and
U. defined by (88) is unitary from P.H to PyH. In particular, P. = U;POUE.
For allm € Ny and Borel function x : R — [—1, 1] with supp x C (—o0, E+1]
it holds ||Ps||£(D(H;”)) SJ 1 and

H[He;Ps]”c(D(Hgn“),D(Hgn)) = O(e), |[He, P x(H ) eoupmmy = O(e%).
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Furthermore, it holds Ex € C2°(C), as well as:
i) Vj,l € No,m € {0, 1} (V) Pev) |l ey S 1

~Y

i) ¥ j,0 € No: [(0) P ey S 15 I[=€An, Pollleo g S €

iii) There are U, U5 € L(H) N L(D(H.)) with norms bounded indepen-
dently of € satisfying PobU; Py = 0 and Ush = RUsPy = RU; such
that U. = 1 + eUs + &*Us. In particular, |U. — 1|z = O(e).

w) |PoUs (V)| cparmyy S 1 for alll € Ny and m € {0,1}.

v) For B. := PyU.x(H.) and all u € {1, (U?)*, (U5)*} it holds

H [—éTQAh + Ef, UJP()]BE Hﬁ(’l—{) = 0(8)

vi) For Ry, (Er) := (1 — Py)(H; — E;) ™' (1 — P) it holds

|UF*B: + R (Ex) ([~eln, Po] + H\) PoBe| 3y ppr.y) = OLE)-
vit) If pr € C°(C, Hy), it holds
1Uollcom) p-c2ncm) S 1 NUslleo-c2ac+m)pm)) S 1,

and there is \o 2, 1 with sup, [|e*“ ¢¢(q) |3, S 1 and

sup [e¥vy L VR ot @) ST

.......... ~
q

forallvy,...,v; € TW(NC) and 1y, ..., 7 € TW(TC).

The proof relies substantially on the following decay properties of Py and the
associated family of eigenfunctions.

Lemma 11 Let Vy € C5°(C,C°(NC)) and Ex be a constraint energy band
with family of projections Py as defined in Definition 3.
Define V2 Py := [V2, P and, inductively,

VE1 ..... TmP [v£‘117vh ..... TmPO] - Z;HZZV’}T}Q ..... VflTj ,,,,, TmPO

for arbitrary 7'1, ooty € T(TC). For arbitrary vy, ...,v; € T(NC) define
Ve VE = [Vy VL,V LR

vyt [ Vp? Y Ty Tm
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i) Then Ey € C°(C), Py € C°(C, L(Hs)), and there is Ao > 0 independent
of € such that for all X € [—Xg, Ao

He>\<y>RHf(Ef)€_>\<V>||£(H) <1

~Y

and

,,,,, 1% T1y--sTm
forallvy,...,v; € IW(NC) and 11,..., 7 € IWy(TC).

Let E¢ be simple and p¢ be a corresponding family of eigenfunctions.
i) If r € C'(C, Hy), then @r € CIM(C,Cp°(NC)). Furthermore,

I MV, Vs Py)er! HL(H) ~p

sup |6V op(q)lreq) S 1, sup [V L VR oi( @)l S 1
qeC qeC
forallvy,...,v; € TW(NC) and 11, ...,7m € IW(TC).

ii1) If C is compact or contractable or if F(q) = infa(Hf(q)) for all q € C,
then ¢¢ can be chosen such that of € C°(C, Hs).

In addition, we need that the application of xgi1(H:) does not completely
spoil the exponential decay. This is stated in the following lemma. We notice
that we cannot expect it to preserve exponential decay in general, for we do
not assume the cutoff energy E to lie below the continuous spectrum of H.!

Lemma 12 Let x € C5°(R) be non-negative and (H,D(H)) be self-adjoint
on H. Assume that there are | € Z,m € N and C < oo such that

KA TH?, () "l eoam g < Ci A (89)

for all X € (0,1] and 1 < j < m. Then there is Cy < oo independent of H
such that

K X(H) ()l eerparmy < C1Ca

This lemma can be applied to H. for m < 3 in view of Lemma 9. Now we give
the proof of the proposition. Afterwards we take care of the two technical
lemmas.

PROOF OF PROPOSITION 4:

We recall that D(H?) := H and E_ := info(H.). Let xg € C5°(R,[0,1])
with Xg|g_g = 1 and suppxg C [E- — 1, + 1]. Then by the spectral
theorem XE(H€>X(H6) = X(HE) and XE+1(H5)XE(H5) = XE(HE) for X and
XEe+1 as in the proposition. In the sequel, we drop all e-subscripts except
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those of H. and write x,xg, and xgy1 for x(H.),xg(H:), and xpi1(H.)
respectively.

The proof of the proposition will be devided into several steps. We will often
need that an operator A € L(H) is in L(D(H!),D(H™)) for some I, m € N.
The strategy to show that will always be to show that there are [,/ € N
with [; + ls < 21 such that for all j € Ny

(—?A — Ay + V™A < (1)(VY)(eVh)2. (90)
Then we can use Lemma 9 to estimate:

[HZAY| + AV S [[(—e*An = Ay + Vo)™ AP + [[v]]
S )RV eV Ry + vl
<

Iz + [l (91)

which yields the desired bound.

Step 1: 4 /\0 Z 1VA< /\0, m e No ; ’|€)‘<V> PO GMV)”L(D(Hgn)) < 1 and

~Y

~

12 [=&2 A, Pol |l oz pamy) S €

Both statements hold true with eM") replaced by (V) for any | € Ny.

Let Ag be as given by Lemma 11. When we choose a partition of unity (&;);
corresponding to the covering (£2;); as in Remark 5 at the beginning of
Section 4 and orthonormal sections (14),—1 i of NQ; and (le )i=1
for all j, the coordinate formulas (70) imply

.....

Ay =D V0V An= ) GVEVL =YL ). (92)
je b

AT
In order to obtain the estimate (90) for A = e*® Pye*® we first com-
mute all horizontal derivatives to the right and then the vertical ones. Using
Vo € C°(C,Cp°(NC)) and Lemma 8 we end up with terms of the form

...........

[y + 13 < 2m. By Lemma 11 we have

fj e)\(u) (ij g th ; Po)e)\<z/> (vv)ll (gvh)lg = ef(/\of)\)<1/> (vv)ll (gvh)lg

[$1

which implies (90) due to A < Ag. This yields the first claim of Step 1
via (91).
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The second claim can easily be proven in the same way. For the last claim
it suffices to notice that ||(v)le )| zipmmy S 1 for all I, m € Ny, which is
easy to verify.

Step 2: It holds ¥ A < Ao, m € Ny, i € {1,2}:
||e T*P ) ||L D(HIT),D(H)) S L ||e ' PyT; e >||L D(HIT),D(HT)) S L

In particular, ¥V X < Ag,m € Ny : ||eM) PeX ||L(D(H?+2)7D(Hgn)) < e

The last statement is an immediate consequence because by definition of P
M PA) = ¢ M) ((Tl*Pg + R + e(TFRPTy + TiPy + P0T2))ek<”>.

We carry out the proof of the first estimate only for 77 F. The same argu-
ments work for the other terms. To obtain (90) for A = eMT¥ Py e we
again commute all derivatives in (—g2Ay, — A, + V.)™ and T} P, to the right.
In view of (84), the definition of T3, we have to compute the commutator of
Ry, (Er) with V® and VY. For arbitrary 7 € I',(TC) it holds

(V2 Ru(Er)] = — (ViR Ru(Er) — R, (Er)(ViF)
— Ry, (E;) [V, Hy — Et| Ry, (Ex).

with [VE,Hf — Ef:| = (VEVO — V.E;). The latter is bounded because of
Vo € C3°(C, Cp°(N4C)) by assumption and Er € C°(C) by Lemma 11. An
analogous statement is true for VY. Hence, we end up with all remaining
derivatives on the right-hand side after a finite iteration. These are at most
2m + 2. After exploiting that ||e*" Ry, (Er) e ™|z < 1 by Lemma 11
we may obtain a bound by H™! as in Step 1.

Step 3: Vm € Ny : ||PXE+1||L(D(Hgn)) S 1 and
35,0, € No,m € {0,1} = [[{w)! P21 (v)! || oy S 1.

We recall that PXE+1 was defined as
P = Py + Pxper + xen P(1— Xpi1):

Step 1 implies that Py € L(D(H!")) for all m € Ny. So it suffices to bound
the second and the third term to show that PXe+t € L(D(H")). Since H.
is bounded from below and the support of xg.; is bounded from above,
IXE+1 ety S 1 for every m € Ny. So the estimate for P obtained in
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Step 2 implies the boundedness of the second term. By comparing them on
the dense subset D(H?) we see that XE+1P is the adjoint of Pygy1 and thus
also bounded. This finally implies the boundedness of the third term, which
establishes || PX?+1 || pcarmy) S 1 for all m € Ny.

We now address the second claim. We fix A with 0 < A < Ag. Then

WY PE Nt = (WY Py() + < >j}~7XE+1< >l+<u> ‘XE+1ﬁ(1_XE+1)<V>Z
_ <V>je Av) ( )Pe< ) <V>l

+ (p)e o (AP (oo M”< >)<V>_ZXE+1<V>l
+ (W) xpn () () e ) (X PeX)
x ()" (v)~ l(l_XE+1)<V>l

It is straight forward to see that |[(v)7e ") || ipzmyy < 1 for all j,m € No.
Therefore Step 1 yields the desired estimate for the first term. In addition,
we know from Lemma 12 that |[(v)'Xp41 ()| coepzy S 1 because H,
satisfies the assumption of Lemma 12 due to Lemma 9 iii). So Step 2 implies
the desired estimate for the second term. Then it also follows for the third
term again by estimating it by the adjoint of the second one.

Step 4: It holds ¥ m € Ny, 1 € {1,2}

|77 Fo, —e? Ay + Ex] HL(D(Hg"““),D(ng)) = O(e),
I[PoT;, —e* Ay + Ei] HC(D(HQ”““),D(H;?)) = Ofe).

We again restrict to 77 Py because the other cases can be treated in quite a
similar way:.

We note that E; commutes with all operators contained in T} P, but V™.
Furthermore, ||[eV2, Ef] Pyl cpry) = ell(V+Ee) Poll ceommy = O(e) for any
7 € I'y(TC) by Lemma 11. With this [|[T} Py, Et]|| ;(p(mr+2) pemmy) = O(€) is
easily verified.

We will obtain the claim of Step 4 for T7F, if we are able to deduce that
[T Po, —e*Aulll g epr+2) peamyy = O(€). Again we aim at proving (90) by
commuting all derivatives to the right. In Step 1 and Step 2 we have already
treated the commutators of —e2Ay, with Py an Ry, (Ef). So it remains to
discuss the commutator of eV® and —e2A},, which does not vanish in general!
To do so we again fix a covering (£2;);ey of C and choose a partition of
unity (&;); corresponding to the covering (€2;); as in Remark 5, as well as
orthonormal sections (77)i—y...4 of TQ; for all j.

-----
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Recalling from (92) that A, = 327, @(V}levz — V}% ;) we have

%

[eVE —2A,] = —Zg] [V (VLVEL =V )]

J
Ti

_ —83Z£J (172, V5 V2 o+ %, [V, V2] — VB, V)

v ]T’L

_ _.3 b h h h
S Zg](R ARV A
+ vl;] Rh(7—7 Tz]) + V};JVE Tj] + [vl;v vg _TJ')]> .
1 [ (A 70
In view of the expression for R" in Lemma 4, all these terms contain only two
derivatives. So we have gained an € because, although R" and its derivatives
grow linearly, we are able to bound the big bracket as required in (90) using
the decay provided by F4. The estimate is independent of €2; because R* is
globally bounded due to our assumption on the embedding of C in (6).

Step 5: For allm € Ny

I[He, P2 pop sty pamyy = O), I[He, PX25) X gl coupmy) = O(E?).

We fix m € Ny. Due to the exponential decay obtained in Steps 1 & 2 for F,
and P we may plug in the expansion of H. from Lemma 5 when deriving the
stated estimates. The proof of Step 2 entails that PX2+1 — Py is of order ¢
in L(D(H")) for any m € Ny. Therefore

IHe, P gty peamy = NHe Polll ooty peamy)y + O€)
||[H0;PO]HL(D(H;”“),D(H?)) + 0(e)

= H[—ngh, PO]HL(D(H?‘“),D(H;VI)) + O<€)
= O(e),

by Step 1. On the other hand we use [H,, xg] =0 and (1 — xg41)xeg = 0 to
obtain

|[Hz, P*2*] X gl cr,p(m)
I[Hz, PP] XE || o4, D))

I[He, Po + P xEll ()
H [HO + &THl —+ 82]‘.’2, Po + P] XEHL(H,D(HQ“)) + (9(63) = O(€3>,

where the last estimate follows from the construction qf T, and T, at the
beginning of this subsection (which were used to define P). To make precise
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the formal discussion presented there one uses Step 4 and once more the
decay properties of Fy and P to bound the error terms by H" for some
m € N as in (90) and (91).

Step 6: For € small enough P & U are well-defined, P?* = P, and Ul|py 1s
umtary. ||P||[,(D(Hgn)) 5 1 and ||P — PO“E(D(H;”)) = O(E) fOT‘ all m € No.

Since Fy is a projector and ||PX#+1 — By|| () = O(e) by the proof of Step 3,
we have

[(PYE)2 — PXE |0 = O(e). (93)
Now the spectral mapping theorem for bounded operators implies that there
is a C' < oo such that

o(PXE+1) C [=Ce,Ce] U [1 —Ce, 1+ Cel.

Thus P := ﬁ fr (PEXE+1 — z)_l dz is an operator on ‘H bounded independent
of ¢ for £ < 1/2C and satisfies P2 = P by the spectral calculus (see e.g. [13]).
By the spectral theorem P = xp_ce1+cq(PXP+) and so ||P — PXP+ || £3q) =
O(e). With [[PXE+1 — Byllzy = O(e) this entails |P — Fyl|zm) = Ofe).
Hence, 1 — (P — Py)? is strictly positive and thus has a bounded inverse.
Therefore U := (PyP + (1 — Py)(1—P)) (1— (P — P())Q)_l/2 is also bounded
independent of € as an operator on H and satisfies

U = Uy (P + O@?)).

We set S := (1—(P— Po)z)_l/Q. It is easy to verify that [P, 1 — (P — Pp)?] =
0= [Py,1— (P — R)? and thus [P,S] = 0 = [R,S]. The latter implies
U*U =1 = UU*. So U maps PH unitarily to PyH. Since U, is unitary when
restricted to PyH, we see that U = Ugﬁ is unitary when restricted to PH.
The combination of (93) with Steps 3 and 5 immediately yields

[(PXE1)2 — PXE4 | gy = Oe)-

for all m € Ny. So for e < 1/2C and z € 0By 5(1) the resolvent (PXz+1 —z)_l

is an operator bounded independent of ¢ even on D(H"). In view of P’s
definition, this implies || P||z(p(zm)) S 1 for all m € N . Then we obtain that
| P — Poll (o)) = O(e) in the same way we did for m = 0.
Step 7: H[H87P]HL(D(H;"“),D(H;”)) =0(e) & ||[H., P XE”ﬁ(H,D(H;")) = 0(%)
for all m € Ny.
We observe that

i

[HE,P] = 2—% (PXE+1 o Z)*l[Ha’PXEH](PXEH _ Z)i
T Jr

1

dz.
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Since we saw that || (PXe+ — z)_lHﬁ(D(HgL)) < 1 in the preceding step, the
first estimate we claimed follows by inserting the result from Step 5. To
deduce the second one we set Rpxpi1(2) := (PXE+1 — z)fl and use Y = xgX
to compute

i

[Ha,P]X = 2— RPXE+1(Z) [HQ,PXE+1]RPXE+1 (Z) XEXdZ
T Jr
= ZL RPXE+1 (Z) [HE,PXE+1]XE RPXE+1 (Z)X

T Jr

+ Rpxwii (2) [He, P4 [Rpxesa (2), xp] x dz. (94)
Furthermore,

Rexens () xe]x = Roven () [P0, xe] Rpxens () xo x
= Rpxen (Z) [PXEH, XE] XE Rpxes (Z) X

+ Rpxsi (2) [PX21 xg] [Rpxeii (2), x5 | X
= Rpxpi (2) [P+ xg] Xg Rpxeii (2) X

2
+ (RPXEH (2) [PXe+, XE]) Rprean (2) x.

Since due to Step 5 we have H[PXEH’HE]HL(D(H?“),D(H;”)) = O(e) and
|[PXE+1, Hox gl covpary) = O(e?), Lemma 7 yields
NP2 X | gy panyy = OE): NP+ Xelxellempgzy = OFE).

Applying these estimates, ||Rpxe+1(2)||z(pmmy) S 1, and Step 5 to (94) we
obtain ||[H,, P] x(H.)||zo,pmmyy = O(e%).

Step 8.’ \V/j,l - N,m c {O, 1} . ||<V>ZP <1/>j||£(p(H;n)) 5 1.

This can be seen by applying the spectral calculus to PX#+! which we know
to be bounded and symmetric. Let f : C — C be defined by f(z) := z and
let g : C — {0, 1} be the characteristic function of By/3(1). Then due to (93)
the spectral calculus implies that for € small enough

P = g(PYen) = f(PXER) (o) £)(PXE) (PR
— PXe+1 (g/fQ)(PXE“) PXE+1 (95)

We note that (g/f?)(PXe+1) € L(H) because g = 0 in a neighborhood of
zero. Since g/ f? is holomorphic on By j2(1), it holds

i

@EE) = 5 f 0l ()
9B 5(1
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by the Cauchy integral formula for bounded operators (see e.g. [13]). In the
proof of Step 6 we saw that ||Rpxe+1(2)|pm) S 1 for 2 € 0By 9(1), which
implies that also ||(g/f*)(P*?+)| zipm.)) S 1. Then applying the result of
Step 3 to (95) yields the claim.

Step 9: Vm e Ny : ||(P - PXEJrl)XHE(H,’D(H;’Z)) = 0(&%)

By construction we have 17 = =T} and To+T15 = =117 as Well as P11 Py =
0. With this it is straight forward to verify that P®® = Py + P satisfies

[xe (P P _P(2)>XH£( ) O(”). (96)

H,D(H

Since [|[[PX#+1, Ho] Xl g3 perm-1y) = O(€®) by Step 5, Lemma 7 yields

I[P+ x gl XNl conpamy = O(E?).

Recalling that ||PX#+{|z(p(gm)) S 1 due to Step 3 we have that in the norm
of L(H,D(H"))

((PXE+1)2 _ PXE+1) %

— (PXE+1 _ 1)PXE+1 XE X

= (P = DxpP " x + (P = [P xp] x

— g (PXEH — 1)PXET y 4 [PXBH ] PXPHLy 4 0(53)
= x5 (PP —1)PDx + O

= xg (PPP® — P@) y + O(c*) W o).

Since we know from the proof of Step 6 that ||Rpxe+i(2)|cp@m)) S 1 for 2
away from 0 and 1, the formula

p_ pxen _ L Rpxp41(2) + Rpxesr (1 — 2) d- ((PXE+1)2 _ pXE+1)’

27 Jr 1—2z
(97)

which was proved by Nenciu in [31], implies that

|(P — Pxeet)x = 0(%). (98)

(H-) HC(HD(H;”))

Step 10: There are Uy, Uy € L(H) N L(D(H.)) with norms bounded inde-
pendently of € satisfying PobU1 Py = 0 and Us Py = PyUs Py = PyUsy such that
U =1+ el +2U,. In addition, | PoUs (V)| cepumyy S 1 for all 1 € Ny and
m € {0,1}.
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We define
Upi=e H(R(U—1)(1 = Py) + (1= P)(U — 1))

and
Uy :=e *(P(U~1)Py+ (1 = P)(U — 1)(1 — Iy)).
Then ﬁ = ]_—I—E-:Ul +€2U2, POU1P0 = 0, and POU2 = P()UQPO = U2P0 are clear.
Next we fix m € Ny and prove that U; € L(D(H!")) with norm bounded
independent of . The proof for Us is similar and will be omitted. We recall
that 5
U= (PP+(1-PR)(1-P)S

1

with S := (1 — (P — Py)2)~"% and that we showed [P, S] = 0 = [P, 5] in

Step 6. Therefore

U1 = 571<P00(1—P0)+<1—P0)0P0)
= ¢ 'S(RP1-PR) + (1-R)(1-P)R)
= ¢ 'S(R(P-PR)1—-PR) — (1—-PR)(P—Py)F). (99)

By Taylor expansion it holds
! _3
-5 = /0 L1 —s)(1—s(P— F)?) ds (P—F)%.  (100)

Let h(z) :== (1 — st)_g/Q with s € [0,1]. & is holomorphic in By/(0). Due
to Step 6 the spectrum of P — P as an operator on L(D(H")) is contained
in By4(0) for € small enough. Therefore ||Rp_p,(2)|zcpmrmy) S 1 for z €
0B1/2(0) and h(P — Py) = %3%31/2(0) h(z)Rp_p,(z) dz. This allows us to
conclude that the integral on the right hand side of (100) is an operator
bounded independent of € on D(H!"). This implies that the whole right
hand side is of order €* in L(D(H!")) because ||(P — Py)?||zpamy) = O(e?)
by Step 6. So we get

Uy = e (P(P-PR)(1—-PR) — (1-R)(P—PR)R) + O).(101)

This yields the desired bound because || P— Pyl z(p(ar)) = O(e). We now turn
to the claim that ||PyUs ()| ceommy S 1 for m € {0,1}: Using [S, Ry] = 0
and || Po()! || cepeumy S 1 due to Step 1 we obtain from (99) that

le™ SPy(P = Po)(1 = Po){()!ll oy

1P UL () | cpamyy =
S e (P = P || o)
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We note that the decay properties of P and F, themselves are not enough.
Because of the ¢! we really need to consider the difference. However, it
holds P — Py = (P — PXxe+1) 4 (PXE+1 — P) and via (97) the first difference
can be expressed by (PXe+1)? — Pxe+1 [ooking at the proof of Step 3 we
see that both differences consist only of terms that carry an € with them and
have the desired decay property.

Step 11: For B := PyUx(H.) and every u € {1,UF,Us;}
| [=*An + Er,uPo)B|| 1, = O(e).

Again we restrict ourselves to the case u = U;j. It is obvious from the
definition of Uy in Step 10 that [Ef, U Py = 0. In view of (101), U; (and
thus also U;) contains, up to terms of order ¢, a factor P — Py . As long as
we commute (—&?Ay,) Py with the other factors, P — Py cancels the e~! in the
definition of U; and the commutation yields the desired £ by Step 1. Using
that B = PyUx = Pyx + O(e) we have

[—?Ay, U P)B =
(101)

[—&*An, UT Po| Pox + Oe)

[—2An, e (1 — Py) (P — Py)Py)Pyx + O(e)
= (1-Py)[-*An, e (P - P)|Poxex + O(e)

(1 — Py)[—e*An, e (P — Py)xe|Pox + O(e),
The last step follows from [(—e?Ay) Py, xg]x = O(¢), which is implied by

Lemma 7 because (—e?Ay,) P, satisfies the assumption on A in Lemma 5 and
thus

[He, (—e*An) Pyl x = [~y + Hy, (—*An) B x + Ofe)
Vo, —®An)Py x — e2An[—e*Ay, Pl x + O(e)
O(e)

as in Step 1. Furthermore, due to Step 9

(1 — Py)[—e*An, e (P — Py)x&|Pox

(1 — Py)[—e*Ay, e H(PXE+ — Py)xg|Pox + O(e?)

= (1-R)[-£*Ay, (PlXE+1 + X1 Pi(1 = XE+1))XE]P0X + O(e)
(1= Py)[—€*An, (T Py + PyT1) xe)Pox + O(e).

On the one hand,

(1 — Po)[—a’fQAh, P0T1XE] = (1 — Po)[—EzAh, PO]PDT1XE = O(E)
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by Step 1 and Step 2. On the other hand,

(1= P)[=e*An, Ty PoxslPox = (1= Ro)T7 Rol(—€*An), x&] Pox
+ (1= Ry)[=£*A, Ty Polx e Pox
= (1 — R)T;Py[(—€*An) Py, xe]x + O(e)
+ (1 — Py)[—e*Aw, T; Polx e Pox
= O(e)

due to Step 4 and the above argument that [(—e2Ay) Py, xg|x = O(e).

Step 12: ||(U + Ty Ry) BH[:( y = O(e) for all m € Ny.

H,D(H™
All the following estimates will be in the norm of E(H, D(HE)). It is easy to
prove [Py, xg]x = O(¢) in the same way we proved [(—£*Ay) Py, xe]x = O(e)
in Step 10. Using again that B = P)Uyx = Pyx + O(¢), x = xeX, as well as
P — Py = O(¢e) we obtain that

UrB = Ui Pxex + O(e)
=" e (1 - P)(P — Py)Pyxpx + O(¢)
= 671(1—P0)(P—P0)XEP0X + 0(5)
= 6_1(1—P0)(PXE+1 _PO)XEPOX + 0(5)
= (1- PO)(P1XE+1 +(1- XE+1)P1XE+1)XEPOX + O(e)
= (1—Py)TyPyx + O(¢)

because (1 — Py)T} Py = T} Py by definition and Pyy = B + O(e).
Step 13: It holds Er € C°(C). If pr € C°(C, Hs), then
1Uoll ooy p—2acreyy S 1 Uslleo-e2actmypiy S 1,

and there is N 2, 1 with sup, [|e*“ o(q) |3, S 1 and

sup [e¥Vy L VE ot @) ST
q

forallvy,...,v; € TW(NC) and 11, ..., 7 € IW(TC).

We recall that Uptp = (p¢|Y))n, and Uiy = ¢ep. Using Lemma 11 ii) we
easily obtain [|(—e2A¢ + E)Upy|| < [le ®/2(V™)2y|| for all ¢ € D(H.)
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and ||HUGY|| < ||e2Vdy| for all ¢ € D(—e*A¢ + Er). By (91) the former
estimate implies ||Upl|z(p(m.) p(—e2a0+5)) S 1. Due to the bounded geom-
etry of C any differential operator of second order with coefficients in Cp°
is operator-bounded by the elliptic —A¢. So the latter estimate implies
U || c(p(=c2a¢+E0),p(H.y) S 1. The other statements are true by Lemma 11 i)
and ii).

The results of Step 1 and Steps 6 to 13 together form Proposition 4. OJ

PrOOF OF LEMMA 11:

Because of V € C2°(C,C*(N,C)) and [V, A,] = 0 for all 7 due to Lemma 8
the mapping ¢ — (H(q) — 2)~ ! is in C°(C, L(H)). Since F: is a constraint
energy band and thus separated, the projection Py(q) associated to F¢(q) is
given via the Riesz formula:

1 1

Py(q) = (Hf(q) — z)_ dz,

2 7(q)

where v(q) is positively oriented closed curve encircling E¢(q) once. It can
be chosen independent of g € C locally because the gap condition is uniform.
Therefore (Hi(-) — 2z)~" € C°(C, L(Hy)) entails Py € C°(C, L(Hy)). This
means in particular that Py’H is a smooth subbundle. Therefore locally it is
spanned by a smooth section ¢¢ of normalized eigenfunctions. By

1 1

El(q)P(q) = Hi(q)Polg) = 2(Hi(q) — 2) " dz

21 Jy (o)

we see that also ErPy € C°(C, L(Hy)). Then Er = try, () (EiPy) € Co(C)
because covariant derivatives commute with taking the trace over smooth
subbundles and derivatives of E; P, are trace-class operators. For example

Vo tr(EePy) = V.tr((EiR)F)
= tr((VEER) Py + (EtPy)VER)
= tr((VEER)Ry) + tr((BePRy)VER) < oo

for all 7 € I'y(TC) because Py and E;P, are trace-class operators and the
product of a trace-class operator and a bounded operator is again a trace-
class operator (see e.g. [35], Theorem VI.19). The argument that higher
derivatives of E;P, are trace-class operators is very similar.

Next we will prove the statement about invariance of exponential decay under
the application of Ry, (Ef) := (1 — Py)(H; — E;)"'(1 — P). So let ¥ € H; be
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arbitrary. The claim is equivalent to showing that there is Ay > 0 such that
for all A € [—Xg, o]
® = M Ry, (Er)e ¥

satisfies @]y < ||V]|. The latter immediately follows from

@]l S 1 (He = Ex)e @]l (102)
because
[A) (Hy = Er)e ™Dl = [[X(1 = By)e™ ‘I’IIH
< ||‘I/||H+Sup||e ' Poe ™| 2re (o) 1 12
S ¥

where we used that Ff is a constraint energy band by assumption. We now
turn to (102). We note that by the Cauchy-Schwarz inequality it suffices to
find a A\p > 0 such that for all A € [—Xg, A\o]

(@|®)y < |Re(®@]|eM — Ep)e M), | (103)

To derive (103) we start with the following useful estimate, which is easily
obtained by commuting H; — E; with e "),

[Re (@ | X (Hy — Er)e @) = [(® <I>> N(@|([v]*/(v)*) @)
> [(@ D) — NH®|D).

Since FEf is assumed to be a constraint energy band and thus separated by a
gap, we have

(@(H; — E)®)| = [((1— Po)®|(H; — Er)(1— P)®) |
> Coup((1 = P)®| (1= P)®)
= Caap((@|®) — (P|R®)).
Since Ag can be chosen arbitrary small, we are left to show that (®|P,®)
is strictly smaller than (®|®) independent of A € [—\g, Ag]. Since E; is a

constraint energy band by assumption, we know that there are Ag > 0 and
C < oo independent of ¢ € C such that [|e®® Py(g)eto® ||, < C. Hence,

1 = tI‘Hf(q) (PS(Q)) — ter(q) (eA0<l/> Po(q)eA0<l/>e*Ao<l/>PO (q>eon (u))
129 Po(@)e™ % |ly4,(q) trrs (g (€720 Pye~20)
C try(g) (eon<V> poeon <1/)) '

VARVAN
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So we have that for any A with A\ € [—Ag, Ag]

iI;f ter(q)(e_k<”>P0(q)e_’\<”>) > ir(}f ter(q)(e_A°<”>P0(q)e_AO<”>) > C

Since Pye M@ = PyRy,e )W = 0 by definition of ®, we have

(B|P,®) = (D|(Py—e M Ppe*Nd)
< (®|P) sup tT34(q) (PO — e”\<”>P0(q)e’A<”>)
q

IN

<(I)‘(I)> (Sup ter(q) (PO) - H;f tI'Hf(q) (ei/\<l/>PO(q)ef)‘<V>))
q
< (1-C7h(2[),

which finishes the proof of (103).

For i) it remains to show that the derivatives of Py produce exponential decay.
By definition P, satisfies

0 = (Hi— E)Py = —AJPy + VoPy — EiP. (104)

Let 7, ...7, € T, (T'C) be arbitrary. To show that the derivatives of Py decay
exponentially, we consider equations obtained by commutating the operator

77777

yields the following hierachy of equations:

(Hi — E) (V3 Po) = (Vo Er = V] Vo) Py,
(Hi = E)(V3 o) = (VanE =V Vo) Po+ (Vo Br = VL) (V3 By)

T1,72 71,72

+ (Vo Br — VI V0) (V2 ),

and analogous equations for higher and mixed derivatives. Applying the
reduced resolvent Ry, (Er) to both sides of the first equation we obtain that

(1= P)(VAPy) = Rug(Ee)(V" Er — Vi Vo).

From || e*®) Pyetot < 1 we conclude that

oo

<1

H e>‘0<l/>(1 — PO) (VE1PO)6>\O<V> HL‘U“) ~

because the derivatives of V and Ff are globally bounded and application of
Ry, (Ef) preserves exponential decay as we have shown above. Inductively,
we obtain that

< 1.

[ (1 = Po) (V5,0 V2 rn P0) e |y S



,,,,,,,,,,

when we start with 0 = Py(H¢— Ff). The assumption ||e/\0<y> Pyeo) ”L(H) Sl

,,,,,,,,,, >H£(H) < 1. These

three statements together result in

|| e)\0<y> (VZ1 ..... wvz ----- Tm)e)\()( ) HE(H)

A

We now turn to ii). So we assume that ¢r € C*(C, H(q)) for some m € Ny.
By definition ¢ satisfies

0 = (Hr — Er)or = —Avor + Vopr — Erps. (105)

for all ¢ € C. Because of V € Cp°(C, C°(N,C)) and Er € C°(C) this is an el-
liptic equation with coefficients in CP(C, C°(N,C)) on each fibre. Therefore
o € CY(C,C(N,C)) follows from ¢f € CP(C,He(g)) and standard ellip-
tic theory immediately. Due to ¢r € CJ*(C,He(q)) we may take horizontal
derivatives of (105). Using that [A,, V¥ for all 7 by Lemma 8 ii), we end up
with the following equations

(Hr — Ex)Vior = (Vo Br = ViVo)er, (106)
(Hi = BV e = (VemBr = V3, Vo)er + (Ve Br = V3 Vo) (V7 91)

T1,T2 T1,T2

+ (VTzEf - VEQ‘/O>(V£'11 §0f>7

and analogous equations up to order m. Iteratively, we see that these are all
elliptic equations with coefficients in C(C, C2°(N,C)) on each fibre. Hence,
we obtain ¢f € CP*(C, C°(N,C)). So we may take also vertical derivatives of
the above hierachy:

(Hy — Ex)Vy, 0 = — (V) Vo) ¢, (107)
(He — BV, Ve = — (V) VEVo)er — (Vy, Vo) (V2 )
+ (VTlEf - Vlﬁl‘/o)vl\:lgpf)

and so on. Since F is assumed to be a constraint energy band, we have that

e r (€ ot a1y = 167" Poe™llrep) S MWl

with a constant independent of q. Choosing ¥ = e 2™ y; and taking the

supremum over g € C we obtain the desired exponential decay of ;. Because
of Vo € C°(C,C°(N,C)) and Ef € C2°(C) also the right-hand sides of (106)
and (107) decay exponentially. By i) an application of Ry, (Ff) preserves
exponential decay. So we may conclude that the ¢¢-orthogonal parts of Vﬁl ©f
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and V), ¢r decay exponentially. Together with the exponential decay of ¢
this entails the desired exponential decay of Vﬁl ¢r and V7 ¢, This argument
can now easily be iterated for the higher derivatives.

Finally, we turn to iii). We consider a normalized trivializing section ¢y, in
particular sup,cc ||¢t|/3; is globally bounded. The smoothness of the section
wr in Py'H is granted from the abstract existence argument of a global section
via Chern classes given in the sequel to Remark 1. In order to see that it is
also smooth in (1 — Fy)H, one applies Ry, (Er) to the equations (106), which
can be justified by an approximation argument. Hence, we only need to show
boundedness of all the derivatives. If C is compact, this is clear.

We recall that the eigenfunction ¢¢(q) can be chosen real-valued for any g € C.
If C is contractible, all bundles over C are trivializable. In particular, already
the real eigenspace bundle PyH has a global smooth trivializing section .
We choose a covering of C by geodesic balls of fixed diameter and take an
arbitrary one of them called 2. We choose geodesic coordinates (xi)¢=1,...,d
and bundle coordinates (n®),—1__ with respect to an orthonormal trivial-
izing frame (v,)o over  as in Remark 5. Since ¢ is the only normalized
element of the real PyH, we have that

Po(z)pr(zo)
pr(q) = (108)

[ Po ()t (o) |
for any fixed ¢y € Q and z close to it. In view of the coordinate expres-
sion V3 .= Opi — Ff‘ﬁnﬂana, we can split up V3 ¢ into terms depending

on Vgﬂ Py, which are bounded due to i), and —I'%n’d,ap¢(xo). We already
know that ¢r € CP(C, He(q)). By ii) this implies ¢f € CL(C,C°(N,C))
with sup, [[e*™ || < 1. Recalling that (v) = /1 + d,3n°n? we have
that —I'%n”0pagt(zo) is bounded. Noticing that all the bounds are inde-
pendent of 2 due to (6) (as was explained in Remark 5) we obtain that
¢r € CL(C,Hs(g)). Now we can inductively make use of (108) and ii) to
obtain ¢f € C°(C, Hi(q)).

If By = inf o(H¢(q)) for all ¢ € C, again the real eigenspace bundle is already
trivializable. To see this we note that the groundstate of a Schrodinger
operator with a bounded potential can always be chosen strictly positive
(see [37]), which defines an orientation on the real eigenspace bundle. A real
line bundle with an orientation is trivializable. So we may argue as in the
case of a contractable C that the derivatives are globally bounded. 0

PROOF OF LEMMA 12:
Let the assumption (89) be true for I € Ny and m € N. The proof for — € N
is very similar. We fix z1,..., 2, € (C\R) N (supp x x [—1,1]) and claim
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that there is a ¢ > 0 independent of the z; such that

H H —zl )\1/ ﬁ HL(H) <2 (109)

e —1_ cIIi%, [Imz]
for A := min {1, ] 1+H;,L:1(|;j|+|lmzj‘)} > 0.

To prove this we set ® := [, (H —z) (\)' [T12; Ra(z;)(Av) "0 for ¥ € H
and aim to show that ||W|| > ||®||/2. We have that

ol = Jlowi' TT07 = =) 0w T Rtz |

J=1

1o — HW)l [ﬁ([{—zl ] HRH 2 <1>H

J=1

v

Using the assumption (89) and that |z;| < 1 for all 7 we have that there is a
C < oo independent of A and the z;’s with

i = o) = ¢ (| [T Rat) o] + | T] Atz o)

= o] - CCMHﬁHRHE(zﬁ@H - CCMHﬁRH(ZJ’)@H
i=1 =t

- |Zj| . -1
> e - oclxﬂ(l+m) |o| — OclAjHlumzﬂ &
1T+TT0 (|| + |Imz;
S 8] — O HJ,;(|j| | jDH@H
Hi:l’lm2i|
> [|®]|/2

(2C 1 [Imz;
for A < O 1A Lot This yields (109).

Now we make use of the Helffer-Sjostrand formula. We recall from the proof
of Lemma 7 that it says that

) =+ [ 0:) Ru2)d:

where f is an arbitrary almost analytic extension of f. Here by dz we mean
again the usual volume measure on C. By assumption y is non-negative. So
by the spectral theorem we have x(H) = []}~, x*/™(H). We choose an almost
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analytic extension of x'/™ such that K := supp x'/™ C suppy x [~1,1] (in
particular the volume of K is finite) and

10X/ (2)| = O(|Tmz|"Y). (110)

Then by the Helffer-Sjostrand formula

/ H&Xl/m HRH zi)dzy ... dzy,
=1

We will now combine (109) and (110) to obtain the claimed estimate. In the
following, we use < for ’bounded by a constant independent of H’.

| () x (H) (v) ™" 7|

m

1 —

= —/ %Xl/m(ziﬂ /\I/ HRH zi){ Wdz ... dz,
™ Jem i=1

(110) m

e / ] ezl |(
"=l
where we used that (v)/(A\v)™ < A7t~ CL T, [Im 2/~ for small [Im z]. So
[(v)'x(H) (v ’I‘I’HD

e

Ow)! HRHzZ \If’dzl dz,,

Uidz...dzy,

)\V HRH i)
1 ) TTH 20 ()

i=1

m ‘D(Hm)

_ C;H/ H|Imzi\
K™ oo

X f[RH(zi)()\le O (v)~! qf‘ dz . .. dzmH

D(H™)
< Cf/K T oz TTIRE o)l e perm-—ey [{A)! ()™ @l
" i=1 i=1
x H T[] - =) o) I RHE(zZ»)O\y)_lHL(H) d ...dzp,
=1 =1
g
S O,

because of the resolvent estimate (63) and (Av)!(v)~" <1 for A < 1. Hence,
()Y X (H) (V) || e, o)) 1s bounded by C! times a constant independent
of H. O
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Appendix

Manifolds of bounded geometry

Here we explain shortly the notion of bounded geometry, which provides the
natural framework for this work. More on the subject can be found in [40].

Definition 5 Let (M, g) be a Riemannian manifold and let r, denote the
injectivity radius at ¢ € M. Set ry = infepry. (M, g) is said to be of
bounded geometry, if ryq > 0 and every covariant derivative of the Riemann
tensor R is bounded, i.e.

VmeN 3C,<o0: g(V'R,V™R) < Chp. (111)

Here V is the Levi-Civita connection on (M,g) and g is extended to the
tensor bundles T\ M for all I, m € N in the canonical way. An open subset
U C M equipped with the induced metric g|y is called a subset of bounded
geometry, if rpg > 0 and (111) is satisfied on U.

The definition of the Riemann tensor is given below. We note that rp; > 0
implies completeness of M. The second condition is equivalent to postulating
that every transition function between an arbitrary pair of geodesic coordi-
nate charts has bounded derivatives up to any order. Finally, we note that
the closure of a subset of bounded geometry is obviously metrically complete.

The geometry of submanifolds

We recall here some standard concepts from Riemannian geometry. For fur-
ther information see e.g. [23].

First we give the definitions of the inner curvature tensors we use because
they vary in the literature. We note that they contain statements about
tensoriality and independence of basis that are not proved here! In the fol-
lowing, we denote by I'(€) the set of all smooth sections of a bundle £ and
by 7! (M) the set of all smooth (I, m)-tensor fields over a manifold M.

Definition 6 Let (A,7) be a Riemannian manifold with Levi-Civita connec-
tion V. Let 71, 79,73, 74 € T(TA).
i) The curvature mapping R : T'(TA) x T(T\A) — T1(A) is given by

R(11,m) 73 == VA Vam — Vi, Vi T3 — Vi ) Ts
i) The Riemann tensor R € T9(A) is given by

R(Tla 72,73, 7—4) = g(Tlal:_{(T?n 7—4) 7—2) .
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iii) The Ricci tensor Ric € T9(A) is given by
Ric(r, 7)) = traR(.,7)7.
iv) The scalar curvature % : A — R is given by
R = try Ric.

Here tr 4t means contracting the tensor t at any point ¢ € A by an arbitrary
orthonormal basis of T, A.

Remark 6 The dependence on vector fields of R, R, and Ric can be lifted to
the cotangent bundle TC* via the metric g. The resulting objects are denoted
by the same letters throughout this work. The same holds for all the objects

defined below.

Of course, all these objects can also be defined for a submanifold once a
connection has been chosen. There is a canonical choice given by the induced
connection.

Definition 7 Let C C A be a submanifold with induced metric g. Denote by
TC and NC the tangent and the normal bundle of C. Let 11,79, 13 € I'(TC).

i) We define V to be the induced connection on C given via
V7—17—2 = PTleTQ,

where 71, are canonically lifted to TA = TC x NC and Pr denotes the
projection onto the first component of the decomposition. The projection
onto the second component of the decomposition will be denoted by P, .

ii) R, Ric, and k are defined analogously with R, Ric and & from the preceding
definition.

We note that V coincides with the Levi-Civita connection associated to the
induced metric g. Now we turn to the basic objects related to the embedding
of a submanifold of arbitrary codimension.

Definition 8 Let 7,7, 7 € I'(TC),v € I'(NC).
i) The Weingarten mapping W : T'(NC) — T1(C) is given by

W) == —PrV,v.
i) The second fundamental form II(.) : T(NC) — T9(C) is defined by
() (r1,72) = g(Vn7,v).
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iii) The mean curvature normal n € I'(NC) is defined to be the unique vector
field that satisfies

g(n,v) = tteW(v) Vv el (NC).

iv) We define the normal connection V= to be the bundle connection on the

normal bundle given via o
Vi'l/ = P, V.,v,

where v and T are canonically lifted to TA =TC x NC.
v) Rt : T(TC) x T(TC) x T(NC) — T'(NC) denotes the normal curvature
mapping defined by

RJ_(Tl,TQ)V = V;Véu - VﬁzVTLlV — V[L

m1,m2) Y

Remark 7 i) The usual relations and symmetry properties for W and 11
also hold for codimension greater than one:

() (1, 7) = g(n, W) ) = g(r2, W) 1) = IL(v) (72, 71).
ii) A direct consequence of the definitions is the Weingarten equation:
Viv = Vou + W)

i4i) The normal curvature mapping R+ is identically zero, when the dimension
or the codimension of C is smaller than two.
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